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WITT RINGS OF HIGHER DEGREE FORMS 

D.K. H a r r i s o n *) Bodo P a r e i g i s 

Dept. of Mathematics 
U n i v e r s i t y of Oregon 
Eugene, Oregon, USA 

Mathematisches I n s t i t u t 
Universität München 

Munich, Germany 

I n t h i s paper we study the theory of hi g h e r degree 
forms. I t can be e x p r e s s e d i n two ways. One way i s to 
c o n s i d e r v e c t o r s p a c e s V together with an r - l i n e a r sym­
me t r i c map from the r - f o l d product of V to the base 
f i e l d R. We c a l l t h e s e spaces simply symmetric spaces. 
Witt r i n g s of such symmetric spaces w i l l be intr o d u c e d 
i n s e c t i o n 1 . The e q u i v a l e n c e r e l a t i o n used f o r t h i s 
c o n s t r u c t i o n c o i n s i d e s w i t h the eq u i v a l e n c e r e l a t i o n 
f o r the u s u a l W i t t r i n g i n case R i s the f i e l d of r e a l 
numbers and r = 2. The second way i s to study homogene­
ous p o l y n o m i a l s of degree r i n η v a r i a b l e s . Some of our 
r e s u l t s which we o b t a i n by studying symmetric spaces, 
can be t r a n s l a t e d t o such homogeneous polynomials and 
are p r e s e n t e d below f o r r e a d e r s who a r e more i n t e r e s t e d 
i n t h a t p o i n t of view. Some other r e s u l t s have t r a n s l a ­
t i o n s so c o m p l i c a t e d t o express t h a t we p r e f e r e d not to 
gi v e the e x p l i c i t f ormulas. 

*) Supported by a Humboldt-Award of the Alexander von Humboldt-Stiftung 
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I n the f i r s t s e c t i o n we c o n s t r u c t a W i t t r i n g W (R,H) of 
symmetric spaces by imposing an e q u i v a l e n c e r e l a t i o n on 
a l l nondegenerate symmetric spaces d e f i n e d by H-spaces. 
They a r e a c e r t a i n analog of h y p e r b o l i c spaces, but h e r e 
Κ stands f o r a r a t h e r a r b i t r a r y f i n i t e a b e l i a n group. 
The s u b r i n g of W"r(R,H) c o n s i s t i n g of d i a g o n a l i z a b l e s p a ­
c e s w i l l be e x p l i c i t l y computed. S i n c e these W i t t r i n g s 
depend on the degree r of the m u l i t l i n e a r forms, we then 
reduce the degree by a homomorphism from the Witt r i n g 
of r-forms to the W i t t r i n g of s-forms where s d i v i d e s 
r . An e s p e c i a l l y n i c e c l a s s of symmetric spaces i s con­
s t r u c t e d from s e p a r a b l e f i e l d e x t e n s i o n s of R by the 
t r a c e map. These forms w i l l be c a l l e d s e p a r a b l e forms 
and can be c h a r a c t e r i z e d by p r o p e r t i e s of t h e i r c e n t e r s . 
A s u b c l a s s of t h e s e i s g i v e n by G a l o i s e x t e n s i o n s of a 
s p e c i a l type. They a r e s t u d i e d i n the l a s t s e c t i o n . 

We now d e s c r i b e some of our r e s u l t s i n terms of homoge­
neous polynomials, l e a v i n g to the r e a d e r to v e r i f y the 
a p p r o p r i a t e t r a n s l a t i o n . For s i m p l i c i t y we r e s t r i c t our 
a t t e n t i o n to the f i e l d of r e a l numbers. For r > 1, we 
ar e i n t e r e s t e d i n 

f € 3R[X1 , . . . ,X n] 

homogeneous of degree r (a form of degree r i n η v a r i ­
a b l e s ) . We w r i t e 

f = f ( X r . . . , X n ) , deg(f) = r . 

I f f = f ( X 1 , . . . , X n ) , g = g(X 1,...,X m) and deg(f) = 
deg(g) = r , we w r i t e f = g i f η = m and 

f £ j > i j x j J j W = g ( X i V 
f o r some [α.·] € GL (IR) . We w r i t e 

f · 5 = f ( x - , x n> + g ( x n + 1 x n + m > -
We w r i t e 

f ± = 8 f / 3 X i , f i j = a 2 f / ( 3 X i 3 X j ) , e t c . 
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We c a l l (ß 1,... fß n) € B n a ( t + 1 ) - f o l d zero of f i f 

f i r . . i t
( ß 1 * n > = 0 

f o r a l l i 1 # . . . , i t € { 1 , . . . , n } , i . e . the η-tuple (ß-j,...,ßn) 
i s a common zero of a l l h i g h e r p a r t i a l d e r i v a t i v e s of f 
of order t . We c a l l f nondegenerate i f i t s only r - f o l d 
zero i s (Ο,.,.,Ο). T h i s happens i f and only i f none of 
the v a r i a b l e s can be removed from f ; i . e . , i f t h e r e i s 
no form h = h ( X ^ f . . . f X n ) w i t h 0 < n, 

f = h,h(X 1 , .. . , X n - 1 ,0) = h ( X r ...,X n - 1,X n) . 

We can always w r i t e 

f = g φ h 

with g nondegenerate and h t r i v i a l ( i . e . , w i t h 

h = h(X 1,...,X q) = 0,0 < q ) . 

We c a l l f an Η-form (the reader may take Η-form f o r 
" h y p e r b o l i c " or f o r Η a f i n i t e subgroup of U(3R)/U(IR) r 

(see 1) ) i f 

- f a f . 

I f f i s an H-form, 0 < η,γ € 3R, then one can always 
s o l v e 

γ = f ( X r . . . , X n ) . 

We w r i t e 

C e n t ( f ) = {M € Mat (R)|Mfc·[f..] = [ f . . J - M } . 
η ID ID 

I f f i s nondegenerate and r Φ 2, t h i s i s a commutative 
]R-algebra. We w r i t e 

A u t ( f ) = U a i ; j ] € GL n ( l R ) |f ( ^ a 1 j X j , . . . , ^ a n j X : . ) = f } . 

T h i s i s a group. 
We w r i t e f ~ g i f t h e r e e x i s t Η-forms h, t (of degree r ) 
w i t h 

f Φ h s g φ. t . 
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I n our f i r s t s e c t i o n we put a n a t u r a l commutative r i n g 
s t r u c t u r e on the s e t 

Wr(3R,H) 

of a l l ^ - c l a s s e s of forms of degree r (one get s the 
same t h i n g i f one t a k e s a l l — c l a s s e s of a l l nondegene­
r a t e f o r m s ) . We a r e i n t e r e s t e d i n the r i n g s t r u c t u r e of 
Wr(3R,H) . I n our second s e c t i o n we d e f i n e a n a t u r a l 
r i n g homomorphism 

Ω : Wr(]R,H) —>- WS(3R,H) 

f o r s a d i v i s o r of r with s > 1. We have S y l v e s t e r ' s 
theorem 

W2(3R,H) = ZZ 

and f o r r odd, 

WrCR,H) = 0. 

I n our t h i r d s e c t i o n we r e s t r i c t a t t e n t i o n to r Φ 2 and 
f being s e p a r a b l e , by which we mean: 

i ) f i s nondegenerate, 
i i ) Μ € C e n t ( f ) , M2 = 0 i m p l i e s Μ = 0, and 

i i i ) η ύ dim^Cent ( f ) . 

We w r i t e 

and 

^=Xo^r/2<-1>J(iH 2j r - 2 j 2 ' 

Then any d i r e c t sum of c o p i e s of h r , s r , t i s sepa r a b l e , 
and the converse holds (up to isomorphism). I n our l a s t 
s e c t i o n we show f i s isomorphic to a d i r e c t sum of co­
p i e s of h r i f and only i f 

f = f ( 1 ) Φ . . . . Φ ί ( q ) 

where f(i)'···' f(q) a r e indecomposable ( f o r r Φ 2 every 
form i s isomorphic to a d i r e c t sum of indecomposable 
forms i n a unique way) and f o r i = 1,...,<3: 
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1) n a s n o 2 ~ f o l c i zero b e s i d e s (Ο,.,.,Ο) 

2) r n ± < | A u t ( f | , 

3) n ± ^ dim^Cent (f ( i ) ) , 

where = ^ (j.) ' · * * , X n . ^ " T n :" e S r e m a i n s t r u e i f the 
i n e q u a l i t i e s i n 2) and 3) a r e r e p l a c e d by e q u a l i t i e s . 
A l s o 2) may be r e p l a c e d by "1 < n^". 

We have chosen to g i v e t h i s i n t r o d u c t i o n f o r the r e a l s . 
We could e q u a l l y w e l l have chosen a G a l o i s f i e l d G F ( p m ) 
where r < p. The paper i t s e l f i s f o r a f i e l d whose cha­
r a c t e r i s t i c does not d i v i d e r ! . 

1. The Witt r i n g W (R,H) of high e r degree forms 

and a l l ν^.,.,ν € V 

L e t R be a f i e l d . L e t r > 1 be a n a t u r a l number. We a l ­
ways assume t h a t the c h a r a c t e r i s t i c of R does not d i ­
vid e r l . A m u l t i l i n e a r form Θ : V χ...χ V —>- R of de­
gree r (Θ : V r —>- R) on a f i n i t e dimensional v e c t o r 
space V i s Aymmz&iic, i f f o r every permutation σ € S r 

Ί ' · · · ' ν
Γ ' " " ^ σ Ο ) " · " ^ ^ ) * · 

We c a l l (ν,Θ) a 6ymmQ.tH.ic Apace, oh az.QK.az. r . L e t (ν,Θ) 
and (W,1?) be two symmetric spaces of degree r and 
f : V — > W be a l i n e a r map. f i s a homomorphism of 
symmetric spaces i f 

0 ( v i r . . . , v r ) = ψ(f(v 1),...,f(v r)) 

f o r a l l e V. L e t P^(R) denote the s e t of isomorphism 
c l a s s e s of symmetric spaces. A symmetric space (ν,Θ) 
with Θ = 0 i s c a l l e d t r i v i a l . 

A symmetric space (ν,Θ) i s nondegenerate i f 

Θ ( v , v 2 , . . . , v n ) = 0 f o r a l l v 2 , . . . , v r € V 

i m p l i e s ν = 0. L e t P r ( R ) denote the s e t of isomorphism 
c l a s s e s of nondegenerate symmetric spaces of degree r 
over R. 

http://6ymmQ.tH.ic
http://az.QK.az


1280 HARRISON AND PAREIGIS 

L e t (V,0) and (W,¥) be i n P^.(R). Then 

V J. W : = (V Φ W,0 Φ ψ) 

( c a l l e d orthogonal turn) and V ® W := (V · W,0 · ψ) a r e 
i n P^.(R) with 

(Θ Φ Ψ) (v 1+w l , . . . ,v r+w r) = 0 ( v r . . . , v r ) + ψ (w 1 , . . . ,wr) 

(Θ φ Ψ)(v 1«w l,...,v r«w r) = Θ(ν 1,...,v r) · ψ ( W l , . . . , w r ) . 

I t i s e a s i l y checked t h a t Θ ® ψ e x i s t s . The o p e r a t i o n s 
X and Φ d e f i n e a s t r u c t u r e of a semiring on P^.(R) (see 
[1] Prop. 2 . 1 ) . 

The o p e r a t i o n s X and ® can be r e s t r i c t e d to P r ( R ) ( [ 1 ] 
p. 131) so t h a t P r ( R ) becomes a sub sem i r i n g of P^.(R). 
For P r ( R ) we have the f o l l o w i n g two theorems. 

