Set-Valued and Variational Analysis (2023) 31:12
https://doi.org/10.1007/511228-023-00662-7

®

Check for
updates

Michael Selections and Castaing Representations
with cadlag Functions

Ari-Pekka Perkkid - Erick Trevifio-Aguilar?

Received: 8 March 2022 / Accepted: 23 December 2022 /Published online: 14 March 2023
© The Author(s) 2023

Abstract

It follows from Michael’s selection theory that a closed convex nonempty-valued mapping
from the Sorgenfrey line to a euclidean space is inner semicontinuous if and only if the
mapping can be represented as the image closure of right-continuous selections of the map-
ping. This article gives necessary and sufficient conditions for the representation to hold for
cadlag selections, i.e., for selections that are right-continuous and have left limits. The char-
acterization is motivated by continuous time stochastic optimization problems over cadlag
processes. Here, an application to integral functionals of cadlag functions is given.
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1 Introduction

The celebrated Michaels’ selection theorem [4, Theorem 3.2”] characterizes in a 77 topo-
logical space (X, 7) the property of paracompactness through the existence of a continuous
selection for each mapping I' : X = Y which is convex closed valued in a fixed
Banach space Y and satisfies the minimal continuity condition of inner-semicontinuity (this
was called lower semicontinuity in [4]). Once the existence of a continuous selection is
established it is natural to ask if

Iy=clfy@®) |y e CT, 1)},
where C (T, 7) is the set of selections of I" which are continuous with respect to t. For this

representation problem, [4, Lemma 5.2] provides a positive answer for perfectly normal
topological spaces and separable Banach spaces.
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For the applications of stochastic processes and the construction of paths with specific
properties, the case X = [0, T]for T > O0and Y = R is relevant. Take a a convex closed-
valued mapping ' : [0, T] = R<. Consider the euclidean topology T, in R relativized to
[0, T] and assume that T" is 7, inner-semicontinuous. Then [4, Theorem 3.2”] guarantees
the existence of a t, continuous selection of I' and [4, Lemma 5.2] a representation with t,
continuous selections. Applied to the Sorgenfrey arrow topology 7, relativized to [0, 7] and
assuming that I is 7, inner-semicontinuous, gives the representation

I =clfy(®) |y € C(T', )},

where C(I', 7,) denotes the family of selections of I' which are continuous with respect to
7. Continuous functions in 7, are right-continuous in the usual sense.

In many applications of stochastic processes it is usual to work with paths lying between
continuous and right-continuous paths, namely, with right continuous paths having left lim-
its (abrv. cadlag). In this case, the mapping I" having a representation with cadlag selections
will satisfy other properties beyond inner-semicontinuity with respect to a given topology.
The aim of this article is to formulate and characterize an equivalent property for a mapping
having a representation with cadlag selections.

Our motivation comes from continuous time stochastic optimization, especially stochas-
tic singular control. In a series of articles, Rockafellar studied continuous selections and
integral functionals of continuous functions and gave applications to convex duality in opti-
mal control and in problems of Bolza; see the review article [12]. The article [6] builds
on Rockafellars results and studies the stochastic setting of “regular” stochastic processes.
Here, we extend the theoretical background to a deterministic setting with cadlag functions.
This forms a starting point of the companion paper [9] that deals with integral functionals
of general cadlag stochastic processes and allows us to go beyond the scope of [6]. The
follow-up paper [10] gives applications to finance and stochastic singular control.

The rest of the article is organized as follows. In Section 2, we introduce notations,
assumptions and basic concepts. Specially, here we formulate the main assumption that
allows us to obtain existence of cadlag selections and a representation of I" through them;
see Assumption 1. In this same section we formulate our main result, the Theorem 2. In
Section 3, we prove that the conditions in Theorem 2 are necessary for a representation of
a mapping I' in terms of its cadlag selections. The most relevant part being that a represen-
tation with cadlag selections implies Assumption 1. In Section 4, we show that I' coincides
outside a countable set with its mapping of left limits. This result will allow us to obtain a
cadlag selection which is continuous outside a countable set depending only on the map-
ping. In Section 5, we prove two results that yield the sufficiency in Theorem 2, these results
are Theorem 9 and Proposition 10. In Section 6, we illustrate with examples our main result,
Theorem 2. In Section 7, we give an application to integral functionals of cadlag functions.

2 Notations and Main Theorem
Let B be the open unit ball of R4, T > 0, and D the class of cadlag functions y : [0, T] —
R¢. We denote by T, the topology on R generated by the intervals of the form [a, b) with

a < b, and by 1; the topology on R generated by the intervals (a, b]. Throughout the article,
we fix a convex-valued mapping I : [0, T] = R and use the notation I'; for the value of I"
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att € [0, T']. This notation is non-standard in set-valued analysis but common in the theory
of stochastic processes. The set

domT :={r e€[0,T]| Iy # @}

is the domain of T'. Throughout the article, we will assume that I" has a full domain in the
sense that its domain is the whole [0, T'].

