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SUMMARY: A method is proposed that aims at identifying clusters of individuals
that show similar patterns when observed repeatedly. We consider linear mixed mod-
els which are widely used for the modeling of longitudinal data. In contrast to the
classical assumption of a normal distribution for the random effects a finite mixture
of normal distributions is assumed. Typically, the number of mixture components
is unknown and has to be chosen, ideally by data driven tools. For this purpose an
EM algorithm-based approach is considered that uses a penalized normal mixture as
random effects distribution. The penalty term shrinks the pairwise distances of clus-
ter centers based on the group lasso and the fused lasso method. The effect is that
individuals with similar time trends are merged into the same cluster. The strength of
regularization is determined by one penalization parameter. For finding the optimal

penalization parameter a new model choice criterion is proposed.

KEY WORDS: EM algorithm; fused lasso; group lasso; linear mized models; longitu-
dinal data



1 Introduction

Linear mixed models (LMM) which were proposed by Laird and Ware (1982) are a

common tool for the modeling of longitudinal data. The model can be written as

y,lb, " N(X.B+ Z:by, 0°L,) i=1,....n, (1)

where y, contains the response values observed for subject ¢ at observation times
ti, ..., tin,. Here I, is the identity matrix with dimension n;. Population effects
are included in the parameter 3 whereas b; represents the individual-specific effects.
X, and Z; denote the corresponding individual design matrices. All observations
y;; are normally distributed conditional on the random effects and are regarded as
independent with the same variance 0. The classical assumption in (1) is a Gaussian
distribution for the random effects, i.e. b; i.i.d. N(0, D), see, for example, Verbeke
and Molenberghs (2000) and Ruppert et al. (2003). While this choice is mathemat-
ically convenient, it often is questionable in applications for several reasons. The
normal distribution is symmetric, unimodal and has light tails. Since the distribu-
tional assumption is made on unobserved quantities, it is typically hard to validate
these properties based on estimates. Possible skewness and multimodality (arising,
for example, from an unconsidered grouping structure in the data) may be masked
when checking the normal distribution in terms of estimated random effects. In con-
trast to this homogeneity model the heterogeneity model introduced by Verbeke and

Lesaffre (1996) is much more flexible. It assumes

N
biNZWhN(Hh7D>7 (2)

h=1
where 7,...,my are mixture weights. Several extensions and alternatives to this

heterogeneity model have been proposed in the following. For example, Gaffney and
Smyth (2003) used random effects regression mixtures in the context of curve clus-
tering. Approaches for clustering functional data were proposed by James and Sugar
(2003) and Liu and Yang (2009). By contrast Celeux et al. (2005), Ng et al. (2006)
and Scharl et al. (2010) dealt with mixtures of linear mixed effects models. While
Booth et al. (2008) proposed an extension of this concept by including the partition
as parameter, De la Cruz-Mesia et al. (2008) generalized the approach to a mixture
of non-linear hierarchical models. Villarroel et al. (2009) extended the heterogeneity
model to allow for a multivariate response variable. In addition, a heteroscedastic
normal mixture in the random effect distribution for multiple longitudinal markers
was considered by Komarek et al. (2010) for linear mixed models and by Komaérek

and Komaérkova (2012) for generalized linear mixed models. However, in all these ap-



proaches the number of mixture components has to be chosen. A data driven choice
of this number can be achieved by penalization of pairwise distances of cluster centers
by a group fused lasso penalty term. In contrast to approaches that aim at penal-
izing the reparameterized mixture weights (Komdarek and Lesaffre (2008) or Heinzl
and Tutz (2011)) the “penalized heterogeneity approach” introduced here reduces the

number of clusters by penalizing the cluster centers in the form

VN Yl = wll. (3)

