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Abstract

We derive a family of interpolation estimates which improve Hardy’s inequality and cover
the Sobolev critical exponent. We also determine all optimizers among radial functions in
the endpoint case and discuss open questions on nonrestricted optimizers.

Mathematics Subject Classification 35A23 - 35Q55

1 Introduction

The classical Hardy inequality states that for every dimension d > 3,
(d —2)? / Ju)?

4 Re x|
In this short article we are interested in interpolation inequalities involving the quadratic form

h[u] and L?-norms of u. A classical result in this direction is the Gagliardo—Nirenberg type
inequality

hlu] := /d [Vu(x)> dx — dx >0, Vue H'(RY). )
R

hul w357 = Cllull,. Yu e H'(RY) 2)

for a constant C > 0 independent of u, which holds for every
N 2d 1 1
d>3 2<q<2"=——, 0=d|[-—-]).
d—-2 2 gq
The inequality (2) can be deduced from the results of Brezis and Vazquez [3, Theorem 4.1
and Extension 4.3]; see [23] for related results. The bound (2) can be also derived from
Sobolev’s embedding theorem and the kinetic estimate
Rl ull3' ™7 = Cl=2)"2ull3, Yu e H'(RY), 3)

for s € (0, 1) and & = 6(s), which was proved by Frank [6, Theorem 1.2]. Both of (2) and
(3) have been extended to the fractional Laplacian in [6], motivated by applications in the
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asymptotic behavior of large Coulomb systems [20] and the stability of relativistic matter [6,
8].

Note that the restriction ¢ < 2* in (2) is necessary, namely the quadratic form h[u] is
really weaker than ||Vu ||i2. Here we are interested in a replacement of (2) which covers the

critical power ¢ = 2*, with the expense that the L2-norm is replaced by the energy associated
with the inverse square potential. We have

Theorem 1 (Hardy-Sobolev interpolation inequality) If d = 3 and 0 = 1/3, then the
inequality

0 1-6
d —2)? 2 2
/ (V2 — d-2)" sup/ |M()C)|2 dx sup/ &dex > C||M||iz*
Rd 4 Jerd Jre |X — Y yeRd JRA X — ¥]
(€]

holds with a constant C = C(d, 0) > 0 independent of u € H! (RY). Moreover, (4) does not
holdifd > 4 orif6 # 1/3.

Remark 1 The bound (4) is invariant under translations and dilations. Note that for the first
term on the left-hand side, Hardy’s inequality (1) is equivalent to

d—2 2 2 .
/’IVuF——g———Lfmm‘/ OF e >0, vu e H'(RY.
R4 4 yeRd

re |x — yI?

For the second term, it is important to include sup, cga since otherwise this term can be made
arbitrarily small by translation u +— u(- — z) with |z] — oo.

Remark2 Foralld >3and 1 —2/d <6 < 1 we have

0 2 1-6
|u(x)]
(ANWM)(prMXyPM > Cllull?,-, Yu e H'(R). 5)
yeRd -

This is a consequence of the improved Sobolev inequality involving Morrey norms

0 1-6
</|wm> sup RQ/ |u|? > Cllull?,., YueH'RY), (6)
R4 R>0,xeR4 B(x,R)

which was proved by Palatucci—Pisante [17, Theorem 1], using subtle weighted L?-estimates
for Riesz potentials in [19] and Calderén-Zygmund type techniques in the spirit of the
Fefferman—Phong argument [5]. The bound (6) is helpful to obtain the compactness of
minimizing sequences of the critical Sobolev inequality; see [17, Theorem 3] for details.
In contrast, our inequality (4) is stronger than (5) and it only holds for the special case
d=1/6 =3.

In the next result, we extend (4) by replacing the gradient term ||Vul|;2 by [|[Vullrr, as
well as replacing the L% -norm by the LP""-Lorentz norm. Recall that (see [9, Definition
1.4.6 and Proposition 1.4.9])

(pfooos’_1|{|u| > s}|’/1’ds)1/r, 0<r < oo,

sup,. o s|{lul > s}|1/P, r = 0o0.

lullLer = llullp, = {
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Theorem 2 [Hardy-Sobolev inequalities with Lorentz norms] Letd > 2, p € [2,d), p* =
pd/(d — p), r € [p, o] and

c [#, L l} . %
min(r, p*) p r

Then

0 1-6
d— p I3 I3
|Vu\p _ 7]7 sup [u(x)] dx sup |u(x)] dx > C”M”p .
» P Lprr
RA P yeRrd JRE |X — Y] yeRd JRE |X — Y]
3

with a constant C = C(d, p,r,0) > 0 independent of u € Wl’p(Rd). The bound (8) does
not hold if & < p/min(r, p*) (with arbitrary p > 2), orif@ > 1/p — l/rand p = 2. In
particular, when p = 2, the range of 0 in (7) is optimal.