The set D(I") is the class of functions y € D such that y(¢) € I'; for all r € [0, T].
In other words, D(T") is the class of cadlag selections of I". In this article, our main result
establishes an equivalent condition for the validity of the representation

I'r = clfy() | y € DN} ey

We call (1) the cadlag representation of I'. If the representation holds, Proposition 10 below
shows that there exists a countable family {y,},en of cadlag selections with

'y =cl{y,(t),v e N}.

If this representation holds for selections that are merely measurable, we arrive at a Castaing
representation of I'; see, e.g., [13]. Hence, we obtain a Castaing representation with cadlag
functions.

In the next definition we recall inner-semicontinuity that is necessary for the representa-
tion (1). Example 1 below shows it is not sufficient.

Definition 1 A mapping ¢ is inner-semicontinuous with respect to the relative t, topology
in [0, T, if for each open O C R, the set

¢71(0):=1{tel0,T1| ON¢ #0B)

is the intersection of [0, T] with a 7,.-open set, or briefly, it is relatively t.-open. This
property will be denoted by t,-isc.

Example 1 The mapping ¢ : [0, 7] = R defined for ¢t € [0, ) by ¢; := {sin(1/(w — 1))}
and ¢, = {2} shows that the property in Definition 1 is not sufficient for the representation
(1). Indeed, ¢ is t,-isc but (1) fails.

As suggested by the previous example, left sided limits of a mapping are an essential
element to the characterization of the representation (1). They are defined as follows. For a
mapping ¢ : [0, T] = R? let ¢ := {0} and

b = liminf ¢ = lim inf ¢,

¢ :=liminf¢, {ZUQEN im inf ¢,
where the limits are in the sense of [13, Section 5.B] and the intqsection is over all strictly
increasing sequences {f,},en converging to ¢. Consistent with ¢p := {0} we define for a
cadlag function y the left limit y(0—) := 0.

We state a basic property of I' which follows directly from its definition. It is however
quite useful and we formulate it as a lemma for reference. Note the roles of I'~! and I'!.

Lemma 1 _Assume the mapping T has a full domain. Let O C RY be open with ! (0) #
@. Fort € T=1(0) N (0, T] there exists § > 0 such that (t — §,1) C T~1(0).

Proof Assume for a contradiction that an strictly increasing sequence {f;},en C [0, T\
I'~1(0) exists converging to r. Take y € O N T; and > 0 such that y + 2B C O.
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Then d(y,I';,) > n and there is no sequence {y,},en With y, € I';, converging to y, a
contradiction with the definition of I". O

We show in Lemma 7 below that dom T' = [0, T'], where dom [" denotes the domain of
f‘, is sufficient for the existence of selections of the “e-fattening” I 4+ €B. We call selections
of the e-fattening as e-selections. Note that the mapping ¢ in Example 1 fails this property
since ci; is empty at T'. For actual selections we verify in Proposition 3 below that the stronger
property of the next assumption is necessary. In Theorem 9 and Proposition 10 we will
prove it is also sufficient.

Assumption 1 For every ¢ € (0, T'] and bounded open set O C R,

(t—=38,) cT 1(0)forsomed >0 = I'NO #WPatr.

The assumption rules out “oscillations from the left”. For instance, the wildly oscillating
mapping ¢ in Example 1 does not satisfy the above assumption.

Remark I Note that Assumption 1 implies ¢t € ! (clO),butt € ! (0) does not need
not hold. Indeed, defining

Jo1=11 forrefo,n

=1 fort =1,

and choosing O = (0, 1), we have ¢~ 1(0) = [0, 1) while | ¢ $~'(0) and 1 € ¢! (c1 0).
Note that ¢ has the representation (1).

The next theorem is the main result of the article. For clarity, we repeat the standing
assumption that I has a full domain. Without this assumption, it is absurd to ask for a
Castaing representation since selections need not exist at all. The necessity is established in
Proposition 3 while the sufficiency is obtained from Theorem 9 and Proposition 10.

Theorem 2 Assume that T is closed convex-valued with full domain. Then
Iy =cl{y() | y e D)}
if and only if T is t,-isc, T has Sull domain and Assumption 1 holds. In this case,
Iy = cl{y(t) | y € D(I") continuous on [0, T]\ D1},
where D is the countable set defined by

Dy :={te(0,T]|T, ¢T,}

3 Necessity of the cadlag Representation
It is clear that the cadlag representation (1) implies that I" is a closed-valued mapping with
full domain and that I" is 7,-isc. Furthermore, I' must have full domain. It is less obvious

that the representation (1) yields Assumption 1.

