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Abstract. A reproducing system is a countable collection of functions {¢; : j € J}
such that a general function f can be decomposed as f = > c;¢;(f);, with some
control on the analyzing coefficients ¢;(f). Several such systems have been introduced
very successfully in mathematics and its applications. We present a unified viewpoint in
the study of reproducing systems on locally compact abelian groups G. This approach
gives a novel characterization of the Parseval frame generators for a very general class of
reproducing systems on L2 (G). As an application, we obtain a new characterization of
Parseval frame generators for Gabor and affine systems on L?(G).

1. Introduction. The term reproducing system is applied to any of
several methods that decompose a general function f in terms of a countable
system of functions {¢; : j € J} so that

F=>¢lf) o
JjeJ
where the ¢;(f) are appropriate coefficient functionals, and the norm of f is
equivalent to the norm of the coefficients {c;(f) : j € J}. A variety of such
systems have been used very successfully in both pure and applied mathe-
matics. They are generated by a single function or a finite collection of func-
tions, by applying to these functions a countable family of operators. These
operators involve typically two of the following three actions: dilations, mod-
ulations, and translations. The Gabor systems, for example, have the form

(1) Ge(¥) = {MpnTi! :m,keZ" 1 =1,...,L},

where ¥ = (¢, ...,¢") c L}(R"), B € GL,(R), T} are the translations,
defined by Ty f(xz) = f(x — k), and M, are the modulations, defined by
Myf(z) = > f (). The affine systems (which generate a variety of
wavelets), on the other hand, have the form

l .
(2) WAW) ={DyT)! :j€Z, keZ" 1=1,...,L},
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where A € GL,,(R) and D4 are the dilations, that are defined by D4 f(z) =
|det A|~1/2f(A~'z). By choosing ¥, B, and A appropriately, one can make
Gp(¥) and W4 (¥) an orthonormal basis or, more generally, a Parseval frame
for L?(R") (defined below).

While the theory of Gabor and affine systems has usually been devel-
oped on R", there is an increasing interest in the study of these systems in
other settings (for example, [1, 8, 12, 16]). Indeed, discrete signal processing
applications, as well as numerical implementations of these theories, require
the construction of reproducing systems on Z™ or finite abelian groups.
Moreover, in several applied problems, as for example in the numerical so-
lution of PDE, one has to deal with bounded domains, and the Gabor or
affine systems on R™ are unable to handle effectively the boundary condi-
tions. Therefore it is quite useful to consider reproducing systems adapted
to bounded domains.

One of the aims of this paper is to extend many ideas and constructions
from the theory of Gabor and affine systems to the setting of locally com-
pact abelian groups. One major result is a novel characterization of all those
functions that form a Parseval frame for L?(G), where G is a locally com-
pact abelian group. This allows us to handle several classes of reproducing
systems on L?(G) in a unified manner. As an application of this approach,
we are able to extend and generalize several results from the theory of Gabor
and affine systems on R to the setting of general locally compact abelian
groups.

The paper is organized as follows. We recall some basic facts about lo-
cally compact abelian groups and frame theory in Section 2. In Section 3
we present our general characterization result for Parseval frame genera-
tors. Finally, in Section 4 we describe several applications of this theorem,
including the cases of Gabor and affine systems.

2. Preliminaries. Before embarking on our study, it is useful to es-
tablish some notation and recall some basic facts from the theory of locally
compact abelian groups. More details can be found, for example, in the
monographs [15, 20].

Let G denote a locally compact abelian group with unit element e. We
will consider G to be equipped with a left-invariant Haar measure m¢, which
is unique up to a constant multiple, and is finite if and only if G is compact.
In addition, we will assume that G is o-compact, i.e., G is a countable union
of compact sets, and metrizable, i.e., there is a metric d on G. Any locally
compact metrizable o-compact abelian group will be called an LCA group.

The dual group of G, that we denote by é, is the set of all characters,
i.e., all continuous homomorphisms from G into the torus T. It turns out
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that G also becomes an LCA group under the pointwise multiplication, with
unit element 1, and thus possesses a Haar measure.

A discrete subgroup D of G with compact quotient group G/D will be
called a uniform lattice. A fundamental domain for D is a measurable subset
F C G such that every x € G can be uniquely written in the form x = fd
for some f € F and d € D. It was shown in [18, Lemma 2] that such a
fundamental domain always exists. We define the lattice size of D to be
s(D) = mg(F). It can be easily shown that this definition is independent
of the particular choice of F. The annihilator of D in G, denoted by D, is
defined by

DY ={yeG:y(d) =1forallde D}

Then DY is a uniform lattice in @, since D is topologically isomorphic to

CT/T? and G /D> is topologically isomorphic to D (via the restriction map
wD* — w|D). The following lemma [12, Lemma 6.2.3(a)] will be useful.

LEMMA 2.1. If D is a uniform lattice in G, then
s(D)s(D+) = 1.

As usual, L?(G) is the space of square-integrable functions on G with
respect to mg, L'(G) is the space of integrable functions on G. Note that
in the following we will just write { f(z) dz rather than { f(z) dmg(z),
and will always assume the Haar measure on the compact group G/D to be
normalized.

