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We presenta completemodecouplingtheoryfor thecritical dynamicsof ferromagnetsabovetheCuriepointwith both short
rangeexchangeandlong rangedipolar interaction.Thistheoryallows us todeterminethe full Kubo relaxation functionsat the
critical point.In particular,we areable toexplainrecentspin echomeasurements.

An increasingquantitativeunderstandingof the critical dynamicsof isotropic ferromagnetssuch as EuO,
EuSandFe aboveT~hasbeenachievedrecentlyby taking into accountthe long rangedipolar interaction,
which is presentin all real ferromagnets.Theresultsof variousexperimentalmethods[1—11](neutronscat-
tering, electron spinresonanceandhyperfineinteraction),sampling differentregions inq-space,could beex-
plainedin a unified fashionwithin a mode coupling(MC) theory[12,131.Thereforedipolar interactionsare
seen to be highly relevantfor the descriptionof the critical dynamicsof real ferromagnets.

The standardprocedureof MC theoryusuallyincorporatestwo approximations.Thefirst isto consideronly
two-modedecay processes, whichamountsto a factorisationapproximationof the Kuborelaxationfunctions
after insertionof the microscopicequationsof motion.The second step is alorentzianapproximationfor the
Kubo relaxationfunctions of the spinvariablesS’(q, t), which aredefinedby

~hJ(q, t)=i lim f dre~t<[S’(q, t), S~(q,O)t>,
~—,o.)

with the normalization 1 ~‘(q, t= 0) = 1; i.e. the spinvariablesare normalizedwith respectto the staticsus-
ceptibilities.The corresponding frequency dependentfunctionsare definedby a halfsidedFouriertransform

~U(q,~))= $dte~c~t~~J(q,t).

Thelorentzianapproximationgives for mostpurposesan excellentapproximationfor the linewidth ascan
be inferredfrom refs. [12] and [13]. However,in orderto obtain information aboutthe lineshapeone has
to refrainfrom thisapproximation.Thishasbeenachievedfor thecaseof pureexchangeinteractionby Hub-
bard [14] andWegner [15],usinga discrete versionof the MC theory. A simplified version of the coupled
modeequationshasbeengiven recentlyby Lovesey and Williams [161andBalucani ët al. [171.Besidesthese
MC theoriesthereexistrenormalizationgroup (RG) calculationsfor isotropicferromagnets[18—221.Allthese.
theories, takinginto account only theshortrange exchangeinteraction,are unableto explain thenearlyex-
ponentialdecayof thetransverserelaxationfunctionfor smalltimes,foundinspinechomeasurementson EuO
[23]. This led Balucani et al.to the conclusionthat neitherMC theorynor RG theory is valid in the time
regimeprobedin Mezei’sexperiments.To fit the experimentalresults theyproposeda “hybrid theory”, which
is a phenomenologicalinterpolationscheme between the short and longtimelimits. In constrastwe will show
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in this Letterthat theexperimentcanbeexplained naturallywithin our MC theoryby including dipolar forces
without any needfor a specialtreatmentof the short time behaviour.

The hamiltonianfor a spin systemincludingbothshort range exchangeandlongrangedipolar interactions
is given by [24]

H= f (2)3[(Jo+Jq)o+Jg7]s(q)s(q), (1)

whereS’(q)=fd
3xe~S’(x)are theFouriertransformsof th

4ecartesian components of the spinoperatorS’(x).
The parameterg=a (gL1uB)

2/2Ja3=(qDa)2 characterizesthe ratio of thedipolar to the exchangeinteraction
J. Hereg~is the Landé factorand the coefficienta

1 dependson thelatice structure;i.e.: a =4,t (sc), 3
312it

(bcc), 25~2it(fcc). TheparameterJ
0 doesnot enterthe equationsof motion. In eq. (1) we assumedthat the

dipolar forces are weakerthan the exchangeinteraction [24]; i.e. g ~ 1. All quantitiesare given in unitsof
the lattice spacing a.

The symmetryof the hamiltoniansuggestsdecomposingthe spinoperatorS(q) into onelongitudinal and
two transversecomponentswith respect to the wavevectorq; i.e. 5(q) =Sl~(q)4+ST1_(q)I’(4)+ST2(q)i2(4),
where theorthonormalset ofunit vectorsis definedby 4=q/q, (4)=qxe3/~/q~+q~,1

2(4)=4x1’(4). For
vanishingcomponentsof q the limits are takenin the order of increasingcartesiancomponents.

