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Abstract 

Owing to the two-dimensional periodicity of a super- 
structure on the crystal surface, the intensity in re- 
ciprocal space is continuously distributed along rods 
normal to the sample surface. The analysis of rod 
scans in surface X-ray diffraction provides informa- 
tion about the structure parameters normal to the 
sample surface. For high resolution to be achieved, 
the measurements must extend to momentum trans- 
fers q± that are as large as possible. At large exit 
angles, the conventional Lorentz factor must be 
modified to take account of the finite aperture of the 
detector and the continuous intensity along the lattice 
rod. For two types of Z-axis diffractometer used in 
surface X-ray crystallography, an analytical expres- 
sion for the resolution correction of rod-scan intensity 
data has been developed. It takes into account an 
anisotropic detector resolution T(AO, A~), the finite 
width of the diffracted beam and the primary-beam 
divergence 9arallel to the sample surface, Az. The 
calculation of the convolution functions is simplified 
by a projection onto the q± = 0 plane. The effects of 
different detector settings and the influences of the 
primary-beam divergence and the sample quality on 
the measured intensity are demonstrated for several 
examples. 

I. Introduction 

Grazing-incidence X-ray diffraction has become a 
successful technique of surface atomic-structure 
analysis. Recently, several complex structures of 
reconstructed surfaces have been solved using the 
standard methods of X-ray crystallography, such as 
the Patterson function, Fourier synthesis and least- 
squares refinement (Feidenhans'l, 1989; Robinson, 
1991). 

Since a superstructure at the crystal surface is 
nonperiodic normal to the sample surface, the 
intensity of the superlattice reflections is continuously 
distributed along qi = l x c*, the component of the 
momentum transfer q normal to the sample surface. 
Most of the experiments performed so far have 
focused on the measurement of in-plane intensities 

O 1993 International Union of Crystallography 
Printed in Great Britain - all rights reserved 

(q±-~0), only providing information about the 
projected structure. On the other hand, only the 
analysis of the intensity distribution along the 
superlattice rods provides depth-resolved informa- 
tion. For high resolution to be achieved, the 
measurements must extend to high-momentum- 
transfer q±; this condition can be satisfied by using 
either large exit angles or large incident angles. We 
refer here to the case of grazing incidence and large 
exit angles that is often used. 

The scattering geometry is shown in Fig. 1 in real 
and reciprocal space. The sample is illuminated by the 
incoming X-ray beam, kio, at grazing incidence. The 
incidence angle ai is of the order of magnitude of ~,., 
the critical angle of total external reflection. In many 
cases, ~ is chosen to be even smaller, in order to 
reduce the background. 

The integrated intensity E(Qo ) of the reflection 
related to the scattering vector Qo = k l o -  kio is 
measured by rotating the sample around the surface 
normal n, while the detector is kept constant at the 
position corresponding to the scattered beam, k¢o. 
However, for the measurement along the specular 
direction (00q±), different procedures must be used 
which are not considered here. 

The scattering vector Qo can be separated into Qo± 
and Q011, the out-of-plane and in-plane components, 
respectively. It is easy to see that Qo± = I k¢ol sin al, 
where al  is the beam exit angle. 

For the measurement of out-of-plane intensities, 
several diffractometer setups have been developed. 
One convenient way to have access to large beam exit 
angles at a constant grazing-incidence angle is realized 
in the 'Z-axis '  machine developed by Brennan & 
Eisenberger (1984). In Fig. 2, two realizations of Z-axis 
diffractometers are shown that emphasize the different 
detector arrangements. In both cases, the detector has 
two degrees of freedom as compared with one degree 
of freedom in a four-circle machine. 

In the first design (Fig. 2a), the detector can be 
rotated around the surface normal by the 6) axis, 
which coincides with the y axis. Note that this axis is 
also denoted 2 0  in the literature, however we chose 
O in order to have a unique assignment for each type 
of diffractometer. An exit angle q~0 (q~o = a¢) is 
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adjusted by rotating the detector around the axis 
that lies in the crystal-surface plane and is 

perpendicular to the scattering vector. This kind of 
diffractometer (hereinafter called the type-A dif- 
fractometer) is used, for example, by the Riso group 
at the Hamburger Synchrotron Strahlungs Labor 
(HASYLAB). The angle calculations for this geometry 
have been given by Bloch (1985). 

The second type of diffractometer, which is 
hereinafter called the type-B diffractometer, has been 

developed in our group (Kretschmar, Wolf, Schulz, 
Huber & P16ckl, 1987). Its scattering geometry is 
shown in Fig. 2(b). For in-plane measurements 
(q± ~- 0, corresponding to cb o ~ 0), the angle rc/2 - Oo 
(the angle Oo is measured from the z axis) corresponds 
to the Bragg angle 20n; out-of-plane measurements 
can be achieved by rotation of the detector around 
the q~ axis. 

