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 A B S T R A C T

The traditional methodology used for the exact simulation of stochastic volatility models based on the Gil–
Pelaez formula presents implementation problems that are observed by many researchers and practitioners. In 
particular, although conventionally considered exact, such a method presents a difficult control of the error. 
The bias of the Monte Carlo simulation estimator can only be computed numerically and is controlled by two 
parameters, typically determined by running time-consuming simulations under different tuning parameter 
configurations until an optimal setup is found. In this paper, we propose a new exact simulation scheme based 
on the Fourier-cosine method, which approximates a probability density given the characteristic function as 
follows: the density is truncated on a finite interval, and approximated by a classical Fourier-cosine series. 
The method allows full error control via an effective automatic identification of the tuning parameters given a 
user-supplied error tolerance. The new approach offers the following advantages: improved control of the error, 
simplified implementation, and reduction in computing time. The error is controlled by only one parameter 
instead of two. This parameter has a clear interpretation: it is the maximum tolerable bias. This facilitates the 
implementation, since the maximum bias becomes an input of the simulation algorithm, instead of an output, 
and can be set a priori, before running simulations. Our analysis shows that the proposed exact simulation 
scheme is computationally faster than the traditional one, and presents an improved speed-accuracy profile 
with respect to alternative state-of-the-art fast approximated sampling schemes.

1. Introduction

Exact simulation of stochastic volatility models is a standard and important topic at the frontier of finance and operations research (see Fabozzi 
et al., 2025, Section 2.4). Broadie and Kaya (2006) first showed that the full transition (variance and log-returns) can be simulated exactly under the 
Heston model. Since their seminal paper, authors proposed exact simulation schemes for alternative option pricing models like the 3/2 (Baldeaux, 
2012), 4/2 (Grasselli, 2017), SABR (Cai et al., 2017), Wishart (Kang et al., 2017), Ornstein–Uhlenbeck (Brignone, 2024; Li & Wu, 2019), Hull and 
White (Brignone & Gonzato, 2024) stochastic volatility models. In addition, Zeng et al. (2023) proposed a general framework for exact simulation 
and showed that also time changed Lévy models with stochastic volatility can be simulated exactly.

Developing exact simulation schemes is very important for several reasons summarized next (we refer to Broadie & Kaya, 2006 for more details 
and additional motivations). When using simulation schemes based on time discretization (e.g., Euler), the bias depends on the number of time 
steps and cannot be quantified a priori. Since the bias is unknown, the standard error may be a poor estimate of the actual error, causing serious 
problems when computing the prices of derivative securities. Moreover, the convergence rate for exact simulation schemes is 𝑂(𝑠−1∕2), where 𝑠
is the total computational budget, against the 𝑂(𝑠−1∕3) convergence of the Euler scheme. It is worth noting that some error is introduced in the 
exact simulation since it requires numerical inversion of characteristic functions. Thus, the term ‘‘exact’’ may sound misleading. However, following 
standard literature (e.g., Broadie & Kaya, 2006; Kang et al., 2017; Li & Wu, 2019), we still refer to such methodology, as well as our new proposed 
methodology, as exact.

Despite their theoretical appeal, exact simulation schemes for stochastic volatility models suffer from several drawbacks that have limited their 
use in practice. The main problem is that for each simulation one has to simulate a random variable (typically, the log-returns conditional on the 
terminal variance level) given only the knowledge of its characteristic function. This is not trivial and is done by inverting the characteristic function 
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to the cumulative distribution function based on the Poisson summation formula by Abate and Whitt (1992) and generating a random sample by 
inverse transform method, implemented via root-finding algorithms. First, the method becomes relatively slow since the numerical inversion must 
be implemented for each simulation. Moreover, the conditional characteristic function must be evaluated during the root finding algorithm. This 
dramatically increases computing times, especially in those models where the characteristic function is computationally expensive (e.g., because 
it is given in terms of special functions). Second, despite conventionally considered ‘‘exact’’, the method leads to two distinct sources of error: (𝑖)
discretization error, due to the necessity of computing fast and accurately some integrals with highly oscillating integrands; (𝑖𝑖) truncation error, 
due to the necessity of truncating the infinite sum involved in the Poisson summation formula. Additionally, it is not possible to establish how the 
truncation and discretization errors contribute to the bias of the Monte Carlo simulation estimator. Consider, for example, the problem of pricing 
a European option, how do discretization and truncation errors impact the option price obtained via exact simulation? It is not easy to answer this 
question. The only way is to compute the option price via exact simulation for different values of the parameters controlling the truncation and 
discretization errors and compare with a true reference price (which could be potentially unknown). We refer to Kang et al. (2017, Tables 3 and 4) 
and Li and Wu (2019, Table 1) for concrete examples. The authors compute the approximation error of ‘‘exact’’ sampling schemes under different 
models and parameter settings and for different values of the parameters controlling the error. They find that (𝑖) the approximation error can be 
very large; (𝑖𝑖) the optimal choice of the tuning parameters is very sensitive to the change of the model parameters. Note that this procedure to 
assess the true bias when computing option prices using exact simulation is very computationally expensive because one must run the algorithms 
many times with a huge number of simulations to find the right setup. Additionally, they can estimate the approximation error because under such 
a model the price of the European option can be computed via semi-analytical methods at high accuracy. This may not be possible for different 
models or different kinds of derivative.

The scope of this paper is to develop a new exact simulation scheme for stochastic volatility models that overcomes the limitations of traditional 
exact simulation schemes, being faster and presenting improved error control. This is done by exploiting results in computational mathematics and 
statistics that were not available when the original paper by Broadie and Kaya (2006) was written. First, we invert the relevant characteristic 
function by the Fourier-cosine (COS) method (Fang & Oosterlee, 2009). The idea of the COS method is very simple, it approximates the probability 
density in three steps: (𝑖) the density is truncated at a finite interval; (𝑖𝑖) The truncated density is approximated by a classical cosine series; (𝑖𝑖𝑖)
the cosine coefficients are approximated based on the available characteristic function. Note that also Brignone (2024) and Brignone and Gonzato 
(2024) use the COS method for exact simulation. However, a notorious problem of the COS method is that the error is controlled by the domain 
truncation range and the truncation of an infinite sum. The truncation range is typically selected through the usage of the cumulants, and can 
be also considered negligible in practice, while the parameter, denoted by 𝑁 , that truncates the infinite sums involved must still be determined 
by trial and error (see Fang & Oosterlee, 2009, Figure 2, Brignone, 2024, Figure 2, Brignone & Gonzato, 2024, Figure 2). Naturally, this is not 
very efficient because one should run the algorithm several times for various 𝑁 until finding sufficient accuracy. In this paper, we consider a 
completely different approach still based on the COS method. We adapt (and significantly extend) the results in Junike and Pankrashkin (2022) 
and Junike (2024) to the context of exact sampling given the knowledge of conditional characteristic functions (conditional COS). To implement 
such an approach, it is fundamental to compute high-order moments (usually, the sixth or eighth moment) of the log-returns (conditionally on some 
other key quantities, typically, the terminal variance, as outlined below). This is far from trivial. To this end, in this paper we develop an efficient 
methodology for such purpose, extending Kyriakou et al. (2024, Algorithm 1). Finally, we perform random sampling using the inverse transform 
method as in traditional exact simulation schemes using root-finding algorithms. To speed up the computations, we propose a new methodology for 
selecting the starting points given to the solver. These are found through the quantile function of a three parameters metalog distribution (Keelin, 
2016) whose parameters are found by moment-matching. The idea is to provide to the solver starting points very close to the solution, minimizing 
the number of iterations and saving computing time.

So, what are the merits of the proposed approach? (𝑖) The error is controlled by only one parameter instead of two as in the traditional exact 
simulation method. In addition, suppose that one simulates the model with the purpose of pricing a derivative instrument. Through our approach 
the parameter controlling the error has a clear economic interpretation: it represents the maximum error tolerable when pricing an option. This 
is an evident advantage of our proposed algorithm over the traditional exact method, where it is not clear how truncation and discretization 
errors impact the accuracy of the Monte Carlo simulation estimator. Therefore, with our approach, we eliminate the necessity of ‘‘playing’’ with 
parameters controlling the error, which can be numerically expensive (see Kang et al., 2017, Tables 3 and 4, Li & Wu, 2019, Table 1, for clear 
examples). When pricing options, the final user can simply input the maximum possible distance between the (potentially unknown) option price 
and the one computed via our exact simulation scheme. Then, the algorithm automatically selects truncation range and number of terms in such a 
way that the error is smaller than the one desired by the final user, a great improvement with respect to the methods proposed in Brignone (2024) 
and Brignone and Gonzato (2024), where the latter is found by trial and error. Additionally, through our approach, due to the interpretability of 
the parameter controlling the error, by applying the central limit theorem it is possible to compute the minimal number of simulations such that 
the error is below the selected tolerable bias, this task is unattainable with the traditional exact simulation scheme. In summary, the first merit is an 
improved control of the error. (𝑖𝑖) The simulation algorithm is expected to be faster than the traditional one. This is for two main reasons. First, in 
the new algorithm it is possible to compute the characteristic function before implementing the root finding algorithm for random sampling. This 
is not attainable via the traditional exact scheme (unless introducing additional parameters controlling the error), entailing a huge computational 
saving. Second, we suggest using the metalog to find starting points for root finding algorithm. In this way, we obtain starting points that are closer 
to the final solution limiting the number of iterations needed for the root finding algorithms to converge, with an obvious computational saving. 
(𝑖𝑖𝑖) Our approach entails an elegant theoretical error control also for some kind of path-dependent derivatives, such as forward starting options, 
as discussed below.

Besides the new simulation algorithm, this paper presents some additional contributions. First, we present the proposed methodology for the 
model framework developed by Zeng et al. (2023), allowing to simulate the Heston, 3/2, 4/2 models and time changed Lévy versions. However, 
the methodology can be enhanced in the special cases of the Heston and time changed Lévy models. We show how to adapt the results in Choi and 
Kwok (2024) to enhance the simulation algorithm exploiting Poisson conditioning. Second, we show how to simulate exactly multifactor stochastic 
volatility models, such as the Heston ⨁ 3/2 model (Grasselli, 2017) and the Multi-Heston model (Christoffersen et al., 2009; Recchioni et al., 
2021), for which we propose exact simulation schemes. Third, we develop a new effective methodology for pricing forward starting options. With 
this approach, the user can select a probability 𝑞 and an error tolerance 𝜀. Then, our algorithm provides a forward starting option price that does 
not differ by more than 𝜀 from the true option price with probability 𝑞. To the best of our knowledge, this elegant and direct control of the error 
is unattainable through other methods available in the literature.
1037 



R. Brignone and G. Junike European Journal of Operational Research 328 (2026) 1036–1053 
We compare our new exact simulation scheme against the state-of-the-art fast approximated sampling schemes proposed by Kyriakou et al. 
(2024) and Zeng et al. (2023). Numerical results show that the new approach largely outperforms the method of Kyriakou et al. (2024) when 
simulating time changed Lévy, 4/2 and Heston ⨁ 3/2 models. Besides the numerical performances, the main advantage of our newly proposed 
approach is that it allows for an improved control of the error and can be more easily extended to multifactor models. With respect to the method 
of Zeng et al. (2023), our method is expected to be slower for the same number of simulations (especially when it is high), but it presents the 
following advantages: (𝑖) greatly simplified/improved control of the error and simplified interpretation of the output when pricing forward starting 
options (see the discussion above); (𝑖𝑖) better extendability to multifactor models. We compare numerical performances of the two competing 
methods under the 3/2 and 4/2 models under challenging model parameters. We show that our method presents a better speed/accuracy trade-off 
when a high accuracy is required and a high number of simulations is employed thanks to the fact that the bias is smaller.

The remainder of the paper is organized as follows. In Section 2 we recap the traditional exact simulation scheme and its main limitations. In 
Section 3 we present our conditional Fourier-cosine approach for Monte Carlo simulation. In Section 4 we extend our framework to the pricing of 
derivative instruments (e.g., forward starting options). In Section 5 we show how to apply the methodology to simulate exactly stochastic volatility 
models. In Section 6 we present our numerical studies. Section 7 concludes. Supplementary results are deferred to the e-companion.

2. Traditional exact simulation scheme and related computational issues

We recap the traditional approach for simulating exactly stochastic volatility models based on the Fourier inversion method of Abate and Whitt 
(1992). In each previous paper (Baldeaux, 2012; Broadie & Kaya, 2006; Kang et al., 2017; Li & Wu, 2019), the methodology is presented with small 
differences. The method we illustrate in this section can be seen as a generalization of their approaches and it is used as benchmark for our new 
proposed approach later on. After describing the traditional simulation approach, we briefly recap the main issues associated with exact simulation 
which have limited its usage in practice. In what follows, we denote by 𝑋𝑇  (respectively, 𝑉𝑇 ) the log-returns (variance) at time 𝑇 .

2.1. Traditional exact simulation scheme

Analytically solvable (in the sense of Zeng et al., 2023) models can be simulated ‘‘exactly’’ in two steps: (𝑖) Simulate (𝑉𝑇 |𝑉0); (𝑖𝑖) Simulate 
(𝑋𝑇 |𝑉𝑇 , 𝑉0). The first step is straightforward since the transition density of the terminal variance is typically known. The second is much more 
involved, and it is based on the numerical inversion of a conditional characteristic function exploiting classical Fourier inversion, see Abate 
and Whitt (1992), Gil-Pelaez (1951) and Hughett (1998). We point out that, depending on specific model characteristics, authors present 
different approaches to simulate (𝑋𝑇 |𝑉𝑇 ). In the case of the Heston model, Broadie and Kaya (2006) first simulate 

(

∫ 𝑇0 𝑉𝑠𝑑𝑠|𝑉𝑇
)

 and then 
(

𝑋𝑇 | ∫
𝑇
0 𝑉𝑠𝑑𝑠, 𝑉𝑇

)

 exploiting the fact that the latter is normally distributed. Similarly, for the 3/2 model, Baldeaux (2012) simulates 
(

∫ 𝑇0
𝑑𝑠
𝑉𝑠
|𝑉𝑇

)

and then 
(

𝑋𝑇 | ∫
𝑇
0

𝑑𝑠
𝑉𝑠
, 𝑉𝑇

)

. In the case of the 4/2 model, Grasselli (2017) suggests sampling directly (𝑋𝑇 |𝑉𝑇 ). In general, it is more convenient to 
sample directly (𝑋𝑇 |𝑉𝑇 ) if possible, as highlighted in Zeng et al. (2023). In what follows, we briefly outline a unified methodology for sampling 
(𝑋𝑇 |𝑉𝑇 ) based on the Fourier inversion algorithm proposed in Abate and Whitt (1992). This will be used as benchmark for our new proposed 
methodology. Define 𝑌 ∶=

(

𝑋𝑇 |𝑉𝑇
)

, 𝑖 ∶=
√

−1 and 𝑔̃(𝑢) ∶= Real(𝑌 (𝑢))
𝑢 (sin(−𝑢𝑙𝑒) + sin(𝑢𝑦)) + Imag(𝑌 (𝑢))

𝑢 (cos(−𝑢𝑙𝑒) − cos(𝑢𝑦)), where 𝑙𝑒 truncates the 
domain of 𝑌  and 𝑌 (𝑢) = E

[

𝑒𝑖𝑢𝑋𝑇 |𝑉𝑇
] is the conditional characteristic function of the log-returns. The cumulative distribution function of 𝑌  is 

approximated as (cfr. Abate & Whitt, 1992, Eq. 5.14) 

𝐹𝑌 (𝑦) = 𝐹𝑌 (𝑙𝑒) +
ℎ(𝑦 − 𝑙𝑒)

2𝜋
+ ℎ
𝜋

𝑁
∑

𝑗=1
𝑔̃(ℎ𝑗) − 𝑒𝐷(ℎ) − 𝑒𝑇 (𝑁), (1)

where 𝑒𝐷(ℎ) is the discretization error resulting from the usage of the trapezoidal rule when computing the integral and 𝑒𝑇 (𝑁) denotes the truncation 
error caused by truncating the infinite sum at the 𝑁th term. Finally, to simulate the value of 𝑌 , it is typical to use the inverse transform method. 
One generates a uniform random variable 𝑢 over [0, 1] and then find the value of 𝑦 for which 𝐹𝑌 (𝑦), approximated from (1), is equal to 𝑢 using 
root finding algorithms. Initial points are selected using the quantile function of the two moments matched normal distribution. To implement the 
methodology, it is thus necessary to specify the step-size ℎ and number of terms 𝑁 , that impact accuracy and numerical efficiency. This is discussed 
next.

