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Abstract
We construct well-behaved extensions of the motivic
spectra representing generalized motivic cohomology
and connective Balmer–Witt 𝐾-theory (among others)
to mixed characteristic Dedekind schemes on which 2
is invertible. As a consequence, we lift the fundamen-
tal fiber sequence of 𝜂-periodic motivic stable homotopy
theory established in Bachmann and Hopkins (2020)
from fields to arbitrary base schemes, and use this to
determine (among other things) the 𝜂-periodized alge-
braic symplectic and SL-cobordism groups of mixed
characteristic Dedekind schemes containing 1∕2.
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𝜂-PERIODIC MOTIVIC STABLE HOMOTOPY THEORY OVER DEDEKIND DOMAINS 951

1 INTRODUCTION

Let 𝑘 be a field. We have spectra

KO,KW, kw,HW,H𝑊ℤ,Hℤ̃ ∈ (𝑘)

representing interesting cohomology theories for smooth 𝑘-varieties:KO represents hermitian𝐾-
theory,KW represents Balmer–Witt𝐾-theory,HW represents cohomology with coefficients in the
sheaf of Witt groups, Hℤ̃ represents higher Chow–Witt groups; kw,H𝑊ℤ are more technical but
have featured prominently in, for example, [2, 7]. The first aim of this article is to define extensions
of these spectra to other bases. The utility of such extensions is manifold; for example, they can
be used in integrality arguments [9].
Thus, let 𝐷 be the prime spectrum of a Dedekind domain, perhaps of mixed characteristic, or a

field. Consider the motivic spectrum KO𝐷 ∈ (𝐷) (see, for example, [8, Subsection 2.2, 4.1] for
a definition of the motivic stable category (𝐷)), representing hermitian 𝐾-theory [18]. From
this, we can build the following related spectra

KW𝐷 = KO𝐷[𝜂
−1]

kw𝐷 = 𝜏⩾0KW𝐷

HW𝐷 = 𝜏⩽0kw𝐷

H𝑊ℤ𝐷 = 𝑓0(HW𝐷)

𝐾𝑊
𝐷
= 𝜏⩽0H𝑊ℤ𝐷

Hℤ̃𝐷 = 𝜏
eff
⩽0(𝟙𝐷).

Here by 𝜏⩽0, 𝜏⩾0, we mean the truncation in the homotopy 𝑡-structure on (𝐷), and by 𝜏eff
⩽0
we

mean the truncation in (𝐷)eff (see, for example, [8, Section B]). If 𝑓 ∶ 𝐷′ → 𝐷 is any mor-
phism, there are natural induced base change maps 𝑓∗(kw𝐷) → kw𝐷′ , and so on. It thus makes
sense to ask if the spectra above are stable under base change, that is, if the base change maps are
equivalences. This is true forKO (andKW), since this spectrum can be built out of (orthogonal or
symplectic) Grassmannians [32, 37], which are stable under base change. Our main result is the
following.

Theorem 1.1 (see Theorem 4.5). All of the above spectra are stable under base change among
Dedekind domains or fields, provided that they contain 1∕2.

Over fields, the above definitions of spectra coincide with other definitions that can be found
in the literature (see [1, 2, 11, 31]; this is proved in Lemma 4.3). In other words, we construct well-
behaved extensions to motivic stable homotopy theory over Dedekind domains of certain motivic
spectra which so far have mainly been useful over fields. In fact, we show that all of the above
spectra (which we have built above out ofKO by certain universal properties) admit more explicit
(and so calculationally useful) descriptions. For example, we show that

𝜋
0
(𝐾𝑊)∗ = 𝐼

∗, 𝜋
𝑖
(𝐾𝑊)∗ = 0 for 𝑖 ≠ 0;

here 𝐼 is the Nisnevich sheaf associated with the presheaf of fundamental ideals in theWitt rings.
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952 BACHMANN

Remark 1.2. The above description of 𝜋
∗
𝐾𝑊
∗
asserts in particular that the sheaf𝑊 is strictly 𝔸1-

invariant. In fact variants of this property form a starting point of our proofs, and are the reason for
assuming that 𝑆 is Dedekind. Unwinding the arguments, one finds that we ultimately rely on the
Gersten conjecture (for étale cohomology of essentially smooth schemes over discrete valuation
rings) via [16].

Remark 1.3. Using recent results on Gersten resolutions [12], our results may be extended to regu-
lar J2 schemes instead of just Dedekind schemes. Alternatively, using the cdh topology instead of
the Nisnevich one, they may be extended to all schemes. These facts will be recorded elsewhere.

Our motivating application of these results is as follows. Using Theorem 1.1, together with the
fact that equivalences (and connectivity) of motivic spectra over 𝐷 can be checked after pullback
to the residue fields of 𝐷 [8, Proposition B.3], one obtains essentially for free the following
extension of [7].

Corollary 1.4 (see Theorem 4.12). For 𝐷 as above, there is a fiber sequence

𝟙[𝜂−1](2) → kw(2) → Σ
4kw(2) ∈ (𝐷).

Using this, we also extend many of the other results of [7] to Dedekind domains.

Overview

The main observation allowing us to prove the above results is the following. Recall that there is
an equivalence(𝐷) ≃ f r(𝐷), where the right-hand sidemeans the category ofmotivic spec-
tra with framed transfers [14, 21]. This supplies us with an auxiliary functor 𝜎∞

fr
∶ 𝑆

1f r(𝐷) →

f r(𝐷). The Hopf map 𝜂 ∶ 𝔾𝑚 → 𝟙 already exists in 𝑆
1f r(𝐷) (see Subsection 3.3). This read-

ily implies that we can make sense of the category 𝑆1f r(𝐷)[𝜂−1] of 𝜂-periodic 𝑆1-spectra with
framed transfers, and that there is an equivalence

𝑆
1f r(𝐷)[𝜂−1] ≃ f r(𝐷)[𝜂−1].

The significance of this is that the left-hand side no longer involves ℙ1-stabilization, and hence
is much easier to control. In the end, this allows us to relate all our spectra in the list above to
a spectrum kofr which is known to be stable under base change. To do so, we employ (1) work
of Jeremy Jacobson [24] on the Gersten conjecture for Witt rings in mixed characteristic, and (2)
work of Markus Spitzweck [36] on stability under base change of Hℤ.

Organization

In Section 2, we construct by hand a motivic spectrum 𝐾𝑊 with the expected homotopy sheaves.
In Section 3, we study some truncations in 𝑆

1f r(𝐷)[𝜂−1], allowing us among other things to
construct a spectrum kw with the expected homotopy sheaves. We prove our main theorems in
Section 4. We first give alternative, more explicit definitions of the spectra in our list and deduce
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𝜂-PERIODIC MOTIVIC STABLE HOMOTOPY THEORY OVER DEDEKIND DOMAINS 953

stability under base change. Then we show that the spectra we constructed satisfy the expected
universal properties. We establish the fundamental fiber sequence of 𝜂-periodic motivic stable
homotopy theory as an easy corollary. Finally, in Section 5 we deduce some applications, mostly
in parallel with [7, Section 8].

Notation and terminology

By a Dedekind scheme, we mean a finite disjoint union of spectra of Dedekind domains or fields,
that is, a regular Noetherian scheme of Krull dimension ⩽ 1. Given a non-vanishing integer 𝑛 and
a scheme 𝑋, we write 1∕𝑛 ∈ 𝑋 to mean that 𝑛 ∈ 𝑋(𝑋)

×.
We denote by pc(𝑆) ⊂ (Sm𝑆) the∞-category of motivic spaces, that is, the subcategory of

motivically local (that is, 𝔸1-invariant and Nisnevich local) presheaves. We write 𝐿mot for the
left adjoint of the inclusion, that is, the motivic localization functor. For a motivic spectrum
𝐸 ∈ (𝑆), we denote by 𝜋

𝑖
(𝐸)𝑗 the homotopy sheaves (see, for example, [7, Subsection 2.4.2]).

Beware that unless the base is a field, these objects are only loosely related to the homotopy 𝑡-
structure.
We denote by 𝑎Nis, 𝑎�́�𝑡, and 𝑎𝑟�́�𝑡, respectively, the associated sheaves of sets in the Nisnevich,

étale and real étale topologies. Wewrite 𝐿Nis for the Nisnevich localization of presheaves of spaces
or spectra. Unless specified otherwise, all cohomology is with respect to the Nisnevich topology.
All schemes are assumed quasi-compact and quasi-separated.
We denote by pc the∞-category of spaces, and by  the∞-category of spectra.