h<l
The idea of the penalty term is the following: If two cluster locations are very similar
in terms of the Euclidean distance || - ||, these clusters should be fused. Therefore
only the relevant clusters are expected to remain in the model. Fusion methods in
regression modeling, but with quite differing penalty terms, have been proposed by
Tibshirani et al. (2005). Penalty terms that include vectors, as is needed here, have
been considered by Yuan and Lin (2006) but not in a fusion context. It should be
noted that the factor v/NN - ¢, where ¢ denotes the dimension of random effects, is used
for incorporating the number of parameters to estimate. For inference, we extend the
traditional Expectation-Maximization (EM) algorithm (Dempster et al., 1977) used
in the heterogeneity model of Verbeke and Molenberghs (2000) by adding the penalty
term (3) multiplied with a penalty parameter to the logarithm of the complete but
not fully observed likelihood (see Section 2.1). To find the optimal penalty parameter
we introduce a new model choice criterion which is based on the concept of Braun
et al. (2012) (see Section 2.2). The usefulness of our approach is demonstrated by

two applications (see Section 3) and a simulation study (see Section 4).

It will be shown that our penalized heterogeneity approach is much more flexible than
the conventional homogeneity model and allows to determine the number of clusters
automatically. Regularization allows to identify the underlying clusters and cluster

individuals in longitudinal studies.



2 Linear Mixed Models with Group Fused Lasso
Penalty

2.1 Estimation

For the model introduced in Section 1 we give an EM algorithm which is based
on derivations by McLachlan and Peel (2000) and McLachlan and Krishnan (1997)
and is similar to the algorithm used by Verbeke and Molenberghs (2000) but in-
cludes the penalty term (3). Let the parameters be collected in & = (m,~)? where

w = (m,...,7n)T comprises the mixture weights and -« is the vector containing
all the remaining parameters 3, uy, ..., uy, D,0% In the following the order of
Uy, ...,y is determined by the corresponding weights in decreasing order under the

restrictions Zflvzl 7, = 1 and 22;1 i, = 0. The latter ensures E(y,) = X;3.
The cluster membership of each individual can be described by latent variables
zi = (zi1,...,2in)T where 2z, = 1 if subject i belongs to cluster h and 0 otherwise.
Marginalization over the random effects yields the complete model with observed data

y, as well as unobserved data z;:

Y, |z ing. N(X.B+ Zp,, V,), i=1,...,n,

. (4)
z; ~ M(@,w), i=1,...,n,

IS
IS
U

with V; = Z;DZ] + I, and M(-) representing the multinomial distribution. The

likelihood function corresponding to (4) is given by

n N

(&) = [[ T T finlwss ),

i=1 h=1
where f;,(+) denotes the density function of N(X,;8 4+ Z;u,, V;). The penalized

log-likelihood we propose is

p(€) =Y > znllogmy +1og fin(yi V] = AVN ¢ > Il —ll,  (5)

i=1 h=1 h<l
where \ indicates the penalty parameter. Obviously for A = 0 the penalization term
drops out. We will use an EM algorithm procedure which alternates between taking
the expectation of [p(&) over all unobserved z;, in the E-step and maximization of
the expected value in the M-step instead of maximizing the penalized incomplete
likelihood function based only on the observed data directly. The steps have the

following form.



E-step
Collecting all observed data in y = (y1,...,y)" the E-step we get

QElE™) = B (1r(©)ly.€) =
=33 mn(€)log my +log fin(yi v = AVN -q > [l — pll.

n N
=1 h=1 h<l

where m;,(€ (t)) is the probability at iteration ¢ that subject ¢ belongs to cluster h and

is given by
. e ()Y ()
Tin(€®) = fin(yssy)ms”
Zf\il faly;; ’Y(t))ﬂl(t)
M-step

For simplicity, in the following we write m;, := Wih(f(t)) but it should be noted that
for the M-step it is essential that 7, is fixed from the last iteration ¢ because then
one can use that Q(&€]€") is the sum of two components, Q(w|€") and Q(~|¢™),
and the optimization problem in the M-step can be separated into two parts: The
maximization of
Q(w|e") Zzﬂ'zh log 7p
i=1 h=1

