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Abstract.

In the quality control literature, a number of authors have advocated the
use of combined-arrays in screening experiments to identify robust product de-
signs or robust process designs [Shoemaker, Tsui, and Wu (1991); Nair et al.
(1992); Myers, Khuri, and Vining (1992), among others]. This paper consid-
ers product design and process design applications in which there are one or
more “control” factors that can be modified by the manufacturer, and one or
more “environmental” (or “noise”) factors that that vary under field or manu-
facturing conditions. We show how Gupta’s subset selection philosophy can be
implemented in such a setting to identify optimal combinations of the levels of
the control factors [Gupta (1956, 1965)]. By optimal, we mean those settings
of the control factors that yield product designs whose performance is the most
robust to variations in environmental factors. For process designs, the opti-
mal settings of the control factors yield a fabrication method whose product
quality is as nearly independent as possible to variations in the uncontrollable
manufacturing factors, for example to daily temperature fluctuations.
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1.1 Introduction

In his pioneering work on product and process improvement, Taguchi (1986)
emphasizes two types of factors that effect product quality: “control factors” are
those variables that can be (easily) manipulated by the manufacturer and “noise
factors” are those variables that represent either different environmental con-
ditions that affect the performance of a product in the field or (uncontrollable)
variability in component parts or raw materials that affect the performance of
an end-product. For experiments to improve product or process design, Taguchi
advocates using statistical designs that are products of highly fractionated or-
thogonal arrays in the control and noise factors. In the case of product design,
for example, the goal of such experiments is to determine conditions under which
the mean product quality is independent of the noise factors. While some of
Taguchi’s proposals have been controversial [Box (1988)], the basic viewpoint
that he advocates has been applied widely and with many successes [Taguchi
and Phadke (1984)].

A number of authors have proposed statistical refinements to the Taguchi
methodology [Shoemaker, Tsui, and Wu (1991); Nair et al. (1992); Myers,
Khuri, and Vining (1992), for example]. One of these proposals is to use
combined-arrays in the control and noise factors to design quality improve-
ment experiments rather than Taguchi’s product-arrays. At the expense of
confounding higher-order interactions, carefully chosen combined-arrays allow
the experimenter to determine interactions among the control factors and in-
teractions among the noise factors, as well as the critical control factor by noise
factor interactions that allow one to minimize the effect of noise factors in prod-
uct quality. A second proposal is to apply response surface methodology to the
combined-array data to identify parsimonious models for the quality character-
istic(s) of interest; these models can be used to select the levels of the control
factors.

This paper shows how the subset selection philosophy introduced by Gupta
(1956, 1965) can be fruitfully used to screen for control factor combinations in
quality improvement experiments based on data analytic models. Bechhofer,
Santner, and Goldsman (1995) give an overview of this field and present proce-
dures to accomplish other important experimental goals. We focus on the case
where the quality control characteristic of interest is to be mazimized. Sec-
tion 1.2 introduces a study typical of those in the food industry to improve
the quality of a cake mix recipe by manipulating its ingredients, the control
variables, when the baking is performed under a variety of time and oven tem-
perature conditions, the noise variables. The procedure is developed based on
a model relating the control and noise variables to the results of a taste test
from a 25! combined-array experiment. Section 1.3 introduces the subset selec-
tion procedure proposed for identifying the recipe that maximizes the minimum
mean taste test response where the minimum is taken over the levels of the oven
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temperature x baking time variables. The critical value required to implement
the procedure is determined. Some generalizations and caveats are presented
in the final section.

1.2 The data

We now describe an experiment whose goal is to improve the taste of a cake mix
that consumers bake under conditions that can vary from the directions printed
on the cakebox. There are three control factors in this experiment: the amounts
of Flour, Shortening, and Egg used in the cake mix which will be denoted by F,
S, and E throughout. There are two noise factors corresponding to variations of
the baking temperature, denoted by 7', and baking time, denoted by Z (“Zeit”
is “time” in German). The response is a taste test, denoted by Y, with values
ranging from 1 to 8; larger values correspond to a better tasting product.