2.2. Control of the error in the traditional exact simulation scheme

It is not clear a priori how the parameters ℎ and 𝑁 impact the accuracy of the Monte Carlo simulation estimator. According to Broadie and 
Kaya (2006), one can get ℎ and 𝑁 that achieve the desired accuracy by trial and error, but this is not optimal. Indeed, through extensive numerical 
experiments (Kang et al., 2017) found that: (𝑖) many trials are required to find the optimal choice of ℎ and 𝑁 (this can be very time consuming); (𝑖𝑖)
the optimal choice of ℎ and 𝑁 is very sensitive to changes of the model parameters; (𝑖𝑖𝑖) it is not said that, as one would expect, when increasing 
ℎ and 𝑁 also the accuracy increases (Kang et al., 2017, Tables 3 and 4). It is therefore evident that is very hard to find the optimal setup and that, 
despite the methodology is conventionally considered exact, it is very difficult to control the error in practice. An alternative approach to control 
the error suggested by Broadie and Kaya (2006) and adopted by subsequent researchers is the following. To control the discretization error it is 
customary to set ℎ as 

ℎ = 2𝜋
𝑢𝑒 − 𝑙𝑒

, 𝑙𝑒 = 𝜇1 − 𝑚
√

𝜇2 − 𝜇21 , 𝑢𝑒 = 𝜇1 + 𝑚
√

𝜇2 − 𝜇21 , (2)

where 𝜇𝑛 = E
[

𝑋𝑛
𝑇 |𝑉𝑇

]

. Moreover, to control the truncation error, following Abate and Whitt (1992), they suggest selecting the minimum 𝑁 such 
that |𝑋𝑇 |𝑉𝑇 (ℎ𝑁)| < 𝜋𝜁

4 , where 𝜁 is the desired truncation error. Note, however, that such method still requires that the optimal 𝑚 and 𝜁 must be 
found again by trial error (see Li & Wu, 2019, Table 1 for a clear example). In summary, despite theoretically elegant and bias-free by construction, 
the traditional exact simulation scheme is slow to run and biased in practice. The error is controlled by two parameters: 𝑚 and 𝜁 (or ℎ and 𝑁). It 
is not possible to know in advance which combination of 𝑚 and 𝜁 (or ℎ and 𝑁) allows for a bias in the Monte Carlo simulation estimator smaller 
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than a given tolerance. This can be done by trial and error but it is very time consuming because one must run a huge number of simulations to 
estimate accurately the approximation error. We refer to Kang et al. (2017, Tables 3 and 4) and Li and Wu (2019, Table 1) for clear numerical 
illustrations. In addition, the optimal setup can change drastically when considering different model parameter sets. The scope of this paper is to 
propose an alternative exact simulation scheme that surmounts such limitations.

3. Conditional COS for Monte Carlo simulation

In this section, we present our conditional COS approach for exact simulation. We start by introducing theoretical results. Then, we illustrate 
the usage of the metalog distribution to reduce computing times. Finally, we discuss the inputs of the algorithm and recap the methodology.

3.1. Conditional COS

Let (𝛺, ,Q) be a probability space. Let (𝐸,𝛴) be a measurable space. Q is a probability measure. Since our main application in this paper is 
the pricing of derivatives, Q will denote the risk-neutral measure. However, this is not a strict requirement. Let 𝑋 ∶ 𝛺 → R and 𝑍 ∶ 𝛺 → 𝐸 be 
random variables. Assume that 𝑋 is continuously distributed and integrable. Let 𝑧 ∈ 𝐸. We aim to develop a new methodology to simulate the 
couple (𝑋,𝑍) provided the conditional characteristic function of 𝑋 given 𝑍 = 𝑧 is given in closed form. By (R), we denote the Borel 𝜎-algebra on 
R. For a function 𝑔 ∶ R → R, we define ‖𝑔‖∞ ∶= sup𝑥∈R |𝑔(𝑥)|. It is well known that there exists a Markov kernel, i.e., a map 𝐾 ∶ (R) ×𝐸 → [0, 1]
such that (𝑎) 𝐾(𝐴, 𝑧) = E[1{𝑋∈𝐴}|𝑍 = 𝑧] for all 𝐴 ∈ (R) and all 𝑧 ∈ 𝐸; (𝑏) 𝐴↦ 𝐾(𝐴, 𝑧) is a probability measure on the measure space (R,(R)) for 
all 𝑧 ∈ 𝐸; (𝑐) 𝑧↦ 𝐾(𝐴, 𝑧) is measurable for all 𝐴 ∈ (R). The map 𝐺𝑋|𝑍=𝑧(𝑦) ∶= 𝐾((−∞, 𝑦], 𝑧), 𝑦 ∈ R, 𝑧 ∈ 𝐸, is equal to the conditional cumulative 
distribution function (CCDF) of 𝑋 given 𝑍 = 𝑧 for each 𝑦 ∈ R and 𝑧 ∈ 𝐸. We will approximate 𝐺𝑋|𝑍=𝑧 numerically by the COS method under the 
assumption that there exists a conditional kernel density function, i.e. a measurable map 𝑔𝑋|𝑍=𝑧 with 𝐾(𝐴, 𝑧) = ∫𝐴 𝑔𝑋|𝑍=𝑧(𝑥)𝑑𝑥. We do not assume 
that 𝑥↦ 𝑔𝑋|𝑍=𝑧(𝑥) is known precisely, we only need that 

𝑔̂𝑋|𝑍=𝑧(𝑢) ∶= ∫R
𝑒𝑖𝑢𝑥𝐾(𝑑𝑥, 𝑧) = ∫R

𝑒𝑖𝑢𝑥𝑔𝑋|𝑍=𝑧(𝑥)𝑑𝑥, 𝑢 ∈ R, 𝑧 ∈ 𝐸 (3)

called conditional characteristic function (CCF) of 𝑋 given 𝑍 = 𝑧, is given explicitly. Note that 𝑔̂𝑋|𝑍=𝑧(𝑢) and the CCF 𝑢 ↦ E[𝑒𝑖𝑢𝑋 |𝑍 = 𝑧] as 
defined in Yuan and Lei (2016) are equal. By Eq.  (3), the map 𝑢 ↦ 𝑔̂𝑋|𝑍=𝑧(𝑢) is the Fourier-transform, also called characteristic function of the 
Lebesgue-density 𝑥↦ 𝑔𝑋|𝑍=𝑧(𝑥) for each fixed 𝑧.

We apply the COS method to approximate 𝑔𝑋|𝑍=𝑧 by a cosine expansion. Then, we integrate the cosine expansion to estimate 𝐺𝑋|𝑍=𝑧(𝑦) =
∫(−∞,𝑦] 𝑔𝑋|𝑍=𝑧(𝑥)𝑑𝑥 given 𝑍 = 𝑧. We summarize the main steps: For 𝑧 ∈ 𝐸, let 𝜇 ∶= −𝑖 𝜕𝜕𝑢 𝑔̂𝑋|𝑍=𝑧(𝑢)

|

|

|𝑢=0
. Define 𝑓𝑧(𝑥) ∶= 𝑔𝑋|𝑍=𝑧(𝑥+𝜇), which has the 

Fourier transform 𝑓𝑧(𝑢) = 𝑔̂𝑋|𝑍=𝑧(𝑢)𝑒−𝑖𝑢𝜇 and the first moment of 𝑓𝑧 is zero, i.e., ∫R 𝑥𝑓𝑧(𝑥)𝑑𝑥 = 0 (Junike & Stier, 2023, Proposition 3.2). That is, 
the main mass of 𝑓 is centered around zero and we truncate 𝑓 on the interval [−𝐿,𝐿]. We approximate the truncated density by a Fourier-cosine 
expansion (the symbol 

∑′ denotes that the first addend of the sum is weighted by a half): 

𝑓𝑧(𝑥) ≈
𝑁
∑′

𝑘=0
𝑎𝑧𝑘 cos

(

𝑘𝜋 𝑥 + 𝐿
2𝐿

)

1[−𝐿,𝐿](𝑥) ≈
𝑁
∑′

𝑘=0
𝑐𝑧𝑘 cos

(

𝑘𝜋 𝑥 + 𝐿
2𝐿

)

1[−𝐿,𝐿](𝑥) =∶ 𝑓 𝑧(𝑥), (4)

where 𝐿 > 0, 𝑁 ∈ N and 

𝑎𝑧𝑘 =
1
𝐿 ∫

𝐿

−𝐿
𝑓𝑧(𝑥) cos

(

𝑘𝜋 𝑥 + 𝐿
2𝐿

)

𝑑𝑥 ≈ 1
𝐿 ∫R

𝑓𝑧(𝑥) cos
(

𝑘𝜋 𝑥 + 𝐿
2𝐿

)

𝑑𝑥 = 1
𝐿
ℜ
{

𝑓𝑧

(

𝑘𝜋
2𝐿

)

𝑒𝑖
𝑘𝜋
2

}

=∶ 𝑐𝑧𝑘 . (5)

The coefficients 𝑎𝑧𝑘 are the cosine coefficients of the truncated density and are approximated by 𝑐𝑧𝑘. We suppress the dependency of 𝐿, 𝑁 and 
𝜇 on 𝑧. The following lemma shows that the probability density function 𝑓𝑧 can approximated arbitrarily closely by 𝑓 𝑧.

Lemma 1.  Assume 𝑓𝑧 is 𝐽 + 1 times continuously differentiable for some 𝐽 ≥ 1 and has semi-heavy tails, i.e., for some constants 𝐶1, 𝐶2, 𝐿0 it holds that
|𝑓 (𝑗)
𝑧 (𝑥)| ≤ 𝐶1𝐶

𝑗
2𝑒

−𝐶2|𝑥|, 𝑗 = 0, 1,… , 𝐽 + 1, |𝑥| ≥ 𝐿0.

Then for every 𝜂 > 0 there is a 𝐿 > 0 and a 𝑁 ∈ N such that 
sup
𝑥∈R

|𝑓𝑧(𝑥) − 𝑓 𝑧(𝑥)| < 𝜂. (6)

Proof.  See Section EC.1.1. ■

Motivated by Lemma  1, we will assume that 𝑓 𝑧 is a density function. Using the cosine approximation 𝑓 𝑧 of 𝑓𝑧, we get 

𝐺𝑋|𝑍=𝑧(𝑦) = ∫R
1(−∞,𝑦](𝑥 + 𝜇)𝑓𝑧(𝑥)𝑑𝑥 ≈

𝑁
∑′

𝑘=0
𝑐𝑧𝑘𝑣

𝑧
𝑘(𝑦) =∶ 𝐺𝑧(𝑦) (7)

where 𝑣𝑧𝑘(𝑦) ∶= 0 if 𝑦 − 𝜇 < −𝐿 and otherwise 

𝑣𝑧𝑘(𝑦) ∶= ∫

𝐿

−𝐿
1(−∞,𝑦](𝑥 + 𝜇) cos

(

𝑘𝜋 𝑥 + 𝐿
2𝐿

)

𝑑𝑥 =

⎧

⎪

⎨

⎪

⎩

min(𝑦 − 𝜇,𝐿) + 𝐿 for 𝑘 = 0
2𝐿
𝜋𝑘

(

sin
(

𝑘𝜋 min(𝑦−𝜇,𝐿)+𝐿
2𝐿

)

)

for 𝑘 > 0.
(8)

The COS method converges, see Junike (2024) and Junike and Pankrashkin (2022). The next theorem tells us how to choose the number of terms 𝑁
and the truncation range [−𝐿,𝐿]. Let 𝜇𝑛(𝑧) be the 𝑛𝑡ℎ−moment of 𝑓𝑧, i.e., 𝜇𝑛(𝑧) = ∫R 𝑥

𝑛𝑓𝑧(𝑥)𝑑𝑥 = 1
𝑖𝑛

𝜕𝑛

𝜕𝑢𝑛 𝑓𝑧(𝑢)
|

|

|𝑢=0
. Let 𝜀 > 0 be some error tolerance. 

Define for 𝑛 ∈ N even 

𝐿(𝜀, 𝑛, 𝑚) ∶= 𝑛

√

2𝜇𝑛(𝑧)𝑚 , 𝑚 > 0 (9)

𝜀

1039 



R. Brignone and G. Junike European Journal of Operational Research 328 (2026) 1036–1053 
and for some 𝑠 ∈ N odd 

𝑁(𝜀, 𝑠, 𝑚) ∶= Floor
⎛

⎜

⎜

⎜

⎝

(

2𝑠+
5
2 𝐵(𝑧)

𝑠𝜋𝑠+1
𝐿𝑠+212𝑚

𝜀

)

1
𝑠 ⎞
⎟

⎟

⎟

⎠

+ 1, 𝑚 > 0, (10)

where Floor() is the floor function and 𝐵(𝑧) ∶= 1
𝜋 ∫ ∞

0 |𝑢|𝑠+1|𝑓𝑧(𝑢)|𝑑𝑢. The next theorem is not only applicable to obtain explicit formulas for 𝐿
and 𝑁 to approximate the CCDF 𝐺𝑋|𝑍=𝑧(𝑦) through (7) but is also applied for European option pricing, see Section 4. In the case of a CCDF, set 
𝑤𝑧 = 1(−∞,𝑦](𝑥) so that ‖‖𝑤𝑧‖‖∞ = 1 and note that the coefficients 𝑣𝑧𝑘 are given explicitly in (8). 

