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COMMENT ON MAGNETIC e~eRESONANCESIN A CENTRAL FIELD
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Within a simplesemiclassicalmodelit is shownthatthepresenceof anexternalCoulombfield inducesonly slight changesin
theenergyof a resonantelectron—positronstateunlessfor extremelysmalldistances,whilethewidth increasesstronglywith the
field strength.

A greatpuzzle in presentdayphysicsis theinter- energyin bothpositronandelectronspectrarecorded
pretationof narrow lines in the spectrumof posi- in coincidence[121stimulatedanalternativeexpla-
tronsemittedinveryheavyion collisions.Originally, nationin termsof a decayingmagneticresonanceof
theseexperimentalinvestigationshad beenmoti- thee~ebinary system[131. It wassuggested[141
vatedby theory[1,21 which predictsa spontaneous to describethe e~e— pair by the relativistic spinor
productionof positronsas soonas the chargeZ of equation[15]
thecombinednuclearsystemexceedsa criticalvalue
(Zcr 173).Theknowledgeof bothZ andthe time {c~,[p~ + (elc)A,] +c~2 [P2 — (e/c)A2I
where the colliding nuclei are sufficiently close
together,allows for an estimateof the structureof +/31mc

2+fl
2mc

2+ V
0 —E}~’(r)=0, (1)

theresultingpositronlines. Thesuccessfulsearchfor
positronlines [3,4] hasbeenfollowed byalongseries whereindices1 and2 referto the electronandposi-
of experimentswhich investigatedin detail theposi- tron, respectively, V0= — e

2/r is their mutualCou-
tion andwidth of the lines, aswell astheir variation lomb interaction where r= r, — r

2 is the relative
with systemparameters[51.It has,however,turned coordinateof the pair, andA,,2= elI (a ,,2Xr)/2mcr

3
outthatthepresenceofthelinesforcollision systems is thevectorpotential in a simplestaticapproxima-
with Z extendingdown to the subcritical region tion [14], a being the spin operator.It shouldbe
(163~ Z~188),aswell asthetiny width ofabout70 stressedthat theDirac-typeequation(1) is a rather
key, are in seriouscontradictionwith the original crudeapproximationto the quantumfield theoreti-
picture of spontaneouspositronproduction. More calmany-bodyproblemwherethe couplingbetween
advancedtheorieswhich includednuclearresonance electronandpositronproceedsina highly nonlinear
phenomena[6,7] or allowed for multiple electron waythroughtheradiation field. Effectslike retarda-
excitationin a molecular-typepicture [8] ran into tion or creationof additionalpairscanthusnot be
difficulties asit becameevidentthat the position of describedby (1) with the abovechoiceof theinter-
the lines did hardly changewith Z. Thus,different action; it has,however,beenshownin the specific
productionmechanismshavebeensuggested,among caseof an additional self-field that nonlinearcou-
them the intermediateformation of a new particle plingneednotaffecttheexistenceof resonancestates
[9,101or a three-leptonresonance[11]. [16], andthatsomeglobaleffectofpair creationmay

The recent observationof lines with the same be incorporatedby meansof a finite-rangeinterac-
tion betweenthe two particlesunderconsideration

Presentaddress:SektionPhysik,UniversitätMUnchen,8046 [15].
Garching,FRG. Sodespiteof its deficiencies,eq. (1) maybeused

0375-9601/87/$03.50© ElsevierSciencePublishersB.V. 407
(North-HollandPhysicsPublishingDivision)



Volume120, number8 PHYSICSLETTERSA 16 March 1987

as a startingpoint for the investigationof magnetic / ~ 2c2 2—a ~
resonances.The equationfor the 16-componentspi- 2 [ ~( V

0 — E) ~ mc
2~2 dr r 6mr-)

noir ~i~’(r)canbe expressedin terms of 4 coupled

d2 2c2dequations for the 4-componentquantities çi/~= 2 (c2 ~ +
F,®F

2, yJ~~=F,®G2,~2=G,®F2 andyi,~=G,® G2, — ~(V0—E)~mc
whereF andG denotethe largeandsmall compo-
nentsofthe one-particleDirac spinor,respectively, 2c

