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Abstract

Open quantum systems, where quantum dynamics is influenced by (non-)Markovian environ-
ments, have attracted increasing attention due to their rich physical properties. Understanding
phenomena such as non-equilibrium phases, anomalous thermalization, and dissipative state
preparation requires the knowledge of the low-lying eigenvalues and eigenstates of the Lindbla-
dian. In this thesis, we introduce a framework that systematically computes not only steady
states but also low-lying excited states in large, dissipative, interacting quantum many-body
systems. The framework is based on tensor-network methods and utilizes recent advances in
complex-time Krylov spaces. Extending these ideas to the challenging non-Hermitian eigenvalue
problem ubiquitous in open quantum systems enables simulations at unprecedented Hilbert-
space dimensions.

We employ the framework to analyze a dissipative state preparation protocol for Bose-
Einstein condensates (BECs) on optical lattices. Analytical and numerical studies allow us to
characterize the steady state and perform a finite-size scaling of the dissipative gap, uncovering
strong evidence for non-linear hydrodynamics described by the Kardar-Parisi-Zhang universality
class. Furthermore, we show analytically that the dissipative state preparation can be substan-
tially accelerated via the quantum Mpemba e!ect. Our approach exploits weak symmetries to
analytically identify a class of simple, experimentally realizable states that converge exponen-
tially faster to the steady state than typical random initializations.

Overall, this work establishes a versatile framework for the spectral analysis of generic open
quantum many-body systems, enabling the analysis of complex collective phenomena and addi-
tionally paving the way toward faster dissipative preparation of highly entangled states in analog
quantum simulators.
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1 Introduction

In the past decades, open quantum systems have received increasing attention because of their
exotic physical properties, ranging from dissipative phase transitions [3, 4, 5] to anomalous
thermalization [6]. Additionally, experimental advances in quantum simulators [7, 8], digi-
tal quantum processors [9, 10], control over strong light-matter interactions [11, 12], and the
unprecedented precision in optically driving low-dimensional materials [13, 14] make the theo-
retical understanding of such systems more relevant than ever. However, even in the case of
memoryless, or Markovian, environments, where the dynamics of the system is governed by
the Lindbladian [15], the theoretical description is challenging. Yet, analyzing many of the key
phenomena occurring in open quantum systems relies on understanding the spectrum and eigen-
states of the Lindbladian. For instance, the properties of the steady state, which corresponds
to the eigenvalue ω1 = 0, are important for dissipative phase transitions (DPTs) [3, 4, 5] and
dissipative state preparation (DSP) [16, 17]. Additionally, the dissipative gap, which is the real
part of the first excited eigenvalue, dictates the experimentally relevant relaxation timescale of
the system [18, 1]. Many other phenomena, such as anomalous thermalization processes [18, 6],
topological e!ects [19, 20, 21] and metastability [22], require the knowledge of a large portion
of the Lindbladian spectrum and eigenvectors.

However, analytic explorations of quantum many-body systems coupled to large environ-
ments are mostly limited to non-interacting systems via third quantization [23] or the Lyapunov
equation [24]. Numerical treatment on the other hand is complicated by the inherent non-Her-
miticity of the Lindbladian, which prevents the direct application of variational algorithms such
as the density matrix renormalization group (DMRG) [25, 26, 27, 28].

Other numerical methods have been limited to computing the steady state, using approaches
such as tensor-network (TN) methods [29, 30, 31, 32, 33, 34, 35, 36, 37, 38], possibly combined
with Monte-Carlo sampling [39, 40, 41, 42, 43], to neural quantum states [44, 45, 46], quantum
algorithms [47, 48, 49, 50, 51, 52], and phase space methods [53]. Exploration of other parts
of the Lindbladian spectrum mostly rely on exact diagonalization (ED) methods, which are
severely limited in the accessible system sizes. As a consequence, there is an urgent need for an
e”cient and flexible framework to access information about Lindbladian spectra.

In this thesis we introduce the TN-based complex-time Lindbladian Krylov subspace ma-
trix-product-state (CLIK-MPS) framework, which is capable of calculating a set of low-lying
eigenvalues and eigenvectors accurately and e”ciently. The framework utilizes time evolutions
which can be readily carried out with standard TN methods [54]. Additionally, we harness
the specific properties of the Lindbladian spectrum and its non-Hermiticity to exploit complex-
time evolutions [55, 56] and span an optimized Krylov space. We propose physically motivated
warm-up procedures that generate tailored initial states to target the steady state as well as
slowly decaying eigenvectors. Crucially, we are able to find initial states that converge not to
the steady state, but to the slowest decaying mode, without knowing the explicit form of the
steady state itself. These novel developments are accompanied by methods to e”ciently calcu-
late expectation values and overlaps within the subspace, methods to evaluate the quality of the
approximated eigenvalues, and benchmarks against ED results.

To assess the capabilities of the new framework, we consider the challenging physical prob-
lem of analyzing and optimizing a dissipative state preparation (DSP) protocol. These protocols
can be used to prepare highly-entangled states in analog quantum simulators based on ultra-
cold atoms in optical lattices [57, 58, 59, 60, 61, 62, 63]. While other schemes are based on
coherent control, it has recently been shown that adding controlled dissipation can be com-
putationally [64, 65] and experimentally [66] advantageous in terms of robustness to noise and
e”ciency. Despite significant progress, however, DSP protocols still su!er from long preparation



8 Introduction

times [67, 68] due to the closing of the dissipative gap upon increasing the system size. One
unexplored route to address this problem is finding optimized, fast-converging initializations.

In this thesis, we analyze a dissipative protocol to prepare Bose-Einstein condensates (BECs)
[17, 69] and devise ways to speed up the preparation. After we examine the properties of the
steady state of the protocol using analytic methods, we extensively employ CLIK-MPS to verify
the predictions. Crucially, we also use it to carry out a finite-size scaling of the dissipative gap,
uncovering strong evidence for the emergence of the Kardar-Parisi-Zhang (KPZ) universality
class. This implies a superlinear scaling of the relaxation time, necessitating fast-converging
initial states. To overcome this obstacle, we build upon the Mpemba e!ect, which originally re-
ferred to the classical non-equilibrium phenomenon whereby hot systems cool faster than warm
ones, and exploit it to substantially speed up the DSP protocol. By harnessing weak symmetries
of the Lindbladian, we analytically classify its eigenvalues according to their associated transfor-
mation behavior. This enables us to identify initial states which feature vanishing overlap with
the slowly decaying channels, speeding up the preparation exponentially. Using CLIK-MPS we
also show that this analysis remains valid across a wide parameter range and is stable upon
varying the system size. By finding tailored unitaries, the analysis carries over to finite-mo-
menta BECs [70], which we propose to implement via lattice shaking techniques [71, 72, 73].

The thesis is structured as follows: Section 2 provides an overview of the theoretical back-
ground and establishes the notation used throughout this work. This includes a discussion of
Markovian quantum systems, vectorization, symmetries, and matrix-product state (MPS) meth-
ods. In Section 3, we introduce the main result of this thesis, the complex-time Lindbladian
Krylov subspace MPS (CLIK-MPS) framework. After a short introduction to the main ideas,
we discuss Krylov spaces, complex-time evolutions, warm-up procedures, and e”cient Krylov
arithmetic in detail. We benchmark the framework and devise ways for straightforward conver-
gence analysis. In Section 4, we analyze a DSP protocol for preparing BECs both analytically
and using CLIK-MPS. We investigate the properties of the prepared state analytically and ex-
tract critical exponents. Importantly, we discuss the symmetries of the system and use them to
find rapidly-converging states, similar to the quantum Mpemba e!ect. This is complemented by
numerical studies quantifying the speedups and identifying the admissible parameter regime.
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2 Theory and Methods

This chapter provides an overview of the theoretical background and notation we will need
in the scope of the thesis. In Section 2.1, we review the notion of open quantum systems
and Markovianity. We discuss the Lindblad equation and derive properties of the Lindbladian
superoperator. In Section 2.2, we describe the notion of vectorization to handle density matrices
as vectors. In Section 2.3, we discuss the importance of symmetries in the open quantum
system setting and the di!erences compared to isolated ones. In Section 2.4, we give a short
introduction to a paradigmatic non-equilibrium e!ect occurring in open quantum systems, the
quantum Mpemba e!ect. Lastly, in Section 2.5, we discuss the main numerical methods used in
this thesis, which rely on matrix-product states (MPSs).

2.1 Open quantum systems and the Born-Markov approximation

Quantum systems in the realm of many-body physics typically need to be approximated by a
tractable minimal model capturing the intricate physics of the full system. Often, this requires
the treatment of interactions with the surrounding environment, such as light-matter interac-
tions [11, 12] in optically driven low-dimensional materials [13, 14] and methods to describe such
systems have been used for a long time [74]. Eventually, these systems were termed open quan-
tum systems, and a mathematical precise description was put forward by Gorini, Kossakowski,
and Sudarshan [74] and independently Lindblad [15]. They described the most general form of a
generator of time evolution under the assumption of Markovianity, building on mathematically
precise concepts, such as complete positivity. Since for this thesis, many of these mathematical
details are not of major importance, we lay them aside and describe the ideas from a physical
point of view. Most importantly though, we are interested in general properties of open quantum
systems, which we briefly deduce from the analysis.

To describe open quantum systems accurately, we need to formalize them. Assume we
are given a system Stot potentially consisting of many constituents of di!erent species or spatial
position, for instance, a lattice with particles. Importantly, we are not interested in the dynamics
of the whole system, but only of a small subsystem A. The complementary subsystem B =
Stot \ A is not of explicit interest and we will refer to it as the environment. The full system is
characterized by a Hamiltonian ĤS , which can be split up into the following three contributions

ĤS = ĤA → 1̂B + εĤA→B + 1̂A → ĤB , (2.1)

where ĤA (ĤB) summarize all terms concerning only the constituents in A (B), while ĤA→B

contains interactions between subsystems A and B. The prefactor ε controls the interaction
strength between the two subsystems. In principle, given some initial configuration ϑ̂S of Stot,
we are then able to calculate the full dynamics of the system by solving the Schrödinger equation
induced by ĤS . In reality though, only the dynamics of the subsystem A is of interest, which
is obtained by tracing out the environment with the partial trace ϑ̂A(t) = TrB ϑ̂S(t). This
procedure requires the explicit treatment of the environment, which is challenging due to, for
instance, a large amount of degrees of freedom. Instead we would be interested in a description
similar to a Schrödinger equation for the density matrix ϑ̂A. This is quite di”cult and the
dynamics at time t of the subsystem may depend explicitly on earlier times t↑ ↑ t, preventing a
direct formulation in terms of a linear di!erential equation [75]. Nevertheless, we can consider
the Markovian limit, where the timescales of correlation and relaxation of the environment are far
smaller than the typical timescales of the system. Additionally, we assume that the interaction
with the environment B is weak, that is, ε ↑ 1 (Born limit). Using these approximations,
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one can derive a di!erential equation for the reduced density matrix ϑ̂A starting from the full
Schrödinger equation [76, 77]. This equation is termed the Lindblad equation and is given by

dϑ̂A
dt

= Lϑ̂A = ↓i
[
ĤA, ϑ̂A

]
+
∑

l

L̂
l
ϑ̂AL̂

†

l
↓ 1

2

{
L̂†

l
L̂
l
, ϑ̂A

}
, (2.2)

where we introduced the Lindbladian superoperator L and the jump operators L̂l. The di!erence
compared to the isolated case is given by the sum over the jump operators, which contain the
information about the coupling to the environment. This Lindblad equation is a simplification
of the actual system, and the requirements for its validity need to be checked before it is used.
Nevertheless, over the past decades it has proven to be a powerful tool to analyze open quantum
systems and is extensively employed throughout the field. It is important to note that the original
derivation of the Lindblad equation [74, 15] is based on a purely mathematical consideration.