Theorem (Witt c a n c e l l a t i o n theroem): I f r = 2 and 
€ P 2 ( R ) f o r i = 1,2,3, then 1 t 2 = X t 3 im­

p l i e s t 2 = t 3 . [2] 

Theorem: I f r > 2 and t ± e P r ( R ) f o r i = 1,2,3, then 
t 1 t 2 = t 1 t 3 i m p l i e s t 2 = t 3 . [1, Prop. 2.4] 

L e t (R,0) be i n P r ( R ) . Then 

0 ( a ^ , . . . , a r ) = . . .a rö (1 , . . . , 1) = a · a . j . . . a r 

f o r some a € U(R), the group of u n i t s of R. I f 
β : (R,0) —>- (R/Ψ) i s an isomorphism ( i . e . 3 € U(R)) 
then α = Θ(1,...,1) = ψ ($,...,$) = α'3 Γ. So the isomor­
phism c l a s s e s of one-dimensional spaces i n P r ( R ) can be 
i d e n t i f i e d with the elements α e (R) = U ( R ) / U ( R ) r . 
The image of α under t h i s map w i l l be denoted by <oc>. 

Thus the f o l l o w i n g m u l t i p l i c a t i o n 

α·(ν,Θ) := (ν,αΘ) 

f o r α € ü(R), [(ν,Θ)] €P^.(R) c o i n c i d e s with the o p e r a t ­
i o n of G r(R) by t e n s o r products on P^(R) r e s p . P r ( R ) 

α·[(ν,Θ)] = [<α>®(ν,Θ)] = [(ν,αΘ)] = [α·(ν,Θ)]. 
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The image of G r(R) i n P r ( R ) generates an a d d i t i v e sub 
monoid 

P°(R) := {<α 1> i ... i <a n>|ä i € ( R ) } . 

The spaces <α,.> 1 ... 1 <α > i n P D ( R ) a r e c a l l e d diago-
η r _ 

n a l i z a b l c . S i n c e <α> ® <$> = <α$> we get t h a t P r ( R ) i s a 
sub semiring of P r ( R ) . I f we i d e n t i f y G r(R) w i t h i t s 
image i n P r ( R ) then we have the f o l l o w i n g s i t u a t i o n 

G r(R) s P ° ( R ) e P R ( R ) c P ^ ( R ) 

where G i s a m u l t i p l i c a t i v e group and the P's a r e semi­
r i n g s . 

S i n c e G r i s an a b e l i a n t o r s i o n group, i t i s the union 
of f i n i t e subgroups. For a f i x e d r > 1 we c o n s i d e r ob­

j e c t * (R,H r) where R i s a f i e l d and Η = Η i s a f i n i t e 
subgroup of G r ( R ) . L e t (S,K r) be another o b j e c t . A mon.-
pki.t>m ο : (R,H r) —>- (S,K r) i s a r i n g homomorphism 
σ : R — > S such t h a t the induced map σ = G^io) maps the 
group H r s u r j e c t i v e l y onto K^, i . e . 

{ a ( a ) U ( S ) r | a U ( R ) € H r> = Κ Γ· 

Given an o b j e c t (R,Η ) . A nondegenerate symmetric space 
(V,0) i s c a l l e d an E-6pa.cz i f <α> ® (ν,Θ) s (V,0) f o r 
a l l α £ Η . The c l a s s t of (ν,Θ) i n P r ( R ) i s then a l s o 
c a l l e d an H-cla6A, which means t h a t the H r - o r b i t of t 
c o n s i s t s of a s i n g l e element t . An element y i n P r ( R ) 
i s c a l l e d H-^educed i f y = t 1 ζ with an Η-class t im­
p l i e s t = 0. 

Theorem 1.1; For each u € p
r ( R ) t h e r e i s an H-reduced 

c l a s s u__ and an Η-class t__(u) i n Ρ (R) such t h a t 
η χι r 

u = u H X t H ( u ) . 

Proof: T h i s f o l l o w s from an i n d u c t i o n on the dimension 
of u. L e t u = ζ 1 t w i t h an Η-class t . I f t / 0 then 
ζ = ζ 1 t u ( z ) and u = ζ 1 t (ζ) 1 t , where ζ i s H-

http://E-6pa.cz
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reduced and t u ( z ) X t i s an Η-class. I f t = 0 i s the on-
l y p o s s i b i l i t y then u = ζ i s Η-reduced by d e f i n i t i o n . 

Theorem 1.2: L e t r > 2. The decomposition u = u__ i t„(u) 
i n t o an Η-reduced c l a s s u__ and an Η-class t__(u) f o r 

rl r l 
u € P r ( R ) i s unique. 

Proof: L e t y,z be Η-reduced and s , t be Η-classes w i t h 
y l s = z l t . I f s = 0 then y = ζ i t and y Η-reduced im­
p l i e s t = 0. Now l e t s ψ 0. Write s = s- 1 ... 1 s 

ι m 
wi t h s , j , . . . , s indecomposable [ 1 , Prop. 2 . 3 ] . For 
α € Η,<α> ® s = s, so 

<α> ® s^ € { s 1 , . . . , s m > . 

We c a l l <α> β s^ an H-co η jugate, of s^ and w r i t e Η · s^ 
for the sum of the d i s t i n c t Η-conjugates of s ^ . Then 
Η · s^ i s an Η-class. Write 

s = Η · s^ X w. 

One checks t h a t w i s an Η-class. Write 

ζ = z^ 1 . . . i z n , t = t ^ 1 . . . 1 t 

wit h z.j , . . . , z n , t^ ,. . . , tp indecomposable. Each H-conju-
gate of s^ i s i n { z ^ , . . . , z ^ r t ^ , . . . , t } and they a r e not 
a l l i n {ζ^,.,.,ζ^ ( f o r otherwise ζ = Η · s^ 1 u which 
c o n t r a d i c t s t h a t ζ i s H-reduced). Hence a t l e a s t one 
H-congugate of s^ i s i n { t ^ , . . . , t ^ } . Thus they a l l a r e 

i n { t . j , . . . , t p } (using t i s an Η-class and [1, Prop. 
2 . 3 ] ) . Hence 

t = Η · s 1 1 v. 

M u l t i p l y i n g by α £ H, one checks t h a t ν i s an H - c l a s s . 
We have y X w = ζ X v. A l s o , dim(w) < d i m ( s ) . By induc­
t i o n theorem 1 . 2 . i s proved. 

We introduce an e q u i v a l e n c e r e l a t i o n on P r ( R ) . L e t y ^ , y 2 

be i n P r ( R ) . ~ y 2 w i l l mean t h e r e a r e Η-classes t ^ , t 2 
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such t h a t 1 t ^ = y 2 i t 2 . L e t fy] denote the equiva­
l e n c e c l a s s of y. We w r i t e 

w r(R,H) = H y ] |y € P r ( R ) }. 

The c a n o n i c a l map from P r ( R ) to Wr(R,H) w i l l be denoted 
by 

rH : P r ( R ) — W r ( R , H ) . 
Observe t h a t theorems 1.1 and 1.2 imply 

C o r o l l a r y 1.3: For every r > 1 each e q u i v a l e n c e c l a s s 
[y] c o n t a i n s a t l e a s t one Η-reduced r e p r e s e n t a t i v e [y] = 
[ y H l . 

C o r o l l a r y 1.4: I f r > 2 then the Η-reduced r e p r e s e n t a ­
t i v e i n each e q u i v a l e n c e c l a s s i s uniquely determined, 
so W r(R,H) can be viewed as a subset of P r ( R ) . 

Lemma 1.5: The eq u i v a l e n c e r e l a t i o n ~ i s compatible with 
1 and ®, hence th e r e i s an induced a d d i t i o n and m u l t i p l i ­
c a t i o n on Wr(R,H) given by 

[x] + [y] = [χ 1 y] , [x] · [y] = [χ ® y] . 

Proof: L e t χ 1 t = x 1 1 t ' with Η-classes t and t ' . Then 
χ ± y 1 t = x' l y l t ' and x ® y ± t ® y = (x ± t ) ® y = 
( x ' l t , ) ® y = x ' ® y i t * ® y where t ® y and t ' ® y 
a r e a g a i n H - c l a s s e s . 

Theorem 1.6: Wr(R,H) i s a commutative r i n g and 

r R : P r ( R ) —»- Wr(R,H) 

i s a s u r j e c t i v e map which p r e s e r v e s a d d i t i o n and m u l t i p l i ­
c a t i o n . 

Proof: S i n c e Wr(R,H) i n h e r i t s the s t r u c t u r e of Ρ (R) 
we only have to prove the e x i s t e n c e of a d d i t i v e i n v e r ­
s e s . So l e t [x] be given. L e t u be the orthogonal sum 
of the η on-isomorphic <α> ® x, a 6" H, which a r e not i s o -
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morphic to χ = <1> ® x. Then χ 1 u i s an Η-class, so 
[x] + [u] = 0. 

Theorem 1.7: L e t W(R) be the Wit t r i n g of q u a d r a t i c 
forms. Then the c a n o n i c a l r i n g homomorphism W(R) —>• W2(R,H) 
i s s u r j e c t i v e and has the a n n i h i l a t o r 

a s k e r n e l . 

Proof: The elements of W(R) a r e e q u i v a l e n c e c l a s s e s of 
nondegenerate c l a s s e s modulo h y p e r b o l i c c l a s s e s , i . e . 
t ^ i s e q u i v a l e n t to t 2 i f and only i f t h e r e a r e hyper­
b o l i c c l a s s e s z^ and z 2 such t h a t 1 z^ = t 2 1 ζ 2· I t 
i s easy to see t h a t h y p e r b o l i c c l a s s e s a r e always H-
c l a s s e s . T h i s d e f i n e s the c a n o n i c a l epimorphism. Now 
l e t [ t ] be i n the a n n h i l a t o r . Then <1>[t] =<h>[t] f o r 
a l l h i n H, where the e q u a l i t y i s taken i n W(R). But 
s i n c e <h>[t] i s a n i s o t r o p i c whenever t i s a n i s o t r o p i c 
t h i s shows t h a t t i s an Η-class, hence zero under the 
c a n o n i c a l map. Co n v e r s e l y l e t [ t ] be i n the k e r n e l of 
the map. Then t 1 s = r , where r , s a r e Η-spaces and t 
i s a n i s o t r o p i c . So t 1 s = r = <h>r = <h>t 1 <h>s = 
<h>t 1 s and by the c a n c e l l a t i o n theorem t = <h>t. Thus 
t i s i n the a n n i h i l a t o r . 

Lemma 1.8: L e t Γ : P r ( R ) ^ P g ( S ) be a map p r e s e r v i n g 
(orthogonal) sums. L e t Η c G r(R) and Κ c G g ( S ) be 
f i n i t e subgroups, such t h a t F ( t ) i s a K - c l a s s f o r every 
Η-class t . Then t h e r e e x i s t s an a d d i t i v e map 

Ann. lW(R) {<1> - <h>|h € H} 

Υ : Wr(R,H) — > W s(S,K) 

such t h a t 
Γ Ρ (S) 

Γ 
Wr(R,H) W (S,K) 

commutes. 
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Proof: L e t χ ~ χ 1 i n P r ( R ) . Then t h e r e a r e H - c l a s s e s 
t , t * such t h a t χ 1 t = x' i t ' / hence Γ(χ) 1 T ( t ) = 
Γ(χ') 1 r ( t ' ) with K - c l a s s e s r ( t ) , r ( t ' ) and Γ(χ) ~ Γ(χ') 
i n P s ( S ) . 