The variables considered in this illustrative experiment are the same as those
involved in a cake mix example described by Box and Jones (1992). However,
the papers have different goals and use different experimental designs. Box
and Jones illustrate the use of ANOVA methods based on a split-plot design
while this paper developes a screening procedure for the optimal product design
based on a completely randomized 2?;1 (combination-array) fractional factorial.
Screening procedures to determine optimal product designs for complete split-
plot designs are studied in Pan and Santner (1996).

Specifically, we use the 2‘;’;1 design with defining contrast I = FSETZ.
The response and treatment combinations are listed in Table 1.1. Let

D = {(4,4,k,£,m) in the 277" design of Table 1.1}. (1.1)

For this experimental design, the main effects are confounded with the 4-way
interactions and the 2-way interactions are confounded with 3-way interactions.

The fitted coefficients based on the model with all main effects and 2-way
interactions are listed in Table 1.2 and a normal probability plot is shown in
Figure 1.1. The normal probability plot suggests that only the shortening x
temperature interaction, and the main effects of flour, egg, temperature, and
time are important.

Thus we illustrate the procedure of Section 1.3 for the hierarchical model
that includes the shortening x temperature interaction and the significant main
effects

Yijkem = Wijkem + €ijkim (4,7, k,L,m) € D (1.2)

where we assume

Pijkem = po + F; + 8 + Ep + Ty + Zy + (ST) ju (1.3)
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Table 1.1: Results of 2%/_1 Cake Tasting Experiment with Defining Fraction
I =FSETZ

Flour (F) Shortening (S) Egg (E) Temp (T) Time (Z) | Taste (Y)
0 0 0 1 0 1.6
0 0 0 0 1 1.2
1 0 0 0 0 2.2
1 0 0 1 1 6.5
0 1 0 0 0 1.3
0 1 0 1 1 1.7
1 1 0 1 0 3.5
1 1 0 0 1 3.8
0 0 1 0 0 1.6
0 0 1 1 1 4.4
1 0 1 1 0 6.1
1 0 1 0 1 4.9
0 1 1 1 0 2.4
0 1 1 0 1 2.6
1 1 1 0 0 5.2
1 1 1 1 1 6.0

holds for all observed and unobserved treatment combinations 4, j, k, £, and m.
The terms F;, Sj, Ey, Ty, and Z,, are the flour, shortening, egg, temperature,
and time main effects, respectively. As usual, the sum of the parameters over
any subscript is zero and €;x, are independent and N (0, o?) distributed.

For Model 1.3, Table 1.2 lists, in boldface, the estimated coefficients and
tests of the null hypotheses that individual coefficients are zero. The estimated
02 is 52 = (0.4989)? based on 9 degrees of freedom. The procedure of Section 1.3
will be applied to Model 1.3.

1.3 The Procedure

Consider a generic setup in which there are r combinations of the levels of the
control factor(s) and ¢ combinations of the levels of the noise factor(s). For the
cake tasting example introduced in Section 1.2, r =8 =23 and ¢ =4 = 22. In
the following, we regard the r and ¢ combinations as the number of levels of a
single (composite) control factor and a single (composite) noise factor.