Proposition 3 [f the representation (1) holds, then T satisfies Assumption 1.
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Proof Taket € (0, T] and an open set O C R4. Assume that [t — 8, 1) € T ~1(0) for some
8 > 0.For z € (¢t — §,1t) denote by D(I' N O, 7) the cadlag selections y € D(I") with the
further property that y(s) € O fors € [t — §, z). Define the set

A:={ze(t—-46,1) | D(’'NO,Zz) #0}.

Claim: A is non-empty and for z* := sup A we have z* = ¢. After the claim there exists a
cadlag function y € D(I') with y(z) e I'; N O for z € [t — §,t). Then, y(t—) € @t where
® =TI N O proving the proposition.

Now we verify the claim. Take y € I';_s N O and € > Osuchthaty +€B C O.Lety €
D(T") be such that y(t—§) € I';_sN(y+€B). There exists n € (0, §) such that y(z) € y+€B
for z € [t —48,t— &+ n) since y is right continuous. Then, y € D(I'N O, t —§+n) showing
that (t — 8 + n) € A. Thus, A is nonempty. Now assume that z* < ¢, lety € D(I' N O, z¥).
By the same argument as before we can find a function g € D(I") with g(z) € I'; N O for
z € [z%,2* 4+ §') and some §’ > 0. Thus, (z* + &) At € A with function y1jo ;=) + glz*, 71,
contradicting the definition of z*. Hence z* = ¢ and the proof is complete. O

4 Inner-semicontinuity from the Left and Right

In this section we assume that I' is 7,-isc and closed-valued. We show that I" is equal to r
except for a countable set. In particular I', being a t,-isc mapping is also isc from both sides,
or more precisely 7.-isc, except for a countable set. This property will allow us to obtain a
cadlag selection which is continuous outside a countable set depending only on I'.

We start with the next lemma showing that I'; is a subset of ft for ¢ outside a countable
set depending only on I'.

Lemma 4 The set
Dy :={te(0,T]|T, ¢ T,

is countable.

Proof Let A be a countable family of open sets generating the euclidean topology 7, of RY.
For all t € D; there exists A, € A with A, N T, # @ and a strictly increasing sequence
zn 11 t such thatcl A, NT';, = @. We check this claim. By way of contradiction assume that
foreach A € A with ANT; # @ it happens that for each strictly increasing sequence z,, ] ¢
there exists n4 > 0 such that forn > n4 we have clANT';, # . Let us check that in this
case we have I'; C f‘,. To this end, take y € T';. For e > 0 let A € A be such that y € A,
andcl Ac C y+¢€B. For a sequence z,, 1] ¢ there exists ne > 0 such that for n > n. we have
clAc NT;, # @. Thus, it is possible to construct a sequence {y,}nen converging to y with
yn € T';,. Hence y € liminf, I';, . It follows that y € I'; since the sequence was arbitrary.

Now assume for a contradiction that D; is uncountable. Then, there exists an infinite
subset Dy C D; and A € A such that A = Aforalls e Dg. Moreover, there exists a
point o € Dy and a strictly decreasing sequence {t,},eny C Do converging from the right
to tg, since D is uncountable. To verify the latter elementary fact, if there are no right limit
points of D then for each ¢ € D \ {T'} there exists §; > O such that (¢,¢ + ;) C [0, T]
and (¢, t + ;) N D1 = . This produces a summable uncountable series of strictly positive
numbers which is impossible.
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As a consequence, for each n there exists a strictly increasing sequence {z, i }keN con-
verging to t, withclANT, , =0, ANT, # @and t,41 < zZux < t,. Hence z,,1 || fo
while c1 A N [z, =0 and AN I'sy # ¥, in contradiction to I" being 7,-isc. O

The next lemma has similar proof to Lemma 4 and can be skipped.

Lemma 5 The set {t € (0, T]| ['; ¢ T} is countable.

Proof Let A be a countable family of open sets generating the euclidean topology of RY.
For all ¢ in the set {r € (0, T] | I'; ¢ I';} there exists A; € A with Ay NTy # @ while
cl A;NT'; = @. Assume for a contradiction that the set {t € (0, T'] | F, ¢ T';}is uncountable.
Then there exists an infinite subset Dy and A € Asuch that forall 7 € Do we have A; = A
and moreover there exists fy € Dy that is approximated from the left by an increasing
sequence {t,},eN C Dyg. Then, for n large enough we have AN Iy, # ¥ since AN f‘,o # 0.
This is a clear contradiction with the properties of A which is equal to A; fort € Dg. [

The following is an immediate consequence of the above two lemmas.