Theorem 1.9: For J a f i n i t e subgroup of G r(R) with Η c J , 
the map 

r H : W r(R,J) — > Wr(R,H) 

i s a s u r j e c t i v e r i n g homomorphism. 

Proof: By d e f i n i t i o n a J - c l a s s i s a l s o an Η-class. Thus 
the f o l l o w i n g diagram commutes 

P r ( R ) — > P r ( R ) 

W r(R,J) > W r ( R / H ) . 

Using t h i s i t i s easy to see the remaining p a r t of the 
theorem. 

Now l e t σ : (R,H) — > (S,K) be a morphism of o b j e c t s . 

Theorem 1.10: The map 

W r(0) : Wr(R,H) — ^ W r ( S , K ) , [ ( V , 0 ) ] — [ S ® R (V,0)] 

i s a r i n g homomorphism. I n f a c t , Wr i s a f u n c t o r to the 
cat e g o r y of commutative r i n g s . 

Proof: σ induces a homomorphism Ρ Γ(σ) : P r ( R ) — • P r ( S ) 
[1, p. 128]. L e t t e P r ( R ) be an Η-class and α € Κ. Then 
t h e r e i s a $ € Η such t h a t σ(3) = α and <α> ® Ρ Γ(σ)(t) = 
Ρ Γ(σ)(<3>) ® P r ( a ) ( t ) = Ρ Γ(σ)(<β> ® t ) = P r ( o ) ( t ) . Con­
s e q u e n t l y y ~ y' i n P r ( R ) with r e s p e c t to Η i m p l i e s 
σ(y) ~ a ( y ' ) i n P r ( S ) w i t h r e s p e c t to K. So the diagram 

Ρ (σ) 
P r ( R ) >- P^(S) 

1 V * > i 
Wr(R,H) W r(S,K) 
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commutes. Then i t i s easy to see t h a t VI ̂ ( o ) i s a r i n g 
homomorphism. 

L e t σ : R — > S be a f i n i t e e x t e n s i o n of f i e l d s . L e t 

0 t f € Hom R(S,R). 

We assume Η and Κ such t h a t σ : (R,H) —>• (S,K) i s a 
morphism of o b j e c t s . Using lemma 2.7 of [ 1 ] , we d e f i n e 

f Q : W r(S,K) —-*W r(R,H), [( V , 0 ) ] I — > r ß(V,f·Θ) . 

Theorem 1.11: For a € W r(S,K), b € Wr(R,H) 

f G ( W r ( a ) ( b ) - a ) = b - f a ( a ) . 

A l s o , ί σ p r e s e r v e s a d d i t i o n . 

Proof: L e t a = [(W,¥H and b = [(ν,Θ)]. Then the R - l i n -
e a r i t y of f i m p l i e s 

f ( O 0 ( v r . . . , v r ) ^ ( w r . . . , w r ) ) = Θ(ν 1,...,ν Γ) -f ( y ( w r . . . , w r ) ) 

hence f (Ρ (σ)(b)-a) = b»f ( u ) . So f s a t i s f i e s the g i v -
σ r σ σ J 

en equation on the l e v e l of P r. Now we show t h a t f Q ( t ) 
i s an Η-class f o r every K - c l a s s t i n P r ( S ) . L e t α € Η 
and t = (W,¥). Then <α> ® (W,f-0) = (W,afy) = (W,fa(a)¥) = 
ί σ(<σ(α)> ® (W,40) = f (νί,Ψ) = ( W , f ^ ) . One e a s i l y checks 
t h a t f Q i s compatible w i t h the e q u i v a l e n c e r e l a t i o n , so 
i t d e f i n e s a map from W r(S,K) to Wr(R,H) s a t i s f y i n g the 
given r e l a t i o n s . 

For 3 € U(R), y € P r ( R ) we say β = y ha* a s o l u t i o n , i f 
<3> £ y, i . e . <3> i s a symmetric subspace of y. β = y 
has a s o l u t i o n f o r y = (ν,Θ) i f and only i f t h e r e i s a 
non-zero ν € V such t h a t β = Θ(ν,...,ν). The subspace 
isomorphic to <β> i s the one-dimensional space gener­
a t e d by v. 

Theorem 1.12: L e t γ € ( R ) , y € P r ( R ) . Suppose y i s an 
Η-class and γ = y has a s o l u t i o n . Then 3 = y has a so­
l u t i o n f o r a l l 3 € γΗ. 
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Proof: <γ> <y and <βγ > ® y = y imply <3> = <3γ > ® <γ> < y, 
s i n c e βγ~ 1 € Η. 

We d e f i n e now W^(R,H) as the image of P^(R) under the 
map - H : P r ( R ) — > W r(R,H). Then : pg(R) —>- W°(R,H) 
i s a s u r j e c t i v e homomorphism of semirings and W^(R,H) 
i s a su b r i n g of W r(R,H). T h i s i s a consequence of the 
f a c t t h a t the a d d i t i v e i n v e r s e of a c l a s s <3> i n W (R,H) 
i s d i a g o n a l i z a b l e . 

Theorem 1.13: L e t r > 2. Then W^(R,H) = S [G] / ( h 1 +. . .+h R) . 

Proof: Without l o s s we take Η n o n t r i v i a l . We f i r s t de­
f i n e a map from W^(R,H) to 7L [G] / (h, +. . . +h ) . L e t 

D r _ 1 n 

<a> € W r(R,H). We map i t to α e ZS [G] / ( h 1 + ... +h R) . S i n c e 
<a> comes from an element i n G c P ^ ( R ) , we only have 
to check f o r the map to be w e l l - d e f i n e d t h a t t h i s d e f i ­
n i t i o n i s compatible w i t h the eq u i v a l e n c e r e l a t i o n i n ­
duced by H. By c o r o l l a r y 1.4 <a> i s the only H-reduced 
c l a s s i n i t s e q u i v a l e n c e c l a s s . The elements of t h i s 
form generate Wr(R,H) as an a b e l i a n group. The r e l a t i o n s 
a r e d e f i n e d by the Η-classes, s i n c e the n e u t r a l element 
i n W^(R,H) has only 0 as an Η-reduced r e p r e s e n t a t i v e , so 
i t c o n s i s t s of Η-classes only. But by [1, Prop. 2.3] 
and an easy i n d u c t i o n argument, the Η-classes are or­
thogonal sums of c l a s s e s of the form H*<b>, which a r e 

mapped to m u l t i p l e s of ̂ > hJä. Conversely d e f i n e a map 

from 2 Z [ G ] / ( h ^ . . ,+h n) to W^(R,H) by sending the e l e ­
ments α € G to the e q u i v a l e n c e c l a s s of <a>. Then 
h^+...+h n i s sent to an Η-class with e q u i v a l e n c e c l a s s 
0, hence t h i s map i s a w e l l - d e f i n e d r i n g homomorphism. 
Obviously, the two maps d e f i n e d above a r e i n v e r s e s of 
each o t h e r . 

C o r o l l a r y 1.14: L e t ρ be prime and l e t Η c G be a c y ­
c l i c subgroup of order p. Then W?(R,H) = Ε[ξ ][ G / H ] . 
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Proof: L e t Η be generated by σ. S i n c e G = U ( R ) / U ( R ) P , G 
i s a v e c t o r s p a c e over ZZ/pS and Η s p l i t s o f f a s a d i r e c t 
summand: G = Η Φ G/H. Then the map 

ffi[G]/(h +...+h ) — > Β[ξ ][G/H] 

i s d e f i n e d by σ ι—>· and ν I — > ν f o r ν £ G/H, and i s 
an isomorphism. 

2. The r i n g homomorphism 
Ω :Wr (R,H) > Wg(R,H) 

I n t h i s paragraph we f i r s t study the r a d i c a l s of sym­
m e t r i c spaces and t h e i r r e l a t i o n s h i p t o non-degeneracy. 
Then we c o n s t r u c t maps which reduce the degree of sym­
m e t r i c spaces and i n v e s t i g a t e t h e i r b e h a v i o r w i t h r e ­
s p e c t to sums and products. 

L e t (ν,Θ) be a symmetric space of degree r over R. L e t 
s < r . Then Θ induces a homomorphism 0 g : S S ( V ) — > S r ~ " s ( V ) * 
of R-modules by 

Θ 3 ( ν ι Θ . . .0v s) ( v s + 1 0 . . .®v r) = 0 ( v r . . . , v r ) . 

We d e f i n e the - 6 - r a d i c a l s-rad(V,0) of (ν,Θ) to be the 
k e r n e l of Θ . By reasons of dimension the s - r a d i c a l of s u 

V w i l l be non-zero i f 2s > r . 

Using the concept of a d e r i v a t i v e of the m u l t i l i n e a r 
form i n d i r e c t i o n ν £ V (9/9ν(Θ) ( v 2 , . . . , v r ) = 
Θ(ν,ν 2,...,v )) of [1] the ( l - ) r a d i c a l of (ν,Θ) i s the 
s e t of ν € V f o r which the d e r i v a t i v e s v a n i s h . We w r i t e 
rad(V,0) f o r 1-rad(V,0). S i m i l a r l y the s - r a d i c a l of 
(ν,Θ) i s the subspace of S S ( V ) f o r whose elements the 
h i g h e r d e r i v a t i v e s v a n i s h . 

Lemma 2.1: L e t s + t = r . Then s-rad(V,0) = 0 i f f t h e r e 

i s an element ^) a j i O » » « 0 a j t ® ait+1®* * , 0 a i r € s t * v ) ® S S ( V ) 
such t h a t f o r a l l v

t + i ' « « ' ' v
r
 w e have 
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(*) Σ ( a . r ' a i t ' v t + 1 ,v r) a i t + 1 ° - .©a. = v t + 1 0 . .Θν 

Proof: L e t ^ v i t + 1 Ö * * , 0 v i r b e a n e l e n i e n t o f s-rad.(V,0) 

By a p p l y i n g (*) to i t we see t h a t t h i s element i s zero, 
hence s-rad(V,0) = 0. To prove the converse observe t h a t 
0 g i s i n j e c t i v e by the d e f i n i t i o n of the s - r a d i c a l . Now 
l e t A and Β be a r b i t r a r y f i n i t e R-modules. Then the f o l ­
lowing diagram commutes 

Hom R(A,B*) >- HomR(B,A*) 

Hom_(A©B,R). κ 

Hence 0 t = 0* : S t ( V ) — > < S S ( V ) ) * i s s u r j e c t i v e . L e t 
e..,...,e be a b a s i s of V. Then e. 0...©e. w i t h 
' n Xt+1 x r 

1 < <·.· < i r < η i s a b a s i s of S S ( V ) . L e t 

f ( i t + ^ , . . . , i r ) be a d u a l b a s i s to t h i s . Then 

Σ f ( i t + 1 V ( v t + 1 0 - " G v r ) e i t + 1
0 e i r = ν 1 + 1 Θ · · · Θ ν Γ · 

But the elements of the dual b a s i s f ( . . . ) a r e i n the image 
of 0 t , hence can be r e p r e s e n t e d i n the form 

1J 0 (a ̂  , . . . ,a^, —,. .. , —) , 

which g i v e s the r e q u i r e d formula. 

