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Abstract
Bosonic flux ladders serve as a promising framework for exploring gauge theories and invest-
igating fundamental phenomena in condensed matter physics, as they exhibit non-trivial to-
pology due to the presence of an artificial magnetic field. While conventional non-topological
phases are typically characterized by local densities, topological phases, such as the recently
experimentally realized Meissner phase, are captured only by local currents, necessitating dif-
ferent measurement protocols.

In this thesis, we investigate the measurement of local currents in ultracold atomic bosonic flux
ladders, focusing on the discrepancy between experimentally measured currents and numerical
simulations, particularly in the context of finite-temperature effects. We rigorously investigate
the dynamic current measurement protocol proposed by Kessler and Marquardt (2014) through
analytical derivations and numerical simulations with exact diagonalisation (ED), assessing the
impact of the employed approximations on measurement outcomes. We observe that non-
bosonic statistics arising from finite-dimensional Hilbert spaces introduce systematic errors for
ground states and thermal states, which are however subleading compared to the uncertainties
arising from the parity-projected measurement. We identify possible criteria for the validity
of the protocol in the absence of parity projection, but find isolating finite-temperature effects
challenging due to the numerous competing error sources.

Further comparison of the directly measurable rung correlator with larger-system finite-tem-
perature matrix product state (MPS) simulations suggests that the experimentally realised state
is neither a ground state nor a thermal state, but rather a non-equilibrium state. Addition-
ally, we develop and benchmark a robust numerical toolkit for bosonic flux ladders, enabling
exact results (small systems) and approximate results (large systems) across unified ED/MPS
interfaces based on existing toolkits.

Our work underscores fundamental limitations of modern local current measurement protocols
in quantum gas microscopes and provides pathways for future theoretical and experimental
refinements.
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Zusammenfassung
Bosonische Flussleitern bieten sich als eine vielversprechende Plattform für die Erforschung
von Eichtheorien und grundlegenden Phänomenen in der Physik der kondensierten Materie
an, da sie aufgrund eines künstlichen Magnetfelds nichttriviale Topologie aufweisen. Während
konventionelle nicht-topologische Phasen typischerweise durch lokale Dichten charakterisiert
sind, werden topologische Phasen, wie die kürzlich experimentell realisierten Meissner-Phase,
nur durch lokale Ströme erfasst, was andere Messprotokolle erforderlich macht.

In dieser Arbeit untersuchen wir die Messung lokaler Ströme in ultrakalten atomaren boso-
nischen Flussleitern mit einem Fokus auf der Diskrepanz zwischen experimentell gemessenen
Strömen und numerischen Simulationen, insbesondere im Kontext von Effekten endlicher Tem-
peraturen. Wir untersuchen das von Kessler und Marquardt (2014) vorgeschlagene dynamische
Strommessprotokoll durch analytische Herleitungen und numerische Simulationen mit exak-
ter Diagonalisierung (ED) und bewerten die Auswirkungen der zugrundeliegenden Näherun-
gen auf die Messergebnisse. Wir stellen fest, dass nicht-bosonische Statistiken, die sich aus
endlich-dimensionalen Hilbert-Räumen ergeben, zu systematischen Fehlern für Grundzustän-
de und thermische Zustände führen, die jedoch im Vergleich zu den Unsicherheiten, die sich
aus der Paritätsprojektions-Messung ergeben, untergeordnet sind. Wir identifizieren mögliche
Bedingungen für die Gültigkeit des Protokolls ohne Paritätsprojektion, stellen jedoch fest, dass
die Isolierung von Effekten endlicher Temperatur aufgrund der vielen anderen Störfaktoren
schwierig ist.

Der Vergleich des direkt messbaren Sprossenkorrelators mit Finite-Temperatur-Matrixprodukt-
Zustandssimulationen (MPS) für größere Systeme legt nahe, dass der experimentell realisierte
Zustand weder ein Grundzustand noch ein thermischer Zustand ist, sondern ein Nichtgleichge-
wichtszustand. Darüber hinaus entwickeln wir ein robustes numerisches Toolkit für bosonische
Flussleitern, das exakte Ergebnisse (kleine Systeme) und Näherungsergebnisse (große Systeme)
über einheitliche ED/MPS-Schnittstellen auf der Grundlage bestehender Toolkits ermöglicht.

Unsere Arbeit unterstreicht grundlegende Beschränkungen moderner lokaler Strommesspro-
tokolle in Quantengasmikroskopen und schlägt Wege für zukünftige theoretische und experi-
mentelle Verfeinerungen vor.



Contents

Abstract vii

1 Introduction 1

2 Theoretical Background 5
2.1 Second Quantisation and Fixing Notations . . . . . . . . . . . . . . . . . . . . . 5
2.2 Bosonic Flux Ladders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Soft-Core Bosons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.4 Measurement of the Local Particle Current in the Fock Basis . . . . . . . . . . . 11
2.5 Quantum Thermal State . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3 Experimental Background 19
3.1 Large Bosonic Flux Ladders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 Parity-Projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.3 State Preparation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.4 Current Measurement Protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

4 Numerical Methods 23
4.1 Truncation of Hilbert space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.2 Platform-agnostic Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.3 Parameter Sweep . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.4 Exact Diagonalisation (ED) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4.4.1 Projection to a Fixed-N Symmetry Subspace . . . . . . . . . . . . . . . . 28
4.5 The Current Operator and Numerical Verification of Experimental Protocol . . . 29
4.6 Matrix Product States (MPS) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.6.1 State Purification and Thermal State . . . . . . . . . . . . . . . . . . . . 31

5 Results and Discussions 35
5.1 Finite Temperature Parameter Sweep of Local Current Operators in a Plaquette 36
5.2 Numerical Verification of the Experimental Current Measurement Protocol . . . 39

5.2.1 Time Evolution of Eigenstates of the Current Operator in a Double Well 40
5.2.2 Understanding the Impact of Pathological States . . . . . . . . . . . . . 43

5.3 Preparation for Larger System Dynamics . . . . . . . . . . . . . . . . . . . . . . 47



x CONTENTS

5.4 Finite Temperature Effects: Rung Correlator . . . . . . . . . . . . . . . . . . . . 49

6 Conclusion and Outlook 53

A Building Global Single-Site Projectors from Operators Exclusively 57

B Derivation of the Definition for the Local Particle Current on a Site 61

C AdditionalCalculations: CurrentMeasurement Protocolwith Soft-CoreBosons 65

D Complete Results: Evolution of Current Operator Eigenstates in a Double Well 69

E Generating Occupations for a Fixed-N Subspace 77

F Indexing 81

List of Figures 85

Acronyms and Glossary 86

Bibliography 87

Acknowledgements 95



Chapter 1

Introduction

Quantum many-body problems play a central role in condensed matter physics. While the
physics of few-particle systems are relatively well-described, emergent phenomena arising from
the interaction between many particles can be very complex and rich. Arguably, one of the most
interesting yet simple models is the Hubbard model, which was first proposed by Hubbard in
1963 to describe electrons in solids [1].

In this model, neighbouring sites on a lattice are coupled with a hopping term of strength J .
In the interacting regime, the particles on each site also couple via a density interaction with
strength U . Despite the simplicity of these two parameters, the physics that result from this
model have continued to capture the interests of physicists since it was first proposed [2].

Its rise in popular interest, especially in the 2D fermionic case, can generally be attributed to
the observation of high-Tc superconducting in LBCO in the 80s [3]. The observed phenomena
raised doubts about the applicability of the prevailing theory of superconductivity developed by
Bardeen, Cooper, and Schrieffer (BCS) [4, 5, 6], leading to the search for alternative explanations.
The Hubbard model was proposed as a possible explanation for the observed phenomena [7].

Generally, the Hubbard model serves as a minimal model for many-body systems, and is often
used as a starting point for more complex models. A wide range of phenomena has since been
described using this model, especially in higher dimensions. This includes superconductivity,
magnetism, and quantum phase transitions. In fact, the model has proved to be especially
consequential for the study of high-Tc cuprate superconductors [8]. It exhibits a rich phase
diagram, with various phases such as the Mott insulator, superfluid, and charge density wave
phases. Yet, exact solutions to the Hubbard model are rare, necessitating numerical explorations
[9].

For a system consisting of bosons, such a model is referred to as the Bose-Hubbard model [10].
We may extend the Bose-Hubbard Model model by introducing a(n) (artificial) magnetic field
to obtain the Hofstadter-Bose-Hubbard (HBH) model. By having real-valued hopping along
one axis and complex-valued hopping along the other axis, an artificial magnetic field can be
simulated, allowing this model to incorporate the effects of the Hofstadter Butterfly. [11] Using
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this model, rich and complex physics such as those of topological ordered phases (e.g. fractional
Chern insulators and quantum Hall effect) have long been predicted [12, 13, 14].

Due to their versatility and controllability, ultracold atoms present an ideal platform for ex-
perimentally exploring the physics of these models that have until not too long ago only been
theoretically described. A ladder-like quasi-1D lattice of ultracold atoms lends itself as the per-
fect minimal system where we can realise the HBH model. Such ladder systems, with their
artificial magnetic field, have a non-vanishing flux that pierces through each plaquette unit,
and are known as flux ladders.

Just from this short history of the Hubbard model, we have already seen the beautiful back and
forth between experiment and theory, where observations in one inform the research direction
of the other, and vice versa. Where experiments cannot immediately be built, or appropriate
theoretical descriptions not yet developed, numerics provide a bridge between the two, helping
us to understand observations and predict new physics. This thesis stands exactly at the inter-
section of theory and experiment, with the goal of answering experimental questions not just
through numerical simulations, but also by following the theory to its meaningful conclusion.

1.1 Problem Statement
Recently, strongly interacting Meissner states have been realized by Impertro et al. [15] in bo-
sonic flux ladders. These states are generally characterised not by their density distribution but
by their local current distribution, which is a direct consequence of the non-trivial topology
of the flux ladder. Current measurements are therefore essential in characterising these states.
However, since the particle current is not a observable that is directly measurable in a quantum
gas microscope, the platform on which the flux ladders were realised, a dynamic protocol [16,
17] has to be used.

In this protocol, the state is first projected onto double-wells, after which a basis rotation in the
form of a time-evolution is applied to the system, allowing one, at least in theory, to measure
the density difference ⟨∆n̂⟩ to obtain the local current ⟨ĵ⟩.
Comparing the local currents measured and the local currents we expect from ground-state
simulations, we notice a discrepancy. In this thesis project, we approach the problem from
the perspective of numerical simulations to explore whether we can understand this reduced
current and the different sources of error. Since we expect factors such as finite-temperatures,
particle-loss and other interactions with the environment to be potential sources of errors, it is
necessary to move beyond the hard-core boson description of the system (maximum occupation
per site M = 1), as published in [17], and use soft-core bosons instead (M > 1).

Surprisingly, this change to soft-core bosons revealed unexpected subtleties in the current
measurement protocol. We therefore systematically carry out a numerical verification of this
protocol, explicitly incorporating the non-bosonic commutation relations of soft-core bosons.
In contrast to the analysis of particle currents in flux ladders using snapshot-based techniques
[18], this project explores specifically the experimental measurement protocol, and the finite-
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temperature effects on a specific experimental state. Where it is meaningful, we also explored
how features change with increasing temperature.

As one of the main contributions of this project, we also developed a well-tested and robust nu-
merical toolkit for investigating the physics of bosonic flux ladders that produces not just exact
results for smaller systems using exact diagonalisation (ED) techniques, but also approximate
results for larger system using matrix product state (MPS) techniques.

This thesis is organised as follows: we begin in chapter 2 with exploring the relevant theory.
We establish definitions, and derive the experimental current measurement protocol, exploring
the theoretical consequences of a finite-dimensional Hilbert space on bosonic commutation
relations and its effect on the protocol. In chapter 3, we summarise the relevant experimental
details. In chapter 4, we introduce our numerical simulation toolkit, some of the design choices
that went into it, and detail the numerical methods used. Finally, in chapter 5, we present results
of our numerical simulations, including a numerical verification of the dynamic measurement
protocol, and discuss their implications. We conclude with a summary of our results and an
outlook on future work in chapter 6.

At the end of the thesis, we answer the following questions:

• Does the dynamic protocol for measuring local currents in flux ladders work as expected?

• Do we have a finite-temperature state in the experiment of Impertro et al. [19]?

Both of which can be answered with a resounding “no”1.

In fact, we realise that in general, the current measurement protocol is not valid for a system of
soft-core bosons where the number of bound states per site M is finite. There are conditions in
which this protocol does indeed work, but without better characterisation of other sources of
error originating from experimental parameters such as M and the total number of particles in
the system N , it is challenging to reach definitive conclusions about the impact of each source
of error on the current measurement.

To circumvent limitations of the current measurement protocol, we also analysed the rung
correlator, which is a directly measurable quantity. Comparison of experimental data with
our large-system finite-temperature MPS simulations provides strong evidence that the exper-
imentally realised state is not a finite-temperature state.

1At least we are rather confident of our results based on the data and simulations that we have done. After
all, in science there is always a chance that one is wrong.
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Chapter 2

Theoretical Background

2.1 Second Quantisation and Fixing Notations
An efficient way of representing quantum states in a quantum many-body system is to employ
second quantisation and express the states in Fock space [20], which is a separable Hilbert space
that is the direct sum of Hilbert spaces H(N) of a fixed particle number N over the system:

F =
Max N⊕

N=0

H(N) . (2.1)

Choosing the occupational number basis for F proves to be particularly convenient. In the case
of a bosonic system, the Fock space F is unbounded in terms of the number of particles on each
site, and we can decompose a state as:

|ψ⟩ =
∑

n1...nG

Cn1...nG

(
|n1⟩ ⊗ · · · ⊗ |nG⟩

)
=
∑

n1...nG

Cn1...nG
|n1, . . . , nG⟩ , (2.2)

where each basis state |ni⟩ ∈ Hi, i ∈ N, ni ∈ N0, is an occupational number basis state of
identical bosons in the local Hilbert space Hi on each site i, and G is the total number of sites
in the many-body system. Generally, the local Hilbert spaces on each site are identical and
Hi = H0 for all i ∈ N. [21]

In this representation, the creation and annihilation operators on each site have the following
action:

b̂i |n1, . . . , ni, . . . , nG⟩ =
√
ni |n1, . . . , ni − 1, . . . , nG⟩ , (2.3)

b̂†i |n1, . . . , ni, . . . , nL⟩ =
√
ni + 1 |n1, . . . , ni + 1, . . . , nG⟩ . (2.4)

and fulfil the canonical bosonic commutation relations
[
b̂i , b̂

†
j

]
= δi,j and

[
b̂i, b̂j

]
=
[
b̂†i , b̂

†
j

]
= 0 . (2.5)
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Consequently, we see that given the vacuum state |∅⟩ = |0, 0, . . .⟩, where there are no bosons
anywhere in the system, we can easily create any Fock state:

|n1, n2, . . .⟩ =




G∏

i=1

(
b̂†i

)ni

√
ni!


 |∅⟩ . (2.6)

Following the above definitions, the number operator n̂i = b̂†i b̂i has the following action:

n̂i |n1, . . . , ni, . . . , nG⟩ = ni |n1, . . . , ni, . . . , nG⟩ , (2.7)

where i ∈ N is the index of the site [22].

2.2 Bosonic Flux Ladders
Bosonic flux ladders are excellent platforms to simulate the interaction of charged particles with
a magnetic field, exhibiting interesting topological features [24]. Indeed, the defining feature of
flux ladders is the manifestation of an external electromagnetic field’s influence on quantum
particles in a lattice. Such effects first received serious attention after the publication of the
Aharonov-Bohm Effect in 1959 [25, 26]. Yet, pioneering work began as early as 1933, when
Peierls investigated the dynamics of atoms on a lattice in presence of an external magnetic
field B = ∇ × A. In his paper, he considered a tight-binding model, where the electrons
may only hop between discrete lattice sites. By enforcing local gauge invariance on the system
Hamiltonian, he found that the wave function of an electron bound to an ion1 at site (i, j) gains

φx
i,j

φx
i,j+1

φy
i,j φy

i+1,jΦJy

Jxx

y

(a)

(0, 0) (1, 0) (2, 0) (3, 0)

(0, 1) (1, 1) (2, 1) (3, 1)

l = 0

l = 1

r = 0 r = 1 r = 2 · · ·

Leg

Rung

J⊥e−irφ

J

U0

(b)

Figure 2.1: (a) Schematic of flux in a square lattice with complex tunneling. Illustration
adapted from Figure 2.1 of [23]. (b) Sketch of a paradigmatic two-legged flux ladder. The
hopping along the legs are real-valued, while the hopping along the rungs are complex-
valued. The flux φ is defined as the Peierls phase factor per rung. The flux ladder is
defined by the number of rungs R and the number of legs L. The sites are indexed by
(r, l), where r is the rung index and l the leg index.

1i.e. in an atom
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a compensating site-dependent phase, known today as the Peierls phase. [27] This could also be
understood as the encoding of the effects of the magnetic field as complex tunnelling amplitudes
in our model Hamiltonian. Given some vector potential A and some original hopping Jij , the
Peierls phase shift of a particle with charge q may be written in the form [28]:

Jij → Jije
iφij , where φij =

q

ℏ

∫ (i+1,j)

(i,j)

A · dl . (2.8)

In the continuum, the Peierls phase eiφij encodes the Aharonov-Bohm phase. Consequently,
one can define the magnetic flux per lattice unit cell in units of the magnetic flux quantum as
illustrated in Figure 2.1a [23, Chap. 2]:

Φ =
1

2π

(
φxi,j + φyi+1,j − φxi,j+1 − φyi,j

)
. (2.9)

In 1976, Hofstadter published his calculations of the spectrum for electrons on a square lattice
in a uniform, perpendicular magnetic field. The calculated spectrum unveiled periodic patterns
that are now known as the Hofstadter’s butterfly [11], establishing the Hofstadter model. When
bosonic particles and on-site interactions are included, this generalizes to the Hofstadter-Bose-
Hubbard model:

ĤHBH =− Jx
∑

i,j

(
eiφ

x
i,j b̂†(i+1,j)b̂(i,j) + h.c.

)
− Jy

∑

i,j

(
eiφ

y
i,jb†(i,j+1)b̂(i,j) + h.c.

)

+
U0

2

∑

i,j

n̂(i,j)

(
n̂(i,j) − 1

)
, (2.10)

where Jx, Jy are the respective tunnelling amplitudes along the x and y direction, φνm,n, ν =
{x, y } are Peierls phases satisfying Φ = 1/2π

∮
□ A · dl per plaquette, and U0 is the on-site

interaction.

In the quasi-one-dimensional limit of two legs (i = 0, 1), this reduces to the bosonic flux ladder
Hamiltonian, providing a minimal framework for studying the interplay between gauge fields,
interactions, and dimensionality.

Given the gauge invariant nature of the system Hamiltonian, we may choose the rung-gauge.
In this gauge, only the hopping along the rungs are complex-valued, while the hopping along
the legs remain real-valued. Paradigmatic two-legged bosonic flux ladders without periodic
boundary conditions (as sketched out in Figure 2.1b) can thus be described with the following
Hamiltonian [24]:

ĤFL =

1 Hopping along legs

− J

R−2∑

r=0

L−1∑

l=0

(
b̂†(r,l)b̂(r+1,l) + h.c.