Theorems 1 and 2 naturally lead to the question of determining optimizers of the relevant

inequalities. We expect that in the non-endpoint cases

p 1t

min(r, p*) p r
the existence of optimizers of (8) follows from the standard concentration compactness
method. Below we focus on the endpoint cases. While the existence of optimizers in this
case is open in general, we are able to give a partial answer under the restriction to radial
functions. We will limit ourselves to the choice p = 2 and r € {2*, oo}, for which the right-
hand side of (8) becomes either the usual L2 -norm or the L2"-°-weak norm. The relevant
functional space is

HL RY) = (u € H'(R?) : u is radially symmetric}.
In the radial case, we can work directly with the quadratic form i[u] in (1). We have

Theorem 3 (Radial optimizers) Letd > 3 and p = 2.

(i) Let r = 2* =2d/(d —2)and 0 = 1/p — 1/r = 1/d. Then all optimizers of the
inequality

0 Ju(x)|* e 2 1 md
hlu] . P dx > Crad, 2+ llull} 2+, Vu € Hpq(RY) 9
R

are given by the family

1
(IxP=n(1 4 |x|?m))@=2/2"
up to dilation u, (x) — au,(bx) witha € C, b > 0. Furthermore, (9) does not hold if

0 #1/d.
(ii) Letr =ocand @ = 1/p — 1/r = 1/2. Then all optimizers of the inequality

up(x) = n € (0, 00), (10)

1-6

Bl? P 2 11 md
[u] o o & = Crad,colltll} 2 00> Vit € Hpyq(RY) 1D
are given by the family
N P
= € (0,d/2 — 1], 12
Mc(x) {|x|_c_d/2+1 , |x| -~ 1! c ( / ] ( )
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up to dilation.

Remark 3 The classification of all optimizers in Theorem 3 (i) is consistent with Terracini’s
study in [21] where all radial positive solution of the Euler-Lagrange equation
-2 2, U ()
—A A C S
u(x) ] d—=n9 ME
with a given constant n > 0, were derived. In particular, according to [21, Eq. (4.6)], the only
regular solutions (i.e., belonging to LZ*), up torescaling, are of the form (d (d —2) 772)(“'_2)/4u,7
with u,, given in (10).

= u¥ (), xeRY, (13)

Remark 4 We leave the following open questions: Do optimizers of (4) exist? And if exist,
are they radial? The same questions for the simpler inequality (5) in the endpoint case
6 = 1 — 2/d remain unsolved. Note that both in (4) and (5), all quantities scale in the same
way. Moreover, by taking several bubbles travelling far from each other, one can construct
optimizing sequences that do not converge weakly to a nonzero limit after any choice of
dilations and translations. It seems that a novel concentration-compactness argument will be
needed to resolve the existence problem of optimizers for these inequalities.

We prove Theorem 3 in Sect. 2, and then prove Theorems 1 and 2 in Sect. 3.

2 Radial case

In this section we prove Theorem 3. Let u € Hrlzld (R?) with d > 3.
Proof of (i): Using the ground state representation for Hardy’s inequality (see e.g. [7, Eq.
(2.14)]), we denote

SF(x0)
u(x) = W (14)

and rewrite

o] 2% 2 00 2
/ = |Sd_1|/ O / Ju ()] dx=|Sd_1|/ P,
R4 0 r RA |x|2 0 -
_7)2 2 2 00
R4 4 Rd  |x|? Rd |x]42 A

Here [S%~!| is the surface area of the unit sphere in R?. Thus (9) is equivalent to

) 0 00 2 1-6 0 o 2/2%
(/ rlf’(r)|2dr> (/ /()] dr> > Crag2+|S91 2121 (/ |f ()] dr)
0 0 r 0 ,

5)

The bound (15) can be interpreted as a Caffarelli-Kohn—Nirenberg type inequality [4],
namely