The Lindbladian superoperator features a variety of interesting properties. It is a linear
operator on the space of density matrices, but it is, in general, non-Hermitian. The spectrum of L
is thus given by the generalized spectral decomposition, where L is decomposed into eigenvalues
ωj and right and left eigenvectors r̂j , l̂j such that for a general density matrix ϑ̂

Lϑ̂ =
∑

i

ω
i
r̂
i
Tr

(
l̂†
i
ϑ̂
)
, Tr

(
l̂†nr̂m

)
= ϖnm . (2.3)

In the following, we order the eigenvalues decreasing according to their real part, that is, Reω1 ↔
Reω2 ↔ . . . and with slight abuse of language, we call r̂j and l̂j eigenvectors or eigenmodes despite
them being matrices. A density matrix ϑ̂ of the subsystem at time t can now be written in terms
of the Lindbladian eigen-decomposition as

ϑ̂(t) =
∑

i

eωitr̂
i
Tr

(
l̂†
i
ϑ̂
)
. (2.4)

We are then interested in properties of the spectrum and eigenvectors of L. The constraint
of a physical time evolution restricts the spectrum to Reωk ↗ 0, as otherwise states might be
exponentially amplified over time [76]. Additionally, the time evolution must conserve the trace
of the density matrix [78], which implies that there must be at least one eigenvalue at zero,
ω1 = 0. The corresponding right eigenvector r̂1 needs to be a physical state, as Eq. (2.4) implies
that an initial state will converge to this eigenvector in the infinite time limit, ϑ̂(t) ↘ c1r̂1 as
t ↘ ≃, where c1 is a normalization factor. This right eigenvector is also referred to as the steady
state of the system. In the case of a degenerate eigenvalue 0, an arbitrary initial state converges
to a superposition of the corresponding right eigenvectors. Furthermore, all other eigenvalues
need to be traceless, as their contribution to the trace features an explicit time dependence in
the evolution.

In case of a unique steady state, we can actually pin the form of the corresponding left
eigenvector l̂1. Considering two arbitrary density matrices ϑ̂ and ϑ̂↑ and using the conservation
of the trace, we find that Tr(l̂1ϑ̂↑) = Tr(l̂1ϑ̂). This equation is only true for the identity, fixing
the left eigenvector l̂1 = 1̂. The generalization to multiple steady states is discussed in Sec. 2.3.
Additionally, time evolution needs to preserve the Hermiticity of a state, which enforces a specific
structure on the spectrum,

Lr̂j = ωj r̂j =⇐ Lr̂†
j
= ω↓

j r̂
†

j
, (2.5)

and similarly for the left eigenmodes [79]. This result is quickly proven by decomposing the
right eigenvector into Hermitian parts. As a consequence, the spectrum is symmetric around
the real axis.
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Although the restrictions used in the derivation of the Lindblad equation are quite severe,
there are ways to approximate more complex open quantum systems in a similar fashion. For
instance the mesoscopic leads approach [80, 81], approximates couplings to a complex environ-
ment with lead modes, and the system plus lead modes can again be described by a Lindblad
equation. This is an instance of the so-called Markovian embedding approach.

2.2 Vectorization

Compared to the Schrödinger equation, the Lindblad equation has some drawbacks. Besides the
complicated structure of the Lindbladian itself, it is an equation for density matrices. Therefore,
the Lindbladian is a superoperator, acting on the space of density matrices. Since we would
like to use tools from isolated systems, it is advantageous to recast everything into the language
of vectors and operators acting on these. To do so, we can rely on the fact that the space of
matrices acting on RD is isometric to the vector space R2D. A mapping corresponding to this
isometry can easily be defined, for example through

(
a11 a12
a21 a22

)
↘





a11
a21
a12
a22



 , (2.6)

in the case D = 2. Typically we describe a lattice with L sites, each featuring a local Hilbert
space Hloc. The full system is then described by a Hilbert space of the form H

L

loc =


L

j=1Hloc,

and consequently, the density matrices on this space live in H
L↔L

loc . In close analogy to the case
of RD↔D, there is now an isometry to the space H

2L
loc, which also describes a lattice with 2L

sites, double the amount of the initial ones. Consequently, density matrices may be described as
vectors on a lattice of doubled size, and the Lindbladian as an operator on this new lattice. A
useful relation when working with vectorization is how to apply it to products of matrices M̂1,
M̂2, M̂3

M̂1M̂2M̂3 ↘
(
M̂T

3 → M̂1
)
|M̂2⇒⇒ , (2.7)

where we denoted the vectorization of a matrix M̂ as |M⇒⇒. This relation makes it possible to
vectorize the Lindbladan Eq. (2.2)

L̂ = ↓iĤ → 1̂+ 1̂→ iĤT

  
Ĥ

+
∑

l

L̂
l
→

L̂†

l

T

↓ 1

2
L̂†

l
L̂
l
→ 1̂↓ 1

2
1̂→


L̂†

l
L̂
l

T

  
D̂

,
(2.8)

where we denote the Hamiltonian part as Ĥ and the dissipative part as D̂. We say, that if an
operator is on the left side of the tensor product it acts on the physical sites, while it acts on
the auxiliary sites if it is on the right side of the product and the only term connecting the two
sublattices is the L̂l → L̂l term. This description makes it possible to represent the dynamics of
a density matrix |ϑ⇒⇒, written as a vector, fully in the vectorized Hilbert space as

d

dt
|ϑ(t)⇒⇒ = L̂|ϑ(t)⇒⇒ . (2.9)

Unfortunately, there are some subtleties connected to vectorization. Since there is an isometry,
one would naively argue that the norm of the density matrices equals the canonical norm of the
vectorized counterparts. This is true, but the natural trace norm Tr(ϑ̂) on the density matrix
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space is not the Hilbert space norm, which is the two norm given by Tr
(
ϑ̂†ϑ̂

)1/2
. Consequently,

we have
Tr

(
ϑ̂†1ϑ̂2

)
= ⇑⇑ϑ1|ϑ2⇒⇒ . (2.10)

The natural normalization constraint for density matrices can now be reformulated using the
vectorized identity |1⇒⇒. The constraint reads

1 = Tr(ϑ̂) = ⇑⇑1|ϑ⇒⇒ . (2.11)

Combining Eq. (2.7) with Eq. (2.10) we can calculate expectation values of some operator Ô
directly in the vectorized form as

Tr
(
Ôϑ̂

)
= ⇑⇑1|1̂→ Ô|ϑ⇒⇒ . (2.12)

Throughout the thesis, we make a slight abuse of notation and typically only write Ô instead
of 1̂ → Ô. Appendix A.2 provides detailed instructions on how to calculate the vectorized
identity explicitly. This shows, that many interesting quantities can be directly calculated in
the vectorized framework and we do not need to map vectorized states back to density matrices,
which is often a delicate procedure.

2.3 A dive into symmetries, conserved quantities and steady states

Symmetries are crucial to understand the underlying structure of a physical system. They almost
always help to simplify a problem, and many exactly solvable quantum mechanical systems are
solvable only because they exhibit many symmetries (e.g. the hydrogen atom or the harmonic
oscillator). In closed systems obeying a unitary time evolution, symmetries always lead to a
quantity Ĵ being conserved over time. Since open quantum systems do not evolve according
to a unitary time evolution, they behave fundamentally di!erent. Heuristically, this can be
understood by considering a system coupled to an environment, where the full system has a
symmetry with associated conserved quantity Ĵ . However, the globally conserved quantity is
typically not a locally conserved one due to transport between the system and environment,
leading to the conservation of Ĵ being broken when looking at the system of interest.

Thus, even Markovian systems obeying the Lindblad equation can have symmetries that do
not admit a conserved quantity [82]. A rigorous description of symmetries in the Markovian case
requires a unitary transformation Û , which acts on a density matrix ϑ̂ as Û ϑ̂Û †. Its vectorization
reads Û = Û → Û↓. The Lindbladian L̂ is invariant under the action of Û if it fulfills

[
Û , L̂

]
= 0 , (2.13)

and thus has a symmetry [82]. This definition is similar to the closed system case. The unitary
Û now admits a unique Hermitian generator Q̂ by Û = exp

(
↓2ϱεiQ̂

)
, where ε is a real number

(we consider the continuous case here, but the discrete symmetry case is analogous). In closed
systems, this directly implies that Q̂ commutes with the Hamiltonian and is a conserved quantity.
Instead in open quantum systems, the generator Q̂ of the vectorized unitary Û commutes with
the Lindbladian, and it is not guaranteed that Q̂ is also conserved, and we distinguish between
two types of symmetries: A symmetry is called strong if the generator is conserved during
time evolution. For weak symmetries, this is not the case and the generator is not conserved.
We would like to get a more quantitative distinction between the two cases on the level of
commutators. Indeed one can show that Û is a strong symmetry if the generator commutes
with both the Hamiltonian and all jump operators, that is

Q̂ is a conserved quantity ⇓=
[
Ĥ, Q̂

]
= 0,

[
L̂j , Q̂

]
= 0 ⇔j . (2.14)
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We will not prove this, but we refer the reader to [82]. The right-hand side is a strictly stronger
condition than Eq. (2.13). Heuristically, this result can be understood from the fact that the
breaking of conservation originates from local transport into the environment. The right-hand
side in Eq. (2.14) implies that this transport does not change Q̂, since it is mediated through
the jump operators.

Building upon this, we aim to investigate the implications of symmetries for the spectrum of
the Lindbladian. Especially for the steady state it seems reasonable that conserved quantities fix
some of their properties. Since the steady state subspace typically has much lower dimensionality
than the full vectorized Hilbert space, many initial configurations converge to the same steady
state, losing information about their exact initial properties. However, the information about
the initial value of a conserved quantity must be reflected in the steady state. Thus, there
have to be di!erent steady states depending on the value of the conserved quantity. Putting this
onto a more rigorous footing, assume that the conserved quantity Q̂ has eigenvalues

{
ωk

}
k,n

and

eigenvectors
{
|ςk,n⇒

}
k,n

, where k numbers the di!erent values, while n numbers the degeneracy.

Prepare the initial density matrices ϑ̂k1 and ϑ̂k2 as ϑ̂k = |ςk,1⇒⇑ςk,1|, such that Tr
(
Q̂ϑ̂k1,2

)
= ωk1,2 .