with respect to w and the maximization of

Q(v1€") ZZM log fin(yi:v) = AVN @ > Iy, —

=1 h=1 h<l

with respect to «y. The first optimization problem yields

1 n
ﬂ-hzgzﬂ—ih’ hzl,,N
i=1

In the second part of the M-step one obtains the current state for ~ by alternat-
ing between the maximization of Q(y|€") with respect to B, to p;,..., py and to
the variance parameters D and o?. Conditional on the current state of the other

parameters the maximization of 3 results in

n -1 n N
= <Z vai_lXi) <Z (XiTVi_lyi - ZﬂithTVi_IZi/l'h>> :

i=1 i=1 h=1



For the maximization of pq, ...,y given B and the variance parameters as well as
for the maximization of the variance parameters given 3 and p, ..., @y a numerical

procedure like the Nelder-Mead method is necessary.

Choice of starting values

For EM algorithms it is essential how to choose the starting values because the (pe-
nalized) incomplete log-likelihood is ascending at each step and the algorithm can
converge to a local maximum. Because in each M-step the fusion of clusters is inves-
tigated it is sensible to choose starting values for an agglomerative clustering method.
Therefore each subject starts in its own cluster. Thus, in the beginning there are
N = n clusters with weights 7, = 1/N, h = 1,...,N. As starting values for the
cluster locations p,,...,py we consider the predicted random effects by, ..., b, of
the previously fitted LMM with Gaussian random effect distribution. This fit yields

2 and D, too. To reduce computation time it is sometimes

starting values for 3, o
advisable to choose N < n if the number of individuals is high. Then one obtains
starting values for the cluster centers by a k-means clustering of predicted random
effects of the former fitted LMM. However, the algorithm starts with N clusters and
successively merges clusters until there is no further ascent of the penalized incom-
plete log-likelihood. If two clusters centers p, and p; are fused only one of these
parameters is kept and the other one is deleted with the effect that the number of
clusters NV is reduced by one. In general, our penalized heterogeneity approach can
be seen as an agglomerative cluster analysis but based on a regression model. After
convergence we get the cluster membership by the matrix of estimated 7;;,. Individual
1 is assigned to that cluster h for which 7;;, is maximal. Based on the weights of all

clusters the prediction of the random effects has the form

N
R ~ ~A—1 ~ N
bi=DZIV, (y, - X.B) + (I, - DZTV ' Z) > Funi,
h=1

which can be shown by using derivations from Lindley and Smith (1972).

Implementation

All computations are implemented in C++ to allow for an efficient treatment of
loop-intensive calculations and to reduce the typically slow convergence of the EM al-
gorithm. They are made easily accessible by a wrapper function within an R-package
which will be soon provided. All variables are standardized internally for calculations.
For updating the cluster centers and the variance parameters we use an implemen-
tation of the Nelder-Mead algorithm in C++ (library ASA047) which was used by

Papageorgiou and Hinde (2012) for similar tasks. For reflection, extension and con-



traction coefficients we choose the common settings 1.0, 2.0 and 0.5 respectively. See
Nelder and Mead (1965) and O’Neill (1971) for more technical details of the algo-
rithm. Note that for ensuring that the covariance matrix D is nonnegative-definite
we parameterize the concerning variance parameters by the entries of a lower trian-
gular matrix L according to the Cholesky decomposition D = LL”. Then D is
nonnegative-definite for each L and positive-definite (and so invertible, too) if L is a

matrix with exclusively nonzero diagonal entries (Lindstrom and Bates, 1988).

