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Introduction 

We begin this note by pointing out that a few modifications in some 
of the notations and arguments of C131 will make these fit in more 
closely with results in the literature. We also complete the results of C131 
in several points. In particular we point out that the spectral sequence 
used in C131 is not quite a genuine generalization of the Hochschild-Serre 
spectral sequence in Galois cohomology. However with a slightly different 
spectral sequence the results of C131 can also be obtained and we shall 
show in section 2 that this is indeed a genuine generalization of the 
Hochschild-Serre sequence for Galois cohomology. In section 3 we shall 
use some of the results of [13] to derive an exact sequence comple- 
mentary to that of Proposition 7.8 of [13] from which we deduce the 
following result first pointed out to us by S. Shatz: Let C be a field, 
C, i ts  separable algebraic closure and i ts  algebraic closure. Then if 
X is the lift map [2, Def. 2. 3.1, we have that X : Hr(C,/C) -. ~ ' ( 6 1 ~ )  is 
an isomorphism for r = 1,2,  ... . 

1. Notations and preliminary results 

Throughout we use the notations and definitions of [13] with the 
following modifications : The complex &(F/C) is now defined by Qn(F/C) 
=(Fn+')* n=O, 1,2,  ..-. Thus for n-+0, Hn(F/C) as defined in C131 is the 
nth cohomology group of Q(F/C) as defined here and the only difference 
is in H"F/C). We also carry out a corresponding modification in the 
definition of the double complex Q(K, F/C)  of [13, 3 41 ; now E:,"= 
(Km+' @ F"+')* if m, n  2 0 and 1 otherwise. The two derivations 
~ m , n .  ~ y . n - ~ m , n " t l  

~ ; n  : E O , V - , E ~  t 1.n F . o P are defined just as in [2 and 131 
ritz ni z 

by A21U= C (-l)mti(l@E,) and A",& ( -  l) '+'(Ei@l), written additively 
1 1 

- 

1) Work done while B. Pareigis was partially supported by Nato-Research-Fellowship 4-s- 
nato 213 gf and A. Rosenberg by N.S.F. grant G-23834. 
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for the Sake of convenience. We shall use the notation Tot &(K, F/C) for 
the canonical associated Single complex of G(K, FIC), whose cohomology 
groups we denote, as in [13], by H(K, F/C). Adhering to the notation 
of [13], we find for the two spectral sequences of &(K, F/C) 

We shall have occasion to use the following two hypotheses 
~ m .  0 

( e~ , r?z ) : 1 + (Km U)* -. (Km "@ F)* 5 (Km "@F2)* is exact 
~ 0 ,  n 

(e,,,) : 1 -. (Fn+')* - ( K @ F n i  ')* 2 (K"F"")* is exact, 

where in each case the first mappings are given by X-x@1, x in 
(Km +')* and y - + l @ y ,  y in (Fn+')* respectively. 

Lemma 1.1. If F is a faithfully flat C-algebra (e,,,), m=O, 1 ,2 ,  .-- 
hold~. If K is a faith fully flat C-algebra (e,,,), n=O, 1 ,2 ,  .-. hold~. If 
(e,,) holds, then 'Et~O=(Km'')* ; if (e,,,) holds, then " E ? ~ ' ~ ( F n + ' ) * .  

Proof. If F is a faithfully flat C-algebra then by [5, Prop. 5 p. 481, 
Kmt '@F is  a faithfully flat Kn+'-algebra. But then, taking into account 
our slight change in numbering, Lemma 3 .1  of C131 asserts precisely 
that (e,,,) is exact. The rest of the proof is then clear. 

Lemma 1. 2. If F is a K-algebra (e,,,) hold for n=0, 1, 2, .-. . 
Furthermore, "E';","= 0 for m)O, ffE?,n=(Fn+' j* and the injection map + 
of "E:." into Tot Q(K, F/C)  induces an isomorphism of cohomology +* : 
Hn(F/C)- Hn(K, FIC). 