Over time, the density matrices converge to some steady states, ϑ̂k1 ↘ ϑ̂k1ss and ϑ̂k2 ↘ ϑ̂k2ss . Since
we deal with a conserved quantity, we find

Tr
(
Q̂ϑk1ss

)
= ωk1 ↖= ωk2 = Tr

(
Q̂ϑk2ss

)
. (2.15)

This directly implies that the two steady states are indeed di!erent from each other. Most
importantly, if we do this inductively for each of the eigenvalues, we find that the dimensionality
of the steady state subspace is bigger than the number of di!erent eigenvalues of the conserved
quantity. Note that although more general theorems about the characterization of the steady
state subspace and associated conserved quantities hold [82], we do not want to go into more
detail in the scope of this thesis.

Since for symmetric systems the unitary representation of the symmetry commutes with the
Lindbladian, the Lindbladian has a block diagonal structure in the eigenbasis of the generator
Q̂, similarly to the isolated system case. We can label the individual blocks by the eigenvalues of
the generator. For a weak symmetry there are blocks which only contain decaying eigenvectors
of the Lindbladian, that is, eigenvectors with finite real part. If an initial state has a component
in such a subspace, it will decay over time and vanish when approaching the steady state, thus
changing the expectation of the generator Q̂ over time. This also gives an intuitive explanation
for the fact that the Lindbladian might be block diagonal but nevertheless does not admit a
conserved quantity.

Interestingly it is possible to pin down the block which contains the steady state sector for
an arbitrary symmetry. Let’s consider the generator Q̂ of the vectorized unitary, which can be
written in terms of the initial generator Q̂ as

Q̂ = Q̂→ 1̂↓ 1̂→ Q̂T . (2.16)

Now the following theorem holds.

Theorem: Consider the generator Q̂ of a vectorized unitary constituting a symmetry of some
Lindbladian L̂. Then, the steady state(s) |ϑss⇒⇒ satisfy Q̂|ϑss⇒⇒ = 0.

Proof : Let’s start with the vectorized identity. We can directly determine its behavior by
going back into the density matrix picture

Q̂|1⇒⇒ = |Q̂1̂↓ 1̂Q̂†⇒⇒ = |Q̂↓ Q̂⇒⇒ = 0 , (2.17)



14 Theory and Methods

where we used the specific form of the vectorized generator Eq. (2.16) and the Hermiticity of Q̂.
This equation implies, that |1⇒⇒ is an eigenvector of Q̂, lying in the {Q̂ = 0} sector. Consequently,
it is orthogonal to all states in the span of {Q̂ ↖= 0}. Since the steady state has a finite trace,
its overlap with |1⇒⇒ needs to be nonvanishing. But Q̂ and the Lindbladian are simultaneously
diagonalizable, and the steady state is completely supported in the {Q̂ = 0} sector. Note that
the proof does not rely on any properties of the steady state except its physicality, and the result
holds independently of the steady state manifold’s dimension.
This theorem reveals a lot of information about the steady state. In the sections to come, we
will use it extensively. Unfortunately, for excited states a similar theorem does not exist, since
the proof relies on the physicality of the steady state, and excited states need to be traceless,
hence they are especially not physical states. In Section 2.1, we deduced that for a unique
steady state, the left eigenmode is given by 1̂. Especially in the case of a conserved quantity,
this result can be generalized if each symmetry sector features a unique steady state. Projecting
the Lindblad equation into a single symmetry sector, we recover a Lindblad equation with a
unique steady state. By Sec. 2.1, the left eigenmodes are thus given by the identities in the
respective symmetry sectors. Although further generalizations of these theorems can be made
in a similar fashion, the subspaces onto which the vectorized identities need to be projected to
yield left eigenvectors may get very complicated, and the left eigenmodes are not of practical
use any more. In many physical scenarios, non-uniqueness of steady states actually originates
from conserved quantities, and the projection onto symmetry sectors su”ces. Note that this is
also the case in the systems we look at throughout the thesis.

2.4 Nonequilibrium dynamics – the quantum Mpemba e!ect

The counterintuitive phenomenon of hot systems cooling down faster than warm ones was first
explored by Erasto Mpemba and Denis Osborne in 1969 [83] and is since known as the Mpemba
e!ect. While its occurrence in water is still debated, the e!ect was unambiguously measured
in colloidal systems by Kumar and Bechhoefer in 2020 [84]. Already in 2017, it was described
in a mathematically rigorous way for classical Markovian systems by Lu and Raz [85]. This
theoretical explanation [85] is based on the idea, that an initialization cools down faster if it
avoids the slowest decaying channels of the system. For the rigorous exploration Lu and Raz
analyzed the spectral properties of the Liouvillian generator of the dynamics. They discovered
that an Mpemba e!ect can occur when the initial microscopic configuration of the system is
orthogonal to the slowest decaying mode of the Liouvillian.

By near analogy, this framework was recently generalized to open quantum systems by Car-
ollo, Lasanta, and Lesanovsky [18]. As established in Section 2.1, the generator of time evolution
in Markovian open quantum systems is given by the Lindbladian. Let’s assume, for simplicity,
that we have a unique steady state ϑ̂ss and that the dissipative gap # = minj: Reωj ↗=0

(
↓Reωj

)

is given by # = ↓Reω2. In this case the late time dynamics t ↙ 1/# is dominated by the terms

ϑ̂(t) = ϑ̂ss + eω2tTr
(
l̂†2ϑ̂

)
r̂2 +O

(
eω3t

)
. (2.18)

Consequently, the state ϑ̂(t) converges exponentially to the steady state with a characteristic
relaxation time given by 1/#. Note that this relaxation timescale is universal, since it only
depends on the structure of the system, not on the initial state. Nevertheless, the initialization
enters into the relaxation dynamics by the prefactor Tr

(
l̂†2ϑ̂

)
. If we choose a state ϑ̂ exhibiting

vanishing overlap with l̂2, that is Tr
(
l̂†2ϑ̂

)
= 0, the relaxation instead has the asymptotic behavior

ϑ̂(t) = ϑ̂ss + O
(
eω3t

)
. This amounts to a change in the relaxation timescale from ↓1/Reω2 to

↓1/Reω3, which speeds up the relaxation by the relative ratio #3 = Reω3/Reω2. This e!ect is
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termed the strong quantum Mpemba e!ect, while the weak quantum Mpemba e!ect describes the
scenario when Tr

(
l̂†2ϑ̂

)
↑ Tr

(
l̂†3ϑ̂

)
, leading to a convergence rate ↓Reω3 at intermediate times

only [6].
The generalization to multiple steady states is straightforward, but presents slight technical

subtleties. For instance, in the case of particle number conserving bosonic systems, as considered
mainly throughout this thesis, Sec. 2.3 entails that each particle number sector has at least one
steady state. This implies an infinite number of linearly independent steady states. Therefore, we
typically look at the Mpemba e!ect within each particle number sector individually. This is done
by considering only initial states having a fixed number of particles for which the argumentation
given above again applies.

Note that strictly speaking, the Mpemba e!ect only occurs if the fast-converging initialization
is hotter than the typically used initial state. Since open systems are not at equilibrium, a
temperature in the common thermodynamic sense is not defined, and one relies on the free
energy to compare di!erent states instead [6]. In this thesis, with a slight abuse of language, we
refer to a faster convergence as an Mpemba e!ect regardless of the temperature of the states.

2.5 Matrix product states

E”ciently performing numerical calculations in large many-body systems presents several fun-
damental challenges. For one, the Hilbert space dimension increases exponentially with system
size, leading to storage problems for the matrices and vectors one needs to handle. For sparse
matrices, explicit storing can be done up to a Hilbert space dimensions which are insu”cient
for large scale interacting many-body systems [86].

In the past few decades, a lot of e!ort has been made to find physically sensible subspaces
of the Hilbert space, which are easily parametrizable, while capturing the physically relevant
states.

This gave rise to matrix-product states (MPSs), a class of states which fulfill these require-
ments [87, 88, 89, 27]. Given a lattice system with L sites, where each site l has a local Hilbert
space Hloc, the full Hilbert space is the tensor product of the local Hilbert spaces, H = H

L

loc.
A general state can now be written as a linear combination of product states, and we define a
matrix-product state (MPS) by

|ς⇒ =
∑

i1, i2..., iL
m0,m1,...,mL

[
A1

i1,m0,m1
A2

i2,m1,m2
. . .AL

iL,mL→1,mL

]
|i1⇒ → |i2⇒ → . . .→ |iL⇒ , (2.19)

where the elements elements Al

il,ml→1,ml
can be summarized into a rank-three tensor for each

site l (and m0, mL are dummy indices) [54]. The indices ml↘1 and ml are called bond indices (or
virtual indices), and the number of their possible values is termed (left or right) bond dimension
φ. We typically refer to the maximal bond dimension over all sites as the bond dimension φ of
some MPS state. Obviously, this description only makes sense if the bond dimensions remain
low, as otherwise storing and numerical operations become increasingly di”cult. To understand
if this description actually captures the physically relevant portion of the Hilbert space, we first
look at the entanglement entropy S(B) of some subregion B of the lattice for a general MPS
state. One can easily establish the bound [27]

S(B) ↗ 2 logφ . (2.20)

This result suggests a tight connection between the bond dimension and the entanglement en-
tropy. For instance, groundstates of gapped local Hamiltonians obey an area law, leading to
an O(1) scaling of the entanglement entropy in system size [90], and reasons why they are well
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(a)

|ω→→ =
i1 i3 i2L→1

i2 i4 i2L
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L̂ =

Figure 1: Schematic MPS and matrix-product operator (MPO) representations on the vectorized
lattice. The lattice is ordered alternating between physical (green) and auxiliary (lilac) sites.
Panel a): Vectorized density matrix as a MPS. Panel b): Local Lindbladian described by a
MPO. The alternating order of physical and auxiliary sites leads to the Lindbladian staying
local [92]. Adapted from [1, 2].

captured by ground state search via MPS techniques such as the density matrix renormalization
group (DMRG) [27, 28, 25]. Unfortunately, there are also some setbacks for MPS, like gapless
systems, which typically do not obey an area law, or the linear increase in entanglement entropy
during time evolution, which leads to exponentially large bond dimensions [91]. This makes the
need for methods systematically lowering bond dimensions to maintain numerical e”ciency self-
evident. The common method is truncating each matrix Al

ilml→1,ml
by calculating the singular

value decomposition (SVD) and discarding all contributions from the smallest singular values,
such that the new bond dimension is below a given threshold.

One can also apply MPS methods to open quantum systems. In this case, there are several
additional di”culties. For one, as we need to deal with density matrices, it is useful to vectorize
them. This doubles the size of the lattice as discussed in Sec. 2.2, which may limit accessible
system sizes. The vectorization itself possesses many freedoms in chosing the ordering of the
new doubled lattice. We can use this to our benefit, as shown in Fig. 1. Since Lindbladians are
often comprised of both a local Hamiltonian and local jump operators, we would like this locality
to carry over to the description on the vectorized lattice, such that the vectorized Lindbladian
only contains local terms. This is particularly useful, since local operators can be described as
MPOs with bond dimensions independent of the lattice size [93, 94, 95]. We guarantee locality
by alternating the physical and auxiliary sites of the vectorized lattice, which will lead to a local
Lindbladian and computational benefits [92]. Indeed, if the Hamiltonian and jump operators
involve local terms at most spanning over d sites (d = 1 for nearest neighbor interactions), the
vectorized Lindbladian will contain only local terms spanning over 2d sites.