Let D be a uniform lattice in G and let F' be an associated fundamental
domain. If we equip D with the counting measure, a relation between the
Haar measures on G and G/ D is given by the following special case of Weil’s
formula [20]. For f € LY(G), we have Y, , f(zd) € L'(G/D) and

(3) | (@) dma(@) = s(D) | (3 flad)) dmen (@),
€] G/D deD
where & = zD (later on, if the context is clear, we will write simply dz

rather than dmg,p(#)). The Fourier transform £ of any function f € LY(G)
is defined by

flw) = § fOw(t) dma(b).
G

The transformation f — f, LY(G) — Cy(G), extends to a Hilbert space
isomorphism of L?(G) onto LQ(CAJ), the so-called Plancherel isomorphism.
Subsequently, the Plancherel transform of a function f € L?(G) will also be
denoted by f Throughout this paper, we will always assume that the Haar
measure ji; on G is normalized so that the Plancherel formula holds, i.e.,
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we have

J1f @)? dme(x) = | [F (@) dpc(w)

G G

for any f € L*(G).

The following definitions will also be needed. A countable family {e; :
j € J} of elements in a separable Hilbert space H (for example, H = L?(G),
where G is an LCA group) is a frame if there exist constants 0 < a < # < oo
satisfying

alv]* <D (v, e5)* < Blv]?
JjeJ
for all v € H. If the right hand inequality, but not necessarily the left hand
one, holds, we say that {e; : j € J} is a Bessel system with constant (3.
A frame is tight if o and 3 can be chosen so that a = 3, and is a Parseval
frame if « = B = 1. Thus, if {e; : j € J} is a Parseval frame in H, then

loll* =D (v, )

JjeJ

for each v € H. This is equivalent to the reproducing formula

(4) v = Z(v, e;)e;j

JeT
for all v € H, where the series in (4) converges in the norm of H. We refer
the reader to [9, 5] for the basic properties of frames.

3. Characterization of Parseval frame generators. It is well known
that there are relatively simple equations that characterize those functions
= {y', ... "} for which a Gabor system Gg(¥), given by (1), or an affine
system W (¥), given by (2), is a Parseval frame for L?(R"). Several papers
have been devoted to the formulation and study of these characterizations,
and they play a major role in the construction and study of Gabor and affine
systems (for example, [3, 4, 6, 10, 11, 14, 17, 19, 21-23]). The approach that
we develop in this paper adapts some ideas from [13, 19], where one of the
present authors has developed a unified approach to Gabor systems and
affine systems in L%(R").

Let G be an LCA group, P a countable index set, {g, : p € P} a family
of functions in L*(G), and {D, : p € P} a collection of uniform lattices
in G. For z € G, let the translation operator T, on L?(G) be defined by
T, f(t) = f(tz~!). We will consider families of the form

(5) oY = {Ty,9,: \y € Dy, p€ P},
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In order to state our general characterization result, we introduce the fol-
lowing notation. Let A = UpeP , and, for each a € A, let P, ={p e P:

ac sz}. We will also need the following definition.

DEFINITION 3.1. The system (5) satisfies the local integrability condition
(LIC) if, for each compact subset K of G, we have

(6) S s > (] @) <.
p€eP WwEDF Ky, 'K
Let
(7) D={fecL*qG): fe LOO(CA}) and supp f is compact}.

Observe that D is a dense subset of L?(G). If the system (5) satisfies the
LIC, then it is clear that, for each f € D, we have

(8) S 3 (F 1Fwn)PsDp) g w)Fds) < oo

pEP ypeDF suppf

In fact, one can show that this statement is equivalent to the LIC.
We can now state our general characterization result.

THEOREM 3.2. Let P be a countable index set, {g, : p € P} a family
of functions in L*(G), and {D, : p € P} a collection of uniform lattices

in G. Suppose that the set @E%’j}, given by (5), satisfies the LIC. Then the

following conditions are equivalent:

(1) @gg}} is a Parseval frame for L*(G).

(ii) For each a € A, we have

9) Z 5(Dp) "t Gp(w) Gp(wa) =641 for ae. w € G.
PEPa
This general result will be later applied to several special families of func-
tions ¢{gp ). Observe that in many of these cases we will be able to remove

the LIC hypothesm from the corresponding characterization theorem. The
proof of Theorem 3.2 will adapt some ideas from the proof of [13, Theorem
2.1]. Before presenting this proof, we need several auxiliary results.

Let D be a uniform lattice in G and let f,g € L?(G). The D-bracket
product of f and g, which was originally introduced in [2] and extended
n [13], is defined, in our setting, as

(10) Fol(:D) = flad) gad)
deD

The function [f, g](z; D) in (10) is also called the periodization of f and g
with respect to D. We establish the following useful lemmas.
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LEMMA 3.3. Let D be a uniform lattice. If f € D, where D is given
by (7), and g € L*(G), then

STHETag)P =s(D)2 | |[f,3)(w; DY)|? deo.

deD G/DL

Proof. Since (T9)"(w) = w(d)g(w), the Plancherel theorem implies

S Tag)? ZH @)l d

deD

By applying Weil’s formula (3) and Lemma 2.1, we obtain

[ f@)g@)wdds =sD*) | (3 Flwn ) @)@)ds

G G/Dt ~eDL
=s(D)" | [f.9)(w; DFw(d) div.
G/D+

Observe that G /D is topologically isomorphic to D. Thus, by choosing
the Haar measure on D (via this isomorphism) and using once more the
Plancherel theorem, we obtain

) A Yo = 3 [s(0)" | (Fa)wr D yold) dif
D

deD @ deD G/DL

LEMMA 3.4. Let D be a uniform lattice in G. For each f € D and
g € L%(G), define the function H on G by