1/2 0 —-1/2 1-6 d—11/2*—1/2
12V £ 1 X 2 A1) = v/ Craa 2822 fllr @y (16)

with r = 2* =2d/(d — 2), y = —1/r. Actually it is a limiting case as 1/r + y/n = 0 in
dimension n = 1, which does not seem available from the literature (see [13, Theorem 3.1],
[14, Theorem 1.2] and [15, Theorem 2.2] for recent results in the limiting case).
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Inspired by [21], we make the following changes of variables

d
f@r)y=vlogr), s=logrekR, ds:—r,

r

which give

00 2 [ 2%

[ = [wores, [T = [ ok
0 r R 0

[Tir@rrar = [ woras

0 R

Therefore, (15) is equivalent to the Gagliardo—Nirenberg interpolation inequality

0 1-6 2/2%
( / |w’<s>|2ds) ( / |w<s)|2ds> > Crag 2[5O 2/2 ( / WP ds) .
R R R

a7

The optimal constant of the one-dimensional inequality (17) was already obtained by Nagy
in 1941 [16], with 2* = 2d /(d — 2) replaced by a general positive power. The existence and
uniqueness of optmizers of the analogue of (17) in higher dimensions are also well-known;
we refer to the classical works of Weinstein [24] and Kwong [11] for instance. The uniqueness
of optimizers of (17) can be translated straightforwardly to the classification of optmizers of
(9) as stated in Theorem 3 (i); we refer to [21, Eq. (4.6)] for a similar analysis.

Remark 5 In the special case d = 3 (which is relevant to Theorem 1), the interpolation
inequality (17) with 2* = 6 goes back to the (1D, one-body) Lieb-Thirring inequality
[12] as well as Keller’s lower bound on the lowest eigenvalue of the Schrodinger operator
—d2 / dx?+ V(x)on L? (R) [10]; see also [1, Section 2] for a simple derivation of the optimal
constant in this special case.

Unique choice of 6 for (9): Consider (15) with the trial function

oy = {rg, re 1], %)

r ¢, rell, 00,

where ¢ > 0 is a parameter. Then we have

00 00 2 00 2%
[ P () dr = . / Lf ()] dr:l, / lfOr 2 (19)
0 0 0

r £ r 2*e

Therefore, (15) requires to have
=10 > =2 (20)
for all ¢ > 0. By letting ¢ — 0 and & — o0, we find that

1-2/2% 1
g=—"" = _
2 d

Thus, (9) holds only if 6 = 1/d.
Proof of (ii): Let us consider (11). Using again the ground state representation (14), we
have

lull 200 = supt|{x : [u(x)| > t}|V/* = supr|fx : [ f(x)| > t]x|¥/> )
>0 t>0
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<suprl{x : | fllree > tlx|YZ )Y = 1B, DIV fllze. 1)

t>0

Here |B(0, 1)] is the volume of the unit ball in R. Therefore, (11) holds if we can show that

00 00 2
</O rlf’(r)lzdr> (/0 Mdr) > Cly oIS 2B DY flif . (22)

r

From (14) and u € H'(R?), we deduce that the function f (0, 00) — [0, 00) is continuous
and satisfies

lim f(r) =0, lim f(r)=0.
r—0 r—00
Therefore, up to dilation, we may without loss of generality assume that

J@) = [Ifllre.

By the Cauchy-Schwarz inequality and the fundamental theorem of calculus, we have

00 00 2 00 2
(/ rlf’(r)lzdr) (/ Mdr) > (/ If’(r)f(r)ldr)
0 0 r 0
| 1 00 2 (23)
= (5 (fo & +/1

a
PRUAGLY dr)) > | fI = 1f 70
Thus (22) holds, and consequently (11) holds, with

0 2
PRCARID

C2aoolSH72IBO, DY = 1. (24)

rad,co

To have the equality in (11), we need to ensure all equalities in (21) and (23). The bound
(23) contains two inequalities where the first equality occurs if there exists a constant ¢ > 0
such that

2
P =00

, ae.r e (0,00),
while the second equality occurs if | f |2 is monotone increasing on (0, 1) and monotone
decreasing on (1, oo). Thus, we have all equalities in (23) if and only if

¢ 0,1
f@r) = [:_C ,re(0,1], 25)

, r€[l,00).