Due to the inherent non-Hermiticity of the Lindbladian, each initial configuration will time
evolve to a fix point on the steady state manifold, as discussed in Sec. 2.1. Thus, while unitary
components might lead to a linear increase in entanglement entropy in the short time dynamics,
it saturates to the entanglement entropy of the steady state in the infinite time limit, which
is a crucial numerical benefit over isolated systems. Nevertheless, the system size dependence
of the steady state might lead to entanglement entropy increase in the thermodynamic (TD)
limit, which again limits accessible system sizes for time evolution methods. Note that there are
some rigorous results about area laws in open quantum systems: If the system features a dissi-
pative gap in the TD-limit, the corresponding steady state obeys an area law and entanglement
entropy scales as O(1) under some assumptions [96]. Unfortunately, in many interesting cases
this is not satisfied, as for particle number conserving Lindbladians [97] or at dissipative phase
transitions [3]. This especially highlights the necessity of truncation insensitive methods, which
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make finite-size scaling in large systems possible.

Up until now, we established some remarkable properties of the MPS representation that
underscore its usefulness, however we did not introduce any tools to perform computations. Basic
manipulations include the calculation of overlaps, MPO-MPS multiplication, MPS addition or
expectation values and variances, for which there are luckily some quite e”cient algorithms
[98, 87, 93]. Although we do not want to dive into these methods in detail, it is important to
note that their individual e”ciency strongly depends on the bond dimension of the MPS or MPO:
The numerical complexity of MPS overlaps scales as O

(
Lφ3

)
[54] and of expectation values as

O
(
Lφ3 φ

Ô

)
[54], where φ

Ô
is the bond dimension of the MPO Ô. Furthermore, adding two MPS

states |ς1,2⇒ with bond dimensions φ1,2 will in general result in a state with a MPS representation
with bond dimension φ1 + φ2. This makes repeated MPS addition prohibitively costly, which
needs to be considered when working with MPS representations. MPO-MPS multiplication is
even worse, since the bond dimensions need to be multiplied together in general.

Although these fundamental operations are quite costly, the MPS representation benefits
from various methods to perform time evolutions. Naive time evolution is a prohibitively costly
task. For instance simple trotterization requires MPO-MPS multiplication in each timestep,
leading to exponentially increasing bond dimensions, if no truncation is performed. Sophisticated
methods often build upon the time-dependent variational principle (TDVP) [99, 100, 54, 101,
102, 103]. It makes use of the fact that the full Schrödinger equation can be approximated
through multiple local Schrödinger equations which only evolve a small number of sites and
bond tensors at the same time [103]. The resulting equations can then be solved using Krylov
subspace methods [54]. Note that the computational complexity increases with the number of
sites the Schrödinger equation is projected onto, from a quadratic for one site (referred to as
1TDVP) to a cubic scaling with local Hilbert space dimension for two sites [54]. Consequently,
1TDVP is much more e”cient especially for bosonic systems. Unfortunately though, 1TDVP
su!ers from problems describing the spread of correlations along the lattice, since it cannot
increase bond dimensions, which makes it impractical in many situations.

This major problem was tackled by combining the the 1TDVP with local subspace ex-
pansions, resulting in the local subspace expansion time-dependent variational principle (LSE-
TDVP) [101, 104, 102]. Since we work with bosonic systems which typically require a high local
Hilbert space dimension of O(10) in this thesis, the LSE-TDVP is the method of choice when
performing time evolutions.

For open quantum systems, the situation is complicated through the inherent non-Hermiticity
of the Lindbladian, which is fundamentally di!erent to the Hamiltonian case being Hermitian.
This results in minor problems when performing the propagation in the local Krylov space, since
it is not numerically practicable to exponentiate the non-Hermitian generator directly like in the
case of a Hermitian one. Instead, we perform a brute force Taylor expansion of the exponential
and cut it o! at some maximal order M , by applying the generator M times, which is e”cient
as long as the Krylov space is low dimensional [105].

Throughout this thesis, we use the SyTen toolkit to perform TN operations [106, 107]. We
use LSE-TDVP for time evolutions.
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3 Krylov subspace methods – introducing CLIK-MPS

As established in Section 1 and 2, the Lindbladian spectrum contains rich information about
the physical properties of the system it describes. For instance, the properties of the steady
state, which is the eigenvector to the zero eigenvalue, is relevant for dissipative state preparation
[17, 108, 1] and for characterizing non-equilibrium phases of matter [109, 3]. The dissipative gap,
i.e. the real part of the first excited eigenvalue dictates the experimentally relevant relaxation
timescale of the system [18, 1], and is the central quantity characterizing DPTs [3, 4]. Describing
other phenomena such as anomalous thermalization processes [18, 6], topological e!ects [19, 20,
21] and metastability [22] even require the explicit knowledge of multiple excited eigenvectors and
eigenvalues. Crucially, also the study of the quantum Mpemba e!ect, which will play a central
role in Section 4, requires the knowledge of the slowest decaying left eigenmode in general [6, 18].
In Fig. 2a we summarize the relations between physical phenomena and the corresponding parts
of the Lindbladian spectrum.

Although there have been methodological developments, they are typically restricted to
computing the steady state or to small system sizes, which is insu”cient for the study of many
phenomena in large, many-body open quantum systems. A short overview of the available meth-
ods, their target quantities and reachable system sizes is presented in Fig. 2b. As a consequence,
there is an urgent need for an e”cient and flexible framework to overcome these limitations.

In this chapter we introduce complex-time Lindbladian Krylov subspace MPS (CLIK-MPS),
a matrix-product state (MPS)-based framework capable of calculating the low-lying spectrum
and eigenvectors of Lindbladians with high accuracy. We refine the idea of building a Krylov
space with time-evolved states [110] by additionally considering complex-time contours [56]
and physically motivated warm-up procedures, which make it possible to target excited states
directly. These systematic improvements lead to unprecedented accuracy in approximating left
and right eigenmodes and eigenvalues far beyond the steady state. Crucially, we also provide
e”cient subspace arithmetic that makes it possible to calculate expectation values and overlaps
for large systems.

The chapter is organized as follows: First in Sec. 3.1, we introduce the basic ideas behind
the framework, and we discuss why simple time evolution is insu”cient for our purposes. Next,
we give a detailed description of the framework in Sec. 3.2, where we elaborate on the e”cient
implementation of Krylov subspace representations in Sec. 3.2.1 and the benefit of complex-
time evolution in Sec. 3.2.2. We discuss adjoint Lindbladian time evolution to approximate left
eigenvectors in Sec. 3.2.3 and crucially, we introduce physically motivated warm-up procedures to
increase accessible system sizes and to target slowly decaying modes more accurately in Sec. 3.2.4.
To optimize the arithmetic, we derive ways to calculate expectation values and overlaps with
eigenvectors directly inside the Krylov space in Sec. 3.2.5, bypassing numerically costly MPS
arithmetic. A short discussion of the generalization of the framework to non-Markovian systems
is given in Sec. 3.2.6. Lastly in Sec. 3.3, we benchmark the framework by evaluating low-
lying eigenvalues and eigenvectors of a Bose-Hubbard Hamiltonian with Markovian dissipation,
described by Eq. (3.1). We evaluate the performance of CLIK-MPS by comparing to data
obtained through ED and other methods in Sec. 3.3.1. Additionally in Sec. 3.3.2, we discuss
methods to assess the quality of the approximated spectrum and eigenvectors, which we test on
large-scale systems.

Note that CLIK-MPS is extensively employed for various large-scale calculations in Sec. 4.
This chapter is strongly based on the publication [2], that summarizes some of the work done
in the scope of this thesis.

We perform numerical calculations at the example of a dissipative Bose-Hubbard model,
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integrability
vs chaos
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Method Target quantity dimH
VQA [48, 49, 51] steady state 212 ∝ 103

NQS [44, 45, 46] steady state 216 ∝ 105

Variational MPO
[30, 31, 34, 38]

steady state 2100 ∝ 1030*

Quantum MC
[111, 112]

steady state 240 ∝ 1012

ED [113, 114] full spectrum 212 ∝ 103

CLIK-MPS steady state, gap 2130 ∝ 1040

CLIK-MPS spectral region 270 ∝ 1021

Figure 2: Panel a): physical relevance of di!erent parts of the Lindbladian spectrum. In most
cases, the analysis of many-body Markovian open quantum systems relies on the Lindbladian
steady state (dark green) and the Liouvillian gap# (green). However, some phenomena require a
set of low-lying eigenvalues (orange) or even the full spectrum (blue). Panel b): target quantities
and reachable Hilbert space dimensions for various existing methods compared to our new
framework CLIK-MPS. The * indicates that for variational MPO methods, large system sizes of
about 100 spins can be reached only for local Lindbladians that satisfy entanglement area laws
[30]. The figures are adapted from [2].

which is characterized by

Ĥ = ↓J
L↘1∑

j=1


b̂†
j+1b̂j + h.c.


+

U

2

L∑

j=1

[
b̂†
j

]2[
b̂
j

]2
, L̂j =

′
↼
(
b̂†
j+1 + b̂†

j

)(
b̂
j+1 ↓ b̂

j

)
. (3.1)

Here, L is the number of sites, J the hopping strength, U the onsite interaction and ↼ the
dissipation strength. The system features a strong U(1)-symmetry (c.f. Sec. 4.1), which gives
rise to a particle number conservation. We thus typically consider the system with a fixed number
of bosons, N . While in this section we are mainly interested in using the Lindbladian Eq. (3.1) to
benchmark the framework, in Sec. 4 we investigate its physical properties thoroughly. Physical
relevance of the model is manifested in its steady state, which is a lattice analogue of a Bose-
Einstein condensate (BEC). As a consequence, it can be used as a dissipative state preparation
(DSP) protocol.

3.1 Introduction and general idea

Approximating eigenvalues and eigenvectors of a many-body Lindbladian is a notoriously di”-
cult task. As we have already discussed, its non-Hermiticity prevents the use of the well-estab-
lished toolbox at one’s disposal when working with unitary dynamics [25, 26, 98]. For general
Lindbladians we know from Sec. 2.1 that the steady state can be approximated via a long time
evolution, since ϑ̂ss = limt≃⇐ ϑ̂(t). Note the similarity to imaginary-time evolution in unitary
systems, where the ground-state manifold spans the fixed point of (imaginary) time evolution.