= > {Tuf, Tug)

deD

Then H : G/D — R is the trigonometric polynomial

Hiz)= 3 (s(D) | Fw) fln) §) glwn) dw )1 (x).
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Proof. By Lemma 3.3, we have
s(DPH(z) = | |[(Tef)",9)(w; DY) di

G/D+

= | |o@ X @R ien| o
G/D+ ~yeD+

= | S 2@ flwn gy Y 6(x) f(wd) Glwo) di
G/DL veD+ seDL

Next, we use the substitution § = yn and express the last integrand as a
sum over v and 7; then, by applying Weil’s formula and Lemma 2.1, we
obtain

_ =~
=

s(DPH(z) = > | Fwy)gwy) Y. n(@) flwyn)glwyn) dw

€D+ G/Dt neD+
=s(DH) | F(w)3w) Y n(z) Flwn) Glwn) dw
G neDL
=s(D) 3 (] Fw) Flwm 5@)glwn) dw)n(z)
neDL G

Notice that all exchanges in the order of summations and integrations are
justified since f € D. =

The following result will be the main tool in the proof of Theorem 3.2.

PROPOSITION 3.5. Let P be a countable indez set, {g, : p € P} a family
of functions in L*(G), and {D, : p € P} a collection of uniform lattices
in G. Suppose that the collection @%ggj}, given by (5), satisfies the LIC. For
each f € D, define the functional N* on L*(G) by

N2(£)=>" > K Trgpl*

PEP ApED,

Then the function w(x) = N2(T.f) is continuous and coincides pointwise
with its absolutely convergent Fourier series ), W(a)a(x), where

-~ —~

(11) @) = | f(w) flwa) Y s(Dp) ™! Gp(w) Gplwar) dw,

G pE'Pa

and the last integral converges absolutely.

Proof. We have

w(x) = Z Z ’<f7T)\prlgp>|2-

PEP ApEDy
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Now for each p € P, define wy(z) = Z/\per I(f, T,\prlgp>|2, so that w(zx) =
> pep Wp(z). By Lemma 3.4, we can write wy, in the form

wp(x) = Z Wp (Yp)Vp(@),
YwEDy

where

Wp(7p) = S(Dp)_l S J?< ) A(“J’Yp) g(w) g(wp) dw

and K = supp f is a compact set (since f € D). We claim that {wp(vp) :
pEP, VW € sz} is in I1(P x D;). To show that this is the case, we first
apply Cauchy—Schwarz’s inequality to the last expression and obtain

s(Dp) () < (| |f<w>§<wp>|2dw)1 (§1Fwmae)? ) "
K

'y_lK
= (1Ftwy ha@do) " (§ 1 Femae) ).
K K

Next, using the inequality 2|cd| < |c[? + |d|? together with (8) (since f
satisfies the LIC), we have

Z Z [Wp(7p)| < o0,
pEP WPED;-
which proves the claim. This in turn implies that
T) = Z wp(z) = Z Z wp(7p)7(@)
peEP peEP fypeD;-

where the convergence in the last sum is absolute and uniform. Finally, using
the notation introduced at the beginning of this section, we can rewrite the
last equality in the form

w(z) =) wa)a(z),
ac
where w(«) is given by (11). Observe that {w,(v,) : p € P, v € DIJ;} €
I'(P x Dy) implies {@(c) : « € A} € I*(A) and, thus, the Fourier series for
w converges absolutely. =
Proof of Theorem 8.2. It suffices to prove the result for a dense subset

of L?(@). The general case follows by a standard density argument.
We first prove that (ii) implies (i). By Proposition 3.5,

= > HTef Tg)l? = Y- dB(a)ala),

PEP ApED) ac
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where the last series converges absolutely (thus, w(z) is continuous). Ap-
plying condition (ii) to w(«), given by (11), we obtain

—~

i) = ( | flw) flwa) dw)da,

G
for each f € D, where ¢, is the Kronecker delta. Then (i) follows by setting
x = e in the expression for w(x).

To prove the converse implication, let us assume that N2(f) = || f||? for
all f € L*(G). Consider the function z(x) = w(x) — || f||>. By Proposition
3.5, if f € D then the function z is continuous and equals an absolutely
convergent (generalized) trigonometric series whose coefficients are

20 =B(1) - | fI% F@) =B(a), a#l

By hypothesis, z(x) = 0. Hence, applying [7, Theorem 7.12] (note that z
is an almost periodic function) yields z(a) = 0 for all & € A. Thus, for all
a € Aand f € D, using (11) for the coefficients w(«), we have

(12) () Flwa) (D s(Dp) " Gplw) Gpl(wa) ) dw = dall 1%

G pE'Pa

Observe that, by the LIC, the function h, defined by

ha(@) = 3 5(Dy) 7 Gp(@) Gylwa)
PEP
with a € A is locally integrable. In order to establish (ii), we need to show
that ho(w) = 0q,1 for ae. w € G.
Consider first the case a = 1. Arguing by contradiction, assume that
hi(w) > 1 for w € E, where u(E) > 0. Let f = xg. Then

VIf@)Phi(w) do = | hi(w) do > || f]%,

a E

and this contradicts (12). A similar argument shows that one cannot have
hi(w) < 1 on any measurable set F of positive measure and, thus, h;(w) =1
for a.e. w € G. Consider now the case # 1. Again, arguing by contradic-
tion, assume that ho(w) > 0 for w € E, where u(E) > 0. We can choose E

~

small enough so that EN FEa~' = for « # 1. Let f = xg + Xga-1. Then

S Fw) fwa) ha(w) dw = S ha(w) dw > 0,

a E
and this contradicts (12). Thus ha(w) = 0 for a.e. w € G, and this completes
the proof. u

{9}

We can prove the following necessary condition for a family ¢ (Do}
p

given
by (5), to form a Bessel system.
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PROPOSITION 3.6. Let P be a countable set, {g,}pep a collection of
functions in L?(G), and {D, : p € P} a collection of uniform lattices in G.