Proof. Following [2, Theorem 2.91 we define a C-algebra homo- 
morphism K :  K m + ' @ F n ' l ~ ~ m @ ~ n " , "  m, n=O, 1 ,2 ,  ... by ~ ( k , @  ... @km+, 
@ fl@.,.@ f , l l ) = k l @ ~ ~ ~ @ k m + l  fl@ f,@..-@ f,,,. It is shown in [2, Theorem 
2.91 that K is a contracting homotopy for &(K@Fn"/FnC'). Hence i t  
follows that ''E? O = O  if m>O. Furthermore, ~ ( l @ y ) = y  for y in Fni ', 
so that y- l@y is a monomorphism. Moreover, if u in (K@Fn")* is  
such that ~ p ( u ) = l ,  an easy computation shows that u = ~ @ K ( u )  SO that 
(e,,,) holds and "E?,"-(Fn")*. The last assertion of the lemma is then 
a direct consequence of [9, Theorem 4.8.1 p. 891. 

REMARK. Lemma 1 . 2  is the main difference between the results of 
C131 and this note. With the double complex of [13], in case F is a 
K-algebra, one has Hn(K/C)=H"(K, F/C)  [13, Lemma 4.21. 

2) For notational convenience we set Ko=C. 



With our definition of Q(K, F/C) some of the exact sequences of 
[I31 are direct consequences of standard theorems on spectral sequences 
and it is also easier to compute some of the maps explicitly. We begin 
with 

Lemma 1 .3 .  Let E? + H" be a spectral sequence such that E?' = 0 
P 

i f  either p or q is less than 0 and such that ES,1= = 0 then there are 
maps to make 

F0.1 , E:," -2 - Ei.2 , E8.0 + H3 
J 2 

exact. 

Proof. We apply [6, Prop. 5 .7  p. 3261 with Y= n =p= k= 2 to find 
that there is an exact sequence 

Next [6, Prop. 5.9 p. 3271 with p = 0, q = Y = 2, s= 3 yields an exact 
sequence 

H2 - E2.Z + E;.n . 
Finally we use [6, Prop. 5.9(a) p. 3281 first with p= s=3, q=O, r=2 and 
then with p=s=2, q=O, r=2 to obtain two exact sequences 

E;.' + j ~3 and 

E;.' - Ei.0 - HZ. 

From the cited propositions it is clear that whenever in these four exact 
sequences two maps have the Same domain and range, they are equal. 
Hence by composing all these sequences we obtain our result. Of Course, 
it is easy to give a direct proof of the lemma based solely on the usual 
elementary properties of spectral sequences. 

We now begin to recover sonle of the exact sequences of [13]. 

Lemma 1. 4. I f  H1(Km'  '@F/Kmf1)=O, m=O, 1 , 2  and (e , , )  m = l ,  2, 
3,4, holds then there are homomorphisms to make 

exact. 

3) As in [ Z ,  p. 161 we Set Hn(K@F/K)O=Ker (d:pn : 'E:'."-.'E:," i.e. the elements in 
Hn(K@F/K) for which ET(z) E ~ ( z )  where E: are the mappings on H"(K@F/K)+H"(K2@F/K2) 
induced by the E, : K+K2. 
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Proof. By hypothesis H1(Kmtl@F/Km~tl)==O, m=0,1,2. Hence 
Lemma 1 . 3  is applicable and yields the exact sequence 

Since (e,,,) holds for m=1,2,3 ,4 ,  Lemma 1.1 shows that 'Ets"=(Kmt')* 
for m= 1,2,3,4.  Hence, clearly, 'E?."- Hm(K/C), m=2, 3. Finally 'E?,' 
= H"K@F/K) so that 'Ei*'= H2(K@F/K)" by definition completing the 
proof of the lemma. 