Theorem 2.  Let 𝑧 ∈ 𝐸. Let 𝑤𝑧 ∶ R → R be bounded with ‖
‖

𝑤𝑧‖‖∞ > 0. Let 𝜀 > 0 be small enough. Assume 𝐽 ∈ N and 𝑓𝑧 satisfies the assumptions in 
Lemma  1. For some even 𝑛 ∈ N let 𝐿 = 𝐿

(

𝜀, 𝑛, ‖
‖

𝑤𝑧‖‖∞
) and for 𝑠 ∈ {1,… , 𝐽 − 1} odd let 𝑁 = 𝑁

(

𝜀, 𝑠, ‖
‖

𝑤𝑧‖‖∞
)

. Then
|

|

|

|

|

|

∫R
𝑤𝑧(𝑥)𝑔𝑋|𝑍=𝑧(𝑥)𝑑𝑥 −

𝑁
∑′

𝑘=0
𝑐𝑧𝑘𝑣

𝑧
𝑘

|

|

|

|

|

|

≤ 𝜀

where 𝑣𝑧𝑘 ∶= ∫ 𝐿−𝐿𝑤𝑧(𝑥 + 𝜇) cos
(

𝑘𝜋 𝑥+𝐿2𝐿

)

𝑑𝑥, 𝑘 = 0, 1,…

Proof.  We use the fact that 𝑢 ↦ |𝑢|𝑠+1|𝑓𝑧(𝑢)| is a symmetric function and we apply Junike (2024, Inequality 3.8 and Theorem 3.8). ■

Note that 𝐿 and 𝑁 in Theorem  2 converge to zero if ‖
‖

𝑤𝑧‖‖∞ converges to zero. Since 𝐺𝑧 from (7) approximates the CCDF of 𝑋 given 𝑍 = 𝑧
arbitrarily closely, we invert it in order to simulate samples of 𝑋 given 𝑍 = 𝑧 by the inversion transform.

3.2. Enhancing convergence of root finding algorithms via metalog distribution

Given 𝐺𝑧(𝑦) computed as in (7), we suggest random sampling based on inverse transform method. This means drawing a random sample, 𝑢, 
from a uniform distribution over [0, 1] and then finding 𝑦 such that 𝑢 = 𝐺𝑧(𝑦). This equation must be solved numerically. Also traditional exact 
simulation schemes perform random sampling in the same way. Authors typically use the quantile function of two moments-matched normal 
distribution to find reasonable starting points (see Broadie & Kaya, 2006, p. 221). We suggest an alternative approach based on an alternative 
statistical distribution with the scope of enhancing the convergence of root finding algorithm (in other words, reduce the number of iterations 
needed to solve the equation numerically).

The metalog distributions are a family of continuous probability distributions introduced by Keelin (2016). Among the various positive features 
of this family of distributions, we are interested in the following: (𝑖) they present a simple quantile function; (𝑖𝑖) parameter estimation is performed 
efficiently through moment-matching. Suppose we are interested in obtaining an approximate sample from a random variable 𝑌 ∶ 𝛺 → R. If it is 
possible to compute the first three cumulants of 𝑌 , then the metalog distributions offer a viable tool. Define 𝑐𝑗 as the 𝑗th cumulant of 𝑌 , 𝑠 = 𝑐3∕𝑐1.52
is the skewness. If |𝑠| < 2.07093 then the quantile function of a three parameter metalog is (Keelin, 2016) 

𝑄(𝑦; 𝑎1, 𝑎2, 𝑎3) = 𝑎1 + 𝑎2 ln
(

𝑦
1 − 𝑦

)

+ 𝑎3(𝑦 − 0.5) ln
(

𝑦
1 − 𝑦

)

, (11)

where the parameters 𝑎1, 𝑎2 and 𝑎3 are computed by matching cumulants: 𝑎1 = 𝑐1 −
𝑎3
2 , 

𝑎2 =
1
𝜋

√

3
(

𝑐2 −
(

1
12

+ 𝜋2
36

)

𝑎23

)

, 𝑎3 = 4

√

6𝑐2
6 + 𝜋2

cos
⎛

⎜

⎜

⎝

1
3

⎛

⎜

⎜

⎝

arccos
⎛

⎜

⎜

⎝

− 𝑠
4

(

1 + 𝜋2

6

)
1
2 ⎞
⎟

⎟

⎠

+ 4𝜋
⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

. (12)

Given the first three cumulants of (𝑋|𝑍), which can be easily obtained from the first tree moments, we compute 𝑎1, 𝑎2 and 𝑎3 from (12) and the 
starting points 𝑦0 = 𝑄(𝑢, 𝑎1, 𝑎2, 𝑎3) from (11). The three parameters metalog distribution is potentially a better choice than the normal, since it 
presents a heavier left tail and (more importantly) matches three moments instead of two. Naturally, the more accurate the approximation, the 
closer the initial points to the solution, meaning a smaller amount of iterations and smaller computing times.1 The role of the metalog is illustrated 
in Section EC.3.2.

3.3. Inputs of the algorithm

Before implementing our suggested simulation scheme, the final user must first input four tuning parameters: (𝑖) 𝜀, which represents the 
maximum difference between the true cumulative distribution function and the one computed via the COS method; (𝑖𝑖) 𝑠, that is an odd number, 
which should be chosen such that 𝐵(𝑧) (and hence 𝑁) in (10) is minimal; (𝑖𝑖𝑖) 𝑞, which denotes the number of quadrature points needed to compute 
𝐵(𝑧); (𝑖𝑣) 𝑛, denoting that one computes the 𝑛th central moment of (𝑋|𝑍) to compute 𝐿 as in (9).

Some comments are in order. First, the only parameter controlling the error is 𝜀. The other parameters control the computing time but not the 
error.2 Second, the number of quadrature points, 𝑞, is just used to compute 𝐵(𝑧), which is then used to obtain the number of terms 𝑁 . Since the 
minimal number of terms to ensure that the approximation by COS method stays below a given error tolerance is usually overestimated by (10), 
one does not need that 𝐵(𝑧) is computed with high accuracy. Therefore, 𝑞 can be set very small to speed up the computation of 𝐵(𝑧). Third, 𝐿 is 
not monotone in the number of moments, 𝑛. We observed that the higher 𝑛 the smaller 𝐿 but if 𝑛 is too large, 𝐿 will increase again. We study 
numerically how the various tuning parameters impact the computing time in Section EC.3.1.

1 The methodology works only if |𝑠| < 2.07093. In some rare cases, it may happen that this condition is not respected and we use the quantile function of the 
moment matched normal distribution in such cases.

2 𝑞 should be set reasonably large to avoid any impact on the accuracy, as we illustrate in Section EC.3.1.
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Besides tuning parameters, to implement the suggested approach the final user must also supply the characteristic function of (𝑋|𝑍 = 𝑧), the 
first three cumulants (used to find the starting points through the metalog distribution) and the 𝑛th central moment of (𝑋|𝑍 = 𝑧). In Section 5 
we consider concrete examples where the proposed conditional COS approach can be used for simulation and show how to compute conditional 
characteristic functions and moments of (𝑋|𝑍 = 𝑧) for a class of stochastic volatility models. In reality, to implement our algorithm we need to 
compute the 𝑛th central moments of (𝑋|𝑍 = 𝑧), 𝜇𝑛. Given cumulants, central moments can be computed analytically using Faá di Bruno’s formula 
for high derivatives of composite functions: E[(𝑋 −𝜇)𝑛|𝑍] =

∑𝑛
𝑗=1 B𝑛,𝑗 (0, 𝑐2,… , 𝑐𝑛−𝑗+1), where B𝑛,𝑗 are the incomplete Bell polynomials, 𝜇 is defined 

in Section 3.1, and 𝑐𝑗 is the 𝑗th cumulant of (𝑋|𝑍).

3.4. Final algorithm

We can now depict our improved exact simulation scheme. The final user must first input four tuning parameters: 𝜀, 𝑠, 𝑞, and 𝑛. Then, we 
compute 𝑞 Gauss–Laguerre quadrature nodes and points {(𝑤𝑗 , 𝑢𝑗 )}𝑞𝑗=1. We can now start our simulation. We suppose that it is possible to sample 
from the random variable 𝑍 and denote the random realization by 𝑧. We compute 𝐵(𝑧): 

𝐵(𝑧) ∶= ∫

∞

0
𝛹 (𝑢, 𝑧)𝑒−𝑢𝑑𝑢 ≈

𝑞
∑

𝑗=1
𝑤𝑗𝛹 (𝑢𝑗 , 𝑧), (13)

where 𝛹 (𝑢, 𝑧) ∶= |𝑢|𝑠+1

𝜋 |𝑓𝑋|𝑍=𝑧(𝑢)|𝑒𝑢. Given 𝐵(𝑧) we can compute 𝐿 and 𝑁 from (9) and (10). At this stage, given the conditional characteristic 
function of (𝑋|𝑍) we compute 𝑐𝑧𝑗  as in (5) for 𝑗 = 1,… , 𝑁 and then 𝐺𝑧(𝑦) as in (7). We sample from a uniform 𝑢 ∼ 𝑈 (0, 1) and find 𝑦 such that 
𝑢 = 𝐺𝑧(𝑦). This is solved using root finding algorithms (Matlab function fzero). The initial guess, 𝑦0, is obtained from the metalog: based on the 
cumulants of (𝑋|𝑍) we compute {𝑎𝑗}3𝑗=1 from (12) and set 𝑦0 = 𝑄(𝑢, 𝑎1, 𝑎2, 𝑎3) where 𝑄 is as in (11). The methodology is summarized in Algorithm 
1.

4. Error propagation when pricing options

In Section 3 we discussed the general problem of simulating a random variable 𝑋 conditionally on the realization of another random variable 
𝑍 given the knowledge of the characteristic function of (𝑋|𝑍) and the moments. In this section, we study how the error implicit in our simulation 
approach propagates to the price of derivatives when the couple (𝑋,𝑍) defines a stochastic volatility option pricing model (it will be the scope of 
Section 5 to provide concrete examples of stochastic volatility models that fit into this framework). We consider the case of path-independent and 
forward starting options. All the expectations are taken under the risk-neutral probability.

4.1. Path-independent options

For 𝑧 ∈ 𝐸, let 𝑤𝑧 ∶ R → R be a measurable function. Let 𝑋𝑇 = log 𝑆𝑇
𝑆0
, where 𝑆 is the asset price, and 𝑍𝑇  be a random variable measurable 

with respect to the information available at time 𝑇 > 0. We aim to compute E[𝑤𝑍𝑇 (𝑋𝑇 )] by Monte Carlo simulation and the COS method provided 
that the conditional characteristic function of 𝑋𝑇  given 𝑍𝑇 = 𝑧 is given in closed form. In stochastic volatility models, 𝑍𝑇  could be for instance 
the variance at time 𝑇 . For example, a European put option can be described by the payoff function 𝑤𝑧(𝑥) = 𝑒−𝑟𝑇 max(𝐾 − 𝑆0𝑒𝑥, 0) where 𝐾 is the 
strike price, 𝑆0 is the initial price of the underlying, 𝑟 is the risk-less rate and 𝑇  is the maturity. Since 𝑤𝑧 does not depend on 𝑧, we will write 𝑤
instead of 𝑤𝑧 in the next corollary, which explains how the error on 𝐺𝑧 as computed in (7) and the uncertainty introduced by the Monte Carlo 
estimation propagates to the approximation of the price of 𝑤. In analogy to Section 3, we define 𝑓𝑧(𝑥) ∶= 𝑔𝑋𝑇 |𝑍𝑇 =𝑧(𝑥+𝜇), where 𝜇 = E[𝑋𝑇 |𝑍𝑇 = 𝑧]
and 𝑔𝑋𝑇 |𝑍𝑇 =𝑧 is the conditional kernel density function of 𝑋𝑇  given 𝑍𝑇 = 𝑧. 

Corollary 3.  Let 𝑤 ∶ R → R describe some payoff function of a path-independent option such that ‖𝑤‖∞ ∈ (0,∞). Assume 𝑓𝑧 satisfies the assumption 
in Theorem  2 and let 𝑛 and 𝑠 as in Theorem  2. Let 𝜀 > 0. Define 𝐺𝑧 as in Eq.  (7) using 𝐿 = 𝐿

(

𝜀
2‖𝑤‖∞

, 𝑛, 1
)

 and 𝑁 = 𝑁
(

𝜀
2‖𝑤‖∞

, 𝑠, 1
)

. Set 
𝑃 ∶= 1


∑
𝑗=1𝑤

(

𝐺
−1
𝑍𝑗𝑇

(𝑈𝑗 )
)

 where 𝑈𝑗 and 𝑍𝑗
𝑇  are independent copies of a uniform random variable 𝑈 and 𝑍𝑇 , respectively. Let 𝑞 ∈ (0, 1) and 𝜎

be the standard deviation of 𝑤(𝐺−1
𝑍𝑇

(𝑈 )
)

. If  ≥
(

𝛷−1
(

𝑞+1
2

)

2𝜎
𝜀

)2
 it holds with probability 𝑞 (asymptotically under the risk neutral measure) that 

|E[𝑤(𝑋𝑇 )] − 𝑃 | < 𝜀.

Proof.  See Section EC.1.2 ■

Note the useful interpretation of the parameter 𝜀: it is the maximum possible distance between the true price of the option and the one obtained 
through the Monte Carlo simulation with probability 𝑞. This is a noticeable advantage with respect to alternative approaches where the bias must 
be computed via extensive Monte Carlo simulations. If the overall error tolerance is 𝜀 > 0, the error tolerance for the Monte Carlo simulation is 𝜀2
and the error tolerance for the approximation 𝐺𝑧 is 𝜀

2‖𝑤‖∞
. It is therefore clear that it is very easy to control the error under our approach. Indeed, 

it is sufficient to select the maximum error tolerable when pricing the option. Then, our algorithm automatically selects the tuning parameters 
and the number of simulations such that the true bias will be below 𝜀 (with probability 𝑞). This is unattainable with all the alternative simulation 
schemes available in the literature (see Section 2). The proposed simulation scheme for path-independent options is summarized in Algorithm 2.
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4.2. Forward starting options

Let 0 < 𝑇1 < 𝑇2 be two dates. We consider a forward starting put option with payoff (𝑆𝑇1 − 𝑆𝑇2 )+, where 𝑆𝑇1  is the price of an asset at time 
𝑇1. Here, we deal with forward starting options, which are at-the-money at time 𝑇1. The approach can easily be generalized to in-the-money or 
out-of-the money options by considering (𝑘𝑆𝑇1 − 𝑆𝑇2 )+ for some 𝑘 > 0. We apply Theorem  2 to price options with such payoff. The price of the 
corresponding forward starting call option with payoff, (𝑆𝑇2 −𝑆𝑇1 )+, can be recovered applying the put–call parity relation. In addition, in analogy 
with Section 3, let 𝑋𝑇1 = log

𝑆𝑇1
𝑆0
, 𝑋𝑇2 = log

𝑆𝑇2
𝑆𝑇1

 and let 𝑍𝑇1  and 𝑍𝑇2  be random variables measurable with respect to the information available at 
time 𝑇1 and 𝑇2 respectively. Let 𝓁 ∈ [0,∞] and

𝑤𝑧(𝑥,𝓁) ∶= 𝑒−𝑟(𝑇2−𝑇1)E
[

(

𝑆𝑇1 ∧ 𝓁 − 𝑆𝑇2
)+

|𝑆𝑇1 = 𝑆0𝑒
𝑥, 𝑍𝑇1 = 𝑧

]

, 𝑥 ∈ R.