Lemma 2.2: For a symmetric space (V,0) the f o l l o w i n g a r e 
e q u i v a l e n t : 

a) (V,0) i s nondegenerate. 
b) I f (V,0) = A 1 l A 2 with A 2 t r i v i a l , then A 2 = 0. 
c) rad(V,0) = 0. 

d) There i s an element ^> a^Q.. • ® a
i r „ 1 · a

i r
 e S r ~ 1 ( V ) ® V 

w i t h 
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X° ( ai1' • • • ' a i r - 1 ' v , a i r = V 

f o r a l l ν € V. 

Proof: c) <=> d) by lemma 2.1 (see [1] Lemma 1.1). L e t 
ν € V, ν φ 0 such t h a t 3/8v(0) = 0, then Rv φ 0 has a 
t r i v i a l m u l t i l i n e a r form and any d i r e c t complement V 
of Rv i n V i s an orthogonal complement. T h i s shows 
b) =* c) . c) =*· a) holds by d e f i n i t i o n . I f ν i s an e l e ­
ment of a t r i v i a l orthogonal summand of (V,0) and ν φ 0, 
then (V,0) i s degenerate, hence a) b ) . 

I f V i s a symmetric space then the m u l t i l i n e a r form Θ 
can be r e s t r i c t e d to a form Θ on V / r a d ( V ) . I t i s e a s i l y 
checked t h a t r a d ( V / r a d ( V ) ) = 0 and t h a t V = rad(V) J. V/rad(V) 
as symmetric spaces. T h i s d e f i n e s a map Δ : P^.(R) —>• Ρ (R) , 
which i s a homomorphism of s e m i r i n g s . 

L e t (V,0) be a symmetric space of degree r and l e t 
s t = r , s > 1. Then S^iV) i s a symmetric space of degree 
s with the b i l i n e a r form 

0* (v^jO. . .Ovt, . . . , v r _ 1 + 1 0 . . .0v r) = 0 ( v 1 , . .. ,v r) . 

T h i s d e f i n e s a map : P^.(R) —>• P
S ( R ) o n t n e s e t o f 

isomorphism c l a s s e s of symmetric spaces. I n g e n e r a l t h i s 
map w i l l not p r e s e r v e orthogonal sums or t e n s o r products 
of symmetric spaces. However 

Lemma 2.3: I f s t = r , s > 1 then t-rad(V,0) = rad(Φ 3(V,0)). 

0* 
Proof: r a d ^ (V,0) ) = K e r ( S t ( V ) h~ ( S s ~ 1 (St (V) ) ) *) . 

s-1 t 
S i n c e S (S (V)) has a n a t u r a l s u r j e c t i v e map onto 
s ( s - 1 ) t ( v ) = g r - t i v ) ^ t h e d u a l Q f t h ± s m a p ± s i n j e c t i v e / 

hence Ker(0*^) = K e r ( 0 t ) = t-rad(V,0) and the proof i s 
done. 
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Lemma 2.4: L e t (ν,Θ) = ( Α ^ Ψ ^ 1 ( Α 2 , Ψ 2 ) . Then 

s-rad(V) = s-rad(A ) Φ s - r a d ( A 9 ) Φ Δ Φ 1 S 1 ( A 1 ) ® S S - 1 ( A 0 ) . 

ι i = 1 1 

Proof: We use the formula 

(*) S S ( A 1 Φ A 2) = S S ( A 1 ) φ S S ( A 2 ) Φ S5 1S i(A 1)®S S"" 1 (A 2) . 
Si n c e A^ i A 2 we get 

φ S 1 ( A 1 ) ® S S ~ 1 ( A 2 ) c s - r a d ( V ) . 

Furthermore s - r a d ( A i ) c s - r a d ( V ) . I f x€s-rad(V) then χ 
can be decomposed ac c o r d i n g to (*) . L e t x.̂  be the com­
ponent i n S S ( A ^ ) . S i n c e i t must have the s - r a d i c a l prop­
e r t y w i t h r e s p e c t to elements of Α. ς ν i t i s i n s - r a d i A ^ . 

C o r o l l a r y 2.5: L e t s t = r , s > 1, and V = A 1 1 A 2. Then 

rad(4> s(V)) = r a d ^ i A ^ ) Φ rad(<i> g(A 2)) Φ s 5 1 S 1 (A 1) ® S s " i (A 2) 

Proof: Use s-rad(V) = r a d ^ g ( V ) ) . 

Lemma 2.6: L e t s t = r , s > 1. Then the f o l l o w i n g diagram 
commutes 

G r(R) > P^(R) 

G S(R) > P'(R) . 

I n p a r t i c u l a r t h i s induces an epimorphism —>• H g of 
the f i n i t e subgroups of G r(R) res p . G g ( R ) . 

Proof: Φ 5(<α>) = ( S S ( R ) , 0 a * ) and Θ *(1®...«1,...) = a , S S ( R ) 
R so Φ 3(<α>) = <a>. 

C o r o l l a r y 2.7: i s a G-map, i . e . f o r each α € U(R) and 
χ £ p

r ( R ) w e have α·Φ 3(χ) = Φ 3(α·χ). 

Proof: <α> 0 Φ^(ν,Θ) = (S s(V),α·Θ*) = (S s(V),(α·Θ)*) = 

Φ 1(ν,α·Θ) = Φ 1 (<α> ® ν , Θ ) . s s 
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Lemma 2.8: L e t (ν,Θ) (νί,Ψ) be symmetric s p a c e s . L e t 
f : V — > W be a s u r j e c t i v e homomorphism of symmetric 
spaces. Then Δ(ί) , the r e s t r i c t i o n of f t o the nonde­
generate p a r t s of V and W i s an isomorphism. 

Proof: Observe t h a t K e r ( f ) c rad(V,0) by the d e f i n i t i o n 
of the r a d i c a l and a homomorphism of symmetric s p a c e s . 
S i n c e V = K e r ( f ) 1 V 1 f o r some space V , f r e s t r i c t e d 
to V 1 i s an isomorphism, so A ( f ) i s a l s o an isomorphism. 

We d e f i n e a map <i>g : P r ( R ) —>• p
s ( S ) by 

Φ ' 

Φ Δ : P r ( R ) — 5 - P^.(R) P g ( R ) P
S ( R ) * 

Lemma 2.9: $s : P r ( R ) — > p
s ( R ) p r e s e r v e s (orthogonal) 

sums and products w i t h elements of G r ( R ) . 

Proof: L e t χ = y i ζ i n P r ( R ) . Then by c o r o l l a r y 2.5 
Δ ( Φ 3 ( χ ) ) = A ^ g ( y ) l Φ^(ζ)). Furthermore a l l t h r e e maps 
used f o r the d e f i n i t i o n of Φ p r e s e r v e m u l t i p l i c a t i o n 
with elements a € U ( R ) so does Φ . 

C o r o l l a r y 2.10: Φ^ p r e s e r v e s H - c l a s s e s . 

Proof: Observe t h a t Η-classes i n p
r ( R ) a r e d e f i n e d w i t h 

r e s p e c t t o Η = H r s G r ( R ) , Η-classes i n p
s ( R ) w i t h r e ­

sp e c t to Η — G (R) , the image of H^ under the c a n o n i c a l 
c s s r 

epimorphism. Then the pr e v i o u s lemma shows t h a t H.x s χ 
i m p l i e s H.<j)g(x) c Φ 3 ( χ ) . 

Lemma 2.11: Φ induces an a d d i t i v e homomorphism 

Ω : W (R,H) — > W s(R,H). 

Proof: T h i s i s an immediate consequence of lemma 1.8. 

T h i s map a l l o w s us to reduce the s t r u c t u r e of W r(R,H) 
to t h a t of W (R,H) f o r primes ρ d i v i d i n g r . Now we i n -
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v e s t i g a t e the b e h a v i o r of the maps Φ^, Φ^ and Ω with r e ­
s p e c t t o ( t e n s o r ) p r o d u c t s . I t i s easy to see t h a t Φ^ 
does not p r e s e r v e products i n g e n e r a l . We have, however, 
the f o l l o w i n g 

Theorem 2.12: Φ& : P r ( R ) —>- P g (R) i s a homomorphism of 
s e m i r i n g s . 

Proof: We have t o show t h a t Φ 5 i s compatible w i t h the 
m u l t i p l i c a t i o n . The c a n o n i c a l map can : S S ( V Θ W) — > 
S S ( V ) Θ S S(W) i s s u r j e c t i v e and a homomorphism of sym­
m e t r i c s p a c e s : 

(Θ ® H')*((a 1 ® b 1 ) 0 . . 0 ( a s ® b g ) , . . . ) 

= (Θ ® Ψ) ( & 1 ® b 1 , . . . , a r ® b r ) 
= e ( a 1 , . . . , a r ) • > f ( b 1 , . . . , b r ) 

= 0* (a^jO. . -öa s, . . .) ·Ψ* ( ^ 0 . . .0b g,. ..) . 

Now we can apply lama 2.8 to get Φ (V ® W) = Φ^(ν) ® Φ (W) . 
s s s 

Theorem 2.13: Ω : Wr(R,H) —>• Wg(R,H) i s a r i n g homomor­
phism. 

Proof: The f o l l o w i n g diagram i s commutative 
P r ( R ) — > P S ( R ) 

rH rH 

Ω ^ 
W r(R,H) - >- Wg(R,H) 

and the maps r„ and Φ a r e compatible with t e n s o r prod-
xl S 

u c t s by theorem 1.6 and lemma 1.8. Furthermore r u i s 
π 

s u r j e c t i v e . Then one e a s i l y sees t h a t Ω must p r e s e r v e 
t e n s o r p r o d u c t s . 
C o r o l l a r y 2.14: The r i n g homomorphism Ω induces an e p i -
morphism Ω° : W^(R,H) — > W^(R,H). 

Pro o f : f o l l o w s immediately from the f a c t t h a t W^(R,H) i s 
gen e r a t e d by elements of the form <a> and t h a t Φ 5(<α>) = 
<α> (lemma 2 . 6 ) . 
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3. The W i t t r i n g Ζ (R,H) of s e p a r a b l e forms 

I n t h i s paragraph we w i l l assume throughout t h a t R i s 
a f i e l d and r > 2. F o l l o w i n g [ 1 , p. 133] we d e f i n e the 
c z n t z r of a symmetric space (ν,Θ) of degree r to c o n s i s t 
of a l l elements f £ Hom_(V,V) such t h a t 

κ 
0(f(ν Ί),v 2,...,v r) = Θ(ν 1,f(v 2),...,v r). 

The c e n t e r w i l l be denoted by Cent(ν,Θ) or simply C e n t ( V ) . 
By 11, Prop. 4.1] the c e n t e r of a nondegenerate space 
i s a commutative a l g e b r a and Cent(V) has no n o n t r i v i a l 
idempotents i f and only i f (ν,Θ) i s indecomposable. 

We d e f i n e a 4 e ρ arable. 4 pace to be a symmetric space 
(ν,Θ) of degree r such t h a t 

i ) (ν,Θ) i s nondegenerate, 
i i ) Cent(ν,Θ) i s a s e p a r a b l e R-algebra, 

i i i ) dim-(ν,Θ) < dim_(Cent(V,Θ)). κ κ 

Lemma 3.1: L e t ( ν ^ / Θ ^ ) > i = I / 2 b e nondegenerate symmet­
r i c s paces. Then 

Cent(V 1 1 V 2 ) a C e n t i V ^ χ C e n t ( V 2 ) . 

