Mathematical Physics, Analysis and Geometry (2022) 25:25
https://doi.org/10.1007/s11040-022-09439-0

®

Check for
updates

On Bose-Einstein condensates in the Thomas-Fermi regime

Daniele Dimonte' - Emanuela L. Giacomelli2

Received: 21 December 2021 / Accepted: 22 September 2022 / Published online: 14 October 2022
© The Author(s) 2022

Abstract

We study a system of N trapped bosons in the Thomas—Fermi regime with an inter-
acting pair potential of the form gy N3#~1V (NPx), for some g € (0,1/3) and gy
diverging as N — oo. We prove that there is complete Bose—Einstein condensation
at the level of the ground state and, furthermore, that, if 8 € (0, 1/6), condensation is
preserved by the time evolution.

Keywords Quantum gases - Bose—Einstein condensates - Quantum many-body
systems

1 Introduction and Main Results

In recent years, the analysis of quantum systems of interacting particles, in particu-
lar bosons, in suitable scaling regimes (mean-field, Gross—Pitaevskii, thermodynamic,
etc.) has represented a very flourishing line of research in mathematical physics. Start-
ing from the pioneering works [27, 30, 53], several results have been obtained along
this research line about the ground state behavior of interacting bosons and Bose—
Einstein condensation (BEC) [38, 40-42] in both the mean-field (see [28, 34-36, 49,
52] and references therein), in the Gross—Pitaevskii (GP) regimes (see [6, 7,29, 43-45]
and references therein) and in the thermodynamic limit (see [3, 25, 54] and references
therein), as well as about the many-body dynamics in the mean-field (see [22, 33, 47]
and references therein) and in the GP (see [5, 11, 23, 48] and references therein) set-
tings. As we are going to see in more details later, in both these regimes, the effective
behavior of the many-body system is shown to be suitably approximated studying an
effective one-particle nonlinear problem.

In the typical setting, a large number N of bosonic particles is confined in a box
or, more generally, by a trapping potential, and the bottom of the spectrum of the
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corresponding Hamiltonian, or its unitary evolution, is investigated as N — oo. The
many-body Schrodinger operator has the form

N
HP o= 3 (84 Vo) 4w 3 oy =), (LD
= 1<j<k<N

and it is supposed to act on LE(RW ), which is the subspace of L?(R3*") consisting of
all functions which are symmetric with respect to permutations of the N particles in
3 dimensions. Here, Ve is the trapping potential, which for simplicity is assumed to
be homogeneous of order! s (see also Remark 1.2), i.e.,

Vext(x) = Alx|*, withs >2and A > 0, (1.2)

while N3fv(NPx) (with B > 0) is the pair interaction potential, which is suitably
rescaled by the prefactor gy /N. In the following we use the notation vy (x) =
N3Fy(NPx). The parameter § > 0 varies in [0, 1] and, with gy = g = const.,
identifies different scaling regimes: mean-field for § = 0, mean-field and zero-range
for B € (0, 1) and GP for B = 1. In fact, B is also a measure of the diluteness of
the system: 1ndeed denoting by p the average density, we have p >~ N || 0 NP || (see
[16]), where ,o N P is the density associated to the condensate wave function.

In this paper we will investigate the Thomas—Fermi (TF) limit, where gy — o0.
In the TF regime, one thus has (see Remark 1.3)

Nl 38

% b
=

8N

,oRN x

1
where Ry ~ N7 is the effective range of the interaction potential and ger3 is the

size of the TF radius, i.e., the characteristic length scale of the condensate (see Remark
1.3). Hence, since gy — 400 as N — 00, the above quantity certainly tends to O for
B > 1/3, so that the gas is dilute and only binary scattering events are relevant; on the
opposite, for § < 1/3, the quantity may diverge, depending on the how fast gy tends
to 400, so that any particle in the gas can interact with all the others, as in the typical
mean-field picture.

The final outcome in terms of effective description is physically different but it is
remarkable that, for any 8 € (0, 1], a one-particle Schrodinger operator with cubic
nonlinearity is recovered as N — oo, giving rise to the GP functional

Eg (u) == (u, hu) +47rg/dx lu(x))* (1.3)
]R3

! The condition s > 2 is actually assumed only to simplify the presentation of the result, which holds true
with different (more involved) estimates of the error terms also for s > 0.
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in the stationary setting, where 4 is the one-body operator
hi=—A~+ Ve, (1.4)
and to the GP time-dependent equation

iy = (—A + 8w gy ), (1.5)

in the dynamical one: note the absence of the trapping potential in the above evolution
equation, which is usually switched-off after the occurrence of BEC to observe the gas
dynamics. Only the coefficient g of such a nonlinear term changes for different values
of B: for B € (0, 1) the coefficient is proportional to the integral of the interaction
potential (which has then to be assumed finite), while, for § = 1, its scattering length
appears. In both cases the coefficient g is assumed to be constant as N — oo.

The physical motivation behind the choice of letting gy grow with N is that in
physical heuristics, the effective coefficient g is very often assumed to be large and
the asymptotics g — +oo considered, which goes under the name of Thomas—
Fermi regime, because of a similarity at the level of the one-particle density with
the Thomas—Fermi theory of electrons. The main reason behind such a choice is that
in real experiments g & aN, a being the measured scattering length of the interaction
potential, and therefore, even in presence of few thousands of atoms, the quantity
might be quite large compared to the other characteristic lengths of the system.

Another important motivation to let g = gy diverge is to take into account other
settings and, in particular, the thermodynamic limit, i.e., the regime in which N, L —
oo, but p := N/L3 is kept fixed: after rescaling the lengths this limit can be recast
in the form above and recovered for 8 = 1/3, gy = N?/3. Finally, it is remarkable
that a quite consistent literature is available about the ground state behavior of the GP
functional in the asymptotic regime g — 400, in particular in presence of rotation
(see [17, 18] and references therein), when vortices might appear as a manifestation
of the superfluidity of the system.

In this very same setting, the effective dynamics of vortices can also be studied [31]
and shown to be driven by the trapping potential: if at initial time a trapped bosonic
system is set in a condensate state with finitely many vortices (e.g., by putting it under
sufficiently fast rotation) and then it is let to evolve (switching off the rotation), it is
possible to follow the trajectories of vortex points and prove that they are determined
by an ODE depending only on the external trap. We are going to comment further on
this result below but we point out here that two key ingredients are needed in its proof:
the system is assumed to be in the TF regime and the effective evolution equation for
the condensate is given by the time-dependent GP equation. Here, we are precisely
concerned with proving that such assumptions make sense. More precisely, we show
that

1. in the TF regime (for 8 < 1/3, gy < N) Bose—Einstein condensation takes place
at the level of the ground state of a system of interacting bosons;

2. in the same TF limit, the effective time-evolution of a state with sufficiently low
energy is governed by the time-dependent GP equation.
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A similar regime has indeed been studied so far at the many-body level only in [2,
13, 16]. However, in [16] the focus is different: the object of the study is the interplay
between the TF regime and the presence of a rapid rotation and its effect to the ground
state energy is investigated to leading order. We comment later on the similarities
between [2, 13] and our work.

Let us now provide some more details about the setting we are going to consider.
The main object under investigation is the many-body Hamiltonian (1.1) and its time
evolution, acting on bosonic (i.e., symmetric) wave functions in LE(RW ). We restrict
our analysis to interaction potentials satisfying the assumptions below.

Assumption 1 The potential v # 0 is of positive type, i.e., U > 0 and spherically
symmetric. Furthermore, we assume that |x|v € LY(R3), v e L2(R?).

Let us comment further about the characteristic length scales of the system. The
most important one is indeed the range of the interaction potential o« N7 and, if gn
is not too large, we claim that it is the only relevant one to be compared with the mean
free path of the particles o N~!/3. This yields the threshold at # = 1/3 mentioned
above. Another important length scale is provided by the scattering length associated
to vy : for a potential v the scattering length is defined through the solution of the zero
energy scattering equation, i.e.,

(A +4v) f=0, (1.6)

with the boundary condition f(x) — 1 as |x| — oo. The scattering length a is then
given by

8ma = /dx v(x) f(x). .7
R3

If we denote by ay the scattering length of the potential gy N#~1v(NPx) =
gnun (x)N ! then one can go through the Born approximation of ay to write

ay = ;T_NN dx oy (x) fy (x) ~ ;T—NN dx v(x), (1.8)

R3 R3

where fy is the solution of the related scattering equation, i.e., —A fy+(gn/2)vny fv =
0. In order for the expansion to make sense, one has to require that v is integrable and

gy K N'7F, (1.9)
which we always do, but at the same this implies that
ay < Ry ~ N7, (1.10)

for any B € [0, 1). In other words, ay is always much smaller than the range of the
potential in the regime we are going to consider and plays no role in the picture. A
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transition is expected to occur when gy ~ N 1=8 for B > 1/3, which is precisely the
case considered? in [13]. The last characteristic length of the problem is the healing
length &x, which is given by (see [24, Sect. 4.1])

__3_
£y = —IGP ~ N"1g, T (1.11)
N o8 |

Hence, one can readily check that under the conditions of next Theorem 1.1
ay < &y < Ry. (1.12)
We denote by Eg(N) the ground state energy of the system, i.e.,

Eo(N) := inf & (H};ap) = inf {(yf H};apw> 1Y € L2R™), 1l 2@ = 1} .
(1.13)

Moreover, ¥, € L?(RW ) is the unique (up to an overall phase) ground state of Hy
and we denote by yy, the associated reduced density matrix, i.e.,

Ywy = Tra .~ ¥o) (Yol (1.14)

where with Trp  y we denoted the partial trace on all particles but one.

