Journal of Functional Analysis 287 (2024) 110651

journal homepage: www.elsevier.com/locate/jfa

Contents lists available at ScienceDirect

Journal of Functional Analysis

JOURNAL OF

Regular Article

The Widom—Sobolev formula for discontinuous
matrix-valued symbols

Leon Bollmann, Peter Miiller *

()

Check for
updates

Mathematisches Institut, Ludwig-Mazimilians- Universitat Miunchen,
Therestenstrafle 39, 80333 Minchen, Germany

ARTICLE INFO

ABSTRACT

Article history:

Received 9 November 2023
Accepted 23 August 2024
Available online 31 August 2024
Communicated by Laszlo Erdos

Keywords:

Szegoe asymptotics
Widom-Sobolev formula
Matrix-valued pseudodifferential
operators
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as it is for scalar-valued symbols.
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1. Introduction

Initiated by Szegé [33,34], the analysis of the determinant of large Toeplitz matrices

has continuously attracted attention ever since, see, e.g., [13,35,1,4,5,7]. Early gener-

alisations from matrices to integral operators of Wiener—Hopf type with discontinuous

symbols were restricted to one spatial dimension [17,37] but conjectured to have a natu-
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ral extension to the higher-dimensional case. The special case of a half space was treated

n [39]. It took more than another two decades until the substantial work of Sobolev [29]
together with its extensions [30-32] provided a comprehensive proof of this conjecture
for a large class of pseudodifferential operators, which is now known as the Widom—
Sobolev formula. Since the beginning of the 21st century, such questions of Szegé-type
asymptotics attracted a great deal of additional attention because of their relevance to
the large-volume behaviour of entanglement entropies for non-interacting Fermi gases
[15,16]. This led to further developments with regard to applications of Szegd asymp-
totics to Schrodinger operators [18,25,9,20,19,21,22,8,23,24,27,26,28].

It is a natural question in which way these results extend to Wiener—-Hopf operators
with matrix-valued symbols. In the case of Wiener-Hopf operators which only feature
a discontinuity in a single variable, this question has already been answered in [36] and
extended in [38]. In this case it turns out that there is a major difference between the
scalar-valued and matrix-valued case. While the coefficient of the ensuing area law has an
explicit integral form in the scalar-valued case, in the matrix-valued case no such explicit
form is known [38, bottom of p. 5] even when the space dimension is one. Instead, it still
remains to compute a function of a one-dimensional Wiener—Hopf operator. Especially in
higher space dimensions, the coefficient is even less accessible due to the lack of symmetry
of the domain. Yet, the recent paper [12] manages to extract certain scaling information
from this coefficient for a symbol related to the multi-dimensional Dirac operator. This
rests on multi-scale techniques in the spirit of [19] and on a generalisation of the results
from [36] both in the allowed symbols and test functions.

Up to now the case of discontinuities in both variables, which is often referred to as
just the “discontinuous case”, has only been studied to some degree in one spatial dimen-
sion for matrix-valued symbols [37,11]. The systematic route towards an understanding
of Szegb asymptotics with a logarithmically enhanced term for matrix-valued symbols in
higher dimensions consists of generalising appropriate parts of [29-32] to matrix-valued
symbols. This is the goal of the present paper. In contrast to the case with a single discon-
tinuity, the resulting coefficient of the enhanced area law has an integral representation
which is as explicit as in the scalar-valued case.

As in the scalar-valued case, the Szeg6 asymptotics which we prove here for the
matrix-valued case can be applied to the scaling behaviour of entanglement entropies.
Non-interacting relativistic fermions described by the Dirac operator constitute a prime
example for such an application, see the forthcoming paper [3]. The recent work [12] is
also devoted to Szeg6 asymptotics for a non-interacting Fermi gas of free Dirac particles.
Whereas [12] are concerned with an area law as in [36], the main focus of [3] is on
situations where there is a logarithmic enhancement to the area law.

Now, let us describe and contextualise the results of the present paper in some more
detail. The goal is to prove several variants of the Widom—Sobolev formula for traces
of test functions of truncated Wiener—-Hopf operators with matrix-valued symbols. The
three main results are Theorem 4.8 for analytic test functions i, Theorem 4.15 for ar-
bitrarily often differentiable & and Theorem 4.22 for h which are twice differentiable
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except at finitely many points where they merely obey a Holder condition, see As-
sumption 4.16. Notably, the test functions considered in Theorem 4.22 include all Rényi
entropy functions, in particular the von Neumann entropy function. This is one of the
primary motivations to consider test functions as in Assumption 4.16. In contrast, the al-
lowed Wiener—Hopf operators decrease in generality from Theorem 4.8 to Theorem 4.22.
For example, the truncated Wiener—Hopf operator in Theorem 4.15 is of the form

Gr(A1,As; A, T) :=1, Op, (1r) Re [ Op!, (Re A1)] Op,(1r)1a
+ 14 Opy (1r) Re [Op!, (Re A2)] Opy, (1re)1a, (1.1)

where A; and As are suitable smooth symbols with values in the C"*"-matrices which
may depend on both position and momentum. The (standard) left-quantisation functor
Op', of the symbols is defined in (2.15), and ReT := (T + T*)/2 is the self-adjoint part
of a (bounded) operator T'. Besides the discontinuity in space due to the restriction to
the volume A C R¢, the truncated Wiener-Hopf operator (1.1) features a second, more
general jump discontinuity at the boundary of the momentum region I' ¢ R? where the
change from A; to As occurs. Because of the two discontinuities, Theorem 4.15 yields a
two-term asymptotics

trL2([Rd)®Cn [h(GL(A17A2;A7F)):|
— e [zno (tren[h(Re Ay)]; A, T) + 2 tren [h(Re As)]; A, rc)}

+ L% log L 201 (44(h; Re A1, Re As); OA, OT)
+o(L%¥tlog L), (1.2)

as L — oo with a logarithmically enhanced area term. Interestingly, the coefficients 20,
and 20, are the same as in the scalar case, see (2.10) and (2.11). For d = 1, this was
already found by Widom [37]. We point out that the first argument of 2, is a matrix
trace and, hence, scalar valued. The same is true for the first argument of 20;, where
the matrix trace is hidden in the definition (2.27) of the scalar-valued symbol 1.

An operator sum as in (1.1) describes the general jump discontinuity of a symbol
along the boundary of T'. Tt is useful for applications like to the free Dirac operator in [3].
However, it also represents an additional technical challenge if the matrix-valued symbols
Aq and Ay do not commute. A careful consideration in the proof of Theorem 3.10 still
allows to get coefficients similar to the scalar-valued case. Such operator sums were first
studied in [32, Thm. 5.2] for scalar-valued symbols. In addition to working with matrix-
valued symbols, we require slightly weaker assumptions on I and on the symbols A; and
As. The first situation requires either I' or I'® to be bounded. Then, only one symbol needs
to have compact support in momentum, namely the one that is in the same term of (1.1)
as the unbounded momentum region. The second situation allows both I' and I'® to be
unbounded. But then, both symbols A; and As are required to be compactly supported
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in momentum, see Remark 4.23. These less stringent requirements are possible because
of less stringent requirements in some Schatten—von Neumann estimates that we prove:
Lemma 3.4 and Lemma 4.1 allow both A and I to be unbounded (admissible) domains.
This fact also simplifies several other steps leading to Theorems 4.8, 4.15 and 4.22.

The extension of (1.2) from polynomial test functions h to more general test functions
as in Theorems 4.8, 4.15 and 4.22 is often referred to as the “closing of the asymptotics.”
In the case As = 0 and for a scalar-valued symbol Aj, the results for different classes
of test functions and (merely piece-wise) differentiable admissible domains A and I' can
be assembled from different papers within the large body of work of Sobolev [29-32]
with precursors by Widom [39] and Gioev [14]. In this paper, we give a unified and
complete treatment of such results for matrix-valued symbols, without sacrificing too
much generality for a given class of test functions.

The plan of the paper is as follows. In Section 2 we describe the basic notions and
notations. Section 3 is devoted to the proof of the Widom—Sobolev formula for polyno-
mial test functions. This is done in Section 3.2 after adapting and slightly generalising
Schatten—von Neumann estimates for commutators from [29,30] to matrix-valued sym-
bols in Section 3.1. Section 3.3 extends the result of Section 3.2 to Wiener—Hopf operators
which are a sum of two terms as in (1.1). The closing of the asymptotics is done in Sec-
tion 4. Section 4.1 treats analytic functions, Section 4.2 arbitrarily often differentiable
functions and Section 4.3 functions which are twice differentiable except at finitely many
points where they merely obey a Holder condition.

2. Notation and preliminaries
2.1. Admissible domains

We mostly follow the terminology in [30].

Definition 2.1. Given a natural number d € N\ {1}, we call a subset Q C R? a basic
domain, if there exists a Lipschitz function ® : R“~! — R and a suitable choice (obtained
by relabelling and rotation) of Cartesian coordinates R? > z = (21,22, ..., 74) such that

Q:{!L‘EIRdde>@($1,x2,...,$d,1)}. (21)

For m € N, we further call a basic domain a piece-wise C™-basic domain, if, in addition,
® is a piece-wise C™-function. In the case d = 1, we call  C R a (piece-wise C"-) basic
domain, if it is an open interval of the form Ja, 0o[, respectively | — oo, a[, for arbitrary
a€R.

Definition 2.2. We call Q C R? an admissible domain, if it can be locally represented as
a basic domain, i.e. for all z € R? there is some r > 0 such that for B,(), the open ball
of radius 7 about z in R%, we have
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B.(z) NQ = B.(z) Ny (2.2)

for some basic domain €2,.. For m € N, we further call an admissible domain a piece-wise
C"™-admissible domain, if it can be locally represented as a piece-wise C™-basic domain,
i.e. the domains €, in (2.2) are piece-wise C™-basic domains.

Remark 2.3.

(a) Given a basic domain €, the domain ()¢ is also a basic domain by the coordi-
nate transformation x4 — —x4 and replacing ® by —®. This extends to admissible
domains in the following way. Given an admissible domain € locally represented by

basic domains €2, the domain ()¢

is locally represented by (2,)¢ and therefore
again admissible.

(b) Note that the boundary of a basic domain has Lebesgue measure zero as it is the
graph of a Lipschitz function. This also extends to admissible domains, as R? is here-
detarily Lindel6f — every metrisable space is heredetarily Lindelof, see, e.g., [10, Ex.
3.8.A, Cor. 4.1.13] — and therefore each open cover of the boundary has a countable
subcover.

(¢) Given an admissible domain §2, the operator 1g. of multiplication with the indicator
function of Q¢ agrees with the operator Ly on L?(RY), as OS2 has measure zero.
Therefore, the operator 1g. acts as multiplication with the indicator function of an
admissible domain. This will be useful later in the paper.

2.2. Complezx-valued symbols

Given a natural number d € N, we consider complez-valued amplitudes a € C;)’O(IRd X
R<x R?) which are smooth, i.e. arbitrarily often differentiable, and have the property that
a and any partial derivative of a of arbitrary order is bounded. The first two variables
of a play the role of space variables, the last one of a momentum variable. We denote
the first variable by x, the second by y and the third by £. Given any such amplitude,
the following integral formula defines a bounded [6] linear operator on the Hilbert space
L?(R%) of complex-valued square-integrable functions over R?, which leaves Schwartz
space S(R?) invariant. Given a Schwartz function u € S(R?), its action is defined by

(ovl @) = ()" [ [0 atwputy) aye (2.3
R? Rd

for every x € R?. Here, i denotes the imaginary unit, and the integrations are with
respect to Lebesgue measure in R?. In the case that the function a does not depend on
both x and y, we call a a complez-valued symbol and define the left and right operators
of a by
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(Ovly(a)u) (&) i= (;ﬂ) [ [ ¢ atw gt ava (2.0
[Rd |Rd
and

(Ovi(a)@) = () [ [0 aty. uty) aye (25)

R4 R4

If a depends only on £, we no longer need the distinction between left and right operators
and just write Opy (a). In this case, we have

Op;(a) = F ta(-/L)F, (2.6)

where F is the unitary Fourier transform on L2?(RY) and, on the right-hand side, a is
to be understood as a multiplication operator (in Fourier space). Thus, in the case of
(2.6), Op (a) gives rise to a well-defined and bounded operator on L?(R?), whenever the
symbol a is an essentially bounded measurable function on R%.

We now introduce discontinuities in both variables = and &£ of the left operator of the
symbol a. Let A,T" C R? be bounded measurable subsets. Then we define the following
operator on L?(R?)

Ty (a) := Tp(a; A,T) := 1, Op; (1r) Op} (a) Op; (1r)14, (2.7)

where 1, 1 are the associated indicator functions, 15 acts as a multiplication operator
and Op; (1) is defined by (2.6). The operator Op;, (1r)1, is trace class according to |2,
Chap. 11, Sect. 8, Thm. 11]. Therefore, T}, and its symmetrised version

Sp(a) :== Sr(a; A,T) := 15 Op.(1r) Re [OplL(Rea)] Op,(1r)1a, (2.8)

which is self-adjoint and has a real-valued symbol, are both trace-class. Here, we also
used Re to denote the self-adjoint part Re @ := (Q + Q*)/2 of a bounded operator Q.
There is a famous conjecture by Widom [37], stating that the asymptotic formula

try2(ray [9(Sc(a))] =LWo(g(Rea); A,T) + L' log L 201 (A(g; Rea); OA, OT)
+o(L% 1 log L) (2.9)

holds for suitable test functions g : R — R with ¢g(0) = 0 as L — co. This was proved
by Sobolev in [29,31] for analytic and smooth test functions and extended in [30,32] to
test functions which are twice differentiable except at finitely many points where they
merely obey a Hélder condition under the assumption that the symbol a only depends
on the variable £. In all three cases A is required to be a piece-wise C''-admissible domain
and T is required to be a piece-wise C3-admissible domain. The coefficients are given for
continuous symbols b by
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Wo(b; A, T) : d//ba:§ dé da (2.10)
T

and

> b8, for d = 1,

(z,£)€OAXOT

(zﬂ%//b(x,é) Inoa(x) - nar(€)|dS(€) dS(z), for d > 2

OA OT

W, (b; OA, OT) :=

(2.11)

where ngy, respectively ngr, denotes the vector field of exterior unit normals in R? to the
boundary 9A, respectively dT'. We write d.S for integration with respect to the (d — 1)-
dimensional surface measure induced by Lebesgue measure in R?. Finally, the symbol
A(g;b) in (2.9) is given by

1
A )6 = 5 | (e [_tf)( S (212)
0

for every x, £ € R and for Holder-continuous test functions g.