2 THE SHEAVES I 𝒏

2.1

For a scheme 𝑋 (with 1∕2 ∈ 𝑋), denote by𝑊 the Nisnevich sheaf of commutative discrete rings
obtained by sheafification from the presheaf of Witt rings [25, Section I.5]. The canonical map

𝑊 → 𝑎�́�𝑡𝑊 ≃ ℤ∕2

is the rank map, and its kernel is the ideal sheaf 𝐼 ⊂ 𝑊. We write 𝐼∗ for the sheaf of commutative
graded rings given by the powers of 𝐼. Somewhat anachronistically we put

𝑘𝑀
𝑛
= 𝑎Nis𝐻

𝑛
�́�𝑡
(−, ℤ∕2);

this is also a sheaf of commutative graded rings. Note that since 1∕2 ∈ 𝑋 we have an
exact sequence of étale sheaves 0 → ℤ∕2 → × → × → 1, yielding a boundary map ×(𝑋) →

𝐻1
�́�𝑡
(𝑋, ℤ∕2) which we denote by 𝑎 ↦ (𝑎). The following results justifies our notation 𝑘𝑀

∗
to an

extent.

Theorem 2.1 (Jacobson [24]). Assume that 1∕2 ∈ 𝑋. Then there is a unique map of sheaves (of
rings) 𝐼∗ → 𝑘𝑀

∗
given in degree 0 by the rank and in degree 1 locally by (⟨𝑎⟩ − 1) ↦ (𝑎). This map

annihilates 𝐼∗+1 ⊂ 𝐼∗ and induces an isomorphism of sheaves

𝐼∗∕𝐼∗+1 ≃ 𝑘𝑀
∗
.
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954 BACHMANN

Proof. For existence, see [24, Remark 4.5]. The rest is [24, Theorem 4.4]. □

Still assuming that 1∕2 ∈ 𝑋, the canonical map

𝜎 ∶ 𝑊 → 𝑎𝑟�́�𝑡𝑊 ≃ 𝑎𝑟�́�𝑡ℤ

is the global signature. One may show that 𝜎(𝐼) ⊂ 2𝑎𝑟�́�𝑡ℤ (indeed locally I(−) consists of diagonal
forms of even rank [28, Corollary I.3.4], and the signature is thus a sum of an even number of
terms ±1) and hence 𝜎(𝐼𝑛) ⊂ 2𝑛𝑎𝑟�́�𝑡ℤ. Since 𝑎𝑟�́�𝑡ℤ is torsion-free, there are thus induced maps

𝜎∕2𝑛 ∶ 𝐼𝑛 → 𝑎𝑟�́�𝑡ℤ.

For a scheme 𝑋, denote by 𝐾(𝑋) the product of the residue fields of its minimal points. Recall
that for a field 𝑘, vcd𝑝(𝑘) denotes the minimum of cd𝑝(𝑙) for 𝑙∕𝑘 a finite extension, and cd𝑝(𝑘)
denotes the 𝑝-étale cohomological dimension (see, for example, [35, Section I.3.1]).

Lemma 2.2. Let 𝑋 be a Noetherian scheme with 1∕𝑝 ∈ 𝑋. Then vcd𝑝(𝑋) ⩽ dim𝑋 + vcd𝑝(𝐾(𝑋)).

Proof. If 𝑝 = 2, replace 𝑋 by 𝑋[
√
−1]. We may thus assume that vcd𝑝 = cd𝑝, and if 𝑝 = 2 that

all residue fields of 𝑋 are unorderable. By [22, Lemma XVIII-A.2.2], we have cd𝑝(𝑋) ⩽ dim𝑋 +
sup𝑥∈𝑋(dim𝑋,𝑥 + cd𝑝(𝑘(𝑥))). It hence suffices to show that cd𝑝(𝑘(𝑥)) + dim𝑋,𝑥 ⩽ cd𝑝(𝐾(𝑋)).
Since cd𝑝(𝐾(𝑋)) ⩾ cd𝑝(𝐾(𝑋,𝑥)), this follows from [15, Corollary X.2.4]. □

Proposition2.3 (Jacobson).Assume that𝑋 isNoetherianand 1∕2 ∈ 𝑋. Then for𝑛 > vcd2(𝐾(𝑋)) +
dim𝑋 the divided signature

𝜎∕2𝑛 ∶ 𝐼𝑛 → 𝑎𝑟�́�𝑡ℤ

is an isomorphism of sheaves on 𝑋Nis.

Proof. Let𝑁 = vcd2(𝐾(𝑋)) + dim𝑋. Note that for anyHensel local ring𝐴 of𝑋we have vcd2(𝐴) ⩽
𝑁, by Lemma 2.2 and [15, Theorem X.2.1]. Since 𝐴 is henselian and Noetherian, by [24, Lemma

6.2(III)] we have ∩𝑛𝐼𝑛(𝐴) = 0. Hence, by [24, Corollary 4.8] for 𝑛 > 𝑁 the map 𝐼𝑛(𝐴)
2
C→ 𝐼𝑛+1(𝐴)

is an isomorphism. By [23, Proposition 7.1], the divided signatures induce an isomorphism
colim𝑛 𝐼

𝑛(𝐴) ≃ (𝑎𝑟�́�𝑡ℤ)(𝐴). These two results imply that 𝜎∕2𝑛(𝐴) ∶ 𝐼𝑛(𝐴) → (𝑎𝑟�́�𝑡ℤ)(𝐴) is an iso-
morphism, for any 𝑛 > 𝑁. Since 𝐴 was arbitrary, the map 𝜎∕2𝑛 ∶ 𝐼𝑛 → 𝑎𝑟�́�𝑡ℤ induces an isomor-
phism on stalks, and hence is an isomorphism. □

Combining Theorem 2.1 and Proposition 2.3, we will be able to control the sheaves 𝐼𝑛 by con-
trolling 𝑎𝑟�́�𝑡ℤ and 𝑘

𝑀
∗
.

2.2

Fix a Dedekind scheme 𝐷. A 𝔾𝑚-prespectrum 𝐸 over 𝐷 means a sequence of objects (𝐸1, 𝐸2, … )
with 𝐸𝑖 ∈ Fun(Sm

op

𝐷
,), together with maps 𝐸𝑖 → Ω𝔾𝑚𝐸𝑖+1. Such a prespectrum can in partic-

ular be exhibited by defining𝐸𝑖 as a presheaf of abelian groups. See, for example, [10, Section 6] for

 17538424, 2022, 2, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/topo.12234 by C
ochrane G

erm
any, W

iley O
nline L

ibrary on [29/09/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



𝜂-PERIODIC MOTIVIC STABLE HOMOTOPY THEORY OVER DEDEKIND DOMAINS 955

details as well as symmetric (monoidal) variants. A𝔾𝑚-prespectrum𝐸 is called amotivic spectrum
if each 𝐸𝑖 is motivically local, and the structure maps 𝐸𝑖 → Ω𝔾𝑚𝐸𝑖+1 are equivalences.

Example 2.4 (Spitzweck [36]). There is a 𝔾𝑚-prespectrum Hℤ∕2 with

(Hℤ∕2)𝑖 = Σ
𝑖𝜏Nis
⩾−𝑖
𝐿�́�𝑡ℤ∕2.

In particular,

𝜋
∗
(Hℤ∕2)∗ ≃ 𝑘

𝑀
∗
[𝜏],

where 𝜏 ∈ 𝜋
1
(Hℤ∕2)1(𝐷) is the unique non-vanishing element. The prespectrumHℤ∕2 is in fact

a motivic spectrum.

Example 2.5. Let𝑅∗ be aNisnevich sheaf of commutative graded (discrete) rings, and 𝑡 ∈ 𝑅1(𝔸1 ⧵
0). Then 𝑅∗ defines a commutative monoid �̃�∗ in symmetric sequences (of Nisnevich sheaves)
with trivial symmetric group actions, and 𝑡 defines a class [𝑡] in the summand 𝑅1(𝔾𝑚), making
�̃�∗ into a commutative monoid under the free commutative monoid on 𝔾𝑚. In other words, �̃�∗
is a commutative monoid in symmetric 𝔾𝑚-prespectra [10, second half of Subsection 6.6]. This
construction is functorial in 𝑅∗.

Definition 2.6. Applying Example 2.5 to the sheaf of graded rings 𝐼∗ and the class ⟨𝑡⟩ − 1 ∈
𝐼(𝐷 × 𝔾𝑚), we obtain a 𝔾𝑚-prespectrum 𝐾𝑊 over 𝐷 with 𝐾𝑊

𝑛
= 𝐼𝑛. Similarly, we obtain a 𝔾𝑚-

prespectrum 𝑘𝑀 , and in fact a morphism of commutative monoids in symmetric 𝔾𝑚-prespectra
𝐾𝑊 → 𝑘𝑀 (coming from the ring map 𝐼∗ → 𝑘𝑀

∗
of Theorem 2.1).

From now on, we view the category of Nisnevich sheaves of abelian groups as embedded into
Nisnevich sheaves of spectra, and view all sheaves of abelian groups as sheaves of spectra, so that
for 𝑋 ∈ Sm𝐷 we have

(𝐾𝑊)𝑖(𝑋) = 𝐿Nis𝐼
𝑖,

and similarly for 𝑘𝑀 .