2.2 Model Choice: Predictive Cross-Validation

In general, optimal penalization parameters can be chosen by cross-validation or in-
formation criteria such as Akaike information criterion (AIC) or Bayesian information
criterion (BIC). In normal linear mixed models the AIC is not as straightforward as
in normal linear models (compare Vaida and Blanchard (2005) and Greven and Kneib
(2010)). For the penalized heterogeneity approach, the evaluation of the marginal or
conditional AIC is even more complicated. Hence we prefer a cross-validation ap-
proach. Braun et al. (2012) introduced a new predictive cross-validation approach for
model choice in linear mixed models with Gaussian distributed random effects that is
based on the "mixed” cross-validation approach proposed by Marshall and Spiegelhal-
ter (2003). An advantage of this approach is that in contrast to full cross-validation
the model must be fitted only once which saves computing time. In general, each ob-
served response value 1,5 is compared to the corresponding predictive distribution,

for example, by the continuous ranked probability score (CRPS)

[ee]

CRPS(yos) = / (P(Yans < 1) — Llyops < 1))*dr .

—0o0
where P symbolizes the predictive distribution of the random variable Y. If the
predictive distribution is a normal distribution with estimated mean g and estimated

standard deviation o, the continuous ranked probability score will take the form

. . . .
CRPS(yops) = 6 | —= — 20 (Lt =1} _Yobs ZH (oq (Yo Z 1Y) 1)1 (6)
NZs o o o

Here ¢(-) denotes the density function and ®(-) the distribution function of the

standard normal distribution. For linear mixed models Braun et al. (2012) con-
sider the predictive distribution of the random variable y;; conditional on the other
given response values Yi_j = (Yits s Yigm1 Yijt 1y - - - ,ymi)T of the same subject for
1 =1,...,nand j = 1,...,n;. They argue that there is only a low danger of con-
servatism due to ignoring the individual random effect as well as the real response

value even though the model choice criterion is based on full data. When assuming

7



normally distributed random effects one also obtains for the distribution of y;;|y; _ ;a
normal distribution. Unfortunately in our case this distribution is not normal. Thus
we extend the approach of Braun et al. (2012) to work in our scenario. We exploit
that in the case of known cluster membership the conditional distribution is normal.
Because the cluster membership is not known the continuous ranked probability score

is weighted by the estimated weights

WCRPS yz] RPSh yzg>

Mz

h=1

where CRPS)(y;;) is given by formula (6) with y.s := y;; as well as

—1
o= ﬁ+zwu,h—|—z”DZT < 2Im—1+Zl JDZT )
'(yi,fj - i,—jIB —Zi—ju,),
R 1 ) 1/2
6 = (zijDz —2;DZ]_; ( o1+ 2Z,_;DZ] ) Z; iD=zl + &2) .

This can be shown by derivations from Braun et al. (2012). Here x;; is the jth row of
X; while X; _; symbolizes the matrix X; without row j (analog for z;; and Z; _;).
Thus /i and & are the parameters of the distribution of y;;|y; ;, zi = 1. Finally,
the mean of the weighted continuous ranked probability score is taken over to all
measurement points. The best value for the penalization parameter A is that where

the mean of the weighted continuous ranked probability score is maximal.



3 Applications

3.1 Hormonotherapy
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Fig. 1: Heights of rat skulls across age.

In the following the practical use of our model is illustrated by considering the cranio-
facial growth of male rats. The data were collected in an experiment at the Catholic
University of Leuven with the aim to analyze the effect of testosterone on the growth
of rats (Verdonck et al., 1998). Therefore 50 male rats have been randomized to
either a control group or to one of the two treatment groups that differ in the dose
of the drug Decapeptyl, which inhibits the testosterone production. The response
of interest is the distance (in pixels) between well-defined points of the skull that
characterize the height of skull. These heights have been measured for each rat every
10 days starting at the age of 50 days and the treatment began at the age of 45 days,
see Verbeke and Molenberghs (2000) for more information about the data. Figure 1
shows different levels of heights of the skulls and a positive time trend which varies
from rat to rat. According to Figure 2 there seems to be a negative effect of the drug
Decapeptyl on the growth of rats but the three groups are relatively mixed and can

not be clearly separated.