In this setup, suppose that the quality measure at ith level of the control
variable and jth level of the noise variable is p;; which satisfies

pij =zl (1<i<rl<j<o) (1.4)
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Table 1.2: Estimated Effects for the Fully Saturated Quadratic Model Based on
the Data in Table 1.1. The Rows in Boldface Give, for the Reduced Model (1.2)—
(1.3), the Estimated Effects and P-values for Individual Tests that Coefficients
are zero. Based on (1.2)—(1.3), the Estimated Standard Error of each Boldface
Coefficient is 0.1247

Estimated
Term Coefficient | P-value
(Intercept) 3.4375 0.0000
flour 1.3375 0.0000
shortening -0.125 0.3424
egg 0.7125 0.0003
temp 0.5875 0.0011
time 0.45 0.0057
flour:shortening -0.025
flour:egg 0.0625
flour:temp 0.1625
flour:time 0.075
shortening:egg 0.025
shortening:temp -0.5 0.0031
shortening:time -0.2375
egg:temp -0.0125
egg:time -0.125
temp:time 0.175

where x;; is a vector of known covariates. The quantity & = minj<j<.{pi;}
measures the worst case (mean) performance of the ith level of the control
variable against the noise variable. Let

< <€

denote the ordered &; values.
Suppose that we observe

Yij = pij + €5 (3,5) € D* (1.5)

where D* is a subset of the direct product {1,...,7} x {1,...,¢} and the {¢;}
are independent mean zero normal random variables with common, unknown
variance 2. We assume that the design is such that the least squares estimator
of B based on (1.4) exists for data {Y;;|(¢,j) € D*}. Throughout we subscript
(and regard) probabilities involving the Y;; as functions of r x ¢ matrix of means
p = (i) since our focus is selection in terms of means; we could equally well
subscript them by 3.
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Figure 1.1: Normal Probability Plot of the 15 Estimated Coeflicients in Ta-
ble 1.2

Based on observations from (1.5) for the combined-array experiment, our
goal is to screen the levels of the control variable by selecting a subset of the
control levels {1,...,r} so as to contain the optimum control level, [r]. We
wish to achieve this goal subject to the following performance requirement of
the procedure.

Confidence Requirement: Given « with 0 < a < 1, we desire that

Pu{CS}>1-a (1.6)
for all p satisfying Model (1.4) where [C'S] denotes the event that the selected
subset contains the control level associated with ;.

To achieve the design goal (1.6), we use the LS estimator of 8 based on
(1.4)—(1.5), denoted by 3, to form fi;; = :1:;;[3 (1<i<r1l<j<c) and then
estimate &; by

Let
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denote the ordered EZ Also suppose that an estimator of o is available, denoted
by 52, for which v5?/0? has a chi-square distribution with known degrees of
freedom v and whose distribution is independent of {fi;;}. We propose the
following procedure to select levels of the control factor.

Procedure G: For given o, 0 < a < 1, select control level ¢ if and only if
€& >&y—hS
where h is chosen so that
min Py {&) > & —hS} >1—a, (1.7)

with E(T) denoting the estimator associated with £[,1, and the minimum being
taken over all p = (u;;) that satisfy (1.4).

In general, the choice of the constant h depends on the least favorable
configuration, i.e., the p that minimizes the probability of correct selection in
(1.7), which in turns depends on the specific model used in the experiment. As
an example of the general methodology, this paper analyzes the Box and Jones
cake mix data based on Model (1.2)-(1.3). As noted above, in this case the
generic index 4 that identifies a control level of the mean is the triple (,j, k)
with » = 8 values and the generic j that identifies a noise level of the mean is
(£,m) with ¢ = 4 values; also

fijk = min{#ijkoo, Mijk015 Hijk10, ,Uijku}-

Later we will require a more explicit expression for &;;; which is straight-
forward to determine for Model (1.2) as

Cijkh = Fi+Ep+po+S;+ I?}T?{Tz + Zm + (ST) i}
= Fi+Ep+po+Sj—|Z1| + lein{Tg + (ST) e} (1.8)

where (1.8) holds because min, p)caxp{Sa + tp} = mingea{sq} + mingep{ty}
and min,, {Z,,} = —|Z1].