REMARK. If "ES O = ''Ei ' -"Ei ' = 0, for which H1(K@F/F)  = 

H2(K@F/F)=  H'(K@F2/F2)=0 is sufficient, since these are "E: ', ' 'E; ', 
"E: ' respectively, i t  is readily verified that the injection +: (Fn")*+ 
''E? "-. Tot Q(K, F/C)  induces an isomorphism ?,L-* : H2(F/C) - HYK, F/C). 
If " E ~ ' = " E ~ o = " E ~ ' = " E ~ ' = " E ' , L O  f O r  which HZ(K@F/F)= 
H"K@F/F)= H1(K@F2/F2)= H2(K@F2/F')= H'(K@F"F3)=0 is sufficient, 
Since these are "E;  0 ,  "E30 IEl 1 

"E2 1 lfEl 2 , I , , respectively, i t  is readily 
verified that +* : H3(F/C) + H3(K, FIC) is  an isomorphism. Combining 
this with L ~ m m a  1 . 3  we recover the long exact sequence of [13, Prop. 
5.31. 

The maps 'E;  '+ Hn(K, F/C)  and Hn(K, FIC) - 'E;  " that occur in 
the above sequences are the edge homomorphisms of the spectral sequence 
'E. We next wish to compute these explicitly in case F is a K-alg2bra 
and (e,,,) holds. We begin by defining a chain map of Tot G,K, F/C)  
to Q(F/C) in case F is a K-algebra : Let O m ' l ~ " l l  : Km+'@Fnf l -  Fm+"" 

be the C-algzbra homomorphism defiqed by 8" ' 'V"' (kl@...@krn4 ,@f1@... 
@ fn+l)=(kl. I)@-..@(k,-l)@kn+, f l@.-.@ fn+, where 1 is the identity 
element of F. A routine computation then shows that for any U 

in (Km+l@F"+l)*, 6" I 2." I I(A;I 1,"+1(~)). d m t l , "  k~(h~a+l,"i F 
I (U)) = AF(Om ' l r n + l ( ~ ) )  

where AF  is  the derivation of Q(F/C). We therefore define T :  
Tot Q(K, F/C)+Q(F/C)  by T(TI„~ „„U,,,) = 110:.~(u,,,) with U ,  in 
(KI@F3)* and clearly have that T is a homomorphism of complexes. 

Lemma 1.5. If F is a K-algebra, the homomorphism rp* : Hn(K, FIC) - Hn(F/C) is the inverse of the isomorphism $-" : Hn(F/C) -. Hn(K, FIC) 
o f Lemma 1.2. 

Proof. By Lemma 1.2, ./P* is induced by the map of complexes 
+ : Q(F/C)-Q(K, FIC) which sends a unit U in F"" to the element 1@v 
in E:,"'. Eut then clearly qnp is the identity map on Q(F/C) and thus 
Y*+* is the identity map on Hn(F/C). Since +" is an isomorphism, the 
result follows. 

We recall, next, that if F is a K-algebra, the C-algebra homomor- 



phism K-. K.1 Z F  induces an algebra homomorphism K n '  ' +Fn+' which 
in turn induces a homomorphism X : Hn(K/C)  -. Hn(F/C) called the lift 
map [2, Definition 2.31. Furthermore the C-algebra homomorphism 
F-. K@F defined by x-. l @ x  for x in F is always defined and induces 
a map p : Hn(F/C)+Hn(K@F/K)  which is called the restriction map 
[2, Definition 2. 11. 

Proposition 1.6. h t  F be a K-algebra such that (e , , )  holds. Then 
' E ~ ~ O - ( K m  ' ')*, the isomorphism being given by X+ x@l  for x in (Km+')*. 
Composing the isomorphism +* : Hn(F/C)+Hn(K, F /C)  with the edge 
homomorphism Hn(K, F /C)  + 'Ei." = Hn(K@F/K)" yields the restriction 
map p :  Hn(F/C) -. H n ( K @ F / K ) .  Composing the edge homomorphisrn 
'E?,'- Hm(K/C)  -. H K ,  F/C)  with the isomorphism cp* : Hm(K, F/C)+ 
Hm(F/C) yields the l i f t  map X :  Hm(K/C)+Hm(F/C).  