Remark 2.4. In the case of analytic or smooth test functions, the above asymptotics (2.9)
holds for a more general class of symbols which are not required to be arbitrarily often
differentiable but merely have a finite symbol norm N("=™¢)(a) for m, = mg = d + 2.
For the definition of the symbol norm, we refer to Definition 2.5 below with n = 1. If the
test function g is a non-smooth function, which is relevant for applications, the required
parameter mg in the norm increases significantly. This is the reason why we restrict
ourselves to smooth symbols, thereby minimising some technical efforts.

2.8. Matriz-valued symbols

Given a complex matrix A € C"*"™

with matrix dimension n € N, we denote its entry in
the vth row and pth column by (A),,,, where v, u € {1,...,n}. We now introduce matriz-
valued amplitudes A € Cg°(R? x R x RY, C"*™) which are arbitrarily often differentiable
and have the property that A and any partial derivative of A of arbitrary order is

bounded. We will always identify this space with the tensor product
C° (R x RY x RY, C™*™) = C°(RY x R? x RY) @ C™*™, (2.13)

Thus, A € C°(R? x R? x R, C™*™) is equivalent to requiring that the matrix entries of
A are corresponding complex-valued amplitudes, i.e. (4),, € C$°(R? x R? x RY) for any
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v, € {l,...,n}. If A€ C°(RY x RY,C"™ ") does not depend on both z and y, we call
A a matriz-valued symbol.

In analogy to the scalar case, we define bounded — see Lemma 3.1 — matrix-valued
operators OpY (A), Op’, (A) and Op’; (A) on the product Hilbert space L?(R?)@C". Their
action on Schwartz functions u € S(R?) ® C" is given by

d
(v )@= () [ [ awpguans, @19

(Oph (A)u) (z) = (%)d [ [ ¢ atw utwiavae (215)

R4 R4

and

(o) @ = () [ [ A, 210

R4 R4

for every & € R?. We write Op; (A), if A only depends on the variable £. In this case, we
have

Op.(A) = (F 1 ®1,)A(-/L) (F @ 1,), (2.17)

where, on the right-hand side, A is to be understood as a multiplication operator in
L?(R*)®C™. Thus, in the case of (2.17), Op; (A) gives rise to a well-defined and bounded
operator on L2(R?) ® C", whenever the symbol A is an essentially bounded measurable
matrix-valued function on R

Definition 2.5. Given non-negative integers m,,m,, m¢ € Ng and a matrix-valued am-
plitude A € C°(R? x R? x R?, C™"*™), we introduce the symbol norm

NOmemume)(A) = max  sup tren |090)07 Az, y,€)| < oo (2.18)
la|<ma 44 ccRe
‘Blgmy
[yI<me
S lx
of A. Here, a, 3,7 € N& are multi-indices, |a| := Z?zl || and 0F = ﬁ, where
ARG

Oy, denotes the partial derivative with respect to the jth component of the variable
u € RLIf A € Cf°(RY x RY, €™ ") is a matrix-valued symbol which does not depend on
the variable y, respectively =, we set N(™=me) (4) := N(memume)(A) for arbitrary m,,
respectively N(™vme) (A) := N(memvme) (A) for arbitrary m,.

The indicator functions of the bounded measurable subsets A,T' € R? on L?(R%) @ C"
are given by
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1 =140 @ 1y; 1Ir =1r®1,, (219)

where the respective second factor denotes the n X m-unit matrix. We also introduce
operators induced by matrix-valued symbols A € C;* (R?x R4, C™*™) with discontinuities
in both variables

Tr(A) := TL(A; A, T) := 1, Op, (1p) Op} (A) Op, (1r)1a (2.20)
and
Sp(A) := Sp(A;A,T) := 1, Op,(1r)Re [Op},(Re A)] Op, (1r)1a,  (2:21)

where we employ the same notation as in the scalar cases (2.7) and (2.8).

We want to reduce the traces of these operators to the traces of operators with scalar-
valued symbols. For v, p € {1,...,n}, let E,,, € C"*" be the canonical matrix unit with
entry one in the vth row and pth column and all other entries equal to zero. We expand
the matrix-valued symbol A with respect to this matrix basis

A= (A ® By (2.22)
v,pu=1
and use linearity to obtain
To(A) = > To((A)wu® Epy) = Y Tr((A)wp) @ Evpe (2.23)
v,u=1 v,u=1

Given a trace-class operator T on L2(R?) and a matrix M € C"*", their elementary
tensor product T® M is trace class on L?(R?) @ C™ with (standard) trace trpz2(raygen T'®
M = (trp2(gay T)(tren M). In particular, the operator 77, (A) is trace class with

n
trL2(|Rd)®Cn TL<A> = Z tI‘Lz([Rd) TL(<A>V1,) = tI'LQ([Rd)[TL(tI'Cn A)] (2.24)
v=1

In the same way, the operator Sy (A) is seen to be trace class.

Motivated by the applications to the free Dirac operator in [3], it will be useful to
extend the asymptotics to slightly more general Wiener—Hopf operators which are not
only restricted to the momentum region I' C R? as in (2.20) and (2.21) but, instead,
exhibit a more general jump discontinuity at the boundary OT' with different matrix-
valued symbols A;, Ay € C°(R? x R%, C™*™) on the inside, respectively outside of OT.
Since at least one of the domains I'" and I'“ is not bounded we require the symbols Ay,
respectively Ao, to be compactly supported in the second variable, when I', respectively
I"¢, is not bounded. This guarantees the trace-class property of the operators
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D (A1, A2) == Dp(Ar, Ag; A1) := T (A; A, 1) + T (Ag; A, T) (2.25)
and

Gr(A1, Ag) == GL(A1, Ag; A, T) := Sp(A1; A,T) + Sp(Ag; A, T€). (2.26)
In this case, we also need to adapt the symbol 2(g;b) in (2.12) featuring in the 20;-
coefficient to account for both A; and As. Similarly to the situation in d = 1 dimension

for matrix-valued symbols with general jump discontinuities in [37], the appropriate
replacement appearing in Theorems 3.10, 4.8, 4.15 and 4.22 is the scalar symbol

u(g7BlaBQ

E dt (2.27)

/1 tren [g(Bit 4+ Ba(1—t)) — g(B1)t — g(B2)(1 — t)]
t(1 1)
0

which is defined for bounded matrix-valued symbols Bi, B and for Hélder continuous
functions g : R — C.

3. Asymptotic formula for polynomials

In the remaining part of this paper we use the letters C,Cy,Cs,C,,,, etc. to denote
generic positive constants whose value may differ from line to line.

We first give a proof that the matrix-valued operators (2.14) — (2.16) are bounded
operators on L2(R%) ® C" with operator norms || - || uniformly bounded in L. This is a
simple reduction to the scalar case, which is contained in [29, Chap. 3].

Lemma 3.1. Let A € C°(R? x RY x R, C"*™) be a matriz-valued amplitude. Then, for
every L > 1 we have

|0pZ (A)]| < CNI™™H(4) < oo, (3.1)
where m = L%J + 1, and the constant C' is independent of L. Here, |u] stands for the
largest integer not exceeding u € R. Clearly, this carries over to symbols A € C'lfo([Rd X
RY, C"*") so that

1 0P’ (A)]] < ONCH1 (4) < o (3.2)

for both t € {l,r}.

Proof. We use (2.22) and linearity to write

| OPZ ( Z OpY ((A)vu) ® Euy

v,u=1

Z | OpY ((A)) |- (3.3)

v,u=1
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By [29, Lemma 3.9] we estimate for every v, € {1,...,n}

H Op7 ((A)wn) H < CNOmmdy) ((A)wn) (3.4)
in terms of the symbol norm (2.18) for n = 1. This concludes the proof. O
3.1. Commutation results

As usual we want to first prove the asymptotics for monomials g. We are therefore
faced with the task of calculating

tI“L2([Rd)®Cn [(TL<A>)p] = trL2([Rd)®Cn |:(1A OpL(lp) OplL(A) OpL(lp)lA)p] (3.5)

for p € N. In order to reduce this to the scalar-valued case, we need to deal with the
matrix structure. Our first step will be to derive some results allowing the commutation
of Op’ (A), t € {I,7} with both 15 and Op (1r) up to area terms in L.

Definition 3.2. Let H be a separable Hilbert space. For g € )0, oo[ we define the Schatten—
von Neumann class T, as the vector space of all compact (linear) operators X on H
with singular values s, (X) € [0,00[, k € N, such that

Q=

Xl = (3 0)7) 7 <. (3.6)
k=1

Definition (3.6) induces a norm on 7, for ¢ € [1, 00| . For ¢ €]0, 1] it induces a quasi-norm
for which the g-triangle inequality

X +Y§ <X+ Yl (3.7)
holds for all X,Y € 7.

Definition 3.3. For ¢ €10, 1] we write X, ~, Y, for two L-dependent operators Xr,,Ys, €
T, of the corresponding Schatten—von Neumann class 7, over L%(R?) @ C", if there exists
C > 0 such that | X, — YL||3 < CL% 1 for all L > 1. We further write ~ for ~j.

We start with a result that requires more restrictive conditions on the symbol. In the
scalar case with the symbol a being compactly supported in both variables and both A
and I' being bounded admissible domains or basic domains, the desired commutation
properties were already established in [30]. Our first step will be to extend these prop-
erties to matrix-valued symbols A and to general (potentially unbounded) admissible
domains A and I'. While the extension to matrix-valued symbols is quite straightfor-
ward, the extension to unbounded domains takes more effort. However, this is needed to
obtain less strict requirements in the main results of this paper, see Remark 4.23.
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Lemma 3.4. Let A € C;)’O([Rd x R, C™*™) be a matriv-valued symbol with compact support
in both variables. Let A and T' be admissible domains. Then for every q €10,1] and
t € {l,r} the commutators obey

(0D} (4). 14] ~q 0 (3.8)

and
[OpY,(A), OpL,(1r)] ~4 0. (3.9)
Remark 3.5. Suppose that in addition to the requirements in Lemma 3.4 one has
supp A C Bs(u) X B (v) (3.10)

for some centres u,v € R? and radii s,7 > 0 such that s > 1 and L7 > 1. Then in the
scalar-valued case Theorem 4.2 and Remark 4.3 in [30] provide a more precise estimate
for the commutators in Lemma 3.4 depending on the radii s and 7 of the support of the
symbol A. As the proof of Lemma 3.4 will show this estimate extends to the matrix-
valued case considered in Lemma 3.4 in the following way: Let m, = FJ + 1 and
me = Ld'HJ + 1. Then there exists a constant C' which only depends on ¢ and A such
that

[[OpL(A), 1A][]; < C(Lst) = (N(meme) (A; 5, 7)), (3.11)

where N (™= me)(A: 5, 1) 1= MaX|q|<m, SUDy ceRrd slel 718l tren }8§8§A(x,§)|.
[Bl<me

Proof. Let L > 0. We first want to reduce (3.8) to the scalar-valued case. We use (2.22)
and estimate with the triangle inequality

I[OpL(4). 14] ][] < ZH OpY, ((A)u)s 1] @ B[] (3.12)
v,p=1

We now want to see that each individual term factorises in the tensor product. To do so,
let X € 7, be an operator on L?(R?) in the Schatten-von Neumann class corresponding
to ¢ and M € C"*" be a matrix. Using that | X @ M|? = | X|? ® |M|?, we get

1X ® M1 = trregagen [|X]9@ [M]7] = (trpege [|X]7]) (tres [[M]7]) = | X (13| M12.

(3.13)
We warn the reader that the above equation involves three different Schatten—von
Neumann-g-norms, on L?(R?) ® C", on L?(R?) and on C" from left to right. With this
at hand we get for each term in the last line of (3.12)
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I (3.14)

q7

ITOPL ((A)un), 1a] ® Evullg = [[[OPL ((A)up), 1a]|

which is the scalar case.
If A is a basic domain, Thm. 4.2 and Rem. 4.3 in [30] yield constants C,,,, which only
depend on ¢ and A, such that

1TOPL((A)v)s L[l < Cop(LsT) (NP (A; s, 7)) (3.15)

for all v, p € {1,...,n}. Here we used that |M,,| < tr [M| for every matrix element M,,,
of a matrix M. Hence,

[[OpL(A), 14]]]; < C(LsT)H (NI (A;5, 7)), (3.16)

where C = Z: pe1 Cy, only depends on g and A. Therefore, it remains to show that

the scalar result (3.15) extends to arbitrary admissible domains A. It suffices to show
HlA Opt (a)(1 — lA)HZ < C(LST)dfl(N(mI’mg)(a; s,T))q, (3.17)

for an arbitrary scalar symbol a € C£°(R? x R?) with compact support in both variables,
as the estimate for the commutator follows from (3.17) together with its adjoint and the
fact that (3.17) holds for both the left and the right operator.