2 4—a 1 )
— —s-- +

r 2mr3 2m2c2r415,~i,,+15
2y1p+(2mc2+Vü—E)Wa=0, (2a)

D,W~+D2W2+(2mc+V0E)W~=0, (2b) _N(Vo_E)±mc2]]fa,o=0. (4a,b)

D, ~ +D2 Wa + (V0—E)w~=0, (2c) In this expression,theuppersignbelongsto eq. (4a)
forfa andthe lower sign to eq. (4b) forf~.Further,

~ +D2w~+(V0—E)yi~ =0, (2d) V~=dV0/dr,anda= —4 is theangulareigenvalueof
thetensor force 3(a, ~i~)(a2~i~)—a, ~a2andsimul-

whereD,,2 ‘~P~,2a,2+e
2hr• (a, xa

2 )/2mcr
3.

taneouslyof the related operator(a, ~r)(a
2 ~V) +Using the symmetrypropertiesbetweenelectron (a2 r)(a, •V) occurringlater.Theeliminationoftheandpositron,a solutionof (2) hasbeensearchedfor first derivativeOffa leadstoa Schrodinger-likeequa-

by splitting eqs. (2c) and (2d) into four separate tion with an effective, energy-dependentpotential
equationswhichonly coupletwo functionseach[14]. which supportsone resonancestate.The energyof
With the assumptionthatbothparticleshaveequal thatstatewasfoundby numericalquadratureto be
energytheseequationsare 1.58 MeV [14], compatiblewith twice the experi-

15, Wa + [~( V0 —E)— mc
2]yi,,= 0, mentalpositronpeakenergy.

In this letterthe questionis investigatedwhether
D

2Wa + [~(V0—E)—mc
2]W~=0, (3a) in anexternalCoulombfield wherethee~epairhas

to be created,the resonantstateactuallysurvives.
D

2 ~ + [~(V0—E)+ mc
2]y,~= 0, Also, the consistencyof eqs. (2) and (4) is com-

mentedon.
15, i~’~+ [~( V

0—E)+ mc
2]yifl = 0. (3b) As one is interestedin thecreationof a resonance

in heavy-ioncollisions,theexternalfield is chosento
Theeliminationof w~and Wp from (2a)with thehelp bethe two-centerCoulombfield which dependson
of (3a) yieldsanequationfor Wa alone.In a similar

timethroughtheinternuclearcoordinateR. Thelep-way, (2b) leadsto an equationfor Wo when (3b) is
ton—nucleusinteractionis takenof theform

used.Both resultingequationsare perconstruction
symmetricwith respectto theinterchangeof a, and VeN(P) lip, P>RK,

a
2.Theirsolutionscanbe classifiedaccordingto the

—i/RK, P~RK, (8)
total angular momentum j=1+s with 1=rxp,
= — rXp2 ands= ~(a,+ a2). Taking1=0 (the only whereRK isthe nuclearradius.In orderto avoidthe
casefor which so far a resonancehasbeenfound), introductionof additionaldegreesof freedominto
theangularpartof Wa (andWo)is givenby thesingle theequationfor the electron—positronpairwe shall
state Ii sjM> = 1100>. With the ansatz restrict ourselvesto spin-zeronuclei. Further, the

Wa,o fa,o 1100>one is left with the radialequation monopoleapproximationto the two-centerfield is
chosen.Thisisjustifiedbecausepaircreationrequires
strongfieldswhich areonly availableat smallRwhere
themonopoletermof thepotentialdominates.With
this approximation,thepotentialstill dependson the
relativeorientationofthepairwith respecttobothR
and r0, the vector connectingthe midpoints of the
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e~ c2p2(r, E) ~2[Eeff(E) — Ueff(r, E)]

J/\ 4~al
+ 2mr3 — 2m2c2r4

r
0

1 (c
2V”

E_V+2mc2~2

Z
1 Z2 3c

2V’2 c2V’ + (2—a)V’
+ 4(E—V+2mc2)— r 6mr2

Fig. I - Positionof theelectron—positronpa,r relativeto thetwo (10)
nuclei (with chargeZ, andZ