Corollary 6 The set {t € (0,T] | f‘z # I't} is countable.

5 Sufficiency of the cadlag Representation

The domain of I includes (0, T1\ Dy which is the complement of a countable set by Lemma
4. In the next lemma we assume that I" has full domain and show that it is already strong
enough for e-selections. Note that we do not require I' to be closed-valued.

Lemma 7 Assume ' is convex valued and t-isc, and that T' has Sfull domain. Then, for
each € > ( there exists a cadlag selection of ' + €B that is continuous on [0, T]\ Dj.

Proof Fort € (0,T)\ Dy, take y, e Iy N f‘,. There exists § > 0 such that (t — §,¢ 4+ ) C
(0, T)and (r — 8, t +8) C I'"!(y; + €B) due to the fact that I" is 7,-isc and also by Lemma
1 since t ¢ Dj. Hence, the function y' := Vi1(t—5,.+8) is a local continuous selection of
I +€B.

Fort € D1\ {0, T} there exists y; € I'; since I" has full domain and there exists §; > 0
such that [f,t + 81) C (0,7T) and yf e I, -+ €B for z € [t,t + &) since I is t,-isc.
Cons1der1ng that T has full domain take yt € Ft There exists 82 > 0 such that (r — &2, 1) C

1(y, + €B) N (0, T) due to Lemma 1. The function y' := yt Lit—55,) + Yi Lir,048,) 15
local cadlag selection of I + €B.

For t = 0 we can construct by similar arguments a local continuous selection. For ¢t = T
a local selection exists that will be continuous or cadlag accordingto T ¢ Dj or T € Dj.

The constructed intervals define an open covering (in the relative euclidean topology
7.) of the interval [0, T']. There exists a t.-continuous partition of unity subordinated to
a locally finite subcovering from which a global cadlag selection is generated with the
required property of continuity outside D;. O

Lemma 7 provides e-selections. For selections we require the stronger condition,
Assumption 1. We need a preliminary result.
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Lemma 8 Assume I is 1,-isc. Let g be a cadlag selection of " + €B which is continuous in
[0, T]\ Dy. Let ¢ :=T N(g+ €B). Take t € (0, T]1\ Dy. Then for eachy € ¢; andn > 0
there exists 6 = 6(y, n) > 0 such thatt — § > 0 and

y € ([ +nB)N(g(2) +€B), forz e[t —8,1).

Proof Taket ¢ Dy with7 > 0, and y € ¢;. Let €’ € (0, €) be such that |y — g(¢)| < €.
For p := (¢ — €’) let §; > 0 be such that t — §; > 0 and for z € [t — §;,1) we have
lg(z) —g@®)| < p. Ttlere exists §» € (0, 81) such that [t — 62,1) C F’l(y + nB) due to
Lemma 1, since y € I';.
Forz e[t —8;,t)letr; =y —g(t) € €Bandr, =g(t) —g(z) € pB. Theny —ry =
g(z) + r1 showing that
y € (z+nB) N (9(z) + €B),

which completes the proof. O

The next result is a Michael selection theorem for cadlag functions. Its proof proceeds
by induction just like the proof [4, Theorem 3.2”], which is the original Michael selection
theorem.

Theorem 9 Assume that T is a t,-isc convex-valued mapping with full domain, and that r
has a full domain. Then, under Assumption 1, there exists a cadlag selection of clI" which
is continuous on [0, T]\ Dj.

Proof Leteg =1 and ¢; := %ei,l. By Lemma 7, there exists a cadlag selection y| of I +
€1B continuous outside D;. Assume vy, ..., v have been constructed with the following
properties:

(a)y; is aselectionof yv;_1 +2¢;—1B, i=2,3,...,k,
(b)y; is a selection of I + ¢; 1B,

(¢)y; is continuous outside Dj.

Now we construct a function satisfying (a)-(c) for i = k + 1. This will produce a sequence
{y:}ien converging under the uniform norm. Hence, it converges to a cadlag function y € D
which is continuous outside D;. The function y is then a selection of cIT.

Let T**! := I' N (v} + &B). The mapping I'*+! is 7,-isc since it is the intersection of
T,-isc mappings; see Lemma 16. It is clearly convex valued. Moreover, dom I'*+1 = [0, T
since yy is a selection of I + ¢;B.