Although the diffractometers are similar in princi- 
ple, there is one important difference between them. 
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Fig. 1. Scattering geometry used for the measurement of superstructure intensities along q± shown in real (left) and reciprocal (right) 
space. The side view is shown in the upper part, the top view is shown in the lower part. The angles ~i and c~ s denote the X-ray incidence 
angle and exit angle, respectively,/~ is the in-plane scattering angle. The vector n is the surface normal. Qoll and Qo± are the in-plane 
and out-of-plane components of the scattering vector Q0- The integrated intensity is measured by rotating the sample around its 
normal (i.e. the lattice rod around 0", the origin of the reciprocal lattice) whilst keeping the detector fixed in the direction klo. 
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Fig. 2. Z-axis diffractometers used for the measurement of superlattice reflections. The primary beam is directed along the x axis, the 
sample normal along the y axis. (a) Type-A diffractometer, (b) type-B diffractometer. In both cases, there are two degrees of freedom 
for the detector adjustment, an in-plane rotation axis, O, and an axis rotating the detector out of plane, 4~. 
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Since, for the type-A diffractometer, the in-plane 
rotation axis of the detector (19) is independent of the 
axis tilting the detector out of plane, the detector is 
rotated in a circle of constant ~I = q~o around the 
surface normal. In contrast, for the type-B diffractom- 
eter, the 19 axis is rotated by the q~ axis. The 
difference can be seen schematically in Fig. 3. This 
shows, for both diffractometer systems, the scattering 
geometry for an out-of-plane measurement in a 
stereographic projection to the sample surface 
(q± = 0). The incoming beam, kio, is directed along 
the x axis. The detector is rotated out of plane by the 
~b axis, which is parallel to the z axis of the coordinate 
frame corresponding to the standard settings of 
spherical coordinates. Since, for the type-A dif- 
fractometer, the 19 axis normal to the plane of the 
paper (the y axis) is independent of the cb axis, the 
detector moves in a circle of constant 0~f around 
the 19 axis (dotted circle). The finite resolution of the 
detector system is represented by an ellipse, whose 
principal axes indicate the width where the detector 
transmission has reduced to 1/e of its maximum value 
(Yessik, Werner & Sato, 1973; Boysen & Adlhart, 
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Fig. 3. Schematic drawing of the scattering geometry in reciprocal 
space showing the different detector settings of the Z-axis 
diffractometers in a stereographic projection onto the sample 
surface (q± = 0). The detector systems whose resolutions are 
represented by ellipses (not on scale) are set to the out-of-plane 
reflection Qo = k i o -  klo. For the type-A diffractometer, the 
detector rotates on a circle of 7I = constant (dotted line), 
whereas, for the type-B diffractometer, the detector rotates on a 
great circle (dashed line) of the Ewald sphere. ~ is the in-plane 
projected angle between the vectors Qo and -kio , /~  is the acute 
angle between the large axis of the ellipse and the primary beam 
(here shown for the type-B diffractometer). For the type-A 
diffractometer, [J = I~. 

1987). In Fig. 3, both resolution functions are posi- 
tioned at the reflection Q0 but not drawn to scale. 

The situation is more complicated for the type-B 
diffractometer, where the 19 axis is rotated by the q~ 
axis. Since the q~ axis is perpendicular to the O axis, 
the detector moves on a great circle of the Ewald 
sphere shown by the dashed lines in the projection to 
the q± = 0 plane. The beam exit angle ~ / i s  related to 
q~o by sin (as) = sin (q>o) cos (re/2 - 19o). (In contrast, 
for the type-A diffractometer, we have q>o = as.) 

The measured intensity data have to be corrected 
by the polarization factor P(Qo) and the Lorentz 
factor L(Qo ). The latter describes the different 
velocities at which the reciprocal-lattice points are 
swept through the Ewald sphere depending on Qo. In 
the three-dimensional case, the size of the reciprocal- 
lattice points is so small that the total diffracted beam 
passes the slits in front of the detector. Lorentz 
correction factors depend on the scattering geometry 
and are discussed in Vol. II of International Tables for 
X-ray Crystallography (1959). 

In surface X-ray diffraction, one important 
complication arises from the continuous distribution 
of the scattering intensity along qi- The collected 
intensity additionally depends on Aq., the length of 
the rod accepted by the detector. For in-plane 
measurements, this is taken into account by 
multiplication of the intensity by the factor Aq±. 

The situation becomes complicated for out-of- 
plane measurements (rod scans) when the scattering 
plane is no longer parallel to the sample surface as 
shown in Fig. 1. Upon rotation of the lattice rod, the 
intersection of the rod with the Ewald sphere moves 
in a complicated way on the surface of the sphere and 
the measured intensity sensitively depends on the 
detector setting and the resolution. The differences 
between the detector arrangements of the two Z-axis 
diffractometers can also have consequences for the 
measured intensities, as is evident from Fig. 3. 