In order to prove (3.17) define A= {x € R? : dist(x, A) < s} and let R > 0 such that
the support of @ in the first (i.e. space) variable is contained in Br(0). As A is admissible

and A N Bg(0) is compact, we can cover AN Bgr(0) with balls B,(z;) with radius p > 0
and centres x; € R?, where 7 € 9 C N runs through some finite index set. The balls
are chosen such that A N By,(z;) = A; N Bay(x;) for every j € J, where A; is a basic
domain. We introduce a smooth partition of unity {¢;};es in R? with supp ¢; C B,(z;)
for j € J and

[} m = 1, Where [ORE Z ¢j (318)
Ji€g
as well as
sup |95 ¢;(z)| < Cp~l*l, € N, (3.19)
r€R4

where the constant C' does not depend on p. We start with the easier case ¢ = | and
estimate

|14 O (a) (1= 12)[|7 = [[1a® Oy (a) (1= 1) |2 < D [|1a, ¢ O (a)(1-14)][2. (3:20)
JET
As the sum is finite, we just need to estimate the individual terms. We already have a
basic domain to the left of the symbol. Therefore, it remains to also replace the occurrence
of 15 on the right-hand side by 1,; in order to complete the reduction.
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For j € J, let h; € C*°(R?) be a smooth function such that ||h;||e < 1, supp(h;) C
Byy(z5) and hj|p,,(2,) = 1. We obtain

10,5 O (@) (1 = 1a)[[2 = [[1a, 05 OPL(@)(hy + 1 = hy)(1 = 1a)]|
< ||1a, 85 O (@)hy (1 = 14,)][2 + [| &5 OPL(a) (1 = )|
< |1, OPL(950)(1 = 14|
+ C(Lpr) et (N8 (a5 p, 7)), (3.21)

with a constant C' which only depends on g. Here we used [30, Thm. 3.2] with a = L
lo =4 =R =p, by =1B,(s;), ha =1 —hj and a = ¢;a in the last step. This is
possible, as the distance of the supports of ¢; and 1 — h; is at least p by construction.
Above, we used the notation OplL(qua) which is abusive, as it does not specify the
variable the function ¢; depends on. However, it should be still clear from the context
and the definition of the function ¢; that the symbol ¢;a should be interpreted as
bja: BT X RT3 (1,€) = 6;(x)a(a,£).

As p only depends on A, the bound (3.19) allows us to estimate the second term in
the last line of (3.21) from above by

C(Lr)4=met(Nmeme) (q:1, 7)) < C(Lst)4H (NI ™) (a55, 7)), (3.22)

where the constant C' now only depends on ¢ and A and we used that L7 > 1, meq >
d+1>1as well as s > 1 in the last inequality. The estimates (3.20), (3.21) combined
with (3.22) and (3.15) yield (3.17) for t = I.

For the more complicated case t = r write

|14 OpY (a)(1 — 1A)||q = |14 OpZ(a)(® +1— ®)(1 — 1A)||q

<Y [[1a O ()65 (1 = 112 + [[14 OP} (@) L0y (1 — @)
JjeT
(3.23)

Note that supp(l —®) C (/~& NBr(0))° C AcU (Br(0))© and therefore supp (1p,(0)(1 —
<I>)) C A°. Hence, the distance between the supports of 14 and 1p,)(1 — ®) is at least
s and [30, Thm. 3.2] yields

114 Op ()(1 = 1)l < > [[1A OPL(a)e; (1 = 1a)) 5
q
J€g
+ O(Lst)d=met(N(meme) (g 5, 7)) (3.24)

From here on we continue similarly to the case of the left operator by inserting h;+(1—h;)
to the left of Op} (a). This gives (3.17) for ¢ = r. Relation (3.9) follows in the same way
by interchanging the roles of the variables x and £&. O
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If we have a symbol with compact support in both variables, there are several useful
estimates for the left and right operators in the trace norm [29, Chap. 3]. We also want
to generalise these to the matrix-valued case.

Lemma 3.6. Let A, B € C°(RY x R, C™*™) be matriz-valued symbols and F € Cg°(R? x
R x RY,C™™") a matriz-valued amplitude. We assume that B has compact support in
both variables and F' is compactly supported in & and in at least one of the variables x
or y. We write D for the symbol given by D(x,€) := F(x,z,£) for x,& € R%. Then, for
t € {l,r} we have

Opl(B) ~ Opy(B) (3.25)
and
Op7 (F) ~ Opi (D). (3.26)
Further, we have
OpL(A) Opl,(B) ~ Op,(AB) (3.27)
and
OpL(B) Opy(4) ~ Opj,(BA). (3.28)

In the proof of Lemma 3.6 we provide more information on the constants arising in
(3.25) — (3.28), see (3.31), (3.30), (3.36) and (3.37).

Proof of Lemma 3.6. Let L > 1. In order to reduce (3.26) to the scalar case, we again
use (2.22) and (3.13). The estimates in the scalar case can be found in [29, Lemma 3.12].

Note that this Lemma even provides the estimate
| Op% (F)up) = OPL (D)) ||, < CLTINEHELER (), ) (3.29)

for every v,u € {1,...,n}, where the constant C' still depends on the support of the

amplitudes (F'),,, but is otherwise independent of (F'),,,. Therefore we obtain

0P (F) = OpL(D)[1 < CLY NI () (3.30)

in terms of the norm (2.18) for matrix-valued amplitudes. The (new) constant C' still
depends on the support of the amplitude F', but is independent of F' otherwise. In the
special case F(z,y,&) = B(y,£) we obtain

10pL(B) — Opy,(B)ll < CLT N2 (B), (3.31)

which proves (3.25).
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For (3.27) we use (2.22) to write

00} 4) 00},(3) = (3 08}, (1) © 2 ) (3 OB (B)or) @ E2

v,u=1 o,7=1
= 3= (0% ((4)) ODL ((B)yr)) @ Eur (3.32)
v,u,T=1
and
Op (AB) = ZOpL (AB)y:) ® E,p = Z OpY, ((A)ou(B)yr) ® Eur. (3.33)
v, 7=1 v,u,T=1

Combining these two equalities, the triangle inequality and (3.13), we get

| OpY,(A) Opf(B) — Opy(AB)||,

< Z || OptL ((A)VM) Opi: ((B)/w) - OptL ((A)VH(B)MT) H1 (3~34)

v r=1

The corresponding scalar estimates for ¢ = [ are contained in [29, Cor. 3.13]. The esti-
mates for ¢t = r follow from taking the adjoint. Cor. 3.13 in [29] gives even a more precise
estimate

|| Opfi ((A)Vu) OptL((B)u ) — OptL (( ) (B MT) Hl
< CLd lN(d+1 d+2) ((A)uu) N(d+1,d+2) ((B)IM') (335)

for every v, u, 7 € {1,...,n}, where C still depends on the support of the symbol B, but
is independent of B otherwise. Therefore,

|| Opf,(A) Opf,(B) — Op},(AB)||, < CLTINEHLIFD(4) N@FLAF2)(B) - (3.36)

where C' again depends on the support of the symbol B, but is independent of B other-
wise. This proves (3.27). The proof of (3.28) is analogous and yields

|| Op%(B) Opy,(A) — Opy(BA)||, < CLITINUEHLAR) () NEHLAF2)(B) o
(3.37)

In order to prove the asymptotic formula for polynomials it is convenient to localise
the problem, i.e. to locally replace the admissible domains A and I" by appropriate basic
domains. The following lemma will be helpful in that regard.
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Lemma 3.7. Let A, B € C°(R? x RY,C"™™") be matriz-valued symbols and assume that
B is compactly supported in both variables. Let A and I be admissible domains. Further,
let Ag and Ty be basic domains such that

and Bly, . =B (3.38)

B|A><[Rd :B}onued RéxTg"

For p € N we have
Op, (B)(Tr(A;A,T))” ~ Opl (BAP) (T (Ln; Ao, To) )" (3.39)

Proof. The symbol B is compactly supported in both variables. Therefore, we can apply
Lemma 3.6 and Lemma 3.4. By assumption we have 1 Op} (B) = 1, Op} (B) and
Op' (B) Op(1r) = Op% (B) Op; (1r,). Therefore, we get

Op7(B)1s ~ 15 Op7(B) = 14, OpL(B) (3.40)
and
OpL,(B) Op,(1r) = Op,(B) Op,(1r,) ~ Opp(1r,) Oy, (B). (3.41)
Furthermore, we can apply (3.27) to get
Opf,(B) Opl,(A4) ~ Op,(BA). (3.42)

We note that the three relations above still hold, if one replaces the symbol B by BA™
for some m € N. Repeatedly applying the relations, starting from the left, yields

OpY, (B)(T1(4; A, T))” ~ (Tr(1,; Ao, To))” Op, (BAP). (3.43)

The symbol BAP is still compactly supported in both variables. Therefore, we can re-
peatedly apply Lemma 3.4 to get the desired result. O

3.2. Asymptotic formula

The next crucial ingredient will be a local asymptotic formula for basic domains. This
is a generalisation to matrix-valued symbols of the appropriate scalar results, namely
[31, Thm. 4.1] in the case that d > 2 and the initial result by Widom [37] in the case
d=1.

Theorem 3.8. Let p € N, let A be a piece-wise Ct-basic domain and I' be a piece-wise
C3-basic domain. Further let B € C°(RY x RY,C™ ™) be a matriz-valued symbol with
compact support in both variables. Then
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£ 2 (R0 [oplL(B)(TL(nn;A,r))p} = L9900, (tren [B; A, T)
+ L% ' log L 204 (trea [B] A(id?; 1); OA, OT)
+o(L% log L), (3.44)
as L — oo. Here, id? is the monomial of order p, the coefficients o and W1 are defined

in (2.10) and (2.11), respectively, and we refer to (2.12) for the definition of the symbol
2A.

Proof. Writing out the symbol in form of a tensor product and using that tre.[E,,] =
0

v,us Where 6, , is the Kronecker delta, we arrive at
trranzer | OPL(B) (TL(Lai A T))" |

= tosc | 3 OB, (Bl © Bup) (1) 91,

Sv,p=1

—trpanser | 3 OB (o) (T2(1) @ B

Sv,p=1

= 3 trsagen) [ OB ((B)) (T2 (1)) ]
v=1 )

= trpa o) [oplL (tren [B]) (TL(l))p]. (3.45)

The asymptotics for this last term is given by [31, Thm. 4.1] in the case that d > 2:

trpz(ray [OplL ( tren [B]) (TL(I))p} :Ldﬂﬂo ( tren [Bl; A, F)
+ L% log L 90 (tren [B] A(id”; 1); 9A, OT)
+o(L¥ log L), (3.46)

as L — oo.

For the case d = 1 we use the initial result by Widom [37]. As translation, reflection
and time reversal are unitary operators, we just need to consider the case A =T =]0, oo .
Commuting Op}; (tre- [B]) to the right is possible up to area terms by Lemma 3.4. Taking
f = id?, we are now in the situation of [37, Eq. (12)] up to multiplication with the
constant tre[B](0,0). The desired asymptotics follows. O

With these tools at hand, we are now ready to prove the asymptotics for polynomials

Theorem 3.9. Letp € N, let A, B € Cl‘fo([Rdx[Rd, C™*™) be matriz-valued symbols. Let A be
a bounded piece-wise Ct-admissible domain and T be a piece-wise C®-admissible domain.
We assume T' to be bounded or A to be compactly supported in the second variable. Then
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12 (re) o [oplL(B) (TL(A;AI))p} = L9, ( trga [BAP]; A, T)
+ L% M log L 0, (tre-[BAP)A(id?; 1); 9A, OT)
+o(L¥ 1 log L), (3.47)

as L — oo. Here, id® is the monomial of order p, the coefficients 2o and W1 are defined
in (2.10) and (2.11), respectively, and we refer to (2.12) for the definition of the symbol
2.

Proof. We give a proof in the case that I' is unbounded and A is compactly supported
in the second variable. The other case works similarly and is slightly easier.