)
2 Hopping along rungs

− J⊥

R−1∑

r=0

(
e−irφ · b̂†(r,0)b̂(r,1) + h.c.

)

+

3 On-site interaction

∑

r,l

U0

2

[
n̂(r,l)

(
n̂(r,l) − 1

)]
. (2.11)
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This Hamiltonian may be separated into three different parts. The kinetic terms 1 and 2
describe the hopping along the legs and rungs respectively. Here, J is the tunnelling amplitude
along the legs, and J⊥ the tunnelling amplitude along the rungs. In the potential term 3 , U0

describes the strength of the on-site inter-particle repulsion. Here, L = 2 is the total number
of legs and R is the total number of rungs of the flux ladder. Periodic boundary conditions
along the legs can be included by adjusting the limits of the sum over r in 1 and including
the interaction between site (R− 1, l) and (0, l), with l ∈ [0, L) = [0, 1].

2.2.1 Ground States Phases
Since a bosonic flux ladder is a system of bosonic particles on a lattice with short-ranged re-
pulsive interactions, we generally expect there to be two phases in which it may exist at zero
temperature: a superfluid-phase, and a Mott-insulating phase [30]. The ground state phase is
then determined by the relative strength of the inter-site tunnelling amplitude J and the inter-
particle repulsion U0. When J dominates, the system is in a superfluid phase, where bosons are
delocalised and can flow freely across the lattice. Conversely, when U0 dominates, the system
enters a Mott-insulating phase where the bosons are localised on individual sites and cannot
flow freely. [31]

Analytically, while non-interacting flux ladder model with periodic boundary conditions may
be probed rather simply [24, Sec. 2.1.1], intricate analyses are often only possible through more
complex theoretical methods, as exemplified in [32] and [33]. Where analytical methods strug-
gle, particularly for non-zero inter-particle interactions Uss, comprehensive numerical studies
like [34] help bridge the gap.

Quantum phase transitions beyond these two phases were initially not expected in two-leg
bosonic ladders due to the absence of long-range superconducting order. However, should
a synthetic magnetic field be introduced to the system, theoretical analysis by Orignac and
Giamarchi (2001) demonstrated that the system exhibits phase transitions between Meissner
and vortex phases analogous to those found in type-II superconductors [35]. Importantly, both
the Meissner and vortex phases can coexist with either underlying ground state: the Meissner
phase has been shown to exist on top of both Mott insulators [36, 37] and superfluids [38], while
the vortex phase similarly manifests on both Mott insulating and superfluid backgrounds [34].
The seminal work by Orignac and Giamarchi then paved the way for using neutral bosonic
systems to emulate orbital physics of charged superconductors through effective gauge fields.

As one of the motivations of this thesis lay in the characterisation of the strongly interacting

INTERACTING BOSONIC FLUX LADDERS WITH A … PHYSICAL REVIEW A 102, 053314 (2020)

important ground-state phases of two-leg flux-ladder models.
Readers familiar with the literature on flux ladders might skip
this section.

Orignac and Giamarchi show, in a seminal study based
on a bosonization approach, that the minimal two-leg flux
ladder exhibits Meissner and vortex-lattice phases, which are
reminiscent of a type-II superconductor [35]. The Meissner
phase exhibits a homogeneous particle-density profile and
uniform particle currents encircling the ladder along its legs in
opposite directions. It is worth noting that the Meissner phase
can exist on top of Mott insulators [37,58] as well as on top
of superfluids [38]. Typically, the Mott-insulating Meissner
phase emerges at a commensurate particle filling per rung.
It exhibits a central charge c = 0. In the superfluid Meissner
phase, the charge gap vanishes and the central charge is given
by c = 1.

Vortex-lattice phases are regular crystals of localized vor-
tices [39–41]. In the limit of a vanishing rung hopping and
for a homogeneous particle density, a complete devil’s stair-
case of vortex-lattice phases at each commensurate vortex
density is predicted [35]. Interestingly, the breaking of the
translational symmetry of the underlying lattice model in the
vortex-lattice phases can lead to a reversal of the chiral cur-
rent [41]. As Meissner phases, vortex-lattice phases can exist
on top of superfluids and Mott insulators [42]. However, in
general, they are elusive in the strongly interacting regime,
requiring weak but finite interaction strengths. In contrast
to vortex-lattice phases, vortex-liquid phases do not exhibit
pinned vortices and rung-current correlations. They show ir-
regular leg-current patterns and can exist for any value of the
interaction strength [38].

Moreover, flux-ladder models host a biased-ladder phase,
which was first discussed by Wei and Mueller in 2014 [44].
The key characteristic of the biased-ladder phase is a fi-
nite leg-population imbalance, which spontaneously breaks
the leg-inversion symmetry. It exhibits Meissner-like currents
along the legs and vanishing rung currents. The stability of the
biased-ladder phase is typically enhanced by the presence of
rung-wise interactions.

Charge-density waves can be observed in the strongly in-
teracting regime for large values of the magnetic flux [38,58].
Their key feature are particle-density modulations along the
legs, while they exhibit homogeneous Meissner-like currents.

Finally, we note that precursors of fractional quantum Hall
states in bosonic flux ladders have attracted great interest
[43,45–50]. In general, they require a fine-tuned ratio between
the magnetic flux and the particle filling.

V. ZERO-TEMPERATURE PHASE DIAGRAM

In the following, we map out the ground-state phase di-
agram of the synthetic flux-ladder model at particle filling
one-half, f = 1/2, considering SU(2)-symmetric interactions,
U↑ = U↓ = V = U . We report on a superfluid as well as
a Mott-insulating biased-ladder phase and a Mott-insulating
Meissner phase.

A. Overview

Let us start with Fig. 2, which shows the phase diagram
as a function of the rung hopping strength J⊥ and the inter-

FIG. 2. Ground-state phase diagram for f = 1/2 and U↑ = U↓ =
V = U , featuring superfluid biased-ladder (BLP-SF), biased-ladder
Mott-insulating (BLP-MI), and Mott-insulating Meissner (M-MI)
phases. (a) Dark gray shading indicates the BLP-SF. Light gray
shading indicates the BLP-MI. Bright regions indicate the M-MI.
Actual ground states have been computed for the values of J⊥ and
U indicated by the red dots, considering ladders with L = 40, 60,
and 80 rungs. Note that for noninteracting bosons (U = 0), the crit-
ical value of J⊥ corresponding to the vortex-to-Meissner transition
is given by Jc

⊥/J = 4.88 [36,57]. (b) and (c) Local density profile
and current patterns in the BLP-SF (J⊥/J = 0.3, U/J = 2.5) and
M-MI (J⊥/J = 0.6, U/J = 6), respectively. The size of the dots and
the background shading indicate the local particle density. Note the
finite leg-population imbalance in (b). The red arrows show the local
current patterns. The data shown in (b) and (c) are for the six most
central rungs of a ladder comprising a total number of L = 80 rungs.

action strength U . Within the parameter region spanned by
U/J ∈ [2, 8] and J⊥/J ∈ [0.2, 0.7], extensive density-matrix
renormalization-group simulations clearly reveal three kinds
of phases, which are also summarized in Table I: (i) The
ground states in the Mott-insulating Meissner phase exhibit
uniform particle-density profiles and uniform local current
patterns with an effective unit cell comprising one plaque-
tte of the ladder. Moreover, as shown in Fig. 3, the central
charge of c = 0 of the Mott-insulating Meissner phase can
be well reproduced from the entanglement entropy in the
ground state. (ii) The Mott-insulating biased-ladder phase has
a central charge of c = 0, and, most importantly, it features a
finite leg-population imbalance, �m > 0. (iii) The superfluid
biased-ladder phase exhibits a finite leg-population imbalance
and a central charge of c = 1, which can also be reproduced
from the numerical data. Note that the local particle currents
and particle-density profiles in the superfluid biased-ladder
phase and in the Mott-insulating Meissner phase are exem-
plified in Figs. 2(b) and 2(c), respectively.

053314-5

Figure 2.2: Local density profile (green shading) and current patterns (red arrows) of
the Superfluid biased-ladder (left) and Mott-insulating Meissner (right) phases. Figure
adapted from [29, Figure 2(b, c)].
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Mott-Meissner phase realized by [19], current measurements are critical. In this phase, the
system is in a Mott insulating state with a fixed particle number, while exhibiting Meissner
currents induced by the artificial magnetic field, as depicted in Figure 2.2 (right). The charac-
terisation of this phase thus lies mainly in its local currents and not its local density. These
currents are localised due to the Mott insulating background, which prevents the bosons from
delocalising across the lattice. This results in a unique state where the system exhibits both
interaction-induced localisation and chiral currents induced by an artificial magnetic field.

Local Particle Current Operator

The most important observables of interest for this thesis are the local particle current operators
ĵleg: (r,l) and ĵrung: (r,l). The definition of the current operator for a lattice was initially proposed
[39] for fermionic electrons using the position operator R̂ =

∑
i,σ Rin̂i,σ and the commutator[

R̂, Ĥ
]
. This was subsequently disputed [40, 41], before being resolved by the use of the con-

tinuity equation [42]. Using the continuity equation in the Heisenberg picture equivalent for
bosonic particles

∂

∂t
n̂(r,l)[H] +∇ · Ĵ(r,l)[H] = 0 , with Ĵ(r,l)[H] =

(
ĵleg: (r,l)[H], ĵrung: (r,l)[H]

)T
, (2.12)

we derive (see Appendix B) the rung and leg current operators [16, 19, 24]. However, it is worth
noting that the continuity equation differs slightly from that presented in Impertro et al. [19]
and Kessler and Marquardt [16]. Following the sign conventions in Buser [24, Chap. 2.1], we
obtain:

ĵleg: (r,l)→(r+1,l) = iJ
[
b̂†(r,l)b̂(r+1,l) − h.c.

]
, (2.13)

ĵrung: (r,l)→(r,l+1) = iJ⊥
[
e−irφ · b̂†(r,l)b̂(r,l+1) − h.c.

]
. (2.14)

Significantly, this sign convention is the opposite of what is used in many publications.

2.3 Soft-Core Bosons

In contrast to a system with real bosons, a system with soft-core bosons only allow a finite
number of bosons to occupy the same site. As computational resources are limited, this re-
striction is a natural step in reducing the Hilbert space dimension of the system that we are
simulating. Experimentally, this maximum occupation can correspond to the number of bound
states on the relevant lattice site. This restriction on the maximum number of bosons per site
while seemingly trivial, has non-trivial consequences. Given the action of the bosonic creation
and annihilation operators described in Equations 2.3 and 2.4, we can explicitly write down



10 2. Theoretical Background

operators in the Fock basis:

b̂†i =
∞∑

n=0

√
n+ 1 |n+ 1⟩⟨n| , (2.15)

b̂i =
∞∑

n=1

√
n |n− 1⟩⟨n| =

∞∑

n=0

√
n+ 1 |n⟩⟨n+ 1| . (2.16)

Imposing a maximum occupation M per site, we obtain:

b̂†i =
M−1∑

n=0

√
n+ 1 |n+ 1⟩⟨n| and b̂i =

M−1∑

n=0

√
n+ 1 |n⟩⟨n+ 1| . (2.17)

From Equation 2.5, we expect that the following commutation relation to hold true:
[
b̂i , b̂

†
i

]
!
= 1̂ . (2.18)

However, writing out the commutator

b̂†i b̂i =
M−1∑

n=0

(n+ 1) |n+ 1⟩⟨n+ 1| , (2.19)

b̂i b̂
†
i =

M−1∑

n=0

(n+ 1) |n⟩⟨n| , (2.20)

and calculating the terms explicitly, we realise that that is not the case:

[
b̂i , b̂

†
i

]
=

M−1∑

n=0

(n+ 1) |n⟩⟨n| −
M−1∑

n=0

(n+ 1) |n+ 1⟩⟨n+ 1|

=
M−1∑

n=0

(n+ 1) |n⟩⟨n| −
M∑

n=1

n |n⟩⟨n|

= |0⟩⟨0|+
M−1∑

n=1

|n⟩⟨n| −M |M⟩⟨M |

=
M−1∑

n=0

|n⟩⟨n| −M |M⟩⟨M | ≡
[

1M 0
0 −M

]
̸= 1̂M+1 . (2.21)

In the limit of M → ∞ (i.e. in the case of real bosons), we see that
[
b̂i , b̂

†
i

]
indeed tends to 1̂,

which is what we expect.
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2.4 Measurement of the Local Particle Current in the Fock
Basis

For ultracold atoms in optical lattices, it is convenient to measure in the occupational number
basis, also known as the Fock basis. This is usually achieved using a quantum gas microscope
[17, 43, 44]. For each snapshot, the wave function of our many-body state is projected onto
this basis, and we measure the number of atoms occupying each atomic site on the lattice. This
choice of basis therefore restricts our directly measurable observables to those that are diagonal
in the Fock basis, for example density correlations. Consequently, it is not possible for us to
directly access the current densities, which is an off-diagonal observable. [45]

To address this problem and perform spatially resolved measurement of the current between
nearest-neighbour lattice sites, Kessler and Marquardt proposed an experimental scheme in
2014 [16]. In this scheme, the many-body state is first projected onto double wells of neighbour-
ing sites, and then allowed to evolve under the double-well Hamiltonian for some time τ such
that essentially, the current basis is rotated into the occupational basis. The measured value of
the current value may then be obtained from the difference in the occupancy between the two
sites.

Given the central role of this protocol in our analysis, it is worth taking a closer look at its
details. We will see that subtle assumptions embedded within the method could have significant
implications for the measured current values.

Diagonalising the Current Operator Concretely, let us begin by diagonalising the current
operators ĵleg and ĵrung. By defining a generic tunnelling J̃ = J or J⊥e−irφ, we can generalize
the current operators (2.13) and (2.14):

ĵk→l = i
[
J̃ b̂†kb̂l − J̃∗b̂†l b̂k

]
. (2.22)

Since the operator is quadratic, we can rewrite it in matrix product form to obtain:

ĵk→l =
(
b̂†k b̂†l

)( 0 iJ̃

−iJ̃∗ 0

)(
b̂k
b̂l

)
≡
(
b̂†k b̂†l

)
A

(
b̂k
b̂l

)
. (2.23)

Diagonalising A = PDP−1, we get:

ĵk→l =
(
b̂†k b̂†l

)
PDP−1

(
b̂k
b̂l

)

=
|J̃ |
2

(
−i J̃|J̃ | b̂

†
k + b̂†l i J̃|J̃ | b̂

†
k + b̂†l

)(−1 0
0 1

)

i J̃
∗

|J̃ | b̂k + b̂l

−i J̃∗|J̃ | b̂k + b̂l


 (2.24)

≡
(
b̂†← b̂†→

)(−|J̃ | 0

0 |J̃ |

)(
b̂←
b̂→

)
. (2.25)
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Therefore, the current operator may be written as

ĵk→l = |J̃ |
(
b̂†→b̂→ − b̂†←b̂←

)
, (2.26)

with

b̂→ =
1√
2

(
b̂l − i

J̃∗

|J̃ |
b̂k

)
≡ ĵ+ and b̂← =

1√
2

(
b̂l + i

J̃∗

|J̃ |
b̂k

)
≡ ĵ− , (2.27)

corresponding to the annihilation operators for right-going (k → l, ĵ+) and left-going (l → k,
ĵ−) particles respectively2. In other words, the eigenstates of ĵk→l are generated by acting ĵ†±
on the vacuum state:

∣∣jn±
〉
=
(
ĵ†±

)n
|∅⟩, n ∈ N.

To understand how the eigenstates of the current operator ĵk→l evolve in time, let us calculate
the time evolution of the operators ĵ± = b̂→/← in the Heisenberg picture.

Time Evolution of Current Eigenstates under the Double-Well Hamiltonian Let us first
generalise the double well Hamiltonian to obtain:

ĤDW = −
(
J̃ b̂†kb̂l + h.c.

)
+

∑

m={ k,l }

U0

2

[
n̂m (n̂m − 1)

]
≡ Ĥhop + Ĥint , (2.28)

where j and k are the indices of the two neighbouring sites in the double well. This double well
could be along a rung (to measure ĵrung) or a leg (to measure ĵleg), and is none other than the
flux ladder Hamiltonian (2.11) reduced to just two sites.

Inverting the relation (2.27), we can express the original bosonic operators in terms of the right-
going and left-going operators:

b̂k =
iJ̃√
2|J̃ |

(
b̂→ − b̂←

)
and b̂l =

1√
2

(
b̂→ + b̂←

)
, (2.29)

which allows us to rewrite the terms of the Hamiltonian (2.28) in the new basis:

Ĥhop = i|J̃ |
(
b̂†→b̂← − b̂†←b̂→

)
, (2.30)

Ĥint =
U0

4

[
(n̂→ + n̂←)

2 +
(
b̂†→b̂← + b̂†←b̂→

)
− 2 (n̂→ + n̂←)

]
, (2.31)

where n̂→ = b̂†→b̂→ and n̂← = b̂†←b̂← are the number operators for the right-going and left-going
particles respectively.

2The definitions here differ from those in Kessler and Marquardt [16] due to the sign convention of the current
operator. The right-going operator here is associated with the term that has a positive sign in expression (2.26).
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We first consider the non-interacting case with just Ĥhop and set U0 = 0. The time evolution of
the operators is then given by the Heisenberg equation of motion [46]:

d

dt
b̂→/← =

i

ℏ

[
Ĥhop, b̂→/←

]
. (2.32)

To account for the non-bosonic statistics arising from finite-dimensional soft-core bosons with
maximal occupation M , we may rewrite the commutation relation (2.21) as

[
b̂q, b̂

†
q

]
= 1̂ + δ̂q , where δ̂q = −(M + 1) |M⟩q⟨M |q and q ∈ { k, l } , (2.33)

Setting δ̂ to zero would allow us to recover the canonical bosonic commutation relation. In the
case of classical bosons, the canonical commutation relations (2.5) hold, and we obtain a set of
coupled differential equations:

d

dt
b̂→/← = −|J̃ |

ℏ

[
∓b̂←/→

]
. (2.34)

which may be rewritten in the matrix form as:

d

dt

(
b̂→
b̂←

)
= −|J̃ |

ℏ

(
0 −1
1 0

)(
b̂→
b̂←

)
. (2.35)

Diagonalising the matrix and solving for b̂→(t) and b̂←(t), we get:

b̂→(t) = b̂←(0) sin(ωt) + b̂→(0) cos(ωt) , (2.36)
b̂←(t) = b̂←(0) cos(ωt)− b̂→(0) sin(ωt) , (2.37)

with ω = |J̃ | /ℏ.

If U0 ̸= 0, the contribution from
[
Ĥint, b̂→/←

]
also has to be considered. This results in a set

of cubic first-order ordinary differential equations, solving which is beyond the scope of this
thesis. However, from equation (2.31), we can easily see that the contribution would be non-
trivial. Recent work by Stepanenko and Liberto [47] (2024) address current measurements in
the presence of finite interactions U0, and proposed a novel experimental protocol. However,
examining this new approach is beyond the scope of this thesis.