For the type-A diffractometer, the projection of the 
resolution ellipse onto the q± = 0 plane (dotted) is 
always aligned with one of its principal axes parallel 
to the direction of the (projected) exit beam. This does 
not apply for the type-B diffractometer (dashed). 
Consequently, the path of the lattice rod through the 
detector resolution will be different. 

Until now, only approximate solutions for the 
resolution correction have been used, which are only 
valid for small beam exit angles and large in-plane 
detector acceptances. 

In this paper, we develop a general analytical 
expression for the resolution correction, L(Q0), for 
rod scans measured in the Z-axis geometry consider- 
ing both diffractometer systems. Additionally, we 
consider the effects on the measured intensity of: (i) 
the finite width of the superstructure reflections; (ii) 
the divergence of the primary beam; and (iii) an 
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anisotropic t ransmission function, T ( A O ,  A~) .  The 
calculation is based on the assumpt ion  of (i) a 
grazing-incidence diffraction geometry,  which is often 
used; (ii) a monochromat i c  pr imary  beam of 
wavelength 20; and (i/i) a negligible divergence of the 
pr imary  beam along q±. We derive the resolution 
correction for the more  complicated case of the type-B 
diffractometer. The simplifications leading to the 
resolution correction valid for the type-A diffractom- 
eter are included in Appendix A. 

II. Calculation 

The pr imary-beam divergence is described by the 
distr ibution f u n c t i o n / ( k s -  k/o), where k I indicates a 
wave vector of the pr imary  beam and k/o is its mean 
value. The distr ibut ion i(ki - kio ) is normalized:  

i ( k / -  k,o ) dkt  = 1. (1) 

The in-plane and out-of-plane divergences of the 
pr imary  beam are given by the variables z and o., as 
shown in Fig. 4. With synchrot ron radiat ion,  where 
the sample is moun ted  vertically relative to the 
electron orbit, the parameter  d r  describes the 1/e 
width of the intensity distr ibution with respect to z. 
Since Az is small, the volume element in k space is, 
approximately,  

dk 3 = k 2 dki cos (z) do. dr  ~- k 2 dk  i do" dr. (2) 

We assume a strictly monochromat i c  X-ray beam and 
a negligible out-of-plane divergence (Ao. = 0), since in 
grazing-incidence X-ray diffraction experiments the 
(small) angle ~i must  be well defined (i.e. Ao. << ~i - 
~t c _~ 0.3°). 

We approximate  the intensity distr ibution of the 
pr imary  beam by a Gauss/an function: 

i(o., z, 2) = 6(o.)6(2 - 2o)(2/r~l/2Az) exp (--2z/Az) 2, 

(3) 
where 6(o') and 6(2 - 20) represent delta functions. 

a ~ t  

Fig. 4. Divergence of the primary beam parallel (AT) and 
perpendicular (Air) to the sample surface. The centre of the 
primary beam is indicated by the wave vector k~o. Deviations 
from k~o characterized by the wave vector k~ are due to AT and 
Aa as well as a wavelength shift dk~. 

We consider in the following the scattering 
geometry  of the type-B diffractometer system shown 
in Fig. 5. The sample in the center of the Ewald sphere 
is i l luminated by the pr imary  beam, k~o, at grazing 
incidence. It is directed along the x axis. The sample 
normal  n is parallel to the y axis and the z axis is 
perpendicular  to both the x axis and the z axis (see 
Fig. 2). For  a given reflection related to the 
m o m e n t u m  transfer Qo = ( k l o -  k/o), the detector 
setting is given by the angles Oo and ¢'o, where ks. o 
is the wave vector of the scattered beam. In Appendix 
A, the relat ionships between the wave vector k I and 
the angles ~o and Oo are derived. The anisotropic 
aper ture  of the detector  system is represented by a 
resolution ellipse of angular  acceptances A O and A~, 
represented by the principal axes. With the assump- 
tion of a max imum angular  acceptance of 2 °, as 
realized in our detector  system, the curvature along 
A@ and A~ on the Ewald sphere is still negligible. 
Because we use Soller slits in front of the detector 
(Soller, 1924; Stoecker & Starbuck, 1965), to first 
order  the t ransmission function of the detector is 
Gauss/an:  

T ( O  -- 0o ,  q) - q)o) oc exp - [ ( 0  - O o ) / d O ]  2 

x exp --[(q~ - -  t ~ o ) / A t ~ ] 2  , 

(4) 

which is normalized with respect to the solid angle: 

~ O ~ ¢ ,  = ~ T(k~ - k~o)dk~-. (5) 