Let R > 0 such that the support of A in the second variable is contained in Br(0).
By the definition of Ty, we have

OpY (B)(Tr(4;A,T))”
= Op},(B)1a Opy (1r) OPY (4) Oy, (1p,(0) Opy, (1r)1a (Tr (4 A,T)) . (3.48)

Both A and Bg(0) NI are bounded, therefore we can cover their closures with finitely
many open balls such that A, respectively I, is represented by a basic domain denoted
by A; for j € J, respectively I'y, for k& € K, when restricted to any of such balls. Here,
J,K C N are two finite index sets. We denote a partition of unity subordinate to the
covering of A by {¢;};eq and a partition of unity subordinate to the covering of Br(0)NI'
by {t¥x}rex. By the construction of the coverings we get

Op;(15,0) O (Ir)Ia = > Opp(lpuonr) OPL(¢ve)la.  (3.49)
JET, keK

We note that the symbol ¢,y of the right operator Op7 (¢;1) is to be understood as
ik R X RE 3 (y,€) = ¢ (y)vr(£). As in (3.21) this is an abuse of notation and it is
only clear from the definitions of the functions {¢;};cq and {¢}rex. With (3.49), we
obtain

Op',(B)14 Opy(1r) OpY(A) Opy(1r)1a

= Y Opi(B)1aOpL(1r) OpL(A) Opy(1r) OpL(¢;¢x)1a.  (3.50)
JET, keK

We note that the symbol ¢;v, is compactly supported in both variables. Therefore, we
can establish the following relations with the help of Lemma 3.4 and 3.6 for every j €
and k € K

Op. (1r) Op} (¢;¢%) ~ OPY(¢;¢%) Opy (1r) ~ OpY(é;¢x) Opy(1r),
Op', (A) OpY (¢;4%) ~ OpY (Apj1x) ~ Oph (¢;4x) OpY (A) ~ Opf (¢;¢r) Ok (A),
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15 OpY(¢;¥k) ~ OpY(¢;¢r)14. (3.51)

Combining them, yields

Opy(B)(TL(A; A1) ~ >~ Opy(B) Op(¢0hn) (TL(A; A, T))”
JET, keK

~ > OpL(Bix)(TL(A;A,T)), (3.52)
JET, kK
where the matrix-valued symbol Bj;y, is defined by B;x(z,€) := B(x,£)¢;(x)x () for

x,& € R?. We note that the symbol B; 1 is compactly supported in both variables and
that

Bj klaxge = Bjkla,xze and Bjlgixr = Bjk|rixr, - (3.53)

Therefore, we are able to apply Lemma 3.7 and conclude

Opy(B)(TL(A; A1) ~ > Opy(BjxAP) (Tr(Ln; Ay, Ti))". (3.54)
JjeT, kekX

Now both A; and I'y, are basic domains. Therefore, we can apply Theorem 3.8 to get
the asymptotics

trp2(rdyoCn {Opl[,(Bj7kAp) (TL(Iln; Ay, Fk))p}
= LW (tren [BjxAP); A, Tx) + L4 log L 904 (tren [B; x AP) A(idP; 1); 0A;, O
+o(L4 log L), (3.55)

as L — o0o. As A and I' are locally represented by A; and I'y, we can replace each
occurrence of the basic domains by A respectively I'. Using the linearity of the coefficients,
we get

trLQ(Rd)Q@C"{ Z OplL(Bj,kAp)(TL(]]-mAjark))p:|

JET, keK
= LW (tren [BAP); A, T) + L log L 904 (tren [BAP] A(id?; 1); OA, OT)
+o(L% log L), (3.56)

which concludes the proof of the theorem. 0O
3.3. Extension to more general Wiener—Hopf operators
In this section we will generalise the results from Section 3.2 to treat more general jump

discontinuities at the boundary OI" of the momentum region I' ¢ R? with different matrix-
valued symbols A; and A, on the inside, respectively outside. The non-commutativity of
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A; and As represents an additional technical challenge in the proof of the next theorem
for matrix-valued symbols as compared to the scalar case [32, Thm. 5.2]. We recall
the definitions of the Wiener—Hopf operators Dy (A1, A2) and G (41, As) in (2.25) and
(2.26).

Theorem 3.10. Let p € N, let Ay, Ay € C°(RY x R, C™*"™) be matriz-valued symbols and
assume Ag to be compactly supported in the second variable. Let A be a bounded piece-
wise Ct-admissible domain and T' be a piece-wise C3-admissible domain. We assume T’
to be bounded or Ai to be compactly supported in the second variable. Then

trp2aygen | (Do(Ar, Ag; AT)) ] = LW (tren [AY]; A, T) + 2 (tren[A5]; A, T¢)]
+ L9 ' log L 207 (U(idP; Ay, A2); OA, OT)
+o(L4 tlog L), (3.57)
as L — oo. Here, id® is the monomial of order p, the coefficients 2o and W1 are defined
in (2.10) and (2.11), respectively, and we refer to (2.27) for the definition of the symbol
s
Proof. We give a proof in the case that I" is bounded and A; is not compactly supported

in the second variable. The other case works similarly.
As A and T are bounded we can find real-valued functions ¢, € C2°(R?) such that

dla =1 and |p = 1. (3.58)
By construction we have 15 Op; (1r) = 15 Op), (¢1)) Op; (1r). We rewrite
Tp,(A1; A,T) = 1, Opf(¢¢) Op, (1r) Op7 (A1) Opy (1r)1a- (3.59)

Using Lemma 3.4 and 3.6, we get

1 Op},(¢%) Opy (1r) Op, (A1) Opy(1r)1a ~ 14 Opy(1r) Op (¢10A1) Op(1r)1a.
(3.60)

As the symbol ¢ A; is compactly supported in both variables, we can commute further
to get

Tp(A1; A, T) ~ 14 Opy (99 A1) Opp(1r)1a = 14 Op7 (A1) Op(1r)1a.  (3.61)

For the operator Tr(Az; A,I'°) we can argue in a similar fashion. Let ¢ € C°(R?) be a
function such that ¢ equals 1 on the support of As in its second variable. Write
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Tp,(Az; A, T) = 14 Opy (1re) Opf (A2) Opy (1re) Opf (¢¢)1a
~ 15 Opy (1re) Opf (A2¢¢) Opp (1re)1a
= 14 Op; (1r<) Op} (A26) Opp,(1re)14
~ 14 Opl (A3) Op; (1pe)14. (3.62)

Here the commutation with Opy (1r-) is possible because Opy (1re) = Opp(1(p).), as is
explained in Remark 2.3(b). Combining (3.61), (3.62) and (3.61) for A; — Ay, we get

Dp(Ar, As) = Tr(A; A,T) + Tp(Ao; A, T€) ~ Tp(Ag; A, RY) + Tp (A — A AL T).
(3.63)

The next step will be to compute the trace of (DL(Al, Ag))p for p € N. The operators
Tr(Ag; A,R?) and Tp(A; — As; A,T') do not even commute up to area terms because the
matrix-valued symbols Ay and B := A; — As do not necessarily commute. Therefore, we
need to be more careful than in the scalar-valued case. In order to write out the result
we use the expansion

(X +Y)P = Z B > 2y 2y (3.64)
k=

TESy

for X and Y elements of an associative algebra and

ZzM =X if j>k 2z =Y if <k for ke{0,...,phje{l,....p}.
(3.65)

Here S, denotes the symmetric group on the set {1,...,p}. Applying this with X =
Tr(Ag; A,RY) and Y = T (B; A, T), yields

P

(DL(Al,Ag))pNZ = k,z z80, 2% (3.66)

TESy

We note that X = T7,(¢Az; A, R?), where the symbol ¢ Ay is compactly supported in both
variables. The goal is to move all occurrences of Opl (¢Az) and Oph (B) to the left in or-
der to apply Theorem 3.9 for the asymptotic evaluation of try2(ga)gcn [(DL (44, Ag))p].
To this end, we introduce the symbols

O = Ay if j>k  CW =B if j<k,  for ke{0,....p}je{L....p}
(3.67)

Since the symbol B is not necessarily supported in both variables, the established com-
mutation results in Section 3.1 do not apply directly to it. For this reason we will treat
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the term with k = p in (3.66) later, as it does not contain a factor Op} (¢As). For
k € {0,...,p — 1} such a factor is present, Lemma 3.4 permits to commute it with 1,
and Opy(1r) up to area terms and Lemma 3.6 allows to merge it up to area terms
with other Opl (¢As) or Op (B), the result being a left operator of a symbol that is
compactly supported in both variables. In this way, we start with the rightmost factor
of Op' (¢A3) and move it to the right thereby uniting it with all Op} (B) to the right of
it in a single OplL. Subsequently moving this operator to the very left, we obtain

k k —k (K
7% 28 ~1,0p), (¢P o) CT(F(;Q (1A OpL(lp)lA) (3.68)
for k € {0,...,p — 1}. The factor 15 on the left is only relevant if k = 0, otherwise it
can be absorbed in (14 OpL(lp)lA)k up to area terms.

Next, we claim that

trL2(|Rd)®Cn [(DL (Al, Ag))p

]
- Ldfmo(tr@n [AZ]: A, uad)
P
+ L Zﬁ > Qﬂo(tr@n [Ch, -l 1A r)
k=1 '(p )'ﬂ'GSp

+ L log L Z NI 2, ((tre [C)) - C%) T Gia¥s1); 00, 0)

TES,

+o(L% log L), (3.69)

as L — oo. The first line on the right-hand side arises from the direct computation of
the term with & = 0 in (3.66) and (3.68). The terms with k € {1,...,p—1} in (3.66) and
(3.68) give rise to the corresponding terms in the sums of the second and third line of
(3.69) by applying Theorem 3.9 with B there given by ¢P~ kCT(r]zl) -CSE;) and A there
given by 1,. The terms with k¥ = p in the second and third line of (3.69) are obtained
by applying Theorem 3.9 directly to the term with & = p in (3.66) by choosing B in
Theorem 3.9 as 1,, and A in Theorem 3.9 as B from this proof.

In order to conclude the proof it just remains to rewrite the terms on the right-hand

side of (3.69). Adding the first two terms, we get
- k
L (Qﬁo(tr@n [AZ); A, RY) + Z P Wy (tree [C)) - ) ); A,F))
k=

7r€S
_ (%)d / ( / tren [A3(, €)) dé

A R4
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P
+/z_:1 kl(p — k)! D tren [Co) -+ oty @ ©)] dé)

TES,
d
= (%) //trcn [(Ag +B1p)p(x,§)] dédx
A R
— (200 tren [A7]; A,T) + 2o tren [45]; A,T°) ), (3.70)

where we used the expansion (3.64) with X = Ay and Y = B1r in the second step. For
the third term in (3.69) we need to evaluate

o 3 tree [CN) O TGN 1), (3.71)

TeS,

ey

(p —

The definition of 2 and linearity of the trace imply that (3.71) is equal to

1 k)
1 /Zk 1 k'(p 1 Qres, tren [C CT(r(p)]( —1) dt

(2m)? t(1 1)
0

1 k k
1 / tren [Zi:o m Zwesp Cfr(i) T Cfr(;)(tk —1) = A5(1 - t)] at

(2m)2 t1—t)
0

dt

1 tren [(Az + Bt)P — (Az + B)Pt — AB(1 — t)]
/ t(1—1) ’

= @ (3.72)

0

where we used the expansion (3.64) twice in the last step. Inserting B = A; — Aa, we
arrive at the expression

1
/ tren [(Ait+ Aa(1— 1)) — At — AB(1 —1)]
2

t1—1)

dt = ﬂ(idp; Al, Ag) (373)
0

for (3.71). Together with the linearity of 20, and (3.70) we get the asymptotic formula
trp2rayeen | (DL(Ar, A2))] = L0 (trea [AY; A, T) + L9 (tren [A5]; A, T)

+ L% log L 904 (U(id?; A1, As); OA, OT)
+o(L% log L), (3.74)

as L - oco0. O

It is straightforward to also get an asymptotic formula for the operator G (A1, As).
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Corollary 3.11. Let p € N, let A1, As, A and T be as in Theorem 3.10. Then we get the
following asymptotic formula

trr2rayoen [(Gr(Ar, A2; A, T))"] = L (tren [(Re Ap)P); A, T)
+ L9 (tren [(Re A2)P]; A, T)
+ L% log L 20 (4(id”; Re A1, Re Ap); OA, OT)
+o(L  og L), (3.75)

as L — oo.

Proof. By the definition of G we have

GL(Al, AQ) - DL(RG Al, Re Ag) = SL(Al; A, F) — TL(RG Al; A, F)
+ SL(AQ;A,FC) - TL(RG AQ;A,FC>. (376)
As in (3.61) and (3.62), we can assume that our symbols are compactly supported in

both variables. Using that (OplL (Re Al))* = Op’ (Re A1) and applying Lemma 3.6, we
get

1 :
|SL(A; A, T) =T (Re Aj; A, T) ||, < 3 | OpY,(Re A1) — Opl,(Re Ay)||, < CL*'. (3.77)
Also applying this procedure with As and I'°, we get
GL(Al,AQ) ~ DL(ReAl,ReAQ). (378)

Tterative use of (3.78) together with Hélder’s inequality and the fact that G (41, As) is
uniformly bounded in L, yields

(GL(A1,A2))” ~ (D(Re A1, Re A2))". (3.79)
It just remains to apply Theorem 3.10 to get the desired asymptotic formula. O
4. Closing the asymptotics

We now want to establish the asymptotics from the theorem above for more general
functions than polynomials. In the case of a non-self-adjoint operator, we can only extend
this to analytic functions. For self-adjoint operators more general functions are accessible.

We first need to generalise some additional trace-class estimates from [30] to matrix-
valued symbols and unbounded domains.
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Lemma 4.1. Let B € C°(R? x R4, C™*"™) be a matriz-valued symbol with compact support
in both variables. Let A and T be admissible domains. Then, for every L > 2, t € {l,r}
and q €]0,1] we have

|14 Op,,(1r) Ok (B) Op, (1r) L

S <SCOL™'logL, (4.1)
and

| OpL(1r) Op%(B) Op(1r-)

o <oLtt (4.2)

The constants C' > 0 depend on the symbol B and the number q but are independent of
AT and L.