To examine how many and which clusters can be found in these data the penalized
heterogeneity approach with a group fused lasso penalty is considered. As suggested
by Verbeke and Lesaffre (1999) and also used in the analyzes of Verbeke and Molen-
berghs (2000) and Fahrmeir et al. (2007) the age of rat i at measurement j is trans-
formed by t;; = log(1 + age);; to get a linear time trend. In analogy to Verbeke and
Molenberghs (2000) and Fahrmeir et al. (2007) the time trends in each group are
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Fig. 2: Heights of rat skulls across age depending on treatment group.
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Fig. 3: Weighted continuous ranked probability score depending on A.

modeled as fixed effects and a random intercept is included. We additionally use a
random slope to incorporate individual deviations of the time trend.

In summary we consider the following model for the height y of the skull of rat ¢ at

measurement, j

y,-jlbl- g N(ﬁo + b0 + <ﬁ1 + BoL; + B3H; + bil)tij, 02), 1=1,...,50, 7 =1,...,n;,

with effect-coded variables L; and H; for a low respectively for a high dose of drug.
For the centered i.i.d. random effects b; = (bjo, b1 )? we assume a mixture distribution
of Gaussian components with penalized cluster centers (see Section 1). The four rats
for which only one measurement was available were excluded because for these no

reasonable random slope can be predicted. For faster computations the algorithm

10
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Fig. 4: Clustering of rats by penalized heterogeneity approach with A = 0.011.

starts with 20 clusters. Figure 3 suggests to choose the penalization parameter A =

0.011. The resulting fit can be seen in Figure 4.
The thick line symbolizes the population effect whereas the thin lines display the

cluster centers. Observations belonging to the same cluster are marked with the
same symbol. To each thin line the corresponding symbol is added to visualize which
cluster center belongs to which cluster. The global intercept Bo = 68.658 can be
interpreted as the mean height at the beginning of the treatment while the global
slope Bl = 7.248 forms the mean growth of rat skulls in the considered time period.
The expected negative effect of the drug Decapeptyl can be seen from the estimates
Bg = 0.082 and Bg = —0.459 which can be interpreted as deviations from the overall
time tend. For rats which had been exposed to a low dose of the drug (0.082) the
growth is considerably less than in the control group (0.376). For rats in the high
dose group the growth is even lower (—0.459). These results are more intuitive than
the results obtained by Verbeke and Molenberghs (2000). In their analysis the rats
which had been exposed to a low dose show a higher growth than these in the control
group though the drug has a negative effect on the growth for a high dose. Obviously
our penalized mixture of normal distributions as random effects distribution is much
more adequate than a simple normal distribution for these data with a underlying
grouping structure.

Three clusters are detected by our model. While there are only low discrepancies
in the random slopes (fi1; = —0.100, fig; = 0.061, fi3; = 0.382) the base levels are
quite different. Cluster 2 (73 = 0.435) shows the highest intercept which is about
fia0 = 1.706 higher than the overall intercept. By comparison in Cluster 1 (7; = 0.503)
the base level is considerably lower (fi;0 = —0.912). Cluster 3 (713 = 0.062) contains

11
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Fig. 5: Distribution of the two treatment groups respectively the control group in the three clusters

corresponding to a penalized heterogeneity approach with A = 0.011.

the three rats with the lowest base level (fi3o = —4.578). As can be seen from Figure
5 response types collected in the clusters come from all groups. In cluster 1 rats of the
high dose group are in the majority followed by rats of the control group. In cluster

2 in particular rats which had been exposed to a low dose of the drug are found.

3.2 Lung Function Growth
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Fig. 6: Logarithmic forced expiratory volume in one second of girls across age: raw data (left) and

clustering by penalized heterogeneity approach with A = 0.0175 (right).