Itis well known that in the mean-field regime (8 = 0, gy = g constant), the ground
state energy per particle is well approximated, in the limit N — oo, by the infimum
of the Hartree functional, which approximately coincides with the restriction of the
quadratic form associated to Hy to functions of the form ¢y = u®N withu e L2(R3),
lull 2y = 1, e,

Egap(u) = (u,hu)+%(u®u,vu®u). (1.15)

More precisely, in [34], it is shown that

. Eo(N . ra
lim Olil ) —inf {glt—l P(M)| ||u||L2(R3) = 1} = EH. (1.16)

N—o00

For trapped bosons in the mean field regime, it has been proven that the system
exhibits BEC and its excitation spectrum can be approximated via the well-known
Bogoliubov approximation [28], with corrections that can be explicitly identified [9,
10]. Analogous results are proven for a system of bosons in a box in the same regime
[19, 35, 52].

Similarly, it is also known that in the GP regime (8 = 1, gy = g constant), the
ground state energy per particle can be approximated, in the limit N — oo, by the

2 In the notation of [13], B=1—kand gy = N, sothat gy = A
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infimum of the GP effective energy (1.3). Indeed, in [43] it is proven that, in the limit
N — o0, it holds (recall (1.3))

lim EO( ) _

N—o0

inf {50 @ Nullpesy =1} = EGF. (11D)

The occurrence of BEC in this case has been proven [ 15, 44] as well as the validity of the
Bogoliubov approximation [14, 45]. Similar results both on BEC and the excitation
spectrum are available in (see [7, 29, 30] and references therein) for N interacting
bosons in a box.

Concerning the intermediate regimes, we have to distinguish between two different
cases. The first interesting regime is studied in [8] and it is characterized by taking
B € (0,1) and gy = g > 0 small enough. In [8] the validity of the Bogoliubov
theory is proven in the aforementioned regime, studying both the ground state energy
and the excitation spectrum of the system. More recently another regime has been
investigated, which can be thought as an interpolation between the GP regime and the
thermodynamic limit and it is described by 8 € (0, 1) small enough and gy = N'~#.
In [2, 13] it is proven that, in such regime, the low-energy states exhibit BEC and
the low-energy excitation spectrum is studied. Note that, according to the discussion
above on the characteristic length scales of the problem, this choice corresponds to a
scattering length of the interaction of the same order of its effective range.

In the present work, on the other hand, we are mostly interested in the time-evolution
of condensates in the TF regime (gn > 1). For the sake of completeness, we also show
that BEC occurs in the same setting, at least at the level of the ground state or of any
approximate ground state, as it can be easily obtained by a suitable adaptation of the
arguments in [28, 52] and with a much simpler proof (thanks to stronger assumption
on § and gy ) than the ones in [2, 13]. More precisely, we prove that the ground state
energy of (1.1), as long as B < 1/3, exhibits BEC in the (unique) minimizer of the
GP functional, which in our setting reads as

EXP L (9) = (¥, ) + —(fv)/dxll/f(x)l (L18)

Theorem 1.1 (BEC in the ground state) Let Hy be the Hamiltonian defined in (1.1)
and let vy be an interaction potential such that v satisfies Assumption 1. Assume that

A=3pd)  GdD)p
} (1.19)

1
B < 3 and gy < min{N s+5 N 26+D
Let V be any normalized many-body state such that (¥, HyWV) < Ey +o(N) and let
vy be the associated reduced density matrix defined as in (1.14). Then,

2(s+1)

1—(oSF, yuph) < Cg‘“N” '+ CgyT NP (1.20)

where <pGP € L2(R?) is the unique (up to a phase) normalized minimizer of (1.18).
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Remark 1.2 (Homogeneous trapping potential) For the sake of simplicity, we assumed
that the trapping potential Vi in (1.2) is homogeneous of order s > 0. As it is cus-
tomary in the TF regime, such an assumption can be relaxed and replaced with the
weaker condition that Vi is asymptotically homogeneous, i.e., Vexc(x) ~ |x|%, as
|x] = +o0, because only the behavior at large | x| matters to leading order. This how-
ever makes the estimates of the error terms as well as the conditions on the parameters
more implicit.

Remark 1.3 (GP minimizer) We point out that, since the GP functional in (1.18)
depends on N, the same holds for its minimizer gogp . Indeed, it is very well known

that the density |g1)1C\},P|2 is pointwise close as N — oo to the minimizer of the TF
functional
8N
Erprgy (0) = f dx {Veu)p + 511 0)0? (1.21)
R3

among positive densities p normalized in L'. More precisely, one has (see, e.g., [41,
Thm. 2.2])

inf 5‘”‘9 y= inf  EXP (p)(1+0(1)
Il,=1 SPN W p=0,llpll= ErF.gn
=gy° _inf “‘Pl (p)+ O (gN”3 log gN) , (1.22)
p>0,llpll =

as gy — 400, and, denoting by p F the unique TF minimizer,
GP 12
oN (g}v* )
1

i.e., both the GP and TF minimizers spread over a length scale ng (TF radius) and
tend pointwise to 0 as N — +o0.

3 2
s+3 TF
s _ 10]

8N = o(1),

1
o Pen (gjv“x> =pi" (),

(1.23)

Remark 1.4 (Excitation spectrum) In the present paper we do not investigate the exci-
tation spectrum in the TF regime, but we remark that for a system of N bosons confined
in a box, it is possible to study it with similar techniques as in [52]. The extension to
the case of trapped bosons is however not completely trivial and beyond the scope of
the present paper.

Remark 1.5 (Rotating systems) It would be interesting to generalize our result to rotat-
ing systems. It is indeed well-know that if the rotational velocity €2, of the condensate
is not too large, i.e., it is below a critical threshold 2. (N ), the GP minimizer is unique.
In this case, the proof of BEC is expected to hold with minor modifications. For faster
rotation however the GP functional is known to have more than one minimizer. In that
case the proof of BEC is more involved and one expects BEC in the mixed state given
by convex combination of the GP minimizers (see [39, 43]).
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As already anticipated above, after having proven that there is BEC in the ground
state, a natural question that arises is whether BEC is preserved or not by time evolution.
More explicitly, the question we would like to answer is whether we can find an effective
dynamics for a single particle state that well describes the evolution of the condensed
state. We consider a system of N trapped identical bosons, as described before, and
we suppose that at the initial time the state is condensed. After a while, we remove
the trap, thus the Hamiltonian of the system becomes

N
Hy =Y (A +enNPH Y vV (xj — x0),
j=1 1<j<k<N

with domain D(Hy) := L%(R*W Yy N H2(R3N). The dynamics of the system is then
encoded in the fact that the state at time 7, ; € Lf(RW ), is a solution of the
Schrodinger equation

[0y = Hy Yy,
10y NV (1.24)
Yili=0 = Yo.
We prove that, up to some conditions on 8 and g, we can find an effective equation,
i.e., the time-dependent GP equation in the TF limit, which reads

idor = (— A+gn o) (1.25)

such that 1, converges to the solution of the effective problem. Although we need
some technical assumptions on the solution ;, we are able to provide an explicit rate
of convergence.

In the case of dilute limits, this question already has some answers. For example,
it is well known [21, 22, 26, 47, 51] that in the mean-field limit, if the initial state g
exhibits BEC on ¢, then v, exhibits BEC on a family of single particle states {¢;};cr
which solve the nonlinear Hartree equation:

i = (A +vxlel?) g (1.26)

A similar result for the GP regime is well know (see [4, 11,22,23,48] and references
therein). Meaning that if the initial datum exhibits BEC, then BEC is preserved also
at later times on a family of single particle states {¢;};,cg Which solve the nonlinear
GP equation:

i =(—A+8ng el )er, (1.27)

where g is a constant which is defined, in the limit as N — o0, as N times the
scattering length of the system, i.e., Na — g as N — o0.

As we already discussed for the ground state energy, also for the dynamical frame-
work there are different intermediate regimes corresponding to 8 € (0, 1). Also in
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this case [48] if there is BEC at the initial state, there is still BEC in the many-body
state of the system at later times on a family of single particle states {¢;},cg Which
solve the following nonlinear equation:

idor = (= A+ (V) el )r. (1.28)

Moreover, for the same regime, a norm approximation for the evolution of an initial
state exhibiting BEC is also available (see [12]). This last nonlinear equation is rather
similar to the GP equation, with the major difference being that instead of having the
constant g here we find [ v. This is what one should expect since in this regime, N
times the scattering length of the pair potential goes to [ v in the limit N — oo.

Thus, if we now look at our setting in which Na = O(gy), we can expect that
the effective dynamics is a cubic nonlinear Schrodinger equation. Since the effective
scattering length of our potential grows as gy as N — 00, such an equation can not
be independent of N.

Moreover, we have that, in the sense of distributions, N3 v (Nfx) — ([ v) 8o (x)
as N — oo. Using this, one could also see equation (1.28) as a limit for N — oo of an
Hartree equation as in (1.26) with the substitution v — N 3By (N B ) Notice also that
this sort-of intermediate equation is still N dependent, but has now the advantage of
being a good candidate for the equation governing the dynamics of the single particle
state for our system.