Proof: C l e a r l y we have C e n t i V ^ χ C e n t ( V 2 ) c C e n t ( V 1 1 V 2 ) . 
Conversely l e t f £ C e n t ( V 1 1 V 2 ) and v 1 € V 1. Then f 
decomposes i n t o a matrix of homomorphisms f . . € Homn(V.,V.) 
For a l l v 2 ^ £ V 2 we get 

Θ 2 ( ί 1 2 ( ν 1 ) , ν 2 2 , ν 2 3 , . . . ) = Θ ( £ 1 2 ί ν ι ) ' ν 2 2 ' ν 2 3 " · · ) 

= 0 ( f ( v 1 ) , v 2 2 , v 2 3 , . . . ) = Θ ( v 1 , f ( v 2 2 ) , v 2 3 , . . . ) = 0. 

S i n c e (V 2,© 2) i s nondegenerate, we get f 1 2 ( v ^ ) = 0, hence 
f 1 2 = 0. So f = f n + f 2 2 € C e n t ( V 1 ) * C e n t ( V 2 ) . 

Lemma 3.2: L e t (ν,Θ) be s e p a r a b l e . Then dim^V,©) = 
dim.(Cent(ν,Θ)). κ 
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Proof: By lemma 3.1 a decomposition of V i n t o indecom­
posable spaces induces a decompostion of Cent(V) i n t o 
a product of the c e n t e r s of the indecomposable compo­
nents. So i t s u f f i c e s to prove the lemma f o r V indecom­
posable. But then Cent(V) i s connected and a se p a r a b l e 
commutative f i n i t e - d i m e n s i o n a l R-algebra, hence a sepa­
r a b l e f i e l d e x t e n s i o n Κ which a c t s υ,. V f 0 by a l i n e a r 
a c t i o n . T h i s shows t h a t dim R(K) < din ^ - c l i i u R ( K ) = dim R(V) . 

Lemma 3.3: The space <a> i s s e p a r a b l e f o r a l l α e G r ( R ) . 

Proof: We know t h a t <a> i s nondegenerate. The c e n t e r of 
<a> i s Horn (<a>,<a>) = R hence s e p a r a b l e with the c o r -
r e c t dimension. 

Lemma 3.4: ( V \ , 0 ^ ) , i = 1,2 a r e se p a r a b l e spaces i f and 
only i f 1 V"2 i s s e p a r a b l e . 

Proof: The orthogonal sum of se p a r a b l e spaces i s sepa­
r a b l e by lemma 3.1 and the f a c t t h a t products of sepa­
r a b l e commutative a l g e b r a s a r e s e p a r a b l e . Conversely de­
compose and V"2 i n t o indecomposable spaces. That de­
f i n e s a decomposition of 

v = V 1 1 v 2 = V 1 1 1 ··· 1 V 1 1 1 V 2 1 1 ··· 1 v: 
with Cent(V. .) s e p a r a b l e f i e l d s and dim_(Cent(V. .)) = 
dim ( V . . ) . Hence V 1 and V 0 must be s e p a r a b l e . 

Lemma 3.5: L e t (ΧΛ,Θ^ , i = 1,2 be s e p a r a b l e . Then 
® V"2 i s s e p a r a b l e . 

Proof: By [1, Prop. 4.2] we have CentiV^ ® V 2 ) = 
CentiV^) ® Cent(V" 2) s e p a r a b l e and dim R(Cent(V^ ® V^) ) = 

d i m ^ C e n t ^ ) ) - d i m R ( C e n t ( V 2 ) ) = d i m R ( V 1 ) -dim R(V 2) = 

dim_ (V 1 ® V 0 ) . 
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Combining lemmas 3.3, 3.4, 3.5 we get the f o l l o w i n g 

Theorem 3.6: The isomorphism c l a s s e s of se p a r a b l e spaces 
form a sub-semiring P ^ e p ( R ) c o n t a i n i n g P ^ ( R ) . 

Lemma 3.7: L e t Η be a f i n i t e subgroup of G (R) and l e t 
u be a s e p a r a b l e c l a s s i n P r ( R ) . Then the (unique) de­
composition u = u u 1 t__(u) has s e p a r a b l e f a c t o r s . 

Proof: Use theorem 1.2 f o r the decomposition and lemma 
3.4. 

Theorem 3.8: L e t Η be a f i n i t e subgroup of G r ( R ) . Then 
the s e t Z r(R,H) of Η-equivalence c l a s s e s i n Wr(R,H) 
whose unique Η-reduced r e p r e s e n t a t i v e i s s e p a r a b l e , i s 
a su b r i n g of W r(R,H). 

Proof: I f Η = {Τ} then W (R,H) = Ζ (R,H) = 0. L e t Η φ 0. 
Then <1> i s i n Z r(R,H) by lemma 3.3. The sum r e s p . pro­
duct of two Η-reduced s e p a r a b l e e q u i v a l e n c e c l a s s e s has 
an Η-reduced s e p a r a b l e r e p r e s e n t a t i v e by lemma 3.4 r e s p . 
3.5 and lemma 3.7. F i n a l l y the a d d i t i v e i n v e r s e of an 
element u i n Z r(R,H) i s the sum i n Z r(R,H) of elements 
of the form <a> · u f o r c e r t a i n α € Η, which a r e a l l s e ­
pa r a b l e . 

C o r o l l a r y 3.9: W^(R,H) i s a subring of Z r(R,H). 
Observe t h a t not a l l elements of a "separable" e q u i v a ­
l e n c e c l a s s i n Z r(R,H) a r e s e p a r a b l e spaces. However, 
the u n i q u e l y d e f i n e d Η-reduced r e p r e s e n t a t i v e i s sepa­
r a b l e . So we a r e i n f a c t developing a theory of equiva­
l e n c e c l a s s e s modulo the eq u i v a l e n c e r e l a t i o n d e f i n e d 
by Η-spaces. I t i s c l e a r t h a t the equ i v a l e n c e r e l a t i o n 
can be r e s t r i c t e d to P^ e p: two s e p a r a b l e Η-classes u 1 

and u 2 a r e e q u i v a l e n t i f and only i f t h e r e a re separable 
Η-classes t ^ and t 2 such t h a t 1 t ^ = u 2 1 t 2« T h i s 
d e f i n e s a g a i n Ζ (R,H) and y i e l d s a commutative diagram 
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P°(R) >• p ! e p ( R ) >- P r ( R ) 

W~(R,H) > Z r(R,H) >• Wr(R,H) 

where a l l h o r i z o n t a l maps a r e i n j e c t i v e and a l l v e r t i c a l 
maps a r e s u r j e c t i v e . 

The next theorem w i l l g i v e an important c h a r a c t e r i z a t i o n 
of indecomosable s e p a r a b l e Η-reduced spaces. F i r s t we 
need two lemmas. 

Lemma 3.10: L e t K:R be a se p a r a b l e f i n i t e f i e l d e xten­
s i o n and b cU(K)and l e t t r : Κ — R denote the t r a c e map. 
Then (Κ,Ψ) with 

y ( a 1 / e . . , a r ) := b · t r ( a 1 ·. . · «a r) = t r C a ^ . . . a r«b) 

i s an indecomposable s e p a r a b l e space with c e n t e r K. 

Proof: S i n c e the t r a c e of a s e p a r a b l e f i e l d e x t e n s i o n 
g e n e r a t e s Horn (K,R) as a K-space and b Φ 0, the space 
(Κ,Ψ) i s nondegenerate. L e t f € C e n t f K ^ ) . L e t a € Κ. 
Then we c l a i m f ( a ) = f ( 1 ) - a . To prove t h i s l e t χ G Κ and 
c o n s i d e r 

t r ( ( f ( a ) - f ( 1 ) - a ) - b x ) = t r ( f ( a ) b x ) - t r ( f ( 1 ) a b x ) 

= Ψ(ί(a),x,1,...,1) - Ψ(ί(1),x,a,...,1) 

= y ( a , x , f ( 1 ) , . . . , 1 ) - Ψ(ί(1),x,a,...,1) = 0, 

hence f ( a ) - f ( 1 ) - a = 0. T h i s shows t h a t f i s given by 
m u l t i p l i c a t i o n w i t h an element f ( 1 ) € K. Conversely any 
element a € Κ d e f i n e s by m u l t i p l i c a t i o n an element of 
the c e n t e r of (Κ,Ψ) . Hence Κ = C e n t ( K ^ ) i s s e p a r a b l e 
w i t h the c o r r e c t dimension. We w i l l denote t h i s sepa­
r a b l e space by (K,<b> r). 

Lemma 3.11: L e t (V,0) be an indecomposable s e p a r a b l e 
space w i t h c e n t e r K. Then t h e r e i s an element b € Κ and 
an isomorphism (V,0) = (K,<b> r). 
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Proof: Observe t h a t Κ = Cent(V) i s a f i n i t e s e p a r a b l e 
f i e l d e x t e n s i o n of R. L e t ν € V, ν φ 0. Then therr- i s 
a map g : Κ —>• V, g (a) = a ( v ) . T h i s map i s an R - l i n e a r 
isomorphism, g induces the s t r u c t u r e of a symmetric s e ­
par a b l e space on Κ by 

H ,(a 1,...,a r) := 0 (g ( a 1 ) , . . . ,g ( a r ) ) . 

Furthermore there e x i s t s an h € Hom_.(K,R) such t h a t 
R 

Ψ ( a 1 , . . . , a r ) = h ( a 1 · — - a r ) , s i n c e 
V ( a 1 f . . e f a r ) = 0 ( a 1 (ν) # . . . , a r ( v ) ) = 0 ( a 1 ·. . . · a r (ν) , v, . . . 

Si n c e Κ i s a se p a r a b l e f i e l d e x t e n s i o n t h e r e i s an e l e ­
ment b e Κ such t h a t h = b»tr, hence Ψ (a,j , . . . ,a ) = 
b-tr(a 1·...-a r). 

Theorem 3.12: Every indecomposable s e p a r a b l e space (V,0) 
i s isomorphic to a space of the form (K,<b> ) f o r some 
sep a r a b l e f i e l d e x t e n s i o n Κ of R and b € U(K) and every 
space (K,<b> r) i s indecomposable. Two s e p a r a b l e spaces 
(K,<b> r) and (L,<b'> r) with f i n i t e s e p a r a b l e f i e l d ex­
t e n s i o n s Κ and L a r e isomorphic i f and only i f Κ i s i s o ­
morphic to L and t h e r e i s a f i e l d isomorphism τ over 
R and an element c G K, c φ 0 such t h a t 

b = T ( b ' ) c r . 

Proof: The f i r s t p a r t of the theorem was proved i n lemma 
3.10 and lemma 3.11. L e t (K,<b> r) and (L,<b f> r) be i s o ­
morphic. Then t h e i r c e n t e r s Κ and L a r e isomorphic as 
r i n g s . Now l e t g : Κ —>- L be an isomorphism between 
(K,<b> r) and (L,<b*> r). Then we have t r ( b ' g ( a ^ ) . . . g ( a r ) ) 
= t r (ba,j . . . a r) = b · t r ( a 1 a 2 · 1 ·. . . *a r) = 
b' v t r i g i a ^ ) · g (1) ·. . . -g ( a r ) ) = t r (b'g ( a ^ ) g (1) . . .g (a r ) ) . 
T h i s holds f o r a l l c h o i c e s of a. € K, so we get g i a ^ J g d ) 

1 -1 
g ( a 1 ) g ( a 2 ) . Define σ(α) = g(a) · g(1) . Then we get 
o(a^)o(a2) - oia^a^) and σ(1) = 1 , hence σ i s a f i e l d i s o ­
morphism over R. L e t τ = σ~1 and c = i ( g ( 1 ) ) . Then 
t r ( b · a r . . a r ) = t r (b' · g ( a 1 ) . . .g ( a r ) ) = t r (b' · g (1) r · σ ( a < | .. .a 
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= t r ( a ( T ( b ' ) · c r · a 1 . . .a r) ) = t r (τ (b 1 ) ' c r · a^ . . .a ) by a 
property of the t r a c e , hence b = i ( b ' ) · c r . 