It remains to determine the range of ¢ in (25) to get the equality in (21). If 0 < ¢ <
(d — 2)/2, then the function

(26)

2
d—2
|~

d=2
ux) = f(xplx|™ 2 = {

is radially symmetric decreasing, and the equality in (21) occurs since

il 20 = suptl{x = ()] > Y = x| > BV =[BO, DIV @)
t>0
On the other hand, if ¢ > (d — 2)/2, then the inequality in (21) is strict: since u defined in

(26) is bounded by 1, we have
Il e = sup 12 [{x s [u(x)| > 1}
O<t<l
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= sup ¥ ({lx] < 1: |u@)] > )]+ [{lx] > 1 [u(x)] > 1}])

O<t<l

2 _ 2
= sup A (1bx 112 Jsl > () 4 x0T > (x| > 1))
O<t<l

* 2d
= |B(0, 1)| sup 12 (;_zcﬁfz — lh-—(d—Z)) < |B(0, 1),

O<t<1
where the latter estimate can be easily seen using the fact that

2d 2d

2* = > .
d—2 2c+d-—-2

Thus, in summary, (11) holds with the optimal constant Cry4,00 given in (24), and all
optimizers are uniquely characterized up to dilation by (26) with ¢ € (0, (d — 2)/2].
The proof of Theorem 3 is complete.

3 General case

In this section we prove Theorem 1 and Theorem 2.

3.1 Proof of Theorem 1

We divide the proof into two parts. First, we prove (4) for d = 3 = 1/6. Then we show that
the condition d = 3 = 1/6 is necessary.

Proof (Proof of (4) ford =3 = 1/6) Letu € H'(R) and denote

d—2)? 2
A:/|WM,B:L—lw@/ LIC PN
Rd

4 g e )P

‘We consider two cases.
Case 1: (1 —9)A > B. Then using

d —2)? 2 1
et sup / )| dx 2 sup — |ul”,

B Sdx 2
By, X =l r=0,yerd I~ JB(y,r)

N 4 r>0,yERd
and A — B > 6 A, we conclude from (6) (see [17, Theorem 1]) that
1-6
(A=B)B'"? Z ||Vul, ( sup iz f |u|2> 2 llull?
r>0,yeRd '™ JB(y,r)

Case 2: (1 —0)A < B. Then B — (A — B)? B!=? is monotone decreasing since
d
H?M—Bﬁﬂ%ﬁﬂﬂ—@A—mM—quﬂﬁ<Q

Moreover, by the Hardy-Littlewood and P6lya-Szeg6 rearrangement inequalities (see e.g. [2,
Lemma 1.6 and Theorem 4.7]) we have

B (d—2)2/ Ju* (x)[?
- 5

B* dx = B, A*=|Vu*||}, < A,

4 |x|2 -
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where u™* denotes the radially symmetric decreasing rearrangement of u. Therefore,
(A _ 3)030 > (A _ B*)G(B*)I—O > (A* _ B*)G(B*)l_".

Thus it remains to consider (4) in the case when u is radially symmetric decreasing. In this

case,
2 2
mp/ Wu”¢u=/ Ol (28)
yeRd JRY X — Y] R: x|

by the Hardy-Littlewood rearrangement inequality. Now the desired bound has been already
proved in Theorem 3 (i).
Thus in all cases, (4) holds ford =3 = 1/6. O

Proof (Proof of the necessity of d = 3 = 1/6) Let us show that (4) fails if d > 4 or if
6 # 1/3. First, the necessity of & < 1/d can be seen from the radial case as explained in
Theorem 3 (i). To be precise, we consider the example in (18) with ¢ > 0 small. In this case,
u is radially symmetric decreasing, and hence (28) holds. Therefore, (4) requires (20) for
& > (0 small, which implies that 0 < 1/d.

In order to complete the proof, we consider another (non-radial) example. Fix ¢ €
CX\{0}, z € R4\ {0} and choose

N
un(x) =Y ¢(x +nNz)

n=1
with N — oo. Then by replacing u by uy, we find that
A~N., B~1, [ul? ~N.
for large N. Therefore, (4) requires
NP > N2

which implies that § > 2/2* = 1 — 2/d. Combining with the upper bound # < 1/d and the
constraint d > 3, we find that the only possibility isd = 3 and 8 = 1/3. O

The proof of Theorem 1 is complete.