The resultingequationsof motioncanbefoundin ref. [12]. Fromthese oneobtainsby the first step of MC
theory the followingset of coupledintegro-differentialequationsfor the Kubo relaxationfucntions J$~(q,g,
t) andthetransportcoefficientsra (q, g, 1) (a= L, T) for the longitudinaland transversemodes (with respect
to thewave vectorq) [13]:

~‘(q,g, t)= — Jdzra(q,g, t—I)~(q,g, r). (2)

The transportcoefficientsFa(q, g, t) are relatedto the relaxationfunctionscIP(q, g, I) by

E~(q,g, l)=4J2kBT J ~~ v~(k,q,g, O)(ôaT+ô~Ta~LôaL)(2it) ~
BZ

‘3(k ) ~tj —kI
X ~a(qg) ‘ ~b~(k,g,t)’J3~’(Iq—kI, g, I) , (3)

where the k-spaceintegrationruns overthe first Brillouin zone(BZ). The vertexfunctions~ for the decay
of the modea into the modesflandacan befoundin refs. [12,13] and ~a(q, g) denote the staticsusceptibilities.

Now the essentialpoint is that the MCequations(2) and (3) are consistentwith thegeneralised dynamical
scaling laws

r~(q,g,w)=AqrQ~(x,y)ya(x,y, Va), ~ (4)

where in thepresentcasewe haveto introducethe scaling variables

x=~, Y~ and ~AqzQa(x,y)~ (5)

The scaledfrequenciescontain the characteristicfrequenciesQ’~(x,y). This implies for the Laplacetrans-
formed quantitiesthe scaling laws

~ Fa(q,g,t)=[AqzQ~~(x,y)]2ya(x,y,~~), (6)

where the scaledtimevariable ta is given by
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t~=Aq~Q”(x,y)z. (7)

Insertingeq. (6) togetherwith the staticscalinglawXa (q, g) = (1 /Jq2 ~ (x, y) into eqs. (2) and(3) we find
for the dynamicscalingfunctions

~ )2 J d~Jdpp:2~(x,y) —~

~ Ø~(x/p,y/p,r~p(x,y,p))Øa(x/p~,y/p_,t~~(x,y,p_)) (8)

andthe integro-differentialequations

~Øa(Xy,ta)_ Jdtya(X,y,ta_T)øa(X,y,~), (9)

which connect thescaling functionsfor the transportcoefficients with thescaling functionsfor the Kubore-
laxationfunctions. In eq. (8) we used thenotationsp=k/q, p_=Iq—kI/q, ,~=cos(q,k) and rap(x, y,)~)
TaA~(X/#~,y/t)/Q’~(x,y).

The non-universalfrequencyscaleof eq. (4) is found to be

A=a5~/2JJkBT/27r4= ---S./kBTaI/47t.
qD

Theaboverelations containthe criticaldynamic exponentz= 5/2, where one hasto realizethat the crossover
ofthecritical dynamic exponentis containedin thescalingfunctionsfor thetransportcoefficientsycr (x, ~, ~)
the scalingfunctionsfor the Kubo relaxationfunctions~ (x, y, t,~)andthe characteristicfrequenciesQ~(x,
y). Thescaledvertexfunction i~(y,p,i~)can befoundin refs. [12,13].

Due to the fact that the k-spaceintegrationis boundedby the Brillouin zone thereis a cutoffin thep-in-
tegrationof eq. (8), which is given byPri,t =qBZ/q= (~Bz/~D)y, where ~Bzdenotesthe boundaryof the first
Brillouin zero andq~is the staticcrossover wavevector.Thiscutoff is importantfor small times, because the
integrandof eq.(8) is proportionalto 1 for t= 0 and p>> 1. Hencefor small timeswavevectorsnearthe zone
boundaryare expectedto beimportantfor therelaxationmechanism.These non-universalmodes areincluded
in the aboveMC equations.

In orderto incorporatethe leading crossoverbehaviourintothe timescale‘ra it is convenientto choose the
characteristicfrequenciesQ~(x, y) as thelinewidthsresultingfrom the MC equations includingthelorentzian
approximationQ~(x, y) =Yi~r(x, y), where the scaling functionsfor the lorentzianlinewidths Y~r(x, y) are
determinedby a set of coupledintegralequations(see eq.(10) in ref. [12]).

For the staticsusceptibilitieswe will use in thenumericalcalculationsthe Ornstein—Zernikeforms

J(q2+~2+~Lg)’

wherewe note thatMC theory doesnot accountfor effectsof the critical exponenti~,which will be neglected
in the following. Here ~=c~[(T—T~) / T~)] is the correlation length, whichcontainsthe static crossover
throughthe effectiveexponent1’ Yeff/2 [25].