Some notation will be required to describe and analyze Procedure G for
Model (1.2). Throughout, it will be convenient to let g denote the 8 x 4 matrix
with (4, j, k) th row (14i5k00, [ijk01, Hijk10s Mijk11) and with row elements arranged
so that the means corresponding to S = 0 are first and lexicographically ac-
cording to (F, E) within each S level. Every & is the minimum of one row of
p. We regard the data to be collected using experimental design D, denoted
by Yp, as arranged conformably with g but with missing data in the positions
where the design of Table 1.1 collects no observations. For example, using lower
case notation for observed values, we have
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(F, S, B)

[ — 12 1.6 — 0,0,0)

1.6 — — 44 (0,0,1)

22 — — 65 (1,0,0)

49 61 — (1,0,1)

yp 1.3 — — 17 (0,1,0)
§xd= — 26 24 — (0,1,1)
— 38 35 — (1,1,0)

52 — — 6.0 (1,1,1)

(0,0) (0,1) (1,0) (1,1)
(T, Z)

is the data in Table 1.1 arranged in this manner for D . The phrase “Yp has
mean p” expresses the fact that the components of Yp have means given by
the corresponding element of .

The estimated §;;;, are

Eijk = min{fliiro0, Bijko1 Bijk10, Bijk11 )} (1.9)

where -
fijkem = fio + Fy + Sj + E + T + Zim + (ST) 4

and the components are estimated by least squares based on (1.2). Explicitly,
we have ﬂo :? ..... s Fz :?Z—? ..... s Sj :?.j...—? ..... ; Ek :?..k..—? ..... ;

T =Yt~ Yey Zog =Yy Veyand (ST)jy = Vojup. = Vo = Vg + ¥
Here the averages are taken over the observations in the design D. Thus

ﬂijkgm = 3Y. . . +Yi +Y o +Y. o+ ?.j.g.
= Mijkem — 3 € T € T € g+ Epy + € g (1.10)

where 150, 1s given by (1.3). The estimated Hijrem for each control and noise

factor combination are listed in Table 1.3 together with éjk based on the four
T x Z baking combinations.

To achieve confidence level 100 x (1 —«)%, procedure G selects those (F,S,E)
combinations i, j, k for which

Eijk > max. Erjorr —h S (1.11)

1*,J
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Table 1.3: Estimated Control Variable Means and Row Minimums for each
(F, S, E) Combination

(T,2)
(F,S,E) (070) (Oal) (1,0) (171) fF,S,E
(0,00) | 00 09 22 31 | 00
001) | 1.4 23 36 45 | 14
(1,00) | 26 36 48 57 | 26
(1,01) | 41 50 63 72 | 4.1
0,100 | 0.7 1.6 09 18 | 0.7
(0,1,1)
(1,1,0)
(1,1,1)

2.2 3.1 2.3 3.2 2.2
3.4 4.3 3.6 4.5 3.4
4.8 0.7 5.0 5.9 4.8

where the maximum is over (i*,5*,k*) € {0,1}% and h is given by Equation
(1.12) in Theorem 1.3.1. This result identifies the least favorable configuration
(LFC) of the means for Procedure G and gives an expression for the probability
of correct selection at this configuration.

Theorem 1.3.1 The procedure G attains confidence level 100 x (1 — a)% for
Model (1.2)—(1.3) if h is the solution of the equation

Ppype {5111 Z max Ljp — hy/ W/9} =l-a (1.12)

0 +o0
0 0
product, Jyx2 is the 4 x 2 matrix of 1’s, the variance is unity of each Yjjxepm,
with (4, j,k,£,m) € D, and W has a chi-squared distribution with 9 degrees of
freedom that is independent of Yp.

where Yp has mean pr;po = ® Jyxo with ® denoting Kronecker

Before proving this result, note that &;;, = 0 for all (4, 7, k) under p ¢ given
in the theorem. Hence we also have max; ;&5 = 0. This result is similar
to many others in the subset selection literature concerning least favorable
configurations—the parameter of interest is identical under the LFC.