For the Lindbladian, we can expand the time evolution of an arbitrary vectorized initial state
|ϑ⇒⇒ in the eigenbasis of the Lindbladian as

|ϑ(t)⇒⇒ = eL̂t|ϑ⇒⇒ = |ϑss⇒⇒+
D

2∑

k=2

eωkt⇑⇑lk|ϑ0⇒⇒|rk⇒⇒ , (3.2)
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Figure 3: Impact of the initial state on the approximated spectrum of the system specified
by Eq. (3.1), adapted from [2]. We compare ED data to the spectrum from a Krylov method
with a single real-time evolution and a randomly sampled initial state [110]. In total, 50 initial
states were generated, and increasing darkness of the blue shade indicates a higher density of
approximated eigenvalues from di!erent initial states. Additionally the results from CLIK-MPS
are shown. We considered 5 sites and 4 particles, all other parameters are specified in Fig. 6.

where ωk are the eigenvalues of L̂, |rk⇒⇒ (|lk⇒⇒) the corresponding right (left) eigenvectors, and
D = dimH denotes the dimension of the Hilbert space of the underlying physical system. Here,
the contribution from every right eigenvector decays exponentially in time with a rate ↓Re(ωk),
which also implies that the contribution of the steady state |ϑss⇒⇒ has no time dependence. As
we discussed in Sec. 2.5, this time-evolution can be computed e”ciently using TN methods, and
the computational complexity depends mostly on the bond dimensions, which, in the worst case,
increase exponentially at short times. Nevertheless, since contributions from eigenvalues with
large absolute real part decay fast, the states at intermediate times contain information about
the low-lying spectrum. This observation leads to the insight that the low-lying spectrum should
be well approximated within a Krylov space spanned by time-evolved states, which was used by
Minganti and Huybrechts in 2022 [110] to approximate steady states and the dissipative gap for
Lindbladians. However, their method was based on ED and limited to small system sizes and
had problems approximating higher excited eigenvalues.

In Fig. 3, we show the results of the previously introduced procedure for the paradigmatic
dissipative Bose-Hubbard Lindbladian Eq. (3.1). We fix the timestep of the state sampling
ϖt = 0.1 (which we call the sampling interval) and maximal evolution time T = 4 and consider
the Krylov spaces generated by the time evolution of a single randomly generated initial state.
This Krylov space consequently features 40 time-evolved states. The resulting spectra are shown
for 50 such initializations (blue dots), in comparison to the exact spectrum (pink dots) obtained
by ED. The darker the shade of blue, the more eigenvalues from di!erent initial states lie at
the respective position. While the steady state eigenvalue (ω1) is approximated well for all
initializations, already the slowest decaying mode shows minor fluctuations. If we are interested
in higher excited states, the Krylov method is not conclusive and the individual initial states
yield completely di!erent eigenvalues.

This motivates that we first need to substantially refine the method before we move on to
large-scale calculations. We do so by considering complex-time evolutions, where we evolve
according to a contour z(t) ∞ C. By the nature of the Lindbladian spectrum, complex-time
evolution enhances specific parts of the spectrum compared to real-time evolution. Importantly,
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we find that it enhances a part of the low-lying spectrum by decreasing its decay rates, which
makes it very useful for our framework. By combining real and complex-time-evolved states
into a larger Krylov space, we benefit from the strengths of both time evolutions as we discuss
in Sec. 3.2.2. Additionally, Fig. 3 suggests that an optimized initial state is important for the
accuracy of the method, which is why we implement physically motivated warm-up procedures
to find good initial states. Here, a crucial ingredient is the insight that traceless states are
orthogonal to the steady state sector, and thus they converge to the slowest decaying mode
during time evolution, instead of the steady state. We therefore propose to use a traceless initial
state for the complex-time evolution, with the intention of getting a large overlap with slowly
decaying modes, while real-time evolving a physical state and obtaining a large overlap with the
steady state.

Combining all of these novelties, we end up with the complex-time Lindbladian Krylov
subspace MPS (CLIK-MPS) framework. We show its improvements in approximating the Lind-
bladian spectrum in Fig. 3, with the same maximal time and sampling interval as for the simple
Krylov space from a single time evolution discussed above. We find excellent agreement with
the ED spectrum, indicating the e”cacy of the introduced adjustments.

3.2 Detailed walkthrough of CLIK-MPS

In this section we aim to provide a detailed discussion of the theoretical and numerical novelties
behind CLIK-MPS. We also present the implementation of the framework in a concise way. This
includes the Krylov diagonalization in Sec. 3.2.1, where we also discuss how to avoid numerical
issues that naturally arise when performing diagonalizations up to eigenvalues near machine
precision. Next, we provide detailed insights into the importance of complex-time evolutions
to e”ciently target slowly decaying modes in Sec. 3.2.2. We also discuss how to adapt the
framework to target left eigenmodes in Sec. 3.2.3. All this is accompanied by a physically
motivated warm-up procedure in Sec. 3.2.4, which significantly increases the capabilities of
the method. We also dive into the problem of performing arithmetic in the Krylov basis in
Sec. 3.2.5: We aim at a full description of overlaps and expectation values inside the Krylov
space, surpassing numerically costly MPS arithmetics. This makes large-scale calculations even
possible, and we also discuss how to bring knowledge about symmetries into the Krylov space
and ensure physicality of the approximated states. Lastly, we briefly discuss the generalization
of CLIK-MPS to the non-Markovian setting in Sec. 3.2.6.

3.2.1 Constructing the Krylov subspace

As we already motivated in Sec. 3.1, we start from a Krylov space which is spanned by time-
evolved states given by Eq. (3.2). Since states at late times mostly feature contributions from
slowly decaying modes (i.e. the low-lying eigenvalues), the Krylov space approximates these
eigenvalues and eigenvectors. Rigorously speaking, we are interested in the Krylov space [110, 56]

K0(ϑ0) = span
{
|ϑ0⇒⇒, exp(L̂ ϖt)|ϑ0⇒⇒, . . . (exp(L̂ ϖt))N

K
↘1|ϑ0⇒⇒

}
, (3.3)

where ϖt is the sampling interval and NK the number of time-evolved states, such that the max-
imal evolved time T is given by T = NKϖt. The remaining task is to represent the Lindbladian
in this Krylov space. To do so, we first need to build an orthonormal basis (ONB) of the Krylov
space, since the time-evolved states are not orthogonal.

To circumvent explicitly constructing the MPS representations of the ONB, we calculate the
Gram matrix as in [56]. If we denote the non-orthonormal basis states of the Krylov space K by
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{
|ϑj⇒⇒

}
j
(which are given by the time-evolved states) the Gram matrix is given byMij = ⇑⇑ϑi|ϑj⇒⇒.

After diagonalizing M = USU† a transformation X into an ONB |em⇒⇒ is given by

X = US↘1/2 , |em⇒⇒ =
N

K∑

j=1

Xjm|ϑj⇒⇒ . (3.4)

We stress that inverting the square roots of the eigenvalues of M is a numerically delicate
operation, as the time-evolved states are almost linearly dependent. However, using a recursive
factorization [115, 56], the numerical precision of the computed eigenvalues can be improved
to arbitrary precision such that eventually only the linear dependency of columns or rows of
U imposes constraints. The main idea for the recursive factorization is to diagonalize the
matrix, keep the eigenvalues above a threshold ↽ (we chose ↽ = 10↘4) and repeat the steps
in the subspace spanned by the discarded eigenvectors with the rescaled matrix. To avoid
linear dependencies, we discard eigenvalues and eigenstates of M featuring eigenvalues below
a given threshold ⇀ = 10↘14. The corresponding rows and columns are removed in S and U.
The calculation of X is a numerically stable operation, which is imperative for the Krylov
diagonalization to work reliably. While the initial non-orthonormal basis featured NK states,
the constructed ONB may be composed of less states DK due to linear dependent contributions.
Consequently, while M ∞ CN

K
↔N

K
, the transformation satisfies X ∞ CN

K
↔D

K
.

Once we have obtained X, we can easily represent the Lindbladian in the corresponding
orthonormal eigenbasis by computing the matrix elements Lij = ⇑⇑ϑi|L̂|ϑj⇒⇒ and transforming
into the ONB by

Le! = X†LX , (3.5)

such that Le! ∞ CD
K
↔D

K
. The e!ective Lindbladian Le! can be diagonalized using standard

routines. This yields eigenvalues ωk, a matrix of right (left) eigenvectors R (L), and we sort their
columns such that the k-th eigenvector corresponds to the approximation of the k-th eigenvalue.

Besides calculating expectation values and overlaps, we avoid numerically costly MPS-ad-
dition. By this strategy, we map the Krylov space spanned by MPS states onto an abstract
vector space CD

K
, and directly performing computations in the new vector space is much more

e”cient. In Sec. 3.2.5 we use these insight to e”ciently compute overlaps and expectation values
of arbitrary operators in the abstract Krylov representation.

We can always transform a state in the abstract Krylov vector space back into the original
MPS representation. For instance, the MPS representation of the right eigenvectors of the
e!ective Lindbladian are given by

|rk⇒⇒ =
D

K∑

m=1

Rmk|em⇒⇒ =
N

K∑

l=1

[XR]
lk
|ϑl⇒⇒ , (3.6)

where we used the representation of the ONB from Eq. (3.4). A pseudocode summarizing the
procedure to diagonalize the Lindbladian inside the Krylov space is provided in Algorithm 1.
Note that the calculation of G and Le! can be parallelized, since each overlap and expectation
is independent of the others.
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Algorithm 1 Krylov subspace diagonalization

1: procedure Krylov Lindbladian({|ϑ(ti)⇒⇒}i, ⇀)
2: L ∈ Lindbladian matrix elements ⇑⇑ϑ(ti)|L̂|ϑ(tj)⇒⇒
3: M ∈ Gram matrix ⇑⇑ϑ(ti)|ϑ(tj)⇒⇒
4: S, U ∈ diagonalized Gram matrix M and discard eigenvalues smaller than ⇀
5: X ∈ US↘1/2 ⇁ trafo into ONB
6: Le! ∈ X†LX ⇁ Action on ONB
7: return {ωi, ri}i, X ∈ spectral decomp. of Le!

8: end procedure

It is important to note that using this approach, we e!ectively describe density operators
with a much higher bond dimension than the one actually used during the numerics. We are
thus interested in the bond dimension we can maximally reach within the Krylov space, which
we term the e!ective bond dimension φe! . A connection to the bond dimensions φ(ς) of the
initial time-evolved states and Eq. (3.21) can be derived by a simple counting argument. Note
that we always define φ(ς) as the largest dimension of a state ς’s set of virtual legs. Using
this convention, the bond dimensions of the time-evolved density operator at time step ti is
given by φ(|ϑ(ti)⇒⇒) = φi. If we would construct the MPS representation of the orthonormal
basis states of K explicitly according to Eq. (3.21), we would need to successively perform
MPS additions. As we have already discussed in Sec. 2.5, the bond dimensions in general add
upon MPS addition. The maximally expressible bond dimension φe! within the Krylov space is
therefore approximately

φe! ∋
N

K∑

j=1

φj ↗ NK max
j

φj . (3.7)

Later, we will construct Krylov spaces with NK ∋ O(100), i.e., we approximate the Lindbladian
in a Krylov space whose basis states would be represented by MPS with bond dimensions
exceeding those of the time-evolved states by more than two orders of magnitude. Note that
this insight shows a systematic benefit, as we are able to describe states which have much
higher entanglement than the original time-evolved states. Thus, we expect the framework to
be robust to truncation during time evolution. This provides an intuitive explanation for the
excellent precision of CLIK-MPS we observed during our simulations for the steady state as
well as the low-lying eigenvalues and eigenmodes of the Lindbladian. Note that this argument
is corroborated by numerical results in Sec. 3.3.2.