Proof. We start by proving (4.1). By Lemma 3.4 we get
10 Opp(1r) Opy(B) Opp(1r)1ac ~q 14 Opp(1r) OpL(B)1ac. (4.3)

By applying (3.13) we get

q

n
114 Opz(1r) OPL(B)1ac || = || > 1a Opz(1r) OpL ((B)uw)lac © Eyy
v,pu=1 q
< Y [[1a OpL(1r) OpL ((B)uw)1aclf}. (4.4)
v, pu=1
Therefore, it suffices to show
114 Opy (1) O (b)1ac [l < CL ' log L, (4.5)

for an arbitrary scalar-valued symbol b € Cb‘x’([Rd x R?) with compact support in both
variables. It follows that there is some R > 0 such that the support of b is contained in
Br(0) x Br(0). _

As in the proof of Lemma 3.4 define A := {z € R? : dist(x,A) < R} and cover
AN Br(0) with balls B,(x;) of radius p and centres x; such that A N By,(x;) = A; N
Byy(z;), where A; is a basic domain for every j € J C N, a finite index set. Cover
I' N Br(0) in the same manner with balls B,, (&) of radius ps and centres & for k €
K C N, a finite index set. Let {¢;},cq, {¥r }rex be smooth and finite partitions of unity
subordinate to these coverings, i.e. we have supp ¢; C B,(z;), suppyr C B,,(&k), as
well as

=1 and ¥|gp—g =1, (4.6)

50 ©

where ® := > . o ¢; and W = 3, o4y First we treat the more difficult case ¢ = r.
We write
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[[1a OpL(1r) OpY (b)1ae Z = ||1A OpL(1r) Op}, (b(® + 1 — @) )14 Z
< [[1a OpL(1r) OpL (@ W) 1ac |7
+[[1a Op,,(1r) Opf, (b(1 - ®))]|;. (4.7)

As the symbol b(1 — @) is still smooth and compactly supported in both variables, we
can apply Lemma 3.4 to get

15 Op,(1r) Opy, (b(1 = @)) ~4 14 OPY, (b(1 — @)) Op(1r). (4.8)

Note that as in the proof of Lemma 3.4 the support of b(1 — Zj ¢;) in the first variable

is contained in A® and therefore is of distance at least R to the support of the function
1a. Therefore, we can apply [30, Thm. 3.2] to get

114 Opy, (b(1 = @)) OpL(1r)[|7 < [[1a OPL(B)(1 — @)||7 < C. (4.9)
It remains to estimate

H1A Op, (1r) Op} (b®W)15e

1< 37 |[1a Opi (1r,) O (b1
JET
kex

Z. (4.10)

As the sum is finite, it suffices to evaluate the individual terms. Using Lemma 3.4 again,
we get

15 Opy (Ir,) OpL (b ¥r)1as ~q 1a OpL (b@50k) Opy (1r, ) 1ac. (4.11)

Let h; € C°°(R?) be a smooth function such that ||h;||o < 1, supp(h;) C Bu,(z;) and
hj‘BQp(l'j) = 1. Then

|14 OP (b¢;91) Opr, (I, ) 1as |7 = |1 (R + 1 — Rj) OpL (b54) Oy (1r ) Las |7
< [[1a, OPL(0¢;91) Opr, (1) 1as |7
+ [[(1 = hy) Opy, (bibw) ;14 (4.12)

To get a bound for the last term we use [30, Thm. 3.2] again, as the supports of (1 — h;)
and ¢; have distance at least p. This yields

(1 = h;) Opy (br) ;1§ < C. (4.13)

In the remaining term all occurrences of admissible domains are replaced by basic do-
mains and applying [30, Thm. 4.6] gives

| 1a, OPL (bdjthx) Opy, (1, )1a, e

s <CL'log L. (4.14)
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Combining (4.7) — (4.14) yields (4.5) and concludes the proof of (4.1) for ¢t = r. The
simpler case t = [ starts from rewriting the operator in (4.5) as

14 Opy (1r) Op} (b)1ac ~q 14 OPY (6) Opy(Ir)lae = Y 1a,6; O} (b Opy (Ir, ) 1ac.
ik
(4.15)

The further steps mirror the ones of the case t = r, starting from (4.11).
Finally, Inequality (4.2) is a direct consequence of Lemma 3.4. O

4.1. Analytic functions

We consider functions g with g(0) = 0 which are analytic in a disc Bg(0) C C about
the origin with sufficiently large radius R > 0, i.e. there exists w,, € C,m € N, such that

9(2) = > wm™, (4.16)

for all z € Bg(0). The trace of D1, (g(A1), g(A2)) can be computed explicitly and coincides
(up to area terms) with the expected volume term.

Lemma 4.2. Let A1, Ay € leo(le x R4, C™ ") be matriz-valued symbols with Ao be-
ing compactly supported in the second variable. Further, let A and ' be bounded ad-
missible domains. Then for any function g analytic in a disc Br(0) C C of radius
R > || O, (A1) + || Op, (A2)|| with g(0) = 0, we have

trrz(raygen [DL (9(141)79(142))] =L {QUO(UC” [9(A1)]5A7F) + Qﬁo(trc"l [g(Ag)];A,I‘C)}
+0(L%Y), (4.17)

as L — oo.

Proof. Let ¢,9 € C°(R?) be as in (3.58), i.e. ¢|p = 1 and 9|r = 1. First note that
the function g being analytic guarantees that g(A;) € Cp°(R? x R4, C™*™) is a well-
defined symbol for j € {1,2}. Further the property g(0) = 0 ensures that these symbols
are again compactly supported whenever the corresponding symbol A; is compactly
supported. Therefore, the previous results (3.61) and (3.62) on Cg°-symbols apply and
we get

D1 (g(A1), g(A2)) ~ 1,0p%, (9(A1)¢v) Opy (1r)1a + 14 OD}, (9(A2)¢) Op, (1re)14.
(4.18)

The trace of the right-hand side of (4.18) can be computed explicitly by integrating its
kernel along the diagonal which yields
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trr2 (Re)@Cn [11\ Op, (9(A1)¢¢) Opy(1r)1a + 15 Op7, (9(A2)9) OPL(lrc)lA]
— 1 [Qﬂo(tr@n [9(A1)]; A,T) + 2 trenlg(As)]; A, rc)] O (4.19)

The crucial remaining step is to estimate the following trace norm

|9(Dr(Ar, A2)) — Dr(g9(A1), 9(A2)) |, (4.20)

and see that it only gives an enhanced area law with coefficient depending on the function
g. We divide this task into several steps and begin by reducing the question to symbols
which are compactly supported in both variables. For some of the steps we will need a
large radius of convergence. In order to define it, we will first define the radius

tai=supl| Opy (A)[| + N@HL2)(4), (4.21)

for a single matrix-valued symbol A € Cg°(R? x R C* "), where N(4+1d+2)(A) is
defined in (2.18).

Lemma 4.3. Let Ay, Ay € C’g’o([Rd x R4, C™"*™) be matriz-valued symbols with Ay being
compactly supported in the second variable. Further, let A and T' be bounded admissible
domains. Then, there exist symbols B1, By € Cfo(ﬂ?d x R4, C"*™), compactly supported
in both variables and with

(A1 —B1)|,, =0, (A2 — Ba)|,  ga =0 (4.22)

such that for any function g analytic in a disc Br(0) C C of radius R > tg := ta, +
ta, +tp, +tp, with g(0) =0 we have

Dy (9(A1),9(A2)) ~ D (9(B1), 9(B2)) (4.23)

and

9(Dr(A1, A2)) ~ g(DL(Bi1, By)). (4.24)

Proof. Let L > 1. We find the compactly supported symbols by introducing smooth
cutoff functions in the same way as in Lemma 4.2: Let ¢,% € C°(R?) be as in (3.58)
and define By := A1¢y and By := As¢. As in (4.18) we get

D1 (g(A1), g(As)) ~ 14 Opl, (9(A1)¢y) Opy(1r)1a + 14 OpY, (9(A2)¢) Opy (L1re)1a.
(4.25)

Since ¢|x =1 and ¢|r = 1 we have
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14 Op%, (9(A1)6%) Opp(1r)1a + 14 Op} (9(A2)8) Opy (1re)1a
=1, Op}, (9(B1)) Op,(1r)1a + 14 Op}, (9(B2)) Opy (1re)1a
~ Dy (9(B1),9(Bs)), (4.26)

where we used Lemma 3.4 in the last step. This proves (4.23).
In order to prove (4.24), we first note

Dy (A1, As) ~ D (B, Ba), (4.27)

by setting g = id in (4.23). We now need to calculate the trace norm |[(Dr(A;, A3))™ —
(DL(B1,B2))™|1 for arbitrary m € N. We note that the case m = 0 need not be
considered here due to g(0) = 0. Repeatedly applying (4.27) together with Holder’s
inequality and the fact that Dy (A;, As) and Dy (B;, Bs) are bounded uniformly in L by
to, we get

H(DL(AlvAQ)) (DL Bl,BQ ) Hl Ldilcmtgl_l, (428)

where the constant C' depends neither on m nor L. Therefore, using the notation of
(4.16), we obtain

l9(DL(A1, A2)) — g(DL(B1, By))||, = H i wm{(DL(A1;A2))m - (DL(BlzB2))m}

1

< L& 1e Z mlwm [to (4.29)

m=1
as ¢ is analytic in Br(0). O

The next Lemma [29, Lemma 12.1] deals with the projections in the operator Dy,.
Lemma 4.4. Let X be a trace-class operator in a separable Hilbert space H. Let P be an

orthogonal projection in H and g be as in (4.16) a function that is analytic in a disc
Bpr(0) C C of radius R > || X||. Then we have

lg(PXP) — Pg(X)P|1 < g™ (I XI)|IPX (1g — P)||1, (4.30)
where
gM(z) =Y (m = Dwm|z™", 2z € Bg(0). (4.31)
m=2

The next result deals with interchanging g and OplL.
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Lemma 4.5. Let A € Cg° (R x RY, C"™*™) be a matriz-valued symbol with compact support
in both variables and let g be a function that is analytic in a disc of radius R >t about
the origin and such that g(0) = 0. Then we have

9(OpZ(4)) ~ Opy, (9(4)). (4.32)
Proof. Let L > 1. It suffices to show
OpY (A)™ —Opt (A™)||, < DL~ (m — 1)2(@+2)ym-1 (4.33)
L L 1 A

for every m € N with the finite constant D := CN@+1L4+2)(A) where the constant
C does not depend on L and m and is specified below (4.37). Indeed, the power-series
expansion (4.16) of g then yields

Hg(OplL(A)) H1 H Z wm OPL ))m - OPZL(AM)}
1
< DL Z | |(m — 1)2(d+2gm=1 (4.34)
m=1

which gives a finite constant, as g is analytic in a disc of sufficiently large radius. We
prove (4.33) by induction on m.

For m = 1, there is nothing to prove in (4.33). Now, suppose (4.33) holds for m € N.
In order to prove (4.33) for m + 1 we estimate

m—+1 m—+1

[(OpL(4)™ " = OpL(A™ )|, < [[(OpL(4))™ — Op(A™) OpL(A)]],

+ | OpZ(A™) OpL,(A) — OpL(A™ )], (4.35)
For the first term, we use the induction hypothesis and Hélder’s inequality

|(Opl(4)™ " — Opl,(4™) Opl, (4))

, <DL ( = DA OplL(A)]
D

LTt D= Opi (4] (4.36)

NN

The second term is treated with Inequality (3.36) applied to the symbols A™ and A
[1OpZ(A™) Op,(4) = Op (A |, < CLATINUFLEE (4™) NUFLEE) (4)

_ DLd—lN(d+1,d+2) (Am) (437)

Since the arising constant C' from (3.36) depends only on the support of the symbols A™
and A, it is independent of m and L. It follows from the definition (2.18) of the symbol
norm that

N(d+1,d+2) (Am) < m2(d+2) (N(d+1,d+2) (A))m < mQ(d+2)t’ZL—1N(d+1,d+2) (A) (438)
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Inserting (4.38) into (4.37), adding (4.36) and using once again the definition (4.21) of
t 4, we conclude the proof of the induction step. O

Combining the previous results, we get the desired estimate for (4.20).

Lemma 4.6. Let A1, Ay € C°(RY x RY,C"*™) be matriz-valued symbols with Ay being
compactly supported in the second variable. Further, let A and T' be bounded admissible
domains. For any function g analytic in a disc of radius R > to with g(0) = 0, there
exist constants C1,Co > 0, with Cy independent of g, A and ', such that

|g(DL(A1, As)) — Dp(9(A1), 9(A2)) ||, < CrgMl(to) L9 log L+ Co L, (4.39)
for every L > 2. The radius to is defined in Lemma /.3 and (4.21).
Proof. Let L > 2. As Lemma 4.3 yields
g(DL(A1, As)) ~ g(Dr(B1, By)) (4.40)

and

Dy (9(A1),9(A2)) ~ Dr(9(B1), 9(B2)), (4.41)

it suffices to show (4.39) with A; and A, replaced by the compactly supported symbols
B; and By. We prove this starting with the operator g(Dr(B1, B2)) on the left-hand
side.

Lemma 4.4 applied to Opy (1r) Op’ (B1) Opy (11) +Opy (1re) Op (B2) Op; (1) and
15 combined with Lemma 4.1 yields

HQ(DL(B1,BQ))

~ 11 9 Op2(1r) OB, (B1) Opy (1r) + Opy (Lre) Op) (B) Op (1r-) ) 1a |,

< g'”(to)(HlA Op(1r) Opy, (B1) Opy (1r)1ac|,

+ [[14 Op (1<) OBl (B2) Op (1re)1ac |, )

< CrgM(tg) L4 og L. (4.42)

Here, C1 is the constant from (4.39). For its independence of g, A and I" we refer to
Lemma 4.1. The power series expansion of the function g implies

9( 0Py (1r) OB}, (B1) Op (1r) + Opy (1r-) O} (By) Opy (1r-) )

= g(Op,(1r) Op’,(B1) Op.(1r)) + g( Opy (1re) Opl, (B2) Opy (1re)). (4.43)
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Applying Lemma 4.4 to Opk (By) and Op; (1), followed by Lemma 4.1, yields

|9(Op(1r) OpY(B1) Opp(1r)) — Op (1r)g(OpL(B1)) Op (1r)]],
< g™ (to)|| OpL(1r) OpY(B1) Opy (1re)

d—1
L SCOLL (4.44)

Applying Lemma 4.4 again to Op', (By) and Op (1re), we conclude

11 9( OpL(1r) OB (B1) Opy (1r) + Opy (1r-) Opf(B2) Op (1r-) ) 1a
~ 1y ( Op,(1r)g(Op}(B1)) OpL(1r) + Opy (1re)g( Op,(B2)) OpL(lrc)) 1x.  (4.45)
Finally, Lemma 4.5 gives
14 Op,(1r)g(OpY(B1)) Opp(1r)1s ~ T (g(B1); A, T), (4.46)
as well as
15 Op(1re)g( Opl(B2)) Opy(1re)1a ~ T1 (9(B2); A, T°). (4.47)

The claim follows, because DL(g(Bl),g(BQ);A,F) = TL(g(Bl);A,I‘) + TL(g(Bg);
ATe). O

We also need the following estimate for the coefficient 207 .