Measuring Current We now rewrite our experimentally accessible observables n̂k and n̂l in
the current basis:

n̂k =
1

2

[
n̂→ − b̂†→b̂← − b̂†←b̂→ + n̂←

]
, (2.38)

n̂l =
1

2

[
n̂→ + b̂†→b̂← + b̂†←b̂→ + n̂←

]
. (2.39)
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We observe that

n̂l + n̂k = n̂→ + n̂← , and (2.40)
n̂l − n̂k = b̂†→b̂← + b̂†←b̂→ . (2.41)

From equation (2.40), we see that
[
ĵk→l, n̂k + n̂l

]
= 0 . (2.42)

As such, eigenstates of ĵk→l are also eigenstates of (n̂k + n̂l). This is notably unaffected by the
error term δ̂ as the substitution is purely algebraic.

On the other hand, substituting (2.36) and (2.37) into (2.41), we obtain:

n̂l(t)− n̂k(t) = sin(2ωt)
[
b̂†←(0)b̂←(0)− b̂†→(0)b̂→(0)

]

+ cos(2ωt)
[
b̂†→(0)b̂←(0) + b̂†←(0)b̂→(0)

]
(2.43)

(2.26)
= − sin(2ωt)

[
ĵk→l(0)

|J̃ |

]
+ cos(2ωt)

[
n̂l(0)− n̂k(0)

]
(2.44)

⇒ n̂k(t)− n̂l(t) = sin(2ωt)

[
ĵk→l(0)

|J̃ |

]
+ cos(2ωt)

[
n̂k(0)− n̂l(0)

]
. (2.45)

Indeed, when δ̂k = δ̂l = 0 and if we set ℏ = 1, then ω = |J̃ | and we recover equation (3) of
Kessler and Marquardt [16], albeit with an opposite sign corresponding to our sign convention
of the current:

n̂k(t)− n̂l(t) = sin
(
2|J̃ |t

)[ ĵk→l(0)
|J̃ |

]
+ cos

(
2|J̃ |t

) [
n̂k(0)− n̂l(0)

]
. (2.46)

By choosing some evolution time |J̃ | t = |J̃ | τ = π
4
(2α + 1), α ∈ N0, the second term vanishes,

and we can obtain the current in our double-well from the difference in the occupations between
the sites:

ĵk→l(t = 0) = |J̃ | ·
[
n̂k(t = τ)− n̂l(t = τ)

]
(2.47)

Numerically, we use the following formulation of the above to simulate the experimental meas-
urement protocol of our initial state |ϕ0⟩:

〈
ĵk→l(0)

〉
ψ0

= |J̃ | · ⟨ψ0|
[
Û †rot(τ)

(
n̂k(0)− n̂l(0)

)
Ûrot(τ)

]
|ψ0⟩ , (2.48)

where Urot(τ) = exp
(
−iĤhopτ

)
.
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Effects of Finite Dimensional Soft Core Bosons In experiments, the number of bound
states per site is finite. If we consider a maximal occupation of M per site, then the error term
δ̂q = −(M + 1) |M⟩q⟨M |q does not disappear, and the current measurement protocol will not
yield the expected results.

Using the modified commutation relations (2.33) and the definitions of b̂→/← in (2.27), we can
calculate the relevant commutators:

[
b̂→, b̂

†
→

]
=
[
b̂←, b̂

†
←

]
= 1̂ +

1

2

(
δ̂l + δ̂k

)
(2.49)

[
b̂→, b̂

†
←

]
=
[
b̂←, b̂

†
→

]
=

1

2

(
δ̂l − δ̂k

)
(2.50)

[
b̂→, b̂←

]
= 0 (2.51)

Since δ̂k and δ̂l act on different sites, (δ̂l − δ̂k) does not vanish. Using the above commutators,
the Heisenberg equation of motion (2.32) then becomes:

d

dt
b̂→/← = −|J̃ |

ℏ


± δ̂l − δ̂k

2
b̂→/← ∓

(
1̂ +

δ̂l + δ̂k
2

)
b̂←/→


 . (2.52)

Unlike what we had previously in (2.34), this set of coupled differential equations cannot be
easily decoupled, and therefore does not have a simple analytical solution, especially given that
[δ̂q, b̂→/←] ̸= 0 for q ∈ { k, l } (For further calculations, see Appendix C). This means that in
general with finite local dimensions:

[
ĵfinite-dim,

(
n̂k(τ)− n̂l(τ)

)]
̸= 0 , (2.53)

and the measurement protocol does not work for arbitrary states and local Hilbert space di-
mensions.

Avoiding the Error Indeed, it is possible to choose the initial state |ϕ0⟩ or the maximum
occupation M such that the error term δ̂q = −(M + 1) |M⟩q⟨M |q, q ∈ { k, l }, does not affect
the measurement protocol. If we calculate the expectation value of the commutator (2.33) with
respect to our state |ψ0⟩:

⟨ψ0|
[
b̂q, b̂

†
q

]
|ψ0⟩ = ⟨ψ0|

(
1̂ + δ̂q

)
|ψ0⟩ = 1 + ⟨ψ0|δ̂q|ψ0⟩

= 1− (M + 1) ⟨ψ0|
(
|M⟩q⟨M |q

)
|ψ0⟩ , (2.54)

we see that if
〈
Mq

∣∣ψ0

〉
= 0 for all sites q, then the error term does not affect the measurement

protocol. As such, for numerical analyses, we can define a validity observable proxy ν̂:

ν̂ =
∑

(r,l)

|M⟩(r,l)⟨M |(r,l) , (2.55)
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such that when the expectation value of ν̂ of the state |ψ0⟩ to be measured is zero (⟨ν̂⟩ = 0),
then the current measurement protocol is valid.

Interestingly, for hard core bosons, the maximum occupation M = 1 means that in the Fock
basis, the validity observable ν̂ is non-zero for 3 out of the 4 basis states in the Hilbert space,
|1, 0⟩ , |0, 1⟩ , |1, 1⟩. Yet, the experimental protocol works. This is because for M = 1, expli-
cit calculations reveal that the first term in equation (2.52) happens to vanish in the subspace{
|0, 0⟩ , |0, 1⟩ , |1, 0⟩

}
. Since the subspace spanned by |0, 1⟩ and |1, 0⟩ is the only subspace

where there can be a non-zero current, the differential equations decouple for any state with
a non-zero current, allowing for its measurement using this protocol. As such, ⟨ν̂⟩ = 0 is a
sufficient but not necessary condition for the current measurement protocol to work.

Where necessary, one could potentially calculate all the non-zero matrix-elements of the first
term in equation (2.52) for the relevant value(s) of M to find out whether equation (2.52) de-
couples for the state that we are interested in measuring. However, this calculation is beyond
the scope of this thesis.

2.5 Quantum Thermal State
Among the factors contributing to the discrepancy between expected ground-state results and
experimental reality, finite temperature effects are a significant and often readily identifiable
one. To understand these effects, we require an appropriate definition of a quantum thermal
state.

The definition of the quantum thermal state is grounded in statistical mechanics. Although
initially developed for classical systems before the establishment of quantum theory [48], the
principles of statistical mechanics proved to be remarkably compatible with quantum mechan-
ics and are now fundamental to our understanding of quantum systems.

The thermal state may be defined with respect to different statistical ensembles, depending on
the system’s constraints. Many modern textbooks do a good job in motivating these definitions.
In the following, we present some relevant central definitions as laid out in Cohen-Tannoudji,
Diu and Laloe [49], summarising key assumptions. For the derivation of these definition, [49]
provides a brief, but formal derivation.

Canonical Ensemble Consider a physical system S coupled to an environment E , where
only the exchange of energy is allowed, and not particles. Given that E is much larger than S ,
we can assume that the temperature of the environment TE is a constant T , and that the two are
in thermal equilibrium (TS = TE = T ). This configuration corresponds to that of a canonical
ensemble. We may then define the constant thermodynamic β that characterises our system:

β =
1

kBTE
=

1

kBTS
=

1

kBT
, (2.56)

where kB = 1.380 649× 10−23 JK−1 [50] is the Boltzmann constant.
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The density operator of the system ρ̂S , also known as a Gibbs state, is then given by:

ρ̂S = tr(ρ̂S+E) =
1

ZC
e−βĤS , (2.57)

where ĤS is the Hamiltonian of the system and ZC is the canonical partition function defined
as:

ZC = tr
(
e−βĤS

)
=
∞∑

n=0

e−βEn . (2.58)

Here, En are the eigenenergies of the Hamiltonian ĤS .

We note that this state is a mixed state representing a statistical ensemble of pure states, which
sits in contrast to a pure quantum state that is a superposition of states.

Grand Canonical Ensemble Should the system S also be able to exchange particles with the
environment E , then we find ourselves in a grand canonical ensemble. We again assume that E
is large and contains a very large number of particles such that the relative change due to the
particle exchange is negligible and a chemical potential µ can be defined:

µ = −T ∂SE
∂N

∣∣∣∣
EE ,VE

, (2.59)

where SE , EE , VE are the entropy, energy and volume of the environment respectively, and N
the particle number. Compared to the canonical ensemble, in the grand canonical ensemble
both the thermodynamic β and the chemical potential µ remain constant, but the number of
particles in the system NS is allowed to fluctuate.

The density operator ρ̂ can then be written as:

ρ̂S =
1

ZGC
e−β(ĤS−µN̂S) with ZGC = tr

(
e−β(ĤS−µN̂S)

)
. (2.60)

For a system of ultracold atoms in an optical lattice, such as in Impertro et al. [19], there is
generally no external particle reservoir after state preparation. As such, we generally expect the
thermal state of the isolated lattice system to be described by the canonical ensemble. However,
due to e.g. inelastic processes or background gas collisions, particle loss could be present that
introduces an effective particle exchange with the environment over experimental timescales.
As such, modelling the steady-state distribution with that of a grand canonical ensemble could
still be meaningful as it accommodates fluctuating particle number. Crucially, while the system
lacks a true thermodynamic reservoir, the chemical potential µ here emerges as an effective
parameter defined by the balance between loss rates and the experimental preparation protocol,
rather than by equilibrium with a particle bath.
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Chapter 3

Experimental Background

The work in this thesis was motivated by and done in collaboration with the experiment of
Impertro et al. [19] at LMU Munich in the group of Monika Aidelsburger. As such, in this short
chapter, it is useful for us to summarise and recap some parts of the experiment that are most
relevant for this thesis, mostly based on the published articles and pre-prints [15, 17, 19]. Full de-
scriptions of the experiment and preparation sequences may be found in the above-mentioned
original sources, especially in the supplementary material of [15]. Where parameters are rel-
evant to the numerical simulations, they have been included in their discussion in chapter 5.

3.1 Large Bosonic Flux Ladders
In the experiments of Impertro et al. [19], large bosonic flux ladders were realised using period-
ically driven many-body systems in a 133Cs quantum gas microscope. The characteristic feature
of these bosonic flux ladder is the effective magnetic flux that is threaded through each plaquette
in the ladder. To engineer this magnetic flux, a laser-assisted tunnelling scheme based on an
additional, superimposed optical running wave was used. By using an effective Floquet descrip-
tion, this time-periodic modulation results in a complex-valued tunnel coupling along the rung
direction that induces the artificial magnetic flux [19]. The resulting system has an effective
Hamiltonian that is described by the Hofstadter-Bose-Hubbard (HBH) model, as described in
equation (2.10).

While flux ladders generally exhibit many different ground state phases (see subsection 2.2), the
experiment here puts its focus on the realisation and characterisation of the Meissner phase,
which itself is characterised by homogeneous, chiral leg currents and vanishing rung currents
[38]. As such, current measurement is key to characterising the phase of the system, and is
therefore also the focus of this thesis project.

Generally, realising such a system in the Floquet scheme is rather challenging [51], However,
the following parameters seem to be well-controlled in experiments: the couplings J , J⊥, and
on-site interaction strength U0.
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3.2 Parity-Projection
Since the readout of the local site occupations is achieved through fluorescence imaging, the
near resonant imaging light causes pairs of atoms in the same lattice site to decay into a mo-
lecular states. The energy released as a result of this is converted into kinetic energy that kicks
the atom pair out of the tightly bound trap. [52]. Generally known as light-assisted collisions
in literature [53, 54], such collisions during the imaging process mean that the initial atomic oc-
cupation number is projected onto the parity of itself. As such, it is generally only possible to
measure either 0 or 1 for the occupation on each site.

In order to take this phenomenon into account in our simulations, we propose the parity-
projected number operator n̂pp,i, defined in equation (4.1).

3.3 State Preparation
To prepare the states to be measured, a Bose-Einstein condensate of 133Cs atoms is loaded into a
two-dimensional optical lattice that comprises a bichromatic superlattice along x, and a mono-
chromatic lattice along y. The system is then isolated into ladders of up to 40-sites.

The state preparation sequence thereafter involves many different steps [15, Supplementary Ma-
terials], but what is relevant to this project is that the initial state is a product state with one
particle per rung, and coupling between sites are adiabatically turned on (or off) while particles
delocalise symmetrically across the rung, and then to ladders or plaquettes, depending on the
system that is being prepared. Throughout the sequence, a strong repulsive on-site interaction
U0 is maintained. This means that the preparation of the initial measurement state is generally
at or around half-filling, where the total number of particles N = G/2, with G being the total
number of sites.

Residual coupling do however exist on the order of J ′, J ′⊥ ∼ 1Hz× h.

While not immediately relevant to the work done in this thesis, another filling that could be
reliably prepared experimentally would be at unity-filling, where N = G. [55] This presents
a possible way of probing the dynamics as a function of the filling (or rather N ), which is an
important parameter that has non-trivial consequences for the current measurement protocol,
as we will see in chapter 5.
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on all bonds with microscopic resolution, which we will demonstrate 
in the following.

Results
We start by investigating the ground states of isolated plaquettes with 
two interacting particles each. This is an ideal system to benchmark 
the current detection in a many-body phase for both real and complex 
couplings, as it hosts stable currents that circulate around all four bonds 
of each plaquette (Fig. 2a, zoomed-in view). To prepare the plaquette 
ground states, we begin with a product state in which every ‘rung’ is 
occupied by one particle. Both long lattices in the x and y directions 
are kept deep throughout the sequence to define the plaquette geom-
etry and suppress tunnelling between the plaquettes (residual cou-
pling in the leg direction is J′/h < 5 Hz and that in the rung direction 
is K′/h = 1.5 Hz). In the presence of a strong tilt in the rung direction, 
the particle is initially localized in the energetically lower site. Next, 
we adiabatically turn on the running-wave modulation in 30 ms and 
simultaneously remove a weak additional tilt. This couples the two 
sites to a final strength K/h = 140(1) Hz and delocalizes each particle 
symmetrically across a rung bond. In the final step, the short lattice in 
the leg direction is lowered in 15 ms to couple the two rungs and transfer 
the system to the plaquette ground state at a final K/J value. Through-
out the sequence, a strong repulsive on-site interaction is maintained. 
After finishing the state preparation, we measure the particle currents 
on all bonds by rotating the measurement basis as described above 
(Fig. 1b). Figure 2a shows the distribution of currents across 140 isolated 
plaquettes, evaluated in a central sub-region of the whole system. We 
observe a homogeneous distribution of chiral currents originating 
from the homogeneous flux threading each plaquette. Analysing the 
leg currents in more detail (Fig. 2b), we find that the width of the cur-
rent distribution is approximately consistent with the projection noise 
at the experimental sampling of 200 snapshots for each bond, with a 
slight broadening probably originating from on-site potential disorder 
(potential disorder amplitude, ~h × 30 Hz; Supplementary Section II-F).

To further study the ground-state phase diagram, we tune K/J, and 
track the behaviour of the bond currents. The interaction energy is, on 
average, U/K ≃ 9.8, varying between U/K = 8.5(3) and U/K = 11.0(3) as 
we tune K/J via the short y-lattice depth. The measured dependence 
of the leg currents is shown in Fig. 2c. After an initial rise, it exhibits a 
maximum at around K/J ≈ 1.5 as well as a suppression of the currents 
towards higher K/J. The suppression is a characteristic for the interact-
ing state and is markedly different from the case of non-interacting 
plaquettes (dashed lines). This behaviour is in excellent agreement with 
numerical simulations based on the exact diagonalization (ED) of the 
two-particle plaquette ground state apart from an overall reduction 
in the ideal current to 78(4)%. This is repeated for the currents on the 
rungs (Fig. 2d), where we find similarly good agreement. The meas-
ured current amplitudes are probably limited by the finite switching 
speed of our offset coils, causing a residual non-zero U during the basis 
rotation, as well as a not fully adiabatic state preparation. The above 
measurements demonstrate our capability to resolve both types of 
bond current for interacting states with local resolution. We note 
that the single-shot sampling of the current operators also allows to 
measure current–current correlation functions, which further reveal 
strong features due to the micromotion (Supplementary Section III).

Next, we study extended ladder systems at half-filling with tunable 
interactions. Realizing such a system with a Floquet scheme is highly 
non-trivial, since in addition to the challenges of an adiabatic prepa-
ration, drive-induced heating needs to be minimized. In particular, 
heating resonances have to be avoided during preparation, limiting 
the accessible parameter space54. To address this, we conduct extensive 
loss spectroscopy, identifying a narrow window around modulation 
frequencies of 5 kHz with negligible losses (atom loss of ~2% compared 
with the initial state), bounded from below by interaction-mediated 
heating and bounded from above by interband resonances.

To prepare strongly interacting Meissner states, we use a rung cou-
pling sequence. We start with a product state of one particle per rung, 
which is delocalized across both sites in the presence of the complex 
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Fig. 2 | Ground-state currents in isolated plaquettes with interactions. 
a, Spatially resolved map of the currents across a large array of 140 isolated 
plaquettes for K/J ≃ 1.4 and U/K ≃ 10. The direction of current is indicated by  
the arrow, and the current magnitude is encoded in the colour, where the leg 
currents are shaded in blue and the rung currents, in red. Zoomed-in view:  
an example plaquette, indicating the orientation of the real (complex) tunnel 
couplings on the leg (rung) bonds as defined in equation (1). b, Distribution of 
leg currents across the entire system shown in a. The left bonds have a mean 
current (1σ deviation) of 0.18(8)J and the right bonds, –0.19(8)J, as illustrated 
by the normal distributions (dashed line). c,d, Scaling of the leg (c) and rung (d) 

currents as a function of K/J (averaged over 140 plaquettes and 200 snapshots 
per point). The solid line is a fit of an ED simulation of the ideal currents, with the 
amplitude as a single free parameter, yielding 0.78(4) for the legs and 0.71(4)  
for the rungs; the shaded area denotes the 1σ confidence interval of the fit.  
The dashed lines indicate the currents in a non-interacting plaquette with the 
same fit amplitude. The error bars denote the standard error of the mean (s.e.m.), 
and if not visible, are smaller than the marker size. All the numerical simulations 
take into account the reduced flux in isolated plaquettes of 0.71(2) × π/2 
(Supplementary Section II-E).
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on all bonds with microscopic resolution, which we will demonstrate 
in the following.
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two interacting particles each. This is an ideal system to benchmark 
the current detection in a many-body phase for both real and complex 
couplings, as it hosts stable currents that circulate around all four bonds 
of each plaquette (Fig. 2a, zoomed-in view). To prepare the plaquette 
ground states, we begin with a product state in which every ‘rung’ is 
occupied by one particle. Both long lattices in the x and y directions 
are kept deep throughout the sequence to define the plaquette geom-
etry and suppress tunnelling between the plaquettes (residual cou-
pling in the leg direction is J′/h < 5 Hz and that in the rung direction 
is K′/h = 1.5 Hz). In the presence of a strong tilt in the rung direction, 
the particle is initially localized in the energetically lower site. Next, 
we adiabatically turn on the running-wave modulation in 30 ms and 
simultaneously remove a weak additional tilt. This couples the two 
sites to a final strength K/h = 140(1) Hz and delocalizes each particle 
symmetrically across a rung bond. In the final step, the short lattice in 
the leg direction is lowered in 15 ms to couple the two rungs and transfer 
the system to the plaquette ground state at a final K/J value. Through-
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observe a homogeneous distribution of chiral currents originating 
from the homogeneous flux threading each plaquette. Analysing the 
leg currents in more detail (Fig. 2b), we find that the width of the cur-
rent distribution is approximately consistent with the projection noise 
at the experimental sampling of 200 snapshots for each bond, with a 
slight broadening probably originating from on-site potential disorder 
(potential disorder amplitude, ~h × 30 Hz; Supplementary Section II-F).

