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Abstract: We prove that the 2-body operator yzq' of a fermionic N-particle state W
obeys || yz\l’ lus < v/5N, which complements the bound of Yang (Rev Mod Phys 34:694,

1962) that IIJ/QW lop < N. This estimate furthermore resolves a conjecture of Carlen—
Lieb—Reuvers (Commun Math Phys 344:655-671, 2016) concerning the entropy of the
normalized 2-body operator. We also prove that the Hilbert—Schmidt norm of the trun-

cated 2-body operator yij T obeys the inequality ||y2‘y T las < \/ 5N tr (yl‘l'(l — 7/1‘1')).

1. Introduction

Let (b, (-, -)) be a (separable) Hilbert space and consider the space of fermionic N-
particle states, /\N h. Given a normalized state ¥ € /\N h, one defines the I- and
2-body operators associated to W, y]‘l’ :h— bhand yZ‘I’ h®h—> h®b, by

(o1, " 1) = (W, c* @) e (o) V) (1.
and

(@1 ® 92). 15" (W1 ® Y2)) = (W, ¢* (Y1) ¢* (Y2) € (92) ¢ (1) W) (1.2)

for any @1, @2, ¥1, Y2 € h. Here ¢* () and ¢ (-) denote the fermionic creation and
annihilation operators, which obey the canonical anticommutation relations (CAR)

fc@ .= v), {c@,c)=0={c"@@,c*W}. (13

We recall some well-known properties of )/1‘1’ and )/2‘1’: Firstly, they are non-negative.

This is obvious in the case of yl‘l’, and for )/2‘1’ this follows by noting that if (uy)72 ; is
an orthonormal basis for b, then a general tensor ® € hh ® ) can be written as

o0
Q=) Dk Qu) (1.4)
k=1
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for @ ; = (@, ux ® u;), from which it readily follows that the inner product (®, y," @)
is given by

o
(CD, yz‘ll(b> = Z Dy rcrcrV (1.5)
k=1

where ¢; = ¢* (ux) and ¢ = c (uy) denotes the creation and annihilation operators
associated to the basis (ur); ;.
Secondly, they are trace-class, with

r(n')=N, t(y)=NN-1), (1.6)

which follows from the identity Y 2| cicx = M id AM > Which holds on AM b for any
M e N.

This combined with their non-negativity implies the trivial estimates || 12 ||0p <N
and || 12 ||Op < N (N — 1). In the bosonic case these are in fact optimal, but this is not

so for the fermionic case: For 7/1‘1' one may note that

(0.1 0) = (W, c* (@) c (@) W) < (W, {c* (9), c (@)} W) = (9. 0), @ebh, (1.7)

where we simply added the non-negative quantity |c* (¢) |2 and applied the CAR.
This shows that H yl‘p Hop < 1, which is usually described as a consequence of the Fermi
exclusion principle, which informally speaking prohibits more than one fermion from
occupying any given one-particle state.

In terms of the operators ci this bound can equivalently be phrased as

o o
Daker| = | lewl (1.8)
k=1 op k=1
which we can also use to improve our bound on || 12} || as follows: By the triangle and

Cauchy—Schwarz inequalities, we can apply this to equatlon (1.5) for

o
NERASIEDS

k=1

o]

> @’ Zuckwnz N |||

k=1

00
(Z q>k,101> W

(1.9)

which implies that || yz‘l’ ||Op < N - a bound which Yang proved was optimal' in the
classic paper [7].

! In fact he proved the stronger statement that H 1) H < M=N+2 N +2 N when M = dim (h) < oo and M and

N are even, and characterized the optimizers in this case
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1.1. Main results. In this paper we present two results on yz‘l’. The first result concerns
175" || y1s: Given the identity | y," ||, = tr (y,") = N (N — 1) and the general inequality
|| J/zq’ || op < N, one can deduce that the Hilbert-Schmidt norm of y2\1’ must obey

193 s = /192" I 193* o = NN =T = 0 (W), (1.10)

and since || yzq’ ||tr = N (N — 1) is an identity and ” yzq’ ||0p < N is optimal, one might

suppose that this is at least nearly optimal. Below we will however prove that this is far
from the case, as the following holds:

Theorem 1. For any N € N and normalized ¥ € /\N b it holds that

[72" s = V5N

This result is interesting in two respects: Firstly, it is of the same order (with respect
to N) as the optimal bound ” ),2‘1’ Hop < N, even though H yz‘l' Htr = N (N —1). This
informally implies that although it is possible for )/2‘1’ to have eigenvalues of order N, it
can not have “too many” large eigenvalues.