At time 𝑇1, 𝑤𝑧(𝑥,𝓁) is just the price of a European put option with starting underlying price 𝑆0𝑒𝑥 and strike equal to 𝑆0𝑒𝑥 ∧𝓁. To price the forward 
starting option, we first simulate (𝑋𝑇1 , 𝑍𝑇1 ) and then approximate 𝑤𝑧(𝑥,𝓁), where 𝑧 = 𝑍𝑇1  and 𝑥 = 𝑋𝑇1  as in Junike (2024). Such approximation 
is denoted by 𝑤̃𝑧(𝑥,𝓁). The time-0 price of the option is given by 𝑒−𝑟𝑇1E

[

𝑤𝑍𝑇1 (𝑋𝑇1 ,∞)
]

. We introduce the technical bound 𝓁 to be able to apply 
Theorem  2. In analogy with Section 3, we define 𝑓𝑇1 ,𝑧(𝑥) ∶= 𝑔𝑋𝑇1 |𝑍𝑇1=𝑧(𝑥 + 𝜇), where 𝜇 = E[𝑋𝑇1 |𝑍𝑇1 = 𝑧] and 𝑔𝑋𝑇1 |𝑍𝑇1=𝑧 is the conditional kernel 
density function of 𝑋𝑇1  given 𝑍𝑇1 = 𝑧. 

Corollary 4.  Let 𝜀 > 0 be small enough. Let 𝓁 ∈ (0,∞) such that 𝑒−𝑟𝑇2E[𝑆𝑇11{𝑆𝑇1>𝓁}
]

< 𝜀
3 . Let 𝑤̃𝑧(𝑥,𝓁) be an approximation of 𝑤𝑧(𝑥,𝓁) such that 

|

|

|

𝑤̃𝑍𝑇1 (𝑋𝑇1 ,𝓁) −𝑤𝑍𝑇1 (𝑋𝑇1 ,𝓁)
|

|

|

< 𝜀
6
𝑒𝑟𝑇1 , 𝑎.𝑠. (14)

Assume 𝑓𝑇1 ,𝑧 satisfies the assumption in Theorem  2 and let 𝑛 and 𝑠 as in Theorem  2. Let 𝑚 ∶= 𝑒−𝑟(𝑇2−𝑇1)𝓁, then ‖
‖

𝑤𝑧(.,𝓁)‖‖∞ ≤ 𝑚. Assume ‖
‖

𝑤̃𝑧(.,𝓁)‖‖∞ ≤ 𝑚

as well. Define 𝐺𝑧 as in Eq.  (7) using 𝐿 = 𝐿( 𝜀𝑒
𝑟𝑇1

6𝑚 , 𝑛, 1) and 𝑁 = 𝑁( 𝜀𝑒
𝑟𝑇1

6𝑚 , 𝑠, 1). Let 𝑃 ∶= 𝑒−𝑟𝑇1


∑
𝑗=1 𝑤̃𝑍𝑗𝑇1

(

𝐺
−1
𝑍𝑗𝑇1

(𝑈𝑗 ),𝓁
)

 where 𝑈𝑗 and 𝑍𝑗
𝑇1

 are 

independent copies of a uniform random variable 𝑈 and 𝑍𝑇1 , respectively. Let 𝑞 ∈ (0, 1) and 𝜎 be the standard deviation of 𝑒−𝑟𝑇1 𝑤̃𝑍𝑇1
(

𝐺
−1
𝑍𝑇1

(𝑈 ),𝓁
)

. If 

 ≥
(

𝛷−1
(

𝑞+1
2

)

3𝜎
𝜀

)2
 it holds with probability 𝑞 (asymptotically under the risk neutral measure) that |𝑒−𝑟𝑇1E[𝑤𝑍𝑇1 (𝑋𝑇1 ,∞)

]

− 𝑃 | < 𝜀.

Proof.  See Section EC.1.3. ■

Remark 1.  How can we find 𝓁? We suggest to approximate 𝑆𝑇1  by a simple model such as the Black–Scholes model 𝑆𝐵𝑆𝑇1 = 𝑆0𝑒𝜂+𝜎
√

𝑇1𝛯 , where 
𝛯 is a standard normal random variable, 𝜎 > 0 is chosen such that 𝜎2𝑇1 is equal to the variance of 𝑆𝑇1  and 𝜂 = log(𝑆0) +

(

𝑟 − 1
2𝜎

2
)

𝑇1. Let 𝛷𝜎√𝑇1 ,1
denote the CDF of a normally distributed random variable with mean 𝜎√𝑇1 and standard deviation 1. A simple calculation shows that 

𝓁 ≥ exp
(

𝜂 + 𝜎
√

𝑇1𝛷
−1
𝜎
√

𝑇1 ,1

(

1 − 𝜀
3
𝑒𝑟𝑇2−𝜂−

𝜎2𝑇1
2

))

(15)

implies 𝑒−𝑟𝑇2E[𝑆𝐵𝑆𝑇1 1{𝑆𝐵𝑆𝑇1 >𝓁}
] ≤ 𝜀

3 .

We summarize Corollary  4 in Algorithm 3. Note that to implement this algorithm one needs also the characteristic function (and related 
moments) of 𝑋𝑇2 − E[𝑋𝑇2 ] given 𝑍𝑇1 = 𝑧 and 𝑋𝑇1 = 𝑥, that is denoted by 𝑓𝑇2 ,𝑧,𝑥, in order to obtain 𝑤̃𝑧(𝑥,𝓁). We postpone to Section 6.3 a 
discussion on how to obtain such characteristic function and moments for the option pricing models considered in Section 5. We remark that the 
final price of the forward starting put option is given by the value 𝑃  and differs by no more than 𝜀 from the true price with probability 𝑞 if  is 
as in Corollary  4.

5. Exact simulation of analytically solvable stochastic volatility models

In the previous section we have seen that to implement the conditional COS approach we need: (𝑖) the conditional characteristic function of the 
log-returns, 𝑔̂𝑋|𝑍=𝑧; (𝑖𝑖) the first three cumulants of (𝑋|𝑍), {𝑐𝑗}3𝑗=1; (𝑖𝑖𝑖) the 𝑛th central moment of (𝑋|𝑍), 𝜇𝑛. In Table  1 we illustrate how to bridge 
the notation of this section with that of Section 3. Therefore, the scope of this section is twofold. First, we identify analytically solvable (in the sense 
of Zeng et al., 2023) stochastic volatility models, i.e., models for which it is possible to find the relevant conditional characteristic function (and 
provide its explicit expression). Second, we propose a new methodology to compute efficiently high order cumulants (or, equivalently, moments) 
of (𝑋|𝑍). Given conditional characteristic functions and moments, one can simulate exactly the model using Algorithm 1. Pseudo-codes for the 
simulation of the various models are given in Section EC.2. Throughout the rest of this paper, let (𝛺, , (𝑡)𝑡∈[0,𝑇 ],Q) be a filtered probability space, 
which supports all the processes we encounter in the sequel and satisfies usual assumptions. We denote by 𝑉𝑇  (respectively, 𝑆𝑇 ) the variance (asset 
price) at time 𝑇 > 0.

5.1. 4/2 stochastic volatility model

The following model is known as the 4/2 model and was introduced by (Grasselli, 2017)3
𝑑𝑆𝑡
𝑆𝑡

= 𝑟𝑑𝑡 +
𝑎𝑉𝑡 + 𝑏
√

𝑉𝑡

(

𝜌𝑑𝑊𝑡 +
√

1 − 𝜌2𝑑𝐵𝑡
)

, (16)

𝑑𝑉𝑡 = 𝑘(𝜃 − 𝑉𝑡)𝑑𝑡 + 𝜎
√

𝑉𝑡𝑑𝑊𝑡, (17)

3 See also Callegaro et al., 2019 and Gnoatto et al., 2022 for empirical applications in the equity and FX markets.
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Table 1
Recovering the notation of Section 3.
 Model 𝐸 𝑍 𝑔̂𝑋|𝑍 (𝑢) 
 Heston (0,∞) × N0 (𝑉𝑇 , 𝜁 ) (30)  
 3/2 and 4/2 (0,∞) 𝑉𝑇 (21)  
 CGMYCIR (0,∞) × N0 (𝑉𝑇 , 𝜁 ) (34)  
 Heston ⨁ 3/2 (0,∞) × N0 × (0,∞) (𝑉 (1)

𝑇 , 𝜁 (1) , 𝑉 (2)
𝑇 ) (40)  

 Double Heston (0,∞) × N0 × (0,∞) × N0 (𝑉 (1)
𝑇 , 𝜁 (1) , 𝑉 (2)

𝑇 , 𝜁 (2)) (48)  
Notes. In all cases 𝑋 = 𝑋𝑇 = log(𝑆𝑇 ∕𝑆0). N0 is the set of natural numbers including 0.

where 𝑊𝑡 and 𝐵𝑡 are independent standard Brownian motions. The 4/2 model nests as special case two important models in finance. (𝑖) The Heston 
model (𝑎 = 1, 𝑏 = 0); (𝑖𝑖) The 3/2 stochastic volatility model (𝑎 = 0). To simulate this model exactly, we recover the setting of Section 3 according 
to 𝑍 = 𝑉𝑇 , 𝑋 ∶= 𝑋𝑇 = log(𝑆𝑇 ∕𝑆0) and 𝐸 = R+. A very nice feature of this model is that it is analytically solvable, as shown in Grasselli (2017) 
and Zeng et al. (2023), and thus it can be simulated exactly. The terminal variance is given as follows 

𝑉𝑇
law
=

𝜎2(1 − 𝑒−𝑘𝑇 )
4𝑘

𝜒 ′2
𝛿 (𝜆) , (18)

where 𝜒 ′2
𝛿 (𝜆) denotes the non-central chi-squared distribution with 𝛿 ∶= 4𝜃𝑘∕𝜎2 degrees of freedom and non-centrality parameter 𝜆 ∶=

4𝑘𝑒−𝑘𝑇 𝑉0∕𝜎2(1−𝑒−𝑘𝑇 ). Hence, (𝑉𝑇 |𝑉0) is simulated exactly using standard random numbers generators from the non-central chi-squared distribution 
(e.g., the built–in Matlab® function ncx2rnd). Then, from (Grasselli, 2017, p. 1020) 

(

𝑋𝑇
|

|

|∫

𝑇

0
𝑉𝑠𝑑𝑠,∫

𝑇

0

𝑑𝑠
𝑉𝑠
, 𝑉𝑇

)

∼  (𝑚, 𝑠2), (19)

where 𝑚 = 𝜉1 + 𝜉2𝑉𝑇 + 𝜉3 log𝑉𝑇 + 𝜉4 ∫
𝑇
0 𝑉𝑠𝑑𝑠 + 𝜉5 ∫

𝑇
0

𝑑𝑠
𝑉𝑠
, 𝑠2 = 𝜉6 + 𝜉7 ∫

𝑇
0 𝑉𝑠𝑑𝑠 + 𝜉8 ∫

𝑇
0

𝑑𝑠
𝑉𝑠

 and

𝜉1 =
(

𝑟 − 𝑎𝑏 −
𝑎𝜌𝑘𝜃
𝜎

+
𝑏𝜌𝑘
𝜎

)

𝑇 −
𝑎𝜌𝑉0
𝜎

−
𝑏𝜌
𝜎

log(𝑉0), 𝜉2 =
𝑎𝜌
𝜎
, 𝜉3 =

𝑏𝜌
𝜎
, 𝜉4 =

𝑎𝜌𝑘
𝜎

− 0.5𝑎2,

𝜉5 =
𝑏𝜌
𝜎

(

𝜎2

2
− 𝑘𝜃

)

− 𝑏2

2
, 𝜉6 = 2(1 − 𝜌2)𝑎𝑏𝑇 , 𝜉7 = (1 − 𝜌2)𝑎2, 𝜉8 = (1 − 𝜌2)𝑏2. (20)

The characteristic function of (𝑋𝑇 |𝑉𝑇 ) can be obtained according to

𝑔̂𝑋𝑇 |𝑉𝑇 (𝑢) = E
[

𝑒𝑖𝑢𝑋𝑇 ||
|

𝑉𝑇
]

= E
[

E
[

𝑒𝑖𝑢𝑋𝑇 ||
|∫

𝑇

0
𝑉𝑠𝑑𝑠,∫

𝑇

0

𝑑𝑠
𝑉𝑠
, 𝑉𝑇

]

|𝑉𝑇

]

= E
[

𝑒𝑖𝑢𝑚−
𝑢2
2 𝑠

2
|𝑉𝑇

]

= 𝑒𝑖𝑢
(

𝜉1+𝜉2𝑉𝑇 +𝜉3 log𝑉𝑇
)

− 𝑢2
2 𝜉6

(

−𝑖𝑢𝜉4 +
𝑢2

2
𝜉7,−𝑖𝑢𝜉5 +

𝑢2

2
𝜉8

)

, (21)

where, from (Grasselli, 2017, Proposition A.4),

(𝑢1, 𝑢2) ∶= E
[

𝑒−𝑢1 ∫
𝑇
0 𝑉𝑠𝑑𝑠−𝑢2 ∫

𝑇
0

𝑑𝑠
𝑉𝑠
|𝑉𝑇

]

= exp
(

𝑉0 + 𝑉𝑇
𝜎2

(

𝑘 coth
(𝑘𝑇

2

)

−
√

𝐴1 coth
(

√

𝐴1
𝑇
2

))

)

×

√

𝐴1 sinh
(

𝑘𝑇
2

)

𝑘 sinh
(

√

𝐴1
𝑇
2

)

𝐼√

(2𝑘𝜃−𝜎2)2+8𝜎2𝑢2
𝜎2

(

2
√

𝐴1𝑉0𝑉𝑇
𝜎2 sinh

(

√

𝐴1
𝑇
2

)

)

𝐼 2𝑘𝜃
𝜎2

−1

(

2𝑘
√

𝑉0𝑉𝑇
𝜎2 sinh

(

𝑘𝑇
2

)

) , (22)

with 𝐴1 = 𝑘2 + 2𝑢1𝜎2 and 𝐼𝜈 (⋅) being the modified Bessel function of the first kind. We have therefore an analytic expression for the characteristic 
function of (𝑋𝑇 |𝑉𝑇 ). Next, we need to compute the moments (or, equivalently, the cumulants) of (𝑋𝑇 |𝑉𝑇 ). It is tantamount to use the following 
well-known formula 𝜇𝑛 = E

[

𝑋𝑛
𝑇 |𝑉𝑇

]