Take t € (0,T) \ Dy and y; € Ff“. Letn := %Gk-s-l' There exists §; > 0 such that
t—61 >0and y; € (I'; + nB) N (yi(2) + €B) for z € (¢t — &1, t), due to Lemma 8. There
exists 8§ > O such thatz +8> < T and (y; +nB) N Ff"'] # @ forz € [t,t+8y), since T¥+!
is t.-isc. Hence, for I, := (t — 81,t + 82) we have I; C (0, T) and for z € I; there exist
y, € 'z, r1,r3 € nB, ry € € such that

Ve +ri=vi(@) +r2=y +r;3.

Thus, y; € (I'; + €x+1B) N (yr (2) + 2€xB). As a consequence, the function yf{+1 =y 1y,
is a local continuous selection of I' + €;11B and y; + 2¢;B.

Nowtaket € D1 N (0, T). Letn := %€k+1 and O1 := vy (t—) + (ex + n)B. There exists
81 > Osuchthatt — 8, > Oand (r — 81, 1) C I'"1(0;) since v 1s a selection of I" + €;B.
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Hence, there exists y,l € I', N O since I satisfies Assumption 1. There exists 6 < 81 such
that for z € (¢t — 8, t) we have

LN 0Ny, +nB) #9,

due to Lemma 1 and we can select §; so that |y, (t—) — vy (2)| < n forz € (t — 87, t). Thus,
yf € Iy +e+1B)N(yi(2) +2€B) forz € (t —6,¢). Take y; € Ff“. There exists 63 > 0
suchthatz 483 < T and [z, 1 +83) C ([F+H)—1 (y{ +nB) due to the fact that [kt i 7,-isc.
Let I; := (t—§8>, t+83) and define a function y§{+1 on I; by ny+1 =y Li—s5,00F Y7 Lt 1485) -
Itis clear that yj | is a local cadlag selection of [+ 4 e 1B and y, +2¢B. Forr € {0, T}
we can construct local selections by similar arguments.

The constructed intervals {/;};c[0,7] define an open covering (in the relative euclidean
topology t.) of the interval [0, T']. There exists a t.-continuous partition of unity subordi-
nated to a locally finite subcovering from which a global selection y can be produced by
pasting together the local selections. O

Now we establish the sufficiency in Theorem 2.

Proposition 10 Assume that T is a t,-isc closed convex-valued mapping with full domain,
and that T" has full domain. Under Assumption 1, there exists a countable family {y },en C
D(I") of cadlag selections which are continuous in [0, T]\ D and fort € [0, T]

I'y = Cl{yu (®}ven.

Proof If T € Dy we take a selection y € D(I") continuous outside Dj from which we can
easily construct a sequence {y}jen C D(I') by modifying y at T such that {y;(T)}jen is
dense in I'7. This settles down the representation for t = 7 in case T € D;.

Let D = {ym}men be a countable dense subset of R?. Take € = zik for k € N and

y = yp for y,, € D. Assume that U := I'"!(y 4 €B) is non empty. The set U is open
in 7, (relativized to [0, 7]) and can be expressed as a countable union of intervals of the
form [a, b]. Indeed, 7, is hereditary Lindel6f and U can be written as the countable union
of intervals [x, y) N [0, T] and each of these intervals can themselves be written as the
countable union of intervals [a, b]. If T € U we distinguish two cases. If T ¢ Dj then T
can be taken as an element of an interval [a, T] C U due to Lemma 1. In this case, we will
consider the representation (i) U =, enl@n, byl with @, < by, thus, no interval collapses
to a point. In the second case T € U and T € D; and we consider the representation (ii)
U ={T}UU,ecnlan, bu]l witha, < b, < T and b, ¢ D;. Hence, on both cases we do not
consider trivial intervals and b,, ¢ D;.

Now take an interval [a, b] = [a,, b,] C U with a, < b, and b, ¢ D;. We fix the
notation [a, b]¢ := [0, T]\ [a, b]. Let ¢ be the mapping defined by

I, for z € [a, b]¢
¢, =

|r.n(y+eB) forz € [a, bl
It is simple to verify that the mapping ¢ is convex valued, has full domain, and that it is
T,-1SC.

We verify Assumption 1 and that ¢ has full domain. Let § > 0 and ¢ € (0, T'] be such
that (r — 8, 1) C ¢~ 1(0) for O an open subset of R?. For ¢ ¢ (a, b] there exists 8’ € (0, 8)
such that (t — &', 1) C [a, b]° so ¢ = T in this interval and we have ¢ N O = I N O, hence
Assumption 1 is clearly satisfied in (a, b]. Take now ¢ € (a, b]. There exists §” € (0, §)
such that (r — 8”,1) C (a,b] N (t — 8,t) and for z € (r — 8", t) we have that p, N O =
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Ny +eB)N O # @ soby Assumption 1 we have ' N (y +eB)N O = ¢ N O is non
empty at z. Thus, ¢ satlsﬁes Assumption 1 and domq§ [0, T].