Our discussion above led us to guess that we can expect condensation at later times
only on a state which is still N —dependent. For this purpose we will need to consider
two different differential equations. In analogy to the GP limit, from now on we define
the GP equation as

iat‘PtG "= (_

In what follows we will need to work with the associated GP functional. Since to
study the dynamics we switch off the trap, to distinguish this functional from the one
introduced before, we define

2
GP‘ ><p§1’. (1.29)

£ (1) —/ dx |Vu(o)P +—(fv>/ dx u(). (130)

Theorem 1.6 (Dynamics) Let 8 € (0,1/6) and A € (38,1 —3B). Let y; be the
solution of (1.24) and <ptGP be the solution of (1.29) with initial data respectively Vg
and g, both with norm equal to 1. Suppose that v satisfies Assumption 1. It holds true
that

1
i = 1050801 <f< e

+C /gNN_ﬁ <1+gtree(¢0)+gNN ﬁ”(ﬂO”Lm) CvCN(‘POJ)ZgNm’
(1.31)

) eCvCn(po.0)gn 1|
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where ||- || denotes the operator norm and the constant C,, only depends on the potential
v and Cn (g, t) is given by

Crl0,1) 1= ol 2 gy ¢ (EF @IV T hnlc )il 39,
Remark 1.7 (Time-scale of the GP approximation) The initial datum determines the
maximal time-scale on which the GP approximation makes sense through the quantity
Cn (9o, t) and in particular the exponential appearing in (1.32). This in turn depends
on the GP energy of the initial datum via (1.32), which, according to (1.22), can not
be smaller than Cgfv/(SH). We stress that, although we switch off the trap in studying

the dynamics, heuristically ¢ is the initial state of the trapped system: this is why
ree

here we suppose that 8&) (o) ~ C g‘]YV/(SH). Now, the exponential on the right hand
side of (1.32) is bounded by a constant as long as

_22543)

f<ti~gy T (1.33)

Note indeed that, assuming the A2 norm of ¢ to be bounded uniformly, the second
summand in the exponentin (1.32) is much smaller than the first, i.e., of order 312\1 N728,
which vanishes because of the factor N =2 (see also below). For a time shorter than
t,. now, Cy (¢, t) can be bounded by a constant. Plugging this bound into (1.31) and
using similar arguments as above, one gets

1 1A
Hy( - |<ptGP><<ptGPIH <C <N 2

t

3 25+3
! 2 T
Vl/(/o)_|¢0><‘p0|H + N2 +gi/< S N 2>’

(1.34)

which tends to 0 as N — 400 provided the initial datum is not too far from a
condensate on ¢ and assuming

B(s+3)
gy < N2+ (1.35)

Note that, due to the kinetic energy being sub-leading with respect to the potential
energy in the Thomas Fermi regime, to determine the optimal time scale for the
validity of the GP approximation is not an easy task.

Remark 1.8 (Hartree vs GP approximation) The estimate (1.31) is obtained via the
following inequality

oF —pf!

)

! 2

’+2

1 1
s =162y < |rs? = 1oty ol

where we denote by ¢! the solution of the Hartree equation (see (3.1)). More precisely,
the first line in the right hand side of (1.31) is the estimate of H )/12:) — |g0,H) (go,H| ” and

the second line is a bound for 2 ”gotGP — go? ”2 Note then that our result suggests
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that B = 1/7 is the threshold from Hartree to GP. More precisely, if we assume
condensation on the initial state ¢g and gy N P« 1 (see Remarks 1.7 and 1.9), then
for B < 1/7 we see that for values of A arbitrarily close to 1 — 38, Hartree gives

a better estimates. However, if 8 > 1/7, the term H Vx(p:) — o) ((p,H|‘ gives a worse

approximation than ”(ptGP — gatH Hz Note also that the interval of times we can cover
in Theorem 1.6 is the same for both the Hartree and the GP approximations since the
constant C (¢, t) in (1.32) is appearing in both of them.

Remark 1.9 (Time-scale of the vortex dynamics) As anticipated, it would be interesting
to compare our result with the findings of [31], concerning the effective dynamics of
vortices.?

However, a first major difference with the setting considered there is the absence of
the trapping potential, which is mostly due to a technical obstruction for the propaga-
tion in time of suitable bounds along the nonlinear dynamics. This difference makes a
naive comparison (i.e., for Vex; = 0) not so meaningful, but in absence of an external
trap, f, in (1.33) is always much smaller than the characteristic time-scale of the vortex
dynamics in [31],1.e., fyortex ™~ glz\,/(HS) log gn . However, if g is chosen to grow very
slowly with respect to N, i.e. g?v <« loglog N, then the time of the vortices can be
achieved.

1.1 Outline and Sketch of the Proofs

The paper is organized as follows. In Sect. 2 we prove Theorem 1.1, whose goal is to
prove BEC of the ground state W of Hy on the one-particle state (pf’,P. The proof’s
strategy is very similar to the one about the mean-field scaling studied in [28, 52].
More precisely,

e We first approximate the GP interaction with respect to the Hartree one, using
some uniform bounds on goIC\;,P (see Proposition 2.4).

e Then, we follow the ideas already developed in [28, 52] to get a bound on the
expected number of particles in the ground state which are not in @SP (see Propo-
sition 2.5).

e Finally, we use the aforementioned bound to prove the condensation estimate. To
do that we need to study, in the limit N — 400, the bottom of the spectrum of the
effective GP Hamiltonian as well as its spectral gap, this is done in Proposition
2.1.

In Sect. 3 we prove Theorem 1.6. The main ideas are the following:

e First we approximate the many body dynamics with the Hartree evolution. In this
part we follow the ideas developed in [47] using also some Sobolev bounds on the
Hartree state at time ¢ which are proved in Proposition 3.1.

e Then, we compare the Hartree dynamics with the GP one using Gronwall’s lemma
(see Proposition 3.5).

3 Note that, differently to the one of our paper, the setting in [31] is two-dimensional. This is indeed a
natural framework to study the motion of vortices as two-dimensional objects. However, this setting can be
thought as a system with a cylindrical trap. This justifies our comparison.
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In general, we consider a scaling limit in which the coupling constant, gy, is N-
dependent. This choice requires a careful analysis to keep track of the N-dependence
in all the bounds we need to prove both Theorems 1.1 and 1.6.

2 Ground State Energy

The aim of this section is to prove Theorem 1.1. We start by recalling that, under our
assumptions, the GP functional in (1.18) admits a unique positive minimizer, which
for short we denote in this section by ¢SF (in place of gogp) and which satisfies the
Euler-Lagrange equation

(—A + Vex) 9T + gn (f 0)19°F120P = ugpe®, @2.1)
where
8N
nep = Egpy + 55 U 0)lg sz 22)

Because of the uniqueness of the solution to (2.1), @O is also the ground state of the
GP operator hOP defined as

hOP i= — A+ Vexe + gn (S 0)[95F)2. (2.3)

One can find a complete set of normalized eigenfunctions {¢, },,cn for the GP operator
hOP, where we identify ¢g = ¢OF. Given that the spectrum of ACP is discrete, we
can assume that the corresponding eigenvalues are ordered in such a way that ugp =
mo < 1 and u; < wjqq forany j > 1. In what follows it is very important that the
inequality sgp < w1 is strict, which is due to the fact that 6P has a unique ground
state (see also Proposition 2.1).

To prove Theorem 1.1 it is convenient to introduce an operator, which we call A,
that counts the number of particles outside goGP, i.e., the number of excited particles. For
short, we now set P := |¢OP) (9P |and Q :== 1 - P = Zn?éo |¢n) (@n|. Furthermore,
Pj and Q; will denote copies of the operators P and Q acting on the j—th particle.
The operator NVt can then be explicitly written as

N
Np=>"0;. (2.4)
j=1

We now briefly explain the strategy of the proof of Theorem 1.1. In order to prove
BEC of the ground state Wy of Hy in the one-particle state ¢“F, we prove in Proposition
2.5 an upper bound to (¥o, N3 W). To do that, we need to prove a lower bound on

the energy gap i — uGp.

@ Springer



On Bose-Einstein Condensates in the Thomas—Fermi Regime Page 130f44 25

2.1 Preliminary Estimates

In this section we prove a lower bound for the energy gap pgp — (1 and we estimate
||<pGP||Loo(R3) and ||V(pGP||Loo(R3) in terms of gy .

2.1.1 Energy Gap

Acting through the unitary transformation defined by

3

o) =2y (e722), £ i= (gn(0) T @5)

one gets
GP -2 2 €2 -2
(0. i) = &= 52 (v, (=6%A + Veu + [W617) ) = "2 (W hevr). 26)
where v is the ground state of /. with energy 1, which is explicitly given by
¢ () = ey (sﬁx) : 2.7)
Analogously, we denote by u§ > uf the second lowest eigenvalue* of A, and by Va4

the associated normalized eigenstate. It easily follows from (2.6) that

2s

w1 —puGp =& D (] — ug) - (2.8)

To study the energy gap, it is then sufficient to find a bound for u§ — g, that is what
we do in the next proposition.

Proposition 2.1 (Energy gap) There exists a constant C > 0 depending only on v and
Vext such that

wh — ul > Ce?. (2.9)
As a consequence, there exists a constant C > 0 depending only on v and Vex; such

that

__2_
w1 —uge > Cgy*. (2.10)

A key ingredient for the proof of Proposition 2.1 is an integral estimate for y{. This
is the content of the next proposition, whose proof is very similar to [46, Proposition
3.5].