= 1
𝑖𝑛

𝜕𝑛

𝜕𝑢𝑛 𝑔̂𝑋𝑇 |𝑉𝑇 (𝑢)
|

|

|𝑢=0
. However, this methodology would not be very efficient in our case due the fact that it 

requires computing many times the modified Bessel functions and their derivatives. To better illustrate this point we report in Section EC.4 the 
analytical expressions for the first two moments of (𝑋𝑇 |𝑉𝑇 ). Of course, when computing higher order moments (e.g., eight moment), the approach 
based on analytical derivation becomes impossible and also endangers numerical malfunctions and non negligible approximation errors when 
computing derivatives. We suggest therefore a different approach. The 𝑛th cumulant of (𝑋𝑇 |𝑉𝑇 ) can be computed in the following way:

𝑐𝑛 =
𝜕𝑛

𝜕𝑢𝑛
logE

[

𝑒𝑢𝑋𝑇 |𝑉𝑇
]

|

|

|𝑢=0
= 𝜕𝑛

𝜕𝑢𝑛
logE

[

E
[

𝑒𝑢𝑋𝑇 ||
|∫

𝑇

0
𝑉𝑠𝑑𝑠,∫

𝑇

0

𝑑𝑠
𝑉𝑠
, 𝑉𝑇

]

|

|

|

𝑉𝑇

]

|

|

|𝑢=0

= 𝜕𝑛

𝜕𝑢𝑛
(

𝜉1 + 𝜉2𝑉𝑇 + 𝜉3 log𝑉𝑇
)

𝑢 +
𝑢2𝜉6
2

|

|

|𝑢=0
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝐶1(𝑛)

+ 𝜕𝑛

𝜕𝑢𝑛
logE

⎡

⎢

⎢

⎣

𝑒

(

𝑢𝜉4+
𝑢2
2 𝜉7

)

∫ 𝑇0 𝑉𝑠𝑑𝑠+
(

𝑢𝜉5+
𝑢2
2 𝜉8

)

∫ 𝑇0
𝑑𝑠
𝑉𝑠 |
|

|

𝑉𝑇
⎤

⎥

⎥

⎦

|

|

|𝑢=0

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝐶2(𝑛)

,

where 
𝐶1(1) = 𝜉1 + 𝜉2𝑉𝑇 + 𝜉3 log𝑉𝑇 , 𝐶1(2) = 𝜉6, 𝐶1(𝑛) = 0 for 𝑛 > 2. (23)

It remains to compute 𝐶2(𝑛). First, note that

𝐶2(𝑛) =
𝜕𝑛 log

(

−𝑢𝜉4 −
𝑢2 𝜉7,−𝑢𝜉5 −

𝑢2 𝜉8

)

|

| .

𝜕𝑢𝑛 2 2 |𝑢=0
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Following Kyriakou et al. (2024), since both ∫ 𝑇0 𝑉𝑠𝑑𝑠 and ∫ 𝑇0 𝑑𝑠
𝑉𝑠

 are defined on R+, we suggest computing the second derivative using the numerical 
inversion of adaptively modified moment generating function algorithm introduced by Choudhury and Lucantoni (1996). Define 

̄(𝑢) ∶= 
(

−𝑢𝜉4 −
𝑢2

2
𝜉7,−𝑢𝜉5 −

𝑢2

2
𝜉8

)

. (24)

Let 𝑙 = 1 and choose 𝛼𝑗 adaptively, i.e., for the 𝑗th cumulant we set 𝛼𝑗 = (𝑗 − 1) 𝑐𝑗−2𝑐𝑗−1
 for 𝑗 > 2. We then have that 

𝐶2(𝑛) =
𝑛!

2𝑛𝑙𝑟𝑛𝑛𝛼𝑛𝑛
⋅

(

log ̄(𝛼𝑛𝑟𝑛) + (−1)𝑛 log ̄(−𝛼𝑛𝑟𝑛) + 2
𝑛𝑙−1
∑

𝑗=1
Real

(

log ̄(𝛼𝑛𝑟𝑛𝑒𝜋𝑖𝑗∕𝑛𝑙)𝑒−𝜋𝑖𝑗∕𝑙
)

)

− 𝑒, (25)

where 𝑒 indicates the discretization error and the function 𝑟𝑛 is chosen to bound the discretization error, in particular 𝑟𝑛 = 10−
𝛾
2𝑛𝑙  allows to achieve 

accuracy of order 10−𝛾 . In Algorithm 4 we summarize the procedure to obtain the first 𝑛 cumulants and to compute adaptively 𝛼𝑛. Given the 𝑛th 
cumulant, we can recover the 𝑛th central moment, 𝜇𝑛. Given the first three cumulants, the 𝑛th central moment and the characteristic function of 
(𝑋𝑇 |𝑉𝑇 ), we can simulate the 4/2 model using our conditional COS approach. The resulting exact simulation scheme is summarized in Algorithm 
5. Note that through this algorithm it is also possible to simulate the 3/2 stochastic volatility model and the Heston model.

5.2. Heston model

The Heston model is a special case of the 4/2 stochastic volatility model and can be simulated using Algorithm 5. However, we propose next 
a different approach exploiting innovations from Choi and Kwok (2024). The variance process, 𝑉𝑇 , is related to a 𝛿-dimensional squared Bessel 
process, where 𝛿 ∶= 4𝜃𝑘∕𝜎2. Hence, following Yuan and Kalbfleisch (2000) it can be simulated from a randomized Gamma distribution: 

𝜁 ∼ Poisson
(

2𝑉0𝑘
𝜎2(𝑒𝑘𝑇 − 1)

)

, 𝑉𝑇 ∼ Gamma
(

𝛿
2
− 1 + 𝜁,

𝜎2(1 − 𝑒𝑘𝑇 )
2𝑘

)

. (26)

Conditionally on (𝜁, 𝑉𝑇 ), from Choi and Kwok (2024) we have 

𝑃 (𝑢) = E
[

𝑒−𝑢 ∫
𝑇
0 𝑉𝑠𝑑𝑠

|𝜁, 𝑉𝑇
]

= 𝑋1
(𝑢)𝑋2

(𝑢)𝑍 (𝑢)𝜁 , (27)

𝑋1
(𝑢) = exp

(

𝑉0 + 𝑉𝑇
𝜎2

(

𝑘 coth
(𝑘𝑇

2

)

−
√

2𝜎2𝑢 + 𝑘2 coth

(
√

2𝜎2𝑢 + 𝑘2𝑇
2

)))

, (28)

𝑋2
(𝑢) =

(√

2𝜎2𝑢 + 𝑘2 sinh (𝑘𝑇 ∕2)

𝑘 sinh (
√

2𝜎2𝑢 + 𝑘2𝑇 ∕2)

)

𝛿
2

, 𝑍 (𝑢) =

(√

2𝜎2𝑢 + 𝑘2 sinh (𝑘𝑇 ∕2)

𝑘 sinh (
√

2𝜎2𝑢 + 𝑘2𝑇 ∕2)

)

. (29)

Note the advantage of the alternative representation in (27) with respect to (24): it does not depend anymore on the ratio of modified Bessel 
functions of the first kind. Thus, it can be computed more efficiently. The characteristic function of (𝑋𝑇 |𝜁, 𝑉𝑇 ) is given as follows: 

𝑔̂𝑋𝑇 |𝜁,𝑉𝑇 (𝑢) = 𝑒𝑖𝑢(𝜉1+𝜉2𝑉𝑇 )𝑃
(

−𝑖𝑢𝜉4 +
𝑢2

2
𝜉7

)

. (30)

The 𝑛th cumulant of (𝑋𝑇 |𝜁, 𝑉𝑇 ) can be computed in the following way:

𝑐𝑛 =
𝜕𝑛

𝜕𝑢𝑛
logE

[

𝑒𝑢𝑋𝑇 |𝜁, 𝑉𝑇
]

|

|

|𝑢=0
= 𝜕𝑛

𝜕𝑢𝑛
(

𝜉1 + 𝜉2𝑉𝑇
)

𝑢||
|𝑢=0

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝐶1(𝑛)

+ 𝜕𝑛

𝜕𝑢𝑛
logE

⎡

⎢

⎢

⎣

𝑒

(

𝑢𝜉4+
𝑢2
2 𝜉7

)

∫ 𝑇0 𝑉𝑠𝑑𝑠
|

|

|

𝜁, 𝑉𝑇
⎤

⎥

⎥

⎦

|

|

|𝑢=0

= 𝐶1(𝑛) +
𝜕𝑛

𝜕𝑢𝑛
log

(

𝑃 (−𝑢𝜉4 −
𝑢2

2
𝜉7)

)

|

|

|𝑢=0
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝐶2(𝑛)

=

{

𝜉1 + 𝜉2𝑉𝑇 if 𝑛 = 1
0 if 𝑛 > 1

+ 𝐶2(𝑛). (31)

𝐶2(𝑛) can be computed using Algorithm 4 by setting 

̄(𝑢) ∶= 𝑃
(

−𝑢𝜉4 −
𝑢2

2
𝜉7

)

. (32)

The resulting exact simulation scheme for the Heston model is summarized into Algorithm 6. It is clear that this approach is expected to present 
superior performances than Algorithm 5 (in the special case of the Heston model) since the evaluation of the modified Bessel function is sidestepped.

5.3. Time-changed Lévy models

Time-changed Lévy models are built by taking, e.g., a homogeneous Lévy process and subordinating it by the integrated variance. Given an 
initial value 𝑆0, the asset price at time 𝑇  is 

𝑆𝑇 = 𝑆0 exp
(

𝑟𝑇 + 𝛯(

2𝑎𝑏𝑇+𝑎2 ∫ 𝑇0 𝑉𝑠𝑑𝑠+𝑏2 ∫
𝑇
0

𝑑𝑠
𝑉𝑠

)

)

, (33)

where 𝛯 is an independent Lévy process and 𝑉  is as in (17). Also this class of models is analytically solvable, as shown in Zeng et al. (2023, 
Corollary 2.13) and therefore can be simulated exactly by suitably modifying Algorithm 5. However, in what follows, let us consider the special 
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case where 𝑎 = 1 and 𝑏 = 0 and where 𝛯 follows a CGMY model (Carr et al., 2003). This corresponds to the CGMYCIR model.4 The conditional 
characteristic function of the log-returns is 

𝑔̂𝑋𝑇 |𝜁,𝑉𝑇 (𝑢) = E
[

E
[

𝑒𝑖𝑢𝑋𝑇 ||
|∫

𝑇

0
𝑉𝑠𝑑𝑠, 𝜁 , 𝑉𝑇

]

|

|

|

𝜁, 𝑉𝑇

]

= 𝑒𝑖𝑢𝑟𝑇𝑃 (−𝜓(𝑖𝑢)), (34)

where 𝜓(𝑢) is logarithm of the moment generating function of the compensated driving Lévy process, 𝛯. For the CGMY model we have 𝜓(𝑢) =
𝑢(𝐶𝛤 (−𝑌 )(𝑀𝑌 − (𝑀 − 1)𝑌 + 𝐺𝑌 − (𝐺 + 1)𝑌 )) + 𝐶𝛤 (−𝑌 )((𝑀 − 𝑢)𝑌 −𝑀𝑌 + (𝐺 + 𝑢)𝑌 − 𝐺𝑌 ). Next, we need the cumulants of (𝑋𝑇 |𝜁, 𝑉𝑇 ):

𝑐𝑛 =
𝜕𝑛

𝜕𝑢𝑛
logE

[

𝑒𝑢𝑋𝑇 |𝜁, 𝑉𝑇
]

|

|

|𝑢=0
= 𝜕𝑛

𝜕𝑢𝑛
𝑟𝑇 𝑢||

|𝑢=0
+ 𝜕𝑛

𝜕𝑢𝑛
logE

⎡

⎢

⎢

⎣

𝑒

(

𝑢𝜉4+
𝑢2
2 𝜉7

)

∫ 𝑇0 𝑉𝑠𝑑𝑠
|

|

|

𝜁, 𝑉𝑇
⎤

⎥

⎥

⎦

|

|

|𝑢=0

= 𝜕𝑛

𝜕𝑢𝑛
𝑟𝑇 𝑢||

|𝑢=0
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

=∶𝐶1(𝑛)

+ 𝜕𝑛

𝜕𝑢𝑛
log

(

𝑃 (−𝜓(𝑢))
)

|

|

|𝑢=0
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝐶2(𝑛)

=

{

𝑟𝑇 if 𝑛 = 1
0 if 𝑛 > 1

+ 𝐶2(𝑛). (35)

𝐶2(𝑛) can be computed using Algorithm 4 by setting 

̄(𝑢) ∶= 𝑃 (−𝜓(𝑢)) . (36)

The resulting exact simulation scheme for the CGMYCIR model is given into Algorithm 7.

5.4. Multifactor models

In this section, we show that multifactor stochastic volatility models are naturally included into our framework and can simulated exactly and 
efficiently through the conditional COS method developed in this paper. This is important because multifactor models are more realistic than single 
factor models.5 The possibility to perform exact simulation in a multifactor model is more important than the single factor case. Indeed, model 
sophistication is likely to reduce analytical tractability, potentially preventing the development of exact closed formulas for derivatives prices. 
Derivatives pricing is thus typically done through simulation. Moreover, when using approximations, the error control becomes harder with the 
number of parameters controlling the error which increases proportionally to the number of factors (see the discussion in Section 6.2.2).

5.4.1. Heston ⨁ 3/2 model
Grasselli (2017) introduces the following model (henceforth, Heston ⨁ 3/2 model)

𝑑𝑆𝑡
𝑆𝑡

= 𝑟𝑑𝑡 + 𝑎
√

𝑉 (1)
𝑡

(

𝜌1𝑑𝐵
(1)
𝑡 +

√

1 − 𝜌21𝑑𝑊
(1)
𝑡

)

+ 𝑏
√

𝑉 (2)
𝑡

(

𝜌2𝑑𝐵
(2)
𝑡 +

√

1 − 𝜌22𝑑𝑊
(2)
𝑡

)

(37)

𝑑𝑉 (1)
𝑡 = 𝑘1(𝜃1 − 𝑉

(1)
𝑡 )𝑑𝑡 + 𝜎1

√

𝑉 (1)
𝑡 𝑑𝐵(1)

𝑡 , 𝑑𝑉 (2)
𝑡 = 𝑘2(𝜃2 − 𝑉

(2)
𝑡 )𝑑𝑡 + 𝜎2

√

𝑉 (2)
𝑡 𝑑𝐵(2)

𝑡 , (38)

where 𝐵(𝑖)
𝑡  and 𝑊 (𝑖)

𝑡  for 𝑖 = 1, 2 are independent standard Brownian motions. As special cases, we recover the 3/2 model (𝑎 = 0) and the Heston 
model (𝑏 = 0). Grasselli (2017) presents the model in a more general form with potentially more than two variance factors.6

We show that this model can be simulated exactly. This is interesting because this model does not fall directly in the class of models considered 
by Zeng et al. (2023). Moreover, under this model we expect our method will perform much better than possible benchmark methodologies such 
as Kyriakou et al. (2024), and Zeng et al. (2023). Additionally, we show that it is possible to speed up the exact simulation of the Heston ⨁ 3/2 
model by exploiting the Poisson conditioning method of Choi and Kwok (2024). Under this model, it is therefore possible to reduce the amount of 
modified Bessel functions evaluations, but not to eliminate it completely.