To further study the ground-state phase diagram, we tune K/J, and 
track the behaviour of the bond currents. The interaction energy is, on 
average, U/K ≃ 9.8, varying between U/K = 8.5(3) and U/K = 11.0(3) as 
we tune K/J via the short y-lattice depth. The measured dependence 
of the leg currents is shown in Fig. 2c. After an initial rise, it exhibits a 
maximum at around K/J ≈ 1.5 as well as a suppression of the currents 
towards higher K/J. The suppression is a characteristic for the interact-
ing state and is markedly different from the case of non-interacting 
plaquettes (dashed lines). This behaviour is in excellent agreement with 
numerical simulations based on the exact diagonalization (ED) of the 
two-particle plaquette ground state apart from an overall reduction 
in the ideal current to 78(4)%. This is repeated for the currents on the 
rungs (Fig. 2d), where we find similarly good agreement. The meas-
ured current amplitudes are probably limited by the finite switching 
speed of our offset coils, causing a residual non-zero U during the basis 
rotation, as well as a not fully adiabatic state preparation. The above 
measurements demonstrate our capability to resolve both types of 
bond current for interacting states with local resolution. We note 
that the single-shot sampling of the current operators also allows to 
measure current–current correlation functions, which further reveal 
strong features due to the micromotion (Supplementary Section III).

Next, we study extended ladder systems at half-filling with tunable 
interactions. Realizing such a system with a Floquet scheme is highly 
non-trivial, since in addition to the challenges of an adiabatic prepa-
ration, drive-induced heating needs to be minimized. In particular, 
heating resonances have to be avoided during preparation, limiting 
the accessible parameter space54. To address this, we conduct extensive 
loss spectroscopy, identifying a narrow window around modulation 
frequencies of 5 kHz with negligible losses (atom loss of ~2% compared 
with the initial state), bounded from below by interaction-mediated 
heating and bounded from above by interband resonances.

To prepare strongly interacting Meissner states, we use a rung cou-
pling sequence. We start with a product state of one particle per rung, 
which is delocalized across both sites in the presence of the complex 
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Fig. 2 | Ground-state currents in isolated plaquettes with interactions. 
a, Spatially resolved map of the currents across a large array of 140 isolated 
plaquettes for K/J ≃ 1.4 and U/K ≃ 10. The direction of current is indicated by  
the arrow, and the current magnitude is encoded in the colour, where the leg 
currents are shaded in blue and the rung currents, in red. Zoomed-in view:  
an example plaquette, indicating the orientation of the real (complex) tunnel 
couplings on the leg (rung) bonds as defined in equation (1). b, Distribution of 
leg currents across the entire system shown in a. The left bonds have a mean 
current (1σ deviation) of 0.18(8)J and the right bonds, –0.19(8)J, as illustrated 
by the normal distributions (dashed line). c,d, Scaling of the leg (c) and rung (d) 

currents as a function of K/J (averaged over 140 plaquettes and 200 snapshots 
per point). The solid line is a fit of an ED simulation of the ideal currents, with the 
amplitude as a single free parameter, yielding 0.78(4) for the legs and 0.71(4)  
for the rungs; the shaded area denotes the 1σ confidence interval of the fit.  
The dashed lines indicate the currents in a non-interacting plaquette with the 
same fit amplitude. The error bars denote the standard error of the mean (s.e.m.), 
and if not visible, are smaller than the marker size. All the numerical simulations 
take into account the reduced flux in isolated plaquettes of 0.71(2) × π/2 
(Supplementary Section II-E).

Figure 3.1: Scaling of the leg (c) and rung (d) currents as a function of J⊥/J (averaged
over 140 isolated plaquettes and 200 snapshots per point). The solid line is a fit of an exact
diagonalisation (ED) simulation of the ideal currents, with the amplitude as a single free
parameter, yielding 0.78(4) for the legs and 0.71(4) for the rungs; All the numerical
simulations take into account the reduced flux in isolated plaquettes of 0.71(2) × π/2.
Figure and caption adapted from [15, Figure 2(c, d), cb 4.0].

3.4 Current Measurement Protocol
Once the state is prepared, the local rung and leg currents are measured using the experimental
protocol [16] that we have explored in great detail in section 2.4. For the simplified case where
there is exactly one boson in the whole double-well, it could also be useful to think of the states
|L⟩ and |R⟩, where the boson is the left and the right double well respectively, as a two level
system. Then, the density difference ⟨∆n̂⟩ between the two wells would be given by ⟨σ̂z⟩
between the two wells, and the current ⟨ĵ⟩ is simply given by J · ⟨σ̂y⟩ [17], where J is the
hopping between the double well, and a Xπ/2 rotation will allow us to measure the current as
the density difference in the z-axis. In practice, this rotation is realised by a symmetric double
well with tunnel coupling J .

As we have previously seen, the current measuring protocol may be easily described only when
the interactions U0 is turned off during the rotation. Experimentally, this is achieved by switch-
ing the scattering length to approximately zero via a magnetic Feshbach resonance.

In the example of isolated plaquette states, the experimentally measured currents are depicted
in Figure 3.1 [15, Figure 2(c, d)], where the experimental data was also fitted to ED simulation
data. Here we notice that there was only one free parameter A < 1, which meant that the
experimentally measured current was less than that expected from ground state calculations.
Given how many sources of error could be in play, this free parameterA results in a very simple
model that is limited in its utility.

As a result, this thesis project aims to understand the discrepancy in the current measurements
and the ideal calculations, and in particular, to explore the effects of finite temperature on the
current measurements.

https://creativecommons.org/licenses/by/4.0/
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Chapter 4

Numerical Methods

Numerical methods were central to the physics explored in this thesis. This chapter describes
thesis-specific implementation details and some theoretical grounding behind the numerics
used in our bosonic flux ladder toolkit. The simulations were performed in Python, leveraging
backend libraries written in Python and C/C++.

In our simulations in this thesis project, we employed mostly exact diagonalisation (ED) tech-
niques (section 4.4) to simulate smaller systems, which already gave us significant insights into
the physics of bosonic flux ladders. However, since the dimension of the total Hilbert space
describing a system increases exponentially with the system size, the memory requirements
for any calculation using ED techniques also increases exponentially, making them unsuitable
for larger systems. For example, for a lattice with G sites and d states per site, the Lanczos al-
gorithm requires vectors of dimension dG [56]. Conversely, matrix product state (MPS) does not
suffer from this limitation and can be used to represent much larger systems efficiently [57]. As
such, we employed MPS techniques (section 4.6) to approximate the physics of larger systems.

4.1 Truncation of Hilbert space
Given finite computational resources, we have to restrict the following parameters in our simu-
lated system: (1) size of our two-legged ladder (i.e. the number of rungs R) and (2) the number
of local bound states (i.e. the maximum number of bosons per site M ). While system sizes
of up to R × L = 40 × 2 have been realised in the corresponding experiment setup associ-
ated with this thesis [19], our simulations only reach ladder sizes up to 10 × 2 and M up to 3
(with MPS). Nevertheless, the simulation results were able to provide valuable insights into the
experimental current measurement protocol and provided a good basis for comparison with
experimental results.



24 4. Numerical Methods

4.2 Platform-agnostic Definitions
While the two techniques employed (ED vs MPS) are fundamentally different, the processes that
we are trying to investigate are the same. Expanding on the second quantisation formulation
presented in section 2.1, we see that it is possible for us to work purely with states and operators.
Using this framework, we can formulate a platform-agnostic description of our system. These
higher-level abstractions in our code makes up the toolkit that facilitates our investigations and
comes structurally in the form of Python solver classes:

(a) a parent FluxLadder class that defines platform-agnostic methods1,

(b) a child ED solver class FluxLadder_ED that uses the evos module [58] as the backend, and

(c) a child MPS solver class FluxLadder_MPS that uses the SyTen Toolkit [59, 60] as the backend.

Here, we use evos instead other ED packages such as quspin because evos is already integ-
rated with the SyTen toolkit, and has been specifically developed for open quantum system
simulations, a natural extension of the work presented in this thesis.

Such a structure (sometimes also called abstraction [61]) proves to be very beneficial, especially
because:

• it enables us to describe what the code should do instead of how it does it,

• it allows us to write high-level scripts separate from the development of the underlying
solvers, enabling easy switching between the two solvers,

• it breaks code down into independent, testable components that helps ensures the cor-
rectness of the code [62], and

• it improves the readability and maintainability of our code.

Defining parameters of our systems, such as the number of rungs and legs (R, L), maximum
occupation per site (M ), and the hopping and interaction strengths (J , J⊥, U0), may be set
when instantiating the solver classes. These parameters are then used to construct the operat-
ors and states in a platform-agnostic way, allowing us to rapidly test different configurations.
These parameters may also be saved as a configuration dictionary in metadata files when data
is generated using the solvers.

All operators are implemented as methods of the FluxLadder_* classes. For example, to get
the local density operator n̂(r,l), we use ladder.n(r,l), where ladder is an instance of either
FluxLadder_ED or FluxLadder_MPS. This offers significantly improved readability compared to
other packages / modules, for example evos (lattice.sso("op", i)) and quspin (lists of lists
as definitions).

1A method is a named sequence of instructions, also known as a subroutine or a function, that performs a
specific task. This differs from the generic definition of a method (= methodology) as a procedure or process for
achieving a specific goal.
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A unified logging mechanism is also provided through ladder.log(msg) and ladder.warn(msg).

In this section, we highlight some of the key considerations and implementation details relevant
to our simulations.

Indexing Firstly, both computational methods (ED, MPS) use an underlying 1-dimensional
chain of sites of length G to represent the system, which extends to the indexing of operators
such as b̂†i for the i-th site. To represent a 2-dimensional ladder of sites, we use the notation
(r, l), corresponding to the rung and leg indices of the site respectively, Rather than explicitly
using the underlying 1-D index in our simulation code, we consistently use the (r, l) notation,
and employ an internal mapping method (get_rl(idx) and get_index(r,l)) to convert to the
appropriate underlying site index i. This also allows our code to be more readable and less
error-prone.

This mapping method also changes depending on whether we are simulating periodic or open
boundary conditions. For more details on this mapping scheme, see Appendix F.

Parity-Projected Measurements As previously discussed in section 3.2, only the parity-
projected local occupation is accessible for each measurement. This is generally easy to imple-
ment in a snapshot-by-snapshot simulation by taking the modulo of measurement result with
respect to 2. However, direct and platform-agnostic access to the measurement results is pos-
sible by combining readily-accessible operators and taking the expectation value

〈
n̂pp,(r, l)

〉
=

⟨ψ|n̂pp,(r, l)|ψ⟩ of a state |ψ⟩. For that, we propose the following expression:

n̂pp,(r, l) = n̂parity-projected, (r, l) =
∑

n=0

[
0
(
|2n⟩(r,l)⟨2n|(r,l)

)
+ 1

(
|2n+ 1⟩(r,l)⟨2n+ 1|(r,l)

)]

=
∑

n=0

|2n+ 1⟩(r,l)⟨2n+ 1|(r,l) , (4.1)

where |2n+ 1⟩(r,l)⟨2n+ 1|(r,l) = P
(r,l)
2n+1 are single-site projectors on the odd occupations. Since

we have some maximum occupation M , we need only sum to (2n+ 1) ≤M .

To obtain these projectors, we may start from the single-site number operator n̂(r,l) and apply
the annihilation/creation operators successively. Using the definitions in Equations 2.3 and 2.4,
the projectors P̂ (r,l)

0 for each lattice site (r, l) may be expressed as:

P̂
(r,l)
0 = |0⟩(r,l)⟨0|(r,l) =

(
b̂(r,l)

)M(
n̂(r,l)

)(
b̂†(r,l)

)M

M ·M !
, (4.2)

and recursively for m = 1, 2, . . . ,M :

P̂ (r,l)
m =

b̂†r,l P̂
(r,l)
m−1 b̂r,l

m
. (4.3)

For a more detailed derivation, you may refer to Appendix A.
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Parameter Scaling For neutral atoms in periodic light fields such as that of an optical lattice,
the natural energy scale is the recoil energy ER = (ℏkL)2 /2ma of the trapped atom, where ma

is the mass of the atom and kL is the wavevector of the lattice standing wave [63]. For a 133Cs
trapped with visible light, this energy scale is on the order2 of 10−32 J. Due to how small this
energy scale is, calculations in SI units would be numerically unstable. The parameters for
simulation were therefore scaled to units of J or J⊥ to increase the accuracy of the results.
Where absolute values were necessary, they were calculated using the value of J⊥, absolute that
is saved in the solver class. We use J⊥, absolute instead of Jabsolute because that is the parameter
that is held constant in experiment when measuring over a range of J/J⊥ values [64].

4.3 Parameter Sweep
Parameter sweeps were central to many of the results in this thesis. To facilitate the process
and improve code reuse, we create the following classes:

ParameterSweep(runid, variables, *arrays), that makes use of
LazyCartesianProduct(*arrays)

When running jobs on a computing cluster, parameter sweeps are one of the easiest kinds of
calculation to parallelise. This is because each group of parameters can be calculated independ-
ently of the others. As such, it is usually not necessary for each worker to calculate the full
cartesian product of all parameters, which can be very memory intensive. Instead, we can use
a lazy cartesian product class that generates only the specific relevant parameter tuple when
requested. This allows us to greatly reduce memory usage, allowing more jobs to run in parallel.

The class ParameterSweep(...) is an abstract class from which problem-specific parameter
sweep classes can be derived. The argument runid helps in the identification of the output
of the jobs on the cluster, while variables are a list of names of the variables that are being
swept over. These are saved in the .metadata file in the output folder. The argument *arrays
is simply a list the value-lists corresponding to the data points for each variable.

When creating a new parameter sweep, one need only implement the methods configure(...)
and .calculate_one(...). The former gets called once per worker, while the latter gets called
for each tuple of parameter values. The implemented

.run(job_idx, total_jobs, cpus_per_job)

is designed to work with SLURM array job ID’s, but works just as well with any other worker
indexing method. When called, .run(...) automatically calculates the list of parameter tuples
that that particular worker is responsible for, and then calls .calculate_one(...) for each of
these tuples.

An ExclusiveOpen(...) class was also implemented as a drop-in replacement for the stand-
ard open() in Python. Internally, ExclusiveOpen(...) uses fcntl [65] to ensure that only one

2|kL| ∼ 107, |ℏ| ∼ 10−34, |ma| ∼ 10−22
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worker can write to the output file at a time. This ensures output data integrity over the un-
derlying networked filesystem that the computing cluster runs on.

We make use of these tools extensively for our finite-temperature sweeps in sections 5.1 and 5.4.

4.4 Exact Diagonalisation (ED)

In ED calculations, we map the full Hilbert space Hlattice of G sites to the complex space CdG ,
where d is the dimension of the local Hilbert space on each site. Since we work in the Fock basis,
d is given by M + 1, where M is the maximum occupation per site. As such, states are rep-
resented by vectors ∈ C(M+1)G , and operators are represented by matrices ∈ C(M+1)G×(M+1)G .
Global states and operators can then be created through a tensor product of single site states
and operators, as described in section 2.1.

In FluxLadder_ED, effort was made to ensure that functions such as

• ladder.get_expectation(state, operator), or
• ladder.get_fidelity(state1, state2)

are compatible with both state vectors |ψ⟩ and density matrices ρ̂ at the same time to avoid
unnecessary conversion steps.

There are generally two ways we can represent these states and operators computationally,
either using:

• dense arrays (numpy.ndarray), where every single element is stored, or

• sparse arrays (scipy.sparse.spmatrix). where only the non-zero elements are stored.

Since a bosonic lattice class using dense arrays has already been implemented in the underlying
evos module, we create an additional BosonicLatticeSparse class that uses sparse arrays. Both
of these classes expose the identity operator Î , the creation and annihilation operators, b̂†i and
b̂i , the local density operator n̂i, and the vacuum state |∅⟩.
Due to how often we require a specific Fock state, and to respect the abstraction of code, we ex-
pand both above-mentioned classes with a get_fock_state(occupations) method that returns
the array representation of a certain Fock state. This is done efficiently in ED by treating the
occupation-array

{
ni ∈ [0,M ]

}
i∈[0,G]

as a base-(M + 1) number, and converting this num-
ber string to a decimal integer corresponding to the index of the non-zero element in the state
array3. This creates a state array that is equivalent to that generated using definition (2.6).

While sparse arrays are generally more memory efficient and offer much faster computation for
the operations that we are interested in, the diagonalisation of sparse matrices using ARPACK
routines [66, 67] does not yield the full spectrum. This is because its Lanczos/Arnoldi eigensolver

3For example, the four-site Fock state |1, 2, 2, 0⟩ with M = 3 is treated as (1220)4 = (104)10, and the state
|1, 2, 2, 0⟩ is represented by a state array where the 104th (0-indexed) array element is the only element set to 1.
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excels at finding a limited number of eigenvalues at either end of the spectrum, and not all
eigenvalues. This makes the use of dense matrices and LAPACK routines [68] still very relevant,
especially in the analysis in sections 2.4 and 5.2.

4.4.1 Projection to a Fixed-N Symmetry Subspace
Since the flux ladder Hamiltonian that we are investigating is particle-conserving, we can sig-
nificantly reduce the size of the Hilbert space by only working in a fixed-N symmetry subspace
and expressing our operators and states only using a basis of Fock states that have exactly N
particles.

At the same time, since the measurement protocol described in section 2.4 necessitates the
projection of our system onto double-wells, we have to be able to take a partial trace over all
the sites that are not the particular two-site double-well that we are interested in. Crucially, this
partial trace inherently disrupts the global particle-number symmetry and the reduced density
matrix for the double-well may well exist in a superposition of different particle-number sectors,
even when the full-system resides in a fixed-N subspace.