Proof. The first assertion is already contained in Lemina 1.1. By 
[ l l ,  Theorem 8.1 p. 3461 the edge homomorphism T* : Hn(K, F/C)-.'Ef." 
is induced by the mapping of complexes T : Q(K, F /C) -  Q(K, F /C) /  
F'(Q(K, FIC)) where F' is the first filtration, Ci„ in this case. Thus 
a cochain uO~n-u '~n - '~ . . un~O is mapped to the class of U"", where ui9i lies 
in (Kf+'@Fj+')*. Thus if u in (Fn+')* is a cocycle, q*cp*u is simply the 
class of l @ u  in H n ( K @ F / K )  which proves the second assertion. For 
the last assertion, we again note by [ l l ,  Theorem 8.1 p. 3461 that the 
edge homomorphism E * :  'EYO+Hn(K, F /C)  i s  precisely the map on 
cohomology induced by the inclusion E  : 'E;.'-. Tot Q(K, F/C).  Hence, 
if u is a cocycle in (Kn'-I)*, since Bn+'s'(u) is just U - 1 ,  1 the unit element 
of F, i t  is clear that cp(u)=u- 1. Thus yt(u)=u-  1 so that y*E* on the 
class of u is X on the class of U .  

Corollary 1.7. Let F be a K-algebra and suppose in addition that 
(e,,,) holds and that H1(Km+'@ F/  K m  I + ' ) =  0, m= O,1,2. Then we have an 
exact sequence 

Proof. By Lemmas 1.4 and 1.2 we See that we have this exact 
sequence with the maps not identified. But by the proof of Lemmas 
1.2 and 1.3 i t  is clear that the labelled maps all arise from edge 
homomorphisms and an appeal to Proposition 1.6 completes the task. 

We end this section by pointing out how the spectral sequence 'E  
as defined here yields a proof of an analogue of Proposition 4.1 and 
Theorem 4.3 of [13]. Under the hypotheses stated there i t  follows 
that 'Ef'"=O if m and n is nonzero. But then i t  is clear that 'E$-= 
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Ker (6 : 'E;."-.'E;+l."), 'E"='E2.n/6'E$n-1 with 6 the appropriate deriva- 
tion, 'EZn=O, rn and n nonzero. But then i t  is clear that 'E!."='E?" 
=Hn(K@F/K)  and that there is an exact sequence 

with the first two arrows being edge homomorphisms. In Proposition 
4 . 1  of [I31 F is faithfully flat over C, thus Lemma 1.1 shows that 
'E?O=Hn(K/C) so that we have an exact sequence 

Now if F is a K-algebra, Proposition 1 .6  and Lemma 1.2 yield the 
exact sequence 

valid, of Course, only under the hypotheses of Theorem 4.3  of [13]. 

2. Hochschild-Serre spectral sequence in Galois cohomology 

In this section we shall show that the spectral sequence 'E reduces 
to one of the Hochschild-Serre spectral sequences, as given in [10], for 
Galois cohomology in case F 3  K 3 C  are normal separable field exten- 
sions. 

Let C be a field and K a possibly infinite-dimensional, normal 
separable extension field of C with Galois group 0. We consider 8 as 
a topological group with the usual Krull topology and shall use '32, to 
denote the family of closed and Open normal subgroups of finite index 
which correspond to finite normal extension fields of C in the Galois 
correspondence. If A is any discrete 8-module on which 8 operates 
continuously, equivalently A =  UAsa [7, p. 3 ; 14, p. 1-81, we denote by 
C:(@, A) the group of continuous homogeneous n-cochains on (8 with 
values in A. I t  is known, and easy to verify, that C:(8, A ) =  
lim,Cn(8/X„ AEo), where the latter are the ordinary homogeneous 

a 

cochains on the finite group B/%, [14, p. 1-91. C;(@, A) is a complex 
under the usual derivation whose cohomology groups we denote by 
~ " ( 8 ,  A). Note that H"(@, A)-lim,Hn(@/Xa, Awa). 

a 

The action of 8 on K clearly makes, for any extension field F of C, 
(K@Fn")* into a discrete ($3-module on which ($3 operates continuously. 
We define a map 



with f in F"+'. Then 

Lemma 2.1. Y is an isomorphism o f the complex Q(K@ Fni '1 F "  '-I) 
with C,(@, (K@ F"+ I)*). 