2, respectively)atequilibrium.

wheretheeffectiveenergyE~ff= ~(~E
2— m2c4)and

potential Ueff havebeenintroduced. In the WKB
pairandthenuclei (cf. fig. 1). Thisorientationwill approximation,the energyE ofthe resonantstateis
bechosenin sucha way that the potentialacquires obtainedfrom thequantisationoftheactionintegral
its minimumvalue,with r antiparallelto r

0 andper- 0, while its width F is proportional to the barrier
pendicularto R. Moreover,the distancer0 is deter- penetrability[17]
mined by minimising the monopolefield which in rm~x

theregionaroundtheminimumisgivenby 0(E)= J p dr= 4m,

V,(r,ro,R)=Z( 1
r0+~r RK r=(2d0/~)-’exP(_2 J lPIdT). (11)

+ (Iro_~~~1+~R_RK)
2\ (9) Tm~

21 r
0 — r RRK )~ In thisexpression,Tmjn, rmax andr3 arethethreeclas-

sical turningpoints.An interestingpropertyof the
EqualradiiRKofthetwo nucleihavebeenassumed. effectivemomentum(10) isits weakdependenceon
Oneis thusleft with a potentialwhich only depends energyin theregionrmjn ~ r~ rma,, wheretheresonant
onR andr, while foreachvalueof thetwo variables stateis localised.Thismeansthatan increaseof the
r0 is computednumericallyfromdV,Idr0=0. effective energy implies a similar increaseof the

In order to investigatethe behaviourof the elec- effectivepotential.As a consequence,thepairequa-
tron—positronpair in thisexternalfield, weresortto tion hasto be solvedveryaccuratelyfor the wave-
theadiabaticapproximationandcalculatethewave- function (going beyond WKB) in order to get a
functionin thecombinedfield V= Vo+ V, atfixedR. reliableestimateof the resonanceenergy. For this
After replacing V0 in eq. (4a)by Vandeliminating reason,thevalueof a in eq.(4a) hasbeenadjusted
thefirst derivativeOffa by meansof thetransforma- to —4.7 suchthat both energy and turningpoints
tion fa = (E+ 2mc

2 — V)“2cDa/r a Schrodinger-like from ref. [14] could be reproducedin the caseof
equation for 9’a is obtained with an effective infinitely separatednuclei (R—~’co)whereE and1’
momentump(r, E) givenby [14] attainthevaluesof the isolatede~epair.

Fig. 2 showsenergyandwidth of the resonanceas
afunctionofRfor thetwo systemsPb+Pb(Z= 164,
RK=7fm)andU+U(Z=l84,RK=7.32fm).When
thenuclei approacheachother,E increasesslightly,
andeventuallydropsveryfastwhenthey comeinto
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Fig. 2. EnergyE (left scale)andwidth F (rightscale)ofthee e stateasa functionof theinternucleardistanceR. Full lines, Z= 164,
dashedlines, Z= 184. Formoredetails,seetext.

contactandexerta strongattractiveforceon thepair. Having establishedthe survival of the resonant
The energy dependsnot only weakly on R (for state in anexternalCoulombfield, thenext point is
R>

2RK) but alsoweakly on the combinednuclear its production in heavy-ioncollisions. t will take
charge.Thereasonfor this behaviouris the localisa- placevia (at least)a second-orderprocessbecause
tion of the resonantstate at extremelysmall dis- the pair wavefunctionvanishesat r=0. Takeninto
tances (rmax~~5fm). There, the magnetic force considerationthat Zi137 exceedsunity this means
betweenelectronand positronexceedsby far the no severereductionoftheproductionprobability.In
externalfield suchthat the influenceof the latter is termsof theadiabaticmonopoleapproximationused
weakaslongasthetwo nucleido notpenetrateeach above,oneof the couplingsto thevacuumwill pro-
other. ceedvia the time-variationof the monopoleCou-