4 Note that the strict inequality ,ui > ;48 follows from the uniqueness of the ground state of /.
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Proposition 2.2 (Integral decay estimates) Let A(x) be the Agmon distance associated
10 Vexe(x) = k|xI® (s > 2), i.e,

Ax) = \/%& (2.11)
1+s/2
Then
A) < 3
/dxe 2P < (1 + pde T, (2.12)

R3
where C > 0 is a positive constant which depends only on the trapping potential Vey;.
In the proof we use the following lemma.
Lemma2.1 Let W(x) i= Vexe (x) + [ (x)1? — 1§ and let @ (x) := A(x)/2¢?, where
A(x) is as in (2.11). It holds true that

/dx (W(x) _ 82|V<D(x)|2) 220 [y (02 0. (2.13)
R3
The proof of the lemma above is an adaptation of [46, Lemma 3.6].

Proof of Proposition 2.2 We set

Q= {x € R | Vew (x) — 4t < 4} (2.14)
and
o
() = 55 A), (2.15)
so that
, 1
VO (x)|” = 4_82Vext(x)- (2.16)

We then have that for each x € Q¢ = R3\ Q,
(Ve @ + 105 )2 = 1) = 2IVODP > 1. 2.17)

In what follows we use W (x) to denote the potential W (x) := Vex¢ (x)+ [/ (x) |2— M.
By (2.17), we get

[axee @i wp < [ax (we - Evemp) @yl

Q¢ Qe

@ Springer



On Bose-Einstein Condensates in the Thomas—Fermi Regime Page 150f44 25

< —/dx (W) =2 Ivow ) 2Oy,

Q
(2.18)
where in the last inequality we used that
/ dx (W) = 2IVom ) Wy ()2 <0, (2.19)

R3

which is what is stated in Lemma 2.1. Using now that W (x) — 2|VD|? > —uf, from
(2.18), we have

/ dx POy 01> < f dx Oy )P, (2.20)
Q¢ Q
which implies
[ ax e OiwP < s+ 1 [ ax O 221
R3 Q

To conclude, we bound the integral in the r.h.s. above. It is then enough to use that
there exists a constant C > 0 which depends only on the trapping potential such that

() c p
supe 2 < e2 D, (2.22)
xe
We then get that
C &
f dx 22O 1y ()2 < (uf + De T (2.23)
R3

O

Proposition 2.3 (Boundedness of M;) There exist a constants C > 0 depending only
on v and Vext such that, for j =0, 1,

0<u’<C. (2.24)

Proof We first prove that p( is bounded. It is trivial to see that the energy £°(yr),
where we set

1
EE(Y) i= (Y, (—&2A + Vex)¥) + 5 / dx [y (x)[%, (2.25)

R3

@ Springer



25 Page 16 of 44 D. Dimonte, E. L. Giacomelli

is uniformly bounded, by evaluating it on a suitable trial state. Therefore, being £¢ the
energy functional associated to 2° and being v/ the corresponding ground state, one
gets

1
wo = E°WG) + S Iv5lls < 2E°(wH) < C. (2.26)
We now bound 1. By the min-max principle

ui=inf (Y hey). (2.27)
11,2 (z3) =1
vLvg

Notice that given that V¢ is even, then 1//8 is even. Therefore, for any normalized odd
trial state Yyia L ¥, and as a consequence we get

15 < (Wials herial) < C(1+ (1Y 113,)- (2.28)
Furthermore, a direct application of the maximum principle to the eigenvalue equation
EAY§ = (Vext + Y1 — MS) Vo (2.29)

provides an upper bound on |[[¥;[l: since by elliptic theory § is smooth, at any
maximum point x € R3, one has

0> SZAwé(f) 2 (Wé(@lz - Mf)) Vo (%), (2.30)
so that (recall that y5 > 0)
5@ < uh<C, 2.31)

which in turn implies the uniform boundedness of u{ via (2.28). O

Proof of Proposition 2.1 We first prove (2.9) and then deduce from it the estimate
(2.10).

Bound forp] — pug. Letu(x) := ¥ (x) /¥ (x), which is well posed since v/ (x) >
0. We have that

1 =u3+82/dx|Vu<x>|2|w5(x)|2,
R3

since, by the eigenvalue equations for ¥/,
/ dx 2|V (x)* = / dx & |u(x) VG (x) + (Vu @)y (0
R3 R3
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= [ ax {FvucoP P - o Prswavgo)

R3
= /dx [21VuOPIYE O = Vel Pl 0
R3
—lu@ P + woluoPlyg o) (2.32)

To find a lower bound for ] — 1, we then use Poincaré’s inequality. More precisely,
let Br := {x eR3||x| < R} for some R > 0 to be fixed later and let

Ug = /u(x)wg(x)ﬁ. (2.33)

Bg
We can bound
5 5 2 20,16 2
uy — uy = Cre /dXIM(X)—MRI [y ()7,
Bpr

by the weighted Poincaré’s inequality (see [50] and references therein) and where
Cg > 0is a finite constant depending only on R. Now, recalling that ¥/{ L v, we
get

2

/dx | (x) — ugl* 19 ()1 =fdx|wf<x>|2+ /dxwé(xwf(x)

Bg Bgr Br
x (f dx [y (0 — 2)
Br
2

=1 —/dxll/ff(x)lz— /dx Yo (YT (x)

By %
x 1+/dx|¢5(x)|2 , (2.34)
By

where we also used that ||1//;||L2(R3) = 1 for j = 0, 1 Using now Cauchy-Schwarz,
we obtain

ps — b > Cre? | 1 — 3fdx HEN P (2.35)
By
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We then have to bound
/ dx |y ()2, (2.36)
B

to do that we use Proposition 2.2. Indeed, from (2.12), we get that there exist two
constants C, C’ > 0 such that

_CrrpltS e
/dxlllff(x)lz < (14 e = @R 2, (2.37)
By
Given that . is uniformly bounded, there exists a constant C” > 0 independent
of & such that i < C”. We can then fix R so that

+C 1+

R™: > i (2.38)
to get
ws — uh > Ce?. (2.39)
Bound forugp — 1. By (2.9) and (2.8)
_2
nop — 1 = Cgy'™, (2.40)
which implies the result. O

2.1.2 Estimates for [| @ || oc (g3), IV @ Il (z3)

Proposition 2.4 (L bounds) Let ¢S be the normalized ground state of the operator

hOP defined in (2.3). There exists a positive constant C > 0 such that
__3 253
o oo ray < Can ™™, IVl po(rsy < ey ™ (2.41)

Proof Recall that ¢CF is such that (¢SP, hPpOP) = ugp, it then follows that ¢S
satisfies the following variational equation

g = (Vex + gw (S 002 = i) ¢ (242)

Proceeding similarly as in Proposition 2.3, one can prove that

HGP

gn(fv)’

9P (x0) 1> < (2.43)
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From (2.8) together with (2.24), it follows that

S

uF < Cey, (2.44)
which immediately implies
||§0GP||Loo(R3) <Cgy ™, sz (2.45)

We now estimate the L°°-norm of V(pGP . For short, we set

Fx) = Vext )9 (x) + g (S 0 19F (0120 (x) — napeF(x),  (2.46)

so that ¢OF satisfies ApSP = f. The bound on the L>°-norm of V¢©P can then be

proven by standard elliptic estimates. More precisely, there exists a constant y > 0
such that for all x € R¥ it holds

16y
P P
IV Il o8, 2000 < VI F LB, o)) + 7||¢G i,y (247)

where we denote by B, (xo) := {y € R3| |y — xo| < r}. For a proof of (2.47) we refer
to (Proposition 11.2, [20]). By Cauchy—Schwarz inequality, we get

_3
Ve 0l < IV s, n00n < € (I ey + 0730l 2w )
< Cllf - (2.48)

—2/5
Lo (R3)
||(pGP |23y = 1. We then have to estimate the L norm of f. To do that, we use the
bounds (2.44), (2.45) and we get

where in the last inequality we fix the radius p to be p = || f|| and used that

1 1l ooy = Vext @)@ () + g (S 0)1@F (0120 (x) — 1pe ™ ()| oo 3
25—3

< Cey"™ 4 1Vext oo ) (2.49)

Using the exponential decay of ¢SP, which can be deduced from Proposition 2.2
together with the maximum principle for subharmonic functions and which implies
that

3 s+2 _ 1 1
— 53 s+3 s+3 7 —
loSP ()] < CgNZ(AH)e_CgN Uey " X=CD for |x| > g;\,*’%R, (2.50)

for some R > 0 big enough, it follows that

25—3

[ Vext@ ¥ ll Lo w3y < Cgn' - (2.51)
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Inserting (2.49) and (2.51) in (2.48), we get

25—3
||V(PGP||LOO(R3) < CgJ%/(HS). (2.52)

2.2 Bound for N/,

Before proving Theorem 1.1, we need a bound on A/ This is the content of the next
Proposition. The proof is very similar to the one of [28, Lemma 1]. In the proof we
will use Lemma 2.2, which is proven below.