If the system @jt%pp}}, given by (5), is Bessel with constant B, then

(13) > " s(Dp) MgpW)P < B for a.a. weG.
peEP

Proof. In all applications of this proposition that we will consider in this
paper, P will be a subset of Z" for some r € N. For simplicity we assume
this to be the case here. However, the reader can easily check that this is
not a loss of generality.

Since {T»,9p : \p € Dy, p € P} is a Bessel sequence with constant B, for
every M € N we have

(14) S D KTy 90 < BIFIS
pEP, [p|<M ApEDp

for all f € L?(G). Applying Lemma 3.4 to the left hand side of this inequality
for each p € P (letting = = €), we have

(15) Z Z S A w) A("-’%)Tﬁp(“%) dw < BJ|fl3
pEP, |p|<M ~peDF- G

for all f € D, M € N. Arguing by contradiction, let B(wg,d) be a ball of
radius 0 > 0 and center wy € G, with respect to the metric d on G, and
assume that

(16) > s(Dy) Mgp(w)? > B
pEP, |pl<M

for a.e. w € B(wp, d), where 4 is some positive constant. Next define f. by

jj;(w) = XB(wo,e) (w),

where ¢ < min{d, dpr/2}, and 9y = inf{d(y,,1) € le \ {1} : |p| < M}.
Observe that 57 > 0 since there are only a finite number of elements p € P.
Since € < dp1/2, we see that f.(w) and f.(w~p) have disjoint supports for
vp # 1. Using this observation, inequality (16) and the fact that f. € D, we
deduce that

S ST s Few) Fe(wp) 3 (@) Go(wp) dw

pEP, [p|<M ~,eD} €

= | E@P Y s(D) Y gw)Pdw > Bl f|?,

B(wo,€) pEP, |p|<M

Q

and this contradicts (15). The proof is completed by letting M — oo
n(l4). =
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4. Applications of the general characterization theorem. In this
section, we study several applications of Theorem 3.2. We begin by consid-
ering locally compact abelian groups with compact connected component,
and show that in this situation the LIC is equivalent to a simpler condi-
tion or can even be removed. Next we apply Theorem 3.2 to obtain a new
characterization of Parseval frame generators for Gabor and affine sytems.

Throughout this subsection, let P be a countable index set, {g, : p € P}
a family of functions in L?*(G), and {D, : p € P} a collection of uniform
lattices in G. As before, we define A = (J,cp Dpl. Furthermore, let D be
given by (7).

We start with the following simple observation.

LEMMA 4.1. If P is finite, then the system {Tx,gp, : A\p € Dy, p € P}
satisfies the LIC.

Proof. Let K be a compact subset of G. Then, for each p € P, there
only exist finitely many -, € le with K N, LK # (). Since P is supposed
to be finite, both sums in the LIC, given by (6), are finite and hence there
exists some M < oo such that

YosDp)T >N (G de < MY s(Dy) Gl < oo m

peP WwEDF Ky 'K pEP

4.1. LCA groups with compact connected component. We obtain the fol-
lowing general characterization of the LIC for LCA groups with compact
connected component.

PROPOSITION 4.2. Let G be an LCA group with compact connected com-
ponent and let H be some open compact subgroup of G. Then the following
conditions are equivalent:

(i) The system {Tx,gp : \p € Dy, p € P} satisfies the LIC.
(ii) We have
Z sg(D, N H)™ S Gp(w)Pdw < 00 for all K C G compact,
peP K
where si denotes the lattice size with respect to H and the Haar

measure myg on H induced by mg.

Proof. Let D be some uniform lattice in G. We claim that
(17) s(D)"Y(#Dr*NHY)) =sy(DNH)™L

To prove this claim, we first choose a special fundamental domain Sy for D
in G with respect to H. Since DN H is a finite subgroup of H, there exists a
fundamental domain Sy for DN H in H. Moreover, we have [G : HD] < oo,
where [G : HD] is the index of HD in G, that is, the cardinality of G/HD.
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Thus we can choose a finite representative system {y; : 1 <1i < [G : HD]}
for the H D-cosets in G. Then we define the fundamental domain Sy by
[G:HD]
Sy = U YiSH.
i=1

Notice that this union is disjoint. It is straightforward that Sy is indeed a
fundamental domain for D in G. Since the lattice size does not depend on
the fundamental domain we choose, we obtain

[G:HD]
(18)  s(D)=ma(Su) = > ma(Sw) =[G :HD]sy(D N H).

i=1

Secondly, we have D+ N H+ = (HD)*, hence
(19) #(D™ N HY) = #((HD)™) =[G : HD],

where the second equality follows from the fact that the dual group of a
finite group is the group itself. Obviously, equations (18) and (19) yield our
claim in (17).