Secondly, it is easy to compute that for a Slater state W = u1 A - - Auy, yz‘l’ || Hs =

V2N (N — 1), whichisalso O (N). This suggests thatan O (N) behavior of the Hilbert—
Schmidt norm of fermionic 2-body operators might be a general feature.

This bound also resolves a conjecture of Carlen-Lieb—Reuvers concerning the en-
tropy of the trace-normalized 2-body operator y, = myz‘l’. In [4] they conjectured
(Conjecture 2.6) that the entropy of this should always obey a bound of the form

S (7)== —tr (V5 log (¥,)) = 2log (N) + O (1). (1.11)

As noted in [4], Jensen’s inequality for the convex function x +— —log (x) implies that

S @) = —log (1 (72) ) = —tog (17 is) (1.12)
for any density operator ¥, so as a consequence of Theorem 1 we find that
S(7,) = —1lo < SN2 )—210 (N) —lo <5<1+ 2N 1 >>
=T ) T ¢ (N =172

(1.13)
for any N > 2, which is to say S (72) > 2log (N) —log(5)+o(1) as N — oo.
Truncated 2-Body Operators Our second result concerns the truncated 2-body operator:

Itis well-known that W is a Slater state if and only if y," is a projection, i.e. (yl‘l’)2 =Y,
and that in this case the 2-body operator can be expressed in terms of yl‘l’ as

v =1 —Ex) p' @p’ (1.14)

where EX : h @ h — h ® h acts according to Ex (9 @ V) = ¥ ® ¢.

For a general state W one would expect that if W is “nearly Slater”, in an appropriate
sense, then the same expression should be approximately valid for yz‘l’ - this leads to the
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Hartree-Fock functional as an approximation to the energy of a fermionic system, for
instance.

A way to make this precise is to consider the truncated 2-body operator yzq"T :
h®h — h®Bb, defined by

vl =p' —0-Ex) ' en, (1.15)

and establish that this can be controlled in terms of tr (y,¥ (1 — y,Y)) = tr (yl‘l’ - )2),

which can be viewed as a measure of the “Slaterness” of the state W. A result of this
form was first derived by Bach in [1], where he proved the following (see also Bach’s
paper [2] and Graf—Solovej’s paper [6] for related generalizations):

Theorem (Bach [1]). Let X : h — b be an orthogonal projection. Then for any nor-
malized W € NN b it holds that

r ((X ® X) y2“’~T) > —tr (Xy) - min {1, 7.554\/& (X (Y (1 - yfl’)))} .

This can be seen as a sort of lower bound for yzlp’T. Below we will complement this

result by proving the following Hilbert-Schmidt bound for y;j’T:

Theorem 2. Forany N € Nand ¥V € /\N b it holds that

[ 7| = SN (1= ).

We remark that at worst tr (y,* (1 — »,*)) < tr (,¥) = N, in which case this bound
essentially reduces to that of Theorem 1 (up to the quantity ” (1 —Ex) yl‘l’ ® yl‘p || ns)» but
in view of that theorem this bound is non-trivial for any ¥ with tr (,* (1 — 1Y) < N.

2. Proof of the Theorems

To prove Theorem 1 we first observe that by the characterization || T ||gs = sup, [tr (AT)],
where the supremum is over all Hilbert—Schmidt operators A with ||A|gs = 1, it suffices
to estimate a quantity of the form |tr (Ayz‘y ) | To do this we begin by writing

(0.¢]
(A )= > (e ®u). AWn ®uy) (V. cicicacn V)
k,l,m,n=1
o o0
:—Z< > Actmachcic?, c,,\Il> (2.1)
n=1 \k,[,m=1

where Agjmn = ((ux @ ur), A (um ® uy,)). The Cauchy—Schwarz inequality thus al-
lows us to estimate

oo o0

(A" ) <Y1 D0 Axrmachac¥ | e, W]

n=1 ||k,l,m=1
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2
oo oo oo
VYN 2
< D01 D0 Armachac¥| | D leav]
n=1 ||k,/,m=1 n=1
o0 o0 oo
< NZ v, Z Ak lmanCpcick | Z A lmnCpcici ¢ ¥
\ n=1 k,l,m=1 k,l,m=1

2.2)

where we recognized that Z —1 llen ¥ I? = (¥, VW) = N, and used that as in the proof
_ 2
of the inequality 7’1 < 1, weare free to add the quantity H (Zl??l,m:l Ak l.m.nChCl ck) Y ”

to obtain the anticommutator of Y75 | _ Ak.1.m.nCpcicx With its adjoint.