Lemma 2.7. There is a commutative ring map Hℤ∕2 → 𝑘𝑀 inducing an equivalence of 𝔾𝑚-
prespectra 𝑘𝑀 ≃ (Hℤ∕2)∕𝜏. In particular, 𝑘𝑀 is a motivic spectrum.

Proof. Let 𝐸 = (𝐸1, 𝐸2, … ) be a 𝔾𝑚-prespectrum in Nisnevich sheaves of spectra. If each 𝐸𝑖 is
connective, we can forma prespectrum 𝜏Nis

⩽0
(𝐸)with 𝜏Nis

⩽0
(𝐸)𝑖 ≃ 𝜏

Nis
⩽0
(𝐸𝑖) the truncation in the usual

𝑡-structure, and bonding maps

𝔾𝑚 ∧ 𝜏
Nis
⩽0
(𝐸𝑖) → 𝜏

Nis
⩽0
(𝔾𝑚 ∧ 𝜏

Nis
⩽0
(𝐸𝑖)) ≃ 𝜏

Nis
⩽0
(𝔾𝑚 ∧ 𝐸𝑖) → 𝜏

Nis
⩽0
(𝐸𝑖+1).

Even if 𝐸 is a motivic spectrum 𝜏Nis
⩽0
(𝐸) need not be; however if it is then it represents the trunca-

tion 𝜏⩽0(𝐸) ∈ (𝐷) in the homotopy 𝑡-structure.
In [36, Subsection 4.1.1], there is a construction of a specific 𝔾𝑚-prespectrum 𝐻 such that (1)

𝐻 is a motivic spectrum representing Hℤ∕2 and (2) 𝜏Nis
⩽0
(𝐻) ≃ 𝑘𝑀 , the equivalence being as 𝔾𝑚-
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956 BACHMANN

prespectra. The map Hℤ∕2 → (Hℤ∕2)∕𝜏 ∈ (𝐷) corresponds to a map 𝐻 → 𝐻′ of 𝔾𝑚-spectra
which is immediately seen to be a level wise zero-truncation. It follows that 𝐻′ ≃ 𝜏Nis

⩽0
(𝐻) ≃ 𝑘𝑀

as 𝔾𝑚-prespectra. In particular, 𝜏Nis⩽0 (𝐻) ≃ 𝑘
𝑀 are motivic spectra, and in fact 𝑘𝑀 ≃ 𝜏⩽0(Hℤ∕2) ∈

(𝐷). Since (𝐷)⩾0 is closed under smash products, truncation in the homotopy 𝑡-structure
is lax symmetric monoidal on (𝐷)⩾0 and so 𝜏⩽0(Hℤ∕2) admits a canonical ring structure mak-
ing Hℤ∕2 → (Hℤ∕2)⩽0 into a commutative ring map. It remains to show that 𝜏⩽0(Hℤ∕2) ≃ 𝑘

𝑀

is an equivalence of ring spectra. Both of them can be modeled by ∞-monoids in the ordinary
1-category of symmetric𝔾𝑚-prespectra of sheaves of abelian groups on Sm𝐷 ; that is, just commuta-
tive monoids in the usual sense. The isomorphism between them preserves the product structure
by inspection. □

The following is the main result of this section.

Corollary 2.8. Let 𝐷 be a Dedekind scheme with 1∕2 ∈ 𝐷. The 𝔾𝑚-prespectrum 𝐾𝑊 is a motivic
spectrum over 𝐷.

Proof. Since (𝐾𝑊)𝑛 = 𝐿Nis𝐼𝑛 is Nisnevich local by construction, to prove it is motivically local
we need to establish𝔸1-homotopy invariance, that is, thatΩ𝔸1+𝐾

𝑊
𝑛
≃ 𝐾𝑊

𝑛
. Similarly, to prove that

we have a spectrum we need to show that Ω𝔾𝑚𝐾
𝑊
𝑛+1
≃ 𝐾𝑊

𝑛
. Here we are working in the cate-

gory hvNis

(Sm𝐷) of Nisnevich sheaves of spectra on Sm𝐷 . For 𝑥 ∈ 𝐷, denote by 𝑝𝑥 ∶ 𝐷𝑥 → 𝐷

the inclusion of the local scheme. By [19, Lemmas A.3 and A.4], the functor 𝑝∗𝑥 commutes
with Ω𝔾𝑚 and Ω𝔸1+ , and by [8, Proposition A.3(1,3)] the family of functors 𝑝

∗
𝑥 ∶ hv

Nis

(Sm𝐷) →

hvNis

(Sm𝐷𝑥) is conservative. Finally by [4, Corollary 51], we have 𝑝

∗
𝑥𝐼
𝑛 ≃ 𝐼𝑛. It follows that we

may assume (replacing 𝐷 by 𝐷𝑥) that 𝐷 is the spectrum of a discrete valuation ring or field.
By Lemma 2.10, we have 𝐷 ≃ lim𝛼 𝐷𝛼, where each 𝐷𝛼 is the spectrum of a discrete valuation

ring or field and vcd2(𝐾(𝐷𝛼)) < ∞. By [17, Theorem 8.8.2(ii), Proposition 17.7.8(ii)], for 𝑋 ∈ Sm𝐷
there exists (possibly after shrinking the indexing system) a presentation𝑋 ≃ lim𝛼 𝑋𝛼, with𝑋𝛼 ∈
Sm𝐷𝛼 and the transition maps being affine. We have a fibered topos [15, Section Vbis.7]𝑋∙Nis with
lim𝑋∙Nis ≃ 𝑋Nis. The sheaves (𝐼𝑛|𝑋𝛼Nis )𝛼 define a section of the fibered topos𝑋∙Nis. It follows from
[4, Lemma49; 15, PropositionVbis.8.5.2] that (in the notation of the latter reference)𝑄∗(𝐼𝑛|𝑋∙Nis ) ≃
𝐼𝑛|𝑋Nis . Hence, by [15, Theorem Vbis.8.7.3] we get

𝐻𝑖(𝑋, 𝐼𝑛) ≃ colim
𝛼
𝐻𝑖(𝑋𝛼, 𝐼

𝑛).

The same holds for cohomology on 𝑋 × 𝔸1 and 𝑋+ ∧ 𝔾𝑚. We may thus assume (replacing 𝐷 by
𝐷𝛼) that vcd2(𝐾(𝐷)) < ∞.
Let 𝑋 ∈ Sm𝐷 . We need to prove that (∗)

𝐻∗(𝑋, 𝐼𝑛) ≃ 𝐻∗(𝑋 × 𝔸1, 𝐼𝑛) ≃ 𝐻∗(𝑋+ ∧ 𝔾𝑚, 𝐼
𝑛).

Since 𝑘𝑀
𝑛
satisfies the analog of (∗) by Lemma 2.7, the exact sequence 𝐼𝑛+1 → 𝐼𝑛 → 𝑘𝑀

𝑛
from The-

orem 2.1 shows that (∗) holds for 𝐼𝑛 if and only if it holds for 𝐼𝑛+1. By Proposition 2.3 (and [15,
Theorem X.2.1]), for 𝑛 sufficiently large we get 𝐼𝑛|𝑋Nis ≃ 𝑎𝑟�́�𝑡ℤ|𝑋Nis . It thus suffices to show that
𝐿Nis𝑎𝑟�́�𝑡ℤ satisfies the analog of (∗). This follows from the fact that there exists a motivic spectrum
𝐸 = 𝐻𝔸1ℤ[𝜌

−1] with 𝐸𝑖 = 𝐿Nis𝑎𝑟�́�𝑡ℤ for all 𝑖 [3, Proposition 41]. □
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𝜂-PERIODIC MOTIVIC STABLE HOMOTOPY THEORY OVER DEDEKIND DOMAINS 957

Remark 2.9. Theorem 2.1 shows that Ω𝔾𝑚𝐿Nis𝐼
≃
C→ Ω𝔾𝑚𝐿Nis𝑊; indeed the cofiber of this map is

given by Ω𝔾𝑚ℤ∕2 ≃ 0 (the vanishing holds, for example, since motivic cohomology vanishes in
negative weights). It follows that𝜋

0
(𝐾𝑊)∗ ≃ 𝐼

∗ and𝜋
𝑖
= 0 for 𝑖 ≠ 0; here 𝐼𝑛 = 𝑊 for 𝑛 < 0. It also

follows that Ω𝔾𝑚𝐿Nis𝑊 ≃ 𝐿Nis𝑊, and that this spectral sheaf is homotopy invariant.

Recall that a Noetherian valuation ring is a ring which is either a discrete valuation ring or a
field [38, Tag 00II].

Lemma 2.10. Let 𝑅 be a Noetherian valuation ring. Then there is a filtered system 𝑅𝛼 of Noethe-
rian valuation rings with vcd(𝐾(𝑅𝛼)) < ∞ (that is, there exists 𝑁 with vcd𝑝 < 𝑁 for all 𝑝) and
colim𝛼 𝑅𝛼 ≃ 𝑅.