As a result, while it is desirable to calculate the ground state or the thermal state in some fixed-
N symmetry subspace, it is necessary to do our numerical analysis involving the double-well
projection and experimental current measurement protocol in the full Hilbert space. In other
words, it would be desirable for our states and operators to be cross-compatible between the
fixed-N symmetry subspace and the full Hilbert space.

To achieve this, we implement the Python function decorator4 @allow_subspace_N, which was
applied to all operators that conserve particle number (i.e. [Ô, N̂ ] = 0).

Using the methods ladder.fix_N_to(N) and ladder.unfix_N(), we can turn on and off whether
we use the full (symmetry disabled) or the reduced Hilbert space (symmetry enabled). The dec-
orator @allow_subspace_N checks every time when a method is called whether the symmetry
is enabled, and if it is, return the reduced operator:

Ôsym = TÔfullT
† , (4.4)

where T is the transformation matrix created from the basis states of the fixed-N symmetry
subspace. Using a simple nesting depth counter, @allow_subspace_N prevents multiple applic-
ations of the transformation in the case of nested calls of decorated methods. Due to the way
the code is structured, any secondary quantities (e.g. the thermal state density operator) will
also automatically be in the fixed-N symmetry subspace if the symmetry is enabled.

The details on how we generate the full set of N -particle basis states for the matrix T can be
found in Appendix E. We also cache T in a dictionary with N as the key so that a recalculation
is not necessary every time.

4In this case, we use a function decorator [69] to “wrap” some methods of FluxLadder_ED and modify the
output of the method.
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To easily convert states between the symmetry-N subspace and the full Hilbert space, we use
the methods:

• ladder._trafo(density_op, to_big), and
• ladder._trafo_state(state_vec, to_big) ,

where ladder is an instance of FluxLadder_ED. These methods are especially essential as the
partial trace should only be taken in the full Hilbert space.

Leveraging on this symmetry, we were able to run ED calculations for system sizes up to (6×2)
sites and a maximum occupation of M = 3 bosons, which is equivalent to a system with 24
spins.

4.5 The Current Operator and Numerical Verification of Ex-
perimental Protocol

One of the central analysis of this thesis is the numerical verification of the current meas-
urement protocol proposed by Kessler and Marquardt [16]. In this section, we document the
numerical methods used for the analysis, the results of which will be discussed in section 5.2.

In FluxLadder_ED, we implement three different kinds of relevant current operators (listed in
Table 4.1), including those based on equation (2.48), but with the double-well Hamiltonian ĤDW
replacing Ĥhop to allow for a finite U0 during rotation. By setting turn_off_onsite = True,
we recover Ĥhop. Here, we generate ĤDW by simply building the original system flux ladder
Hamiltonian ĤFL, but only for the relevant two sites. For the parity-projected measurements,
we use the definition of n̂pp,(r,l) in equation (4.1).

By implementing the current measuring protocol as an operator, we can obtain the experi-
mentally measured current values simply by calculating the expectation value of the relevant
operator for a given state |ψ⟩, greatly simplifying and improving the readability of our code.

For our numerical analysis of the current measurement protocol for ĵleg: (0,0)→(1,0) in subsec-
tion 5.2.1, we first characterise the time evolution of the eigenstates of the current operator
in a double well. Since the operators ĵleg and ĵrung differ only by a complex phase, we focus
our analysis exclusively on the leg current operator. We diagonalise the operator ĵleg: 0→1 using
its dense matrix representation to obtain the full spectrum of eigenvalues j and eigenvectors
{|jm⟩}m. Eigenvalues within a numerical tolerance5 of ∼ 10−8 are grouped. Eigenvalues are
averaged within each group. The time evolution operator is then applied to each eigenstate for
times t ∈ [0, π] to obtain the results depicted in Figures 5.3 and 5.4, and Appendix D.

In a perfect experimental measurement, we can compute the outcome probabilities using the
Born rule. In particular, we can use this to construct the outcome distribution for our analysis

5Based on double-precision floating-point precision [70] and operator properties
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Python Operator

j_leg(r,l) ĵleg: (r,l)→(r+1,l)

j_rung(r) ĵrung: (r,0)→(r,1)

j_leg_rot(r,l, turn_off_onsite=False) J · Û †rot
(
n̂(r,l) − n̂(r+1,l)

)
Ûrot

j_rung_rot(r, turn_off_onsite=False) J⊥ · Û †rot
(
n̂(r,0) − n̂(r,1)

)
Ûrot

j_leg_rot_parity_projected(r,l, turn_off_onsite=False) J · Û †rot
(
n̂pp,(r,l) − n̂pp,(r+1,l)

)
Ûrot

j_rung_rot_parity_projected(r, turn_off_onsite=False) J⊥ · Û †rot
(
n̂pp,(r,0) − n̂pp,(r,1)

)
Ûrot

Table 4.1: Overview of the current operators implemented in FluxLadder_ED. The op-
erators are defined in the Fock basis, where n̂(r,l) is the local occupation operator at site
(r, l), and Ûrot = exp(−iĤDWτ) is the rotation operator based on equation (2.48) and
the current measurement protocol [16], however with the possibility of a finite U0. The
last two operators are parity-projected versions of the middle two operators.

in subsection 5.2.2 at three stages of the current measurement protocol: (i) pre-rotation, (ii)
post-unitary-rotation, and (iii) post-parity-projection.

For stage (i), we first construct the reduced density matrix ρ̂DW for the double well (0, 0) and
(1, 0) through a partial trace of an initial plaquette state |ψ⟩. Then, the probability6 ⟨jm|ρ̂DW|jm⟩
for measuring each eigenstate |jm⟩ is assigned to a bin according to its associated eigenvalue j to
create a histogram over all eigenvalues. This yields the theoretical distribution of ĵleg: (0,0)→(1,0)

measurement outcomes with respect to the state |ψ⟩.
Next, to simulate post-rotation measurements for stages (ii) - (iii), i.e. for the observable (n̂(pp,)(0,0)−
n̂(pp,)1,0), we instead use Fock states and the corresponding eigenvalue for each Fock state to
build the outcome probability distribution. To illustrate this, we may use the example of the
state |2, 0⟩. The probability ⟨2, 0|ρ̂DW|2, 0⟩ to measure the state |2, 0⟩ before parity-projection
will be associated with the eigenvalue (n(0,0)−n(1,0)) = (2−0) = 2 and after parity-projection
with the eigenvalue (npp,(0,0) − npp,(1,0)) = (0− 0) = 0.

Just like with the current operators in Table 4.1, the double-well Hamiltonian ĤDW used for the
rotation in this part of the analysis can have its interaction term turned on or off.

Further details about the numerical verification of the experimental current measurement pro-
tocol are described in section 5.2.

6In this case, we use ladder.get_fidelity(DW_state, eigenstate) to calculate the probability.
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4.6 Matrix Product States (MPS)
A powerful alternative to using ED techniques is to represent our quantum state as matrix
product states (MPSs). The popular use of MPS to describe quantum states is generally associ-
ated with the rise in popularity of the density matrix renormalisation group (DMRG) algorithm,
a variational technique used to find ground states of quantum systems [71, 72]. In this section,
we present the most relevant MPS concepts and definitions. A good resource that provides a
thorough introduction to MPS and its associated techniques is the review article by Schollwöck
[73], on which we also base most of this section.

An arbitrary pure quantum state on a lattice of G sites has the form:

|ψ⟩ =
∑

ni

Cn1,...,nG
|n1, · · · , nG⟩ , (4.5)

where |n1, · · · , nG⟩ is a Fock state with occupations ni at each site i, andCn1,··· ,nG
is the corres-

ponding coefficient. Treating the coefficient Cn1,··· ,nG
as a rank-G tensor, we may use singular

value decomposition (SVD) to factorise it into a product of matrices:

Cn1,··· ,nG
=

∑

α1,...,αG−1

A(1)
n1,α1

A(2)
α1,n2,α2

· · ·A(G)
αG−1,nG

, (4.6)

which allows us to represent the quantum state (4.5) exactly as:

|ψ⟩ =
∑

n1,...,nG

A(1)A(2) · · ·A(G) |n1, · · · , nG⟩ , (4.7)

where the maximum dimension of the matrices A(i) is called the bond dimension of the MPS.
Operators may be defined in a similar fashion to form matrix product operators (MPOs).

For the results presented in this thesis, we worked only with the high-level functions and rep-
resentations exposed by the SyTen toolkit [59, 60] through its Python library pyten. As such,
further implementation details within the tensor network toolkit are not presented.

4.6.1 State Purification and Thermal State
Since thermal states are mixed states (see section 2.5), and MPS can only represent pure states,
we use state purification to do finite-temperature calculations [74]. The idea of purification is to
represent a mixed state in a physical space P as the partial trace of a pure state in an extended
Hilbert space PQ, where Q is an auxiliary space:

ρ̂P =
∑

α

s2α |α⟩P ⟨α|P
!
= TrQ

(
|ψ⟩⟨ψ|

)
→ |ψ⟩ =

∑

α

sα |α⟩P |α⟩Q , (4.8)

This auxiliary space Q can simply be a copy of the physical state space P . In practical terms,
that means doubling the number of sites in our lattice, with computationally neighbouring
sites alternating between physical and auxiliary spaces. For a system with G sites physically
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and 2G sites computationally, this means that site 2i is physical, and site 2i+1 is auxiliary, for
i ∈ [0, G). As such, we extend our method ladder.get_index(r, l, auxiliary=False) to be
able to take into account whether we want the auxiliary or the physical site.

Given that the Hamiltonian of our flux ladder system conserves the number of particles, we
may leverage on the U(1) symmetry [75] by using pyten.mp.lat.u1u1.genBosonBosonLattice
to generate a lattice with a U(1) symmetry over the physical sites and another U(1) symmetry
over the auxiliary sites.

To calculate the thermal state, we rewrite equation (2.57) as:

ρ̂β =
1

ZC(β)
e−βĤ =

1

ZC
e−

β
2
Ĥ 1̂e−

β
2
Ĥ , (4.9)

At this point, we recognise that (a) exp(0) = 1̂ and (b) at infinite temperature, β = 0 and the
infinite temperature state is given by:

ρ̂0 =
1

ZC(0)
e0 ⇒ 1̂ = ZC(0)ρ(0) , (4.10)

which allows us to rewrite equation (4.9) under the assumption that we know the purification
of the infinite temperature state |Ψ0⟩:

ρ̂β =
1

ZC(β)

[
e−

β
2
Ĥ
(
ZC(0)ρ̂0

)
e−

β
2
Ĥ
]

=
ZC(0)

ZC(β)

[
e−

β
2
Ĥ
(
TrQ

(
|Ψ0⟩⟨Ψ0|

))
e−

β
2
Ĥ

]
. (4.11)

Since Ĥ only acts on the physical space P , we have:

ρ̂β =
ZC(0)

ZC(β)
TrQ

[(
e−

β
2
Ĥ ⊗ 1̂Q

)
|Ψ0⟩⟨Ψ0|

(
e−

β
2
Ĥ ⊗ 1̂Q

)]
, (4.12)

which means that we can calculate the thermal state by carrying out imaginary time evolution
of the infinite temperature state ρ̂0 in the extended Hilbert space PQ from t = 0 to t = −iβ/2.
Since ZC(0)/ZC(β) is just a normalisation factor, we can simply normalise our state after the
imaginary time evolution to obtain the normalised thermal state ρ̂β .

To obtain the purified infinite temperature state, we may treat it as a ladder of sites, with each
rung connecting a physical and an auxiliary site. It is useful to then factorise the physical
infinite temperature mixed state ρ̂0 as a chain of maximally mixed states in the physical space
P :

ρ̂0 =
1

dG
1̂ =

(
1

d
1̂

)⊗G
=

(
1

d

∑

α

|α⟩P ⟨α|P

)⊗G
, (4.13)

where d is the local dimension of each site.
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As such, the purified infinite temperature state |Ψ0⟩ can be obtained by simply purifying each
physical site locally over it and its auxiliary site to obtain a chain of maximally entangled pairs
of physical and auxiliary sites in the space PQ:

|Ψ0⟩ =
(

1√
d

∑

α

|α⟩P |α⟩Q

)⊗G
(4.14)

To make use of the U(1) symmetry and create this maximally entangled state in a particular
N -particle symmetry sector, we may define the following operator [76, Equations S54 and S55]:

Ĉtot =
G−1∑

i=0

b̂†i,P b̂
†
i,Q (4.15)

which when applied N times to the vacuum state |∅⟩, creates a chain of maximally entangled
states with a total particle number of N :

∣∣Ψ0,N

〉
=

1

N !
ĈN

tot |∅⟩ = 1

N !



G−1∑

i=0

b̂†i,P b̂
†
i,Q



N

|∅⟩ . (4.16)

Once we have the infinite temperature state
∣∣Ψ0,N

〉
, we can then carry out imaginary time

evolution to obtain the thermal state ρ̂β as described above.

Many different techniques have been developed in the last two decades to perform time-evolu-
tion on MPSs, a overview of which may be found in [77]. In contrast to trotter-based methods
such as the time-evolving block-decimation (TEBD) [78, 79], time-dependent variational prin-
ciple (TDVP) [80, 81, 82] uses the variational principle to obtain time-evolved states, which allows
us to preserve symmetries during the time-evolution. As such, to obtain the thermal state ρ̂β ,
we choose to use TDVP, in particular single-site time-dependent variational principle (1TDVP),
to perform the imaginary time-evolution of the infinite temperature state

∣∣Ψ0,N

〉
. Extensions

to 1TDVP using local and global subspace expansion (LSE, GSE) [83, Appendix D] were also tested
to see which one performs better for our system.
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Chapter 5

Results and Discussions

Can the discrepancies between the local current that is experimentally measured and the local
current that we expect from theoretical calculations be explained by finite temperature effects?
In this chapter, we present and discuss the results that we have obtained from our numerical
simulations and analyses that were done as we sought to answer this question. In particular,
we examined the results measured by Impertro et al. [19] based on the experimental protocol
proposed by Kessler and Marquardt [16]. In the end, we are going to answer the following
questions:

• Does the dynamic protocol for measuring local currents in flux ladders work as expected?

• Do we have a finite-temperature state in the experiment of Impertro et al. [19]?

For all our analyses and simulations, we use the notation (r, l) ≡ (rung index, leg index), and
denote the system size with R and L for the number of rungs and legs respectively. Indices
start at zero and end at R − 1 or L − 1. Given the plaquette’s significance as the smallest
possible flux ladder, most of our analyses and simulations were based on a system of a single
plaquette. Importantly, this focus has revealed intricacies of the local current measurement
protocol. While larger systems may exhibit emergent phenomena, the insights gained at the
single-plaquette level are fundamental and can strongly inform our understanding of the basic
mechanisms expected to persist in larger flux ladders.

All in all, we could provide ultracold atomic experiments, particularly those that realize bo-
sonic flux ladders, with a better understanding for their current measuring protocol. A central
technical contribution of this thesis project is a well-tested toolkit for investigating the phys-
ics of bosonic flux ladders that produces not just exact results for smaller systems using exact
diagonalisation (ED) techniques, but also approximate results for larger system using matrix
product state (MPS) techniques.
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5.1 Finite Temperature Parameter Sweep of Local Current
Operators in a Plaquette

If the discrepancies between the measured current and the theoretically predicted current can
be fully explained by finite temperature effects, it should then be possible to assign some tem-
perature to the system state. As such, to get a first order approximation of the temperature range
that we should be looking at, a parameter sweep over temperature T and chemical potential
µ was performed using ED techniques. For the parameter sweep, we measure the expecta-
tion value of the current operator, ⟨ ĵleg: (0,0)→(1,0)⟩ for some T ∈

[
10−10K, 10−6K

]
, and µ ∈

[−2π, 2π]× 100Hz. Here, we describe our system using the grand canonical ensemble, where
equation (2.60) defines our system’s density operator. In our simulations, We have open bound-
ary conditions and use the experimentally relevant valuesφ = 0.75·π/2 andU0 = 9J⊥. We keep
J⊥/h = 1.4× 102Hz constant, analogous to experiments (J⊥/h = (1.40± 0.01)× 102Hz) [64],
and scale J accordingly. For the local Hilbert space dimension, we opted for a maximal occu-
pation of three bosons per site, which was the largest local Hilbert space dimension for which
the calculations finished within a reasonable amount of time, especially for testing purposes.

At this point of the project, we were working under the assumption that the experimental
measurement protocol described in [17] works as expected, and any errors resulting from the
protocol (and parity projection) are negligible. As such, the parameter sweep was done by
directly taking the expectation of the current operator ĵleg: (0,0)→(1,0). We then overlay the ex-
perimentally measured values [64] on our simulation plots, with the error given by the standard
error of the mean (s.e.m.). These plots are depicted in Figures 5.1 and 5.2.

The most prominent feature emerging from our parameter sweeps is the appearance of char-
acteristic cones at lower temperatures. At very low temperatures, the sharp transition along
the µ axis is likely linked to the discrete nature of the conductance in quantum channels [84].
Specifically, the cone structure manifests at transitions where the incremental increase in the
chemical potential µ drives the addition (or removal) of a single particle to the system. As
the temperature increases, thermal disorder dominates and the cones broaden and fade into a
continuum.

From the plots, we see that the range of the relevant absolute temperatures (labelled green in
the figure) actually varies rather significantly between the different J⊥/J values, ranging from
T = 5.7×10−8K (J⊥/J = 0.407) to T ≤ 10−10K (J⊥/J = 1.46, 1.88). As the hopping amplitude
J⊥/J increases, this band gets progressively colder. Normalising the temperature with respect to
J (kBT/J), we observe that the relevant temperatures are generally around kBT/J ∼ 1. Beyond
J⊥/J ≥ 2.43, the simulation no longer captures any area that could be experimentally relevant.

All in all, we observe that the experimentally realised state lies somewhere in the low temper-
ature regime, around the energy scale of the hopping amplitude J , which was expected. How-
ever, we realised that given the way the state is prepared (see chapter 3), µ might not really be
meaningfully defined. As such, instead of fitting for some µ, it could be useful to fix the total
number of particles N in our system instead, which is experimentally often at half-filling (i.e.
N = (R× L)/2).
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Figure 5.1: Parameter sweep over T and µ for the local current operator ĵleg: (0,0)→(1,0)

in a plaquette (direct measurement, no parity projection, U0 = 9J⊥, open boundaries)
for the experimental values J⊥/J = 0.407 to J⊥/J = 1.46. The green overlay represents
the experimental measurement results [64]. Relevant absolute temperature range varies
greatly between different J⊥/J values.
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Figure 5.2: Parameter sweep over T and µ for the local current operator ĵleg: (0,0)→(1,0)

in a plaquette (direct measurement, no parity projection, U0 = 9J⊥, open boundaries)
for the experimental values J⊥/J = 1.88 to J⊥/J = 5.21. The green overlay represents
the experimental measurement results [64]. Relevant absolute temperature range varies
greatly between different J⊥/J values.
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5.2 Numerical Verification of the Experimental Current Meas-
urement Protocol

To truly be able to draw meaningful comparisons with experimental data, it is crucial that we
take parity-projection and the experimental measurement protocol into account. Using the
theoretical description in equation (2.48) and the methods described in chapter 4, We imple-
mented the operators j_leg_rot(r,l) and j_rung_rot(r), which respectively measure the leg
and rung currents using the experimental protocol, and their parity-projected counterparts that
take into account the parity projection in the final step of the measurement.

