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Theone-dimensionalFouriertransformofanunboundeigenstateto ascreenedatomicpotential is calculatedandcomparedto
theresultsfor a Coulombwaveandaplanewave.It is foundthat for screenedpotentialswith astrongcentralcharge,theelectron
is in generalnot well localisedin momentumspace.

1. Introduction

Theknowledgeof exactelectronicscatteringstatesin thetargetfield is of greatimportancefor thecalculation
of electronlossin encounterswith heavytargetatoms,aswell asforelectron-inducedionisationat intermediate
collision velocities.Theuse of planewavesor a perturbativetreatmentof the targetfield is notjustified for
heavyatoms,becausethe nuclearpotentialsare too strong,evenwhenthey arescreenedby an equalnumber
of electrons[1]. Forelectronloss,the first Born approximationoverestimatesdrasticallythecrosssectionsfor
e.g.NeandAr targets[2], andthingsgetworsewhenthesecondBorn term isincluded[3]. Onemusttherefore
eitherresortto coupled-channelcalculationswith largebasissets [2], or use perturbativeapproacheswhere
the targetfield entersexclusively throughthe scatteringamplitudeor the scatteringeigenfunction.The one-
dimensionalFouriertransformoftheeigenfunctionoccursparticularlyif anadditionalpeakingapproximation
is introducedwhich affects two of the threemomentumcomponents(the so-calledtransversepeakingap-
proximation).Sucha peakingapproximationimpliesthatthe momentumspacewavefunctionço*(p) is strongly
peakedaroundp=k wherek is the momentumof the scatteredelectron.Although truefor planewavesand
to a lesserextentfor Coulomb waves,we show in the following that for screenedpotentials,this assumption
shouldbe treatedwith care. Atomic units (1~=m=e=1) are used.

2. Coulombpotential

Thescatteringstateof a pureCoulomb field V(r) = —ZT/r whereZT is the centralcharge,is the Coulomb
wavewhich is known in closedform [4]. Since the Fouriertransformof an incomingscatteringstateis iden-
tical to the complexconjugateFourier transformof an outgoingscatteringstate,we canwithout loss of gen-
erality restrict ourselvesto the latter, and define the one-dimensionalFourier transform by the following
expression,

G(p)=~$dp~ _)*(~)=~/~ $ dzexp(ipzz)~4_)*(ze~), (1)
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where ~q)~ (r) is the outgoingwave in coordinatespace.The choice of the z-directione~is arbitrary. andp1
denotesthe componentsof the momentump perpendicularto e. Hence. G(p) dependsparametricallyon k
and the anglea betweenk ander.

If a Coulombwave is insertedfor i~4~(r). an infinitesimal convergencefactor hasto be introducedinto
the r.h.s.of (1),

G~(p)=\/~N(k) J d:exp[i(p—k~)z] F1(i~j,1, i(k:+k~ )) exp(—E~:t),

N(k)=(2it)
3~2exp(mi~/2)T(l—itj). f?=Z~/k, e--0. (2)

where k~=kcosi9,F
1 is the confluenthypergeometricfunction andTthe gammafunction.The result is [5]

+ jL_k~±iE) T-~~�(l + ~ (3)

We haveverified from (3) that (2it~
3~2~ dp Gc(p) indeedequalsthespatialwavefunctionat theorigin.

V ( k).
The functionG’~(p~)hasa branchpoint and a first-orderpole in p~=k.which in caseof k~=±kturns into

a c5-function-typesingularity. The latter propertyfollows also immediatelyfrom (1) becausefor k~=±k.F
1

becomesunity in half the integration region. Gr(p) hasin additionbranch points in p~=±k.but is smooth
for pJ>>k.

The plane-wavelimit of G(p), i.e. ~j=O,is readily obtainedfrom (2) or (3).

~ . (4)

3. Fully screenedpotential

In the generalcase,ananalyticalsolution for the scatteringstate~i4~ (r) is no longerpossible.Forcentral
potentialsV(r), it is commonto makea partial wave expansion[4]

~ (r)= (2~)3/2~ i’-~-U~(k,r)Y1,~,(~)Y~(k)exp(—iö1). (5)

where Y,,~aresphericalharmonicsand 5, is thephaseshift. The function W1(k.r) obeysthe radial Schrödinger
equation

(~+k
2— ~ _2V(r))fl~(k.r)=O. (6)

Whenwe restrict ourselvesto energeticelectrons(with k2/2 exceedingtwice the meantarget excitation en-
ergy), eq.(6) holdsalsofor multielectrontargetssinceexchangeandorthogonalityto thebound-stateelectrons
can be neglected.V(r) then consistsof the atomic Hartree—Fockpotentialand the polarisationfield [6].