Lemma 4.7. Let A1, Ay € C° (R x R, C™ ™) be matriz-valued symbols. Let the function
g be analytic in a disc of radius R > to with g(0) = 0. Let A and O have finite
(d — 1)-dimensional surface measure induced by Lebesgue measure on RY. Then

OA||oT
201 (g5 41, 4008, 01) | < 5510 gt (1.45)
Proof. It suffices to show
to
su U(g; A1, As))(x,€)] < 1 (t0). 4.49
L (e A ) 6| < 5 0 ) (4.49)

To start with we choose the test function g as a monomial of order m € N and work
towards a pointwise estimate for the function

2 m m m
(2m)2U(id™; Ay, Ag) = / tren [(Ast + As(1 t(tl))_ t; ATt — A (1 - t)]

0

:Um{j(mww—Am (421 —1)" = Ap(1—1)

dt

i—n =
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m—1 m—k
(k) x) t"(1-t)
§ SN 28z ) dt
" k=1 (m — k'wes RO ’
(4.50)

where the Z ) for j € {1,...,m}and k € {1,...,m—1} are defined as in the expansion

(3.64) with X = Ay, Y = A; and p = m. The integral fo t(tl(lit);ndt is bounded
above by 1 for every k € {1 ,m — 1}. For the first integrand on the right-hand

side of (4.50), we get |f0 =0 dt| m — 1. By a change of variables, we also get

| Jo ! % dt|] <m-—1 for the second integrand. Introducing the norm

[Alloo,1 == sup  tree |A(z, €| (4.51)
(2,6)EOAX AT

for matrix-valued functions A on 9A x 9I', we estimate the right-hand side of (4.50) from
above by

m—1

(m =DA%+ m = DA%, + D0 () 14l 4125
k=1

< (m—=1)([A1floon + [Azlloos)™

Therefore, we conclude from the power-series expansion (4.16) of ¢g that

sup |il(g;A1,A2)‘ < sup Z |wm] |£l (id™ Al,Ag)’
(z,6)€AAXAT (2,6)€dAXIT

S ﬁ Z |wm‘(m - 1)t6n = (;7:_))2 g|1|(1§0)7 (452)

where we used that ||A1]lco,1 + [|42]/co,1 < ta, +ta, < to by (4.21) and the definition of
g"in (4.31). O

We are now ready to close the asymptotics.

Theorem 4.8. Let A;, Ay € C’g’o([Rd x R4, C™™™) be matriz-valued symbols with Ao being
compactly supported in the second variable. Let A be a bounded piece-wise C*-admissible
domain and T be a bounded piece-wise C3-admissible domain. Let the function h be
analytic in a disc of radius R > to with h(0) = 0, then

trLZ([Rd)®Cn [h(DL(Ah AQ; A, P))]
= £%(200 (tree[A(A1)]; A, T) + 2 trea[h(42)]; A,T7) )

+ L% log L 201 (U(h; A1, A2); O, OT) + o(L4 ! log L), (4.53)
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as L — oo. Here, ty was defined in Lemma /.3 and (4.21), the coefficients Wy and W
in (2.10) and (2.11), respectively, and the symbol L in (2.27).

Proof. Let p € N and approximate h by a polynomial in the following way

P e}
h=gp+hy, gp(z):= Z wmz™, hp(2) == h(z) — gp(2) = Z wmz™,
m=1 m=p+1

(4.54)

where w,, := h{"™(0)/m! for m € N. Let ¢ > 0. Then one can choose p € N such that
hyl(to) < 5. Lemma 4.6 applied to h,, yields

[y (DL (A1, A2)) = Di (hp(Ar), hp(42)) ), < clng—l log L+ CoL4~t.  (4.55)
As

trLZ(IRd)®Cn [h(DL(Al,Ag)) — DL (h(Al), h(AQ))]
< trrerayeen [9p(DL(A1, A2)) — Di(gp(A1), gp(A2))]

+ ||hp (DL(A1, A2)) — D (hp(A1), hp(A2)) |, (4.56)
and the asymptotic formula is already established for g,, we get
. trr2gaygen [R(Dr(Ar, Az)) — D (h(A1), h(Ag))] £
1 < Ci=,
tasip Lo Tlog L Wilgp) + Crg
(4.57)

where 201 (g,) = W1 (U(gp; A1, A2); 0N, OT'). For the coefficient 20 (hy,), Lemma 4.7
yields

1201 ()| < ChlM(t0) < cg. (4.58)
Hence
W (g,) < Wi (h) + |20y (hy)| < Wi (h) + C%. (4.59)
Therefore,
i1 P e PRI <oy e

The corresponding lower bound for the liminf is found in the same way. As ¢ is arbitrary,
we get
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m trLQ("Qd)®q:n [h(DL(Al,Ag)) — DL(h(Al),h(AQ))]

e LiTlog L =W (461

The trace of Dy (h(A1),h(Az)) gives rise to the volume terms by Lemma 4.2, and we
obtain the desired asymptotics

e riywen [R(Dr (A, Ag; A,T))]
=L (Qﬂo(trm [(A1)]; A,T) + Wo  tren [7(Az2)]; AP))
+ L% log L 201 ($4(h; A1, As); OA, OT)
+o(L%¥ tlog L), (4.62)

as L —o00. O
4.2. Smooth functions

We continue with arbitrarily often differentiable functions g vanishing at zero. In order
to apply g to an operator we restrict ourselves to the self-adjoint operator G, see (2.26)
for the definition.

The trace of D, (g(Re A1), g(Re Az)) can again be computed explicitly and coincides
(up to area terms) with the expected volume term. This is stated as

Lemma 4.9. Let A1, Ay € Cboo([Rd x RY C™ ") be matriz-valued symbols with Ay being
compactly supported in the second variable. Further, let A and T' be bounded admissible
domains. Then for any function g € C*°(R) with g(0) =0, we have

trp2(raygen {DL(Q(ReAl)ag(ReAﬂ)}
=% {Qﬁo(trcn [9(Re A1)]; A, T) + W ( tren [g9(Re A2)]; Av]‘—‘c):| +O(L), (4.63)
as L — oo.

Proof. Let ¢,% € C°(R%) be as in (3.58), i.e. ¢[5 = 1 and |pr = 1. First note that the
function g being smooth guarantees that g(Re 4;) € Cg°(R? x R, C"*") is a well-defined
symbol for j € {1, 2}. Further, the property g(0) = 0 ensures that these symbols are again
compactly supported whenever the corresponding symbol A; is compactly supported.
Therefore, the previous results (3.78), (3.61) and (3.62) for Cp°-symbols apply, and we
get

Dr(g9(Re A1), g(Re A)) ~ 15 Op, (g(Re A1)¢ep) Opy (1r)1a
+ 1, Opl, (g(Re A2)¢) Opy (Lre)1a. (4.64)
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The trace of the right-hand side can be computed explicitly by integrating its kernel
along the diagonal which yields

trr2 (ray@Cn [11\ Op}, (9(Re Ay)¢wp) Opy (1r)14 + 14 Opf, (9(Re Az)¢) OpL(]-FC)]-A]
— e [Qﬂo(tr@n [g(Re Ay)]; A, T) + 2y (tren [g(Re Ag)]; A, rC)] O (4.65)

Now we want to estimate the trace norm

HQ(GL(Ala A2)) - Dy, (g(ReAl)ag(Re Az)) H1 (4.66)

The line of argumentation is similar to the analytic case, where each ingredient is replaced
by a counterpart for smooth functions.

Lemma 4.10. Let A1, Ay € C°(RY x RY, C™*™) be matriz-valued symbols with As being
compactly supported in the second variable. Further, let A and T' be bounded admissible
domains. Then there exist symbols By, By € C’l;x’([Rd x R, C"*™) which are compactly
supported in both variables and with (A; — B1)|axr = 0, (A2 — Ba)|axre = 0 such that
for any smooth function g € C°(R) with g(0) = 0 we have

Dy (g(Re Ay), g(Re Ay)) ~ D (g(Re By), g(Re By)) (4.67)

and

9(GL(A1, Az)) ~ g(GL(B1, B2)). (4.68)

Proof. Let L > 1. We find the compactly supported symbols by introducing smooth
cutoff functions in the same way as in the proof of Lemma 4.3: Let ¢, ¢ € C>°(R?) be as
in (3.58) and define By := A1¢y and By := As¢.

Note that in the proof of (4.23) it was sufficient that g(4;), g(B;) € C°(RExR?, C*")
are well-defined symbols for j € {1,2}, which are compactly supported whenever the
respective symbols A;, B; are compactly supported. For the Hermitian matrix-valued
symbols Re A;, Re B; this is the case if ¢ is smooth with g(0) = 0. Therefore, we get

Dr(g(Re A;),g(Re A2)) ~ D (g(Re By), g(Re By)). (4.69)

This proves (4.67), even without the requirement that g is compactly supported.
In order to prove (4.68), we apply (4.67) with g = id, i.e.

DL(ReAl,ReAg) NDL(ReBl,ReBQ). (470)

Using (3.78) on both sides, this extends to



38 L. Bollmann, P. Mdiller / Journal of Functional Analysis 287 (2024) 110651

Gr(A1, As) ~ Gr(By, By). (4.71)
We write
1 ) .
g(GL(Al,Ag)) — g(GL(Bl, Bg)) = E/ (eltGL(Al,A'z) _ eltGL(B1,Bz)) g(t) dt,
R
(4.72)

where § € S(R) is the Fourier transform of g. The operator E(t) := e!tGr(A1,42) _

eltGL(B1.B2) gatisfies the following differential equation

10, E(t) + Gr(A1, A2)E(t) = —(Gr(A1, A2) — GL(By, By)) e'Cr(BrB2) = by (1),

(4.73)
As E(0) =0, we get
t
E(t) = —i/ei“—S)GL(Al»Az) M(s)ds. (4.74)
0
As Gr(B1, Bs) is self-adjoint, we have
1M @)1 < [GL(Ar, Az) = GrL(Bi, Ba)[lh < CLY, (4.75)

where C' is independent of t. The operator G, (A1, Az) is also self-adjoint. Therefore,
|E(t)]; < CLA't. (4.76)
By (4.72) we conclude that
l9(GL(A1, A2)) — g(GL(B1, By))||, <CL*'. O (4.77)
Next we quote a special case of [32, Cor. 2.11] adapted to our situation.

Lemma 4.11. Let g € C2(R) and q €]0,1[. Let X be a self-adjoint operator on a dense
domain D in a separable Hilbert space H and P be an orthogonal projection on H such
that PD C D and PX(1y — P) € T4. Then there exists a constant C' > 0, independent
of X, P and g, such that

lg(PXP)P = Pg(X)1 < C max g™ ol PX (1~ P)3.  (4.78)

Lemma 4.12. Let A € C'boo(U?d xRY, C"*"™) be a matriz-valued symbol with compact support
in both variables and let g € C°(R) be a smooth function with compact support such that
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g(0) = 0. Let the matriz-valued amplitude A, € C°(R? x R? x RY, C™*™) be defined as
follows

Ag(w,9,€) = (4 (Re A(w,€) + Re A(y,€))) (4.79)
for z,y,& € RE. Then we have
g(Re Opl, (Re A)) ~ OpY (4,) ~ Op, (g(Re A)). (4.80)

Proof. Let L > 1. First note that Re Op} (Re A) = OpY (4;q). Using linearity, we write

r T 1 i (A4 T itA; ~
g(OplL (Ald)) — OplL (Ag) — E / (e tOPlL (Aia) _ OplL (e tA,d)) g(t) dt, (481)
R

where § € S(R) is again the Fourier transform of g. The operator E(t) := Opl (elt4ia) —

eit OPL (Aid) gatisfies the following differential equation

10, E(t) + Op (Aiq)E(t) = Op¥ (Aiq) Op¥ (et4ia) — Opl (Aiq etia) =: M (¢).
(4.82)

As E(0) = 0, we get
t
B#) = =1 [ e 00 1 s) s (483)
0

The next goal is to estimate the trace norm of M (¢) for given ¢ € R. The triangle
inequality yields

M (#)]1 < || Op} (Aia) Opf (¢44) — OpY (Aia) OpY (e o)
+ || OpY (Aia) OpY (7 4) — Opf (Re A) Opf (e Fe )|,
+ H OplL(Re A) OplL(eitReA) - OplL(ReAeitP“’A)H1
+ || OpY, (Re Al Re4) — Opl (Ajq e4)| . (4.84)

We will now estimate each of these trace norms individually. Let ¢ € C(R?) be a

function such that ¢(z)A(z, &) = A(z,€) for all z,& € RY. We decompose the amplitude

eltAid as

eltAia(z,y,6) — 1, + ¢(x)(eitAm(w7y,£) _]]-n) + (1 _ ¢(m))(eitz4id(w,y,5) _]]-n)7 (4.85)

where the second term is compactly supported in the variable =, and the third term is
compactly supported in the variable y. Similarly, we write
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eltReA@E) g ¢(x)(eitReA(w,§) ~1,,). (4.86)

Therefore and since eit4ia(®:2:8) — (itReA(@.8) for all x ¢ € R, the estimate (3.30) is
applicable and yields

| Ol (e4) — Opl (el e
< ]| Opl (9fe4 1)) — Opf, ($(e* oA —1,)) |, + || OBY (1 = )& ~1))],

<O L1 (N(d+1,d+1,d+2) (¢(eitAid _]]-n)) 4 N(@+Ld+1.d+2) ((1 . ¢)(eitAid —Jln))>-
(4.87)