The second data example deals with lung function growth of girls in Topeka (USA).
These data are a subsample from the six cities study of air pollution and health in
Dockery et al. (1983). Our sample consists of 100 girls, with a minimum of two and

a maximum of twelve observations over time. Although a cluster structure is not

12



evident from looking at the raw data (Figure 6, left) our approach is able to identify

clusters in the data. Again we consider a random slope model

log(fevl);;|b; ing N(Bo + bio + (51 + bir)agei;, o?), i=1,...,100, j=1,...,n,,

for modeling the logarithmic forced expiratory volume in one second (fevl) subject
to age and use a finite mixture as random effects distribution with a group fused
lasso penalty. Because of the comparably large number of individuals we start with
N = 30 clusters instead of 100.

N
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Fig. 7: Cluster locations and corresponding random effects of penalized heterogeneity approach with

A = 0.0175 for lung function growth data.

In Figure 6 (right) the clustering structure is visualized but it is hard to see which
girls are merged to the same cluster. Figure 7 makes clear how the clustering of
our approach works. Here on the axes the intercepts and the slopes are drawn.
The filled square at coordinates (0,0) symbolizes the population effect. All other
icons represent deviations from the population effect. The big bold ones represent
the cluster locations p; and the thin small ones the random effects b;. Girls that
are assigned to the same cluster are marked with the same symbol and are arranged
around the three cluster locations in the form of ellipses. It is easily seen that subjects
with random effects that are similar in the meaning of a low Euclidean distance belong

to the same cluster.
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4 Simulation Study

4.1 Setting

In the following simulation study the performance of our penalized heterogeneity
approach is evaluated. The study aims at clarifying in which data situations our
approach improves estimation compared to the commonly used LMM with Gaussian
random effects distribution and to the heterogeneity model by Verbeke and Lesaffre
(1996). Note that the estimated number of clusters and the estimated clustering in
general have an essential impact on the prediction accuracy of the random effects. Of
course for the prediction of b; it is reasonable to borrow information from other
subjects which show a similar behavior and so belong to the same cluster while
incorporating dissimilar individuals impairs the prediction accuracy. For examining
this trade-off we compare the usual LMM with normal random effects distribution
(one cluster model) using the R-function 1lmer () from the 1me4 package by Bates et al.
(2011) to our penalized heterogeneity approach at which the penalization parameter
A is determined by predictive cross-validation (see section 2.2). Furthermore, the
heterogeneity model by Verbeke and Lesaffre (1996) with a finite unpenalized mixture
of normal distributions as random effects distribution is considered, too, where the
number of mixture components is identified by the same predictive cross-validation
criterion. More precisely, in the simulation study we investigate the impact of the
number of observations per unit and the separation between clusters. We generated

data sets assuming a simple linear trend model

Yij = Bo+bio+ (b1 + b))ty +¢ei5, i=1,....n, j=1,...,n,

with i.i.d. errors €;; ~ N(0,0%). The centered i.i.d. random effects b; = (big, bi1)”

follow a mixture distribution with three Gaussian components:
bi ~ 04‘ N(IJ'IJD) +03 . N(l"’?)'D) _'_03' N(lj/3,D)7 /l: ].7 ..,TL,

imitating a population consisting of three clusters of overlapping subpopulations.

Throughout the simulations, we set n = 20 and

| b 1) Thy  OF 0.01 0.02

We vary, however, the number of individual observations n;, the centers p,, u, and
w5 of the clusters and the locations of observation times ¢;;. To produce longitudinal
data with varying numbers of repeated observations per unit ¢, we set n; = 2 + X,
where X; follows a Poisson distribution with rate v. Setting v = 1 corresponds

to longitudinal data with only few (3 on average) repeated observations per unit,

14



v = 3 to a moderate number and v = 5 to (comparably) large numbers of repeated

observations. For given n;, observation times are generated from

til ~ U(O,l), izl,...,n,
tij ~ U(ti,j—l+0-5>ti,j—1+1-5)7 izl,...,n, j:2,...,ni,

where U(-) denotes the uniform distribution. In this way, different numbers n;(s) and
measuring times ¢;;(s) are generated in each simulation run s = 1,...,100. Similarly,
different “true” random effects b;(s) are drawn from the Gaussian mixture distribution

in each simulation run. For the cluster locations, we chose

B —2.25 B 0.75 B 2.25
M1 = 1 ) Ho = 19 9 M3 = _2/15

corresponding to clearly separated clusters,

[ -1 {05 [ 15
M=o )0 P27 oo )0 BT\ o

corresponding to moderately separated clusters,

[ -0 {025 (075
B=os )0 7 coe ) BT Cuys

corresponding to substantially overlapping clusters.