With the help of (5) the Fouriertransformof i,14~* is easily obtained,

)*(p) (2~)_3/2$ drexp(ip.r)~4~*(r)= ~ ~ J rdr W,(k, r)j
1(pr). (7)

wherej, is a sphericalBesselfunction.

Forthe evaluationof the one-dimensionalFourier transformG(p~)the momentum integral in (I) is used.
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Writing dp1 in cylindrical coordinatesp~dp1 dQ~and noting that the only ç9-dependenceof (7) occursin

Yr,,, (j), the integraloverç~is easilycarriedout andrestrictsthe magneticquantumnumberto m=0.The re-
mainingintegralscanbe rearrangedin the following way to give

G(p~)=-~- ~ (21+1) exp(iô1)P,(cos~) J rdr W1(k,r)11(p, r),

I~(p~,r)= dp~P,(p~/p)j1(pr), (8)

whereP, is a Legendrepolynomial. With the helpof thesubstitutionx= rp= r(p3 +p~)/2 and the symmetry
relationP1( —x)= ( — 1 )‘P1(x), the integral I~canbe evaluatedanalytically. OneobtainsIo—cos(rp~)/r

2and
the simple recursionr2I

1~1=—d(r
2I

1)/d(rp),andhence

I~(p~,r) = (—1 ~ d(,~p ~ cos(rp)= (—1 )fl cos(rp), 1=2n,

=(—l)~ sin(rp:), l=2n+1. (9)

This formulais readilyprovenby inserting into (8) therecursionrelationsfor P1 andj~in terms of theirde-
rivatives [7], by performingintegrationsby part, and by using the differential equation for the Legendre
polynomials.

Theevaluationof G(p) requiresananalyticaltreatment[8,9] for larger as well asfor large 1. For the first
case,the r-integral in (8) is split into two parts,suchthat

$ rdr W,(k, r)11(p, r)= $ rdr W,(k,r)I,(p, r)+ rdrsin(kr+ö,—~ln)I,(p,r), (10)

wherethe first integralis calculatednumerically(simultaneouslywith thecalculationof W1 from (6)) andrm
is chosensufficiently large suchthat the radial wavefunction W,hasattainedits asymptoticform [4]. The
secondintegral, valid for short-rangepotentials,canbe evaluatedanalytically [5], andgives

—~(cosöi[sgn(q)si(rmIq_I)+si(rmq÷)]+sin~,[ci(r~Iq~)+ci(rmq÷)]}, l=2n,

—~sgn(p~){sin~,[ci(rmIq_l)_ci(rmq÷)]+cosöj[sgn(q_)si(rmIq_I)_si(rmq+)]}, 1=2n+1,

q~=k±~p~I (11)

wheresgn( q) denotesthe sign of q and si, ci are the sine and cosineintegrals,respectively.Sinceci (x) ‘~In x
for x—~0,G(p) divergeslogarithmically at q_=0, i.e. p= ±k. If, on the otherhand, V(r) containsa Cou-
lombiccontributionwith thestrengthkij, a logarithmic term ~ln(2kr) hasto be addedto the argumentof the
sinein eq.(10). Thisterm preventsthedivergenceatp-= ±k, suchthat thereareonly branchpointsleft (see
the discussionof (3)).

In order to handlethe large-/behaviour,we makeuse of thefact that for short-rangepotentials, V(r) can
be neglectedfor 1>/max in the Schrodingerequation(6) as comparedto the centrifugalpotential,when ‘max

is sufficiently large.Thismeansthat the high partialwavesof G(p) exhibit a plane-wavebehaviour[9]. We
thereforesplit the sumover 1 in (8) accordingto the following principle,
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Fig. I. Modulusof G(k) in atomicunitsas a function of k~for an Ar target at k=4 and0=20. Planewave: verticaldashedline at
—2: Coulombwave: full line: and scatteringstateto screenedpotential:dashedline includingthc verticalline atp= —2. The posi-

tionsof thebranchpointsof the Coulombwaveatp~=±k andk~aremarkedby arrows.