3.2 Proof of Theorem 2
We first prove (8) and then explain the necessity of the constraint of 6.

Proof (Proof of (8)) Letd > 2 and p € [2, d). Assume that r € [p, o] and

o1
P g<-_ " (29)

min(r, p*) — p r
Fix a small constant ¢ = ¢(d, p, r,0) € (0, 1). We consider two cases.
Case 1: Assume

d— p r
(1—8)/1|VMVJZ (4443> mm!/ LIl (30)
Rd p yeRrd JRY [X = y[P
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From [17, Theorem 1], see also [18, Eq. (1.4)], we have

p/p* 1 1=p/p”
<f |Vu|1’> sup - - lu(x)]” dx 2l e G
R4 yeR?, R>0 B(y.R)

A simplified proof of (31) based on sharp maximal functions can be obtained by following
the analysis in [22]. We can extend this bound to the Lorentz norm on LP"7 withr € [p, p*1,
namely

plr 1 1=p/r
(f |Vu|p> sup o |u(x)|” dx 2 Ml e, (32)
R4 yeR?, R>0 B(y,R)

To prove (32), let us use the standard dyadic decomposition: recalling that ¢ : R — R is a
smooth function supported on the annulus 1/2 < |t| < 2 such that

D@ =1, vieR\(0},

JjEL
we write
U= Zuj, uj=up ™’ |ul).
JEL
Then
p/r
p*
et e~ | D2 M 117
JEZL
. pr/r
r/p 1 r/d
S0 (/ |Vuj|"> sup - luj (x)|7 dx :
ez \Jre verd >0 R” JB(y.R)

where we used (31) for u; and the fact that (1 — p/p*)r/p =r/d (as 1/p — 1/d = 1/p*).
On the other hand, using

sup

— luj(x)]? dx < min / [Vujl?, sup
yerd k>0 RY JB(y.R) RY

yeR4, R>0 RP B(y,R)

lu(x)|? dx]

and splitting the power

r/d=r(1/p—=1/p") =0 —=r/p+/p—1),

we find that

r/d
1
sup  — luej (x)|P dx
verd k=0 R” JB(y.R)

1—r/p* 1 r/p—1
< [Vu;|P sup  — lu(x)|P dx .
Rd verd, k>0 R? JB(y.R)
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Here we used the constraint r € [p, p*] to ensure that both (1 — r/p*) and (r/p — 1) are
nonnegative. Thus, we obtain

1 r/p—1
lull? v, < (/ |VMj|P> sup  — [u(x)|? dx
Ly 2 Rd yerd, g=0 R? JB(y.R)

JEL

p/r

. r/p—1\ P/
< (/ |Vu|") swp — [ Ju)lPdy ,
R yerd g=0 RY JB(y,R)

which is equivalent to (32).

From (31), (32) and the obvious bound ||u||ip* > ||u||5*’, for r > p*, we get

) -7
min(r, p¥) u(x)|? min(r, p¥)
|Vu|l’ p sup &d'x > ”u”P* . (33)
R yeRd JRY |X = yIP ~ et

By Hardy’s inequality and the condition # > p/min(r, p*), we also get

0 » 1-6
(/ |Vu|P> <sup/ ||“(x)||pdx> Z||u||Z*r. (34)
R4 ye]Rd Rd | X — Y ’

Combining (30) and (34), we obtain

d—p\’ ueolr \ e\
/ |Vu|p—<7p> sup/ —dx sup/ —dx
Rd p yeRrd JRA X — y|P yeRrd JRA X — y|P
’ e\
= (5/- |Vu|p> sup / ——dx Z ”u”Z* re
Rd yerd JRA |X = Y|P '

Case 2: Assume

d—p\’ P
¢! —s)f |Vul? < (J) sup / de
Rd p yeRrd JrRA |X — yIP

Then by a monotonicity argument as in the proof of Theorem 1, we can reduce to the case when
u is radially symmetric decreasing. We have for radially symmetric decreasing functions u,

@
ks, ~ fR R 4 (36)

||

(35)

if s/g =1 —a/d (see e.g. [7, Lemma 4.3] for the case ¢ = p*, s = p). In particular, for
g =p*=dp/(d— p)and s = a = d, we obtain

als. "/Rd If @I dx~/0°° FOr a7

x| r

with u(x) = |x|'=9/P f(x). Moreover,

/ |u(x)]? dx=/ | f ()P dxw/"o | f ()P ar.
Rd |x]? rd |x]4 0 r

and by the ground state representation [7, Eq. (2.14)] (here we use that p > 2)

d—p\? P V)P 00
f [Vul? — ( p) / )| dx 2/ AEACY fﬁ” dx ~/ Lf/(s)|PsP~ 1 ds.
Re p Re|x[P Re |x|97P 0
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By Holder’s inequality, we have, with 1/p + 1/p’ =1,