For  the measurement  of the intensity related to Qo, 
the lattice rod is rotated a round  the origin of the 
reciprocal lattice, 0", by the angular  velocity dqfft~t. 
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Fig. 5. Schematic view of the scattering geometry for the type-B 
Z-axis diffractometer. During the ~o scan, the anisotropic 
resolution function of the detector (resolution AO, d~) is kept 
fixed at the angular positions Oo and ¢o related to the scattered 
wave v e c t o r  k f o .  The angle tg indicates the in-plane angular 
deviation of the lattice rod from the scattering position, Oo, ~o. 
The path of the lattice rod is indicated by the arrow. 
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This corresponds to the rotation of the sample by the 
in-plane angle, qg. The condition q~--0 corresponds 
to the point where the lattice rod intersects the Ewald 
sphere at ki0, as indicated by the dashed lines. 

The beam divergence and the instantaneous sample 
position q~ 4= 0 during the scan lead to an actual 
scattering vector Q(k~, ~o), which is different from Qo: 

Q(ki, q~) = Qo + A Q I ( k i -  k,o) + AQ2OP). (6) 

To calculate the integrated intensity at a given point 
~p of the scan and for a given incidence vector ki, we 
have to integrate over the area of the detector by a 
variable q in reciprocal space: 

I(ki, q)) ~ ~ T[q - Qo - A Q , ( k , -  k~o ) 

-- AQ2(qg)] d3q. (7) 

The reciprocal-lattice rods are broadened owing to 
the sample mosaic, the finite coherence length of the 
X-ray beam, the finite domain size and steps on 
the sample surface. However, in all practical cases, the 
domain size on the crystal surface, ~, is much lower 
than the coherence length of the X-ray beam; 
therefore, we account for the lattice-rod broadening 
by considering the finite domain size. 

Vlieg, van der Veen, Gurman, Norris & Mac- 
Donald (1989), as well as Andrews & Cowley (1985), 
have discussed in detail the effects of a finite 
correlation on the crystal surface on the reflection 
profiles. In many cases, a Gaussian correlation 
function is assumed, leading to a Gaussian broadening 
of the profiles. In the following, this is expressed by 
the function D(Iq - Qol). 

For a given primary wave vector ki, a sample 
orientation ~o and a scattering vector q, the measured 
intensity is proportional to: 

l(q, ki, (p) ~ i(k i - kio)lF(Qo)12D(lq - Qol) 

× T[q - Qo - A Q I ( k i -  k / o )  - AQ2((P)], 
(8) 

where we have assumed that IF(Q)[ 2 does not vary 
within Aq±, the length of the rod that is accepted by 
the detector during the (p scan. 

The integrated intensity, E(Qo), is obtained by 
integration over all wave vectors ki, all scattering 
vectors q and the crystal rotation angle q~: 

E(Qo) = ~'~" I(q, ki, (p) d3q d3ki dqo 

= [nClF(Qo)12/A2z] ~ / ( k i -  k/o ) 

× D(Iq - Qol)T[q - Qo - A Q I ( k i -  k~o) 

-- dQ2(qg)] dZq d3ki dq~. (9) 

We have introduced n =  A/~ 2, the number of 
domains, because the profile function D ( l q -  Qol) is 
normalized to the average area of the domains, ~2: 
.~ D(Iq - Qol) dq ~ ~2 : A/n, where A is the area of 

the crystal surface illuminated by the X-ray beam and 
AEZ corresponds to the area of the surface unit cell. 
The factor C is defined by 

C = I o Pe*/] Oqg/?~tlm2c 4. (10) 

It takes into account I0, the primary-beam intensity, 
the polarization factor P, the square of the electron 
radius and the angular velocity of the scan. 

The integration in (9) can be performed by 
transformation into cylindrical coordinates, which 
leads to 

E(Qo) = [4CA[F(Qo)I2~2/xA2zAz  ] 

x S qll exp --[(qll - Qoll)~] 2 
0 

x exp - [ (2z /Az)  2] ~ e x p - [ ( Q o l l ~ )  2] 
- o c  - ~  

x ~ r [ q l l -  Qoll + AQ~I~(r/, 
- ~  O 

~ -- Aqol(r)-  ~o, q± -- Qo± - AQI±(z)] 

x dq± do d~ dzql I dql i, (11) 

where q is the integration variable in reciprocal space, 
q = (qli,~,q±), and Qo is given by Qo =(Qolt, 

= 0, Qol). 
The variables AQI ii(r), A~01(z ) and AQI±('c ) are the 

corresponding correction terms resulting from beam 
divergence and AQ2(q~ ) = (0, q~, 0) [see (6)]. Since we 
assume a monochromatic X-ray beam, the transmis- 
sion is nonzero only on the Ewald sphere. Therefore, 
the integration over q± can be replaced by a projection 
onto the q± = 0 plane. The normalization of (5) 
remains valid for the projected transmission function 
and the parameters of the projected resolution ellipse 
can be calculated (see Appendix A). 