Now we suppose that (i) holds. To show that this implies (ii), let K be

a compact subset of G. Then there exist 71,...,7, € G and corresponding
C;CH' i=1,...,n,such that K = Ui, :C;. Thus it suffices to prove
(20) > su(DpynH)T | Gp(w)]? dw < oo

pEP Uiy mH+

By [15, Remark 23.24(d)], H* is also compact, hence | J}_, 7 H* is compact.
Since the LIC is satisfied, using (17) we have

00> Y s(Dy) 7t Y ( | |§p(w)y2dw)

PEP ’YPGD; U? T H+ nUn 17 TJHL
=3 st > (] (@) Paw)
peP YpEDFNHL Ui, 7 HL
= s(Dp) '#(Dy nHY) | [Gp(w)?dw
pEP Ur, mHL
=> su(nH)™ | [Gw)dw.
pEP Uiz, mH*-

This shows (i)=(ii).

To prove the converse implication, suppose that (ii) holds. Let K be a
compact subset of G. As above, there exist 71,...,7, € G and C; c Ht,
i =1,...,n, such that K = U’L:l 7;C;. Since UZ:1 7 H' is a compact set
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and (ii) holds, we have
1 ~ 2
00> sy(DNH) | (G dw

pEP Ur, mH*
=> s(Dp)'# Dy nHY) | [G(w))? de.
pEP Uiz, mH+
Now we claim that
n
(21) #(Dpi n U Ti—lerL> <n? #(Dy NHY).
ij=1

Once this is shown we can continue the above computation to obtain

00> Y s(D) ' HDENHY) | [Gw)Pdw
pEP Uisy mH -
> n 2 Z s(D,) ! Z ( S 1Gp(w)|? dw>7
pEP WEDy Uiy HNU)_y v ' HE

since I, mHL N U 1Y Lr;H- # () if and only if there exist 4,7 €
{1,....n} with yp7; 17, € H*. This proves that the LIC holds for K.
Hence it remains to prove (21). Notice that it suffices to replace

2
Ui =1 7, \r; H* by some disjoint union | J, o; H*. Now we choose the coset
representatives of H+ in G tobe DU R, where D C Dpl and DpL NaH+ =0

for all @ € R. Then, if & € R, we have #(D;- NaH*) =0, and if a € D, we
have

1 1y _ —1yL 1y _ 1L 1L
#(D, NaH~) =#(a” "Dy NH™) =#(D, N H™).
This proves (21) and hence (ii)=(i). =
In the special cases of compact and discrete abelian groups, the preceding
proposition yields the following equivalent conditions for the LIC to hold.

COROLLARY 4.3. Let G be a compact abelian group. Then the following
conditions are equivalent:

(i) The system {Tx,gp : \p € Dy, p € P} satisfies the LIC.
(ii) For all w € G, we have

> s(Dp) T Gp(w)]? < oe.

pEP

Proof. Choosing H = G and K = {v} for some v € G in Proposition
4.2, we obtain

Y su(Dpn H) 7 [Gp(w)Pdw =) s(Dy) " gp(m) .

PEP K peP
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Note that it suffices to consider K = {~}, since each compact subset of G
contains only finitely many elements. =

COROLLARY 4.4. Let G be a discrete abelian group. Then the following
conditions are equivalent:

(i) The system {Tx,gp : \p € Dy, p € P} satisfies the LIC.
(ii) We have
>V 1Gp(w) dw < 0.

PEP G
Proof. Choosing H = {¢} and K = G in Proposition 4.2 yields
Z su(Dp N H)_l S |§p(w)’2 dw = Z S |§p(w)’2 dw.

pEP K pEP &
Notice that, as before, it suffices to consider only K = G. m

A natural question is the following. Let {T),g, : A\p € Dy, p € P} be
a system which satisfies Theorem 3.2(i) or (ii). Does this imply that this
system then satisfies the LIC automatically, i.e., can we omit the hypothesis
that the LIC has to be satisfied?

It will turn out that this is true in some cases, however it is not a nec-
essary condition. The compact and discrete groups will turn out to be the
extreme cases.

LEMMA 4.5. Let G be a compact abelian group and suppose that the
system {Th,g9p : \p € Dp, p € P} satisfies Theorem 3.2(i) or (ii). Then it
also satisfies the LIC.

Proof. If {T,g9p : A\p € Dy, p € P} satisfies Theorem 3.2(i), it is, in

particular, a Bessel system with constant B. Hence Proposition 3.6 shows
that

> s(Dp) MgpW)P< B forallwe G
pEP

This inequality also follows by Theorem 3.2(ii) on choosing o = 1. Now we
can apply Corollary 4.3, which finishes the proof. =

LEMMA 4.6. Let G be a discrete abelian group and let {T,\pgp : \p € Dy,
p € P} be a Parseval frame for L*(G). Then this system does not necessarily

satisfy the LIC.

Proof. Let G = Z and, for all m € Z and k € N, let [m];, denote the
residue class of m modulo k, and let LI denote disjoint union. It is easy to
see that, for all m € Z and k € N, we have

(22) [m]i = [m]or U [m + ko, and  [m]i = [m]ax U [m — K]op.
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Our aim is to write Z as a disjoint union of infinitely many pairwise different
residue classes. For this, we start by observing that Z = [0]2 L [1]2. Applying
(22) we obtain Z = [0]2 U[1]4 LU [—1]4. Now we use the other formula in (22),
which yields Z = [0]2 U [1]4 U [-1]s U [3]s. Iterating this procedure, using a
simple induction argument, we obtain
(23) 7= |_| [aj]2j7
JEN

where a; = Z ( 1)F2k j e N.

Now we deﬁne P =N, gp = X{a,}» and Dy = 2PZ, p € P. An easy
calculation shows that g, = e~2™%", By (23), the family {1y, 9p : Ap € Dy,
p € P} equals {x{m} : m € Z}, and hence is an orthonormal basis for L2 (Z).