To simulate the model through our proposed approach, we need to derive the conditional characteristic function of the log-returns. We thus 
need to extend the results in Zeng et al. (2023) to the case with more than one variance factor. First, setting 𝜁 (1) is as in (26), note that 

(

𝑋𝑇
|

|

|∫

𝑇

0
𝑉 (1)
𝑠 𝑑𝑠,∫

𝑇

0

𝑑𝑠
𝑉 (2)
𝑠

, 𝜁 (1), 𝑉 (1)
𝑇 , 𝑉 (2)

𝑇

)

∼  (𝑚, 𝑠2) (39)

where

𝑚 = 𝛶1 + 𝛶2𝑉
(1)
𝑇 + 𝛶3 log𝑉

(2)
𝑇 + 𝛶4 ∫

𝑇

0
𝑉 (1)
𝑠 𝑑𝑠 + 𝛶5 ∫

𝑇

0

𝑑𝑠
𝑉 (2)
𝑠

, 𝑠2 = 𝛶6 ∫

𝑇

0
𝑉 (1)
𝑠 𝑑𝑠 + 𝛶7 ∫

𝑇

0

𝑑𝑠
𝑉 (2)
𝑠

𝛶1 = 𝑟𝑇 −
𝑎𝜌1
𝜎1

𝑉 (1)
0 − 𝑘1𝜃1𝑇

𝑎𝜌1
𝜎1

−
𝑏𝜌2
𝜎2

log𝑉 (2)
0 +

𝑏𝜌2
𝜎2

𝑘2𝑇 , 𝛶2 =
𝑎𝜌1
𝜎1

, 𝛶3 =
𝑏𝜌2
𝜎2

𝛶4 = − 𝑎
2

2
+
𝑎𝑘1𝜌1
𝜎1

, 𝛶5 = − 𝑏
2

2
+
𝑏𝜌2
𝜎2

(

𝜎22
2

− 𝑘2𝜎2

)

, 𝛶6 = 𝑎2(1 − 𝜌21), 𝛶7 = 𝑏2(1 − 𝜌22).

4 We make this choice for two reasons. (i) It is a common choice in the literature (e.g., Corsaro et al., 2019). (ii) The CGMY model is more computationally 
challenging than alternative Lévy models.

5 Without sake of exhaustiveness, we refer to Ballotta and Rayée (2022), Brignone et al. (2023), Christoffersen et al. (2009) and Recchioni et al. (2021) for 
empirical studies on time series of option prices supporting multiple variance factors in the equity market and to Cortazar et al., 2017 for commodity markets.

6 For sake of clarity and ease of exposition let us consider, following Grasselli (2017), the special case presented in (37)–(38). The approach we are going 
to propose would work also for the more general case which includes for example the FX Heston-based model of De Col et al. (2013) and the multi 3/2 model 
(Baldeaux et al., 2015).
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The conditional characteristic function of the log-returns is

𝑔̂𝑋𝑇 |𝜁 (1) ,𝑉 (1)
𝑇 ,𝑉 (2)

𝑇
(𝑢) = E

[

𝑒𝑖𝑢𝑋𝑇 |𝜁 (1), 𝑉 (1)
𝑇 , 𝑉 (2)

𝑇

]

= E
[

𝑒𝑖𝑢
(

𝑚+ 𝑖𝑢
2 𝑠

2
)

|𝜁 (1), 𝑉 (1)
𝑇 , 𝑉 (2)

𝑇

]

= 𝑒𝑖𝑢(𝛶1+𝛶2𝑉
(1)
𝑇 +𝛶3 log𝑉

(2)
𝑇 )𝑃

(

−𝑖𝑢
(

𝛶4 +
𝑖𝑢
2
𝛶6

))


(

0,−𝑖𝑢
(

𝛶5 +
𝑖𝑢
2
𝛶7

))

, (40)

where 𝑃  is as in (27) and  is as in (24). Given the characteristic function of (𝑋𝑇 |𝜁 (1), 𝑉
(1)
𝑇 , 𝑉 (2)

𝑇 ), to implement our method is necessary to compute 
high order moments. The 𝑛th cumulant of (𝑋𝑇 |𝜁 (1), 𝑉

(1)
𝑇 , 𝑉 (2)

𝑇 ) can be computed in the following way:

𝑐𝑛 =
𝜕𝑛

𝜕𝑢𝑛
logE

[

𝑒𝑢𝑋𝑇 |𝜁 (1), 𝑉 (1)
𝑇 , 𝑉 (2)

𝑇

]

|

|

|𝑢=0
= 𝜕𝑛

𝜕𝑢𝑛
(

𝛶1 + 𝛶2𝑉
(1)
𝑇 + 𝛶3 log𝑉

(2)
𝑇

)

𝑢||
|𝑢=0

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝐶1(𝑛)

+

𝜕𝑛

𝜕𝑢𝑛
logE

⎡

⎢

⎢

⎣

𝑒

(

𝑢𝛶4+
𝑢2
2 𝛶6

)

∫ 𝑇0 𝑉 (1)
𝑠 𝑑𝑠

|

|

|

𝜁 (1), 𝑉 (1)
𝑇

⎤

⎥

⎥

⎦

|

|

|𝑢=0
+ 𝜕𝑛

𝜕𝑢𝑛
logE

⎡

⎢

⎢

⎣

𝑒

(

𝑢𝛶5+
𝑢2
2 𝛶7

)

∫ 𝑇0
𝑑𝑠

𝑉 (2)
𝑠

|

|

|

𝑉 (2)
𝑇

⎤

⎥

⎥

⎦

|

|

|𝑢=0

= 𝐶1(𝑛) +
𝜕𝑛

𝜕𝑢𝑛
log

(

𝑃 (−𝑢𝛶4 −
𝑢2

2
𝛶6)

)

|

|

|𝑢=0
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝐶2(𝑛)

+ 𝜕𝑛

𝜕𝑢𝑛
log

(

(0,−𝑢𝛶5 −
𝑢2

2
𝛶7)

)

|

|

|𝑢=0
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝐶3(𝑛)

,

where 

𝐶1(1) = 𝛶1 + 𝛶2𝑉
(1)
𝑇 + 𝛶3 log𝑉

(2)
𝑇 , 𝐶1(𝑛) = 0 for 𝑛 > 1. (41)

𝐶2(𝑛) and 𝐶3(𝑛) can be computed using Algorithm 4 by setting, respectively, ̄(𝑢) = 𝑃
(

−𝑢𝛶4 −
𝑢2

2 𝛶6
)

 and ̄(𝑢) = 
(

−𝑢𝛶5 −
𝑢2

2 𝛶7
)

. The proposed 
exact simulation scheme is given in Algorithm 8.

5.4.2. Multi-Heston model
Under the risk–neutral measure, the 𝐷-dimensional Heston model is given by7

𝑑𝑆𝑡
𝑆𝑡

= 𝑟𝑑𝑡 +
𝐷
∑

𝑑=1

√

𝑉 (𝑑)
𝑡

(

𝜌𝑑𝑑𝑊
(2𝑑)
𝑡 +

√

1 − 𝜌2𝑑𝑑𝑊
(2𝑑−1)
𝑡

)

(42)

𝑑𝑉 (𝑑)
𝑡 = 𝑘𝑑 (𝜃𝑑 − 𝑉

(𝑑)
𝑡 )𝑑𝑡 + 𝜎𝑑

√

𝑉 (𝑑)
𝑡 𝑑𝑊 (2𝑑)

𝑡 , (43)

where all Brownian motions are mutually independent and 𝑉 (𝑑) are independent variance factors. Christoffersen et al. (2009) considered the case 
𝐷 = 2, while, more recently, Recchioni et al. (2021) consider the cases 𝐷 = 2 and 𝐷 = 3. We propose, next, an exact simulation method for the 
model (42)–(43) for a general 𝐷 ∈ N+. The content of this subsection is related to Brignone (2024), proposing an exact simulation scheme for the 
multifactor Ornstein–Uhlenbeck stochastic volatility model. However, we are considering a different model, a different simulation method, and a 
different approach for the computation of the conditional moments. As in (20), we define

𝜉(𝑑)1 ∶=
(

𝑟
𝐷

−
𝜌𝑑𝑘𝑑𝜃𝑑
𝜎𝑑

)

𝑇 −
𝜌𝑑𝑉

(𝑑)
0

𝜎𝑑
, 𝜉(𝑑)2 ∶=

𝜌𝑑
𝜎𝑑
, 𝜉(𝑑)4 ∶=

𝜌𝑑𝑘𝑑
𝜎𝑑

− 1
2
, 𝜉(𝑑)7 ∶= (1 − 𝜌2𝑑 ).

The conditional distribution of the log–returns is 
(

𝑋𝑇
|

|

|

{

𝑉 (𝑑)
𝑇 ,∫

𝑇

0
𝑉 (𝑑)
𝑠 𝑑𝑠

}𝐷

𝑑=1

)

∼  (𝑚, 𝑠2) (44)

with

𝑚 =
𝐷
∑

𝑑=1
𝜉(𝑑)1 + 𝜉(𝑑)2 𝑉 (𝑑)

𝑇 + 𝜉(𝑑)4 ∫

𝑇

0
𝑉 (𝑑)
𝑠 𝑑𝑠, 𝑠2 =

𝐷
∑

𝑑=1
𝜉(𝑑)7 ∫

𝑇

0
𝑉 (𝑑)
𝑠 𝑑𝑠.

Further define 

(𝑑)
𝑃 (𝑢) ∶= E

[

𝑒−𝑢 ∫
𝑇
0 𝑉 (𝑑)

𝑠 𝑑𝑠
|𝜁 (𝑑), 𝑉 (𝑑)

𝑇

]

= (𝑑)
𝑋1

(𝑢)(𝑑)
𝑋2

(𝑢)(𝑑)
𝑍 (𝑢)𝜁

(𝑑) (45)

where

(𝑑)
𝑋1

(𝑢) = exp

⎛

⎜

⎜

⎜

⎝

𝑉 (𝑑)
0 + 𝑉 (𝑑)

𝑇

𝜎2𝑑

⎛

⎜

⎜

⎜

⎝

𝑘𝑑 coth
(

𝑘𝑑𝑇
2

)

−
√

2𝜎2𝑑𝑢 + 𝑘
2
𝑑 coth

⎛

⎜

⎜

⎜

⎝

√

2𝜎2𝑑𝑢 + 𝑘
2
𝑑𝑇

2

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎠

(46)

(𝑑)
𝑋2

(𝑢) =

⎛

⎜

⎜

⎜

⎝

√

2𝜎2𝑑𝑢 + 𝑘
2
𝑑 sinh (𝑘𝑑𝑇 ∕2)

𝑘𝑑 sinh (
√

2𝜎2𝑑𝑢 + 𝑘
2
𝑑𝑇 ∕2)

⎞

⎟

⎟

⎟

⎠

𝑑
2

, (𝑑)
𝑍 (𝑢) =

⎛

⎜

⎜

⎜

⎝

√

2𝜎2𝑑𝑢 + 𝑘
2
𝑑 sinh (𝑘𝑑𝑇 ∕2)

𝑘𝑑 sinh (
√

2𝜎2𝑑𝑢 + 𝑘
2
𝑑𝑇 ∕2)

⎞

⎟

⎟

⎟

⎠

. (47)

7 Note that with 𝐷-dimensional Heston model we mean a model with 𝐷 independent variance factors and a single asset price process.
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Table 2
Model parameter sets.
 Heston
 𝑉0 𝑘 𝜃 𝜎 𝜌 𝑎 𝑏 𝑟  
 0.010201 6.21 0.019 0.61 −0.7 1 0 3.19%  
 3/2 model
 𝑉0 𝑘 𝜃 𝜎 𝜌 𝑎 𝑏 𝑟  
 0.0432 4.8689 0.0912 0.6363 −0.9641 0 −0.0510 2%  
 4/2 model
 𝑉0 𝑘 𝜃 𝜎 𝜌 𝑎 𝑏 𝑟  
 0.0201 5.1993 0.0371 0.4723 −0.8621 0.4600 −0.0390 2%  
 CGMY-CIR
 𝑉0 𝑘 𝜃 𝜎 𝑎 𝑏 𝐶 𝐺 𝑀 𝑌 𝑟  
 0.008836 3.99 0.014 0.27 1 0 15.684 10.2115 43.151 0.8 4% 
 Heston ⨁ 3/2 model
 𝑑 𝑉 (𝑑)

0 𝑘𝑑 𝜃𝑑 𝜎𝑑 𝜌𝑑 𝑎 𝑏 𝑟  
 1 0.1 2.91 0.24 3.5 −0.7 0.74 −0.015 2%  
 2 0.07 2.78 0.27 0.28 −0.4  
 Double Heston
 𝑑 𝑉 (𝑑)

0 𝑘𝑑 𝜃𝑑 𝜎𝑑 𝜌𝑑 𝑟  
 1 0.0028 1.0738 0.1026 0.826 −0.2819 3%  
 2 0.0059 0.0326 0.7078 1.5355 −0.687  
Notes. The Heston, 3/2 and 4/2 models are defined in (16)–(17). The CGMY-CIR is defined in (33)–(17). The Heston ⨁ 3/2 model and Double Heston models are defined, 
respectively, in (37)–(38) and (42)–(43) with 𝐷 = 2. For the Heston, Double Heston, and CGMYCIR the parameters are taken, respectively, from Broadie and Kaya (2006, Table 
1), Kyriakou et al. (2024, Table 2), Corsaro et al. (2019, Table 2). For the Heston ⨁ 3/2 model, 3/2 and 4/2 models, parameters are obtained from a calibration on a set of 
quoted option prices (see Section EC.7). The initial price is 𝑆0 = 100 for all the parameter sets and the maturity is kept fix (1 year maturity).