Combining these different settings for observations times and clusters results in nine
different scenarios. For each of them, the prediction accuracy of the random effects
as well as the estimation results of the fixed effects are compared for all considered
models. More concretely, in each simulation run s, we calculate the average prediction

error

n

PEs) =3 (bls) ~ bi()) . k=01

i=1
for uncentered random intercepts b}, = By + b and random slopes 0} = 81 + b;;. In

addition, the estimation accuracy of the fixed effects is investigated by the relative

15



4.2 Results

In the following, we summarize results of the nine combinations. For all scenarios we
illustrate the empirical distribution of PFEy(s) values obtained from simulation run
s=1,...,100 by box plots. The corresponding figures of the random slopes are not

shown because these are very similar to those of the random intercepts.

Clearly separated clusters

Figure 8 (top) displays trace plots of typical longitudinal data generated in the setting
of clearly separated clusters, which show that cluster effects can easily be detected
visually. On the left, there are only a few observations for each subject while on
the right the mean of the number of repeated measurements is 5 corresponding to
several observations. Figure 8 (bottom) demonstrates that in both cases the penalized
heterogeneity approach detects three clusters. Again, in this type of plot the thick line
shows the overall effect and the thin lines visualize the means of the resulting clusters.

Which observation is assigned to which cluster is marked by the same symbol.

10

Fig. 8: Trace plots (top) and clustering by penalized heterogeneity approach with clearly separated
clusters for few individual observations (v = 1) (left) and several individual observations (v = 3)
(right).

Table 1 and Figure 9 show the simulation results in the setting of clearly separated
clusters. The denotation "normal” labels the homogeneity model with normally dis-

tributed random effects. In the heterogeneity model the random effects follow a

16



"finite mixture” as specified in equation (2) where the number of mixture compo-
nents has been determined by predictive cross-validation. In contrast to this discrete
optimization the approach proposed here uses a penalty term which is determined
by a smoothing parameter. It is seen that the penalization approach outperforms
the homogeneity model and the heterogeneity model for few observations as well as
for several and many observations. It is especially remarkable that the ”penalized
mixture” yields a better prediction accuracy than in the ”finite mixture” although
in both cases the same criterion for finding the best number of clusters is used. The
reason for that is that for optimization in our penalized heterogeneity approach a
closer grid is applied. This is the main justification for our model. Apart from that it
can be seen that the more repeated measurements per unit are in the data the better
is the prediction accuracy of the penalized heterogeneity approach. Overall there is

only a small bias concerning the estimation of fixed effects.
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Fig. 9: Box plots of PEy with clearly separated clusters for few individual observations (left), several

individual observations (middle) and many individual observations (right).

v=1
H PEy | PE1 | RBy | RB;
0.373 | 0.185 | -4.091 | 2.068
0.318 | 0.161 | -3.530 | 5.267
0.371 | 0.186 | -4.065 | 2.241

v=3 v=>5
PEy | PE1 | RBy | RBy PEy | PE; | RBy | RB
0.222 | 0.054 | -1.048 | 4.710 || 0.148 | 0.015 | -2.127 | 0.957

normal
penalized mix 0.075 0.015 -3.113 3.938 0.065 0.006 -0.452 0.987

finite mix 0.201 0.042 -1.312 5.463 0.086 0.008 -0.453 1.743

Table 1: Medians of PE} and RBj with k = 0,1 for clearly separated clusters.