But this system does not satisfy the LIC. To prove this, by Corollary
4.4, we only have to compute

> N Gpw)Pdo=>"|1dw,
pEP G peENT
which is not finite. m
4.2. Gabor systems. Let M, be the modulation operator, defined by
M, f(z) =w(z)f(z) forzed, wedq,
and consider the Gabor systems
GW)={T\M W :Xe D, ye K},

where D C @ is a uniform lattice, K is a discrete subset of G and ¥ =
{0),... 6"} C L2(G).
It is clear that we can write the system G(¥) in the form (5) by letting
={p=Ml):vye K, Il =1,...,L}, D, = D for each p € P and
gp =9, — 'yﬂ)
We will deduce a characterization of all the functions ¥ such that G(¥)
is a Parseval frame of L?(G). We start with the following observation.

LeEMMA 4.7. Let {g, : p € P} be a countable family of functions in
L*(G). Assume that D, = D for each p € P. If there is a constant C' such
that > ,cp 9p(W)|>< C fora.e.we G, then the system {T\gp : \e D, peP}
satisfies the LIC.

Proof. Since K is compact, there only exist finitely many v € D+ with
KN~y 'K # 0, say M of them. A direct computation of the left hand side
of (6) shows that

S0 Y | Py ie Y |
peEP yeD+ Kny—1K veD+ Kny—1K
<s(D)'CMu(K) < cc. =
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We now obtain the following characterization result.

THEOREM 4.8. G(¥) is a Parseval frame for L*(G) if and only if, for
each A € D+,

(24) Z Z@Zl(w’y_l) il(wy*l)\) =s(D)o1x forae we G.

Proof. As we described before, the Gabor system G(¥) can be repre-
sented in the form (5). Using the notation of Theorem 3.2 for the system
G(¥), we have P, = P, A= D+, and g, = Iy = Tfyzzl. Also observe that,
if G(¥) is a Parseval frame, then, by Proposition 3.6, for any f € D there is
a constant B < oo such that

ZZ 1WZ Wy HPP<B for ae wed.

yeK I=1

This inequality also holds if equation (9) is satisfied (use o = 1). Thus, by
Lemma 4.7, we do not need to assume the LIC in Theorem 3.2. Finally,
equation (24) follows from (9). m

This theorem generalizes similar results in L?(R™), that one can find, for
example, in [17, 19, 22].

4.3. Affine systems. In the theory of affine systems on R", the elements
of the family Wy (v)), given by (2), are obtained under the action of trans-
lations and dilations on R™. These operations can be defined on an LCA
group G by identifying the translations with the group action, and the dila-
tions with the action of a group automorphism A on G (see [8] for a similar
approach).

Let d be a metric on G. Without loss of generality (see [15, Vol. I, Sec. 8]),
the metric can be chosen to be translation-invariant, that is,

d(aw, Bw) = d(e, B)  for all o, B,w € G.

Let A be a group automorphism on G which is expanding in the sense
that

(25)  d(A(a),A(B)) > cd(a,3) for some ¢ >1and o # (€ G

We use the notation 4%(w) = A(A(w)), A%(w) = w. Observe that A~! is a
contraction, since it follows from (25) that

d(A Y (a), A7(B)) < ¢ Vd(a,3) for some ¢>1and a # 3 €G.

Throughout this section we fix a uniform lattice D in G and normalize the
Haar measure on G so that s(D+) = 1.
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Now let us consider the families @} D, given by (5), where

P={(,1):j€Z1=1,...,L}, Dy = D, = Dj = A/(D"),

B(w) =Gy w) = v; PP AT (W),

and the constant v; is chosen as v; := s(A7(D1)), j € Z. Any family of this
form will be called an affine system on L?(G) with respect to the automor-
phism A on G. The connection with the usual affine systems on L?(R"™),
related to the theory of wavelets, will be clarified later.

By Weil’s formula (3) and the particular normalization of the Haar mea-
sure on @, it follows that, for each [ =1,..., L,

J v AT @) dw = | [0 (@) do,

a G
and this shows that the automorphism A, with the appropriate normaliza-
tion, acts in a way similar to the unitary dilations in the case of classical
wavelets (we will show in Example 4.13 that the unitary dilations are auto-
morphisms on R").

Under these assumptions, the LIC, given by (6) is

L
en L= ( | W)l <o

JELZ I=1v€D KNA-I(v)K

(26)

for each compact subset K of G. The following proposition shows that the
LIC is satisfied if A is an expanding automorphism on G.

PROPOSITION 4.9. Let G be an LCA group, and A be an expanding
automorphism on G. Let P, g, and Dy, be given by (26). If there is a constant
C' such that

(28) Z ( )gp(w ZZWJ (A7 (W) <C  forae wedG,

pEP JEZ I=1
then the system {T,gp : A\p € Dy, p € P} satisfies the LIC (27).

Before proving Proposition 4.9, we need some construction.
Given any r > 0, we use the notation B(r) = {g € G : d(g,e) < r} and
B(r)={ge€G: 1/r <d(g,e) < r}. We obtain the following two lemmas.

LEMMA 4.10. Let G be an LCA group, and A be an expanding automor-
phism on G. Then there is a number N = N(A,r) > 0 such that

#{jEZ:Aj(g)eé(r)}gN forall g € G.