Applying the tower property, we obtain the conditional characteristic function of log–returns 

𝑔̂
𝑋𝑇 |

{

𝜁 (𝑑) ,𝑉 (𝑑)
𝑇

}𝐷

𝑑=1

(𝑢) = E
[

𝑒𝑖𝑢𝑋𝑇 ||
|

{

𝜁 (𝑑), 𝑉 (𝑑)
𝑇

}𝐷

𝑑=1

]

= 𝑒𝑖𝑢
∑𝐷
𝑑=1 𝜉

(𝑑)
1 +𝜉(𝑑)2 𝑉 (𝑑)

𝑇

𝐷
∏

𝑑=1
(𝑑)
𝑃

(

−𝑖𝑢𝜉(𝑑)4 + 𝑢2

2
𝜉(𝑑)7

)

. (48)

We need at this stage to compute the conditional cumulants of the log-returns:

𝑐𝑛 =
𝜕𝑛

𝜕𝑢𝑛
logE

[

𝑒𝑢𝑋𝑇 ||
|

{

𝜁 (𝑑), 𝑉 (𝑑)
𝑇

}𝐷

𝑑=1

]

|

|

|𝑢=0
=

𝐷
∑

𝑑=1

𝜕𝑛

𝜕𝑢𝑛
𝑢(𝜉(𝑑)1 + 𝜉(𝑑)2 𝑉 (𝑑)

𝑇 )||
|𝑢=0

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝐶1(𝑛)

+

𝐷
∑

𝑑=1

𝜕𝑛

𝜕𝑢𝑛
log(𝑑)

𝑃

(

−𝑢𝜉(𝑑)4 − 𝑢2

2
𝜉(𝑑)7

)

|

|

|𝑢=0

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝐶2(𝑛)

=

{

∑𝐷
𝑑=1 𝜉

(𝑑)
1 + 𝜉(𝑑)2 𝑉 (𝑑)

𝑇 if 𝑛 = 1
0 if 𝑛 > 1

+ 𝐶2(𝑛). (49)

𝐶2(𝑛) can be computed running Algorithm 4 for 𝑑 = 1,… , 𝐷 with ̄(𝑢) = (𝑑)
𝑃

(

−𝑢𝜉(𝑑)4 − 𝑢2

2 𝜉
(𝑑)
7

)

. The proposed simulation scheme for the multi-Heston 
model is summarized into Algorithm 9.

6. Numerical studies

In this section, we evaluate the performances of the proposed simulation algorithms, benchmarking with previous literature. Additional 
numerical experiments are provided in Section EC.3. All the computations are done using Matlab® (Version R2024b) in Microsoft Windows 
10® running on a machine equipped with Intel(R) Core(TM) i7-9750HQ CPU @2.60 GHz and 16 GB of RAM. The parameters considered for the 
various experiments are given in Table  2. Based on the results in Section EC.3.1, we take 𝑞 = 10, 𝑠 = 19 and 𝑛 = 6 when implementing Algorithms 
5–9. Following standard literature (among others, Broadie & Kaya, 2006), we evaluate numerical performances based on computing times, bias and 
Root Mean Squared Error (RMSE), that are defined as follows. If 𝐶 is the simulation estimator used for the European call option price and 𝐶true is 
the true price, then the bias, variance and RMSE are given as follows: bias = (𝐶true−E[𝐶]), variance = E[(𝐶true−E[𝐶])2], RMSE =

√

bias2 + variance
 , 

where  is the number of simulations. The standard error (henceforth, s.e.) is computed as s.e. =
√

variance∕. The bias is estimated running 
2 × 109 simulations.

6.1. Assessing the true bias and comparison with traditional exact simulation scheme

We compare the numerical performances of the proposed conditional COS approach for the exact simulation of stochastic volatility models with 
the traditional exact simulation scheme (summarized in Sections 2 and EC.5) and also evaluate the actual bias. First, our method presents only one 
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Table 3
True bias (in absolute value) and standard errors of the Monte Carlo simulation estimator (in parenthesis) of the ATM European call option price.
 Model Algorithms 5–9 Traditional

 𝜀 = 1 𝜀 = 10−1 𝜀 = 10−2 𝜁 = 10−2 𝜁 = 10−3 𝜁 = 10−4  
 Heston 0.0020 0.0005 0.0002 0.0098 0.0019 0.0006  
 (1.66E−04) (1.66E−04) (1.66E−04) (1.74E−04) (1.66E−04) (1.66E−04) 
 3/2 0.0010 0.0007 0.0003 0.0144 0.0047 0.0019  
 (2.73E−04) (2.73E−04) (2.73E−04) (2.77E−04) (2.75E−04) (2.74E−04) 
 4/2 0.0033 0.0015 0.0004 0.0268 0.0096 0.0062  
 (2.60E−04) (2.59E−04) (2.59E−04) (2.67E−04) (2.76E−04) (2.67E−04) 
 CGMYCIR 0.0005 0.0003 0.0002 0.0401 0.0120 0.0093  
 (1.65E−04) (1.65E−04) (1.65E−04) (1.66E−04) (1.67E−04) (1.65E−04) 
 Heston ⨁ 3/2 1.42E−04 1.18E−04 3.26E−05 0.0895 0.0141 0.0088  
 (2.94E−04) (2.93E−04) (2.93E−04) (3.18E−04) (3.03E−04) (2.98E−04) 
 Double Heston 0.0029 0.0003 0.0001 0.0028 0.0010 0.0005  
 (3.19E−04) (3.19E−04) (3.20E−04) (3.15E−04) (3.20E−04) (3.20E−04) 
Notes. Parameters are as in Table  2. Reference price of the ATM European call options is: 6.80611 (Heston), 9.93256 (3/2), 10.40967 (4/2), 6.605306 (CGMYCIR), 10.44224 
(Heston ⨁ 3/2), 9.36631 (Double Heston).

Fig. 1. Speed accuracy profiles: Algorithms 5–9 vs. Traditional exact simulation scheme (see Section 2).
Notes. Algorithms 5–9 plot with red diamond markers, benchmark (traditional method): plot with blue circle markers. Time is expressed in seconds.  (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

parameter controlling the error: 𝜀. We take 𝜀 ∈ {1, 10−1, 10−2} and run 2 × 109 simulations using Algorithms 5–9.8 We report the biases in Table  3. 
Results show that the bias (in absolute value), as expected, decreases with 𝜀. In addition, recalling that 𝜀 is maximum error tolerable in absolute 
value when pricing the European call option, the true bias appears to be much smaller than 𝜀, even more than 1000 times smaller (depending 
on the model and the parameter set). In the same table, we also report the results of the same experiment with the traditional exact simulation 
scheme implemented with the Kang et al. (2017) adjustment (see Section 2). In this way, the error is controlled by three parameters, 𝜁 , 𝑐1 and 𝑐2. 
Following the suggestion of Kang et al. (2017) we simply set 𝑐1 = 0.1 and 𝑐2 = 0.5 and study the bias for varying 𝜁 . Results are reported in Table 
3. Equipped with the bias, we can evaluate the speed-accuracy profiles. To this aim, we set  = 104 and run Algorithms 5–9 and the traditional 
exact simulation scheme 50 times each, for the same values of 𝜀 and 𝜁 reported in Table  3. Then, we take the average computing times. Results are 
given in Fig.  1 and show that the proposed conditional COS approach largely outperforms the traditional exact simulation scheme and presents a 
superior runtime-accuracy trade-off. This is particularly evident for involved models such as CGMYCIR, Heston ⨁ 3/2 and Double Heston models.

6.2. Comparison with fast approximated sampling schemes

We compare our exact simulation approach with the alternative fast approximated sampling schemes proposed by Kyriakou et al. (2024) 
and Zeng et al. (2023). The speed-accuracy profile is evaluated by comparing the RMSE and the computing time. When implementing our 
conditional COS approach, we set the following tuning parameters: 𝑛 = 6, 𝑠 = 19, 𝑞 = 10 and 𝜀 = 10−1.

8 We have also tested the methodology considering smaller values of 𝜀 (e.g., 10−3), but the resulting bias is extremely small and hard to evaluate accurately 
since needing a huge number of simulations.
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Fig. 2.  Speed accuracy profiles: Algorithms 5–9 vs. Kyriakou et al. (2024).
Notes. Algorithms 5, 7, 8: plot with red diamond markers; method of Kyriakou et al. (2024): plot with blue cross markers. Time is expressed in seconds. Number 
of simulations:  = 𝑚̃× 104 with 𝑚̃ ∈ {4, 16, 64, 256}.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version 
of this article.)

6.2.1. Comparison with Kyriakou et al. (2024)
The methodology in Kyriakou et al. (2024) allows to obtain accurate estimates for the price of an option at a reduced computational cost. 

Additionally, it is very general and can be applied to all the models considered in this paper. To save space, we summarize the methodology 
in Section EC.6. However, our methodology is expected to perform better in most of the models considered in this paper, as we illustrate next. 
First, we consider the CGMYCIR model where the methodology of Kyriakou et al. (2024) suffers from some drawbacks. After simulating fast 
(

∫ 𝑇0 𝑉𝑠𝑑𝑠, 𝑉𝑇
)

 one still needs to simulate the log-returns. This means simulating the CGMY model, which can be done only by numerically inverting 
the characteristic function of the log-returns (Ballotta & Kyriakou, 2014). In this regard, it is clear that the benefit of simulating fast 

(

∫ 𝑇0 𝑉𝑠𝑑𝑠, 𝑉𝑇
)

 is 
reduced because after that one still needs to perform simulation through characteristic function inversion and root finding algorithms, introducing 
other sources of error (depending on which methodology is applied) and increasing the computing times. Similar reasoning applies to other Lévy 
models whose simulation is involved (e.g., Meixner, tempered stable, generalized hyperbolic models). Algorithm 7 is therefore expected to perform 
better in this case, since it still requires only one characteristic function inversion but does not require sampling the conditional integrated variance. 
Running 2 × 109 simulations through the method of Kyriakou et al. (2024), we obtained an European call option price equal to 6.6054 (5.8E−04). 
The benchmark methodology therefore appears very accurate under this model. However, when comparing the RMSE and the computing time (see 
central subplot of Fig.  2) for various number of simulations it is clear that Algorithm 7 outperforms, being faster for the same level of accuracy. We 
stress that the benchmark methodology of Kyriakou et al. (2024) is very effective. Indeed, it is very fast and the bias is small (around 10−4 for the 
considered parameters). Thus, it is very difficult to beat it. Even if the difference between the two methods is very small, the improvement is still 
remarkable considering the general excellent performances of the benchmark method. Second, we consider the 4/2 model. To facilitate comparison 
with Kyriakou et al. (2024), let us consider for this model the same parameters used in their original paper, i.e.: 𝑉0 = 0.04, 𝑘 = 1.8, 𝜃 = 0.04, 𝜎 = 0.2, 
𝜌 = −0.7, 𝑎 = 0.3, 𝑏 = 0.025, 𝑟 = 2%.9 As reported in Kyriakou et al. (2024, Table 3), with such parameters the absolute bias in their approach is 
equal to 0.0067. In contrast, through Algorithm 5, we obtained an absolute bias equal to 0.0002. Equipped with the bias, we compute the RMSE 
and take computing times for varying number of simulations. Results are reported in the left subplot of Fig.  2. Also in this case, we find that our 
proposed Algorithm 5 outperforms the benchmark. Third, let us consider the Heston ⨁ 3/2 model. We implement the methodology of Kyriakou 
et al. (2024) for the simulation of such model and estimate the bias using 2×109. The bias is very large. Indeed, the option price computed via the 
methodology of Kyriakou et al. (2024) is: 10.3804 (2.97E−04). We report the RMSE and computing times in the right subplot of Fig.  2. Results 
indicate that our approach largely outperforms the benchmark method of Kyriakou et al. (2024) under the Heston ⨁ 3/2 model.

Based on these results, the advantages of the proposed method over the one proposed in Kyriakou et al. (2024) can be summarized as follows: 
(𝑖) it allows for a simplified control of the error; (𝑖𝑖) it presents a better runtime-accuracy profile when considering the simulation of very involved 
models with challenging parametrizations, such as CGMYCIR, 4/2 and Heston ⨁ 3/2 models.

6.2.2. Comparison with Zeng et al. (2023)
Under the models (16)–(17) and (33)–(17), Zeng et al. (2023, Eq. 28) suggest approximating the conditional cumulative distribution function 

of the log-returns via Hilbert transform: 

𝐺𝑋𝑇 |𝑉𝑇 (𝑦) ≈ 𝐺̃𝑋𝑇 |𝑉𝑇 (𝑦) ∶=
1
2
+ 𝑖

2

𝑀
∑

𝑚=−𝑀

𝑒−𝑖(𝑚−1∕2)ℎ𝑦

(𝑚 − 1∕2)𝜋
𝑔̂𝑋𝑇 |𝑉𝑇 (𝑖(𝑚 − 1∕2)ℎ), (50)

where ℎ is the discretization step size and 𝑀 is the truncation level, that are the first two parameters controlling the error. Given (50), the simulation 
is performed as follows. (𝑖) Truncate and discretize the range of 𝑋𝑇  into 𝐾̃ +1 levels from 𝑥0 to 𝑥𝐾̃ ; (𝑖𝑖) Truncate and discretize the range of log𝑉𝑇
into 𝐿̃+1 levels from log 𝑣0 to log 𝑣𝐿̃; (𝑖𝑖𝑖) Evaluate the conditional characteristic function 𝑔̂𝑋𝑇 |𝑉𝑇 =𝑣𝐿̃ (𝑖(𝑚−1∕2)ℎ) and the approximated conditional 

9 When considering the model parameters reported in Table  2 for the 4/2 model, we found a very large bias when computing option prices using the 
methodology of Kyriakou et al. (2024). We have thus opted for considering the same model parameters considered in the original paper to facilitate comparison.
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Table 4
Choice of the parameters controlling the error when implementing the method of Zeng et al. (2023) for benchmark
comparison.
 Model log 𝑣0 log 𝑣𝐿̃ 𝐿̃ 𝑥0 𝑥𝐾̃ 𝐾̃ 𝑀 Bias  
 3/2 −7.6933 −1.1708 200 0.6931 8.5172 2001 1000 −0.0194 
 4/2 −9.1916 −1.6187 200 0.6931 8.5172 961 480 0.0038  

cumulative distribution function 𝐺̃𝑋𝑇 |𝑉𝑇 (𝑥𝐾̃ ) for 𝑘 = 1,… , 𝐾̃, 𝑙 = 1,… , 𝐿̃ and 𝑚 = −𝑀,… ,𝑀 from (50); (𝑖𝑣) Generate a sample from (𝑉𝑇 |𝑉0) from 
(18); (𝑣) Simulate (𝑋𝑇 |𝑉𝑇 ) using enhanced interpolation techniques (see Zeng et al., 2023, Eqs. 29-30 and Remark 3.1).

This technique is extremely fast since steps (𝑖)–(𝑖𝑖𝑖) can be performed outside the Monte Carlo loop (so called, initialization) and because step (𝑣)
is based on interpolation techniques, that are faster than using root finding algorithms. Therefore, this methodology is expected to be faster than our 
method for the same number of simulations (especially for a high number of simulations) and constitutes a very solid benchmark for our approach. 
As we discuss below, the main advantage of our proposed approach is a simplified control of the error. Indeed, under the methodology of Zeng 
et al. (2023), the error is controlled by 7 parameters, i.e., 𝐾̃, 𝐿̃, 𝑥0, 𝑥𝐾̃ , 𝑣0, 𝑣𝐿̃, 𝑀 .10 In contrast, with our method the error is controlled by only one 
parameter. Additionally, Zeng et al. (2023, Theorem 4.5) present a computable upper error bound for the bias implicit in their methodology. In 
principle, one could compute such bound for various combinations of the seven parameters controlling the error until finding sufficient accuracy. 
However, it is clear that Zeng et al. (2023, Formula 41) is challenging to implement and potentially slow to run. In contrast, in our method the 
upper error bound for the bias is an input specified by the user. In addition, we stress that our method is better extendable to multifactor models. 
Consider for example a model with 𝐷 variance factors. To implement the method of Zeng et al. (2023), one should discretize the 𝐷 variance 
processes, introducing 𝐷 × 3 additional parameters controlling the error. In total, one would have 4 + 3 ×𝐷 parameters governing the error. Thus, 
for the triple Heston model (i.e., 𝐷 = 3), one has 13 parameters controlling the error. In contrast, with our proposed method the error is controlled 
by only one parameter, independently on the number of factors 𝐷.