After integration of (11), we finally obtain for the 
integrated intensity: 

where: 

E(Q o) = [2rcCIF(Qo)I22oA/A2z]L(Qo ), (12) 

L(Qo) = LI(Qo)L2(Qo ), (13) 

LI(Qo ) = A 69A q~/dl/2abQo II, (14) 

L2(Qo ) = {1 + 22[e -(c2/d)][A'c2F 2 + (1/~2)]} -1/2 

(15) 

The parameters a, b, c, d, e and F are geometrical 
parameters that also contain the differences between 
the resolution corrections for the type-A and type-B 
diffractometers. These are listed in Appendix A. 

Equations (12) to (15) represent the result of the 
calculation, which is valid for both detector systems 
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(except for the different meanings of the geometrical 
parameters). 

The parameter L(Qo) is the correction to the 
measured integrated intensity, E(Qo), owing to the 
resolution of the detector system. It can be factorized 
into two components, LI(Qo) and L2(Qo), the first 
describing the resolution correction assuming a 
strictly parallel primary beam, A z=O, and a 
delta-function-like lattice rod. This gives L2(Qo) = 1. 
The second term takes into account the primary-beam 
divergence Az and the lattice-rod broadening due to 
the finite domain size, ~. 

In Appendix B, we show that the general expression 
for the integrated intensity for q± --, 0 is equivalent to 
the small ~j. approximation (Feidenhans'l, 1989). 

IlL Discussion 

A. Detector setting 

In order to elucidate the different effects contribu- 
ting to the total intensity correction factor, we have 
calculated L(Qo) for the (1/20) and the (1/22) 
superlattice reflection rod of the Ge(001) (2 x 1) 
structure that has been investigated recently (Ross- 
mann, Meyerheim, Jahns, Wever, Moritz, Wolf, 
Dornisch & Schulz, 1992). The indices are related to 
the tetragonal setting of the unit cell (ao = bo = 4.000, 
Co = 5.658A) and the wavelength is 20 = 1.54A. 
First, we assume ideal experimental conditions 
corresponding to L2(Q0)= 1. This means that the 
primary beam is strictly parallel and the superlattice 
rods are represented laterally by a two-dimensional 5 
function. 

In Fig. 6, the resolution correction term LI(Qo) is 
shown for both the type-A diffractometer (dotted 
lines) and the type-B diffractometer (dashed lines). 
Two detector settings can be considered. The first 
corresponds to high resolution in plane (Aqll) and 
low resolution out of plane (Aq±). This case is sche- 
matically shown by the ellipse. In the following, we 
use AO=O.4°=AqlI=4.53 x 10-3/~ -1 and A ~ =  

2 1 2.0 ° = Aql = 2.26 x 10- /~- , which approximately 
corresponds to the experimental conditions of our 
diffractometer setup, where Soller slits are used in 
front of the detector. In the second setting, the 
resolution ellipse is rotated by 90 ° relative to the first, 
leading to low resolution in plane and high 
resolution out of plane (not shown). 

The detector setting shown is chosen mostly for the 
measurement of in-plane reflections (q± ~ 0), in order 
to maximize the measured intensity, since in this case 
E(Qo) oc A q±. The second detector setting has the 
advantage that broad reflections are completely 
accepted by the detector that would otherwise be cut 
off when using a high in-plane resolution. Further, 
Aq± has to be kept small enough for an accurate 

intensity measurement, since the intensity may vary 
rapidly along q±. 

It should be noted that the resolutions specified 
above are valid for in-plane measurements only. For 
out-of-plane data collection, the resolutions change 
considerably as functions of q±. This is expressed by 
the variation of LI(Qo). 

B. Effect of the detector geometry 

As shown by the calculation in Fig. 6, in most cases 
there are only minor differences between the intensity 
corrections corresponding to the type-A (dotted lines) 
and type-B (dashed lines) Z-axis diffractometers. 
However, at very large q±, there may be differences as 
large as a factor of two. For example, consider the 
(1/2 2) rod for qi  > 3.2 reciprocal-lattice units. This is 
because the path of the lattice rod through the 
resolution function is correspondingly larger for the 
type-A setup, as can also be seen in Fig. 3. 

We have additionally plotted, as a solid line, the 
resolution correction for the (1/2 0) rod using the small 
c¢ I approximation discussed in Appendix B. Although 
it is strictly valid for q± = 0 only, there is good 
agreement with our solution up to about q± 
1.5c*, where c* = 1~Co = 0.177 ,~-1 is the reciprocal- 
lattice unit normal to the sample surface. However, at 
larger q±, the approximation breaks down. 