Moderately separated clusters

When the differences between clusters get smaller the penalized heterogeneity ap-
proach still outperforms the homogeneity model and the heterogeneity model, espe-
cially in the case of several and many individual observations (Figure 11 and Table
2), although in the trace plots (Figure 10) the underlying cluster structure is hard to

see.
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Fig. 10: Trace plots with moderate separated clusters for few individual observations (v = 1) (left)

respectively several individual observations (v = 3) (right).

v=1 v=3 v=2>5
H PEy | PE1 | RBy | RB; ‘ PEq | PE1 | RBy | RB H PEy | PE1 | RBy | RB;
normal 0.335 | 0.164 | -2.112 | 1.912 || 0.207 | 0.046 | -0.751 | 2.204 || 0.138 | 0.015 | -1.122 | 0.750
penalized mix || 0.329 | 0.155 | -2.538 | 1.982 || 0.092 | 0.019 | -0.116 | 2.962 || 0.068 | 0.007 | -0.870 | 0.295
finite mix 0.336 | 0.164 | -2.084 | 1.832 || 0.172 | 0.036 | -0.481 | 2.756 || 0.064 | 0.007 | -1.231 | 0.887

Table 2: Medians of PE), and RBj with k = 0,1 for moderately separated clusters.
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Fig. 11: Box plots of PEy with moderately separated clusters for few individual observations (left),

several individual observations (middle) and many individual observations (right).
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Substantially overlapping clusters
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Fig. 12: Trace plots with substantially overlapping clusters for several individual observations (v = 3)

(left) respectively many individual observations (v = 5) (right).

For data sets like in Figure 12 it would be tempting to use a LMM with normally
distributed random effects. Nevertheless even in these settings for penalized het-
erogeneity approaches prediction errors are significantly lower for several and many
observations (Figure 13 and Table 3). Only for few observations the classical LMM
with normal random effects distribution outperforms the penalized heterogeneity ap-
proach. Here, different patterns in the data are taken seriously. Thus there is a
low risk of overfitting the data in the case of few individual observations. Overall
the accuracy of estimates of the heterogeneity model and the penalized heterogeneity

approach are quite similar.

v=1
H PEy | PE1 | RByg
0.245 | 0.111 | -1.247
0.255 | 0.112 | -1.906
0.252 | 0.110 | -1.356

v=23
PEy | PE1 | RBy | RBy
0.160 | 0.037 | 0.036 | 2.304
0.154 | 0.032 | 0.512 | 1.622
0.159 | 0.033 | 0.050 | 1.690

v=>5
PEy | PE1 | RBy | RB
0.114 | 0.013 | -0.207 | 1.004

RB
1.563
1.228
1.497

Normal
penalized mix 0.086 0.009 0.181 0.854

0.078 0.008 -0.095 1.126

finite mix

Table 3: Medians of PE} and RBy, with k = 0,1 for substantially overlapping clusters.

In summary, we draw the following conclusion: The penalized heterogeneity approach
yields the better predictions for random effects in terms of prediction errors the clearer
the clusters differ and the more observations are in the data. Except for substantially
overlapping clusters with few observations the prediction error is considerably reduced

by using penalization methods.
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Fig. 13: Box plots of PEy with substantially overlapping clusters for few individual observations

(left), several individual observations (middle) and many individual observations (right).

5 Concluding Remarks

We introduced a penalized heterogeneity approach for linear mixed models which
assumes a finite mixture of normal distributions for the random effects distribution
and which penalizes the number of mixture components by fusing the cluster centers
via a group fused lasso penalty term. The approach aims at clustering individuals
for longitudinal data. We presented an EM algorithm for estimating all parameters
in detail. A simulation study showed that our approach basically outperforms the
classical linear mixed model with normal random effects distribution and the hetero-
geneity model. Furthermore, the usefulness of our model is demonstrated in two data
examples: We identified similarities in the development of growth of rats depending
on the treatment group and showed that our model is able to detect a underlying
cluster structure in the lung function growth data which can not be seen easily in the

raw data.
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