The set{t | ¢; & q&t} 18 1ncluded in Dj. Indeed, for ¢ ¢ (a b] there exists § > 0 such that
(t—=46,1) C [a, b]° so ¢t = 1", and ¢, C I';. Hence, ¢; C ¢>, whenever t ¢ Dj. Take now
t € (a,b]\ Dy and w € ¢;. Let n > 0 be such that w + nB C y + €B. Note that w € T,
since t ¢ Dy andthen w € I'; C f’,. There exists &, > 0 such that for z € (¢ — §;,, ) we

have I'; N (w + nB) # @ due to Lemma 1, since w € T';. Hence, T N (w+nB) #@att
by Assumption 1. Given that n was arbitrary, we deduce that w € q;,. Hence ¢; C d_b;. This
proves the claim.

Hence, there exists a cadlag selection of cl ¢ continuous outside D1, due to Theorem 9.
From this one derives the existence of a selection y,, . , € D(I') with y,, . (1) € y + 2¢B
for t € [ay,, by], and the continuity in [0, T] \ D;.

If T ¢ Dy itis easy to verify that the required representation holds with the countable
family {y, 2« y, }nk,m C D(I'). Analogously, if T € Di, consider the family {y;};jen U
{yn,Z*k,ym bnke.m C D(T). O

6 Examples

In this section we give examples of mappings having the representation (1). For the first
two examples we prove directly the representation and then conclude that the mapping in
the examples satisfy Assumption 1. For the last two examples, we verify Assumption 1 and
conclude the representation (1).

The mapping I is said to be right-outer semicontinuous (right-osc) if its graph is closed
in the product topology of 7, and the usual topology on R?. The mapping I" is right-
continuous (cad) if it is both right-isc and right-osc. Left-outer semicontinuous (left-osc)
and left-continuous (cag) mappings are defined analogously. We say that I" has limits from
the left (1ag) if, for all 7,

liminfI'y = limsup [y,
st STt
where the limits are in the sense of [13, Section 5.B] and are taken along strictly increasing
sequences. Having limits from the right (1ad) is defined analogously. A mapping I is cadlag
(resp. caglad ) if it is both cad and lag (both cag and 1ad).
In the following theorem, the distance of x to I'; is defined, as usual, by

d(x,T;) = inf d(x,x’),
x'ely
where the distance of two points is given by the euclidean metric.
Proposition 11 Let T : [0, T] = RY be a cadlag nonempty closed-convex valued mapping.
For every x € R?, the function y defined by
y(t) = arg min d(x, x’)
x'ely

satisfies y € D(I") and

y(t—) = arg min d(x, x').
x'ely

In particular,
Iy =cl{y() | y e D(D)}
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and T is caglad nonempty convex-valued with

Iy =cl{y(t—) |y e D)}
Proof Since I'; is closed-convex valued, by the strict convexity of the distance mapping, the
argmin in the definition of y exists and is unique; see [13, Thm. 2.6]. By [13, Proposition
4.9], v is cad. Take t € (0, T']. On the other hand, for every strictly increasing t” 7 t,
Iy — I, so y is lag, by [13, Proposition 4.9] again.
Next we show
y(t—) = argmind(x, x').
x'el’y
Since T" is lag, we get that the left continuous version of y denoted y_ is a selection of
F so the inequality d(x, F 7) < d(x,y(t—)) is trivial. For the other direction, assume for
a contradlctlon that d(x, T 7) < d(x,y(-)) for some 7 € (0, T] There is s < t such that
d(x, T 7) < d(x,y(s") forall s’ € (s, ). By the definition of F this means that
v(s) ¢ argmind(x, x”)
x'ely
for some s’ € (s, f), which is a contradiction. The clalms ' =cl{y() | y € D(I')} and
F, = cl{y(t—) | y € D(I')} are now immediate while T is caglad due to [13, Exercise
4.2]. O

For the next example recall that I is solid if for each r € [0, T] the set I'; is equal to
the closure of its interior. For a closed-convex valued mapping, this property is equivalent
tointI'; # @ forall ¢t € [0, T]; see [13, Example 14.7]. Recall also our convention that for
a function y we set y(0—) = 0.

Proposition 12 Ler T : [0,T] = R? be a closed convex-valued solid mapping with
full domain and t,-isc. Assume that T has full domain. If T is also solid then T" has a
representation (1). In this case

[y, = clfy(r—) | y e D(D)}, £ € [0, T].