Eq. (3.7) unfortunately implies that brute force building the MPS representation of the
approximated eigenstates will result in the poor scaling O

(
L(φmaxNK)3

)
when calculating over-

laps or expectation values. Crucially, we find ways to reduce this scaling to O
(
Lφ3

maxN
K
)
by

calculating overlaps and expectation values directly inside the Krylov space in Sec. 3.2.5.
Regardless of the high reachable bond dimensions, Fig. 3 proved that a single real-time

evolution is not su”cient to accurately resolve slowly decaying eigenvectors. We conclude, that
we need to refine the Krylov space to reliably approximate the low-lying spectrum.

3.2.2 Role of complex-time evolution

As we have seen in Fig. 3, real-time evolutions are not su”cient to span a Krylov space which
reliably approximates low-lying eigenmodes. This is partially due to the problem that contribu-
tions from low-lying eigenvalues are suppressed exponentially, leading to a poor representation
by time evolved states. We would like to alter the exponential decay of the slow decaying
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modes to better represent them inside the Krylov space. To achieve this objective, there are
two methodological improvements, one of which we will introduce in this section.

In strong analogy to the unitary case, we want to employ complex-time evolution, that is,
use a complex-time variable into the exponent of Eq. (3.8) instead of a real one. In unitary
systems, this proves to be a very viable approach to target the low-lying eigenvalues, and has
been used to calculate the low energy behavior of Greens functions [116, 56].

In the open system case complex-time evolution has other benefits, since the spectrum of the
Lindbladian is fundamentally di!erent from the unitary case. We can start by directly looking
at the time evolution with a complex-time z in the eigenbasis of the Lindbladian

|ϑ(z)⇒⇒ = eL̂z|ϑ0⇒⇒ = |ϑss⇒⇒+
D

2∑

k=2

eωkz⇑⇑lk|ϑ0⇒⇒|rk⇒⇒ . (3.8)

To extract the damping rate, we need to bring the decaying part of the exponential prefactors
into the form exp

(
↓ ξk|z|

)
. This fixes the damping rate ξk for ωk as

ξk = ↓ 1

|z| Re
(
ωkz

)
= ↓Re(ωk) cos(ε(t))↓ Im(ωk) sin(ε(t)) , (3.9)

where we introduced the parametrization of the contour as z(t) = eiε(t)|z(t)|. We can interpret
this result better by inserting the polar decomposition of the eigenvalue ωk = |ωk|eiϑk . Now with
a little bit of algebra, we find

ξk = ↓Re(ωk)
cos(ε(t)↓ φk)

cos(φk)
. (3.10)

Eq. (3.10) reveals that the damping rate does not depend on the full contour, but only on the
complex angle ε(t). Furthermore, it shows how the dampening changes compared to the case of a
real-time evolution, where it is given by ξk = ↓Re(ωk). Fixing a value of ε(t), eigenvalues whose
decay is the same as for ε = 0 satisfy cos(ε(t)↓ φk) = cos(φk), which shows that eigenvalues
having φk < ε(t)/2 + ϱ are enhanced (i.e. feature lower damping rate ξk < ↓Re(ωk)). On the
other hand, if φk > ε(t)/2 + ϱ the eigenmode is suppressed. This means that states evolved
under a contour with ε(t) > 0 feature higher weight on the eigenvalues with Im(ωj) > 0 than
real-time-evolved states (ε(t) = 0).

We can also translate this into the spectral picture, where the dampening gets a geometrical
meaning and can be visualized graphically. From Eq. (3.8) and (2.3) we can deduce that the
state |ϑ(z)⇒⇒ and the left eigenmode |lk⇒⇒ have the overlap

⇑⇑l
k
|ϑ(z)⇒⇒

 ∋ eRe(zωk) △ e↘ϖkt . (3.11)

Let us now consider the linearly inclined complex-time contours z(t) = te↘iε with ε > 0 as
shown in Fig. 4a. In this case, Eq. (3.11) and Eq. (3.10) suggest that the damping rate is given
by the projection of the eigenvalue ωk onto the complex conjugated contour z↓. Indeed, we
can connect the scalar product in the complex plane, seen as a real vector space R2, with the
complex numbers themselves by

(
Reω Imω

)
•
(
Re z↓

Im z↓

)
= Re

(
zω

)
, (3.12)

where • denotes the real scalar product. This reveals that the damping rate ξk is given by the
projection onto the line z↓, as depicted in Fig. 4a, and lines of constant damping are orthogonal to
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Figure 4: Panel a): E!ect of linearly inclined complex-time contours z = te↘iε on the damping
rates ξk (see Eq. (3.9)), adapted from [2]. The color shading indicates the damping rate ξk =
↓Re(ωk z)/t for an eigenvalue ωk when evolving along the contour z(t). The contour lines
ξk = const. are tilted and lie orthogonal to z↓ (solid blue line, c.f. Eq. (3.12)). Panel b):
Overlap of a density matrix |ϑ(t)⇒⇒ with the slowest decaying mode |l2⇒⇒ during time evolution
for multiple angles ε (c.f. Eq. (3.11)). The eigenmode lies at ω2 = ↓0.517 + 0.592i, and
consequently the damping rate is lowered when increasing angle ε. At ε = 0.7 the angle is
comparable to φ2 ↓ ϱ/2 = 0.71, and the damping rate completely vanishes in accordance to
Eq. (3.10). We considered the dissipative Bose-Hubbard Lindbladian Eq. (3.1) for 6 sites and 3
bosons at ↼ = U = J = 1.

the path followed by the complex conjugated contour z↓(t). For any finite tilt angle ε > 0, these
lines are rotated counterclockwise and therefore slow down the damping of excited eigenmodes, if
φk < ε/2+ϱ, as discussed above. Since the Lindbladian modes come in complex conjugate pairs,
it su”ces to accurately determine, for instance, those eigenvalues ωk with a positive imaginary
part, and the whole spectrum is retrieved by complex conjugation. In the following, we typically
consider positive angles ε > 0.

Nevertheless, one has to be careful with choosing the complex angle. As Eq. (3.10) shows,
if φk < ϱ

2 + ε, the damping rate changes sign and the corresponding mode is exponentially
enhanced. This leads to major instabilities in the time evolution, since bulk states with a low
angle φk get enhanced strongly due to the linear dependence of ξk on ↓Re(ωk). To mitigate
these problems, one should always choose

ε ↑ min
ϑk: Re(ωk)<Re(ωi0 )

(
φk ↓

ϱ

2

)
, (3.13)

where ωi0 is the largest eigenvalue we want to approximate. In practice, this is achieved by
starting time evolutions with multiple angles and checking if the norm of the time-evolved state
increases exponentially. If this is the case for some angle εcrit, the sign of the damping rate ξk
has changed sign for some eigenvalue ωk, which is a clear sign that the angle εcrit is chosen to
high. Then, we just choose some angle ε ↑ εcrit.

In Fig. 4b, we numerically test the e!ect of complex-time evolution given in Eq. (3.11), by
reproducing the dependence of the decay rate on the complex angle. We present the overlap
of a time-evolved density matrix with the slowest decaying mode |l2⇒⇒, which has a complex
eigenvalue ω2 = ↓0.517 + 0.592i. With increasing angle ε, the exponential decay is slowed
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down, which is in agreement with the damping rate ξk in Eq. (3.10). Note that if ε ↘ φ2 ↓ ϱ/2
the damping rate completely vanishes, as seen for ε = 0.7, which is near the eigenvalue angle
φ2 ↓ ϱ/2 = 0.71 in accordance to Eq. (3.10).

In the same spirit as for real-time evolution in Eq. (3.3), we can evolve an initial state |ϑε⇒⇒
with a complex-time evolution along a contour with angle ε and collecting the states with a
sampling interval ϖz = e↘iεϖt to produce a Krylov space

Kε(ϑε) = span
{
|ϑε⇒⇒, exp(L̂ ϖz)|ϑε⇒⇒, . . . (exp(L̂ ϖz))N

K
↘1|ϑε⇒⇒

}
. (3.14)

Our analysis suggests, that the Krylov space Kε(ϑε) should approximate the slowly decaying
modes with positive imaginary part well. To additionally approximate the steady state well, we
combine a real-time evolution with initial state |ϑ0⇒⇒ with a complex-time evolution of another
state |ϑε⇒⇒, resulting in the full Krylov space

K0,ε = K0(ϑ0)▽Kε(ϑε) . (3.15)

Crucially, the two time evolutions can be performed in parallel. We want to stress that the
two initial states |ϑ0⇒⇒, |ϑε⇒⇒ should be chosen di!erently, as it lowers the linear dependency
of the Krylov vectors. Note that we typically only specify the non-zero angle when providing
explicit parameters used in a numerical calculation, as we always additionally consider a real-
time evolution.

3.2.3 Targeting left eigenmodes

As we established in Sec. 3.2.1 and 3.2.2, the Krylov basis constructed using time-evolved
states features high overlap with the slowly decaying right eigenvectors, as seen from Eq. (3.8).
Since the Lindbladian is non-Hermitian, its left eigenmodes are di!erent from the right ones.
Thus, while the low-lying right eigenvectors might be well approximated with the Krylov space
Eq. (3.15), the left ones are in general not.

To resolve this issue, we would like to swap the places of the left and right eigenmodes
in the decomposition Eq. (3.8). We can do so by considering not the Lindbladian itself, but
its Hermitian conjugate L̂†. The key idea is that the left eigenvectors of the Lindbladian are
actually the right eigenvectors of L̂†. In more detail, the spectral decompositions of the two
operators are linked through

L̂ ↘ L̂† implies
{
ωk, l̂k, r̂k

}
k
↘

{
ω↓

k, l̂
†

k
, r̂†

k

}
k
. (3.16)

As a consequence, the time evolution generated by L̂† can be written in the original eigenbasis
of L̂ as

|ϑ↓(z)⇒⇒ = eL̂
†
z|ϑ0⇒⇒ =

D
2∑

k=1

eω
↑
kz⇑⇑rk|ϑ0⇒⇒|lk⇒⇒ , (3.17)

where ϑ↓ indicates that the dynamics is generated by L̂†. The adjoint Lindbladian can easily be
represented as a linear operator on the vectorized density matrices as

L̂† = iĤ → 1̂↓ 1̂→ iĤT +
∑

l

L̂†

l
→ L̂T

l ↓ 1

2
L̂†

l
L̂
l
→ 1̂↓ 1

2
1̂→


L̂†

l
L̂
l

T

. (3.18)

The resulting Krylov space K↓

0(ϑ0) spanned by these states now includes contributions mainly
from the slowly decaying left eigenmodes, which is exactly what we are interested in. Again, we
utilize two time evolutions and build the Krylov space K↓

0,ε = K↓

0(ϑ0) ▽ K↓
ε(ϑε) ▽ {|1⇒⇒}. We
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added the vectorized identity because l̂1 = 1̂ as discussed in Sec. 2.1. Notice that this is the
case for a unique steady state, but a similar result holds for multiple steady states as shown in
Sec. 2.3. Directly adding the steady state of the conjugate time evolution into the Krylov space
by hand increases the approximation quality of the slowly decaying eigenvectors.