Proof. Let 𝐾 = 𝐾(𝑅). Then 𝐾 = colim𝛼 𝐾𝛼, where the colimit is over finitely generated subfields
𝐾𝛼 ⊂ 𝐾; this colimit is filtered. Let 𝑅𝛼 = 𝑅 ∩ 𝐾𝛼. We shall show that 𝑅𝛼 is a Noetherian valuation
ring, and𝐾(𝑅𝛼) = 𝐾𝛼. This will imply the result since vcd𝑝(𝐾𝛼) < ∞ uniformly in 𝑝 by [15, Theo-
remX.2.1, Proposition X.6.1, TheoremX.5.1]. It is clear that 𝑅𝛼 is a valuation ring and𝐾(𝑅𝛼) = 𝐾𝛼:
if 𝑥 ∈ 𝐾×𝛼 then one of 𝑥, 𝑥

−1 ∈ 𝑅 [38, Tag 00IB], and hence one of 𝑥, 𝑥−1 ∈ 𝑅𝛼; thus we conclude
by [38, Tag 052K]. To show that 𝑅𝛼 is Noetherian we must show that 𝐾×𝛼∕𝑅

×
𝛼 ≃ ℤ or ≃ 0 [38, Tags

00IE and 00II]. This is clear since there is an injection 𝐾×𝛼∕𝑅
×
𝛼 ↪ 𝐾

×∕𝑅× and the latter group is
≃ ℤ or ≃ 0. □

3 𝜼-PERIODIC FRAMED SPECTRA

3.1

Recall from [14, Subsection 3.2.2], the symmetric monoidal∞-category Corfr(𝑆) under Sm𝑆 . We
denote by pcfr(𝑆) and 𝑆1f r(𝑆) the motivic localizations of, respectively, Fun(Corfr(𝑆)op,pc)
and Fun(Corfr(𝑆)op,), and we put f r(𝑆) = 𝑆

1f r(𝑆)[𝔾∧−1𝑚 ] ≃ pcfr(𝑆)[(ℙ1)−1]. The free-
forgetful adjunction

(𝑆) ⇄ f r(𝑆)

is an adjoint equivalence [21, Theorem 18]. We obtain the diagram

3.2

Put

hvNis

(Sm𝑆) = 𝐿NisFun(Sm

op

𝑆
,) and hvNis


(Corfr(𝑆)) = 𝐿NisFun(Cor

fr(𝑆)op,).
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958 BACHMANN

On either category, we consider the 𝑡-structure with non-negative part generated [26, Proposition
1.4.4.11] by the smooth schemes.

Lemma 3.1.

(1) 𝐸 ∈ Fun(Corfr(𝑆)op,) is Nisnevich local (or homotopy invariant, or motivically local) if and
only if the underlying spectral presheaf𝑈𝐸 ∈ Fun(Smop

𝑆
,) is.

(2) The forgetful functor𝑈 ∶ hvNis

(Corfr(𝑆)) → hvNis


(Sm𝑆) is 𝑡-exact.

Proof. (1) holds by definition. (2) The functor 𝑈Σ ∶ Σ(Corfr(𝑆)) → Σ(Sm𝑆)∗ preserves filtered
(in fact sifted) colimits and commutes with 𝐿Nis [14, Proposition 3.2.14]. Consequently 𝑈Nis ∶
hvNis(Corfr(𝑆)) → hvNis(Sm𝑆)∗ also preserves filtered colimits. Being a right adjoint it also
preserves limits, and hence commutes with spectrification. Consequently, it suffices to prove the
following: given 𝐹 ∈ Σ(Cor

fr(𝑆)) and 𝑛 ⩾ 0, we have 𝑈Σ(Σ𝑛𝐹) ∈ Σ(Sm𝑆)⩾𝑛; indeed then

𝑈(Σ∞𝐹) ≃ colim
𝑛
Σ∞−𝑛𝑈Σ(Σ

𝑛𝐹) ∈ hvNis

(Sm𝑆)⩾0

by what we have already said. Writing Σ𝑛𝐹 as an iterated sifted colimit, using semi-additivity
of Σ(Corfr(𝑆)) [14, sentence after Lemma 3.2.5] and the fact that 𝑈Σ commutes with sifted col-
imits, we find that 𝑈Σ(Σ𝑛𝐹) is given by 𝐵𝑛𝑈Σ(𝐹), that is, the iterated bar construction applied
section wise. The required connectivity is well-known; see, for example, [34, Proposition 1.5]. □

Wedenote by 𝜏Nis
⩾𝑖
, 𝜏Nis
⩽𝑖

and 𝜏Nis
=𝑖

the truncation functors corresponding to the above 𝑡-structures.
Note that the 𝑡-structure we have constructed on hvNis


(Sm𝑆) coincides with the usual one [27,

Definition 1.3.2.5], and in particular hvNis

(Sm𝑆)

♡ is just the category of Nisnevich sheaves of
abelian groups on Sm𝑆 [27, Proposition 1.3.2.7(4)].

Remark 3.2. The proof of Lemma 3.1 also shows the following: if 𝐹 ∈ hvNis(Corfr(𝑆))

and 𝑋 ∈ Sm𝑆 , then 𝐹(𝑋) ∈ pc is a commutative monoid (Corfr(𝑆) being semi-additive) and
Σ∞𝐹 ∈ hvNis


(Corfr(𝑆)) has underlying sheaf of spectra corresponding to the group completion

of 𝐹.

Remark 3.3. If𝑆 has finiteKrull dimension, then the above 𝑡-structure is non-degenerate [8, Propo-
sition A.3].

3.3

The unit 𝑡 ∈ (𝔸1 ⧵ 0)× defines a framing of the identity on𝔸1 ⧵ 0 and hence a framed correspon-
dence 𝔸1 ⧵ 0 ⇝∗. We denote by

𝜂 ∶ 𝔾𝑚 → 𝟙 ∈ 𝑆
1f r(𝑆)

the corresponding map (obtain by precomposition with 𝔾𝑚 ↪ 𝔾𝑚 ∨ 𝟙 ≃ 𝔸1 ⧵ 0).
The following is a key result. It shows that the Hopf map 𝜂 is already accessible in framed 𝑆1-

spectra, which enables all our further results.
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𝜂-PERIODIC MOTIVIC STABLE HOMOTOPY THEORY OVER DEDEKIND DOMAINS 959

Lemma 3.4. There is a homotopy 𝜎∞
fr
(𝜂) ≃ 𝜂, where on the right-hand side we mean the usual

motivic stable Hopf map.

Proof. Write ⟨𝑡⟩ ∶ (𝔸1 ⧵ 0)+ → (𝔸1 ⧵ 0)+ ∈ (𝑆) for the map induced by the framing 𝑡 of the
identity, and 𝜂 for the induced map Σ∞+ 𝔾𝑚 → 𝟙. By [13, Example 3.1.6], the map ⟨𝑡⟩ is given by
Σ∞−2,1 of the map of pointed motivic spaces

(𝔸1 ⧵ 0)+ ∧ 𝔸
1∕(𝔸1 ⧵ 0) → (𝔸1 ⧵ 0)+ ∧ 𝔸

1∕(𝔸1 ⧵ 0), (𝑡, 𝑥) ↦ (𝑡, 𝑡𝑥),

and hence 𝜂 is given by Σ∞−2,1 of the map

𝜂′ ∶ (𝔸1 ⧵ 0)+ ∧ 𝔸
1∕(𝔸1 ⧵ 0) → 𝔸1∕𝔸1 ⧵ 0, (𝑡, 𝑥) ↦ 𝑡𝑥.

Consider the commutative diagram of pointed motivic spaces (with 𝔸1 pointed at 1)

All the verticalmaps are induced by (𝑡, 𝑥) ↦ 𝑡𝑥 and the horizontalmaps are induced by the canon-
ical inclusions and projections. Stably this splits as [29, Lemma 6.1.1]

Since the rows are cofibration sequences, it follows that 𝜂 ≃ (id, 𝜂), which implies the desired
result. □

Wecall𝐸 ∈ 𝑆
1f r(𝑆) 𝜂-periodic if the canonicalmap 𝜂∗ ∶ 𝐸 → Ω𝔾𝑚𝐸 is an equivalence.Write

𝑆
1f r(𝑆)[𝜂−1] ⊂ 𝑆

1f r(𝑆)

for the full subcategory on 𝜂-periodic spectra. These are the local objects of a symmetric monoidal
localization of 𝑆1f r(𝑆).

Lemma 3.5. There is a canonical equivalence 𝑆1f r(𝑆)[𝜂−1] ≃ (𝑆)[𝜂−1].

Proof. In light of Lemma 3.4, this is a special case of [20, Proposition 3.2]. □

3.4

From now on, we fix a Dedekind scheme 𝐷 with 1∕2 ∈ 𝐷. Consider 𝜔∞
fr
(KW) ∈ 𝑆

1f r(𝐷) ⊂

hvNis

(Corfr(𝐷)). This object is 𝜂-periodic by construction.
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960 BACHMANN

Definition 3.6. We put

HW = 𝜏Nis
=0
𝜔∞
fr
(KW) ∈ hvNis


(Corfr(𝐷)).