The reason for this last step is an argument which was recently used in the study of
the correlation energy of Fermi gases in [5], although it has since been learned this was
first used by Bell in [3]: Although the CAR does not imply a useful anticommutator
identity for sums of an even number of creation and annihilation operators, it does for
sums of an odd number of such operators.

In the present case we note the following identity:

Proposition 3. Let Ay ;. € Cfork,l,m,n € Nobey Ajxmn = —Akimn. Then it

00 T * 00 T
holds foranyn € Nthat T, = H(Zk,l,mzl Ak,l,m,nc;;clck) , Zk,l,m:l Ak,l,m,nc;clck}
is given by

2
00 2

00
ZZ ZAklmnCle +4Z ZAklmnC[Cm _ZZ ZAklmnCm
m=1 |k,[=1 k=1 |l,m=1 k, =1 Im=1

Proof. By applying the CAR we find that for any k, [, m,k’,l',m" € N

{cfcfem, chycrew} = —cicf el emerce + 8mmeicfcrew + chycpcpcicem

= —C CLCT Ul Cm + Sy ! CEC] CIPCR + Cpyy Cl Cr CRC

—cho [eref s cver] em + Smomeiccrer, (2.3)
and by standard commutator identities

[cict crew] = cf[cf , crew] + e crew] cf
=i ({c et —ar . a}) + ({ci. arfawr —ar{cg.av}) e
51’1/C]tck/ — 51*/0261/ + 31{’1/0/(/07 — Sk,krcl/cl*

= —Sppcre] — Sprecy + S rewes + 8 pcrey + S idiy — Skrdik,  (2.4)

SO

{c}gc;"cm, c;;,cl/ck/} = S CRC I Cr + Sk ooy CICY o + 81,17 C o Clr CEeCi

— Sp 1 ChClr € Cm — 81 g o Clr € Cm — Sk k! 81,17 C oy Con + Sk 1181 j/ Corr Com
(2.5)
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Consequently 7}, is given by

00 00
A [ k% *
T, = Z Z AklmnAr .1 m' n {Ckcl Cm, Cm/Cl/Ck/}
klm=1k'1l'm=1
2 2 2
00 00 0o | o
. * *
Z Z Ak’,l’,m,ncl’ck’ +Z Z Ak l,mnC| Cm +Z Z Ak 1,m.nCrCm
m=1 [k',lI'=1 k=1 {l,m=1 =1 |k,m=1
*

00 00 00

Z Z Ak’,k,m/,nc/f/cm’ Z Ak,l,m,nc;kcm

k=1 \k',m'= I,m=1

*

00 00 00

Z Z Al,l’,m’,ncl*/cm’ Z Ak,l,m,nc;:cm

1=1 \'.m'=1 kom=1

00 00 2 [ 00 * 00

S dmen] + 33 dremnen) (3 Asmnen). 26)
k=1 1m=1 k=1 \m'=1 m=1

The claim now follows by renaming indices and using the assumed antisymmetry of
Ak,l,m,n- O

With this identity we now obtain the central estimate of this paper:

Proposition 4. For any Hilbert—Schmidt operator A : h @ h > h® hand N € N it
holds that with respect to /\N h

*

o o0 [o)0]

Ak Ak 2
E E Ak lmnCpCiCk | E Ak tmnCpcick ¢ < SN [[Allfs -
n=1 k,l,m=1 k,l,m=1

Proof. We begin by noting that as

o 1 o
> Armacheick =3 Y Actmacy (ciek — cker)
k,l,m=1 k,l,m=1
o)
Ak lmn — ALk,
= Z “’"’"2 SR ek 2.7)
k,l,m=1

we can assume without

2 2
and Zk,l,m,n |Ak,l,m,n - Al,k,m,n\ = 42](71,,”,” |Ak,l,m,n s
loss of generality that A; k m.n = —Ak.L.im.n-
It then follows from the previous proposition that

[o)0] o0 * [o/0]
. * *
T := E E Al manCpCicr | E Ak 1mnCpyCICk
n=1 k,l,m=1 k,l,m=1