Finally, we proceed with a numerical comparison between the two methodologies.11 We consider the 3/2 and 4/2 models, with the parameters 
reported in Table  2. We start by computing the bias. First, ‘‘playing’’ with the aforementioned tuning parameter set, we find an optimal set up. 
The tuning parameters are reported in Table  4. Note that this step can be rather time consuming since such parameters are hard to determine via 
trial and error. Moreover, optimal tuning parameters may differ substantially when considering different models. Following Zeng et al. (2023), we 
have set 𝐾̃ = 2𝑀 + 1 and determined the lower and upper bound of the variance, 𝑣0 and 𝑣𝐿̃, by Monte Carlo simulation taking the maximum and 
minimum value of the log-variance after 107 simulations. Moreover, [𝑥0, 𝑥𝐾̃ ] ∶= log(100)∓ log(50). In the case of the 4/2 model we found numerical 
issues when setting 𝑀 > 480. This is why we do not further increase 𝑀 to increase accuracy. Second, given the optimal tuning parameters we 
compute the bias using 109 simulations (it is reported in Table  4). We notice that, despite the abundant usage of approximations, the methodology 
is extremely accurate, especially in the 4/2 model. However, the bias is larger compared to Algorithm 5, as expected since our method can be 
considered exact and limits the amount of numerical approximations. Given the bias, we can study the speed accuracy trade-off. More specifically, 
we compute RMSE and running times in seconds for various number of simulations. Results are reported (in log–log scale) in Fig.  3, and show that 
our approach largely outperforms that of Zeng et al. (2023) under the parametrization considered for the 3/2 model. For what concerns the 4/2 
model, our approach outperforms only when a high number of simulations (and thus high accuracy) is required. We find that when high accuracy 
is not necessary, the methodology of Zeng et al. (2023) is preferable because it runs faster. However, when increasing the number of simulations, 
Algorithm 5 outperforms the method of Zeng et al. (2023) since the standard error of the Monte Carlo simulation estimator for the option price 
decreases to 0 and the RMSE coincides with the bias. Since the bias obtained through Algorithm 5 is smaller, our approach outperforms (Zeng 
et al., 2023) for a high number of simulations.

In summary, our method is expected to be slower (for the same number of simulations) than the one proposed by Zeng et al. (2023), especially 
for a high number of simulations. However, our method presents the following advantages. (𝑖) It allows for an improved control of the error, which 
is controlled by only one parameter, instead of seven. (𝑖𝑖) It is easier to implement, in the sense that the user must specify a smaller number of 
tuning parameters and the error upper bound is supplied by the user, which is easier than estimating it numerically through Zeng et al. (2023, 
Formula 41) or by trial and error for various model parameters configurations. (𝑖𝑖𝑖) It is better extendable to multifactor models, in the sense that 
for a 𝐷 factor model the error is still controlled by only one parameter instead of 4+3×𝐷. (𝑖𝑣) Under challenging model parameters, our approach 
presents a smaller bias (in principle, the final user can set the maximum tolerable bias as small as desired), entailing an improved speed-accuracy 
profile when a high number of simulations is employed.

6.3. Pricing forward starting options using Corollary  4

Generally, when pricing European options it is possible to obtain reasonable estimates of the true option price and thus computing the bias of a 
simulation scheme. However, when pricing forward starting options, the true price is not available, and thus it is not possible to estimate the bias 
(e.g., Broadie & Kaya, 2006, Section 7). However, through Corollary  4, it is still possible to easily control the error when pricing forward starting 
options even if the true price is not known. Indeed, note that through Corollary  4 it is possible to obtain a price approximation that differs by no 
more than 𝜀 with probability 𝑞 from the true price (both 𝑞 and 𝜀 are supplied by the user, rendering the error control very easy).

As illustrative examples, let us consider the Heston, CGMYCIR and 4/2 models. Following Broadie and Kaya (2006) and Li and Wu (2019), we 
consider two dates: 𝑇1 = 1 and 𝑇2 = 2 and price forward starting call options with payoff: 𝑒−𝑟𝑇2 max(0, 𝑆𝑇2 − 𝑆𝑇1 ). We set the following parameters: 
𝑠1 = 𝑠2 = 19, 𝑞1 = 𝑞2 = 10, 𝑛1 = 𝑛2 = 6. Then, we set two levels of the probability 𝑞 ∈ {0.85, 0.95} and maximum error tolerance 𝜀 ∈ {0.1, 0.01}. In 
Table  5 we report the price of the forward starting options, along with computing times and the number of simulations obtained through Corollary 
4. Some comments are in order. To implement our methodology, we compute the price of the forward starting by pricing an European call option at 

10 Following Zeng et al. (2023), for numerical experiments we set ℎ = 2𝜋
𝑥𝐾̃−𝑥0

. Theoretically, ℎ could be considered as an additional parameter controlling the 
error since alternative choices are possible.
11 To implement the methodology of Zeng et al. (2023), we have used the codes available at https://github.com/zxubl/Option-Pricing-Hilbert-Interpolation.
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Fig. 3.  Speed accuracy profiles: Algorithm 5 vs. Zeng et al. (2023).
Notes. Algorithm 5: plot with red diamond markers; method of Zeng et al. (2023): plot with blue cross markers. Time is expressed in seconds. Number of 
simulations:  = 𝑚̃ × 104 with 𝑚̃ ∈ {64, 256, 1024, 4096, 16384}. Additionally, for the method of Zeng et al. (2023) under the 4/2 model we also show the RMSE 
and computing time for  = 𝑚̃×4096×104 with 𝑚̃ ∈ {16, 64} simulations.  (For interpretation of the references to color in this figure legend, the reader is referred 
to the web version of this article.)

Table 5
Simulation estimates for a forward starting option based on Corollary  4.
 𝜀 𝑞 Heston CGMYCIR 4/2

  Price Time  Price Time  Price Time  
 0.1 0.85 1256 6.9686 0.04 1423 6.7764 0.04 51231 9.9272 2.64  
 0.01 0.85 125189 6.9555 9.49 135567 6.7853 9.25 4791221 9.9156 538.19 
 0.1 0.95 2342 6.9608 0.06 2583 6.7886 0.06 98009 9.9406 4.96  
 0.01 0.95 230611 6.9530 12.52 252011 6.7802 11.66 9449077 9.9148 790.43 
Notes. Time is expressed in seconds. s.e. denotes the standard error. Parameters as in Table  2.

time 𝑇1 given the variance level and the asset price at time 𝑇1. To price efficiently European options in this case, we utilize the approach of Junike 
(2024) from which we can control the error. To implement the methodology of Junike (2024) in our context, we need (𝑖) the characteristic function 
of (𝑋𝑇2 |𝑋𝑇1 , 𝑉𝑇1 ); (𝑖𝑖) the high order cumulants of (𝑋𝑇2 |𝑋𝑇1 , 𝑉𝑇1 ). Both can be easily obtained under the Heston and CGMYCIR model. We take the 
characteristic function from Cui et al. (2017) and compute cumulants following the same approach of Feunou and Okou (2018) (see also Brignone 
& Sgarra, 2020, p. 109 and Brignone et al., 2023, Appendix B). Similar reasoning applies also to the Double Heston model. For the other models 
considered in this paper (i.e., 3/2, 4/2 and Heston ⨁ 3/2), this approach is not very efficient because the required characteristic function depends 
on the hypergeometric function. Since the European option price must be computed by characteristic function inversion for each simulation, this 
algorithm will be slow. Thus, for such models, we suggest a different approach. We simulate first (𝑉𝑇2 |𝑉𝑇1 ) and then price for each simulation 
the European call option given the characteristic function of (𝑋𝑇2 |𝑋𝑇1 , 𝑉𝑇2 , 𝑉𝑇1 ). In this way, the relevant characteristic function does not depend 
anymore on the hypergeometric function, and computing time will be drastically reduced. Results reported in Table  5 show the effectiveness of 
our approach when pricing forward starting options, with small computing times for the Heston and CGMYCIR models. Computing times increase 
drastically when considering the 4/2 model. This is for two main reasons: (𝑖) the necessity of evaluating the modified Bessel function of the first 
kind when pricing the European call option given the characteristic function of (𝑋𝑇2 |𝑋𝑇1 , 𝑉𝑇2 , 𝑉𝑇1 ); (𝑖𝑖) the higher number of simulations required 
to obtain the price estimate. The latter is certainly more important. When we price forward starting options by simulating the stock price and 
the variance values at time 𝑇1, and then using the European option pricing formula to evaluate the option payoff, we eliminate the variance that 
occurs due to the uncertainty after 𝑇1. However, when pricing options conditioning also on 𝑉𝑇2  we are introducing uncertainty after 𝑇1. Therefore, 
this estimator is expected to have higher variance than when using directly European option pricing formula without simulating 𝑉𝑇2  (we refer 
to Broadie & Kaya, 2006, Section 7 for a similar discussion).

6.4. A variant of Algorithms 5 –9: fast approximated sampling scheme for path-dependent options based on the moments-matched metalog

While exact simulation schemes are theoretically appealing, they are difficult to implement in practice for pricing path dependent options via 
Monte Carlo simulation, especially for path-dependent derivatives whose payoff is a function of frequently observed prices along the path where 
the simulation requires multiple steps with small time increments. For example Li and Wu (2019, Table 5) price Asian, Barrier and forward starting 
options by exact simulation, but they consider very few monitoring dates. Under these circumstances, exact simulation is potentially inferior to other 
approximate schemes, which are less accurate but much faster. For smaller time gaps (and larger numbers of discretization steps), exact simulation 
is slower. Therefore, in what follows, we illustrate the numerical performances of an alternative simulation scheme which is obtained as special 
case of Algorithms 5–9. More specifically, we simulate log-returns conditionally on the variance via the moment-matched metalog distribution 
(i.e., skipping the COS method).12 Since the time consuming path-wise Fourier inversion step is sidestepped with such an approach, the resulting 

12 We thank an anonymous referee for suggesting us to test such simulation approach.
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Table 6
Pricing discretely monitored fixed strike Asian call options using the metalog approximation.
 Heston 3/2 4/2

 Price s.e. Time Price s.e. Time Price s.e. Time 
 European 6.8066 0.0235 0.51 9.9452 0.0386 2.40 10.8602 0.0399 2.35  
 Asian 3.5680 0.0122 – 5.7177 0.0217 2.40 6.0784 0.0214 –  
 CGMYCIR Heston ⨁ 3/2 Double Heston
 Price s.e. Time Price s.e. Time Price s.e. Time 
 European 6.6227 0.0260 0.71 11.6545 0.0440 2.51 9.3672 0.0466 0.49  
 Asian 3.4615 0.0136 – 6.0875 0.0225 2.51 4.3884 0.0200 –  
Notes. Time is expressed in seconds. s.e. denotes the standard error. Parameters as in Table  2. Additional parameters: 𝐾 = 100, 𝑚 = 12. Prices, s.e. and computing time refer 
to  = 105 simulations. True prices for European options are reported in Table  3. The true price of the Asian option under the Heston model is equal to 3.5665 (see Fusai & 
Kyriakou, 2016).

simulation scheme is extremely fast. Moreover, it is numerically stable and can be applied for pricing path-dependent options with many monitoring 
dates. To illustrate performances, we consider the problem of pricing Asian options whose discounted payoff is 𝑒−𝑟𝑡𝑚 max

(

0, 1
𝑚+1

∑𝑚
𝑗=0 𝑆𝑡𝑗 −𝐾

)

, 
where 𝑚 is the number of monitoring dates. In Table  6, we report European and Asian options prices (along with the computing times) computed 
with such an approach.13 We notice that the methodology is generally quite accurate, except for the 4/2 and Heston ⨁ 3/2 model. This is not 
surprising based on the numerical results presented in Table C.7, where we find that for such models the metalog approximation (still being more 
accurate than the normal distribution) presents smaller accuracy than the other models. In conclusion, the proposed methodology gives a reasonably 
accurate estimate of path–dependent options at a small computing time.

7. Conclusions

In this paper, we present a new exact simulation scheme for analytically solvable (in the sense of Zeng et al., 2023) stochastic volatility option 
pricing models based on the COS method. Building blocks of the new algorithm are the COS method (Fang & Oosterlee, 2009; Junike, 2024; Junike 
& Pankrashkin, 2022), the use of the metalog distribution to speed up the root-finding algorithms, a fast method for computing the conditional 
cumulants of log-returns that significantly extends the one proposed in Kyriakou et al. (2024). The new algorithm improves the traditional exact 
simulation scheme (e.g., Broadie & Kaya, 2006) in several directions. First, the maximum error tolerance is an input specified by the end user, 
rather than having to be numerically estimated through time-consuming numerical simulations. Second, it provides better numerical performance 
than the traditional exact simulation scheme. Third, the error analysis is extended to forward starting options, a task that is unreachable with 
previous methods. In addition, we propose exact simulation schemes for the Heston ⨁ 3/2 model and the Multi-Heston model. The methodology 
can be applied to simulate models other than the ones considered in this paper, see Section EC.8 for more details. Finally, we show that the 
proposed approach exhibits an improved speed-accuracy profile even when compared to state-of-the-art fast approximated sampling schemes, such 
as Kyriakou et al. (2024) and Zeng et al. (2023). The main limitation of our approach is that our error analysis does not extend to models with 
jumps in the variance process (see the discussion in Section EC.8) and to path-dependent options with more involved payoff than forward starting. 
Extending such error analysis to more complicated path-dependent options, such as Asian or barrier options, and models with jumps in the variance 
process, is very complicated and beyond the scope of this work. However, it will be the subject of future research. Additionally, Corollaries  3 and
4 links the maximum error tolerance with the variance of the Monte Carlo simulation estimator and the minimal number of simulations required 
to be sure at a given probability that the error is below the tolerance. Therefore, the computing time depends on the variance of the Monte Carlo 
simulation estimators. It would be interesting to study variance reduction techniques to speed up the pricing procedure. This would be particularly 
useful when pricing path-dependent options and will be considered as future research.

CRediT authorship contribution statement

Riccardo Brignone: Conceptualization, Data curation, Formal analysis, Investigation, Methodology, Project administration, Software, Valida-
tion, Writing – original draft, Writing – review & editing. Gero Junike: Conceptualization, Formal analysis, Investigation, Methodology, Project 
administration, Validation, Writing – original draft, Writing – review & editing.

Acknowledgments

We thank the Editor and four anonymous reviewers for fruitful comments that undoubtedly helped improve our paper. We are thankful to 
Pingping Jiang for fruitful discussions and the provision of code material.

Appendix A. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.ejor.2025.08.061.

13 European option prices are reported to check the accuracy of the proposed approach.
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