-C /n1a~ X Imax

~ (exact)= ~ (exact)+ ~ (planewave)= ~ (exact— planewave)+ ~ (planewave) . (12)
1=0 1=0 I=/,,,a~ ± I 10

For a plane wave, the phaseshifts are zero and J4’~”(k. r)=rj1(kr), such that with thehelp of (4). G(p~)is
written in the following form,

G(p) = -~ ~ (21+ I )P1(cosa)(cxP(i~/)Jrdr ~(k. r)I,(p, ,‘) — H dr j1(kr)11(p. r) )+o(p~_k~). (13)
7t/0

The plane-wavecontributionfor a given partial wave can againbe evaluatedanalytically [5],

J r drj1( kr )I~(p,

= ( — I)’ x ~F(n+~) 2F1 (n+ ~. —n, ~,p~/k
2), I=2n.

x ~T(n+~)
2F1(n+~,—n, ~ /=2ii+l , (14)

wherethe hypergeometricfunctions2f reduceto polynomials,and0 is the Heavisidestepfunction, making
the r.h.s.of (14) vanishfor IpH >k.

4. Discussion

Forelectronsscatteringon anAr target, I G(p) and G~r(pC) areplottedin fig. 1 at an impact momentum
of k=4 a.u., and the real part of thesefunctionsis given in fig. 2. Forthe Coulombcasewe haveused (3)
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Fig. 2. Realpartof G(k) asa functionofk~for anAr targetatk= 4 and0= 120°.Thecurveshavethesamemeaningasin fig. 1.

with ZT=
6 which roughly correspondsto theeffectivechargeseenby the valenceelectrons,suchthat ~i= 1.5.

Forthe screenedcase,thephaseshifts andradialfunctionshavebeencalculatedas describedpreviously [10].
Good convergencewasobtainedfor ‘max = 20 except closeto the logarithmic singularities.In that regionwe
took ‘max 14 whereconvergencewasapproximatelyreached(it deterioratedat higher / due to numericalin-
accuracies).The scatteringanglei9 wasset to 120°,which isequivalentto a=60°dueto thesymmetryrelation

G(p~,i9)=G(—p:,~t—i9), (15)

which follows immediatelyfrom (3) and (13).
It is obviousfrom fig. 1 that for a planewave as well as for a Coulombwave,the momentumdensityis

stronglyconcentratednearp_—k,while for the scatteringstateof a screenedfield, it is morediffuse. For a
targetas heavyas Ar, thereare considerablecontributionsfrom the region I I > k. This follows from in-
spectionof the normalisationconstantN

0(k) of the 1=0 radialwave,limr.o [W0(k, r)/r] exp(iô0) (which is
identicalto the integralof G(p) overp), themagnitudeof which is 5.4for k=4 andhencemuch largerthan
one, the resultfrom theô-contributionof G(p). N0(k) I decreaseswith k towardsunity (theplane-wavere-
sult), but very slowly (for Ar, lN0( 10)1=3.4, lN0(18)1 =2.5).

In contrastto the caseof the screened-fieldscatteringstatewhich convergesuniformly to a planewave, the
Coulombwaveshowsa pathologicalbehaviourwhenthe centralchargegoesto zero [111, which doesnot allow
for an expansionin termsof ZT. Fromfig. 2 andeq. (3) it follows that for anyfinite i~(i.e. ZT) and Ik~I ~k
the Coulombwave divergesat p:=k: like (p~kr)_’_~’andnot like a ö-function.This is an additional in-
dication that the limit ZT—’O differs from the result for ZT=O.

In conclusionwehaveshownthatthe one-dimensionalFouriertransformG(p:) of a screened-potentialscat-
teringstatehasa verybroadmomentumdistribution,with considerablecontributionsfrom Ip1 exceedingthe
electronicimpact velocity k. Thisfeatureis the morepronounced,the higherthe nucleartargetchargeand the
smallerk. The existenceof the long-rangetails of G (p..) is furthermoreindependentof the position angle0 of
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k with respectto the selectedz-axis~however,the densitynearp=k~is enhancedfor forward—backwarddi-
rectionsascomparedto i3—90°.

The aboveresultscanreadily begeneralisedto the three-dimensionalFouriertransformp~(p).In the field-
free caseof for weak fields, inspectionof eq. (7) showsthat the r-integral is peakedat p=k, andthe partial
wa~25 add up coherentlyonly if also thedirectionsofp andk are thesame.Forstrong fields with phaseshifts
cor ;iderablydeviatingfrom zero,andradial functionsmuch different from Bessel functions,this coherence
is ~estroyed.Thenthe sharppeakatp=k will be smearedoutover a largeregionof momentumspace.
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