The minimum of the probability of correct selection corresponds to the event
that the sample estimator for the last row, 5111, is greater than the remaining
seven éjk This is different from many other (simple) problems in which the
estimators of the parameters of interest are often independent and identically
distributed; in the latter case, one computes the minimum probability over the
parameter space as the probability that the estimator of any specific parameter
exceeds the remaining parameter estimators by the yardstick for that problem.
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In this example, the marginal distributions of the éjk are not all the same. The
reason for focusing on £;11; will be demonstrated in the proof.

Proof of Theorem 1.3.1: By Lemma, .0.1 in the Appendix, it suffices to determine
the infimum over configurations of the form

< Yoo Yot ) ® Jixs = 0 @ Juxa, (1.13)
V10 V11

say, where v € IR?*2. Thus given p with components (1.13), we have Wijktm =
vje and & = min{vjo,v;1}. Assuming, without loss of generality, that vio =
min{'l)lo,’l)n} > min{’Uoo,’U()l} = Voo, We also have 5111 = max{fijk} and thus
treatment combination (1,1, 1) is best. (Formally the row labeled (1, 1,1) is the
unique best row corresponding to p if we add € to each element in this row and
the argument below holds in the limit as € | 0).

Also we have by the definition of Ez-jk and by expression (1.10) that

Sijk = I?rl;? Hijkem

Then the PCS is given by

Pu{CS} = Pu{én>&pn—hS v (i,5,k)}
= Py{&.+€1.2€  +€r. —hSV(ik);
€.... +€.1.. + min{vig + €.1.0.,v11 + €1.1.}
> €. + €.k.. + min{vgg + €.0.0.,v01 + €0.1.} —h SV (3,k)}
= Pyi{é.+e1. 26 ..+ —hSV(i,k);

€].... T €..1.. + min{E.l.o., V11 — V19 + 5.1.1.} + V10

> €.... + €.k.. + min{€..0.,v01 — Voo + €0.1.} +voo —h SV (i,k)}

> Py{é..+€1.>26..+€p. —hSV(i,k);

€).... +€.1.. + min{€.q.g.,,€1.1.} + v10

> €. + €.k.. + min{€.g.0., vo1 — Voo + €.0-1.}

+wvpo—hSV(i,k)} (1.14)
> Pylé.. +€1.2€.  +€r —hSV (k)

€).... +€.1.. + min{€.q.g.,,€1.1.} + v10

> €. + €ge. +€0.0- F V00 — SV (i,k)} (1.15)
> Pyfé.+e1.2&. . +Ep. —hSV(i,k);

€].... T €..1.. + min{E.l.o., E.1.1.}

> €. tep. +tego. —hSV (i, k‘)} (1.16)
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where (1.14) holds since v1; > v19 implies that min{€.;.g.,v1; — vig + €1.1.} >
min{€.1.0., €.1.1.}, (1.15) holds because €.9.9. > min{€.g.g., v91 — voo + €.0.1.} for all
0 < wp1 — oo < +00, and (1.16) holds because v19 > vgp. But

(1.16) = Py, ., {Em > &k —hS Y (i,j, k)}

After division of each Eijk by o, we obtain (1.12) as the infimum of the PCS
over all p satisfying (1.2). O

The critical point A is computed as the 1 — « percentile of the distribution

V= \/5(8111 - I%?}CX gz]k)/\/w

where W ~ x3 and each Eijk is calculated from (1.9) based on Yp with the
mean and variance structure of Theorem 1.3.1. Based on this description, we
used simulation to calculate that h = 1.344 for our application when o = .05.
Thus the subset selection procedure selects those treatment combinations for
which

Eijk > 4.8 — 1.344 x (.4989) = 4.8 — .67 = 4.13

which results in the single combination (F, S, E) = (1,1,1) being selected (flour,
shortening, and egg all at their high levels).