Proof. This i s  a very slight recasting of [12, Lemma 2.21. It  is 
shown there that if KE is  the fixed field of %, V yields a complex iso- 
morphism 

If Wc% so that K x r 3 K x ,  i t  i s  readily verified that 

is commutative where the left vertical arrow is  the obvious one induced 
by the inclusion K v - ; c K z ~  and the right vertical map is the usual cochain 
map leading to the lift map in the cohomology of finite groups (re- 
membering that (55/%-(@/%')/(%/IR')). Now i t  i s  clear that lim,Q(Kx@ 
Fn+'/F"+') = Q(K@ F"+'/Fn+') and as noted above C,(@, (K@Fn+')*)= 
lim,C(B/%, (KQ@Fn+')*) so that the result follows. 

I t  i s  easily verified that a function from 8 X 8 X -.. X 8 to any discrete 
8-module on which 6 acts continuously is continuous if and only if i t  
is locally constant and finite-valued 1114, p. 1-83. Using this i t  i s  easy 
to See that C:(@,.) is an exact functor on the category of discrete 8- 
modules on which (8 acts continuously. Now we make C:(@, (K@Fni ')*) 
into a double complex by using the derivation induced by (-1)"-'A, as 
well as the standard one on cochains. I t  is then clear that Y yields an 
isomorphism of double complexes 

By [6, Theorem 7.2, p. 681 v"('E1.") = CF(@, Hn(K¢O F / K ) )  and thus 
v*('E?.%) = Hm(@, Hn(K@F/K)). Invoking Lemma 1 . 2  we have 

Theorem 2.2. Let C be a jield, F 3  KI C extension jields, with K 
normal separable ouer C with Galois group (55. Then there is a spectral 
sequence 

where H(K@F/K) has a 8-structure via the action of 8 on K. 
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Corollary 2. 3. With the same hypotheses as in Theorem 2.2 suppose 
in addition that F is also normal separable with Galois group 9It and that 
@ is the normal subgroup o f  %Tl leaving K elementwise fixed. Then the 
spectral sequence 'E  is isomorphic to one o f  the Hochschild-Serre sequences 
[10, Proposition 71  

~ " ( ' m / @ ,  H"(@, F*)) ===+ fir('% F * ) .  
m 

NOTE. In the infinite case we take the obvious generalization of the 
usual Hochschild-Serre spectral sequence. 

Proof. As already noted we have ati isomorphism of double com- 
plexes 

Y : E(K,  F / C )  -, C,(@, (K@FnA')*)  

where 8=5YJI/@. Suppose first that [ F :  C]<.. . Then i t  is shown in 
[2, Lemma 5.51 that the map 0, defined by O ( C k @  f l @  ... @ f„,) 
(a , ,  C 2 ,  ... , C,+,) = C kIIai( f i ) ,  k  in K ,  fi in F, ai in m, yields an iso- 

morphism of (K@Fn")* with ~ o r n , ~ , ( % ~ ( ~ ) ,  F * ) ;  the latter in the 
1 

notation of [lO] is simply M I  with M n = H o m C ( ~ ~ ( < m ) ,  F*). Moreover 