Conversely c o n s i d e r g : Κ —>• Κ, g(a) = o(a · c) w i t h 
σ = τ~ 1 . T h i s i s an R - l i n e a r isomorphism such t h a t 
b' · t r i g i a ^ . . . g ( a r ) ) = t r (b 1 · σ ( a 1 ) · σ (c) ·. . . ·σ ( a r ) · σ (c) ) = 
t r ( a ( x ( b ' ) c r · a 1 . . . . . a r ) ) = tr(τ(b')c r · ...a r) = 
b · t r ( a . j . . . a ) , so g i s an isomorphism of symmetric sp a c e s . 

C o r o l l a r y 3.13; L e t Κ be a f i n i t e s e p a r a b l e f i e l d exten­
s i o n of R. Then t h e r e i s an a d d i t i v e map 

P°(K) — > P ^ e p ( R ) , <b> I—>• (K,<b> r). 

The sum of the images of these maps f o r a l l f i n i t e sepa­
r a b l e f i e l d e x t e n s i o n s Κ of R i s a l l of P ^ e p ( R ) . 

Proof: The map i s d e f i n e d by u s i n g elements of K. To show 
i t i s w e l l - d e f i n e d observe t h a t b and b · c w i t h c e U(K) 

d e f i n e the same c l a s s <b>. But by previous theorem (K,<b> ) 
and (K,<bc > ) a r e a l s o isomorphic. 

C o r o l l a r y 3.14: L e t Κ be a f i n i t e s e p a r a b l e f i e l d e x t e n s i o n 
of R and l e t Η c G r(R) be a f i n i t e subgroup. L e t H' be the 
image of Η under the map G (R) —>• G (K) . Then t h e r e i s 

D 
an a d d i t i v e map Wr(K,H') —>· Z r(R,H), induced by 
<b> ι—̂  (K,<b> r). 

Proof: Apply theorem 1.11 with f = t r and compute the 
image. 

We w i l l now i n v e s t i g a t e the behavior of Z r(R,H) under 
the homomorphism Ω. More g e n e r a l l y we can induce s e v e r a l 
homomorphisms on Z r(R,H). They a l l a r e s p e c i a l c a s e s of 
the f o l l o w i n g 

Lemma 3.15: L e t Γ : P r ( R ) — > p
s ^ b e a m a p P r e s e r v i n g 

(orthogonal) sums. L e t Η c G r<R) and L Ε G g ( S ) be f i n i t e 
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subgroups, such t h a t T ( t ) i s a L - c l a s s f o r every Η-class t . 
Assume t h a t T ( t ) i s s e p a r a b l e whenever t i s s e p a r a b l e . 
Then t h e r e e x i s t s an a d d i t i v e map 7 : Z r(R,H) —>• Z g ( S , L ) 
such t h a t 

and 

P ? e p ( R ) 

Z r(R,H) 

Z r(R,H) 

Wr(R,H) 

p ^ e p ( s ) 

r· 

Z s ( S , L ) 

Z s ( S , L ) 

W s(S,L) 

commute. 

Proof: By lemma 1.8 Γ induces a homorphism 7 on W (R,H). 
I f u € P r ( R ) i s s e p a r a b l e , then Γ(u) decomposes i n t o an o r ­
thogonal sum of s e p a r a b l e c l a s s e s r ( u ) T 1 t T ( T ( u ) ) by 
lemma 3.7, so Γ r e s t r i c t s to Z r(R,H) 
the g i v e n diagrams commutative. 

Ζ (S,L) making 

C o r o l l a r y 3.16: For J a f i n i t e subgroup of G r(R) wi t h 
Η c j , the map 

r ^ : Z r ( R , J ) Z r(R,H) 

i s a s u r j e c t i v e r i n g homomorphism. 

Proof: We use the commutative diagram 

i d P r ( R ) 

W r(R,J) 

-> P r ( R ) 

*H 

Wr(R,H) 

of the proof o t theorem 1.9 and observe t h a t i t can be 
r e s t r i c t e d t o s e p a r a b l e s p a c e s . 
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C o r o l l a r y 3.17: L e t σ : (R,Η) —>· (S,K) be a morphism of 
o b j e c t s . Then the map 

W (σ) : W (R,H) — > W ( S , K ) , [(ν,Θ)] — > [S ® p (ν,Θ)] r r r κ 
of theorem 1.10 r e s t r i c t s to a r i n g homomorphism 

Z r(σ) : Z r(R,H) — > Z r ( S , K ) . 

I n f a c t , Z r i s a f u n c t o r to the category of commutative 
r i n g s . 

Proof: To use the arguments i n the proof of theorem 1.10 
we check t h a t S ® R (ν,Θ) i s s e p a r a b l e whenever (ν,Θ) i s 
s e p a r a b l e . By lemma 3.4 t h i s has only to be checked f o r 
an indecomposable space (ν,Θ). T h i s i s an easy consequence 
of [1 , Prop.4.3.]. 

Theorem 3.18: L e t s t = r , s > 2. L e t Κ be a f i n i t e s e p a r a b l e 
f i e l d e x t e n s i o n of R and b e K, b φ 0. Then 

<i>s(K,<b>r) a (K,<b> s). 

Furthermore the r i n g homomorphism Ω r e s t r i c t s to Z r(R,H) 
such t h a t the f o l l o w i n g diagram commutes 

Z r(R,H) > Z s(R,H) 

Wr(R,H) *W s(R,H). 

Proof: L e t Φ^(Κ,^> ) = ( S t ( K ) , p ) . Define f : S t ( K ) — > Κ by 

f ( a 1 0 . . . O a t ) = a 1 - . . . - a t . 

Then 
ρ ( a ^ . . .0a t,. . .) = t r (b · a 1 . . .a r) 

= b · t r (f ( a ^ . . .®a t) ·. . . -f ( a r _ t + 1 ® . . -0a r) ) , 

so f i s a s u r j e c t i v e homomorphism of symmetric spaces. By 
lemma 2.8 we get Δ ( S t ( K ) , p ) = (K,<b> g). T h i s shows t h a t 
Φ ε p r e s e r v e s indecomposable, hence a r b i t r a r y s e p a r a b l e 
spaces and can be d e f i n e d by the formula i n the theorem. 
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Thus Φ can be r e s t r i c t e d to P s e p ( R ) and induces by lemma s r 
3.13 a homomorphism on Z r(R,H). 

C o r o l l a r y 3.19; Ω : Z r(R,H) — Z s < R , H ) i s s u r j e c t i v e . 

Proof: The isomorphism c l a s s e s of the form (K,<b> g) w i t h 
a f i n i t e s e p a r a b l e f i e l d e x t e n s i o n Κ of R form an a d d i ­
t i v e g e n e r a t i n g s e t of Z g(R,H) and a r e a l l i n the image 
of Z r(R,H). 

We b r i e f l y d i s c u s s the connection w i t h the Wit t r i n g W2(R,H) 
of q u a d r a t i c spaces. By the d i a g o n a l i z a t i o n theorem one 
knows t h a t W2(R,H) = W 2(R,H). We have a l r e a d y seen f o r even 
numbers r t h a t Ω : W^(R,H) —>· W2(R,H) i s s u r j e c t i v e (co­
r o l l a r y 2.14). Hence Ω maps Z r(R,H) s u r j e c t i v e l y onto 
W 2(R,H). So i t makes sense to d e f i n e Z 2(R,H) := W2(R,H) 
and we get Ω( Ζ Γ ^ , Η ) ) = Z 2(R,H) f o r even numbers r . 

F i n a l l y we want to c a l c u l a t e a s p e c i f i c example. 

Theorem 3.20: For a l l even r > 1 we have Z r ( ] R , C 2 ) = 2Z. 

Proof: S i n c e G r(3R) = C 2 , the only 1-dimensional inde­
composable separable spaces are <1> and <-1>. Furthermore (Ct,<1> 
i s the only 2-dimensional indecomposable s e p a r a b l e space. 
I n f a c t the c e n t e r of such a space must be (E. But then i t i s 
an Η-space, s i n c e Η c G r((E) = { T } . So the only H-reduced 
s e p a r a b l e spaces a r e the 1-dimensional spaces given above. 
They a r e a d d i t i v e i n v e r s e s of each other and f r e e l y gene­
r a t e Z r (]R,C 2) . 

4. Bimaximal forms 

L e t (V,0) be a symmetric space of degree r > 2. An e l e ­
ment ν t V i s c a l l e d an (r-s+1)-ze^o i f 
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f o r a l l ν
5 + ι ' · · · ' ν

Γ £ v * T h i s i s e q u i v a l e n t to s a y i n g 
t h a t the s - f o l d symmetric product of ν wi t h i t s e l f i s i n 
the s - r a d i c a l of V: 

ν®...Θν e s - r a d ( V ) . 

I n p a r t i c u l a r an element ν i s i n rad(V) i f and only i f 
ν i s an r - z e r o . 

We c a l l (V,0) s-nonde.ge.n2.Kate. i f i t has only t r i v i a l 
( r - s + 1 ) - z e r o s , i . e . i f νΘ.,.Θν = v s e s-rad(V) i m p l i e s 
ν = 0. Observe t h a t an s-nondegenerate space i s a l s o 
t-nondegenrate f o r a l l t < s , t h a t a 1-nondegenerate space 
i s j u s t a nondegenerate space. 

Lemma 4.1: I f s > 1 and (ν,Θ) i s an s-nondegenerate inde­
composable space then the c e n t e r Cent (V) i s a f i e l d . 

Proof: S i n c e r > 2 and V i s indecomposable Cent(V) i s 
a commutative l o c a l a l g e b r a [ 1 ] . L e t t be i n the maximal 

2 
i d e a l of Cent(V) and assume t h a t t = 0 . Then we have 
f o r a l l u , x g + 1 , . . . , x r € V 

0 ( t (u) ,t(u) ,. . . , t (u) /X g + 1 M../Xr) 

Q ( t 2 ( u ) , u , t ( u ) , . . . , t ( u ) , s s + 1 , . . . , x r ) = 0 
2 

s i n c e t (u) = 0 . But (ν,Θ) i s s-nondegenerate, so t ( u ) = 0 
f o r a l l u and thus t = 0. But t h i s s u f f i c e s to show t h a t 
Cent(V) i s a f i e l d . 

Lemma 4.2: L e t V = V^ i V 2 be an orthogonal sum of symme­
t r i c spaces. V i s s-nondegenerate i f and only i f V^ and 
V 2 a r e s-nondegenerate. 

Proof: Given v^, € f o r i = 1,2 and j = 1 , . . . , r - s . 
Then we have 
0 < v 1 + v 2 , . . . , v 1 + v 2 , v 1 1 + v 2 1 V 1 ( r _ s )

+ v 2 ( r _ s ) ) = 

V v 1 v 1 ' v 1 1 v 1 ( r - s ) ' + θ 2< ν
2'···' ν2' ν21 v 2 ( r - s ) 

f o r a l l c h o i c e s of v ^ i f and only i f 

http://s-nonde.ge.n2.Kate
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° i ( v i v i ' v i 1 V i ( r - s ) ) = 0 

f o r i = 1,2 and a l l c h o i c e s of v j _ j · S o t n e f i r s t equation 
i m p l i e s + = 0 i f and only i f the second equation im­
p l i e s = 0, v 2 = 0. 