3.2.4 Initialization of states

The initial state remains an important input for spanning a good Krylov space. For the frame-
work to perform reliably, it must be chosen carefully and according to a systematic strategy. We
thus aim at finding physically motivated warm-up procedures to generate good initial states. In
Sec. 3.2.1, 3.2.2 and 3.2.3 we encountered three di!erent types of time evolutions, which all have
varying demands on an optimal initial state. While for the real-time evolution with L̂ we want
to maximize the initial overlap with the steady state, the complex-time evolutions with L̂ should
target the slowly decaying modes. Lastly, for the left eigenmodes we need a large overlap with
the slowly decaying modes, since we already know the left eigenvector |l1⇒⇒ when time evolving
with L̂†.

As previously discussed, for the complex-time evolution with L̂, we would like to find initial
states which are orthogonal to the steady state sector in order to maximize the overlap with
the slowly decaying modes. This is indeed possible since orthogonalizing w.r.t. the steady state
sector means orthogonalizing w.r.t. the corresponding left eigenmode. Since we know that the
left eigenmode l̂1 is the vectorized identity on the whole space (or on irreducible blocks of the
symmetry for strong symmetries), traceless states |ϑu⇒⇒ (lying in a single block) are orthogonal
w.r.t. all steady states. If we normalize during time evolution, this state will approach the
slowest decaying mode instead of a steady state with the asymptotic scaling

⇑⇑l2|ϑu(z)⇒⇒
 ∋ 1↓O


exp

(
↓ t max

k>2
ξk ↓ ξ2

)
, (3.19)

where the exponent is just the gap between the damping rates of the slowest decaying mode and
the second-slowest. This behavior can be seen in Figure 5a, where we consider the Bose-Hubbard
Lindbladian Eq. (3.1) with 20 sites and 10 bosons. While a physical state |ϑp⇒⇒ converges to the
steady state |r1⇒⇒ fast (upper panel), the overlap of the traceless initial state |ϑu⇒⇒ with |r1⇒⇒ stays
much lower. On the other hand, the overlap with the slowest decaying mode |r2⇒⇒ (lower panel)
decays quickly for the physical state, while it increases up to 0.8 for the traceless initialization.
The oscillations in the overlap

⇑⇑r2|ϑu(t)⇒⇒
 originate from the imaginary part of ω2 and the

frequency agrees with Im(zω2)/t as expected.
However, the overlap of |ϑu⇒⇒ with |r2⇒⇒ does not converge to one as suggested by Eq. (3.19),

and the maxima even slightly decrease over time. This is well understood when taking into
account truncation, which is performed during time evolution as discussed in Sec. 2.5. In each
step, the truncation leads to the emergence of components which have overlap with the steady
state sector. These are exponentially enhanced due to the normalization of the time-evolved
states. Thus, if we denote the truncation error by ⇀trunc, the overlap with the steady state sector
behaves as ⇑⇑l1|ϑu(z)⇒⇒

 ∋ ⇀trunc e
ϖ2t . (3.20)

The exponent depends on ξ2, suppressing the exponential increase in truncation error when
considering higher angles ε.

Now that we clarified the demands on the di!erent initializations, we can move on and
propose warm-up procedures. We present them in a general fashion, so that they do not depend
strongly on the specific Lindbladian. Nevertheless, as we mostly consider the dissipative Bose-
Hubbard Lindbladian in this work, we give detailed descriptions on tailoring the procedure to the
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Figure 5: Panel a): Overlap of two initial states with |r1⇒⇒ (upper panel) and |r2⇒⇒ (lower panel).
We test optimized physical (|ϑphysical⇒⇒) and traceless (|ϑtraceless⇒⇒) states for a dissipative Bose-
Hubbard model with 20 sites and 10 bosons at ↼/J = 2 and U/J = 0.5. While the physical
state converges exponentially to |r1⇒⇒ (upper panel), the traceless state remains at comparably
low overlap with |r1⇒⇒. On the other hand, the traceless state has exponentially higher overlap
with |r2⇒⇒ than the physical one (lower panel). Panel b): Initial states optimized via the warm-
up procedure for a dissipative Bose-Hubbard model Eq. (3.1) with L = 10 sites and N = 5
particles, setting J = U = ↼ = 1, adapted from [2]. We perform a search up to nstates = 16 and
compute ⇑⇑ϑp,u1 |L̂|ϑp,u1 ⇒⇒ for the optimal basis in every iteration, both for finding a physical initial
state (red dots) and a traceless initial state (blue crosses). Inset: Corresponding maximal bond
dimensions of the respective states |ϑp,u1 ⇒⇒.

specific case. The e”cient initialization of states requires two di!erent optimization protocols,
which we discuss below.

Starting with the real-time evolution with L̂, we are interested in capturing the steady
state and the slowest decaying modes e”ciently, and we therefore search for an initial state
exhibiting a large overlap with the low-lying eigenmodes. This is implemented by minimizing
the real part of the expectation value and variance of the Lindbladian on a subspace spanned by
stochastically chosen states. The resulting routine is summarized in Algorithm 2. The random
subspace is initialized by a product state |ς0⇒ = |n1, n2, . . . , nL⇒ on the physical lattice, which
is appended to a list S. Then, nsamples ↓ 1 di!erent states are generated stochastically. In this
step, the specific form of the Lindbladian is important, as the sampled states should feature
finite transition rates between each other. For the Bose-Hubbard model, exhibiting a particle
number conservation and nearest-neighbor hopping, the algorithm is set up as follows: A state
|ς⇒ is randomly selected from S, together with an index k labeling an occupied site, and a

neighboring site i ∞ k ± 1. The new state b̂†
k+i

b̂
k
|ς⇒ is appended if it is not already included in

S. Depending on the Lindbladian, next nearest neighbor hopping or particle-loss and -creation
should be considered in the sampling process. We build a set of vectorized states R = S → S,
containing all |ϑ⇒⇒ = |ς⇒ → |φ⇒ with |ς⇒ and |φ⇒ in S, featuring n2

samples di!erent orthonormal

states. After calculating the e!ective Lindbladian action Le! on R by Le!
ij

= ⇑⇑ϑi|L̂|ϑj⇒⇒, where
|ϑi⇒⇒, |ϑj⇒⇒ ∞ R, we diagonalize Le! and pick the right eigenvector r0 corresponding to the
eigenvalue with smallest absolute real part as our initial state. The algorithm returns the MPS-
representation of r0 given by |ϑp⇒⇒ =


i
r0
i
|ϑi⇒⇒. To ensure that it is a traceful state, we calculate

its trace norm ⇑⇑1|ϑp⇒⇒ and repeat the procedure if it is smaller than some threshold ⇀trace.
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Algorithm 2 Compute optimal initial state |ϑp1⇒⇒
1: procedure Initial Physical(|ς0⇒, nsamples)
2: S ∈

[
|ς0⇒

]
⇁ Initialize with the input state

3: for n = 1 to nsamples ↓ 1 do
4:

{
|ς⇒ , k, i

}
∈ |ς⇒ drawn from S, k: occupied site in |ς⇒, i: random number ±1

5: |ς̃⇒ ∈ b̂†
k+i

b̂
k
|ς⇒

6: Check that |ς̃⇒ /∞ S and append it to S, otherwise go back to line 4
7: end for
8: R ∈

[
|ς⇒ → |φ⇒ for |ς⇒ , |φ⇒ in S

]

9: Le! ∈ ⇑⇑ϑi|L̂|ϑj⇒⇒ for |ϑi⇒⇒, |ϑj⇒⇒ in R
10: ω0, r0 ∈ lowest eigenvalue and right eigenvector of Le!

11: |ϑp⇒⇒ ∈ build


i
r0
i
|ϑi⇒⇒ for |ϑi⇒⇒ in R

12: return
{
|ϑp⇒⇒, S

}
if
⇑⇑1|ϑp⇒⇒

 > ⇀trace, else go back to line 3
13: end procedure

As we already discussed, the complex-time evolution should be initialized with a traceless
initial state to approximate the low-lying spectrum best. We can derive a warm-up protocol
similar to Algorithm 2, with the only di!erence that all random states in the set R should be
traceless. The corresponding pseudocode is given in Algorithm 3. We again construct the set S
in the same fashion as in Algorithm 2. Vectorized states of the form |ς⇒→ |φ⇒ with |ς⇒ , |φ⇒ ∞ S
are traceless if |ς⇒ ↖= |φ⇒ and can be appended to R. However, |ς⇒ → |ς⇒ has trace one, so we
may instead take |ς⇒ → |ς⇒ ↓ |φ⇒ → |φ⇒ into R. Note that the procedure now produces only
n2
samples ↓ 1 states in R. Di!erent from Algorithm 2, these states are not orthonormal, and we

need to build an ONB from them. Note that due to the simple structure of the states in R, the
Gram matrix is easily constructed analytically. Algorithm 1 then returns the eigenvalues and
corresponding right eigenvectors {ωi, ri}i of the e!ective Lindbladian in the Krylov space, as well
as the transformation X into the Krylov-ONB. The right eigenvector r0 with the lowest

Reω0


is again the optimal initial state, and its MPS representation is given by |ϑu⇒⇒ =


i

[
Xr0

]
i
|ϑi⇒⇒.

Algorithm 3 Compute optimal initial state |ϑu1⇒⇒
1: procedure Initial Traceless(|ς0⇒, nsamples)
2: S ∈ do lines 2 – 7 from Algorithm 2
3: R ∈

[
|ς⇒ → |φ⇒ for |ς⇒ , |φ⇒ in S if |ς⇒ ↖= |φ⇒

]

4: D ∈
[
|ς⇒ → |ς⇒ for |ς⇒ in S

]

5: Append |ϖn⇒⇒ ↓ |ϖn+1⇒⇒ to R for |ϖn⇒⇒, |ϖn+1⇒⇒ in D and n = 1, . . . , nsamples ↓ 1
6: {ωi, ri}i, X ∈ do Algorithm 1 with states R
7: |ϑu⇒⇒ ∈ build


i

[
Xr0

]
i
|ϑi⇒⇒ for |ϑi⇒⇒ in R

8: return |ϑu⇒⇒
9: end procedure

Although Algorithms 2 and 3 return a good initial state in the stochastically chosen subspace,
the chosen subspace itself might not be the best one. Thus, we introduce an iterative extension to
the methods, shown in Algorithm 4. Instead of directly building the set S with nstates states in a
single step, we iteratively enlarge the subspace, adding only a few random states and optimizing
this smaller subspace in each iteration. Specifically, given a state list S containing n states,
we stochastically generate a new state list S↑ by adding two states through nearest-neighbor
hopping (compare for Algorithms 2 and 3) to S and evaluate the lowest eigenvalue. The exact
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same process is repeated ntrial times (we chose ntrial = L) with S and afterwards we chose the
one set S↑ which gave rise to the lowest eigenvalue. This generates a set S of size n+ 2 and the
process is repeated. In each iteration, the Lindbladian expectation value is increased, and we
terminate the algorithm either if a desired Krylov space dimension is attained, or a threshold
bond dimension or expectation value is reached.