Writing Aja(z,y,§) = 3 Re A(z,£) + 5 Re A(y, £), the estimate (3.31) yields

-2

| OpY (Aid)—Op} (Re A)||, = || Opf.(Re A)—Opl, (Re A)||, < CoL4 'NFFLAH2) (Re 4).
(4.88)
As the symbol A is compactly supported in both variables, the estimate (3.37) yields

| Op}, (Re A) Op (¢ °4) — Opf, (Re At Fe )|
< C3Ld_1N(d+1’d+2)(ReA) N(d+1,d+2)(eitReA). (4.89)
We define the amplitudes AW (z,y,£) = ReA(x, &) et Aa@v:8 and A®)(z,y,€) =

Re A(y,f)e“A‘d(m’y’f), which are compactly supported in the variables x, respectively
y. With estimate (3.30) we obtain

H OplL(ReAeitReA) — Opf(Aid eitAid)H1
< 5/ Ol (Re A 4) — Oply (AM) |, + 4 Opl (Re A< 4) — Oply (4
< O LA IN(@HLd+1.d42) ( 4(1)), (4.90)

Combining the estimates (4.87) — (4.90), we obtain the following bound for the right-hand
side of (4.84)

CLL Opl ()] (N2 (el —1,)
+ N(d+1,d+1,d+2) ((1 _ ¢)(eitAid _]1n))>
+ Cng71 ” OplL(eit Re A)H N(d+1,d+2) (Re A)
+ Cng_lN(d+1’d+2) (Re A) N(d+1’d+2)(eitRe A)
4 LA N+ LA+ 1d42) 4 (1) (4.91)

In order to proceed we use Lemma 3.1 to bound || OpY (4;q)|| uniformly in L > 1 and to
estimate || Op} (" Re4)|| < CN(d+1) (eitRe Ay Tt remains to estimate the t-dependence
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of the symbol norms. Each differentiation of the matrix exponentials e'*“id

z,Y, 5)7 re-
spectively e'?Re4(z €), with respect to the Cartesian components of z, v, £, respectively

x, &, brings down a factor of ¢ according to Duhamel’s formula

1

d B(s) _ oB(s) dB (1—0)B(s)

¢ =[e & © do. (4.92)
0

Here, s — B(s) is C*(R,C"*™) and s stands for any of the Cartesian components of
x,y, €. Together with the unitarity of el*4ia (z, 5, &) and e R4 (z, €), we infer from (4.91)
and (4.84) that

IM(t)]y < CLA71BH), (4.93)

where the constant C'is independent of L and ¢. As the operator Opl[(Aid) is self-adjoint,
we conclude from (4.83) that

|E®)|; < CLA1B3d+9), (4.94)
By (4.81) we conclude that
g(ReOpY (Re A)) ~ Op (A,). (4.95)

With the same function ¢ as in (4.85), we write Ay(z,y,£) = ¢(z)A4(z,y,€) + (1 —
qS(x))Ag (x,y,&) and note that A, is compactly supported in the variable z and (1—¢)A,
is compactly supported in the variable y. Applying relation (3.26) from Lemma 3.6, yields

OpY (Ag) = OpY (¢A,) + OpY ((1—¢)4,)
~ Op}, (pg(Re A)) + Opf, (1 — ¢)g(Re A)) = Op}, (g(Re A)). O  (4.96)

We now combine the results for smooth functions in order to obtain the estimate for
(4.66).

Lemma 4.13. Let A, Ay € C°(R? x R4, C™*™) be matriz-valued symbols with As being
compactly supported in the second variable. Further, let A and T’ be bounded admissible
domains. For any function g € C°(R) with g(0) = 0 there exist constants C1,Ca > 0
with Cy independent of g, A and T', such that

|9(GL(A1, A2)) — D (g(Re A1), g(Re A2))||, < C1 max [|g™)]|o L4 log L + Co L

0<k<2
(4.97)
for every L > 2.
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Proof. The proof resembles the one of Lemma 4.6. Let L > 2. As Lemma 4.10 yields

9(GL(A1, Az)) ~ g(GL(B1, B2)) (4.98)

and
Dpr(9(Re A1), g(Re A2)) ~ Dr(9(Re B1),g(Re By)), (4.99)

it suffices to show (4.97) with A; and A, replaced by the compactly supported symbols
By and Bs.

Lemma 4.11 with 0 < ¢ < 1 applied to g, (GL(Bl, By; R, I‘)) and 1, combined with
Lemma 4.1 yields

HQ(GL(BlaB2)) — 129(GL(Bi, Ba; Rd7r))1AH1
= |[[9(GL (B, B2)) 1 — 1ag (GL(Br, Bai R D)1 |

< Jmax [ (HlA Op (1r) Re Opl (Re By) Opy, (1r)1<||x

+ [|114 Opy (1r<) Re Opl, (Re Bo) opL(1Fc)1Ac||1)

< (k) d=1 ) )
< G max, 16" ||l oo L " log L (4.100)

Here C’ is the constant from Lemma 4.11, and C} is already the constant appearing in
the claim in (4.97). For its independence of g, A and I" we refer to Lemmas 4.11 and 4.1.
By an elementary property of the functional calculus we get
9(GL(By, Ba; RY, ') =g(Opy(1r)Re Op’. (Re By) Op.(1r))
+9(Opy(1re)Re Op' (Re By) Op(1re)).  (4.101)

Similarly to (4.100), we now apply Lemma 4.11 to Re Op’, (Re B) and Op; (1r), followed
by Lemma 4.1, which yields

Jo(OpL(1r) Re OB (Re B1) Op (1)) — Oy (1r)g(Re Ol (Re By)) Opy (1r) |

< C max [l [| Op L (1r) Re Opy, (Re B1) Opy (1r-)

P <oLTh (4.102)

Applying Lemma 4.11 again to Re Op} (Re Bs) and Op; (1r), we conclude

129(GL(B1, Bo;RE,T)) 15 ~ 15 ( Op; (1r)g(Re Opy,(Re By)) Opy (1r)

+ Opy(1r)g(Re Opf,(Re B)) Opy (1r-) ) 1.
(4.103)
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Finally Lemma 4.12 gives
1 Opy(1r)g(ReOpy(Re B1)) Opy(1r)1s ~ Tr(g(Re By ); A T),  (4.104)
as well as
14 Op; (1re)g( Re OpY, (Re By)) Opy (1re)1p ~ Tr(g(Re By); A, T°), (4.105)
which concludes the proof, since
Dr(g(ReBy),g(Re B3); A,T) =T (g(Re B1); A,T) + T (9(Re B2); A,T°). O (4.106)

Lemma 4.14. Let Ay, Ay € C°(R? x RY, C™*™) be Hermitian matriz-valued symbols. Let
the function g € C1(R) be differentiable with g(0) = 0. Let OA and AT have finite (d—1)-
dimensional surface measure induced by Lebesque measure on R®. Then there exists a
constant C' > 0, which does not depend on g, such that

120, (4(g: Ar, Az); OA, OT) | < Cllg e (4.107)
Proof. As the surface measure of OA and JI' is finite, it suffices to show

sup [ (81(g; A1, A2))(2,€)] < Clg || o- (4.108)
(2,£)€OAXAT

We use the fact that
function

ﬁ = % + 1i o) to work towards a pointwise estimate for the

(2m)%84(g; A1, Az) = /1 fre- [9(A1t+A2<1t>)t 9(A1)t — g(A2)(1 ~ )]

0

dt

dt.

[ tren [g(Ast + As(1— 1)) — g(A1)t — g(A9)(1 — 1)]
+f -

0
(4.109)

For the first integral we get

dt

/1 tren [g(Art 4+ Aa(1 —t)) — g(Ar)t — g(Ag)(1 —t)]
t

dt — tren [g(A1) — g(A2)].  (4.110)

/1 tren [g(Art 4+ A2(1—t)) — g(As)]
t
0
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We now require an estimate for the difference tren [g(M7)—g(Ms)] for Hermitian matrices
My, My € C™*™ in terms of ||¢'||co. We estimate

1

d
| tren[g(My) — g(M2)]] < / \&tr@n [g(My +t(M;y — My))] ﬂ dt < ||g'[|oo tren
0

My — M.

(4.111)
Noting that Ayt + A3(1 —t) — Ay = Ayt — Ast, an application of (4.111) yields

tren [g(Ast + Az(1 = 1)) — g(A2)] < [lg'llsc ([ A1lloc,1 + [ A2l0,1) t, (4.112)

where the norms are defined in (4.51). Using this, we estimate the last line of (4.110) by

&~ | o

1
19/ oo (141 oot + [[As]loot) / at + 1lg/llso (141l + 1 A2loct)
0

= 2/lglloe (|41 lloc 1 + | A2]loc 1)

Similarly, we get for the second integral

/1%" 9(Ast + As(1— 1)) — g(A1)t — g(An)(1 —1)]

dt
1-t¢

0

/1 trer lolt + 4202 0) 9N oy 1 ey ar) — o)

1-1¢
0

< 2/lg' oo ([ A1llse,1 + [[A2flo0,1)- (4.113)
Therefore, we have sup(, ¢)conxar |(5J(g; Aq, Ag))(x,§)| <Cll¢'lo- O
With this, we are again ready to close the asymptotics.

Theorem 4.15. Let A1, Ay € C;fo([Rd x RY, C™*") be matriz-valued symbols with As being
compactly supported in the second variable. Let A be a bounded piece-wise C-admissible
domain and T' be a bounded piece-wise C>-admissible domain. Let the function h €
C*(R) be smooth with h(0) =0, then
trr2raygen [h(GL(AL, Ag; A T))]
_ [Qﬁo(trcn [h(Re Ay)]; A,T) 4 2o tren [h(Re Az)]; A, rc)}
+ L% ' log L 20 (U(h; Re A1, Re A); 9A, OT)
+o(L% tlog L), (4.114)
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as L — oo. Here, the coefficients Wy and Wy were defined in (2.10) and (2.11), respec-
tively, and the symbol 4 in (2.27).

Proof. As the operator G (A1, A2; A, T) is bounded, we can assume that the support
supp(h) of h is compact. Let € > 0 be arbitrary. By the theorem of Stone—Weierstrass we
can find a polynomial g. defined on supp(h) such that h. := h — g. satisfies the bound

k) €
Orgg§2||h loo < = 5 (4.115)

where the supremum norm is the one for functions on supp(h). Applying Lemma 4.13
yields

| he (GL(A1, A2)) — Dp(he(Re A1), he(Re Ag)) ||, < clchH log L + CoL4 !, (4.116)

I
As
trL2(|Rd)®Cn [h(GL<A1,A2)) (h(Re Al Re A2 )]

< trL2(|Rd)®Cn [gs (GL<A1, Ag)) DL (gE(Re Al) (RGAQ))]
+ HhE(GL(A17A2>) - DL(hs(ReAl) RGAQ )}

(4.117)

and the asymptotic formula is already established for g., we get

hinfo‘iptm(mm [A(GL(As, 215)3 - gDLL(h(ReAl),MReAz))] < Wil +CrE
(4.118)
where 201 (ge) := 2 (Ll(gg; Re A1, Re A3); OA, GF). Lemma 4.14 yields
20 (he)| < ClIn 1 < €5 (4.119)
Hence
W1 (ge) < Wy (h) + [y (he)| < Wy (h) + cg. (4.120)
Therefore,
lim SuptrLz(Rd)®@n [h(GL(Ay, AQE) — Dr(h(Re A1), h(Re Ay))] <90, (h) + C=.
o0 Li-1llog L

(4.121)

The corresponding lower bound for the liminf is found in the same way. As ¢ is arbitrary,
we get
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lim trL2(|Rd)®Cn [h(GL(Al,AQ)) - DL(h(ReAl),h(ReAg))]

L—o0 Li-Tlog L =20, (h). (4.122)

The trace of Dz (h(Re A1), h(Re Az)) gives rise to the volume terms by Lemma 4.9, and
we obtain the desired asymptotics

trr2Raypen [M(GL(Ar, A2 AT))]
= L[ (tren [h(Re A1)); A, T) + 2o (tren [2(Re A2)]; A, T¢)]
+ L% " log L 20; (44(h; Re Ay, Re As); OA, OT)
+o(L4  og L), (4.123)

as L —o00. O
4.83. More general functions

We now consider a more general class of test functions which includes all Rényi en-
tropy functions. Studying these test functions is greatly motivated by the applications
to entanglement entropies of non-interacting Fermi gases.

Assumption 4.16. Let v €]0,1] and let X := {x1,29,...,2x} C R,N € N, be a finite
collection of different points on the real line. Let U; C R, j € {1,..., N}, be pairwise
disjoint neighbourhoods of the points z; € X. Given a function h € C(R)NC?*(R\ X), we
assume the existence of a constant C' > 0 such that for every k € {0,1,2} the estimate

— [h— hz))] (x)’ < Clao — ;™ (4.124)
holds for every x € U; \ {z;} and every j € {1,..., N}. In particular, this implies that
h is Holder continuous at the points of X.

As Lemma 4.12 is not available for C2-functions, we will restrict ourselves to the case
that the symbols A; and As only depend on the variable £ from now on. In Lemma 4.19
and the proof of Theorem 4.22, which is the main result of this section, we will decompose
h = hyi + ha, where hy € C%(R) and hs is a finite sum of functions of the following type.

Assumption 4.17. Let v €]0,1], 29 € R, R > 0 and I :=]zo— R, x0+ R[. Given a function
g € C.(I)NC?(I\ {z0}), we assume finiteness of the norms

lol; == max  sup [|g"¥ (2)||z — 0| TF] < o0, (4.125)
ngglxel\{xo} [ ]

for I € {0,1,2}. In particular, this implies that g is Holder continuous at xq with g(x¢) =
0.
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Before we turn to the main theorem of this section, we first collect two additional
ingredients. The first one is a version of Lemma 4.11 for functions satisfying Assump-
tion 4.17. We quote a special case of [32, Thm. 2.10] adapted to our situation.