Remark 3.7. Multiplication by 𝛽𝑖 induces 𝜏Nis
=4𝑖
𝜔∞
fr
(KW) ≃ HW, and the other homotopy sheaves

vanish [5, Theorem 1.5.22; 33, Proposition 6.3].

Lemma 3.8. HW is motivically local and 𝜂-periodic.

Proof. The framed construction ofKO as in [9, Section A] together with Lemma 3.4 shows that the
map 𝜂∗ ∶ HW → Ω𝔾𝑚HW is on the level of spectral sheaves (that is, sheaves of abelian groups)
induced by multiplication by ⟨𝑡⟩ − 1. The result now follows from Remark 2.9. □

Thus, HW defines an object of (𝐷)[𝜂−1].

3.5

By construction, the forgetful functor 𝑆1f r(𝐷)[𝜂−1] → (𝐷)[𝜂−1] ⊂ (𝐷) sendsHW to the
spectrum (𝑊,𝑊,… ), with the canonical structure maps. It follows that there is a canonical mor-
phism (of ring spectra) 𝐾𝑊 → HW, given in degree 𝑛 by the inclusion 𝐼𝑛 ↪ 𝑊. The main point
of the following result is to determine the action of 𝜂 on 𝐾𝑊 .

Lemma 3.9. The canonical maps𝐾𝑊 → HW and𝐾𝑊 → 𝑘𝑀 induce equivalences𝐾𝑊[𝜂−1] ≃ HW
and 𝐾𝑊∕𝜂 ≃ 𝑘𝑀 .

Proof. The equivalencef r(𝐷) ≃ (𝐷) restricts to the subcategories of those objects such that
𝜋
𝑖
(−)𝑗 = 0 for 𝑖 ≠ 0. These are exactly the objects representable by prespectra valued in sheaves

of abelian groups that are motivic spectra when viewed as valued in spectral sheaves. The con-
struction of HW supplies the sheaf𝑊 with a structure of framed transfers. Then the subsheaf 𝐼𝑛
admits at most one compatible structure of framed transfers; the existence of the map𝐾𝑊 → HW
together with the above discussion shows that this structure exists. This supplies a description
of the (unique) lift of 𝐾𝑊 to f r(𝐷). From this and Lemma 3.4, it follows that the action by
𝜂 on 𝐾𝑊 induces the inclusion 𝐼∗+1 → 𝐼∗ on homotopy sheaves. This implies immediately that
𝐾𝑊[𝜂−1] → HW induces an isomorphism on homotopy sheaves and hence is an equivalence (see
Remark 3.3). For 𝐾𝑊∕𝜂 the same argument works using Theorem 2.1. □

3.6

Definition 3.10. We put kw = 𝜏Nis
⩾0
𝜔∞
fr
KW ∈ hvNis


(Corfr(𝐷))

The canonical map KO → KW ∈ (𝐷) induces

𝜏Nis
⩾0
𝜔∞
fr
KO → kw.

The following is one of the main results of this section.
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𝜂-PERIODIC MOTIVIC STABLE HOMOTOPY THEORY OVER DEDEKIND DOMAINS 961

Lemma 3.11.

(1) The objects 𝜏Nis
⩾0
𝜔∞
fr
KO, kw ∈ hvNis


(Corfr(𝐷)) are motivically local.

(2) kw is 𝜂-periodic.
(3) The canonical map Σ∞

𝑆1
Ω∞
fr
KO → 𝜏Nis

⩾0
𝜔∞
fr
KO is an equivalence.

(4) The canonical map Σ∞
𝑆1
Ω∞
fr
KO → kw is an 𝜂-periodization.

Proof. (1, 2) Since the negative homotopy sheaves (in weight 0) ofKO andKW coincide [33, Propo-
sition 6.3], we have

𝜏Nis<0 𝜔
∞
fr
KO ≃ 𝜏Nis<0 𝜔

∞
fr
KW =∶ 𝐸.

Since 𝜔∞KO and 𝜔∞
fr
KW are motivically local, and 𝜔∞

fr
KW is 𝜂-periodic, it thus suffices to show

that 𝐸 is motivically local and 𝜂-periodic. Since motivically local, 𝜂-periodic spectral presheaves
are closed under limits and colimits, by Remark 3.7 it thus suffices to show that 𝜏Nis

=0
𝜔∞
fr
KW ≃ HW

is motivically local and 𝜂-periodic. This is Lemma 3.8.
(3) It follows from Remark 3.2 that the functor Σ∞

𝑆1
Ω∞
𝑆1
sends the spectral sheaf 𝐸 on Corfr(𝐷)

to 𝐿mot𝐸′, where 𝐸′(𝑋) ≃ 𝐸(𝑋)⩾0. We thus obtain Σ∞𝑆1Ω
∞
𝑆1
≃ 𝐿mot𝜏

Nis
⩾0
. Since Ω∞

fr
≃ Ω∞

𝑆1
◦𝜔∞
fr
, the

result follows.
(4) KO → KW ∈ (𝑆) is an 𝜂-periodization. It follows from [8, Lemma 12.1; 20, Lemma 3.3]

that 𝜔∞
fr
preserves 𝜂-periodizations. Hence, 𝜔∞

fr
KO → 𝜔∞

fr
KW is an 𝜂-periodization. Thus, it suf-

fices to show that

𝜏Nis
<0
𝜔∞
fr
KO → 𝜏Nis

<0
𝜔∞
fr
KW

is an 𝜂-periodization. Since this is an equivalence of 𝜂-periodic objects (see the proof of (1,2)), this
is clear. □

Thus, in particular kw defines an object of (𝐷)[𝜂−1].

4 MAIN RESULTS

4.1

Fix aDedekind scheme𝐷with 1∕2 ∈ 𝐷. In the previous two sections, we have defined ring spectra
𝐾𝑊, 𝑘𝑀 and HW (and kw) in (𝐷).

Definition 4.1. Define commutative ring spectra H𝑊ℤ and Hℤ̃ in (𝐷) as pullbacks in the
following diagram with cartesian squares

Definition 4.2. Put kofr ∶= Σ∞
fr
Ω∞
fr
KO.

 17538424, 2022, 2, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/topo.12234 by C
ochrane G

erm
any, W

iley O
nline L

ibrary on [29/09/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



962 BACHMANN

Lemma 4.3. If 𝐷 is the spectrum of a field, then 𝐾𝑊, 𝑘𝑀,HW,H𝑊ℤ,Hℤ̃, and kw coincide with
their usual definitions, and kofr ≃ ko.

Over a field, the spectra 𝐾𝑊, 𝑘𝑀 are defined in [31, Example 3.33], the spectra H𝑊ℤ,Hℤ̃ are
defined in [2, Notation p. 1134] (another definition ofHℤ̃was given in [11], the two definitions are
shown to coincide in [6]), the spectrum ko is defined in [1], and the spectra HW, kw are defined
in [7, Subsection 6.3.2].

Proof. We first treat ko. Since very effective covers are stable under pro-smooth base change
[8, Lemma B.1], and kofr is stable under arbitrary base change (see the proof of Theorem 4.5),
we may assume that the base field is perfect. In this case pcfr(𝑘)gp ≃ (𝑘)veff [14, Theorem
3.5.14(i)] and hence Σ∞

fr
Ω∞
fr
coincides with the very effective cover functor. Thus, ko ≃ kofr as

needed.
The claim for kw follows via [7, Lemma 6.9] and Lemma 3.11(4).
For 𝐾𝑊, 𝑘𝑀 , the claim is true essentially by construction. This implies the claim for HW via

Lemma 3.9.
The claim for H𝑊ℤ now follows from [2, Theorem 17] (see also [7, (6.5)]). For Hℤ̃ consider the

commutative diagram

The left-hand square is defined to be cartesian, so that by [2, Theorem 17], 𝐸 coincides with the
usual definition ofHℤ̃. The right-hand square is cartesian by [30, Theorem 5.3]. Hence, the outer
rectangle is cartesian and 𝐸 ≃ Hℤ̃ as defined above. This concludes the proof. □

Lemma 4.4. Over a Dedekind scheme containing 1∕2, we have 𝜋
∗
(kw) ≃ 𝑊[𝛽] and kw∕𝛽 ≃ HW.

Proof. Immediate from Remarks 3.3 and 3.7. □

The following is one of our main results.

Theorem 4.5. The spectra 𝐾𝑊, 𝑘𝑀,HW,H𝑊ℤ,Hℤ̃, kofr and kw are stable under base change
among Dedekind schemes containing 1∕2.