We c a l l a space (V,0) maximal i f i t i s 

i ) 2-nondegenerate and 
i i ) dim R(V) < d i m R ( C e n t ( V ) ) . 

We w i l l show t h a t i ) can be r e p l a c e d here by 

i 1 ) (V,0) has only t r i v i a l 2-zeros. 

Lemma 4.3; L e t (V,0) be an indecomposable maximal space. 
Then t h e r e i s a f i n i t e f i e l d e x t e n s i o n Κ of R and a l i n e a r 
form ψ on Κ such t h a t Κ together w i t h 

Ψ(α 1,...,a r) = ψ(a 1·...*a r) 

i s a symmetric space isomorphic to (V , 0 ) . Furthermore 
dim R(V) = d i m R ( C e n t ( V ) ) . 

Proof: By 4.1 Cent(V) = Κ i s a f i e l d and V i s a v e c t o r 
space over K. Sinc e V φ 0 we get from the dimension con­
d i t i o n f o r maximal spaces t h a t V must be one-dimensional 
over K. So t h e r e i s a l i n e a r isomorphism 

φ : Κ —>• V, φ (1 ) = ν 

which induces the s t r u c t u r e Ψ of a maximal space on K. 
Then 

V ( a r . . . f a r ) = Θ(φ( & 1) ,...,φ( & Γ)) - 0 ( a 1 (v) , . . . , a r ( v ) ) = 

0 ( a 1 ·. . . - a r ( v ) ,v, .. . ,ν) = Ψ ( a 1 ·. . .· a r , 1 , . . ., 1) = iMa-j-.-.-a ) 

f o r a s u i t a b l y d e f i n e d l i n e a r form ψ on Κ. 

Lemma 4.4: L e t Κ be a f i n i t e f i e l d e x t e n s i o n of R and 
l e t ψ be a non-zero l i n e a r form on K. Then (Κ,Ψ) i s an 
indecomposable maximal space w i t h 
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Ψ ( a 1 , . . . , a r ) = ψ(a 1 ... a r ) 

and Κ i s s-nondegenerate f o r a l l s < r - 1. 

Proof: Κ i s s-nondegenerate f o r a l l s < r - 1. F u r t h e r ­
more as i n the proof of 3.10 Κ s Cent(Κ) and thus i s i n ­
decomposable. Hence Κ i s a maximal space. 

Theorem 4.5: L e t (V,0) be a maximal space. Then dim_(V) = 
dim(Cent(V)) and (ν,Θ) i s s-nondegenerate f o r a l l 
s ύ r - 1. Thus (ν,Θ) has only t r i v i a l 2-zeros. 

Proof: V can be decomposed i n t o indecomposable spaces. 
By lemma 4.2 each indecomposable component i s 2-nondege-
n e r a t e . By 4.3 and 3.1 one of the components (and hence 
a l l ) a r e maximal spaces. T h i s i m p l i e s the c l a i m on the 
e q u a l i t y of the dimensions. Again u s i n g 4.3 a l l the i n ­
decomposable components a r e d e f i n e d on f i n i t e f i e l d ex­
t e n s i o n s of R. By 4.4 these a r e a l l s-nondegenerate 
and by 4.2 V i s then s-nondegenerate. 

C o r o l l a r y 4.6: (ν^,Θ^), i = 1,2 a r e maximal spaces i f 
and only i f V^ 1 V 2 i s maximal. 

Proof f o l l o w s form the f a c t t h a t V i s maximal i f and only 
i f a l l i t s indecomposable components a r e maximal. 

L e t (ν,Θ) be a maximal space. We c a l l (ν,Θ) bimaximal i f 

r · d i m ^ V ^ < |Aut(V i,© i) | 

f o r a l l indecomposable components (ν^,Θ^) of (ν,Θ). C l e a r ­
l y a space i s bimaximal i f and only i f a l l i t s indecompos­
ab l e components are bimaximal. 

C o r o l l a r y 4.7: (ν^,Θ^) i = 1,2 a r e bimaximal spaces i f 
and only i f V^ i V 2 i s bimaximal. 

Theorem 4.8: L e t (ν,Θ) be a indecomposable bimaximal space. 
Then the c e n t e r Κ = Cent(V) i s a G a l o i s f i e l d e x t e n s i o n 
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of R which c o n t a i n s a p r i m i t v e r - t h root of u n i t y and 
r · dim R(V) = |Aut(V,0)|. Furthermore the r-form on Κ (s V) 
i s d e f i n e d by an element b € U(K) as b · t r such t h a t 

o(b) · b" 1 £ U ( K ) r f o r a l l σ G Aut(K/R). 

Proof: We use the n o t a t i o n of lemma 4.3. L e t f e Aut(Κ,ψ). 
Then 
ψ(ί ( a ^ . . . . - f ( a r ) ) = ψ(3 1·...·β Γ) = ψ(ί ( a 1 · a 2 ) · f ( 1 ) ·. -f ( a r ) ) , 

hence f l a ^ j l f d ) = f ( a 1 ) f ( a 2 ) . Define ο (a) = f ( a ) - f ( 1 ) ~ 1 , 
then σ € Aut(K/R). The r e l a t i o n between f and σ can a l s o be 
expressed by 

(*) f ( a ) = ö(a) · f (1) . 

L e t f ^ , i = 1,2 be i n A u t ( K ^ ) and be the corresponding 
elements i n Aut (K/R) . Then f^±2(a) = f 1 (σ 2 (a) f 2 (1) ) = 
σ 1(a 2(a)f 2(1))f 1(1) = σ 1σ 2(a)σ 1f 2(1)f 1(1) = σ 1 σ 2 ( a ) f 1 f 2 ( 1 ) . 

Thus we get a group homomorphism η : Aut(Κ,ψ) — > Aut(K/R). 
Now l e t be an r - t h r o o t of u n i t y K. Then d e f i n e s an 
automorphism of (Κ,Ψ) s i n c e Ψ ( £ r

a i ' · · · * £ r
a
r ) = ψ ^ r a 1 ' ' ' ' " a r * = 

4'(a1 ,.. . ,a r) . Then η(ξ Γ> (a) = · U r i r 1 = a hence the 
grou^' μ Γ(Κ) of r - t h r o o t s of u n i t y i s c o n t a i n e d i n the k e r n e l 
of n. Conversely l e t f C K e r ( n ) . Then f ( a ) = a · f ( 1 ) by 
( * ) , hence f i s K - l i n e a r . So we get 

¥(f(1) r,a 2,...,a r) = ψ(ί (1) · f ( a 2 ) - . . . - f ( a r ) ) = Ψ(1,a 2,...,a r) 

hence f ( 1 ) r = 1, so 

Ker (η) = (Κ) . 

T h i s d e f i n e s a s h o r t e x a c t sequence of groups 

a — > y r ( K ) — > A u t ( K ^ ) — > Aut (K/R) . 

We have | y r ( K ) | < r , |Aut(K/R)| < dim R(K) and by h y p o t h e s i s 
r · dim R(K) < |Aut(K,¥)|. T h i s together w i t h the s h o r t e x a c t 
sequence can only hold i f e q u a l i t y holds everywhere. So we 
get Κ over R G a l o i s , Κ c o n t a i n s a p r i m i t i v e r - t h root of 
u n i t y and the l a s t map i n the s h o r t e x a c t sequence i s an 
epimorphism. 
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I n p a r t i c u l a r (Κ,ψ) i s s e p a r a b l e and we may apply theorem 3.12 
to get ψ(a 1,...,a r) = t r ( b · a 1 ... a r ) . L e t f € Aut(Κ,ψ) 
and η i f ) = σ€ Aut (K/R). Then t r ( b a r . . a r ) = 
t r i b o i a ^ f (1) . . .ö(a r)f (1) ) (by (*)) = t r (σ~1 (bf (1) r ) . a,, . . . a r ) 
f o r a l l a ± € K. Hence a (b) · b~ 1 = f ( 1 ) r e U ( K ) r . 

C o r o l l a r y 4.9: L e t (V,0) be a bimaximal space. Then (V,0) 
i s s e p a r a b l e . 

Theorem 4.10: L e t Κ be a f i n i t e G a l o i s e x t e n s i o n of R, 
which c o n t a i n s a p r i m i t v e r - t h root of u n i t y . L e t b € u(K) 
such t h a t o(b)/b € U ( K ) r f o r allσ € Aut(K/R). Then (K,<b> r) 
i s a bimaximal space. 

Proof: By lemma 4.4 and lemma 3.10 (K,<b> r) i s an inde­
composable maximal space. We compute Aut(K,<b> r). L e t 
σ e Aut(K/R) and o(b)/b = c r . Define Κ — ^ Κ by f ( a ) = 
σ(a) · c. Then 

t r ( b f ( a ^ ·. . . - f ( a r ) ) = t r (bo (a,,) . . . σ ( a r ) · σ (b) /b) = 
t r ( o ( b a 1 . . . a )) = t r ( b a 1 . . . a r ) and f € Aut(Κ,Ψ). D i f f e ­
r e n t p a i r s (σ,ζ · c) d e f i n e d i f f e r e n t automorphisms f , 
so r · dim R(K) < |Aut(K,¥)|. 

Theorem 4.11: L e t V,W be bimaximal. Then V β W i s bimaximal. 

Proof: Without l o s s of g e n e r a l i t y we can assume V and W 
indecomposable. By theorem 4.8 we may assume indecompos­
a b l e bimaximal spaces (K,<b> r) and (L,<d> r) w i t h G a l o i s 
e x t e n s i o n s Κ and L of R both being s u b f i e l d s of a sepa­
r a b l e c l o s u r e of R. L e t Κ · L be the compositum of Κ and 
L and Μ = Κ Π L. S i n c e Κ and L a r e l i n e a r l y d i s j o i n t 
over Μ we get Aut(K · L/K) = Aut(L/M) by r e s t r i c t i o n of 
the automorphisms to L. We i d e n t i f y both s e t s along t h i s 
map. Furthermore Aut(M/R) = Aut(L/R)/Aut(K · L / K ) . L e t 
Φ 1,...,Φ 3 € Aut(L/R) be a complete s e t of r e p r e s e n t a t i v e s 
f o r the element of Aut(M/R). Then every element of Aut(L/R) 
can be w r i t t e n u n i q u e l y as τ = ρ ο φ where ρ € Aut(Κ · L / R ) . 
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Furthermore t h e r e i s an isomorphism 

λ : Κ ®_ L a Π,. , i K · L, R 1Φ 1 ,.../Φ 3> 
de f i n e d by λ(χ ® y) = Σ χ · φ ^ ( Υ ) . The c o p i e s of Κ · L a r e 
symmetric spaces by (b · φ^(ά)) · t r f o r i = 1,...,s. S i n c e 
Aut(K/R) a Aut(K · L/R)/Aut(K · L/K) every element i n 
Aut(K · L/R) can a l s o be w r i t t e n u n i q u e l y as (σ,ρ) with 
σ € Aut(K/R) and ρ € Aut(L/M) a Aut(K · L/K) w i t h 

(σ,ρ)(χ · y) = σ(χ) · ορ{γ) 

where σ stands a l s o f o r a f i x e d chosen r e p r e s e n t a t i v e i n 
Aut(K · L / R ) . Thus we get 
(σ,ρ) (b · φί(ά)) o ( b ) * o p ^ i ( d ) Q ( b ) σρφ ±(ά) ζ 

b · φ 1(ά) b · φ ±(ά) b d φ ±(ά) 

To show t h a t λ i s an isomorphism of symmetric spaces l e t 

x, ® y . € Κ ®_ L, j = 1 , . . . , r . Then 
3 3 K 

Ψ(λ(χ 1 ® y 1 ) , . . . , ^ ( x r ® y r ) ) 

= Σ. . Ψ ( Χ ι φ . (y ),...,χ φ. (y )) 

= Σ ί Ψ ( χ 1 Φ ί ( Υ ι ) ,...,xr<t>±(yr)) 

= Σ 1 t r ( b · x 1·...-x r · Φ ±(α · y 1 ·. . . -y ) 

= Z i Z ( a , p ) G ( b x r - - x r ) ö p ( i ) i ( d y i / - - y r ) 

= Z 0 Z T a ( b x 1 . . . x r ) x ( d y l . . . y r ) 

= t r ( b x 1 . . . x r ) · tr(άγ^ ...y ) 

= Ψ ( x 1 ® ,...,x r · y r ) . 