Usinga self-consistentnumerical procedurewe havesolvedthe set of coupledintegro-differentialequations
(8) and(9) at thecritical temperature(x=0), where we have used the valuesq~=O.l4SA’ andq

8z=1.06
A—’ corresponding toEuOfrom ref. [23]. Thetransverseandlongitudinal scalingfunctionsØa(x=0, Y, ~a)
versus the scaling variablest~ and y=q0/q are shown in figs. 1 and 2. The characteristicfrequencies
Y~,r(x, y) versusy~canbefoundin fig. 7 of ref. [13]. Thelineshapesfor thelongitudinalandtransverseKubo
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Fig. 1. Scaling function for the transverse Kubo relaxation func- Fig. 2. Scaling function for the longitudinal Kubo relaxation
tion OT(x=0, y, T~f)versusy=qD/q and t,- atT= T~. functionO’-(x=O, v. T

1) versusl’=q,)/q and i, at T= 7~.

relaxationfunctiondiffer significantly, especially for smallwavevectorsq ~ q,~i.e. y>> 1. Both functionsdrop
off quadraticallyat t = 0, as isimplied by eq. (9), but thetransverse relaxationfunctionobeysthis behaviour
in a very small time domain only and may be approximatedbestby an exponentialfunction for y>> 1. The
longitudinal relaxationfunctionshows a pronouncedoscillatory behaviour.

Now we compareour theoreticalresultswith experimentaldatastarting with thespin echomeasurements

of Mezei [23] on EuO. Taking a cutof the transverseKubo relaxationfunction in fig. 1 at the wavevector
q=0.024A’ we find therelaxationfunction shown in fig. 3 as the solidline versustime in ns, wherewe have
used thetheoreticalvaluefor thenon-universalscaleA = 7. 1 / 5.1326meV A

5”2. Thereis an excellentagreement
with theexperimentaldatafor t~ins. Theexperimentaldataare abovethe theoreticalcurve for t~’lns. This
may be dueto finite collimation effect inthis time domain,asnotedby Mezei [23]. To substantiatethis point
wehavealsoplottedin fig. 3 therelaxationfunctionat q=0.028A~’(dash-dottedcurve),which is significantly
higherthan the curvefor q=0.024A for t~’ins. The fairly large difference of thecurveswith q=0.024A’
andq=0.028A~comesfrom the vicinity of the crossoverregion.

In orderto exhibit the differencefrom the MC theory includingonly short range exchangeinteraction,we

1.0

\
.6

~ .~...

+
Fig. 3. Transverse Kubo relaxation function JT(q, g, 1) at

- q=0.024A’ (solid line) and q=0.028 A’ (dash-dotted line)

T - for dipolar ferromagnets versus time t in ns. The dashedline is
the transverse Kubo relaxation function for short range exchange

.0 .5 i.0 ~ . interaction only at q=0.024A’. Data points from fig. I of ref.
t [23].
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havesolvedeqs.(8) and (9) for thisspecial case;i.e. y=0, x= 0 and ~ =q~z/qwith q=0.024A’. Theresult
is thedashedcurve infig. 3, which differs drasticallyfrom the lineshape includingthe long rangedipolar in-
teraction.Sowe concludethat the dipolar interactionis essential for thelineshapein the critical region. It is
importantto realizethat the crossover in thelineshapestartsnearlyat q,~,whereas thelinewidth still scales
with the isotropiccritical dynamic exponentz=5/2 in thiswavevectorregion.

In conventionalneutronscatteringone measures thescattering functionS(q,o.)

S(q,w)~2k~Tq2~T(x,y)F(q,o~l_ew/kBT~

where the spectral weightfunctionF( q, cv) isrelatedto the realpartofthetransverseKubo relaxationfunctions
by

F(q,cv)=Re(~T(q,w))=~
2Q.~( ~)Re(ø(~~vT)). (10)

Therealpartsof thetransverseand longitudinalscalingfunctionsfor the KuborelaxationfunctionsØa(X= 0,
y, t’~) are given infigs. 4 and 5 versus y and the scaledfrequencyvariables~ A sensitive toolfor the de-
terminationof the lineshapeare constantenergyscansfor the scattering functionsS(q, cv). Taking thethe-
oreticalvaluefor thenon-universalconstantA =7.1/5.1326meV A