Since, in general, the detector resolution should be 
aligned such as to maximize the measured intensity, 
the (anisotropic) detector function should be aligned 
to maximize the path of the rod through it. Increasing 
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Fig. 6. Resolution correction factor LI(Qo ) calculated for the 
(1/2 0) and (1/2 2) rods of the Ge(001) (2 x 1) reconstruction 
(,;t o = 1.54A). The dotted line corresponds to the type-A 
diffractometer, the dashed line to the type-B diffractometer. The 
resolution of the detector system is Aql I = 4.53 x 10 -3/~-1 and 
Aq± = 2.26 x 10-2/~ -1 (at q± = 0), as is schematically repre- 
sented by the ellipse. The small ~f approximation is 
represented by the solid line. 
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Aq± and Aql I is not always possible owing to 
background and resolution requirements. Therefore, 
for both diffractometers, it would be advantageous to 
rotate the detector system as a function of q±. 
However, this is, practically, not always feasible (note 
that, using a diffractometer setup where c¢ I is constant 
but ~i is varied in order to vary q±, the detector 
resolution is constant). 

For the optimum choice of detector setting for 
out-of-plane measurements, it is important to not only 
consider how to maximize the measured intensity but 
also to take into account sources of systematic errors 
as well. For example, a small misalignment of the 
detector along q± is less important if the correction 
function is only slowly varying with q±. Besides the 
detector setting relative to the path of the lattice rod, 
the 1/Qo II dependency of LI(Qo ) is the most important 
factor contributing to the measured intensity. Usually, 
the 1/sin 20B (see Fig. 6) dependency is referred to as 
the Lorentz factor, where sin 0n = 0.52olQol and 0n is 
the Bragg angle of the reflection. 

C. Finite-s&e effects 

So far, we have confined the discussion to ideal 
experimental conditions. Superstructure reflections 
have a finite width, owing to the domain size, ~, 
mosaic spread and steps on the surface. This leads to 
the broadening of the lattice rod as discussed by Vlieg 
et al. (1989). This is accounted for by the factor 
L z ( Q o  ) < 1. 

Besides the high primary-beam intensity, synchro- 
tron radiation is advantageous owing to its inherent 
parallelity in the plane of the electron orbit [see, for 
example, Koch, Eastman & Farge (1983)]. This 
corresponds to a small in-plane divergence (Az < 
0.01°), since the sample is mounted vertically. The 
out-of-plane collimation is achieved by slits in front 
of the sample. It is kept very small (Aa < 0.05°). 
Therefore, we only consider the lattice-rod broadening 
caused by the domain size, mosaic spread and steps. 
For simplicity, we chose the domain size ¢ as the 
representative parameter. Taking into account the 
in-plane divergence A z of the primary beam does not 
change the basic behaviour of LE(Q0), since it 
corresponds to an 'effective' broadening of the 
lattice rod. 

We confine our discussion to the type-B diffractom- 
eter. 

In Fig. 7, we show the function L2(Qo) of the 
(1/2 0) and the (1/2 2) rods for both resolution settings. 
Two domain sizes are considered, ~ = 100 3, (dashed 
lines) and ~ = 400 ,~ (solid lines) corresponding to bad 
and reasonable quality surfaces, respectively [see, for 
example, Vlieg et al. (1989)]. 

The effect of the domain size on the resolution 
correction is dramatic. Considering the usual setting 

for the in-plane data collection (Fig. 7a), the integrated 
intensity [E(Qo) oC LI(Qo)L2(Qo)] at qi = 0 is 
reduced by more than 50% for ¢ = 100 A,, since the 
lateral resolution of the detector setting is too high to 
collect the whole width of the rod. Even in the case 
of ¢ = 400 A, the effect is still about 15% at q± = 0. 
Relaxing the lateral resolution may solve this 
problem, provided the background remains low. This 
can be seen in Fig. 7(b), showing L2(Qo) for the 
opposite setting of the resolution function. At low q_~, 
there is at most a 10% intensity reduction even for 
the ~ = 100 A sample. 

However, the more important complication arises 
from the variation of Lz(Qo) as a function of q, ,  which 
is due to the changing path of the reflection through 
the resolution ellipse. As can be seen, there may be a 
variation by up to 100% along the rod. In summary, 
consideration of the sample quality is a prerequisite 
for the proper resolution correction. 
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Fig. 7. L2(Qo ) calculated for the type-B diffractometer versus ql  
calculated for the (1/2 0) and (1/2 2) rods, assuming an average 
domain size of ~ = 400 A (solid lines) and ~ = 100 A, (dashed 
lines). The beam divergence is neglected (Az = 0). Both settings 
of the resolution function (at q± = 0) are considered as shown 
schematically by the ellipses. Depending on the detector setting 
and the domain size, there may be a reduction of the measured 
intensity of more than 50%. 
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IV. Summary 
For two types of Z-axis diffractometer, we have 
developed an analytical expression for the detector 
resolution correction, L(Qo), which must be applied 
for the analysis of out-of-plane intensity data obtained 
from superstructures on crystal surfaces. 