Proof. If g = e, then A¥(e) = e ¢ B(r) for any j € Z and, thus, we can
choose N = 1.
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If g # e, let jo = jo(g) be the smallest integer such that d(A%(g),e) >
1/r. This is possible since A is expanding, and there is a ¢ > 1 such that
d(A7(g),e) < c7d(g,e) for all j > 0. Thus, A7(g) ¢ B(r) for all j < jo.
Next, choose Ny > 0 such that ¢¥0 > 2. Then, if j > No,

d(ATtI0(g), e) > dd(A(g),e) > Mo 1/r > 1.
Thus, if j > Ny, then A7H0(g) ¢ B(r). It follows that

{j€Z:A(g) € B(r)} C {jo,jo+1,..., 50+ No—1}.
The proof is completed by taking N = Ny (observe that Ny does not depend
on jo and, in particular, does not depend on g € G).

LEMMA 4.11. Let G be an LCA group, v > 0, and A be an expanding
automorphism on G. Then there is a constant K = K(D,r) > 0 such that

#{g € D\ {e}: A(g) € B(r)} < Ks(A/(D))~"s(DY.
Proof. Let S = inf{d(g,e) : g € (D \ {e}) N B(r)} > 0. Since A is
expanding, for any r > 0, there is a positive integer j such that
d(A7(g),e) > cld(g,e) > IS >r

for all ¢ € D\ {e}. Let j; be the smallest positive integer for which this
holds. Thus, for all j > ji,

#{g € D\{e}: A(g) € B(r)} =0.
Next consider the case j < ji. Let g € D\ {e} with A/(g) € B(r) and
let h € F, where F' denotes a fundamental domain of D. We set T :=
sup{d(h,e) : h € F}. By [18, Lemma 2|, the fundamental domain can be
chosen to be relatively compact, hence T' < co. Since A is expanding and
J < j1, we have

d(A™"H (gh), e) = d(A™7H (g) A7 (h),e)
< d(A7 1 (g),e) + d(ATTI(h), e)
<cr4d(h,e) <cr+T=:R.
Thus,
{ge D\ {e}: A(g) € B(r)} C{ge D:gF C AV7I(B(R))} = M.
Since the sets gF', g € D, are disjoint, we obtain
#{g e D\ {e}: A(g) € B(r)}
M6 Uenty, 9F) _ ma(A2—(B(R)))

SHEMRETm) ST D)
For each measurable Q C G, Weil’s formula implies
(20) ma(a(@) = 228 ).
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Applying this equation to the automorphisms A/t and A~/ yields

: s(A7(D))s(A™7(D))
#{ge D\ {e}: Al(g) € B(r)} < O
It remains to prove that s(A=7(D)) = es(A7(D))~! for some constant c.
Let Q be a fundamental domain for A~}(D) in G. Using the definition of
a fundamental domain, it follows that A2?(Q) is a fundamental domain for
A(D) in G. Then, applying (29) twice, we obtain

ma(B(R)).

s 2
S(A(D) = me(42(@) = L ma(@
S 2
_ %sml(p)).

This implies

Now our claim follows from
s(A7(D)) = s((A7)"1(D)) = s(A7(D))"'s(D)*.

Setting
_ s(4(D))
K .= S(D)in=3 ma(B(R))
proves the lemma. m

Proof of Proposition 4.9. We write L = Ly + Lo, where Ly is the sum in
(27) corresponding to v = 1 and Ly is the sum corresponding to v € D+\{1}.
It is clear that

L
L= Y [ A7 w)ldw < | Cdw < .
JEZ I=1 K K

Consider now Ly. Choose r > 0 such that K C B (r). Using the change
of variables n = A7/ (w) (observe that d(A7(n)) = v;d(n)) we have

L
L<YS Y I 1 mPaam)

JEL =1 veDE\{1} Ai(n)Ai(y)E€B(r)

L
=>> > | S(AT(DM) [0 () dy.

JEZ I=1 ve D-E\{1} Aj(n)AJ (v)eB(r)
Observe that (use the triangle inequality for the metric d)
[y € DY\ {1} : AT(5) € B(r) and A7(n) 41 (+) € B(r)}
C{yeD":A(y) e B(2r)}
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and, by Lemma 4.11,
#{y € D" : A(y) € B(r)} < K(D,r)s(A'(D))~,

since the Haar measure on G is normalized so that s(D+) = 1. This implies
that

L
Ly <KDY > | [m)Pdn.
JEL =1 Ai(n)eB(r)

Finally, using Lemma 4.10, we find that

L
Ly < K(D,r)N(4,7) S 0l3 < oo,
=1
Thus, L1 + Ly < oo and this completes the proof. m

Using Proposition 4.9, we can now state the following characterization
result for the affine systems. Notice that we do not need to assume the LIC
in this theorem.

THEOREM 4.12. Let G be an LCA group, and A be an expanding auto-
morphism on G. Then the affine system {Tx, gp : \p € Dy, p € P}, where
P, g, and D, are given by (26), is a Parseval frame for L*(G) if and only
if, for each a € ;g AJ (DY), we have

(30) Z m{b\l(fl_j(w)a) =0q1 forae we @,

(4,1)EPa
where Py, = {(j,1) € P: a € A(DY)}.