Proposition 2.5 (Bound for N.) Let v satisfy Assumption 1. Then, as N — oo, there
exists a constant C depending only on v such that

545 2(s+1)
(Yo, N Wo) < C (g;'v“ NP g P N“ﬁ) : (2.53)

Proof We first prove an upper bound for Eo(N). As a trial state we choose the one in

which all the particles occupy the GP minimizer, i.e., (95?)®", obtaining

(N—1)
Eo(N) < N{g%, (— A+ Voo™ + / dx oy * [P ) (0 lgSF () 2
R3
N -1
< NP, (= + Vedd®) + gn ()" / dx |99 () *
R3
—1
+Can g 0™ e (23) I VO™ e ()
< NEGp y + CenN" P lo Il oo () 1 VTl 10 (R3) (2.54)

where in the second inequality we used Lemma 2.2.

We now prove the lower bound. For any m € N we set i, (x) := |<pGP |2(x) —
% Z;v:l Nm(x — x;), where n,,(x) € C (R3) is a sequence of mollifiers, such that
1Mmll2 = 1 forany m € N and (vy * n,,)(x) = vy (x) a.e. as m — oo. We then have

0 <fdx/dy¢m<x>vzv<x—y)wm(y>:fdx/dykpGP(x)FvN(x—y>|¢GP(y)|2
]R3

R3 R3 R3
2 N
N Z/dx/dy P P on (¢ = Y (v — x7)
j=1R3 R3
1 N
7 2 /dx/dy M (X = X)UN (X = )0 (Y = x), (2.55)
Jk=1

R3 R3
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where the first inequality follows from the fact that 0 > 0. Taking the limit m — oo,
by the monotone convergence theorem, we get

) N
0 < / dx (on * lpP Y @IT P = 3 n * 9% ) (x))

R3 Jj=1
1 N
5z > o —x), (2.56)
j.k=1
which implies that
8N gnN
T by x> =2 [ dx oy s g P 0P
1<j<k<N R
N
+en Y _(n x 19T () — en N o(0).
j=1

(2.57)

From (2.57), we then get

N
HY® > 37 [ =)+ Vo)) + g on [0 ) )
Jj=1

_8nN

S [ dxonx P 1)) () 19F ()12 — gn N 0(0).

R3

Now, using Lemma 2.2 twice and exploiting the normalization of %, we can replace
both convolutions, obtaining

Hy® —NEGpy > > (S — pgp) — gnN*¥v(0) (2.58)
j=1
—Cen NPl oo 3y IVO Tl o3y (2.59)

N

Hence, recalling the eigenfunctions {¢,},en of ASP with eigenvalues {4, }pen (With
@0 = ¢, o = 11Gp), we have that

N
Z(h?P — Kgp) = Z(Mj = 1o)lej) (@il = (m1 — po)Ny =20 (2.60)
j=1 >0
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that we plug into (2.58), so obtaining in combination with the upper bound (2.54)

(11 — nGe) (Wo, N Wo) < gn NP u(0) + Cen NP1l | oo (m3y IV | oo 3y -
(2.61)

Applying Propositions 2.1 and 2.4, we finally get

__2_ 25
Cgy "™ (Wo, Ny Wo) < (11 — pgp) (Wo, Ny Wo) < €7 (gNN3ﬂ + g;v“Nl—ﬂ) :
(2.62)
for two positive constant C, C’. The result immediately follows. O
We now prove a Lemma on the comparison between the Hartree and GP interactions.

Lemma 2.2 (Hartree and GP interactions) Let v satisfy Assumption 1. Then, there
exists a constant C > 0 such that

C
o #6900 = G0 167 PO oy < gl e 1997 )
(2.63)
Proof A direct computation yields
o * 6% = G0 1T PO
2
= sup / dyv(y) (\wG"u - Ny - |¢G"|2<x)) (2.64)
xeR3 B

1
2 _ _
= sup | [ o) [[an 5o - AWV = ANy
0

xeR3 B
2 GP GP
<o | [ dy e | 1o e 199 I (e, (265)
3
O

2.3 Proof of Theorem 1.1

By Proposition 2.5

545 2(s+1)
(Wo, N} Wo) < C (g;v” NP 4 g le> : (2.66)
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so that
1 1
1= (0%, yue®™) = [N — (W, a*(wGP)a(wGP)‘Po)] =+ (Yo, Ny Wo)
545 2(s+1)
< Cg]:/+'5 N3ﬂ71 + CgNY+3 N*Ig’ (267)

which completes the proof.

3 Dynamics

This section is devoted to the proof of Theorem 1.6. We summarize here the main
steps.

e First, we use the techniques introduced in [47] to approximate the many-body state
at time ¢, ¥, in terms of (p,H ,1.e., in terms of the solution of the nonlinear Hartree
equation which reads as

2
iy’ = (—A+ngN* of! )co?, 3.0

where we recall vy (x) = N3#Pu(NPx).
e Afterwards, we estimate the distance between (ptH and the solution (ptGP of the GP
equation introduced in (1.29), i.e.,

i0;05F = (—=A + gn (/) [0CP )eSF.

In the following we will need to work with the Hartree energy functional, we set here
the notation. We define

Ele(u) =/dx|w(x)|2+%N/dx (n * ) () (). (3.2)
]R3 R3

3.1 Sobolev Norms of the Solutions

An important role in the proof of Theorem 1.6 is played the L°° norms of go,GP and
(p,H. We then adapt the proof of [4, Proposition 3.1 (ii)] to our framework to prove a
bound for the H2-norm of ¢S and ¢!, from which we deduce the estimates for the
L°°-norms.

Proposition 3.1 (Sobolev bound for (ptH, <ptGP) Let gotGP and (ptH be solutions of, respec-

tively, (1.29) and (3.1), both with initial datum ¢y € H" (R3). Assume that v satisfies
Assumption 1.
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(i) There exists a positive constant C > 0 which depends only on the interaction v

such that
GP free
sup 77| F@0), sup Vel
teR HI(RS) teR !
< CEEF(90) + CanN P llgol sy (33)

(ii) There exists a positive constant C such that for any t € R

In the proof of Proposition 3.1, we use some Strichartz estimates. In particular we
6

NIEGE ()Pl (3.4)

0| o) = Clgollaa) e

H2(R3) —

([Sﬁee((ﬂo)] +gNN zﬁHWOHLOO(R3))|t| 3.5)

o C llgoll 2 (r3) e

Z(R"é) -

use that for any function f € L®L3, one has

sup
1€[0,T]

t
/0 ds e’(t_‘Y)Af (s, ")

T 3.6
L2(R3) IGS[BIPT] ILf @I s L) (3.6)

For a proof of (3.6), see [32, Theorem 1.2].

Proof of Proposition 3.1 We start by showing the bounds in (3.3). The estimate for ¢S
directly follows from the fact that ¥ > 0 and that the energy is preserved by the GP
dynamics. We now look at p!1. Notice that, proceeding similarly as in Lemma 2.2 and
using Assumption 1 we get

(w0, (vn * ol* = 9o P)po)| < CanNTF Vg0l 2wy 00l ooy - B

Using now Cauchy—Schwartz and the fact that the energy is preserved by the Hartree
dynamics, we can write

&N
IVer Iy < (90, (= A+ ZZuw * g0l )p0) < EGF(90) + C V0l 72 es)

+Cay N 190017 oo oy - (3.8)
We then get
sup | Ver'll2 < C/ €55 (90) + Can NP l9oll] o - 3.9)
teR

We now prove (3.5). Being <ptGP the solution of (1.29), we can write

t
. 2
¢t ="t —ign f ds e’<’—S>A(so,GP) w,‘“’). (3.10)

fo
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Consider now o € N3 with |a| = 2; we use the notation 3% = a5 357 ds: . We have

t
aa(pIGP _ ezmaa(pgp . igN/ds Pl1=9)8 g ( %GP‘ (p[GP)
fo
=eitA8“(p,(O}P—igN/ds RIGOI Z ( )( )(a(a—ﬁ)got(]Pa(ﬂ—y)%GPay(ptGP).

y<,3<a

@3.11)

By (3.6), we get

a, GP
t

a GP
a (pl(]

sup

telto,t10+T] LZ(R3)

/ ds £ 3 ( )( )(am—ﬂ)%ﬁa(ﬁ—y)wgpay(plm’)

y<p=a

L%(R3)

+gn  sup
telto.to+T]

L2(R3)

aa(PSP

+ 64gn VT Z sup HB(Q_ﬁ)thPB(ﬁ_V)thpayw,GP‘
y<B<a telto,to+T]

L8
(3.12)

L2(R3)

As in [4, Proposition 3.1], via Holder inequality and Sobolev embeddings, we get
that there exists a constant C (which depends only on the Sobolev embeddings) such
that

GP o GP
sup ‘8°‘<p ‘ _‘8 17
reloro4r) | L2 (R3) 0l (w3)
2
+Cng/T sup ‘(pGPH ‘(pGPH .
reto oty I HT @3 17T a2 (R3)
(3.13)

This means, that up to increasing C and using (3.3), we get that for any ¢t €
[t0, 20 + T1,

GP GP
@ H Hgo +CEgNﬁ sup Hgo ) ,
H folm e T H2 () reloor | HA(E)
where we denoted by E = tree(gpo) We can now fix T small enough so that
CEgn~T = 1/2, as a consequence we get for any ¢ € [1g, fo + T']
’(pG H 2‘¢ ’ . (3.14)
ol T e e
Repeating the argument, we get that for any r > 0
o | <2 o] : (3.15)
a2 ey — b2 (R3)
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Fixnowt > O and let k € Nsuchthatt € (k — 1) T, kT]; then

|« }HZ(H@) 2o, R = Hligoll ey = 27 ool o)

= 2CEN oy | 2 gy - (3.16)
which implies (3.4).
The proof for (3.5) can be done in the same way. Proceeding as above, one gets

H
sup “o _‘EHD +envT ()( )
telto 10+T] tlla(re) Olli2(wr3) ; 14
(— ﬂ) H (B— V) H) g7
sup HUN * (8 0 ) A7) 6 .
telto,to+T7T] l LS(RS)
(3.17)

The only difference with respect to before is that to bound the interaction term one
has to use Young’s inequality for the convolution (see [37, Theorem 4.2]). O

3.2 From the Many-Body Problem to Hartree
In this section we want to compare the many-body problem with the Hartree approx-

imation, the main result is in the proposition below.