00 1/p 00 p 1/p'
/ pop—1 |f(S)| )
(/0 [f($)|Ps ds) (/0 . ds

2/0 LFONf@IP = P71/0 [P 1ds Zp 11 f 8- (33)

Under the constraint (29), there exists 7 € [p, r] such that® = 1/p — 1/r. Let 8 > 0 such
that 7 = p(1 4+ B). Then

0 B/p o 1+8/p'
(/ |f/(s)|psp71 dS) (/ |f(s)|P ds>
0 0 N
00 P 00 F . -
=y [T =t [T s 2 e, G9)
0 s 0 K

where we used (37) with s = 7 and 7 < r. This implies (8) by the choice of 7. O

Proof (Proof of the necessity of the range of 6) Let us explain why (8) fails for certain values
of @ as indicated in Theorem 2. First we consider 6 < p/min(r, p*) for general p > 2
where we split into two cases ¥ > p* and r < p*, and then we focus on the case p = 2.

Counterexample for the case r > p* and 6 < p/min(r, p*) = p/p*. The idea is to
consider N € N identical bubbles that travel away from each other and to let N — oo. Let
0#¢eCX(B0O,1),0#z¢ R? and choose

N
un(x) =Y @(x +nNz) (40)
n=1
for every N € N. The translation by Nz ensures that the functions {¢(- + nN z)}fl\':1 have
disjoint support for N large. We have
p P
sup/ de:sup/ de—i—o(l) as N —> o© 41)
yeRrd JRE |X — Y|P yeRrd JRA |X — [P
and
d— p\?* P
/ [Vuy|? — <7p) sup / de = N/ [Vo|? + 0(1) as N — oo.
R P /) yertJrd Ix = yIP R
(42)

Moreover, it is straightforward to see that for N large

o0 o0
[ =p*f0 s Mlun| > s}/ ds = NT/P p*fo sl > sHTP" ds,

(43)
if r < 00, and
lunllpr.0o = supsl{lun| > s}|"/7" = NP sups|{lp| > s}|'/7". (44)
s>0 s>0
if r = oo. Hence, if (8) holds, then by taking u = uy, we get
P
N > NV (45)
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for N large, which implies that 6 > p/p*.
Counterexample for the case r < p* and & < p/min(r, p*) = p/r.Let0 # ¢ €
CX(B(0, 1)), 0 # z € R? and define

N
uv () = ) 2727/ (x + jN2) (46)
j=1
for every N € N. The scaling is chosen such that ||27g0(2p*j/d-)||Lp* @y = el Lr ra) for

all j, and similarly all relevant terms in (8) are invariant when changing ¢ +— 2] <p(21’*j / d~).
Again, the translation by Nz ensures that the supports of the functions {2/¢ (2P /4 (- +
JN2))} ;V=1 are far away from each other for N large. Then

vy ()P x)|P
/ |VUN|p — N/ |v(/)|l77 sup / de ~ sup / de ~ 1
Rd Rd yeRrd JR |X — y[P yeRrd JRA |X — Y|P

and
plr

w7 e, ~ | 212707 e ey |~ NP
J

Thus inserting vy in (8), we find that for N large,
N9 > ]vp/r7

which requires 6 > p/r.
Counterexample for the case p =2 and 6 > 1/p — 1/r. Define u : RY — R by

R § (3}

= x|@in “7)

where f(r) is chosen as in (18) with ¢ > 0 small. Then u is radially symmetric decreasing
and hence (28) holds. Therefore,

Sup/ lu(x)|P dx:/ [f(xDI? dx:|§d*1|/oo |f(r)IP dr:|Sd71|i.
R4 0 r ep

yed Jra v = yIP NE
(48)

We also have by the ground state representation for p = 2,

d— P p )4 2

/ Wp_(ip) sup/ de:/ PG g pmtjga-1) 2
R p yeRrd JRA |X = y|P R |x]4TP p
(49)

Note that the analogue of (49) is more complicated for p # 2 (see [7]), which is why our
counterexample only works for p = 2.
By (36), we have for r < oo

3 r o0 r 2
A I e R
R 0 s er

Lp*r |x|4

Moreover, for r = oo, by (21) and (27),

]l pr 00 = |B(O, 1)]V/P".

@ Springer



Hardy-Sobolev interpolation inequalities Page130f14 184

Therefore, if (8) holds, then

gP—=10 o —(1-6) > S—P/V7 (50)

for & > 0 small, which requires that p — 1 > —p/r namely

11
0>———.

p r
The proof of Theorem 2 is complete. O
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