Proof. For kofr this follows from the facts that (1) Ω∞KO ∈ pc(𝐷) is motivically equivalent to
the orthogonal Grassmannian [37, Theorem 1.1], which is stable under base change, and that (2)
the forgetful functor pcfr(𝐷) → pc(𝐷) commutes with base change [21, Lemma 16]. The case
of kw follows from this and Lemma 3.11, which shows that kw ≃ kofr[𝜂−1]. The case ofHW now
follows from Lemma 4.4.
The spectra Hℤ and Hℤ∕2 are stable under base change [36], and hence so is 𝑘𝑀 ≃ (Hℤ∕2)∕𝜏

(see Lemma 2.7). To show that 𝐾𝑊 is stable under base change it suffices to show the same about
𝐾𝑊[𝜂−1] and 𝐾𝑊∕𝜂 (see, for example, [7, Lemma 2.16]). In light of Lemma 3.9, this thus follows
from the cases of HW and 𝑘𝑀 , which we have already established.
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𝜂-PERIODIC MOTIVIC STABLE HOMOTOPY THEORY OVER DEDEKIND DOMAINS 963

Finally the stability under base change ofH𝑊ℤ andHℤ̃ reduces by definition to the same claim
about Hℤ,Hℤ∕2, 𝑘𝑀 and 𝐾𝑊 , which we have already dealt with.
This concludes the proof. □

Definition 4.6. Let 𝑆 be a scheme with 1∕2 ∈ 𝑆. Define spectra 𝐾𝑊, 𝑘𝑀,HW,H𝑊ℤ,Hℤ̃,
kofr, kw ∈ (𝑆) by pullback along the unique map 𝑆 → Spec(ℤ[1∕2]).

Remark 4.7.

(1) By Theorem 4.5, if 𝑆 is a Dedekind scheme, the new and old definitions agree.
(2) The proof of Theorem 4.5 shows that for 𝑆 regular we have kofr𝑆 ≃ Σ

∞
fr
Ω∞
fr
KO𝑆 and hence

kw𝑆 ≃ (Σ
∞
fr
Ω∞
fr
KO𝑆)[𝜂

−1].
(3) Since formation of homotopy sheaves is compatible with essentially smooth base change,

and so is 𝑊 (see, for example, [4, Corollary 51]), we find that if 𝑆 → 𝐷 is essentially
smooth then 𝜋

∗
(kw𝑆) ≃ 𝑊[𝛽], and similarly for the homotopy sheaves of the other

spectra.

Lemma 4.8. Suppose that 𝑆 has finite dimension. Let 𝐸 ∈ (𝑆) (respectively, 𝐸 ∈ (𝑆)eff).
Then𝐸 ∈ (𝑆)⩽0 (respectively,𝐸 ∈ (𝑆)

eff
⩽0
) if and only if𝜋

𝑖
(𝐸)∗ = 0 for 𝑖 > 0and∗∈ ℤ (respec-

tively, 𝑖 > 0 and ∗= 0).

Proof. We give the proof for (𝑆), the one for (𝑆)eff is analogous. Since by defini-
tion Σ𝑖Σ∞+ 𝑋 ∧ 𝔾

∧𝑗
𝑚 ∈ (𝑆)>0 for 𝑖 > 0, 𝑗 ∈ ℤ, necessity is straightforward. We now show suf-

ficiency. Let  ⊂ (𝑆) denote the subcategory on those spectra 𝐹 with Map(Σ𝐹, 𝐸) =∗.
We need to show that (𝑆)⩾0 ⊂ . By definition, for this it is enough to show that (a)
 is closed under colimits, (b)  is closed under extensions, and (c) Σ∞+ 𝑋 ∧ 𝔾

∧𝑖
𝑚 ∈  for

every 𝑋 ∈ Sm𝑆 and 𝑖 ∈ ℤ. (a) is clear, and (b) follows from the fact that given any fiber
sequence of spaces ∗→ 𝑆 →∗ we must have 𝑆 ≃∗. To prove (c), it is enough to show that
Ω∞(𝔾∧𝑖𝑚 ∧ 𝐸) ≃∗∈ hvNis

pc(Sm𝑆). By [8, Proposition A.3], this can be checked on homotopy
sheaves. □

Remark 4.9. In contrast with the case of fields, if 𝑆 has positive dimension, then homotopy sheaves
do not characterize (𝑆)⩾0. That is, given 𝐸 ∈ (𝑆)⩾0, it need not be the case that 𝜋𝑖(𝐸)∗ = 0
for 𝑖 < 0.†

We denote by 𝜏⩾0, 𝜏⩽0 (respectively, 𝜏eff⩾0, 𝜏
eff
⩽0
) the truncation functors for the homotopy 𝑡-

structure on(𝑆) (respectively,(𝑆)eff) and𝑓0 for the effective cover functor; see, for example,
[8, Section B] for a uniform treatment.

Remark 4.10. Wewill repeatedly use [8, PropositionB.3], which states the following: if𝐸 ∈ (𝑆),
where 𝑆 is finite dimensional, then 𝐸 ∈ (𝑆)⩾0 (respectively, (𝑆)eff,(𝑆)eff⩾0, respectively,
{0}) if and only if for every point 𝑠 ∈ 𝑆 with inclusion 𝑖𝑠 ∶ 𝑠 ↪ 𝑆 we have 𝑖∗𝑠 (𝐸) ∈ (𝑠)⩾0 (respec-
tively, 𝑖∗𝑠 (𝐸) ∈ (𝑠)eff, 𝑖∗𝑠 (𝐸) ∈ (𝑠)eff

⩾0
, 𝑖∗𝑠 (𝐸) ≃ 0).

† This was previously known asMorel’s stable connectivity conjecture.
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964 BACHMANN

Corollary 4.11. Let 𝐷 be a Dedekind scheme containing 1∕2, and 𝑆 → 𝐷 pro-smooth (for example,
essentially smooth). The canonical maps exhibit equivalences in (𝑆)

kw ≃ 𝜏⩾0KW

HW ≃ 𝜏⩽0𝟙[𝜂
−1] ≃ 𝜏⩽0kw

H𝑊ℤ ≃ 𝑓0HW ≃ 𝑓0𝐾
𝑊

Hℤ̃ ≃ 𝜏
eff
⩽0
𝟙 ≃ 𝜏

eff
⩽0
kofr

𝐾𝑊 ≃ 𝜏⩽0H𝑊ℤ.

Proof. By [8, Lemma B.1], pro-smooth base change commutes with truncation in the homotopy
𝑡-structure, in the effective homotopy 𝑡-structure, and also with effective covers. We may thus
assume that 𝑆 = 𝐷.
Consider the cofiber sequencekw → KW → 𝐸. To prove thatkw ≃ 𝜏⩾0KW, it is enough to show

that kw ∈ (𝐷)⩾0 and 𝐸 ∈ (𝐷)<0. By Remark 4.10, we may check the first claim after base
change to fields, and hence by Theorem 4.5 for this part we may assume that 𝐷 is the spectrum
of a field, where the claim holds by definition. The second claim follows via Lemma 4.8 from our
definition of kw as a connective cover in the Nisnevich topology (see Definition 3.10).
Consider the fiber sequence 𝐹 → 𝟙[𝜂−1] → HW. To prove that 𝜏⩽0𝟙[𝜂−1] ≃ HW it suffices to

show that 𝐹 ∈ (𝐷)>0 andHW ∈ (𝐷)⩽0. As before the first claim can be checked over fields
where it holds by definition, and the second one follows from Lemma 4.8 and the definition of
HW (see Definition 3.6). The argument for 𝜏⩽0kw ≃ HW is similar.
Since the map 𝐾𝑊 → HW of Subsection 3.5 induces an isomorphism on 𝜋

∗
(−)0 (by construc-

tion), we have 𝑓0HW ≃ 𝑓0𝐾𝑊 . We haveH𝑊ℤ ∈ (𝐷)eff by checking over fields; it thus remains
to show that 𝑓0H𝑊ℤ ≃ 𝑓0𝐾𝑊 . By the defining fiber square, for this it is enough to show that
𝑓0Hℤ∕2 ≃ 𝑓0𝑘

𝑀 . This follows from the cofibration sequence

Σ0,−1Hℤ∕2
𝜏
C→ Hℤ∕2 → 𝑘𝑀

together with the fact that 𝑓1Hℤ∕2 ≃ 0 (see, for example, [8, Theorem B.4]).
We haveHℤ̃ ∈ (𝐷)veff by checking over fields. Knowledge of 𝜋

∗
(Hℤ)0 ≃ ℤ, 𝜋∗(𝑘

𝑀)0 = ℤ∕2

and 𝜋
∗
(𝐾𝑊)0 ≃ 𝑊 implies via Lemma 4.8 thatHℤ̃ ∈ (𝐷)eff

⩽0
. It hence remains to show that the

fibers of 𝟙 → Hℤ̃ and kofr → Hℤ̃ are in (𝐷)eff
>0
, which may again be checked over fields.