Proposition 3.2 (From Many-Body to Hartree) Let B € (O, %) and A € (38,1 —3p8).
Let Yy and gotH be the normalized solution of (1.24) and (3.1) with initial data o and
©o, respectively. Suppose that v satisfies Assumption 1. We have

|

1-A
< ﬁ(N 2 igobtenl - 70|

1
H o) (et — v,

n N?) (ColCn (0.0 +C . ]
(3.18)

where C, is a constant depending on the L and the L? norms of v, and Cn(¢o, t) is
given by

& (€8 (o) P+g3 N2 o I

Cn(wo. 1) = llwoll 2 (r3) e L°°UR3)> . (3.19)
The key idea for the proof of Proposition 3.2 is to control the number of bad
particles in the many-body system (i.e. the particles not in the state ¢!!), we do that
using methods introduced in [47].
We now fix the notation for the projectors on the spaces of good and bad particles.
We collect and prove the main general properties of these operators in Appendix 1.

Definition 3.1 Let ¢ € L? (R?) and y € L2 (R?V).
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1. Forany 1 < j < N, the projectors p¥ : L? (R*N) — L? (R3V) represent the
probability of the j-th particle of the state i of being in the state ¢, i.e.

Py (s xn) = (@) @D ¥ (s - )

Ego(Xj)/R}dzgo* (Z)lﬂ(xl, cees Xj—1, 3, X410, ...,XN).
(3.20)

Analogously, qf =1- pf represents the probability of the j-th particle of the
state i not being in the state ¢.
2. Forany 0 <k < j < N we set

. o
Al i=1a:=(ar,a2,...,a;) € {0, 1} : Za,:k (3.21)
=1

and define the orthogonal projector Pﬁ L on L? (R3N ) as

Ple= 2. ﬁ ()" (@ )"]. (3.22)

ac] I=N =+

Note that the rank of P;ff ¢ 1s the space of states that in the last j particles have
exactly k that are not in the state ¢ (we sum over Ai to make the state symmetric).
In the following we denote by P,f the projector given by P;\’}, o

3. For any function f : {0, ..., N} — R we define the operator /¥ : L2 (Rw) —
L? (R*V) as

Fo=3"fw P (3.23)
keZ

where f (k) =0forany k € Z\ {0, ..., N}.
Similarly, if f; (k) := f (k4 d) for any d, k € Z, we define the operator f;p :
L? (R3N) — L2 (R3N) associated to f; as

fl=>"fk+d P (3.24)

keZ

Throughout the following Section, the hat ™~ will solely be used in the sense of
Definition 3.1.

Following [47], we now introduce a functional which encodes the fraction of con-
densation within itself.
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Definition 3.2 Forany A € (0, 1) we define the weight function ur:{0,..., N} >R
as

A
u (k) = { yxo fork = N (3.25)

1, otherwise.

Moreover, for any N € N, we define the functional ot/)\‘, : Lg (R3N ) x L2 (R3N ) —
R as’

ehvon = .2) = | )" |

. (3.26)
L3 (R)

The proof of Proposition 3.2 is based on some Gronwall estimate on the quantity
al’\‘,, which we prove in the next proposition.

Proposition 3.3 (Gronwall estimate on a])\‘,) LetB € (O, %) and\ € 38,1 —3p). Let
Yy and (le be the normalized solution of (1.24) and (3.1) with initial data vy and ¢y,
respectively. Suppose that v satisfies Assumption 1; we then have

1 2
(xI}\\, <l/ft, (P,H) = (061):’ (Yo, po) + N)‘_3ﬂ> 2Cv(Cn(90.0)+Cn (g0.1) )gNIt\’ (3.27)

where Cy is a constant depending on the L' and the L? norms of v, and Cx (¢o, 1) is
given by

Ce (18 @0 P+83 N2 9ol g ) 1

Cn(po. 1) = llgoll m2(r3) € (3.28)

3.2.1 Proof of Proposition 3.3

To prove Proposition 3.3 we need some preliminary results which are stated in Lemma
3.1 and in Proposition 3.4. In the proof of these two intermediate results, we use
some operator estimates proven in Appendix 1. To simplify notation we will use the
following definition.

Definition 3.3 We denote by U; ; the difference between the pair interaction and the
mean-field interactions for two particles j and k, i.e.

Uji = (N — Doy (xj — x) — Noy * 9P (x;) — Now * ol (xp) -
(3.29)

Lemma3.1 Let A € (0, 1). Let Y, and (ptH be the normalized solution of (1.24) and
(3.1), respectively. Then we have,

o (v oft) =T (w o). (3:30)

5 For ease of notation we will write [LA  instead of [L
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where T : L2 (R3N) x L? (R}) — R is defined as

-~ A}\’

P @) =20t (v (7 =7)7) f pfvi2rf )
~ A,

+gnIm (<1/f, (,uMo — 15 ‘/’> p‘lf’p‘z‘)Uqu;"qfi/;»

~ ~A,
+2gwim (v (2™ = ) p{afUi2afalv)). (33D
H
Proof First notice that for any 1 < j < N if we differentiate pj(e’ we get

H H
op} = (e @rer'l); + (10 er'l), = i [pf;" —A; +gnoy * |l (x,)] :

(3.32)
.. gaH
and similarly for ¢ j’
o | el H|?
dq; =i|q;",—Aj+ENUN *|¢; (i) |- (3.33)
It is then useful to introduce HI(_’I) defined as
N
HY =Y [—A,- T gnoy * o) (x,)] : (3.34)
j=1
As a consequence, forany 1 < j < N, we can write
H H H H H H
atpj.’f = [pj.’f . Hy } , a,q;f’f = [qj.’f , HY } ) (3.35)

H
Given that for any 0 < k < j < N the operator Pj(-p’k is just a linear combination

H H
of p;p’ ’s and qlw’ ’s, we deduce that for any weight f : {0, ..., N} — R™ we get

o~ —~ H
o F =i [at 7o } . (3.36)

In order to simplify the notation, for the rest of the proof we will drop the labels gz),H
and A in the formulas involving the weights and the effective many-body nonlinear
operator. If now we differentiate 8,0{1}\‘, (1//,, go,H), using (3.36) and the symmetry of ;
and 1, we get

tad (Vi o) = —i Wi, 17 Hy = Hil ) = =52 (v, [ U 2] )
= gnIm (V1. 12 U129)) - (3.37)

.8N
—jr
2
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We want to now decompose the action of the operator i Uj > in terms of pj, pa,
q1 and g3. To do so, recall that P; ; projects on the space of states in which in the last
J particles there are exactly k particles that are not in the state <ptH; we can then write

Py = Py =p1p2Pn—2i+ (p1q2 + q1P2) Pn—2k—1 + q192 Pn—2k—2.

As a consequence, for any weight f : {0, ..., N} — R we can use the equality above
to get

F =Y f0pP=Y f& (pip2Pvak+(p1a2+qip2) Px-2k-1 + Py_24-2)

keZ keZ
—pip2 Y fk+2) Pyvoak—(piga+qip) Yy f(k+1) Pvax
keZ keZ
=pip(f = )+ (a2 +a1p2) (F = ) + D f (k) Pyv-aia. (3.38)

keZ

We can then insert (3.38) in (3.37) and we get

oy (Vi olt) = gnim (1. (p1p2 (@ = 2) + 212 (@ = 0) U 2¥)

= Z [gnIm (W1, prp2( — 2)Ur 28152 ¥))

f1=p1.q1
f=p2.q2

+ gnIm (Y2, prga (i — LD UL 2E182¥)) ] (3.39)

where we used that the last term in (3.38) is self-adjoint and commutes with Uy 2. It
turns out that many of those terms are either identical or vanishing. In particular, we can

use (4.3) to have that p1 p2 (& — 02) U1 2p1p2 = Splpz (W — 2) U1,2P1P2)T, which
implies that Im (v, p1p2(4 — f2)U12p1p2¥:)) = 0 and similarly we get that
Im ((w,, p1g2(f — ﬂ])U]yzp]qzwt)) = 0. Moreover, using the symmetry of ¥/, an
easy computation shows that (y;, p1g2(A — 1) U121 p2v) € R, therefore the imag-
inary part is vanishing. For the remaining terms, we can use again (4.3) and after some
manipulations we can combine them to get gnIm(y;, pi pa (L — 1) Ui 2p1g2). We
then obtain

draryy (1/1,, QDP) = 2gnIm (1, p1p2 (& — [01) Ur2p192¥1))

+gnIm (7. p1p2 (B — 112) Ur,2q192%1))
+2gnIm (Y1, prg2 (0 — 1) Ur2q1294)) . (3.40)

which concludes the proof. O

The next step is to estimate separately the three terms appearing in F;} (gﬁl, go}'l) in

terms of ay A (v, ¢! in order to prove a Gronwall-type estimate for ayA (Y, ¢f).
This is the aim of the next Proposition.
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Proposition 3.4 Let A € (0, 1), let ¥, and ¢; be normalized solutions of (1.24) and
(3.1), respectively. The following estimates hold true.