The calculation of L(Qo), i.e. the convolution of 
the intrinsic reflection profile with the resolution func- 
tion, is generally a three-dimensional problem. If a 
monochromatic X-ray beam is assumed, this can be 
reduced to two dimensions by projection onto the 
sample surface (q± = 0). The correction factor could 
be factorized, L (Qo)=  L,(Qo)L2(Qo), the first term 
assuming a strictly parallel beam and a delta-function- 
like lateral lattice-rod profile, the second term 
considering the lattice-rod broadening that is due to 
beam divergence and sample imperfections. Choosing 
the experimental parameters characteristic for surface 
X-ray scattering experiments, we have calculated 
LI(Qo ) and L2(Qo) for the (1/2 0) and the (1/2 2) rod 
of the Go(001) (2 x 1) reconstruction. 

In some special cases, the resolution correction 
Ll(Qo ) corresponding to the type-A diffractometer 
may differ considerably from LI(Qo ) of the type-B 
diffractometer. This is due to the different detector 
orientations relative to the scattered beam. 

It could be shown that the small 0~: approximation 
Ll(Qo)ocAq± is valid up to about q,L = 1.5c* 
( c * =  1~Co =0 .177 ,~  -1, corresponding to the ger- 
manium lattice parameter). However, at larger q,L, it 
deviates considerably. This is because, during the 4o 
scan, the path of the reflection within the resolution 
ellipse varies as a function of q,L. 

Depending on the setting of the detector system and 
q±, the finite width of the lattice rod may significantly 
reduce the measured intensity, since it is no longer 
completely accepted by the aperture of the detector. 
Therefore, in particular, the consideration of the 
sample quality is an additional prerequisite for 
obtaining reliable intensity data in rod-scan experi- 
ments. 

The authors thank R. Wunderlich for carefully 
preparing the figures. This work is supported by the 
Bundesministerium fiir Forschung und Technologie 
under project no. 05 464 lAB 8. 

A P P E N D I X  A 
Geometric parameters 

Fig. 8 shows, for the type-B diffractometer, the 
experimental geometry used for out-of-plane measure- 
ments (see also Fig. 3). The scattering vector Qo can 
be separated into 12011 and Qo±, corresponding to its 
in-plane and out-of-plane components, respectively. 
The wave vector of the scattered beam, kfo, is related 
to the angles Oo and ¢'o where, for the type-B 

diffractometer, the O axis is rotated by the ¢ axis. 
Note that, for the measurement of in-plane reflections 
(¢ = 0), the angle rr/2 - Oo corresponds to 20B, where 
0 B is the Bragg angle of the reflection. 

From the cosine law, the in-plane scattering angle 
/~ and the angle e can be expressed by 

e = arccos (2olQol2/2Qott) (AI) 

/~ = arccos 2o[(2/22) - IQol2] /2[(1/2o 2) - Q 2 ± ] 1 / 2 .  

(A2) 

Further, the angles Oo and ~o can be derived by the 
following trigonometric relations: 

sin (~o) = sin (~:)/cos [(rU2) - O o ]  
(A3) 

sin (~:) -- Qo± 2o, 

where, for large beam exit angles and grazing 
incidence, we have the approximation sin 0tz~0. 
Remember also that Qo-L = I k:ol sin ~y. 

The angle Oo is given by 

Oo = arccos [1 - cos 2 (20n) - cos 2 [(n/2) - ~ : ]1 /2 .  

(A4) 

In the following, we quote the meanings of the 
geometric parameters that are needed to evaluate 
(12)--(15). First, we confine ourselves to the type-B 
diffractometer. 

a = ( 6 +  +6_)12, b = ( 6 + - 6 _ ) / 2 ,  (A5) 

where 

and 
6+ = (d 2 + d 2 + 2dod,  sin 7) 1/2 

d o = AO(1 - -  c o s  2 1~o sin2 ¢o) 1/2, 

d ,  = A¢lsin @ol. 

(A6) 

(A7) 
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Fig. 8. Scattering geometry for out-of-plane measurements 
(type-B diffractometer), indicating the experimental parameters 
Oo, @o, e and M- The sample normal is parallel to the y axis. 



C. SCHAMPER,  H. L. MEYERHEIM AND W. M O R I T Z  695 

do /2o  and d , / 2  o are the conjugated diameters of the 
projected resolution ellipse; a/2o and b/2o represent 
its principal axes related to the conjugated diameters 
by the Appolonius law of the ellipse geometry. 