€ U (K · L) 

T h i s together w i t h the p r e v i o u s o b s e r v a t i o n on the e l e ­
ments of the form b · φ ^ α ) and theorem 4.10 shows t h a t 
Κ ® R L i s again an orthogonal sum of bimaximal spaces. 

For the r e s t of t h i s s e c t i o n assume t h a t t h e r e i s a p r i ­
m i t i v e r - t h root of u n i t y i n R. We a r e going to deve­
lop the theory of Witt r i n g s f o r bimaximal spaces e s s e n ­
t i a l l y i n the same way as f o r se p a r a b l e spaces i n s e c ­
t i o n 3. 
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Theorem 4.12: The isomorphism c l a s s e s of bimaximal spaces 
form a sub-semiring P ^ i m ( R ) of P ^ e p ( R ) c o n t a i n i n g P ^ ( R ) . 

Lemma 4.13: L e t Η be a f i n i t e subgroup of G (R) and l e t 
u be a bimaximal c l a s s i n P r ( R ) . Then the (unique) decom­
p o s i t i o n u = u R i t ^ ( u ) has bimaximal f a c t o r s . 

Theorem 4.14: L e t Η be a f i n i t e subgroup of G^(R). Then 
the s e t Y r(R,H) of Η-equivalence c l a s s e s i n Wr(R,H) whose 
unique Η-reduced r e p r e s e n t a t i v e i s bimaxiraal, i s a sub-
r i n g of W (R,H) . 

Proof: Observe u s i n g the assumption t h a t R c o n t a i n s a 
p r i m i t i v e r - t h root of u n i t y , t h a t every symmetric c l a s s 
of the form <a> i n G r(R) i s bimaximal. Then the proof of 
theorem 3.8 can be e a s i l y modified f o r t h i s c a s e . 

C o r o l l a r y 4.15: There i s a sequence of commutative sub-
r i n g s 

w£(R,H) c Y r(R,H) c Z r(R,H) e W r(R,H). 

Theorem 3.18 can a l s o be a p p l i e d to bimaximal indecompos­
a b l e spaces of the form (K,<b> ) . Observe t h a t 

r t s r 

o(b)/b = c = (c ) f o r an element c € U(R) . So we get 

Theorem 4.16: The r i n g homomorphism Ω : W (R,H) — > W (R,H) 
f o r r = s t , s > 2 r e s t r i c t s to a r i n g homomorphism 
Y r(R,H) — Y S ( R , H ) . 

5. Witt Rings over f i n i t e f i e l d s 

L e t Κ be a f i n i t e s e p a r a b l e f i e l d e x t e n s i o n of R. Then 
by theorem 3.12 a l l the r e p r e s e n t a t i v e s b of an element 
b of U ( K ) / U ( K ) r d e f i n e the same indecomposable s e p a r a ­
b l e space (K,<b> ) of degree r (up to isomorphims). 
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Furthermore the automorphism group G = Aut(K/R) a c t s on 
U ( K ) / U ( K ) r and a l l elements of the same o r b i t under t h i s 
a c t i o n d e f i n e isomorphic spaces. D i f f e r e n t o r b i t s d e t e r ­
mine nonisomorphic space, hence 

P r o p o s i t i o n 5.1: There i s a one-to-one correspondence 
between the isomorphism c l a s s e s of indecomposable s e p a r a ­
b l e spaces w i t h c e n t e r Κ of degree r and the o r b i t s under G 
U ( K ) / U ( K ) r . 

L e t ρ be a prime and R = G F ( p m ) , Κ = GF (ρ1™1) . L e t 
2 < r < p, s := (p m-1 ,r) , and t := ( p ^ - l ,r) . 

Define g to be a generator of the c y c l i c group U(K). 
Si n c e g has m u l t i p l i c a t i v e order p™11 - 1 we get U ( K ) / U ( K ) r = 
{ I f g / . - . f ? 1 ' " 1 } = E / ( t ) . F o r φ the Frobenius map on Κ we 
have Φ ^ χ ) = x P m = χ f o r p r e c i s e l y the elements χ € F. 
The a c t i o n of φ111 on Κ t r a n s l a t e s i n t o m u l t i p l i c a t i o n by 
p m on Z Z / ( t ) . The elements f i x e d under the m u l t i p l i c a ­
t i o n by p m (and by powers p m i of i t ) form the k e r n e l of 
the m u l t i p l i c a t i o n by p m - 1, denoted by ( E / ( t ) ) G . 

The f o l l o w i n g sequence of c y c l i c groups i s e x a c t 

0 — ^ (5Z/(t))° — > 5Z/(t) Ρ > 2Z/(t) 

and the image of p m - 1 i s ( p m - 1 , t ) / ( t ) = ( s ) / ( t ) , 
hence ( S / ( t ) ) G a S / ( s ) . 

T r a n s l a t e d back i n t o terms of G a l o i s f i e l d s we get 
( U ( K ) / U ( K ) r ) G = { 1 , g u , . . . , g ( s ~ 1 ) u ) where t = su. These 
are p r e c i s e l y the elements which each form an o r b i t of 
l e n g t h 1. 

Theorem 5.2: Two indecomposable s e p a r a b l e spaces 
(K,<g l u> r) and (K,<g- J U> r) w i t h 0 ύ i , j < s a r e isomor­
p h i c i f f i = j . There a r e a t l e a s t s and a t most t i s o ­
morphism c l a s s e s of indecomposable s e p a r a b l e spaces of 
degree r over R w i t h c e n t e r K. 
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The f o l l o w i n g examples i l l u s t r a t e t h i s s i t u a t i o n . L e t 
p = 7 , m = 1 , n = 3 and r = 4 then t h e r e a r e p r e c i s e l y 
two d i s t i n c t indecomposable s e p a r a b l e spaces over GF(7) 

3 

of degree 4 w i t h c e n t e r GF(7 ) . For p = 7 , m = 1 , n = 2 
and r = 4 t h e r e a r e p r e c i s e l y t h r e e d i s t i n c t indecompos­
abl e separable spaces over GF(7)of degree 4 w i t h c e n t e r 
G F ( 7 2 ) coming from the o r b i t s ( i n 2 / ( 4 ) = U ( K ) / U ( K ) 4 ) 

i f f } , { 1 , 3 } , and { 2 } , 

i . e . ( G F ( 7 2 ) ,<1>4) , ( G F ( 7 2 ) ,<g>4) , and ( G F ( 7 2 ) ,<g 2> 4) , 
where g i s a generator of U ( G F ( 7 2 ) ) . 

To see which of these spaces are bimaximal we f i r s t ob­
s e r v e t h a t Κ = GFip™ 1 1) c o n t a i n s a p r i m i t i v e r - t h r o o t of 
u n i t y i f f r / i p ^ - ^ i ) i f f p ™ = 1 mod(r). So the l a s t con­
gruence i s a n e c e s s a r y c o n d i t i o n f o r any of the spaces 
(K,<b> r) to be bimaximal. But then t = ( p ^ - l ,r) = r 
so by a p p l y i n g theorems 4.8 and 4.10 we get t h a t the 
one-element o r b i t s i n ffi/(r) under G a r e p r e c i s e l y the 
bimaximal spaces hence 

C o r o l l a r y 5.3; I f p m n = 1 mod(r) w i t h 2 < r < ρ and g i s 
a generator of U(K) then t h e r e a r e p r e c i s e l y s non-iso-
morphic indecomposable bimaximal spaces ( K , < g l u > r ) , 
0 ύ i < s with c e n t e r K, where s = ( p m - 1 , r ) and su = r . 

C o r o l l a r y 5.4: I f p m s 1 mod(r) then a l l s e p a r a b l e spaces 
of degree r a r e bimaximal and f o r each Κ t h e r e a r e p r e ­
c i s e l y r indecomposable bimaximal spaces w i t h c e n t e r K. 

L e t us assume p m = 1 mod(r), 2 < r < ρ and take Η : = 
U ( R ) / ( U ( R ) ) r . We want to determine the Witt r i n g s 
Z r(R,H) = Y (R,H). Observe f i r s t t h a t f o r any η > 1 and 
Κ = GF (ρ™11) we have |U(K)/U(R)| = ( p ^ - l ) / ( p m-1) = 
( p m ) n " 1 + . . . + ( p m ) ° s 1 + ... + 1 = n m o d ( r ) . 
Furthermore observe the g e n e r a l f a c t t h a t the sequence 
of c y c l i c groups 
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U ( R ) / ( U ( R ) ) r —->• ϋ-(Κ)/(ϋ(Κ))Γ —>- ( U ( K ) / U ( R ) ) / ( U ( K ) / U ( R ) ) r 

i s e x a c t . The l a s t c y c l i c group has order q := (r,n) = 
( r , | U ( K ) / U ( R ) I ) . The f i r s t map d e f i n e s the a c t i o n of Η 
on U ( K ) / ( U ( K ) ) r = (U(K)/(U(K) ) H G , i . e . on the indecom­
posable bimaximal spaces. The a c t i o n i s given through 
the image of U ( R ) / ( U ( R ) ) r which c o n s i s t s of the elements 
t 1 · · · r g r q } = C r / q w h e r e 9 i s a c y c l i c genera­
t o r of U(K) and q = ( n , r ) . So t h e r e a r e q o r b i t s under 
the a c t i o n of H, each o r b i t having r/q elements. The 
spaces corresponding to the elements of one o r b i t add 
up to an Η-space i n P b i m ( R ) . I f we d e f i n e Ζ[ζ^] := 

SEC^] / Cy x [ x £ C k) ( f o r k Φ 1 t h i s i s an isomorphism 

anyway, f o r k = 1 t h i s g i v e the zero r i n g ) then the p a r t 
of Y r(R,H) d e f i n e d by Κ i s 

Ζδ[ζ ] . (K,<g x> r) . So we get 
i=0 

Theorem 5.5: I f p m = 1mod(r), 2 :.<r < p, R = G F ( p m ) and 
Η = G r ( R ) . I f furthermore y* := (GF (ρ 1™) , <g£> r) f o r 
f i x e d chosen g e n e r a t o r s g n of U ( G F ( p m n ) ) , then 

(n>r) 

Y r(R,H) = Z r(R,H) = Υ ^ U r / ( n y r ) ] y ^ 
n>1 i=1 

C o r o l l a r y 5.6: Under the hypotheses of theorem 5.5 i f r 
i s prime then 

Y r(R,H) = Ώ[ζ Γ]ν°. 
n>1 
r/n 

The m u l t i p l i c a t i o n i s given by 

y°y° = (n,m)y° r , f o r a l l m,n w i t h r / n, r / m. •*η m L η, m J 
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