Al H H _H H _H
‘Im <<wt, (ul e > Py Py Uapl gy 1//z>>’

- vl L1 (r3)

2
;! NE% o 341
= N% t LOO(RS) aN (wts (pt )1 ( . )
Al 5 H Ho o H H _H
’Im <<1/ft, (Mz — N«)\"p’ > P(ft P; U1,2ql(pt q;ﬂt 1/’t>>‘ (3.42)
§2max{||v||L1(R),||v||L2(R)}maX{H(p,H Ly ot Lw(Rg)}
N3B-A
x (ax (v 0lt) + = ) , (3.43)
PNV A I
’Im ((w (ul T ) Py aS Uiagl g5 wm (3.44)
2 max [||U||L1(R3) , ||v||L2(R3)} "
<
= N ¢! Hmo(u@)
38
X (N 2+ ‘ (ptH LOO(]R@)) 0517\‘, <1/ft, (ptH> . (3.45)

Proof In order to simplify the notation, during the proof we shall drop the labels A
and gatH for short. To start we note that for any function we can rewrite the operator
p1vN (x1 — x2) p1 in the following more convenient form:

prow e —x2) pr = (IefHel'l) ow 1 =) (lef)ell),

= (on * 10f"7) (2) 1. (3.46)

Proof of (3.41). Using the fact pjg; = gjp; = Oforany 1 < j < N, by (3.46), we
can rewrite

pip2Uiapiga = pipa [(N — Doy (x1 —x2) — Nuy * @] 2 (x1) — Noy * ol 1> (22)] p1g2
—Npip2 vy * g (x2) p1g2
= —p1p2 vn * |} | (x2) P12 (3.47)

As a consequence, using (4.2) and (4.3), we are able to bound the left-hand term in
(3.41) as

[Im (¥, (@1 — ) p1p2 vw * 1o 12 (02) praavn))| < Juw * ol 12 (x2) pa| (B — B=1) g2
i

< [ow * 19! 2) pa| & = D) DYl -
(3.4

8)
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We then bound separately these last two terms. To bound the first term, one can easily
show that

Jow #1687 ) pa2|* < (@, (on # 10117 (2))” o) < o HLa(R;) [on = 10! (x2)||L;(R;)
”‘Pr HL"’(]R‘) HU”LI(RX) ”‘/7; ||L:><.(R"ﬂ) ”v”L‘(R‘) (3.49)

To bound the second term we want to use the explicit definition of w. In particular,
we have that | (k) — u—1(k)| < CN—. Moreover, for any k < N7‘, we have

1
(40— poy (7 )] = o = i ). (3.50)

Given that (k) — u—_1(k) =0ifk > NM +1, we get that

1
I@ = -0 il = (v (=)0 <

[ESY <Wzvl“/’z)
N2
!
= o (Vi o). (3.51)

The estimates (3.49) and (3.51) imply (3.41).
Proof of (3.42). To prove (3.42), we first look directly at the operator p p2U1.29192.
We have

p1p2U12q192 = (N — 1) pi1pavy (x1 — Xx2) q192. (3.52)

We act similarly as before. In order to do so, notice first that the function u, — u is
positive and corresponds still to a weight, so we can consider the square root of the
operator o — /& and using (4.3), we get

A R H H H H H
‘ (<%, ( o il ) Py Py Uit 4 Wr>>'

=V =1 (Y @2 = P prp2oy (1 = ) @102 (@ — -2 )

We now use that vy (x; — x2) is nonzero only in a small region where x; ~ x3,
because of the quick decay of vy . To exploit this fact is then convenient to symmetrize
(N — D) vy (x1 — x2) replacing it with Z/1<V=2 vy (x1 — xx) to get, using Cauchy-
Schwarz,

N =1 |, @ = D prp2ow (1 = 2 @12 @ = 7-2)° )|
N

> qjvw (x1 = xj) prpj (A2 — ' 4 H @ -2 a1y
=

(3.53)
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We now bound those terms separately. For the second term, we can again write explic-
itly the difference &t — 1_»:

% fork < N,
k) =i (k) = § Y22k for NA < k < NN 42, (3.54)
0 otherwise,

and by (4.2) we then get

1

= (v - ﬁ_znzwt)% < \/%wff, i)

2
_ \/; o (1. ). (3.55)

We now take into account the first term in the r.h.s of (3.53). Explicitly, it is

|@-72"qw

N 2

ZQJ'UN (x1 —xj) pipj (2 — 2y
=2

N N
= Z(llfz, (B2 =% prpjun (x1 = x;) gjqevn (1 = x0) prpe (Bo — )/ Wz>,

j=20=2
(3.56)

and now we bound it as a sum of two different terms, one in which j = ¢ and one for
the case j # €. For the case j # £, by (4.9) and (4.10), we can write

N? <¢" (2 — "2 pipavn (x1 — x2) q2q3vN (x1 — x3) p1p3 (2 — )'/? I/fr>

2
< N? H\/Ivzv (1 —x)lVlow (1 = x3)lp1ps (2 — )2 a9 H
2

< N [Viow 1 —mlea] @2~ 72 o

Moreover, by (4.10), we get

4
H 2
(pt LOO(RK) ”U”LI(R3) )

4
[Viow G =lp2| = 2 low 1 = 221 p2l? < |
and on the other hand proceeding similarly as in (3.55) we can estimate

[~ o = e (v 0t (357
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We then get

)N2 <¢t, (2 — % pipavn (x1 — x2) aq3vn (x1 — x3) p1p3 (o — )2 1//z>
4

<2N ||U||%1(R3) "PtH

al (w,, <p}*) . (3.58)

L>®(R3)

We then look at the second term, i.e., the case j = £, in the right hand side of (3.56):
for this term we cannot bring any ¢ close to the state ¥/;, and is therefore not possible to
exploit the state ¥;. We then bound every operator in it directly in norm using (4.11),
we get

N (Wn (12 — )2 p1pavy (x1 — x2) aun (x1 — x2) p1p2 (B2 — )'/? ¢t>

2
< ONIHIB-A H%H

2~ ~ 1 4 2
= Nlow (1 = x2) prpal? |22 — ) oy 1PEaes)

(3.59)

Combining (3.58) and (3.59), we can conclude that

N
> ajvn (x1 = xj) pipj (2 — ' Yy
i

= \/ZN ”””im&) ot “10001@) ay (Vi ') +2N1H36-A ot ”14(11%3) ”””iZ(R*)'
(3.60)

Moreover, the estimates (3.55) and (3.60), imply (3.42).
Proof of (3.44). We start the proof of (3.44) by writing

Al H H H H _H
‘Im (<wt, (ul e ) Py as Uiagl g wt>)'

= | - 2w

<o @ -] jvenl |@-aoiew]. cen

Proceeding as above we can estimate directly (] — /1) D> < %;’I and (1 — f1_1) *

- _1 =
= Ny M-
We now bound the potential term. We have, using (4.9), that
LO@(R»*)) '
(3.62)

[U12p1] H @—a-0"*q19:9

[Viapi] < N ot o

3
Lo (@) max {”U”LI(R3) , ||v||L2(R3)} (N 2 4+

Inserting (3.62) in (3.61), we get (3.44). O
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Combining Lemma 3.1 and Proposition 3.4, we can prove Proposition 3.3.

Proof of Proposition 3.3 As stated before, the key idea of the proof is to exploit a
Gronwall-type argument. In order to do that, we use Lemma 3.1 and Proposition 3.4
to write

31051)\\/ (th‘ﬂﬂ) = Fzy\\/ (’ﬁ/a (ﬂtH)
H 1 1 A H
SCugn (g oy | 1+ —== + H% ”Loo(lR3 1+ F ay Wy, ¢;0)
N 2

2

||(ptH||i°°(R3) H
VN —1x VN (1lfz,<.0: )
N2
Cygn H %
+ A3 ( @, Lo (®) + ||¢; L) (3.63)

where C, is a constant that depends only on the L' and L? norms of v. We can now
do Cauchy-Schwarz in the next to the last term and discard some terms which are
subleading for any A € (0, 1 — 38), to get

ey (Vi ol') < Cogn (0t ey + 10t 12 e sy ) o Wy D)

Cugn Cugn (

H
+N1+}\ ”(pt ||L°°(R3 + m (pt

l2
Lo(R3) )

L (R3) + ’ ¢
(3.64)

Being A € (38,1 — 3p), we get
1
dray (v of') < Cugw (I sy + o 1)) (am% )+ 35)
(3.65)

To bound ||<p,H l| oo (m3)» We use Proposition 3.1. We find

€5 (00) P+83 N2 llpoll* o 5. )11
IlfptHllLoo(Ra) < ||<ptH||H2(R3) < llooll 2 (r3) e ( e L (R”)

= Cn (9o, 1). (3.66)

By Gronwall, we can then conclude that

1 2
a?\‘, (Wﬁ (ptH) < (al)\\/ (o, 9o) + N7\—3/3> eCv (N (w0.D+CN (po.0NeN (3 67)

O
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3.2.2 Proof of Proposition 3.2

The proof of Proposition 3.2 is split in two parts:

e First, we prove that

(€3]

[ef el = vl | < 20, 0. (3.68)

e Secondly, we prove that for some A € (0, 1), for any ¥ € L?(R3N ) with
[ L2R3N) = 1 and for any normalized ¢ € L2(R%), one has

anW, ) < N H|¢><<p| - y,,(,l)H . (3.69)

Combining the estimates in (3.68) and in (3.69) with the result in Proposition 3.3 we
get the result.