Consider the fiber sequence 𝐹 → H𝑊ℤ → 𝐾𝑊 . We need to show that 𝐹 ∈ (𝐷)⩾1 and 𝐾𝑊 ∈
(𝐷)⩽0. As before the first claim can be checked over fields where it holds by [2, Lemma 18],
and the second claim follows from Lemma 4.8 and the knowledge of the homotopy sheaves of
𝐾𝑊 , that is, Remark 2.9.
This concludes the proof. □

4.2

Recall from [7, Section 3] the stable Adams operation 𝜓3 ∶ KO[1∕3] → KO[1∕3] ∈ (𝐷). Via
Corollary 4.11 this induces 𝜓3 ∶ kw(2) → kw(2) ∈ (𝐷).
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𝜂-PERIODIC MOTIVIC STABLE HOMOTOPY THEORY OVER DEDEKIND DOMAINS 965

Theorem 4.12. Let 𝐷 be a Dedekind scheme with 1∕2 ∈ 𝐷.

(1) The map 𝜓3 − id ∶ kw(2) → kw(2) factors uniquely (up to homotopy) through 𝛽 ∶ Σ4kw(2) →
kw(2), yielding

𝜑 ∶ kw(2) → Σ
4kw(2) ∈ (𝐷).

(2) The unit map 𝟙 → kw(2) factors uniquely (up to homotopy) through the fiber of 𝜑.
(3) The resulting sequence

𝟙[𝜂−1](2) → kw
𝜑
C→ Σ4kw(2) ∈ (𝐷)

is a fiber sequence.

In particular for any scheme 𝑆 with 1∕2 ∈ 𝑆, there is a canonical fiber sequence

1[𝜂−1](2) → kw(2)
𝜑
C→ Σ4kw(2) ∈ (𝑆).

Proof. (1,2) We can repeat the arguments from [7, Corollary 7.2]. It suffices to show that (a)
𝟙[𝜂−1] → kw is 1-connected, (b) kw∕𝛽 ∈ (𝐷)⩽0, and (c) [𝟙, Σ𝑛kw](𝐷) = 0 for 𝑛 ∈ {3, 4}. (a)
can be checked over fields, hence holds by [7, Lemma 7.1]. (b) follows from Lemma 4.4 (showing
that kw∕𝛽 ≃ HW) and Corollary 4.11 (showing thatHW ∈ (𝐷)⩽0). (c) follows from knowledge
of the homotopy sheaves of kw together with the descent spectral sequence, using that dim𝐷 ⩽ 1.
(3) We need to show that the (unique) map 𝟙[𝜂−1] → f ib(𝜑) is an equivalence. This can be

checked over fields, where it is [7, Theorem 7.8].
The last claim follows by pullback along 𝑆 → Spec(ℤ[1∕2]). □

5 APPLICATIONS

Throughout, we assume that 2 is invertible on all schemes. We shall employ the special linear and
symplectic cobordism spectraMSL andMSp; see, for example, [8, Example 16.22] for a definition.

5.1

Recall that kw∗MSL ≃ kw∗[𝑒2, 𝑒4, … ] with |𝑒2𝑖| = 4𝑖 [7, Theorem 4.1]. The canonical orientation
MSL → kw inducesMSL → kw → 𝜏⩽0kw ≃ HW and hence

kw∗MSL → kw∗kw → kw∗HW.

Proposition 5.1. The images of the 𝑒2𝑖 induce equivalences of right modules

kw ∧ kw(2) ≃
⋁
𝑖⩾0

kw(2){𝑒2𝑖} and kw ∧ HW(2) ≃
⋁
𝑖⩾0

HW(2){𝑒2𝑖}.

Proof. Wemay assume that 𝑆 = Spec(ℤ[1∕2]) and thus we may check that the induced map is an
equivalence after base change to fields [8, Proposition B.3]. Hence, this follows from [7, Proposi-
tion 7.7]. □
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966 BACHMANN

5.2

Proposition 5.2. Let 𝑆 be essentially smooth over a Dedekind scheme. We have

𝜋
∗
(𝟙𝑆[𝜂

−1]) ≃

⎧⎪⎪⎨⎪⎪⎩

𝑊 ∗= 0

𝑊[1∕2] ⊗ 𝜋𝑠∗ ⊕ coker(8𝑛 ∶ 𝑊(2) → 𝑊(2)) ∗= 4𝑛 − 1 > 0

𝑊[1∕2] ⊗ 𝜋𝑠∗ ⊕ ker(8𝑛 ∶ 𝑊(2) → 𝑊(2)) ∗= 4𝑛 > 0

𝑊[1∕2] ⊗ 𝜋𝑠∗ else

.

Here 𝜋𝑠∗ denotes the classical stable stems.

Proof. We first show that 𝜋
0
(𝟙[𝜂−1]) → 𝜋

0
(HW) ≃ 𝑊 is an isomorphism. We may do so after

⊗ℤ(2) and ⊗ℤ[1∕2]; the former case is immediate from the fundamental fiber sequence (using
Remark 4.7(3)) and the latter case follows from real realization (since𝑊[1∕2] ≃ 𝑎𝑟�́�𝑡ℤ[1∕2] [23,
Corollary 7.1]). In particular, it follows that 𝜑 is𝑊-linear (see [7, Example 3.7]). The proof of [7,
Theorem 8.1] now goes through unchanged. □

5.3

Lemma 5.3. Suppose that 𝐷 is a localization of ℤ. Then𝐻∗(𝐷,𝑊) = 0 for ∗> 0.

Proof. [28, Corollary IV.3.3] shows that for any Dedekind scheme 𝐷 there is a natural exact
sequence of abelian groups (∗)

0 → 𝑊(𝐷) →
⨁
𝑥∈𝐷(0)

𝑊(𝑥) →
⨁
𝑥∈𝐷(1)

𝑊(𝑥, 𝜔𝑥∕𝐷).

The last map is surjective if 𝐷 has only one point, and hence these sequences constitute a reso-
lution of the presheaf𝑊 on 𝐷Nis. The terms of this resolution are acyclic [31, Lemma 5.42]†, and
hence this resolution can be used to compute cohomology. To show that𝐻∗(𝐷,𝑊) = 0 for ∗> 0 it
suffices to show that the right most map of (∗) is surjective. Clearly, if this is true for𝐷 then it also
holds for any localization of 𝐷. It hence suffices to prove surjectivity for ℤ; this is [28, Theorem
IV.2.1]. □

Example 5.4. Lemma 5.3 shows that the descent spectral sequence for𝜋∗kw (or𝜋∗KW) collapses
over ℤ[1∕2] (and localizations of this base). Thus,

𝜋∗kwℤ[1∕2] ≃ W(ℤ[1∕2])[𝛽].

From this we can read off as in the proof of Proposition 5.2 that (using that W(ℤ[1∕2])[1∕2] ≃
ℤ[1∕2])

𝜋∗(𝟙ℤ[1∕2][𝜂
−1]) ≃

⎧⎪⎪⎨⎪⎪⎩

W(ℤ[1∕2]) ∗= 0

𝜋𝑠∗[1∕2] ⊕ coker(8𝑛 ∶ W(ℤ[1∕2])(2) → W(ℤ[1∕2])(2)) ∗= 4𝑛 − 1 > 0

𝜋𝑠∗[1∕2] ⊕ ker(8𝑛 ∶ W(ℤ[1∕2])(2) → W(ℤ[1∕2])(2)) ∗= 4𝑛 > 0

𝜋𝑠∗[1∕2] else

.

† The proof of this result does not use the stated assumption that 𝑋 is smooth over a field.
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𝜂-PERIODIC MOTIVIC STABLE HOMOTOPY THEORY OVER DEDEKIND DOMAINS 967

Remark 5.5. We often use the above result in conjunctionwith the isomorphism (see, for example,
proof of [9, Theorem 5.11])

W(ℤ[1∕2]) ≃ ℤ[g]∕(g2, 2g).

(Here g = ⟨2⟩ − 1.) Note in particular that W(ℤ[1∕2])red ≃ ℤ, W(ℤ[1∕2])(2) is a local ring, and
W(ℤ[1∕2]) ↪ W(ℚ).

5.4

Proposition 5.6.

(1) We have

𝜋∗MSpℤ[1∕2][𝜂
−1] ≃ W(ℤ[1∕2])[𝑦1, 𝑦2, … ].

(2) The generators from (1) induce for a scheme 𝑆 essentially smooth over a Dedekind scheme𝐷 with
1∕2 ∈ 𝐷

𝜋
∗
MSp𝑆[𝜂

−1] ≃ 𝑊[𝑦1, 𝑦2, … ]

and

𝜋
∗
MSL𝑆[𝜂

−1] ≃ 𝑊[𝑦2, 𝑦4, … ].

(3) Over any 𝑆 we haveMSp∕(𝑦1, 𝑦3, … ) ≃ MSL.
(4) There exist generators 𝑦2, 𝑦4, … such thatMSL∕(𝑦4, 𝑦6, … ) ≃ kw.