Theorem 4.18. Let g satisfy Assumption /.17. Let q €]0,~[. Further, let X be a self-
adjoint operator with dense domain D in a separable Hilbert space H and P be an
orthogonal projection on H such that PD C D and PX (1yy — P) € T,. Then

lg(PXP)P — Pg(X)[1 < Clgl2R"™ || PX (14 — P)||2, (4.126)
with a positive constant C' independent of X, P, g and R.

We now combine this estimate with Lemma 4.11 to get a similar estimate for functions
satisfying Assumption 4.16.

Lemma 4.19. Let h satisfy Assumption /.16 and be compactly supported. Then there
exists Ry > 0 such that for all R €10, Ro| the function h can be decomposed as h =
Z;V:l hrj+9gr, with hg ; satisfying Assumption 4.17 with xy = x; and the same Hélder
exponent v €10,1] as h for every j € {1,...,N} and gr € C*(R). Further, let ¢ €]0,7[,
X be a self-adjoint operator with dense domain D in a separable Hilbert space H and P
be an orthogonal projection on H such that PD C D and PX (14— P) € T,. Then there
exist constants C; > 0, j € {0,..., N}, which are independent of X, P, h and R such
that

N
[h(PXP)P = Ph(X)lly < (32 Colhrd2R7 ™" + Co max [lgfylloe ) IPX (15— P[5

j=1
(4.127)

Proof. Let ¢ € C2(R) be a function such that g(z;) = h(z;) for all z; € X,
j €{1,...,N}. Then the function h—g also satisfies Assumption 4.16 and (h—g)(z;) =0
forall z; € X, j € {1,...,N}.

Let Ry > 0 be small enough such that |z;— Ry, z;+Ro[C U;j for every j € {1,...,N}.
For any R €]0, Ro] write h — g = Z;V:1 hr; + fr with hg ;j(z) := [h(z) — g(2)]{((z —
z;)R7'), where ( € C°(R) with ((z) = 1 for all z €] — 1,1[ and ((z) = 0 for all
r¢]—1,1] as well as ||(||oc = 1. Then fr € C*(R) and Jx; — R,x; + R[C U; for every
Jj € {1,...,N}. We now verify that each hp ; satisfies Assumption 4.17 with z¢ = z;
and |hg ;|2 bounded uniformly in R €10, Ry]. Indeed, let j € {1,..., N} and R €]0, Ry]
be arbitrary. Then for every « € Jx; — R, x;+ R[\{z;} the bound (4.124) applied to h—g
yields

\hpj @)z — ;™

= |[h(z) = g(@)]¢((z —2))R7Y) |lz — 2|77 < [h(z) — g(@)|le — 2,7 < C
(4.128)
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and

Wy (@ — ;7
= |[W(@) = g @)]¢ (@ = 2)R) + [h(@) = g(@)] B¢ (2 = )R | o — 257+
< W)~ @l — 2, + 11 @) — 9@ 2 — a7 < 0 (4.220)

The second derivative works in the same way. We now have the decomposition h =
N N .
Zj:1 hRyj + fR +9= Zj:l thj + gr, with g + fR =:!gRp € Cg([R).
It remains to apply Lemma 4.11 to gr and Theorem 4.18 to each hg ; to obtain the
desired estimate:

N
Ih(PXP)P — PR(X)|l < ) llhrj(PXP)P — Phri(X)|
j=1

+lgr(PXP)P — Pgr(X)|:

N
< (X Cilha laR=" + Co max (195l ) | PX (1 — P13 ©
j=1

(4.130)

The second ingredient is an estimate for the coefficient 20;. For this, we need an
estimate similar to (4.111). While this is easy to come by in the scalar-valued case, it is
more difficult in the case with two matrix-valued symbols. In order to do so, we quote a
simpler version of [32, Thm. 2.4], which we will only need for a finite-dimensional Hilbert
space.

Theorem 4.20. Let g satisfy Assumption /.17. Let q €10,~[. Further, let X1, X be self-
adjoint operators with dense domains D1, Do in a separable Hilbert space H such that
D1 N Dy is dense in H and X1 — Xo € T4. Then

[9(X1) — g(X2)[1 < Clgl2R7™ )| X7 — Xo| |4, (4.131)
with a positive constant C independent of X1, Xo2, g and R.

Now we turn to the coefficient. The next Lemma allows the matrix-valued symbols to
depend on the space variable, even though this will not be needed in the main theorem.

Lemma 4.21. Let g satisfy Assumption /.17. Let Ay, Az € C°(RY x RY,C"*™) be Her-
mitian matriz-valued symbols and let A and OT' have finite (d — 1)-dimensional surface
measure induced by Lebesgue measure on R:. Let q €]0,~[. Then there exists a constant
C > 0, independent of g and R such that

|20 (8(g; A1, A2); OA, 0T) | < CRY™9|g]>. (4.132)
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Proof. As the surface measure of OA and OT is finite, it suffices to show

sup ’(ﬂ(g;Al,Ag))(x,fﬂ < CR" 9g]2. (4.133)
(z,£)€dAXOT

As in the proof of Lemma 4.14, the strategy is to estimate pointwise, use the fact that
ﬁ = % + ﬁ and consider the two integrals in (4.109) separately. For Hermitian
matrices My, My € C™*™, an application of Theorem 4.20 with H = C™ and X1 = My,

X2 = M2 yleldb
lg(M1) — g(M2)|l1 < Clgl2R" || My — Mz, (4.134)
with C' independent of M7, M5, g and R. Here the trace and ¢g-norms are the appropriate

matrix norms.
The first integral is as in (4.110), and we get

dt — tren[g(A1) — g(A2)]

/%r@n [9(Art + A>(1 = 1)) — g(A)]
t
0

1
At 4 Ax(1 —t) — Ao|d
<mmm%4/”(l L0 gy, - ol
0

1
t4
< ClglaBr (sl + 4ely) | [ e (1135)
0

by applying (4.134). We estimate the second integral in an analogous way and use the
fact that the estimates hold for all (x,€&) € OA x T to get the result. O

We are now ready to close the asymptotics for test functions satisfying Assump-
tion 4.16, in particular for the Rényi entropy functions.

Theorem 4.22. Let A1, Ay € Clj’o([Rd, C™*™) be matriz-valued symbols, which only depend
on the momentum variable . We assume that Ay is compactly supported in &. Let A be a
bounded piece-wise Ct-admissible domain and I’ be a bounded piece-wise C>-admissible
domain. Let the function h satisfy Assumption /.16 and assume that h(0) = 0. Then
trL2(|Rd)®Cn [h(GL(Al, AQ; A, F))]
— I [QHO (tren [h(Re A1)]; A,T) + o (tren [h(Re As)); A, FC)}
+ L% log L 207 (U(h; Re A1, Re A,); 9A, OT)
+o(L¥ 1 log L), (4.136)
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as L — oo. Here, the coefficients Wy and Wy were defined in (2.10) and (2.11), respec-
tively, and the symbol 4 in (2.27).

Proof. As the operator G (A1, As; A, T) is bounded, we can assume that h is compactly
supported. By Lemma 4.19 there is some Ry > 0 such that for every R €]0, Ry] we
get the decomposition h = Z;\;l hrj + gr, with hp ; satisfying Assumption 4.17 with
xo = x; forevery j € {1,...,N} and gr € C%(R). Let £ > 0 and R €0, Ro] be arbitrary.
Then we find a polynomial pr . such that

(k)
2ax [lgp el <e (4.137)
for gr,c := gr — PRr,c by the theorem of Stone-Weierstrass.
We now study the function hr . :=h —pr. = Z;\le hrj~+ gr.e. As it is decomposed
in the same manner as h in Lemma 4.19, the estimate from Lemma 4.19 holds with
h=hpre, gr = gre, X = GL(Al’AQ; [Rd,lﬂ)7 P =1, and arbitrary g €]0,~[. We obtain

| (GLAL A2)) = 1ahr (GL(Ar AR T)) 14 ||

N
< (32 Colhn B + Co o ||g§§)s|\oo)HIAGL(Al,AQ;Rd’I‘)lAC
j=1

q
. (4.138)
0<k<2 q

As the symbols A; and As only depend on the variable £, the functional calculus yields
the following equality

Dy (hre(Re A1), hp:(Re A2)) = 1php (Gr(Ar, A2; R T))14. (4.139)

With this and Lemma 4.1 we conclude from (4.138) that

HhR,e (GL(A1,A2)) — Dp(hre(Re A1), hp(Re Az)) H1 SCOR™ 1+ &) L% og L,

(4.140)
where the constant C' is independent of L, R and . Here we additionally used (4.137)
and that |hg ;|2 is bounded uniformly in R €0, Ry] (cf. the proof of Lemma 4.19). Using
that

tI‘L2([Rd)®Cn [h(GL(Ah Ag)) — DL (h(Re Al), h(Re AQ))]
<trrerayecn [Pre(GL(Ar, A2)) — Di(pre(Re A1), pr.e(Re Az))]
+ ||hre(GL(A1, A2)) — Dy (kg (Re A1), hg.c(Re As))| (4.141)

1°

and that the asymptotic formula is already established for polynomials, we get
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i trL2(|Rd)®Cn [h(GL(Al, AQ)) - DL (h(Re Al), h(Re AQ))]
Ty LiTlogL
—00 g

<Wi(pre) + C(R ™9 +¢), (4.142)
where Wi (pr.) = W (L((pRﬁg;ReAl,ReAg);aA,Bl"). For the coefficient 201 (hg.),

Lemmas 4.14 and 4.21 yield

N
201 (hre)l <D [W1(hr,)| + [Wi(gre)| < C(RT™ +e), (4.143)
j=1

where the constant C is again independent of L, R and ¢, and we again used (4.137) and
that |hg ;]2 is bounded uniformly in R €0, Ry]. Therefore,

Wi (pr,e) < Wi(h)+|Wi(hre)| <Wi(h)+C(R"™T+¢). (4.144)
Combining this with (4.138), we obtain

. trLz([Rd)(gCn [h(GL(A1,A2)) — DL(h(ReAl),h(ReAg))]
i sup Lo Tlog L
—o0 g

< Wy (h)+C (R +¢).

(4.145)
The corresponding lower bound for the liminf is found in the same way. As R and € are
arbitrarily small, we conclude

lim trL2(|Rd)®Cn [h(GL(Al,AQ)) - DL (h(Re Al), h(Re AQ))]
L5o0 Li-1log L

=y (h).  (4.146)

As the symbols A; and As only depend on the variable &, the operator Dy, (h(Re Aq),
h(Re Az)) gives rise to the volume terms by integrating its kernel along the diagonal,
and we obtain the desired asymptotic formula

trrzrayeen [R(GL(Ar, A2; A T))]
= L[ (tren [A(Re Ap)]; A, T) + W ( tren [(Re As)]; A,T°)]
+ L% log L 207 (U(h; Re A1, Re As); OA, IT)
+o(L%¥ log L), (4.147)

as L —oc0. O

Remark 4.23. The condition that I' is bounded in Theorems 4.8, 4.15 and 4.22 can be
replaced by the condition that A; is compactly supported in the second variable.

To see this note that the asymptotics for polynomials is already established under
this condition (cf. Theorem 3.10 and Corollary 3.11) and treat A; analogously to A,
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throughout the relevant proofs in this chapter. Of particular note here is the fact that
this is possible, as we never used the fact that the complement of I'“ is bounded.

The condition that I' is bounded in the estimates for the coefficient (Lemma 4.7,
4.14 and 4.21) is no longer necessary, as with A; and A, being compactly supported in
the second variable the symbol (g; A1, As) is also compactly supported in the second
variable.

Remark 4.24. Sometimes it is useful to consider domains A which are not bounded
themselves but only their complement is bounded. Then, an asymptotic formula as in
Theorem 4.22 does not hold, as the operator h(Gp (A1, A2; A, T")) is in general not trace-
class. Nevertheless one gets the following interim result, cf. (4.146), under the same
assumptions as in Theorem 4.22 except that now A€ needs to be bounded instead of A

lim trLz(le)®0n [h(GL (Ah AQ; A7 P)) - GL (h(Re Al)7 h(Re AQ); A, P)]
L—o0 Li-1llog L
= 20, (U(h; Re A1, Re A2); OA, OT').  (4.148)

Proof. The crucial part is to establish (4.148) for polynomial test functions. The ex-
tension to more general functions works as in Theorem 4.22. Define ¢ € C°(R?) with
@|ac = 1. Recall that the symbols A; and A, in Theorem 4.22 only depend on the vari-
able €. Note that ¢G (A, Ag; R, T) ~ Gr(A1, Az;R?, T)¢ by Lemma 3.4 and 3.6 as well
as (1 — ¢P)15 = (1 — ¢P) for every p € N. Therefore, for every p € N we get

¢P(GL(A1, A2 AT))" ~ (GL(A1, 9A2; A, T))P (4.149)
and
(1= ¢")(Gr(A1, A% A, T))" = (1= ¢")GL((Re A1), (Re A2)P; A,T)
~ (1= ¢")(GL(A1, A2;RET)) — (1 — ¢P)Gr((Re A1)P, (Re A2)P; R, T) = 0. (4.150)
Combining (4.149) and (4.150), we conclude
(GL(A1, Ag; AT))” — GL((Re A1)?, (Re A2)P; A, T)
~ (GL(pAr,9A2 A T))” — G ((¢Re A1)P, (pRe A2)P; A, T).  (4.151)

Due to the presence of ¢ in both symbols we can treat A as a bounded domain, and
Corollary 3.11 yields

i FLER)eC [(GL(pA1,9A2; A, T))" — GL((¢Re A1)P, (pRe Ag)P; A, T)]
L—oo Ld_l 10gL

= 0 (U(id”; ¢ Re A1, p Re A2); OA, OT').  (4.152)
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As ¢lan = 1, we get the desired result for polynomials. O
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