Proof We first show that D(T") # @J. For 7 € [0, T) and y" € int ', there exists § > 0 such
that y" € I, for u € [f, + 8] since I is 7,-isc and solid. Indeed, let 7' be a finite set of
points in int I'; such that y" belongs to the interior of the convex hull co{y'}. Let € > 0 be
small enough so that y" € co{v'} whenever, for every i, vl e (¥ + €B). Since I is t,-isc,
there is, for every i, u' > 7 such that T, N ()7" + €B) # @ for every u € [f, ui). Denoting
i = minu’, we have, by convexity of I, that

y" €Iy forevery u € [t, it). 2)
Now assume 7 > 0 and take y' € int f';. We now show the existence of s < 7 such that
y! e I, forevery u € (s, 7. 3)

Assume for a contradiction the existence of ¥ 7 7 such that y/ ¢ [';v. Let j' € int f‘,— be
d + 1 points and € > 0 such that for any points ' € ¥ +¢B, j' f',— and y! € co{§}. By
the definition of T as a left-limit, there exists vg € N such that for all v > v there exists
yf, e I'p with y“; €y +eBfori =1,...,d+ 1. Then, y € co{yl")} and this last set is
included in T';» by convexity. Then, y/ € I';v, a contradiction.

After the preliminary preparations showing the existence of (2) and (3), we construct
local selections of I" that can be pasted together through a partition of unity as we have done
in the proof of Lemma 7 and of Theorem 9.
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To prove f‘t =cl{y(t—) | y € D(I")}, the inclusion D is clear. Now take yl € int 1:,- and
s < tasin (3) and y € D(T"). Defining

y! tels, 1)

y(t) otherwise,

we get the remaining inclusion. O

In the next examples we verify that Assumption 1 is satisfied. Then the representation
(1) holds by Theorem 2.

Proposition 13 Ler f : [0, T] — R be continuous with respect to t,. Assume f > 0. Let
I" be the mapping defined by I'; := [0, f(t)]. Then I satisfies Assumption 1.

Proof Let O be an open set with I's N O # @ fors € (r—§,1). Leta™ := inf(O NR4). Itis
clear that for s € (t — 8, ) we have a*™ < f(s), otherwise [’y N O = @. From the inequality
is easy to verify that a® € ' N O at ¢. Indeed, take an increasing sequence z, / t. For each
n, there exists y;, € (a*, f(z,)) N (a@*,a* + (t — z,)) N O. Hence y,, — a* showing that
a* € liminf,(T';, N O). O

Proposition 14 Ler f, g : [0, T] — R be two cadlag functions with f > g. Let T be the
mapping defined by Ty := [g(t), f(t)]. Then I" satisfies Assumption 1.

Proof We only show that I" satisfies Assumption 1, since the other assumptions are easier
to verify. Let O be an open set with 'y N O # @ fors € (t — §,1). Let a* := inf(cl O N
[g(t—), f(t—)]) and a; := inf(O N T's). We claim that lim, »; a; = a* from which the
proposition follows.

The setcl O N[g(t—), f(t—)] is easily seen to be non empty, so a* is well defined. Now
we verify that liminfa; > a*. Take y; € ONTsN[as, ag+t—s]. Then, g(r—) < liminfy; <
liminf ay. Moreover, limsupag; = limsup y; < limsup f(s). It is clear that a; € cl O so
liminfa; € cl 0. Hence, liminfa; € cl O N [g(t—), f(t—)] and then a* < liminfas.
Now we show that a® > limsup as. There are two cases, in the first a* = f(¢—). Then,
as < f(s) and limsupag < f(t—) = a*. In the second, a* < f(r—). Let ¢g > 0 be such
that for € € (0, €9) we have a* < f(t—) —eand g(t—) + € < f(t—) — € and

1 1
e on[glt—) + 56, f(t=) — 56] Nla*, a* +€].

Now fix € € (0, €g). We easily verify that y¢ € I'; for s € (¢ — n,t) where n is such
that | f(s) — f(t—)| < €/3 and |g(s) — g(t—)| < €/3. Hence y € I's N O implying that
a; <y <a*+e. O

7 An Application to Integral Functionals

In this section we develop an interchange rule for integral functionals of cadlag functions
which builds on the the representation (1). Interchange rules go back to the seminal paper
of [11] in decomposable spaces of R?-valued measurable functions and are fundamental in
obtaining convex duality in calculus of variations and optimal control; see, e.g., [12] or [5]
for a more recent application . The interchange rule proved here is a starting point for the
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companion paper [9] where integral functionals of cadlag stochastic processes are analyzed
in detail. Further applications are given in the follow-up paper [10].