Proof. We implicitly invert 𝜂 throughout.
We first prove (1) and the part of (2) about MSp, localized at 2. Note that kw∗MSp(2) ≃

W(ℤ[1∕2])(2)[𝑒1, 𝑒2, … ] is degree wise finitely generated over the local ring W(ℤ[1∕2])(2) (see
Remark 5.5). Moreover, base change along Spec(ℂ) → Spec(ℤ[1∕2]) implements the map
W(ℤ[1∕2])(2) → W(ℂ) of passing to the residue field. Consider the morphism

𝜑 ∶ kw∗MSp(2) → kw∗−4MSp(2).

We deduce from the above discussion and [7, Lemma 8.4] that 𝜑 ⊗W(ℤ[1∕2])(2) 𝔽2 is surjective, and
hence 𝜑 is split surjective. Then ker(𝜑) ⊗W(ℤ[1∕2])(2) 𝔽2 ≃ ker(𝜑 ⊗W(ℤ[1∕2])(2) 𝔽2) is a polynomial
ring on generators �̄�𝑖 . Write �̃�𝑖 ∈ 𝜋∗MSp(2) for arbitrary lifts of these generators. The proof of [7,
Corollary 8.6] shows that if Spec(𝑘) → Spec(ℤ[1∕2]) is an arbitrary field, then 𝜋∗(MSp(2))(𝑘) ≃
W(𝑘)(2)[�̃�1, �̃�2, … ]. We shall show that if 𝑆 is henselian local and essentially smooth over 𝐷 then
𝜋∗(MSp(2))(𝑆) ≃ 𝜋∗(MSp(2))(𝑠), where 𝑠 is the closed point; this will imply our claims. Using the
fundamental fiber sequence, for this it is enough to show thatW(𝑆) ≃ W(𝑠), which holds by [24,
Lemma 4.1].
Note that by real realization, 𝜋∗(MSp[1∕2])(ℤ[1∕2]) ≃ 𝜋∗(MSp[1∕2])(ℝ) ≃ ℤ[𝑦′1, 𝑦

′
2
, … ]. Let

𝐽 = ker(𝜋∗(MSp)(ℤ[1∕2]) → 𝜋∗(HW)(ℤ[1∕2])) and 𝑀 = (𝐽∕𝐽2)2𝑛. We shall prove that 𝑀 ≃
W(ℤ[1∕2]). The argument is the same as in [7, Theorem 8.7]: such isomorphisms exist for𝑀(2) and
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968 BACHMANN

𝑀[1∕2] by what we have already done, which implies that𝑀 is an invertibleW(ℤ[1∕2])-module,
but W(ℤ[1∕2])red ≃ ℤ (see Remark 5.5) and hence all such invertible modules are trivial. Write
𝑦𝑛 ∈ 𝜋2𝑛(MSp)(ℤ[1∕2]) for any lift of a generator of𝑀. We shall prove that the proposition holds
with these choices of 𝑦𝑖 .
Let 𝑆 be as in (2). To show that𝜋

∗
(MSp𝑆) ≃ 𝑊[𝑦1, 𝑦2, … ], it is enough that themap is an isomor-

phism after ⊗ℤ(2) and after ⊗ℤ[1∕2]. The former case was already dealt with. For the latter, we
use the equivalence (𝑆)[1∕2, 1∕𝜂] ≃ (𝑆𝑟�́�𝑡)[1∕2]. We are this way reduced to proving that
if 𝐸 ∈ (ℤ[1∕2]𝑟�́�𝑡)[1∕2]with 𝜋∗𝐸 ≃ ℤ[1∕2, 𝑦1, 𝑦2, … ], then for any morphism 𝑓 ∶ 𝑆 → ℤ[1∕2]
we have 𝜋

∗
(𝑓∗𝐸) ≃ 𝑊[1∕2, 𝑦1, 𝑦2, … ]. This follows from the facts that (a) Sper(ℤ[1∕2]) ≃∗, so

our assumption implies that 𝜋
∗
𝐸 ≃ 𝑎𝑟�́�𝑡ℤ[1∕2, 𝑦1, 𝑦2, … ], (b) 𝑓∗ is (in this setting) 𝑡-exact, and (c)

𝑊[1∕2] ≃ 𝑎𝑟�́�𝑡ℤ[1∕2].
We have now proved (2) for MSp. Claim (1) follows from the descent spectral sequence and

Lemma 5.3. Next we claim that over ℤ[1∕2] (and hence in general), MSp → MSL annihilates 𝑦𝑖
for 𝑖 odd. Indeed we can check this after ⊗ℤ(2) and ⊗ℤ[1∕2]; the latter cases reduces via real
realization to the base field ℝ where we already know it. For the former case, we first verify as
above that 𝜑 ∶ kw∗MSL(2) → kw∗−4MSL(2) is surjective, and hence 𝜋∗MSL(2) → kw∗MSL(2) is
injective; the claim follows easily from this. It follows that we may formMSp∕(𝑦1, 𝑦3, … ) → MSL.
To check that this is an equivalence we may pull back to fields, and so we are reduced to [7,
Corollary 8.9]. We have now proved (3), which implies the missing half of (2).
It remains to establish (4).We claim that𝜋4MSLℤ[1∕2] → 𝜋4kwℤ[1∕2] is surjective, and hence an

isomorphism since both groups are freeW(ℤ[1∕2])-modules of rank 1. This we may check after
⊗ℤ(2) and⊗ℤ[1∕2]. In the former case, we have a morphism of finitely generated modules over
a local ring, so may check ⊗W(ℤ[1∕2])(2)𝔽2, that is, over ℂ, in which case the claim holds by [7,
Lemma 8.10]. In the latter case, via real realization we reduce to ℝ, and so again the claim holds
by [7, Lemma 8.10]. The upshot is that we may choose 𝑦2 in such a way that its image in 𝜋4kw is
the generator 𝛽. Then as in the proof of [7, Corollary 8.11] we modify the other generators to be
annihilated in kw to obtain a mapMSL∕(𝑦4, 𝑦6, … ) → kw. This map is an equivalence since it is
so after pullback to fields, by [7, Corollary 8.11]. □

5.5

Proposition 5.7. Let  be the set of primes not invertible on 𝑆. The spectra kw,HW,
Hℤ̃[−1], H𝑊ℤ,𝐾

𝑊 ∈ (𝑆) are cellular.

Proof. We can argue as in [7, Proposition 8.12].
For kw this follows from Proposition 5.6(3, 4) and cellularity of MSp. Hence, HW ≃ kw∕𝛽 is

cellular. Hℤ[−1] is cellular by [36, Corollary 11.4]; in particular Hℤ∕2 and 𝑘𝑀 ≃ (Hℤ∕2)∕𝜏 are
cellular. Thus, 𝐾𝑊∕𝜂 ≃ 𝑘𝑀 and 𝐾𝑊[𝜂−1] ≃ HW are cellular and thus so is 𝐾𝑊 . Cellularity of
Hℤ̃[−1] and H𝑊ℤ now follows from the defining fiber squares (in which all the other objects
are cellular by what we have already proved). □

5.6

Proposition 5.8. For arbitrary 𝑆, we have

kw∗
(2)
kw ≃ kw∗

(2)
�′𝜑�
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in the sense that 𝜑 need not be central and so the multiplicative structure is more complicated than
a power series ring. We have 𝜑𝛽 = 9𝛽𝜑 + 8.

Proof. Stability under base change implies that [7, Lemma 8.14] holds over any base; hence the
additive structure of kw∗

(2)
kw can be determined as in proof of [7, Corollary 8.15]. The interaction

of 𝛽 and 𝜑 may be determined over ℤ[1∕2]. Since W(ℤ[1∕2]) ↪ W(ℚ) we are reduced to 𝑆 =
Spec(ℚ), which was already dealt with in [7, Corollary 8.19]. □

Example 5.9. Suppose that 𝑆 is essentially smooth over a Dedekind scheme, 𝐻∗(𝑆,𝑊) = 0 for
∗> 0, and W(𝑆) is generated by 1-dimensional forms (for example, 𝑆 local or a localization of
ℤ). Then kw∗ ≃ W(𝑆)[𝛽] and 𝜋0(𝟙) → 𝜋0(kw) is surjective, whence 𝜑 commutes with W(𝑆). It
follows that Proposition 5.8 yields a complete description of kw∗

(2)
kw.

5.7

Proposition 5.10.

(1) There exist generators 𝑥𝑖 ∈ 𝜋4𝑖(kw ∧ HW(2)) such that

𝑥𝑚𝑥𝑛 =

(
𝑚 + 𝑛

𝑛

)
𝑥𝑚+𝑛.

(2) We have

HW∧HW(2) ≃
⋁
𝑛⩾0

Σ4𝑛HW∕8𝑛.

Proof.

(1) The proofs of [7, Propositions 8.16 and 8.18] can be repeated unchanged.
(2) The image of 𝛽 in 𝜋4(kw ∧ HW(2)) is given by 𝑎𝑥1 for some 𝑎 ∈ W(ℤ[1∕2]). The argument of

[7, Lemma 8.14] shows that 𝑎 = 8𝑢 for some unit 𝑢. The result now follows from (1), as in the
proof of [7, Corollary 8.16].

□
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