The situationis quite different asfar as the width lomb field (whichis includedin thewave function),
of the resonanceis concerned.Throughits depend- while the othercoupling is inducedby the potential
enceon theouter turning point which lies at rather notincludedin the wavefunction(thedipolepart in
largedistances(decreasingwith R from 400 to 40 our caseof an 1=1 resonance).It shouldbe noted
fm) F showsstrongvariationswith R aswell aswith that the crosssection for positronemissionwhich
Z. Moreover,while the energydependsonly slightly eventuallyhas to be calculatedin order to compare
on the particularchoiceof the potential inside the with experiment,dependssignificantlyon thedecay
nucleus (as long as it is finite), F is very sensitive probabilityof theresonance,i.e. on its width [18].
alreadyat R considerablylargerthan 2RK. In partic- However,suchcalculationsare notmeaningfulat
ular, thevanishingwidth aroundR= 2RK (dottedline this stage.The reasonlies in the factthat the mag-
in fig. 2) is an artifact due to the (spurious)diver- neticresonancediscussedabovelacksits mathemat-
genceof the secondderivativeof thepotentialat RK ical foundationastherespectivewavefunctioncannot
(cf. eq.(8)) which entersinto theeffectivemomen- bederivedfrom theoriginal equations(2).
tum (10) in the region of the outerturning point. In orderto provethis, it is assumedthat the solu-
Rather,the width will follow the dash-dottedline if tion of (4) is also a solution of (2). If this weretrue,
a smooth potential is chosen.However, a precise the functions Wa,ô=fa,ôill00> with fa,~from (4)
knowledgeof the potential inside the nucleus is shouldobey the additional conditions which are
requiredto determinethe width for small R suffi- obtainedfrom eqs. (3a) and(3b) by eliminating W,.
ciently accurately. and WI,. Theseconditionscanbe expressedin terms
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of two coupledequationsfor ~Uaand Wo which are catethat the resultingpotentialdoesnot supporta
symmetricina,anda2.It is straightforwardtoshow resonantstatefor j= 0 [19], the possibility of find-
that also the solutions to these equationscan be ing magneticresonancesis of coursestill open.For
classifiedaccordingtoj. Thus,theangularpartof Wa suchinvestigations,it wouldbeadvisableto usemore
andWo is correctlygivenby the state11100>. If this elaborateequationsthan(2) asa startingpoint.
particularstateis inserted,oneof thecoupledequa- With this situation,the abovediscussionof the
tionsbecomesa trivial identity, while the otherone resonancefrom eq.(4) reducesto acasestudy.How-
leadsto a supplementaryconditionOflfa andf0: ever,asall magneticresonancestendto be confined

/ d 1 r) ~ to spatialextensionsof nuclear,ratherthanatomic
+2— size[13,14], the implicationsofthe modelcasewill

~(V0—E)—mc
2 mc havea generalvalidity. Thisconcernsthe factthat

theenergyoftheresonantstateis stronglycorrelated
(r -~- + 2 —~--~ f

0. (5) with its valuein thefield-freecase,whereasthewidth
= ~( V0 —E)+ mc

2 \. dr mc r) increasesby morethanoneorderof magnitudewhen
theCoulombfield is switchedon (with anestimated

Uponoperatingwithdldr on (5) andeliminatingall peakvaluearound50 keY). Thus, if a truemagnetic
derivativeswith the helpof (4a), (4b) and(5), the

resonanceshouldshow up at an energyaround1.6
relationbetweenfaandfoturnsinto MeV, sothatit couldbeconsideredasexplanationof

[~( V,, —E)— mc2If
5 = [~( V~— E) + mc

2 ]fa. (6) the experimentalpositronpeakat 300 keY, the
width wouldnotbeinconsistentwith theexperimen-

Thisrelationcanbeusedto replacef
5 in (4b) by fa tal observationprovidedthatin thefield-freecase,F

which leadstothefollowing equation,
were well belowthis value.

( V~ ri 4mc
2\ 2 d

2V. V [(,~l + —j~-—)c I would like to thank P.A. Amundsen,B. Muller
andP. Kienle for enlighteningdiscussions.
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