The (acute) angle ~ between the conjugated 
diameters can be calculated by 

= arccos [cos O o cos 4)o/(1 - cos 2 0 o  sin 2 (~0)1/2]. 
(A8) 

Further, we have, for c, d and e, 

c = cos (fl - e) sin (fl - e)[(1/a z) - (l/b2)], (A9) 

d = [sin 2 (fl - e)/a 2] q- [cos 2 (fl - e)/b2], (A10) 

e -- [cos 2 (fl - e)/a z] + I-sin 2 (fl - e)/b2], (All)  

where the angle e. is given by (A1) and fl is the (always 
acute) angle between the long principal axis of the 
projected ellipse and the primary beam, k~o (see, for 
example, Fig. 3): 

I/~l = arcsin { (b /d , ) [ (a  2 - dZ)/(a 2 - bZ)]~/z}. (A12) 

For the t y p e - A  d i f f rac tome te r ,  we derive, from Fig. 
9, the following (simpler) relations: 

f l = r c / 2 - p ,  a = A O ,  b = A ( b s i n ~ i  

o r  

f l = p ,  b = A O ,  a = A ( b s i n a l ,  

depending on the ellipse orientation, since we have to 
satisfy the condition a > b. The other equations can 
then also be used. 

Finally, we have, for F, 

r = (cos p/2o) - Qo If cos (p + E). (A 13) 

APPENDIX B 
Resolution-correction measurements q± ~ 0 

We derive the approximation for the resolution 
correction for the limiting case q± --, 0. It is valid for 
both diffractometer geometries. In the q± ~ 0 limit 
corresponding to q~0 --' 0, the principal axis A q~/2o of 
the resolution ellipse is oriented normal to the q± = 0 
plane (i.e. parallel to the lattice rods). Therefore, we 
have, for the length of the rod accepted by the 
detector, Aq± = A q~/2o. Further, the principal axes of 
the projected resolution ellipse are given by b = 0 and 
a = A O ,  meaning that it degenerates to a line as 
shown in Fig. 10. For in-plane reflections, the Bragg 
condition is 

IQol = IQolr I = (2/20) sin 08, (B1) 

where 08 = I/3 - el, so that, using the definition of the 
parameter d in (A 10), we can write 

dl /2b  = [(b2/a z) sin z (08) + cos 2 (08)] 1/2 = cos (08), 

(82) 

since b ~ 0 for q± ~ 0. 
Correspondingly, we can write for the integrated 

intensity, E(Qo) [(11)], assuming L2(Qo ) = 1: 

E(Qo) = [ 2 r c C ] F ( Q o ) I 2 A / A 2 z ]  

× [23/2 sin (08) cos (On)]Aq± , (B3) 

which is identical to the expression given by 
Feidenhans'l (1989). This applies for both type-A 
and type-B diffractometers. 
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Fig. 9. Scattering geometry for the type-A diffractometer shown 
for both possible orientations of the projected resolution ellipse. 
Note that, depending on the setting, we have fl = n / 2  - p and 
A O = a o r f l = / ~ a n d A O = b .  
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Fig. 10. Scattering geometry for in-plane reflections. The 
projected resolution ellipse has degenerated to a line correspond- 
ing to the large principal axis a / 2 o  = AO) / ; t  o. The resolution 
corrections of the two diffractometers are identical in the q± --, 0 
limit. 
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~'0 
A 

AEz 
11 

n 
~2 
Az 
Aa 

kio 
kfo 

Qo 
0o,  4o 

AO, A ~  
T ( A 6), A cI) ) 
k~, k I 

q = (qll, a, q±) 

AQI(k i - ko) 

AQ2(~P) 

Q(ki, cp) 

A P P E N D I X  C 
List of some important parameters 

Wavelength of the X-ray beam 
Area of the crystal surface 
illuminated by the X-ray beam 
Area of the surface unit cell 
Number of coherently scattering 
domains 
Surface normal 
Average domain size (A 2) 
In-plane primary-beam divergence 
Out-of-plane primary-beam 
divergence 
(Central) primary-beam wave vector 
(Central) scattered-beam wave 
vector, I kfol = I kiol -- 1/2o 
Scattering vector: Qo = kfo - kio 
Detector's position corresponding 
to kfo 
Angular resolution of the detector 
Transmission function of the detector 
Wave vector within the primary and 
scattered beam 
Reciprocal-space variable in 
cylindrical coordinates 
Angular component of q in 
cylindrical coordinates 
Angular sample position during scan: 
cp = 0"¢~Qo 
Correction to Qo due to the primary- 
beam divergence 
Correction to Q0 due to actual 
sample position 
Resulting scattering vector, 

Q(ki, ~o) = Qo + AQI(ky - ko) 

+ AQ2(~o) 

a/2o, b/2o 

P 
08 

Principal axes of the projected 
resolution ellipse 
Acute angle between the large 
principal axes of the projected 
resolution ellipse and kio 
Angle between Qoll and - k i o  
In-plane scattering angle 
Bragg angle related to Qo 
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