A function & : [0, T] x RY — R is a normal integrand on [0, T] if its epigraphical
mapping epih : [0, T] = RY x R defined by

epih(t) := {(x,a) e RY x R | h(t,x) < a}

is closed-valued and measurable. When this mapping is also convex-valued, 4 is a con-
vex normal integrand. A general treatment of normal integrands on R? can be found from
[13, Chapter 14] while integrands on a Suslin space are systematically presented in [2]. In
particular, a normal integrand # is jointly measurable so that the integral functional with
respect to a nonnegative Radon measure p on [0, T] given by

K(y) ;:/ h(z, y(6))u(dt)
[0.7]

is well-defined for any measurable y : [0, 7] — R9. As usual in convex analysis, an
integral is defined as +oo unless the positive part is integrable. For a normal integrand
h 1[0, T1xR? — R the domain mapping is defined by dom h; = {y € R? | h(z, y) < 00},
its image closure is
S ={yeR’|yecldomh(r, )}
and
D(S) ==y €D | y(t) € S, ¥t € [0, T]}

is the set of cadlag selections of S.

In the next assumption we collect the necessary conditions in order to obtain the inter-
change rule of Theorem 15. In particular, we require a representation of the mapping S in
terms of its cadlag selections. As we have know, Theorem 2 gives necessary and sufficient
conditions for the mapping $ to have such a representation.

Assumption 2 Assume j is a nonnegative Radon measure and 4 is a convex normal
integrand & : [0, T] x R? — R such that

S = clfy(®) |y € D(S)} Vi, “4)
D(S) = cl(dom K N D(S)),

where the latter closure is with respect to pointwise convergence. This means that for each
y € D(S) there exists a sequence {y,}52; C dom K N D(S) converging pointwise to y.

The following theorem is variant of the main theorem in [8] that established a similar
interchange rule for integral functionals of continuous functions. In that context, the first
condition in Assumption 2 is simply the original Michaels representation while the second

condition is analyzed in detail in [7].

Theorem 15 Under Assumption 2,

mf/ hmymmwnzf inf h(t, y)u(dr)
¥eD(s) Jio,7] [0.7] yeR

as soon as the left side is less than +00.
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Proof We have D(S) = cl(dom K N D(S)) and D(S) is PCU-stable in the sense of [1], so,
by [1, Theorem 1],

it [ hayoman = [ inf by,
yeD(S) [0,T] [0,T] yel';
where I' is the essential supremum of D(S), i.e., the smallest (up to a u-null set) closed-
valued mapping for which every y € D(S) is a selection of I' p-almost everywhere. It
remains to show that S; C I'; p-almost everywhere, since then the infimum over I'; can be
taken instead over all of R<.

It suffices to show that, for every closed ball cI B, with radius v = 1,2, ..., we have
S; NclB, € I'y NclB, p-almost everywhere. Thus we may assume that I and S are
compact-valued. Assume for a contradiction that B = {¢ | S; ¢ I';} satisfies u(B) > 0. Let
Hyp:=1{x¢€ R? | v-x < b} and Byp:={t|SNHy, #0, Hy, NT; = @}. Since S and
I' are compact convex-valued,

B= |J B

(v,0)eQ!xQ

Since u(B) > 0, and rationals vectors are countable, there exists (v, b) € Q¢ x Q such that
w(By.p) > 0. Since p is Radon, passing to a subset if necessary, we may assume that B, ;
is closed and still of positive measure. For every ¢ € B, there exists y' € D(S) such that
y'(t) € S; N Hy . By right-continuity, there exists §(¢) such that

Yty € Hyp Vi' €t,1+8()).

Now {[#,t + 8(t)) | t € By} is an open cover of B, in the B, j-relative right half-
open topology of [0, T']. The topology 7, clearly is separable and it is shown in [14] to be
paracompact. Hence it is Lindelof by [3, Theorem VIIL.7.4]. Since B, , is closed and the
topology 7, is Lindeldf, there exists a countable subcover {[t”,t" + §(t")) | t” € By}
Since wu(By,y) > 0, o-additivity of p implies that p([tV, " + 6(¢”)) > 0O for some v. But,
for every t' € [t¥, 1" + 8(t")), y' (') ¢ Ty, which contradicts that every y € D(S) is a
selection of I u-almost everywhere. O

Appendix
The following result is a special case of [4, Proposition 2.5].

Lemma 16 Let I'', T2 : [0, T] = R? be t,-isc mappings. Let € > 0. Then, the mapping
[ =T!N T2+ €B) is also t,-isc.

Proof Let O be an open set of RY, then

r='(0) = {t €0, 71| O [ )IT} N (] + €B)] # )
={el0,T]1IT>xTIn[Wn®R! x 0)] # @),
where W = {(x, y) € R? x R? | x — y € €B}. Hence I'"1(0) is 7,-open. O
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