Just like how measurement devices in a laboratory have to be characterised, the correctness of
scientific code is essential to the accuracy of the results obtained from it. As a consequence,
testing scientific code is just as important as writing and using it, especially in this case where
we have a complex measurement protocol and want to pinpoint the causes of discrepancies in
the measured results. To test the correctness of our implementation of j_leg_rot(r,l) and
j_rung_rot(r), it is useful to respectively test them against a direct measurement of the oper-
ators ⟨ĵleg: (r,l)→(r+1,l)⟩ and ⟨ĵrung: (r,l)→(r,l+1)⟩ of the same state. Due to the equivalence of the
measured values, at least in the non-interacting case, ⟨ĵleg: (r,l)→(r+1,l)⟩ should, for example, be
exactly equal to ⟨j_leg_rot(r,l)⟩, except for numerical errors.

Given the fact that we have already implemented the generation of the thermal state ρβ , it was
practical to use thermal states of some random temperature Trand for the aforementioned unit
tests1. Yet, while the tests worked for hard-core bosons (maximal occupation per site M = 1),
setting M ≥ 2 sometimes resulted in discrepancies that were rather perplexing. This was
especially the case given that so far, tests for the implementation of the rest of the operators
have been correct. As such, what was originally a routine unit test has seemingly revealed
previously unnoticed intricacies of the current measuring protocol.

In retrospect, we suspect that a possible reason this issue went unnoticed previously is that
simulations typically use only a symmetry subspace of some fixed particle numberN . However,
since we have not yet implemented the code for the projection into a fixed particle number
sector, these thermal states were generated in the full Hilbert space, where these error effects
are particularly pronounced.

In this section, we investigate and characterise the discrepancies that we have observed above.
We will first examine the time evolution of the current operator eigenstates, followed by an
analysis of the probability density distribution of our states during the experimental current
measurement protocol. Finally, we will discuss the implications of these results for the experi-
mental protocol.

1A unit test makes sure that a unit of code is doing what you think it does. Sources such as [62] goes into
more details about testing in scientific software. In this case, we are testing the unit of code that implements the
current measuring protocol as an operator.
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Figure 5.3: Time evolution using the current measurement protocol for hard-core bosons,
with maximum occupancy per site M = 1 and J/J⊥ = 2. ν̂ is the validity observable
as defined in (2.55). The gray vertical line is the time t = τ at which the measurement
happens, and msmt gives the measured value. (PP) means that we also take parity pro-
jection into account. We observe that the protocol indeed works for all cases, even in
the case of finite interactions U0.

5.2.1 Time Evolution of Eigenstates of the Current Operator in a Double
Well

To analyse the time evolution of any state during the protocol, it is useful to systematically
examine time evolution of the eigenstates of the current operator. Since these eigenstates have
a well-defined current corresponding to its eigenvalue, any non-zero current states are guaran-
teed to have a non-trivial time evolution. If the protocol works for all eigenstates, then it would
also work for any state with some arbitrary current.

We begin with hard-core bosons. From Figure 5.3, we observe that the protocol indeed works
for all eigenstates, even for the interacting case of U0 ̸= 0. Here, we included the U0 > 0
case despite its inapplicability that was theoretically described in section 2.4. This is because
anecdotal evidence suggests that, under some conditions, applying parity projection after basis
rotation (with finite U0 present) still yields results consistent with the non-interacting case [55].
We chose J/J⊥ = 2 so that the impact of a non-unity J would be obvious.

For soft core bosons, the story is no longer as straightforward. Some selected evolutions are
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Figure 5.4: Time evolution of selected current eigenstates using the current measurement
protocol (soft core bosons, maximum occupation per site M = 2, 3, 4, J/J⊥ = 2). ν̂ is
the validity observable as defined in (2.55). The gray vertical line is the time t = τ
at which the measurement happens, and msmt gives the measured value. (PP) means
that we also take parity projection into account. We observe that a finite U0 during the
rotation, with or without parity projection, results in the wrong measured current. For
eigenstates where the total number of particles is less than or equal to the maximum
occupation per site, i.e. N ≤ M , the measurement protocol works in the case where
there is no parity projection.
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depicted in Figure 5.4, with the full results documented in Appendix D. As we have predicted in
section 2.4, having a finite interaction U0 results in very different time evolutions that produce
an incorrect measurement of the current using the protocol, whether with or without parity
projection. We also confirmed (at least up to M = 4) that a vanishing expectation value of the
validity operator ⟨ν̂⟩ = 0 is indeed a sufficient but not necessary condition for the current meas-
urement protocol to work, as evidenced by the evolutions in figures 5.4a (right), 5.4b (right), and
5.4c (left). For these evolutions, we see that the time evolution (light blue points) does indeed
follow the theoretically predicted evolution of classical bosons (dark blue line) despite ⟨ν̂⟩ ≠ 0.

Looking at the other three evolutions, 5.4a (left), 5.4b (left), and 5.4c (right), we observe that
the time evolution with U0 = 0 and no parity projection never reaches the actual value of
the current ⟨ĵ0→1(t = 0)⟩, nor did it follow the theoretically predicted evolution described by
equation (2.46). To understand this intuitively, we may use the example of

∣∣j = 6, vj = 0
〉
=

1√
2

(
|2, 3⟩+ i |3, 2⟩

)
. (5.1)

To measure the true current of 2(n0 − n1) = 6, we observe that an occupancy difference of
(n0 − n1) = 3 would be necessary. At the same time, since the Hamiltonian ĤDW, hop preserves
the total number of particles N = 5, the state would have to evolve to |4, 1⟩. Given the max-
imum occupation of M = 3, this is simply not possible. As a result, the current measurement
protocol fails.

Furthermore, from our analyses, we observe empirically that of all the eigenstates with a non-
vanishing expectation of the validity observable ⟨ν̂⟩ ≠ 0, those with a total particle number
of N = M seem to work, suggesting that if the maximum occupancy per site M is chosen
such that it is at least equal to the total number of particles N , then the current measurement
protocol would still succeed. Intuitively, given some fixed number of particlesNfix, and the local
dimension is large enough to exactly describe the dynamics, then the current measurement
protocol will work as expected.

Last but not least, we observed that except in the case of hard-core bosons, parity projection
systematically leads to the measurement of a reduced current as compared to the true current,
and can sometimes even cause a sign flip of the measured current, resulting in significant loss
of information.

Based on the evidence that we have gathered so far, we recognise that if the state that we
would like to measure has components of these “pathological” states, as is the case with the
thermal state, then we will experience these undesired finite-dimensional effects during the
measurement of the local particle current using this protocol.



5.2 Numerical Verification of the Experimental Current Measurement Protocol 43

5.2.2 Understanding the Impact of Pathological States
How big is the impact of these “pathological” states on our current measurement? To provide
further evidence to support our conclusions and understand the impact of these finite-dimen-
sional effects with respect to the local current operator ĵleg: (0,0)→(1,0), we track the eigenvalue
(measurement outcome) distribution of our state at three critical stages of the measurement
protocol presented in section 2.4: (i) pre-rotation, (ii) post-unitary-rotation, and (iii) post-parity-
projection, constructing corresponding measured eigenvalue distribution as previously described
in section 4.5. We denote the current measured using the protocol as jrot, and with parity pro-
jection jrot, pp. Given some theoretical current jtheo, the percentage error in the histogram plots
is given by:

Percentage Error = |jtheo − jmeas|
|jtheo|

× 100% where jmeas =
{
jrot, jrot, pp

}
(5.2)

We do this analysis for ground states and thermal states (T = 10−9K) of a plaquette with dif-
ferent parameters (e.g. U0, and whether this interaction is turned off during the rotation). Since
[ĤFL, N̂ ] = 0, every eigenstate of the Hamiltonian has a well-defined total particle number N
associated with it, and we may use this to find the N -particle ground state of the plaquette.
To obtain our initial pre-rotation state, we compute the reduced density matrix ρDW for the
(0, 0) → (1, 0) double well.

For example, in Figure 5.5, we have a plaquette ground state with a fixed N = 4 and U0 = 0.
We observe that as we increase the maximum occupation per site M , the error in the middle
column (i.e. after the rotation) decreases, until M = N = 4, at which point the error vanishes
and the measured current using the protocol exactly matches the current of the initial state.
We may understand this intuitively as follows: if the local dimension is too small, then the full
dynamics cannot be captured. By increasing the local dimension until/beyond N , we obtain
stable dynamics. This is despite the fact that we have projected our state onto a double well
(two sites), where we would only expect half of the total number of particles as compared to a
plaquette (four sites). While this is generally not a problem for small systems where the total
number of particles are small, for larger flux ladder systems, the local M might need to be as
large asN of the entire system, which can be very large. This confirms our observation from the
previous subsection. Furthermore, we note that because (n0−n1) is discrete, any contributions
from eigenstates with non-integer eigenvalues are automatically pathological. Eigenstates with
large current eigenvalues also tend to be pathological.

Unfortunately, we cannot simply avoid this by increasing the number of experimentally bound
states per site (i.e. M ), especially if we have a generic thermal state or a ground state. This
is because how these states look like also depend on the local Hilbert space dimensions on
each site. In fact, we observe that if U0 = 0 with no N restrictions, then both ground states
and thermal states tend to be pathological. For example, in Figure 5.6, we see that at large M ,
both the thermal state and ground states of the plaquette have significant contributions from
pathological eigenstates, either with non-integer eigenvalues or with large current eigenvalues,
leading to errors as large as 94.55 % arising from the protocol.
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Figure 5.5: Probability distribution of the plaquette ground state with fixed N = 4 and
U0 = 0 projected onto a double well, with the maximum occupation per site M =
{2, 3, 4}, J/J⊥ = 1, and φ = 0.75 · π2 . We look at the initial state (left), state after
the current measurement protocol (middle), and state after parity projection (right). We
observe that increasing M until M = N enables stable dynamics.
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Figure 5.6: Probability distribution of the plaquette ground state and thermal state (T =
1 × 10−9K, U0 = 0) projected onto a double well, with the maximum occupation per
site M = { 2, 4, 5 }, no restrictions on N , J/J⊥ = 1, and φ = 0.75 · π2 . We look at
the initial state (left), state after the current measurement protocol (middle), and state
after parity projection (right). We observe that increasing M increases the error in the
current measurement protocol.
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2 , and

M = 2, analogous to Figure 5.6, except U0 = 9J⊥. The on-site interaction was not turned off during
the rotation.
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2 , and

M = 2, analogous to Figure 5.6, except U0 = 9J⊥. The on-site interaction was turned off during the
rotation.
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U0 = 0, and M = 2, analogous to Figure 5.6, except we fix the number of particles at half-filling:
N1/2 = 3(> M = 2)

Figure 5.7: Compared to Figure 5.6, the error from the current measurement protocol is
greatly reduced. In the case where U0 > 0, it is important to turn off on-site interactions
during the protocol.
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Experimentally, if we can effectively restrict the number of particles in the system, the prob-
ability of the occurrence of these pathological states could be greatly reduced. This may be
achieved by either (1) using a large U0 and then turning off this interaction during the rota-
tion (e.g. using magnetic Feshbach resonances [19]), or (2) experimentally fixing the number of
particles in the system. We demonstrate this in Figure 5.7 with the thermal state of a 3-rung
flux ladder projected onto the double well

[
(0, 0), (1, 0)

]
. Here, we see that although the error

introduced by the protocol does not vanish, it is greatly reduced (< 2 %) despite the fact that
M = 2 is less than N1/2 = 3, which corresponds to the system at half-filling.

As established in the previous subsection, anecdotal evidence suggests that in the interacting
case (U0 > 0), parity projection applied after a basis rotation with finite U0 yields results con-
sistent with a basis rotation where interactions are turned off [55]. Our quantitative analysis
now directly corroborates this observation, at least for the states that we have tested: compar-
ing Figure 5.7a (jpp, int) and Figure 5.7b (jpp, no int), we observe that the measured parity-projected
currents are indeed the same regardless of whether interactions were turned off during the basis
rotation. For other tested states not presented here where there were no exact agreement, jpp, int
and jpp, no int only differed up to 5 % from each other.

In all cases, parity projection results in a large loss of information, and is one of the main sources
of error during the experimental measurement of local particle currents, even for systems with
half-filling.

As such, our key observations may be summarised as follows:

• Using a finite interactionU0 during state-preparation or strictly controlling the number of
particles in the whole systemN results in initial states that work better with the protocol.

• In the ideal case, the number of experimentally bound states (M ) should at least be as
many as N , which may be very large for larger systems.

• Parity projection results in large errors in the current measurement in all cases except in
the case of hard-core bosons, (potentially) dwarfing other sources of error.

With this analysis, we are now confident that the errors we have observed previously were in-
trinsic to the current measuring protocol, and that the operators which incorporate the current
measurement protocol, j_leg_rot(r,l) and j_rung_rot(r), have been correctly implemented
in the code.

5.3 Preparation for Larger System Dynamics
In order to simulate the dynamics of larger systems, it is necessary to use MPS techniques due
to the exponentially increasing Hilbert space dimension of the system, making calculations
intractable for the ED techniques that we have been using so far. Since an MPS can only describe
pure states, we use state purification and imaginary time evolution with the time-dependent
variational principle (TDVP) method to create a thermal state, as we have previously explored
in section 4.6. As expected, the observables computed from our MPS thermal state agree with
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those from our ED thermal state. In particular2, for βrand = 1.2850/J , and a TDVP time-step of
δt = −0.01i, the errors in local observables, ⟨n̂(r,l)⟩, were< 10−5, while the errors in non-local
observables, ⟨ĵleg⟩, ⟨ĵrung⟩, ⟨Ĥ⟩, were < 10−2.

Adjusting the time-step δt, and comparing different methods used in the imaginary time evol-
ution, we find that the error

ε(Ô) = 100% ·

∣∣∣ ⟨Ô⟩MPS − ⟨Ô⟩ED

∣∣∣
⟨Ô⟩ED

, (5.3)

averaged over all the previously mentioned observables, scales with the chosen δt. There was
were also little difference observed between the methods employed in TDVP, global subspace
expansion (GSE) and local subspace expansion (LSE), allowing us choose the less computation-
ally expensive LSE for calculating our thermal states. This behaviour is depicted in Figure 5.8.
With that, we can be confident that our implementation of the MPS thermal state is correct, and
higher accuracy is achievable through smaller δt values in the imaginary time evolution at the
cost of longer computation times due to the finer discretisation. This in turn lays a solid found-
ation upon which the study of local currents may be extended to larger system sizes closer to
that achievable in experiments.
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Figure 5.8: The observables n̂(r,l), ĵleg: (r,l)→(r+1,l), ĵrung: (r,l)→(r,l+1) and Ĥ of the MPS
thermal state were compared to that of the ED thermal state. We plot the average per-
centage error ε of the MPS observables against the TDVP time step δt. We observe that
increased numerical accuracy can be achieved by reducing δt, and that there is no sig-
nificant difference in accuracy between the different methods used in TDVP.

2Unless otherwise specified, we used a plaquette (2 × 2) as our test system in this section, with the coupling
ratio J/J⊥ = 1, the complex phase φ = π/2, and a maximum occupation per site of M = 3.
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5.4 Finite Temperature Effects: Rung Correlator
Using the toolkit that we have developed, we then performed finite temperature MPS simu-
lations and compared that to the experimental measurements [85] and ED simulations of the
parity-projected rung correlator C̄rung published by Impertro et al. [19], where the parity-pro-
jected rung correlator Crung,pp, r for some rung r is defined as:

Crung,pp, r = ⟨n̂pp,(r,0)n̂pp,(r,1)⟩ − ⟨n̂pp,(r,0)⟩⟨n̂pp,(r,0)⟩ , (5.4)

Each experimental data point was averaged over 30 repetitions and 14 ladders with 48 sites,
which are system sizes much bigger than the (2× 6) or even the (2× 10) system that we have
simulated here. As such, we use periodic boundary conditions in our simulations to (hopefully)
better capture the physics of these large experimentally realised systems. Importantly, this
observable is directly accessible in the quantum gas microscope without the need for any basis
rotation, allowing us to separate the effects of the experimental current measurement protocol
from the state itself. Here, just one of the U0 value U0/J = 11.02(5) was sufficient in helping
us provide a benchmark for our simulations. For the (6 × 2) system, we aggregate data from
an N = 5 and an N = 6 simulation with the weights 0.6 and 0.4 to recover the experimental
filling of 0.45,

From Figure 5.9, we see that despite using completely different methods, we observe good agree-
ment between the physics captured by our simulation results and the simulation results from
Impertro et al. There is therefore a high probability of correctness of the simulations that we
have developed here.

Given the computational efficiency of MPS techniques, we were also able to extend upon the
temperature3 range of the simulation to T = 0.05J to 3.0J , and J⊥ = 0.3J to 2.5J over a
total of (70 × 30) = 2100 datapoints, corresponding to a resolution of ∆J⊥ = 0.0759J and
∆T = 0.0428J . This provides data beyond prior results in the range of T = 1J to 0.5J . For
the plots that we see here, we show only most relevant temperature range of T = 0.1J to 1.5J
to reduce clutter. Due to the continuous nature of the change in the curve with a change in
temperature observable in Figure 5.9a, we can even further extrapolate the behaviour beyond
the range that we have simulation data for.

In order to probe the effects of an even larger system, we do the same finite temperature simu-
lations for a (10× 2) lattice, the results of which is depicted in Figure 5.10. Since 0.45× 20 = 9
is an integer, we no longer need to aggregate our results over two different N values. The
general trend of the curves are qualitatively similar to the (2 × 6) system, with signatures in
the temperature curves getting continuously weaker with increasing temperature. However,
the shape of the curves at low temperatures, especially at larger coupling ratios J⊥/J , differ
significantly between the two system sizes.

While not very obvious in the simulation curves of the (6×2) system, a phase transition around
J⊥/J ≈ 0.8 is clearly visible at low temperatures in the larger (10×2) simulations. This phase

3We drop the constant kB in kBT/J following common practice. This also helps to improve clarity.
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One striking signature of the phase transition to the vortex phase is the 
sudden drop in the chiral current on crossing the critical point at 
(K/J)cr ≈ 1. With strong interactions, the transition point is predicted to 
be substantially lower than in the non-interacting case, where it was 
previously shown that (K/J )U=0cr = √2 (refs. 37,51). We experimentally 
probe this behaviour by varying K/J for strong interactions. Figure 5a 
shows the experimentally measured chiral current around the phase 
transition between the vortex and Meissner regimes. Indeed, we see a 
sudden drop in the chiral current around (K/J)cr ≈ 1, signalling a transi-
tion to the vortex regime. The observed behaviour agrees well with a 
zero-temperature DMRG simulation (Fig. 5a, solid line), with our meas-
urements finding around 57(3)% of the ideally predicted current. Com-
pared with the rung coupling sequence, the current amplitude is 
reduced due to the longer preparation path (Supplementary Section 
III-A shows the current lifetimes), as well as smaller tunnel couplings. 
Note that below the phase transition, we observe enhanced fluctuations 
in the measured currents as reflected by the large error bars. We attri
bute this to a small many-body gap, which makes the system highly 
susceptible to technical heating.