it is readily verified as in [I21 that O is an isomorphism of the complex 
C ( K @ F / K )  with the complex structure of M' as defined in [10]. Now 
if Q i s  a function in M?, an %X/@ structure on M I  i s  defined in [I01 
by setting (TQ)(LT„ ..-, a , ,+ , )=~Q(~-~cr , ,  ..., T-'C„,) for T ,  a„ ..-, C„, in 'YJI. 
But then O ( ~ ( z k @  f l@ @ fn-,)) = O ( C . r ( k ) @  f ,@ ... @ f„,) = Q with 
@(C,, ~ ~ ~ - , ) = C ~ ( k ) I 1 a i ( f i ) ,  arid [ ~ @ ( C k @ f 1 @ . . . @ f n + , ) 1  ( a l ,  e s . ,  C,+,)= 

r @ ( C k @  fl@...@ f„,) (T-'C,, ..., T - ~ V ~ + ~ ) = C T ( ~ ) I I O ~ (  f j )  SO that 0 is an 
isomorphism even of %Tl18 complexes. We thus have shown that in the 
finite case Q(K, FIC)  is isomorphic as a double complex to the double 
complex constructed in [10, Proposition 71. In  the infinite case i t  is 

clear that (K@ ~~+')*=lim,~om~~~~~(&~C(<m~), F?)  where Fj  3 K j  are the 

normal separable finite extensions of C with Galois groups 'Vli and @„ 
whose union is F and K respectively. Thus E?,"-C?(@, lim,Mf"). Now 
since the homology functor commutes with the direct limit functor [6, 
Proposition 9.3*, p. 1001, we See by repeating the proof of Proposition 
7 of [I01 that 

' E T ~  z Hm(5Vl/@, H"(@, F * ) ) .  

Finally, as in the proof of Theorem 2.2,  H'(F/C)- H'(~YJL, F * )  SO that 
the Corollary is proved. 



3. Inseparable extensions 

In  this last section we find an exact sequence which complements 
that of section 7 of [I31 : Indeed, let F be an algebraic field extension 
of the field C and let K be the maximal separable subfield of F. In 
C131 some relations between Hn(K/C) and Hn(F/C) were found by using 
a map on cohomology which resulted from raising to pth powers. In the 
present section we shall use the lift map X :  Hn(K/C)+Hn(F/C). Un- 
fortunately, we only obtain results in the special case F = K @ F i  with Fi 
purely inseparable over C. 

Lemma 3.1. Let C be a jield, K an algebraic separable extension 
jield of C, F,  a purely inseparable extension jield of C, and let F= K@Fi 
be an extension jield o f K." Then 'E T."= 0 i f n-t-0 u r  2, where 'E?" still  
refers tu the jirst spectral sequence of the double complex (Km+'@ F"+')*, 
m, n=O, 1 ,2 ,  -.. . 

Proof. Since K is separable algebraic we may write K =  U K, and 
F,= U F,, with K, a finite separable extension field and F,; a purely 
inseparable extension field of finite exponent. Then F =  UF, with F,= 
K,@F„. By definition, 'E?."= H"(Km+'@F/Km+l). Now as was noted in 
[13, Proof of Corollary 3.51 H"(Km+'@F/Km +')=lim,Hn(K" "@F,/KF1), 
so that i t  is sufficient to prove the lemma in case [K: C]<w and F 
has finite exoponent. In that case i t  is well known that K m "  is  a direct 
sum of fields, Kmk'=&Lj,  each of which is a K-algebra. Consequently, 
Q(Km"@F/Kmt') i s  isomorphic to the direct product of the complexes 
Q(Lj@F/Lj). Now the maps h:  Lj@F=L,@K@Fi-Lj@Fi and g: Lj@Fi 
-Lj@F defined by h(Z@k@f)=lk@f and g(l@f)=l@l@f for l in Lj,  
k in K, and f in Fi are clearly Lj-algebra homomorphisms. They thus 
give rise to induced homomorphisms h* : Hn(Lj@F/ Lj) + Hn(L,@Fj/L,) 
and g* : Hn(LjQ1 Fi/ Lj) -. Hn(Lj@ F/ L,). Since hg is an L,-algebra homo- 
morphism of Lj@Fi to Lj@Fi and gh is  an L,-algebra homomorphism 
of L j @ F  to L,@F it follows from [Z, Lemma 2.71 that hg and gh are 
homotopic to the identity so that h*g* =g*h* = 1 and h*, g* are iso- 
morphisms. As already noted, Lj@Fi is  a field and clearly a purely 
inseparable extension of Lj. But then by [13, Theorem 6.11 
Hn(L,@ F,/ L,) = 0 n=+:O, 2," completing the proof. 