1.4 Discussion

Like many multiple comparison procedures for linear models, the confidence
level of the procedure proposed in this paper is conditional based on the validity
of the data analytic model determined in the first stage of the analysis. The
procedure is fully justified if the model can be determined a priori by physical
considerations or from a pilot data set. Its unconditional use with a single
data set requires that a (complicated) two-stage stage procedure be developed
that describes the probabilistic choice of data analytic model, including the
subjective graphical aspects of the process, given a true model as well as the
subsequent selection process for each possible model.

This paper develops a subset selection procedure for a specific model that
describes the means of a factorial experiment. A general theory that will allow
the determination of the least favorable configuration for arbitrary models is
under development. Equally important, software that allows experimenters to
easily compute critical values for such procedures will be required.

In practice, despite the fact that the combined-array fractional factorial
experiments studied in this paper have relatively few runs compared to their
full factorial versions, many experimenters may desire to use some form of
randomization restriction in conducting the experiment. Typically, the use
of randomization restriction will complicate the appropriate model by adding
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interaction terms. For example, Pan and Santner (1996) analyze procedures
for selecting and screening best control treatments using complete factorial
experiments run according to a split-plot design. It would also be possible to
analyze such a procedure in this setting.

If the model used for the subset selection procedure does not permit degrees
of freedom for estimating o2, then the experimenter has to either know o? or
have available an independent (chi-square) estimate from other sources. Subset
selection cannot be performed unless one of these circumstances holds.

This paper has restricted attention to the case where the experimenter
wishes to maximize a quality characteristic. In other applications, it may be
desired to move the process to a target value 7y, say, subject to minimizing
the product variability about 7g. In the latter case it may be more appropriate
to screen control treatments to find those treatments ¢ having small values of
52 = >oie (g — 70)? or some other measure of spread about the target. For
normally distributed data, the former problem amounts to selection in terms
of a non-central chi-square random variable and can be solved using techniques

similar to those of Alam and Rizvi (1966).
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Appendix

Let © denote the set of p satisfying (1.2) and €y be those p € € for which
F %0, E, 20, and Zy, 0. Thus

_ _ Voo Vo1
= {H— ( U10 U11 ) ® Jixz

Lemma .0.1 Suppose Yp has mean p satisfying (1.2). Then Procedure G
satisfies

vgp are real numbers, a,b =0, 1}

inf P{CS} = inf P{C5} (17)

Proof: Given p € € set

Yiikem = Yijkem — Fi — By, — Zm

)

for (i,7,k,¢,m) € D. Then Y515, ~ N(1jp0m = o+ Sj +Tp + (ST) ¢, 0?) and

B = (1kem) € Qo- It is straightforward to show that the &;;; based on the
Mijkem and the fi*jk based on the :u‘;jkfm are related by &, = F; +Ej, — |Z1|+£i*jk.
Similarly, the Ez-jk based on Yp and the é;*]k based on Y3 satisfy @jk = F, +
Ek — |Z1| =+ ming{ﬂo + Sj —|—Tg =+ (ST)]K} = f;jk =+ Fz + Ek =+ |Z1 — Z1| — |Z1| for
all 7, j, k, £, and m. We assume without loss of generality that F; = max;{F;},
E; = max;{E}}, and ming(S; + (ST')1¢) = max; ming(S; + (ST')¢) so that

gn]agi{fijk} =1+ B — |2+ max min{po + 8+ To + (5 x T)je} = &
and &y > &y, for all 4, j, and k. Then by definition,

Pu{CSy = Puléini 2 & —hS ¥ (i,5,k)}
= Pp{én ~ F\ — By — |Z1 — Z1| + | Z4|
> gijk_Fi_Ek_ Zy — Z0| + | 74|
+F—F+E,—E —hS V (i,j,k)}
> Pu{&iu>&u—hS V (i,5,k)} (18)
= Pudéin > & —hS ¥ (4,5,k)} (19)

where (18) holds because F; — F) <0 fori=0,1 and Ey — E; <0 for £k =0, 1.
Oa
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