Proof. We apply Theorem 3.2, where P, g, and D, are given by (26).
Equation (30) follows directly from (9). Thus, we only have to show that
the LIC is satisfied. In order to do that, observe that if the affine system
{T)\p gp : Ap € Dy, p € P} is a Parseval frame, then, by Proposition 4.9, for
any f € D there is a constant C' < oo such that

L
ZZ ]zZZ(A_j(uJ)H2 <C forae weQ.
JEZ 1=1
This inequality also holds if equation (30) is satisfied (use o = 1). Thus, by
Proposition 28, we do not need to assume the LIC in Theorem 3.2, and this
completes the proof. m

In the following, we apply Theorem 4.12 to some special LCA groups.
As a first application, we consider the case G = R", and we show that the
usual affine systems on L2(R™) are easily described within our framework.

EXAMPLE 4.13. Let G = R" and D = Z". Then G = R", with the
usual Euclidean metric, and D+ = Z". The matrix A € GL,(R), where all
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eigenvalues \ of A satisfy |\| > 1, is an expanding group automorphism
on G. Under these assumptions, from definitions (26), for p € P = {(j,1) :
j€Z 1 =1,.. L} we have g,(w) = |det A|7/2¢!(AJw) and Dy =
AT Dt = AT 7M. Tt follows that g,(x) = |det B|7/2¢!(B’x), where B = At.
Thus, the system {Th,g9, : \p € Dy, p € P} is the usual affine system
on L?(R"):

(31)  {Tp-irgy(x) = |det BF/*¢!(Biz—k): je Z,k € Z",l =1,...,L}.
From Theorem 4.12, we deduce that the affine system (31) is a Parseval
frame for L?(R"™) if and only if, for all o € A = Ujez 4727,

(32) Y AT YA (E+a)) =ba0  forae £ ERT,
(5, €Pa

where Py, = {(j,1) € P : a € AJZ"} for a € A. This result recovers The-
orem 5.9 in [13] and, as shown in that paper, it generalizes and contains
all classical characterization results about affine systems, including those in
[4, 6, 11, 23]. We refer to the same paper for more details about the mo-
tivation and history of these and similar characterization equations for the
affine systems in L?(R"™).

EXAMPLE 4.14. A radial function on R" is a function f : R™ — C which
satisfies f(||z]]) = f(|ly||) for all z,y € R™ with ||z| = ||y|. Radial functions
occur in a natural way both in mathematics and applications, including, for
example, the study of radar signals. In order to introduce an affine system
that can be used to decompose and analyze these types of signals, we define
a new function ¢ : R™ — C by ¥(r) := f(||z||) for all r € RT, where x € R"
is chosen such that ||| = r. Notice that the radial function f is uniquely
determined by ¢ and f(0).

Now we can apply our general method to the group G = R™. This is
a locally compact abelian group with dual group R. The character of G
associated with some y € R is the function z — ™% Ag a uniform
lattice in G we choose D = {2" : n € Z}. A simple calculation shows that
D+ = (In2)7'Z. Now let P = Z and let A : R — R be the expansive
automorphism defined by A(y) = (In2)y. Then v, = s(AP(D1)) = (In2)P~1
for all p € Z. Further we define the functions g, by

Gn(y) = (In2) 7P/ ((In2) Py).
Then it follows that g,(z) = (In2)PT1/24(2(22)") Observing that
Tygp() = (In2) P/ 2g((272)"2) = (1n2) P2y (e (27 g 02,
we obtain the affine system

B(1p) = {(In2) D/ 2y (=D (027 o,y € 7Y,



218 G. KUTYNIOK AND D. LABATE

Thus we can apply Theorem 4.12, which shows that &(v) is a Parseval
frame for L?(R*) if and only if, for each p € Z and a € AP(D+) = (In2)P~'7Z,
a # 0, we have

(In2)21=P) h((In2)~Py) h((In2) P(y +a)) =0 for ae. y € R

and

> (2> P((In2) Py)|P =1 for ae. y R,
PEL
since P, = {¢ € Z:a € (In2)97'1Z} = {p} if a € (In2)P"'Z, a # 0 and
Po=P="7.
EXAMPLE 4.15. Let us consider the subgroup of upper triangular ma-
trices of the form

1 =z vy
01 —x |, =xzyekR
0 0 1

We can identify this group with G = R? equipped with the group multipli-
cation given by
(z1,y1)(72,y2) = (21 + 22, Y1 + Y2 — T172).

This is a locally compact abelian group with dual group R?. The character
of G associated with some z € R? is the function (z,y) — e2milz(w.y+a?/2))
As a uniform lattice in G we choose D = Z?. A simple calculation shows
that D+ = Z x 2Z. Now let P = Z and let A : R? — R? be the expansive
automorphism defined by A(z,y) = B(x,y)", where

=0 s)

Then v, = s(AP(D)) = 22P*L for all p € Z. Further we define g, by

Gp(,y) =277 FO(B P (,y)").
It follows that g,(x,y) = 2P~/ (2Px, 2771 (2y + (1 — 2p)a: )
inition of the group multiplication we have (m,n)~! = (-
Observing that T{,, »)9p(7,y) = Ypmn(z,y), where
Upmon (@, y) = 2271227 (2 — m), 207 (2(y — n — m®) + (1 = 2°) (z — m)?)),
we obtain the affine system
é(w) = {wp,m,n<xu y) : p? m7 nc Z}

Thus, we can apply Theorem 4.12, which shows that @(1) is a Parseval
frame for L2(G) if and only if, for each a € Upep A P(D4) =Upez BP(Zx2Z),

By the def-

)-
m, —n — m?).
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we have

S 2 2B, y)) BB P(0.9) + a)) = dup for ac. (2.y) € B2
PEP,

with P, = {p € Z : a € BP(Z x 2Z)}. Observe that one can deduce several
variants of this construction for more general matrices B € GLy(R).
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