Last, we probe the fractional Mott-insulating nature of the Mott–
Meissner phase. In the strong rung coupling limit (that is, deep in the 
Meissner regime), the effective pseudo-spin-1/2 model predicts the 
ground state to be a product state of rung triplets (Fig. 5b). Adding a 
second particle to one rung costs an energy of ~K, similar to having a 
one-dimensional Mott-insulating chain of these triplets with a frac-
tional charge of 1/2 (also called a rung Mott insulator)30,55. The presence 
of exactly one particle on each rung results in a strong density 
anti-correlation across the rungs, which is experimentally accessible. 
Figure 5c shows the measured rung density correlator Cr = ⟨ ̂n1,r ̂n2,r⟩
−⟨ ̂n1,r⟩⟨ ̂n2,r⟩, averaged over all the rungs, as a function of K/J for two 
different interaction energies. We find significantly negative density 

correlations, which are enhanced for increasing U as well as increasing 
K/J, in accordance with the prediction of the effective spin model. In 
the U→∞ and K ≫ J limit, one would expect a correlation of –1/4, with 
the mass gap persisting as long as K > J. In comparison, the measured 
correlations are weakened due to the deviation from half-filling (where 
one strictly does not expect a perfect Mott state), finite U and, most 
importantly, a finite temperature that softens the Mott transition and 
decreases the anti-correlation.

In fact, the density correlations are very temperature sensitive, 
which allows us to provide a rough estimate of the effective tempera-
ture of our many-body state. To this end, we perform small-scale ED 
simulations on 2 × 6 sites, revealing that rung-wise density correla-
tions decay smoothly as the temperature increases from zero to the 
scale of the leg tunnel coupling. The simulation also accounts for 
initial-state imperfections as well as parity projection. As shown by 
the orange-shaded areas in Fig. 5c, a comparison of the correlator 
strength with the simulation indicates a temperature on the order of 
kBT ≈ J in the Meissner regime, consistent also with the observed chiral 
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Figure 5.9: Average parity-projected rung correlator C̄rung and finite temperature sim-
ulations (6 × 2) with φ = π/2 and periodic boundary conditions along the legs. (a)
Finite-temperature MPS simulations for U0/J = 11.02 across T/J = 0.1 to 1.5, overlaid
with experimental data [85]. Error bar is s.e.m.. (b) Finite-temperature ED simulations
and experimental measurements from Impertro et al. Each experimental data point was
averaged over 30 repetitions and 14 ladders with 48 sites [15, Figure 5(c), cb 4.0]. The
data and simulations curves for U0/J = 5.13(9) are not relevant for our comparison. Our
MPS results in (a) reproduce the published data in (b) and extend the temperature range
beyond prior results, providing data above T = 1J and below T = 0.5J .
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transition is however completely not visible in the experimental data. The general shape of
the data points also generally deviates from the signature of the simulated curve for both system
sizes simulated. Where the data points do overlap with the simulation curves, they overlap over
a large range of T/J values. Given that the investigated temperature range correspond well
to the observations we have previous made in section 5.1, this incongruence is unlikely to be
explained by finite temperature effects.

As such, close comparison between the simulation results and experimental data for the parity-
projected average rung correlator C̄rung strongly indicates that the experimentally realized state
is not a finite-temperature state.
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Chapter 6

Conclusion and Outlook

6.1 Summary

Scientific Results In this thesis, we have systematically investigated the experimental cur-
rent measurement protocol as proposed by Kessler and Marquardt [16], both analytically and
numerically, for a system of soft-core bosons. By explicitly re-deriving the expressions used for
the protocol, we could incorporate the error terms resulting from the non-bosonic commutation
relation of soft-core bosons.

The results in the previous chapter, chapter 5, provide a systematic and rigorous numerical
verification of the current measurement protocol, allowing us to have a better understanding
of the conditions under which the protocol does work. In fact, we realize that this protocol is
generally not valid for a system with soft-core bosons, and we find that:

(a) Using a finite interactionU0 during state-preparation or strictly controlling the number of
particles in the whole systemN results in initial states that work better with the protocol.

(b) In the ideal case, the number of experimentally bound states (M ) should at least be as
many as total number of particles in the system N , which may be very large for larger
systems.

(c) Parity projection results in large errors in the current measurement in all cases except in
the case of hard-core bosons, (potentially) dwarfing other sources of error.

Theoretically, one could use the condition ⟨ν̂⟩ = 0, where ν̂ is the validity observable as defined
in (2.55), to determine if the current measurement protocol will work with a given state, but it
is only a sufficient but not necessary condition for the current measurement protocol to work.
A more robust but computationally expensive way would be to determine the exact subspaces
in which the protocol works by calculating explicitly the first term in equation (2.52).

Without improved characterisation of experimental parameters such as the local Hilbert space
(e.g. in terms of the depth of the potential) in relation to the number of particles N , there are
simply too many confounding error sources. Consequently, isolating finite-temperature effects
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to assess their specific contribution to the current measurement error is very challenging. The
fact that only parity-projected occupations can be measured also results in a significant loss of
information that cannot easily be accounted for.

To circumvent the limitations of the current measurement protocol, we also performed finite-
temperature matrix product state (MPS) simulations of the rung correlator for a larger (6× 2)
and a (10× 2) system. Our analysis of the results compared to the experimental data provided
strong evidence that the experimentally realised state by Impertro et al. [15] is not a thermal
state. Here, we observe from our simulation data that signatures of the rung correlator do
indeed get weaker with increasing temperature, which is consistent with what we expect of a
high-temperature state.

All in all, at least with the available data, we conclude that the state realised in the experiments
of Impertro et al. [15] is very likely neither a ground state, nor a thermal state, but rather a
non-equilibrium state.

Technical Results Besides scientific results, we have also developed a well-tested and robust
numerical toolkit in Python for investigating the physics of bosonic flux ladders. The toolkit
produces not just exact results for smaller systems using exact diagonalisation (ED) techniques
(using both dense and sparse representations), but also approximate results for larger system
using MPS techniques.

Furthermore, the toolkit provides a unified interface across ED and MPS backends, allowing
high-level scripts to easily switch between the two backends based on the requirements of
the task at hand. Given the various levels of abstraction and modularisation, the code is also
expected to be easy to maintain, should it be useful in other contexts.

By exploiting fixed-N symmetries, we were able to use ED techniques to reach system sizes of
up to (6 × 2), with a local maximum occupation per site of M = 3 (i.e. four states per site),
which is equivalent to a system of Nspin = 24 spins. For MPS calculations using the SyTen
toolkit [59, 60], thermal states for system sizes as large as (10× 2) (40 sites due to purification)
were calculated for results in this thesis.

6.2 Outlook
The work in this thesis provide a solid foundation for future work in the field of bosonic flux
ladders, and in general, ultracold atoms in optical lattices, especially in the context of current
measurements.

Given that we cannot describe our experimentally realised state as a thermal state or a ground
state, the next natural step is to use an open quantum system approach to describe the system.
We do note that however, the Davies map [86, 87] does not work as the spectrum of our Hamilto-
nian is degenerate. In that regard, it could also be useful to investigate the impact on our states
if we take into account the characterised finite residual hopping strength from our ladder to
neighbouring ladders.



6.2 Outlook 55

At the same time, we can continue to push our MPS calculations to even larger system sizes
that require more compute time so that we can provide a better understanding of the impact of
system size on our observables, e.g. the rung correlator.

In the specific context of measuring current, further characterisation of the experimental system
with regard to the size of the local Hilbert space on each site, potential depth and the number of
particles would provide much deeper insights into the sources of errors in the system. We can
further complement this by calculating the first term of (2.52) explicitly for different M -values
to determine the subspaces in which the current measurement protocol works reliably.

Finally, the analysis of the current measurement protocol could also easily be expanded to larger
system sizes by generating the state using MPS methods, and then taking the partial trace of
the state over all sites except for the double-well that we are interested in. We can then feed this
double-well state into the ED solver and run numerical analyses using ED, thereby allowing us
to combine the strengths of both methods into a single calculation.

The codes used in this thesis are made available for archival purposes at [88].
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Appendix A

Building Global Single-Site Projectors
from Operators Exclusively

Due to the nature of quantum gas microscopes for experimental realisations of ultracold atoms,
direct experimental measurements of local occupations is limited to a parity projection (see
section 3.2). To simulate that, we utilise single-site projectors P̂ (r,l)

m as defined in Equation 4.2:

P̂
(r,l)
0 = |0⟩(r,l)⟨0|(r,l) =

(
b̂(r,l)

)M(
n̂(r,l)

)(
b̂†(r,l)

)M

M ·M !
, (A.1)

and recursively for m = 1, 2, . . . ,M :

P̂ (r,l)
m = |m⟩(r,l)⟨m|(r,l) =

b̂†r,l P̂
(r,l)
m−1 b̂r,l

m
. (A.2)

Here, M is the maximum occupation per site. Although irrelevant to the simulations done in
this thesis, do note that if the local occupation per site is unbounded, then this expression would
not work.

Motivation
The usual way of making a global single-site projector is to start with a local single-site pro-
jector, and then expanding this single-site project into a global operator. Unfortunately, doing
this would require higher-level code (my code, i.e. FluxLadder_ED and FluxLadder_MPS) to
know how the exact representation of a state / projector looks like (libraries that my code uses,
i.e. pyten and evos), and does not respect the abstraction that was built into the simulation
code.

To motivate this abstraction further: Given some Hilbert space H, we represent states |vi⟩ ∈ H
using vectors v⃗i ∈ Cdim(H) in exact diagonalisation (ED) code. This mapping between H and
Cdim(H) is not unique and may be arbitrarily chosen. While many people choose reasonable
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mappings, it can still be ambiguous. For example, in a two-level system with |0⟩ and |1⟩, both
of the following mappings are equally valid:

• |0⟩ =
(
0
1

)
, |1⟩ =

(
1
0

)
• |0⟩ =

(
1
0

)
, |1⟩ =

(
0
1

)

To add contribute further to the ambiguity, in a many-body quantum system, the global state
or operator would be constructed via a tensor product of local site-specific components. The
final representation thus implicitly depends on some predefined ordering of the sites (e.g. left-
to-right, or right-to-left). While this ordering is pre-defined, taking it into account outside of
the underlying library can be error-prone.

It is thus best to leave the concrete representation to the libraries itself, and only use the oper-
ators and states from the library in an abstract manner.

Deriving the expression for the projector
We may write a local particle number operator as such:

n̂(r,l) =
M∑

n=0

n |n⟩⟨n| =����0 |0⟩⟨0|+ 1 |1⟩⟨1|+ . . .+M |M⟩⟨M | , (A.3)

where |i⟩⟨i| , i ∈ N0, i ≤M refers to the global single-site projector to the state |i⟩(r,l).

Upon application of b̂(r,l) on the left and b̂†(r,l) on the right, we obtain:
(
b̂(r,l)

)(
n̂(r,l)

)(
b̂†(r,l)

)
= 1(1) |0⟩⟨0|+ 2(2) |1⟩⟨1|+ . . .+M(M) |M − 1⟩⟨M − 1| . (A.4)

Applying b̂(r,l) on the left and b̂†(r,l) on the right again yields:
(
b̂(r,l)

)2(
n̂(r,l)

)(
b̂†(r,l)

)2
=

��������
b̂(r,l) |0⟩⟨0| b̂†(r,l) + 2(2)(1) |0⟩⟨0|

+ . . .

+M(M)(M − 1) |M − 2⟩⟨M − 2| . (A.5)

After successively applying the operators M times, we obtain the following:
(
b̂(r,l)

)M(
n̂(r,l)

)(
b̂†(r,l)

)M
=M(M !) |0⟩⟨0| . (A.6)

Dividing the coefficient on both sides of the equation, we obtain exactly Equation A.1:
(
b̂(r,l)

)M(
n̂(r,l)

)(
b̂†(r,l)

)M

M ·M !
= |0⟩⟨0| . (A.7)
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From there, we can simply recursively apply b̂†(r,l) on the left and b̂(r,l) on the LHS of the expres-
sion (A.7) to obtain projectors for higher occupations. Since the application of the operators
also results in an additional factor m, we have to normalise the resulting operator with 1/m to
obtain the expression in Equation A.2.
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Appendix B

Derivation of the Definition for the Local
Particle Current on a Site

The expressions for the local currents on each site may be derived from a couple of basic con-
cepts and equations. In particular, we make use of the continuity equation together with the
Heisenberg equation of motion for our derivation. This appendix expands upon the short ex-
planation in Section D of the supplementary information of Impertro et al. [19] and presents the
derivation in more details for future reference, allowing us to clarify any implicit assumptions
that went into the definition of the current operator in its popular current form.

(r − 1, l − 1)

(r, l− 1)

(r + 1, l − 1)

(r − 1, l)

(r, l)

(r + 1, l)

(r − 1, l + 1)

(r, l+ 1)

(r + 1, l + 1)

Figure B.1: Sketch of the square lattice
around the site (r, l), showing the current
from its nearest neighbours.

We start with the Hamiltonian presented in Equation
(2.11) in the thesis. In order to have a more general de-
scription, we expand the system into a generic lattice
of sites, as we see in Figure B.1. This way, we can ex-
plore all four directions a particle at a site (r, l)may hop
to. In particular, this description encompasses both the
case where the site is on the upper leg (i.e. l = 0 and
there is only coupling to the site below), and the case
where the site on the lower leg (i.e. l = 1 and there is
only coupling to the site above).

Using this expanded lattice, the Hamiltonian becomes
the general Hofstadter-Bose-Hubbard (HBH) Hamiltonian in the rung gauge:

Ĥ ′HBH =

1 Hopping along legs

− J
∑

r,l

(
b̂†(r,l)b̂(r+1,l) + h.c.

)
2 Hopping along rungs

− J⊥
∑

r,l

(
e−irφ · b̂†(r,l)b̂(r,l+1) + h.c.

)

+

3 On-site interaction

∑

r,l

U0

2

[
n̂(r,l)

(
n̂(r,l) − 1

)]
, (B.1)
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where J and J⊥ are the tunnelling amplitudes along the legs and the rungs respectively, and
U0 the on-site inter-particle repulsion.

Since the system has a U(1) symmetry with respect to the total particle number over the whole
lattice, it follows from the conservation of particles that we can use the continuity equation
to obtain the definition of the current operator. We start with the continuity equation in its
differential form:

∂

∂t
n̂(r,l)[H] +∇ · Ĵ(r,l)[H] = 0 , (B.2)

where Ĵ(r,l)[H] =
(
ĵleg: (r,l)[H], ĵrung: (r,l)[H]

)T
is the particle current operator vector, and n̂(r,l)[H] is

the particle number operator. Here, we are in the Heisenberg picture in which it is the observ-
ables and not the states that evolve in time. This is denoted by the subscript [H]. We note that
in this case, the continuity equation differs slightly from that used in Impertro et al. [19] and
Kessler and Marquardt [16].

Divergence of Current Since we have a discrete lattice, the second term gives the discrete

divergence of the current operator. We may then use the method of finite difference to write
the divergence explicitly:

∇ · Ĵ(r,l)[H] =

(
∂r
∂l

)
·
(
ĵleg: (r,l)[H]

ĵrung: (r,l)[H]

)
= ∂r

(
ĵleg: (r,l)[H]

)
+ ∂l

(
ĵrung: (r,l)[H]

)

=
ĵleg: (r+1,l)[H] − ĵleg: (r,l)[H]

∆r
+
ĵrung: (r,l+1)[H] − ĵrung: (r,l)[H]

∆l
, (B.3)

Since ∆r = ∆l = 1, (B.2) becomes:

∂

∂t
n̂(r,l)[H] +

(
ĵleg: (r+1,l)[H] − ĵleg: (r,l)[H] + ĵrung: (r,l+1)[H] − ĵrung: (r,l)[H]

)
= 0 (B.4)

Heisenberg Equation of Motion On the other hand, we know from the Heisenberg equa-
tion of motion [46] that for an operator like n̂(r,l)[S] = b̂†(r,l)[S]b̂(r,l)[S] that has no explicit time-
dependence in the Schrödinger picture, we can write its time-derivative in the Heisenberg pic-
ture as:

d

dt
n̂(r,l)[H] =

i

ℏ

[
Ĥ ′HBH,[H], n̂(r,l)[H]

]
+

���
���

��(
d

dt
n̂(r,l)[S]

)

[H]

. (B.5)

At this point, we make the observation that although time-independent (Schrödinger picture)
and time-dependent (Heisenberg picture) operators generally differ, their functional forms re-
main identical, for example for the particle number operator:

n̂(r,l)[S] = b̂†(r,l)[S]b̂(r,l)[S] → n̂(r,l)[H](t) = b̂†(r,l)[H](t)b̂(r,l)[H](t) .
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Most importantly, the equal-time commutation relations are preserved, for example:
[
b̂(r,l)[S], b̂

†
(r,l)[S]

]
= 1 . ⇔

[
b̂(r,l)[H](t), b̂

†
(r,l)[H](t)

]
= 1

As such, the commutator in (B.5) may be easily calculated. Given that n̂(r,l)[H] = b̂†(r,l)[H]b̂(r,l)[H],
we find that
[
b̂(s,m)[H], n̂(r,l)[H]

]
= b̂(s,m)[H]δsrδlm and

[
b̂†(s,m)[H], n̂(r,l)[H]

]
= −b̂†(s,m)[H]δsrδlm . (B.6)

Calculating the commutator
[
Ĥ ′HBH,[H], n̂(r,l)[H]

]
, we see that only terms 1 and 2 of equation

(B.1) are relevant, since the last term commutes with n̂(r,l)[H]. Furthermore, the commutator
also vanishes for any term that does not contain at least one factor with the indices (r, l). This
allows us to simplify the expression to obtain:

− 1

J

[
1 , n̂(r,l)[H]

]
=
(
−b̂†(r,l)[H]b̂(r+1,l)[H] + h.c.

)
+
(
b̂†(r−1,l)[H]b̂(r,l)[H] − h.c.

)
, (B.7)

− 1

J⊥

[
2 , n̂(r,l)[H]

]
=
(
−e−irφ · b̂†(r,l)[H]b̂(r,l+1)[H] + h.c.

)
+
(
e−irφ · b̂†(r,l−1)[H]b̂(r,l)[H] − h.c.

)
.

(B.8)

Substituting Terms Since the positionx = (r, l) is generally independent of time t, it follows
that:

d

dt
n̂(r,l)[H] =

∂

∂t
n̂(r,l)[H] , (B.9)

and we can replace the first term in (B.4) with the LHS of (B.5). Substituting (B.7) and (B.8) back
into the RHS of (B.5), we obtain:

d

dt
n̂(r,l)[H] =

iJ

ℏ

[(
b̂†(r,l)[H]b̂(r+1,l)[H] − h.c.

)
−
(
b̂†(r−1,l)[H]b̂(r,l)[H] − h.c.

)]

+
iJ⊥
ℏ

[(
e−irφ · b̂†(r,l)[H]b̂(r,l+1)[H] − h.c.