Proof of Proposition 3.2 We start by proving (3.68). Being |¢f')(¢f!| — ;) €

&5 (L? (R%)), where with &, we denote the p Schatten space with p = 2, we have,

H (H (€))
ngo, Hor'l = vy, H le, Mol = vy, Sa12(Y) (3.70)
Moreover, using (4.2), we can write
O] a |
it = 2 [ oy = 2 (1= [l ) ]) =2<1— R Lg(}@))
|
— t _ A(p,
= 2| ] o, =25 | . (3.71)
Given that v2 < p? we can write
1 H
ettt v | < V2 [, oy SV2N W) 3T

Consider now 0‘1)\\/ (W, 9) = (Y aM?y), we have

A W) = N M, (02 9) = N gl v ooy = N l0) 01 = 7P
(3.73)

where we used that 1 (k) < N'=?1? and where the last inequality follows from the
definition of g} . If we now apply (3.69) to o € L?(R3*") and gy € L*(R?), by (3.68)
and Proposition 3.3, we get
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D% - 2
ittt = v < 2 (M fiondtgol = 7| + g ) € Crm ettt

(3.74)

m}

3.3 From Hartree to Gross—Pitaevskii

The main goal of this section is to prove the following proposition.

Proposition 3.5 (From Hartree to Gross—Pitaevskii) Let B € (0,1/3). Let (ptGP and
(p,H be the normalized solution of (1.29) and (3.1), respectively, both with initial data
9o € L*(R3) Suppose that v satisfies Assumption 1. We have

1+[5free(<po)]2+gNN PlgolZes ey

lor” — @i ll 23y < C/EN gnlrl
N2
(3.75)
where Cy is a constant which depends only on v and Cn(¢o, t) is given by
Cax (€8 @ P+8y NP lgoll} o 3, ) 1]
Cn(po. 1) = llgoll 23y € (IS8 PN Pl )M (376

Proof We prove (3.75) using Gronwall estimate. To do that we want to bound the
following quantity

dullo™ — o172 sy = 2Re o — o', di(pr” — i)
= 2gn(f 0)Im (9!, (Jpf? — 19CP 1) pCP)
+2gn (S )Im (97T, (o> — vy * o Pel).

We now estimate the two quantities above separately. For the first one, we have
H  H2 GP |2y GP
2gNIm <‘P; , (|(Pt | — |(P, | )Qoz )

< Canllo oo (o ooy + It oo @)l — @1 172,
< CanUer " I ooy + 101 1o st = 01 1723 (3.77)

We now estimate the second one, we have

2gnIm (@f. (of! > = vw * It Per)] (3.78)
2
<2n [ axle@ i@ [ dyow) (l«»,“(x)\z— ot (x = =5)| )

A 2
— 2y [R ""/Rg dy v()6SF () lgH <x)|j d (x— N—ﬁ)
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o (=)o (- )

Hj2 Hj2
CﬁllxvllL‘(R3)|l(p[ ||L°C(R3)(1 + ||V(P[ ”LZ(R3))' (379)

1
GP H
<o [ ar [ av [ anbmo o

Then we find

Al = oF 122y < Caw (195 e sy + 108 1)

1+ ||w?||iz(R3)>

x <||<p,GP — o 2 + 7 (3.80)

We can bound for any time ¢ the L> norms of ¢SO, ¢, using the bound for the
H? norms proved in Proposition 3.1, i.e.,

P 2 free 2
loSP Il oo @s) < N0l g2 gesyeCoN1EGH @I (3.81)

Ca} (I8 0P +83 N2 1901l g ) 1

lof Nl oo ey < C llwol g2 ey € (3.82)
Moreover,by Proposition 3.1, we also can bound uniformly in time
Vel 2@ < CEGE (9o) + ConN P lgoll e (3.83)

Thus, by Gronwall, we find

gfree(wo) + gNN b ||‘p0||Loo oCvCn (@0, f)ng|l|
N2

les® — ol L2y < c\/_g
(3.84)

where C, is a constant which depends on ||xv]| ;1 (R3) and C (o) is defined as in (3.66),
ie.,

cg (185 o P+gi N ol g

Cn (o, 1) = llgoll m2(r3) € L°°UR3>> . (3.85)

O

3.4 Proof of Theorem 1.6

In this last section we combine the results of Proposition 3.3 and Proposition 3.5 to
prove (1.31). We start by writing

(1
HV — Pyp

+ H Py — Por

(1)
HV — Pyn

+2‘

H GP
ol — ‘LZ(R3). (3.86)
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By Proposition 3.2, we get

1
2 L) acenwontengo el

M BN
[ = Pl = V2 (¥

Yyo — Poo

(3.87)
On the other hand, from Proposition 3.5 we have

free(wo) +gNN 'BH(POHLOO oCvCn (90, l)ng\ll

1+
2” H_ GP‘ <Cav
br Tl | ey = T VEN N
(3.88)
Combining the two previous results we then get
) M : 1 cu(C Cr(go.0)?
Hy — Por| < V2 N7 Voo — Poo| + 5 | € v(CN (@0,1)+Cn (p0.0)7)gN 11
! N7
ch
+ C«/g_Nl Ecp (p0) + gNN ﬂ”(p()”l‘m CvCn (g0, T)ngltl
Nz
(3.89)

where C, now is a constant which depends on [[v|l 1(g3y [Vl 2R3y and [|xv][ L1 (R3)-
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Appendix A: Properties of the projectors p;p, q;p

Proposition A.1 Let p? and q? be defined as in (3.20).
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(1) Letv :{0,1,..., N} = R be given by v (k) := ,/%. Then the square of V¥ is
the fraction of particles not in the state @, i.e.,

1
()’ = v > gt @.1)

(ii) Forany f :{0,1,..., N} = R and any symmetric state \ € Lg (R3N)
[ J?W‘IWHLg(W) = ”f(pﬁ(pl/f”Lg(R»*) ;
~ N -~
| F¥ataz vl sy =\ =7 |7 )

(ii1) Foranyf:{O,],...,N}—>R,U:R3XR3—>Randj,k=0,1,2,wehave

4.2)

L2(R3)

F20% (x1,x2) QF = Q%v (x1,x2) OF FT,. (4.3)

where Qf := p{p3, Of := p{q5 and 0% :=q{q3.

Proof To prove (i) note that U,]CV:O Ar = {0, 1}V, so that 1 = Z,]CV:O P,;p . Using also
2
(q}'f)) = q] and q] pJ =0, we get

qﬁ[ oyi-ar )m]z{nll[( )1al(q,(p)a’]ifaj=1,}

Pl 0 else
- ﬁ[ 7' (af )] (4.4)

Given that for any a € A the sum of the a;’s is k we deduce that

1 N 1 N N 1 N N 1 N N
S =y YR = YD AP = Y kRl =) 0wk P

j=1 j=1 k=0 k=0 j=1 k=0 k=0
(4.5)

and (i) follows.
We now prove (4.2). We can use the symmetry of ¥y and the previous point to get

[ 75520 gy = (0 () G20 ) = (v (P afw) = | F¥af v ey - 46)
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Similarly, for the second inequality in (4.2), we have

|7 @],

2 @ ¢ N1y 0 0,2
) = 7 Z (v (7) afafv) = =5~ | Fafafv |z
G 17wl 47
+N fvag(]l@)' 4.7
To prove (4.3) we use the definition of the Q ;’s and the previous points to get

FP0% (1, x) 0f = F D PY Qv (i, x2) QF =D f () Q%v (x1,%2) QL Pl

leZ leZ
=Y F Qv x) QLR = 0% (x1,x2) OF FT,. (4.8)
leZ

O

Proposition A.2 Let pf and q}p be defined as in (3.20). Let a, a’ € [1, +o¢] such that
1Ja+1/a' = 1andletu € L* (R3), @ el (R3). It holds true that

Ju et = x2) pY || < Il p2a(rsy el o (s (4.9)
(®) (®)>

IpYu v = x2) L] < 1013 20 gy Nl o sy - (4.10)
(&) (&)

Moreover, if a € [1, 2], one has
”M (x1 —x2) P1P H = ||(P||L2a(R%) ||M||La (R3) - (4.11)
Proof The estimate (4.9) directly follows from Holder inequality,

| 1 = x2) p||* = sup Ju 1 = x2) pYyr | < sup 1 sup (@, u* (- — x2) ¢)
”— | 1 szR
< 1911720 gy ||u||§Zal(R3) : 4.12)
To prove (4.10), we use (4.9). Indeed,
2
[P G =2 pf | = |Vl e =51t | = 1000 oy Vi sy

< 1001720 oy el o sy - (4.13)

Finally, the estimate (4.11) is a consequence of the Young inequality for the convolution
(see [37, Theorem 4.2]). More precisely, we have

lu (x1 = x2) p1pall* = “3‘5‘11(‘”’ (o) D1 (p)eha u® (x1 = x2) (@)D (e)ehs ¥)
(4.14)
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< /R dxidx u® (x1 — x2) I D) 1o ()2 = (Il u? % lgl?)

< 1911720 sy 101720 oy N1t 72 (g - (4.15)
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