5’2 we havecalculatedconstantenergyscans
for a setof energies:E=0.l meY, 0.2 meVand0.3 meV. Theresults areshownas the solid lines infig. 6.
Comparingthese resultswith experimentalconstant-Escans atE= 0.2 meYandE= 0.3 meV [261 we find a
good agreementof the peakpositionsas well as theshapeof the scans(comparefig. 3 of ref. [26]). Fora
quantitative comparisonthe theoryhasto be convolutedwith the instrumentalresolutionfunction. We note
thatRGcalculations[18—22],which include only exchange forces,accountfor theexperimentaldataequally
well as our MC theory in the energydomainprobedby the experiments.Thisleads usto the conclusion that
thereis no significant influence of thedipolar forces onconstantenergyscansabove0.2 meV. However, for

Re~T
0 i -‘ 2

Re~

1.0

Fig. 4. Realpartof thescalingfunction for thetransverseKubo ,.

relaxationfunction ØT(x=0, y, VT) versusy=q
0/q andUT at

T= T~.Inset: Linewidthof thetransversescalingfunctionversus
= q/q~at T~.Solid line: halfwidth athalf maximumof the Fig. 5. Realpartofthescalingfunctionfor thelongitudinalKubo

complete solution of the MC equations;dash-dottedline: relaxationfunction ØL(X=O, y, UL) versusy=q0/q and ~L at
Iorentzianapproximation. T= T,,
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S
0.1 meV

/~/

Con~antEscansatT~rene~s ~ theory
.0 . I . 2 . 3 . 4 including dipolar interactions; dash-dotted line: RGtheory with-

q Out dipolar interactions(eqs. (40). (41) of ref. [20]).

lower energiesthe dipolar interactionshifts thepeakpositionsto smallerwavevectorswith respect to theRG
results.This is exhibitedin fig. 6, wherewe compareour MC results fordipolar ferromagnetswith RGresults
(see eqs.(40) and(41) in ref. [20]), which include exchange forcesonly. Furtherexperimentsat lowerener-
gies are neededto testthis prediction.

Recently,in constantenergy scansaboveT~[27] significant disagreementwas found with the RG results
of ref. [19]. Weexpectthat this failure of isotropicscalingmay beremedied naturallywithin our MC theory.
This requires thesolutionof the MC equations(15), (16) aboveT~which is in progress.

Forthe numericalsolution of the MC equationsit was convenientto scale the frequencieswith linewidths
obtainedin thelorentzian approximation.Of coursefromthe final result the exacthalfwidth at halfmaximum
(HWHM) of the relaxationfunctionscan beobtained.In theinsetof fig. 4 we comparethesetwo characteristic
frequencies for thetransverseKubo relaxationfunction ØT(X=0, y, cv) at T2, whereboth functionsare nor-
malizedto 1 for y ‘ >> 1. Thisleads for thelorentzianwidth to an effectivenon-universalconstantAeff=7.1
meV A

5’2 andfor the HWHM to a valueAeff= 8.5 meY A5’2. Thelatter is quite closeto the experimentally
fitted values8.3 meY A5’2 [26] and 8.7 meY A5’2 [2]. Taking into account thisenhancementof the non-
universal constantA by a factor 1.2 we find Aeff 128.6meY A5’2 for Fe, which isalso quite close to theex-
perimental value130 meV A5’2 [2]. Except for thischangeof the non-universalscalethereare only minor
differences between thelorentzianwidth andtheHWHM, which makes clearwhy the lorentzianapproximation
gives a gooddescriptionfor quantitiesdependingon thelinewidth only [12,13].
In conclusion we notethat thereis a crossoverin the lineshapeof the transverseKubo function due to the
additionaldipolar interactionfrom a shapesimilar to that found in renormalizationcalculationsat small y
(i.e. q~q~)to a lorentzianlike shapeat q << q~.The timedependenceof the longitudinal shapefunction is
gaussianfor small timesandshowsan oscillatorybehaviour.The lineshapecrossover has only smalleffectson
the crossoverin the linewidth, which explainswhy the lorentzian approximationis excellent for the linewidth.
Comparingour theorywith Mezei’sspin echomeasurements,wehavefoundthat the MCtheoryaccountsvery
well for the data. Especially therapid dropoff at smalltimesis explainedvery naturallyin contrastto theories
taking into accountsolely the exchangeinteraction.

Thiswork hasbeen supportedby theGermanFederalMinisterforResearchand Technology(BMFT) under
contractnumber03-SC1TUM-0.
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