)
−
(
e−irφ · b̂†(r,l−1)[H]b̂(r,l)[H] − h.c.

)]

(B.10)
!
= −ĵleg: (r+1,l)[H] + ĵleg: (r,l)[H] − ĵrung: (r,l+1)[H] + ĵrung: (r,l)[H] (B.11)

We now set ℏ = 1 and assign each term in (B.11) to its corresponding term in (B.10). Based
on the creation/annihilation operators that make up each term in the definition of the current
operators, we can also deduce which pair of sites the current is defined between:

ĵleg: (r+1,l)⟨↔(r,l)⟩[H] = −iJ
[
b̂†(r,l)[H]b̂(r+1,l)[H] − h.c.

]
, (B.12)

ĵrung: (r,l+1)⟨↔(r,l)⟩[H] = −iJ⊥
[
e−irφ · b̂†(r,l)[H]b̂(r,l+1)[H] − h.c.

]
. (B.13)
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Now, we adopt a current direction convention that differs from many publications, following
instead that used by Buser [24], and set the current direction in the above definitions to be
(r+1, l) → (r, l) and (r, l+1) → (r, l) respectively. This choice has the advantage of yielding
a positive expression where the b̂†(r,l) term appears first.

As such, we may reverse the direction of the currents above and drop the [H] subscript (since
their functional form remains the same in both pictures) to obtain our definitions of the particle
currents:

ĵleg: (r,l)→(r+1,l) = iJ
[
b̂†(r,l)b̂(r+1,l) − h.c.

]
, (B.14)

ĵrung: (r,l)→(r,l+1) = iJ⊥
[
e−irφ · b̂†(r,l)b̂(r,l+1) − h.c.

]
. (B.15)

The convention corresponding to this definition is illustrated in Figure B.1.



Appendix C

Additional Calculations: Current
Measurement Protocol with Soft-Core
Bosons

In section 2.3, we explored the fact that the bosonic commutation relations do not hold for soft-
core bosons. At the same time, we saw in section 2.4 that commutators play a significant role
in the derivation of the current measurement protocol. This appendix acts as a continuation of
the last part of the above-mentioned section and document some additional computer-assisted
calculations.

First, let us recap some key definitions. With finite dimensions, the commutation relation for
the creation and annihilation operators for some site q is:

[b̂q, b̂
†
q] = 1̂ + δ̂q where δ̂q = −(M + 1) |M⟩q⟨M |q , (C.1)

as defined in (2.33). We assume that a double well of sites k and l has a tight-binding Hamilto-
nian (i.e. no on-site interactions):

Ĥhop = −
(
J̃ b̂†kb̂l + h.c.

)
= i|J̃ |

(
b̂†→b̂← − b̂†←b̂→

)
, (C.2)

where J̃ is some possibly-complex hopping amplitude between the two sites, and b̂→ and b̂←
are the annihilation operators of the current operator

ĵk→l = i
[
J̃ b̂†kb̂l − J̃∗b̂†l b̂k

]
= |J̃ |

(
b̂†→b̂→ − b̂†←b̂←

)
. (C.3)

Under this Hamiltonian, we may calculate the time evolution of our operators b̂→/← using the
Heisenberg equation of motion. The additional error term δ̂q, q ∈ { k, l } in the bosonic com-
mutator results in a set of coupled first-order differential equations (2.52) that cannot be easily
decoupled:

d

dt
b̂→/← =

i

ℏ

[
Ĥhop, b̂→/←

]
= −|J̃ |

ℏ


± δ̂l − δ̂k

2
b̂→/← ∓

(
1̂ +

δ̂l + δ̂k
2

)
b̂←/→


 , (C.4)
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While we were already able to draw our conclusions from this result, we can go a step further
and use computer-assisted calculations to solve our system. Using Mathematica [89], we obtain
the following solution:

b̂→(t) =
e−iKtÂ

4Â

[
i
(
e2iKtÂ − 1̂

)(
δ̂l − δ̂k

)
+ 2Â

(
e2iKtÂ + 1̂

)]
· b̂→(0)

−
ie−iKtÂ

(
e2iKtÂ − 1̂

)
(2 + δ̂l + δ̂k)

4Â
· b̂←(0), (C.5)

b̂←(t) =
ie−iKtÂ

(
e2iKtÂ − 1̂

)
(2 + δ̂l + δ̂k)

4Â
· b̂→(0)

+
e−iKtÂ

4Â

[
i
(

1̂ − e2iKtÂ
)(

δ̂l − δ̂k

)
+ 2Â

(
e2iKtÂ + 1̂

)]
· b̂←(0) , (C.6)

where K = |J̃ |
ℏ and Â =

√
(1̂ + δ̂l)(1̂ + δ̂k).

Here, it is important to point out that in general,
[
δ̂q, b̂→/←

]
̸= 0 for q ∈ { k, l } . (C.7)

Unfortunately, Mathematica could not solve the ODE if we use the operator ** (non-commu-
tative multiply) in place of the operator * (commutative multiply) between δ̂q and b̂→/←. Nev-
ertheless, intuition suggests that this result remains correct: the coefficients are always to the
left of the variables b̂→/←, and the coefficients commute within themselves. More verification
is however required to understand the effects of the non-commutativity on the solution of this
set of coupled differential equations.

Since (1̂ + δ̂l)(1̂ + δ̂k) is diagonal with all (and only) its diagonal elements being non-zero,
its square-root Â is well-defined by taking the square-root along the diagonal elements. As
such, the inverse (written here as 1/Â) is also well-defined. In all cases, Â is diagonal, and
[Â, b̂k] = [Â, b̂l] = 0.

Due to the complexity of the algebraic expressions and the need to take into account trigono-
metric identities, we may leverage the Large Language Model (LLM) DeepSeek (DeepThink R1)
[90] to simplify the above expressions, obtaining:

b̂→(t) =

(
cos
(
KtÂ

)
− δ̂l − δ̂k

2Â
sin
(
KtÂ

))
b̂→(0) +

(
21̂ + δ̂l + δ̂k

2Â
sin
(
KtÂ

))
b̂←(0)

(C.8)

b̂←(t) =

(
−21̂ + δ̂l + δ̂k

2Â
sin
(
KtÂ

))
b̂→(0) +

(
cos
(
KtÂ

)
+
δ̂l − δ̂k

2Â
sin
(
KtÂ

))
b̂←(0)

(C.9)
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We can now substitute (C.8) and (C.9) into (2.41) to understand the effect of the error term δ̂ on
the current measurement protocol. However, since [δ̂q, b̂→/←] ̸= 0 for q ∈ { k, l }, simplification
of the expression is non-trivial.

For future work, we could employ numerical methods to simulate the dynamics and then com-
pare it with the analytical results presented above from Mathematica to empirically check if the
dynamics are correctly described by the symbolic expressions. Alternatively, we could employ
more advanced analytical techniques to solve for the differential equations. If the above results
prove to be correct, then it might be helpful to calculate the resultant evolution

(
n̂k(t)− n̂l(t)

)

and understand whether it is possible to measure the current ĵk→l in the presence of the error
term δ̂q.
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Appendix D

Complete Results: Evolution of Current
Operator Eigenstates in a Double Well

In this appendix, we simply document the full results from the double-well analysis for soft-
core bosons performed in Figure 5.4, including those already included in the main text. Please
refer to section 5.2 for interpretation of the main results.

Maximum Occupation per Site M = 2
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ĵleg: 0→1 Eig. value j = 2 (Max/Site = 2, J/J⊥ = 2)



70 D. Complete Results: Evolution of Current Operator Eigenstates in a Double Well
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ĵleg: 0→1 Eig. value j = −2 (Max/Site = 4, J/J⊥ = 2)

Note: here we skip the results for the eigenvalue j = 0 as there are five eigenstates, all of which
did not evolve in time.
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|2, 1〉+

√
3
8
i|3, 0〉 ⇒ 〈ν̂〉 = 0

U0 = 0: msmt = 2

U0 = 0: predicted evo.
U0 = 0 (PP): msmt = −1.98

U0 = 5J : msmt = 0.321

U0 = 5J (PP): msmt = 0.188

〈ĵ0→1(t = 0)〉 = 2
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1
〉
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2
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2
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U0 = 0: msmt = 2

U0 = 0: predicted evo.
U0 = 0 (PP): msmt = 2

U0 = 5J : msmt = 2

U0 = 5J (PP): msmt = 2

〈ĵ0→1(t = 0)〉 = 2

ĵleg: 0→1 Eig. value j = 2 (Max/Site = 4, J/J⊥ = 2)
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ĵleg: 0→1 Eig. value j = 8 (Max/Site = 4, J/J⊥ = 2)
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Appendix E

Generating Occupations for a Fixed-N
Subspace

As we have previously explored in subsection 4.4.1, it is useful and important to be able to work
in a fixed-N subspace, especially since the flux ladder Hamiltonian conserves the number of
particles N . This not just greatly increases the efficiency of our code and allows us to reach
larger system sizes purely with exact diagonalisation (ED), but also allows us to easily simulate
the experimental condition where the number of particles in the system is fixed.

Let the system that we are interested in have G sites, each with a maximum occupation of
M . Then, we can create the transformation matrix T of N -particle basis states as described
in subsection 4.4.1. To generate the N -particle basis states, we build up occupation arrays by
traversing a pruned (M + 1)-ary tree of depth G + 1, with the vacuum state |∅⟩ as the root.
Each node at depth k + 1 corresponds to a partial occupation array [n0, n1, . . . , nk−1] for the
first k sites, and has (M + 1) children corresponding to occupation values 0 to M for the
next site k. As such, each path down the tree represents a possible occupation configuration
of the system’s G sites. By doing a breadth-first traversal, we can prune the tree when the
cumulative particle count along a path exceeds N , or when N particles are reached (even if
sites remain). Each valid path is saved as an array and right-padded with zeros if the depth of
the path is less than G. This results in a list of arrays, each representing a valid occupation
configuration with exactly N particles. We then convert these occupation arrays to Fock states
using the get_fock_state(occupations) method described in section 4.4, which returns the
corresponding state array.

This is a modification of the well-established multi-ary tree for combinatorics [91]. A minimum
working example in Python is provided in source code E.1.

To check if we have generated the correct number of basis states, we calculate the expected
number of basis states as a classic problem of stars and bars [91], but with a constraint on the
maximum occupancy. As such, this problem can be mapped to that of finding the coefficient of
expansion of the xN term in f(x) = (x0 + ..+ xM)G.
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1 import numpy as np
2

3 def generate_basis_states_occups_N(N: int, M: int, G: int) -> List[np.ndarray]:
4 """Generate the occupations that give a total of N particles
5

6 Args:
7 N (int): Target particle number
8 M (int): Maximum occupation per site
9 G (int): Total number of sites

10

11 Returns:
12 List[np.ndarray]: List of occupations
13 """
14 def _grow(arrays: List[np.ndarray], _results: List[np.ndarray] = []) ->

List[np.ndarray]:↪→

15 next_arr = []
16 for occ in arrays:
17 s = np.sum(occ)
18 if s == N:
19 _results.append(occ) # store valid occ into accumulator
20 if s < N and len(occ) < G: # continue
21 next_arr += [np.append(occ, _i) for _i in range(M + 1)]
22

23 if len(next_arr):
24 return _grow(next_arr, _results)
25 return _results
26

27 # we may also optionally cache the results
28 _results = _grow(next_arr)
29 return [occ_pad_zeros(combi, G) for combi in _results]
30

31 def occ_pad_zeros(combi_arr: np.ndarray, G: int) -> np.ndarray:
32 """Pad zeros at the back of an occupational array
33

34 Args:
35 combi_arr (np.ndarray): Combination array
36 G (int): Total number of sites
37

38 Returns:
39 np.ndarray: combination
40 """
41 ret = np.zeros(shape = (self.L,), dtype = np.int_)
42 ret[:len(combi_arr)] = combi_arr
43 return ret

Source Code E.1: Generating N -particle basis states using a pruned multi-ary tree.
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Since each term (x0 + ..+ xM) is a geometric series, we can rewrite f(x) as:

f(x) =
(
x0 + ..+ xM

)G
=

(
1− xM+1

1− x

)G

= (1− xM+1)G · (1− x)−G . (E.1)

Using the (negative) binomial theorem, we have:

f(x) =

[
G∑

k=0

(−1)k
(
G

k

)
xk(M+1)

]
·
[ ∞∑

q=0

(
G+ q − 1

q

)
xq

]
. (E.2)

As such, to obtain the exponent N of the xN -term, the condition k(M + 1) + q
!
= N must be

fulfilled. Since we can define a unique q that is relevant for each unique kwith q = N−k(M+1),
we can calculate the coefficient CN of xN as:

CN =
G∑

k=0

(−1)k
(
G

k

)(
G+N − k(M + 1)− 1

N − k(M + 1)

)

=
G∑

k=0

(−1)k
(
G

k

)(
G+N − k(M + 1)− 1

G− 1

)
, (E.3)

with the condition k(M + 1) ≤ N

A minimum working example in Python for the above calculation may be found in source
code E.2.
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1 import scipy.special.comb
2

3 def count_basis_states_N(N: int, M: int, G: int) -> int:
4 """
5 Calculate the number of ways to distribute N particles among L sites with maximum

occupancy M.↪→

6

7 Args:
8 N (int): Total number of particles
9 M (int): Maximum occupation per site

10 G (int): Total number of sites
11

12 Returns:
13 int: Number of possible arrangements i.e. the number of Fock Basis States

with N particles↪→

14 """
15

16 # Check if the problem is possible
17 if N > G * M or N < 0:
18 return 0
19

20 xn_coeff = 0
21 for k in range(G):
22 # Condition is that (G + N - k(m+1) - 1) >= (G - 1) \equiv k(m+1) <= N
23 if k*(M+1) > N:
24 break
25

26 _sign = 1 if k % 2 == 0 else -1
27

28 term_1 = scipy.special.comb(G, k, exact = True)
29

30 _n = G + N - k*(M+1) - 1
31 _r = G - 1
32 term_2 = scipy.special.comb(_n, _r, exact = True)
33

34 xn_coeff += _sign * term_1 * term_2
35

36 return xn_coeff

Source Code E.2: Calculating the number of N -particle basis states by finding the coef-
ficient of expansion of the xN term in (x0 + ..+ xM )G.
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Indexing

We document here how the indexing is implemented in the case of a system with or without
periodic boundary conditions. Here, we intentionally include input validation in the code as an
example of how we can ensure the correctness of our code, and allow easy debugging should
we make a mistake somewhere else.

1 import numpy as np
2

3 def get_index(r: int | np.ndarray, l: int | np.ndarray, rungs: int, legs: int, PBC:
bool) -> int | np.ndarray:↪→

4 """0-indexed, Maps the site index (r, l) to the corresponding (linear) index in
the lattice↪→

5

6 For the PBC case, we investigate the properties of the ring.
7 See the code comment for more information.
8

9 Args:
10 r (int): rung-index
11 l (int): leg-index
12 rungs (int): number of rungs
13 legs (int): number of legs
14 PBC (bool): periodic boundary conditions
15

16 Returns:
17 int: index in the lattice
18 """
19 # Check if within range
20 if isinstance(r, np.ndarray) and isinstance(l, np.ndarray):
21 # https://stackoverflow.com/a/10542347/3211506
22 if not np.all((0 <= r) & (r < rungs)) or not np.all((0 <= l) & (l < legs)):
23 raise IndexError(f"(r, l) out of range, (maxr, maxl) = ({rungs-1},

{legs-1})")↪→

24 if r.shape != l.shape:
25 raise TypeError(f"r and l must have the same shape")
26 elif isinteger(r) and isinteger(l):
27 if not (0 <= r < rungs and 0 <= l < legs):
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28 raise IndexError(f"(r, l) = ({r}, {l}) out of range, (maxr, maxl) =
({rungs-1}, {legs-1})")↪→

29 else:
30 raise TypeError(f"r and l must be integers or numpy array of integers")
31

32 if not PBC:
33 return r * legs + l
34 else:
35 def _calc_idx(r, l):
36 arr_idx = 0
37

38 # We map this to the single ring case, and then extend it
39 # See drawings for more information
40 # Doing the snake means if that if split the ring down the middle, we get

1 3 5 7 ... on one side↪→

41 # and 2 4 6 ... on the other side (but in the returning direction)
42 # So we do a case differentiation to check which side of the ring a

particular node is↪→

43 # then map it accordingly
44

45 # To obtain the mapping for the ladder case (i.e. legs > 1), we just need
to multiply the indices↪→

46 # by the number of legs, as the pattern is the same, just that the
increments goes in multiples of↪→

47 # numlegs
48

49 # do the rungs (x-coord)
50 if 0 < r <= (rungs // 2):
51 arr_idx = 2*r - 1
52 elif r > (rungs // 2):
53 arr_idx = 2*(rungs - r)
54

55 arr_idx *= legs
56 arr_idx += l # y-coord
57

58 return arr_idx
59

60 if isinteger(r) and isinteger(l):
61 return _calc_idx(r, l)
62 elif isinstance(r, np.ndarray) and isinstance(l, np.ndarray):
63 # See also https://stackoverflow.com/a/2704693
64 return np.vectorize(_calc_idx)(r, l)
65

66 def get_rl(self, idx: int, rungs: int, legs: int, PBC: bool) -> Tuple[int, int]:
67 """0-indexed, inverse function of get_index(r, l)
68

69 Args:
70 idx (int): lattice index
71 rungs (int): number of rungs
72 legs (int): number of legs
73 PBC (bool): periodic boundary conditions
74
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75 Returns:
76 Tuple[int, int]: (r, l)
77 """
78

79 if not (0 <= idx < rungs*legs):
80 raise IndexError(f"idx = {idx} out of range, max_idx = ({(rungs * legs) -

1})")↪→

81

82 _l = idx % legs
83

84 if not PBC:
85 _r = idx // legs
86 else:
87 _x = idx // legs
88 _r = (rungs - _x//2) if (_x % 2 == 0) else (_x//2 + 1)
89

90 return (_r, _l)
91

92 def isinteger(obj: any) -> bool:
93 if not isnumber(obj):
94 return False
95

96 try:
97 return float(obj).is_integer()
98 except TypeError:
99 return False
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86 Acronyms and Glossary

Acronyms

DMRG density matrix renormalisation group. 31
ED exact diagonalisation. 3, 21, 23–25, 27, 29, 31, 35, 36, 47–50, 54,

55, 57, 77

GSE global subspace expansion. 33, 48

HBH Hofstadter-Bose-Hubbard. 2, 19, 62

LSE local subspace expansion. 33, 48

MPO matrix product operator. 31

MPS matrix product state. 3, 4, 23–25, 31, 33, 35, 47–50, 54, 55
s.e.m. standard error of the mean. 36, 50

SVD singular value decomposition. 31
TDVP time-dependent variational principle. 33, 47, 48

1TDVP single-site time-dependent variational principle. 33
TEBD time-evolving block-decimation. 33

Glossary

method A method is a named sequence of instructions, also known as
a subroutine or a function, that performs a specific task. This
differs from the generic definition of a method (= methodology)
as a procedure or process for achieving a specific goal.. 24–29,
32
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