2 2
00 0 00

00
= Z Z Ak,l,m,nCle +4 Z Z Ak,l,m,ncl*cm s (2.8)

m,n=1 |k,l=1 k,n=1 |l,m=1
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and the same argument we applied in equation (1.9) now shows that for any ¥ € /\N b

o o 2 o o0 o 2
Z Z ArtmpncicgV| =< Z <Z ZAk,z,m,nka‘l’ )
m,n=1 ||k,[=1 m,n=1 \k=1 Il I=1
o0 o0 o0 ) 2 o0 ) o
<D0 1D [ Aktmal Nawl ) < D0 Akl (chkW)
m,n=1 \ k=1 =1 k,l,m,n=1 k=1
= N | Algs W17, (2.9)

. e e— 2
ie. Y ornct | %=1 Aktmncice|” < N [[Allfg, andasalso | g awct ||, </ 2ox lowl,

it similarly holds that
2

o o
DD Avimacien¥| < NlAlls- (2.10)
k.n=1 ||l,m=1

O

As noted at the beginning of this section, Theorem 1 immediately follows since we
now have from equation (2.2) that

|tr (Ay,")| < V5N | Allys - @2.11)

Proof of Theorem 2. We note the following identity for yz\p’T:

Proposition 5. For any ¢y, @2, V1, Y2 € b it holds that

(@1@¢2). 7" 1@ v2)) = (e (¥ e2) " W) ¢ W) e (o) W)
— (W, c* W) F W) e (@) e (1= n') e2) ).
Proof. By the CAR we have that

(Y1) ¢ (Y2) e (@) ¢ (1) = —c* (Y1) ¢ (92) " (Y2) ¢ (@1) + (@2, ¥2) ™ (Y1) ¢ (¢1)
=c (@) c* (Y1) c* (Y2) ¢ (p1)

+ (@2, ¥2) ¢* (Y1) ¢ (91) — (@2, Y1) " (Y2) ¢ (1),
(2.12)

which by applying (W, () V) yields
(01 @), v, (1 @ ¥2)) = (W, ¢ (92) " (Y1) " (Y2) ¢ (1) W)
+{@r1 @), (1) ®1) (1 —Ex) (1 @ ¥2)). (2.13)

Consequently

(@1 ® @), vy W1 ®v2)=((¢1 @1 2). 1 W1 ®¥2))
+He1® (1= 1Y) 02) . vy’ (Y1 ® ¥2))
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= (V. c(n'e2) " W) " W) e (o) V)
— (Tt W W elpe ((1 —7')e2) V)
Her@e), (1en”) (" @1) (1 —Ex) (41 @ ) (2.14)
which implies the claim since (1 ® qu’) (yl‘y ® 1) (1 —Ex) = (1 —Ex) (yl‘l’ ® qu’). O
Theorem 2 can now be concluded in the following form:

Proposition 6. For any Hilbert—Schmidt operator A : h ® h — h @ h, N € N and
normalized W € \" b it holds that

or (4" T)| = 5Nt (" (1= 73%)) AT

Proof. By the previous proposition we can write the trace as

o]

w(an) = Y (@), A @ u)) (@ @) 1" @)
k,l,m,n=1
o0
:Z<c v y) Z Ak Lm.nCoyCick ‘I’>
n=1 k,l,m=1

— Z <( Z Ak,lym,,,c;;clck‘ll) ,C ((1 — qu;) u,,) \If>, (2.15)

so by Cauchy—Schwarz and Proposition 4

oo oo oo * o0
)tr(Ayz\p’T)‘S Z<‘I’Z D Actmacicck | oY AkLmacheick ‘1’>
n=1 n=1 k,l,m=1 k,l,m=1
S 2
Y (e ) 0 he (1= 7)) o)
n=1

n=1

< J %> (ler (7P wa) W]+ e (1 = 1) ua) W[ 14lws . 2.16)

Now we note that by the CAR

316 o) I = 3 (v (Il = ) 1) v

= () - 0")) =v(n' (- (")) eI

and

oo oo

Yl (1= n")un) W™ = 3o (woe (1= 7)) e (1= 11*) ) @)

n=1 n=1
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=1tr (Vllp (1- )/1\1,)2) = (Vlw (1 —2n'+ (ylw)z»

(2.18)

for the claim. O
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