Theorem 3.2. Let C be a jield, K a separable algebraic extension 
jield of C, F, a purely inseparable extension jield of C, und let F =  K@ Fj. 

4) If [K: C] and LF, : C] are finite then it is  shown in 111, Theorem 2. 311 that F -K&F, 
is  a field. The general case follows immediately from this. 
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Then there is an exact sequence 

with 'E?" denoting the E, term o f the jirst spectral sequence o f Q(K, F/C).  

Proof. By Lemma 3.1, 'E".=O if n f  0,2. By [9, Theorem 4.6.2, 
p. 851 with n=r=2, there is  an exact sequence 

... E* 'Er-3.2 + + Hr(K, F /C)  + 'E$-2,2 + ... 
with E* the edge homomorphism. By Lemma 1.1 we have an isomor- 
phism of (Kr+')* with 'E;,' and consequently 'E$.'-Hr(K/C). By Lemma 
1.2, Hr(K, F/C)-Hr(F/C) and then an appeal to Proposition 1 . 6  yields 
the desired result. 

Corollary 3. 3. I f  K is  normal separable (possibly injinite dimen- 
sional) with Galois group G, there is  an exact sequence 

Proof. This follows immediately f rom Theorems 2.2 and 3.2. 

Corollary 3.4. h t  C be an algebraic closure of the jield C and let 
C, be the separable algebraic closure of C in C. Then X :  Hr(Cs/C)+ 
H'(c/c) is an isomorphism for r=O, 1,2 ,  -... 

Proof. Let Ci be the maximal purely inseparable extension field of 
C in 6, i.e. Ci=CP-" in the notation of [4]. It i s  then well known that 
c=c,@c,, although this doesn't seem to have been noted in the literature 
explicitly. However, by [4, Proposition 1, p. 127 and Theorem 2, p. 1191 
i t  follows that Ci and C, are linearly disjoint over C so that C,@C, is 
isomorphic to a subfield C of C. Furthermore, if N is any finite normal 
subextension of C,  Ni i ts  maximal purely inseparable subfield, and N, 
its maximal separable subfield i t  follows by 1115, Corollary 3, p. 741 and 
[I, Theorem 2.31, p. 34 and Lemma 7, p. 1021 that N=N,N,. Thus 
c=c. 

Hence Corollary 3 .3  with K=C„ F=C is applicable. Now since 
6-c,@c, i t  is clear that there is  an isomorphism of C into C,@C which 

5) Ac we noted earlier the present Ho and that of C131 are different which explains why 
in [13], Ho(L,@F,/L,)=O, but not here. 



sends Cs identically onto Cs@l. There also is of Course a Cs@l-algebra 

homomorphism of C,@C to C given by the usual contraction. Hence, 

H"C~@C/C~)-H~(C/C,) [2, Theorem 2.81. Finally i t  follows by [12, 
Corollary 3.171 that H"c/c,) is the Brauer group of central simple 

Cs-algebras. Since Cs is  separably algebraicly closed and a central 

simple algebra always has a separable splitting field, it follows that this 

Brauer group, and hence H"~/c,) ,  is 0. Corollary 3 .3  completes the 

proof. 

REMARKS. In a letter to the authors the Corollary has also been 

proved by S. Shatz using the results of [13] on inseparable fields and 

a spectral sequence from [3]. The fact that H'(c/c,)=o for r > O  i s  a 

very special case of Theorem 4.9 p. 93 of [3]. 
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