Algorithm 4 Iteratively compute optimal initial states |ϑp/u1 ⇒⇒
1: procedure Iterate Initial(|ς0⇒, nsamples)
2: for n = 1 to nsamples/2 do
3: |ϑ(k)⇒⇒, S(k) ∈ Do Algorithm 2 or 3 with input (S, 2) for k = 1, . . . , ntrial

4: kmax ∈ argmaxk Re⇑⇑ϑ(k)|L̂|ϑ(k)⇒⇒
5: |ϑp/u⇒⇒, S ∈ |ϑ(kmax)⇒⇒, S(kmax)
6: if φ(ϑp/u) > φmax or Re⇑⇑ϑp/u|L̂|ϑp/u⇒⇒ > ⇀treshold then break
7: end for
8: return |ϑp/u⇒⇒
9: end procedure

Note that the calculation of the e!ective Lindbladian can be substantially accelerated by
reusing the matrix elements from earlier iterations, since in every iteration only 2 basis vectors
are added.

In Fig. 5, such an iterative procedure is shown for the dissipative Bose-Hubbard model with
10 sites and 5 particles. The warm-up was performed until nstates = 16 for both a traceless and
a physical initial state. In every iteration, the real part of the expectation value is increased,
which highlights the positive impact of iteratively applying Algorithm 2 and 3 according to
Algorithm 4. The corresponding bond dimensions (see inset) increase with nstates to about
φ = 20 (physical) and φ = 60 (traceless).

For the time evolution with L̂†, the search for an optimal initial state is not as easily physically
motivated. Unfortunately, we do not know the structure of the left eigenvector corresponding to
the steady state and orthogonalizing against it is out of reach. Minimizing the expectation value
of L̂† is nevertheless useful, and we hence use the same algorithms as for the time evolution with
L̂. The sole adjustment is that the e!ective Lindbladian Le! has to be replaced by the adjoint
e!ective Lindbladian, whose matrix elements are given by ⇑⇑ϑi|L̂†|ϑj⇒⇒. For time evolutions with
zero complex angle ε = 0, we use Algorithm 2, whereas for finite angles, Algorithm 3 is employed
(both within the iterative extension described in Algorithm 4). The optimal initialization for
the adjoint time evolution will be subject to further research.

3.2.5 E”cient subspace arithmetic

As we already discussed in Sec. 3.1, it is numerically costly to calculate the MPS representation
of both the steady state and slowly decaying eigenmodes. A crucial objective of CLIK-MPS
is to avoid explicitly representing vectorized states and operators in the generated subspaces.
Luckily, in most applications, the primary interest lies in overlaps and expectation values of the
respective states. The idea is to calculate overlaps and expectation values with the initial time-
evolved states. Since they span the Krylov space, suitable superpositions will result in overlaps
and expectation values of the approximated right eigenvectors. Note that the calculation of
overlaps is very similar to expectation values (chose operator to be the identity, and replace
vectorized identity), which is why we first consider e”cient expectation values and thereafter
generalize to overlaps.
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We start by recalling the representation of the right eigenvectors |rK
k
⇒⇒ obtained in the Krylov

space in terms of the initial time-evolved states |ϑ(tm)⇒⇒ from Eq. (3.6),

|rK
k ⇒⇒ =

N
K∑

m=1

[XR]
mk

|ϑ(tm)⇒⇒ . (3.21)

Again, we emphasize that Eq. (3.21) should never be evaluated explicitly.
The expectation of an operator Â can be calculated by first obtaining the vectorized ac-

tion of Â on the Krylov basis as Ae!
n = Tr

(
Âϑ̂(tn)

)
= ⇑⇑1|Â|ϑ(tn)⇒⇒ (c.f. Eq. (2.12)) and the

normalization Nn = ⇑⇑1|ϑ(tn)⇒⇒,

Tr
(
Âϑ̂ss

)
=

⇑⇑1|Â|r1⇒⇒
⇑⇑1|r1⇒⇒

=


m
⇑⇑1|Â|ϑ(tm)⇒⇒

[
XR

]
m1

k
⇑⇑1|ϑ(tk)⇒⇒

[
XR

]
k1

=

[
Ae!XR

]
1[

NXR
]
1

. (3.22)

Note that the vectorized identity |1⇒⇒ is often well-described by a MPS with moderate bond
dimension; in all calculations performed in the scope of this thesis, it did not exceed φ ∋ 103.
Additionally, the calculation of Ae! can be trivially parallelized, since the expectation values
are independent of each other.

Several algorithmic optimizations can be exploited to improve the accuracy of the evaluated
expectation value, using algebraic properties of states in the Krylov space. In contrast to real-
time evolution, a complex angle leads to a time evolution which does not preserve Hermiticity,
due to the asymmetric exponential dampening discussed in Sec. 3.2.2 and visualized in Fig. 4a.
As a consequence, the steady state |rK

1 ⇒⇒ from the Krylov space might feature some non-Hermitian
artifacts from the complex-time-evolved states. In order to remove them in Eq. (3.22), we can
instead insert the Hermitian component of |rK

1 ⇒⇒. It is given by |rK
1,herm⇒⇒ = 1/2

(
|rK
1 ⇒⇒ + |rK

1
†⇒⇒

)
,

where |rK
1
†⇒⇒ denotes the vectorization of

[
r̂K
1

]
†
. We can make use of the relation

Tr
(
Âϑ̂†

)
=


Tr

(
Â†ϑ̂

)↓

= ⇑⇑1|Â†|ϑ⇒⇒↓ , (3.23)

where ϑ̂ is a general state and ̸ denotes the complex conjugate. Thus, we do not need to
calculate |rK

1
†⇒⇒ explicitly, but only need the expectation values Ae!,↓

n = ⇑⇑1|Â†|ϑ(tn)⇒⇒ to find

Tr
(
Âϑ̂ss

)
=

1

2
[
NXR

]
1

[
Ae!XR

]
1
+

[
Ae!,↓XR

]
↓

1


. (3.24)

With slight changes, Eq. (3.22) and (3.24) can be used to calculate overlaps. Indeed, if we
are interested in overlaps of some density matrix ϑ̂ with a right eigenvector r̂k, we redefine
Oe!

n = ⇑⇑ϑ|ϑ(tn)⇒⇒, Oe!,↓
n = ⇑⇑ϑ|ϑ(tn)⇒⇒ and overlaps are calculated similarly to Eq. (3.22), just

discarding the normalization in the denominator

⇑⇑ϑ|rk⇒⇒ =
[
Oe!XR

]
k
, (3.25)

and similarly for Eq. (3.24). To calculate overlaps with the steady state, the normalization needs
to be kept.

Exploiting symmetries is a key strategy for improving the e”ciency of observable calculations.
In Sec. 2.3 we established that steady states of Lindbladians which possess a symmetry always
lie in a specific sector associated to an eigenvalue of the corresponding unitary. Since many
Lindbladians have symmetries, we would like to incorporate this knowledge into the Krylov
space as well. For the moment, we restrict our discussion to ZNS -symmetries, for which we
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establish a numerically e”cient way of restricting the steady state to the particular symmetry
sector. We discuss the generalization to continuous symmetries at the end of the section.

The discrete symmetry comes with a generator Q̂ and a unitary Û connected via

Û = exp
(
↓ 2ϱi Q̂

)
. (3.26)

For ZNS -symmetries, the generator Q̂ has spectrum j/NS for 0 ↗ j < NS . The corresponding
unitary on the vectorized lattice is given by Û = Û → Û↓, and its generator obeys Q̂ = Q̂→ 1̂↓
1̂→ Q̂T (c.f. Sec. 2.3). Note that this directly fixes the spectrum of Q̂.

As we established in Sec. 2.3, each steady state obeys Q̂|ϑss⇒⇒ = 0. Thus, we would like to cal-
culate expectation values for the approximate steady state projected into the correct symmetry
subspace, which is given by

|ϑK,q=0
ss ⇒⇒ = P̂q=0|ϑK

ss⇒⇒ , (3.27)

where P̂q is the projector onto the q-eigenspace of Q̂. Crucially, this projector can be written
as a polynomial of order NS ↓ 1 in Û through its discrete Fourier transformation,

P̂q =
1

NS

NS↘1∑

n=0

e2ϱiqn Ûn . (3.28)

Now we insert the symmetrized approximate steady state P̂q=0|ϑK
ss⇒⇒ into the observable

Tr
(
Âϑ̂ss

)
= ⇑⇑1|ÂP̂q=0|ϑK

ss⇒⇒

=
1

NS

NS↘1∑

n=0

⇑⇑1|Ûn(Û†)nÂÛn|ϑK
ss⇒⇒ . (3.29)

Using Û |1⇒⇒ = |1⇒⇒, which was established in Sec. 2.3, we recover the final expression

Tr
(
Âϑ̂ss

)
=

[Ãe!XR
]
1[

NXR
]
1

, with Ãe!
j =

1

NS

⇑⇑1|
(NS↘1∑

n=0

(
Û †

)n
ÂÛn

)
|ϑ(tj)⇒⇒ . (3.30)

Computationally, this is equivalent to Eq. (3.22), however the new operator inside Ãe! is often
non-local. THerefore, it might be computationally advantageous to take the sum out of Ãe!

j

and evaluate NS observables individually instead. The crucial advantage we gain by avoiding
projecting |ϑK

ss⇒⇒ onto the q = 0 subspace directly, is that in most use cases the operator Â is
much simpler than the states in the Krylov space in the sense that (Û†)nÂÛn can be calculated
exactly. For instance, expectations with particle-particle correlators as considered in Sec. 4.2.4
can be calculated easily when also taking into account the symmetries the system has. For more
details, see App. A.2.

Note that Eq. (3.30) can be combined with the cancellation of non-Hermitian artifacts sim-
ilarly as in Eq. (3.24), and we get a Hermitian expectation value as

Tr
(
Âϑ̂ss

)
=

[Ãe!XR
]
1
+ [Ãe!,↓XR

]
↓

1

2
[
NXR

]
1

, Ãe!,↓
j

=
1

NS

⇑⇑1|
(NS↘1∑

n=0

(Û †)nÂ†Ûn

)
|ϑ(tj)⇒⇒ . (3.31)

The main bottleneck in generalizing the expressions Eq. (3.30) and (3.31) to continuous sym-
metries, is the explicit expression of the projector P̂ in terms of the unitary Û . Indeed, in the
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case of a U(1)-symmetry, the generator has countably infinite eigenvalues, the unitary depends
continuously on a parameter a (c.f. Sec. 2.3) and Eq. (3.28) takes on the form of a Fourier series

P̂n =
1

2ϱ

 1

0
da e2ϱian Û(a) . (3.32)

Notice the similarity to Eq. (3.28), which motivates to perform the same steps as before. Indeed,
doing so leads to a similar result

Tr
(
Âϑ̂ss

)
= ⇑⇑1|Â|ϑK

ss⇒⇒ , Â =
1

2ϱ

 1

0
da Û †(a)ÂÛ(a) . (3.33)

Thus, Eq. (3.30) is also applicable in the continuous case, only the operator inside Ãe! is replaced
by Â and in spirit, only the sum is changed for an integral. This approach is readily generalized
to other continuous symmetries in the same fashion.

Also the derivation of Eq. (3.30), (3.31) and (3.33) solely rely on the fact that Û |1⇒⇒ = |1⇒⇒
and in particular the explicit form of the generator of time evolution is irrelevant, which is
particularly useful for the generalization of the framework to non-Markovian settings.

3.2.6 Generalizing to non-Markovian open quantum systems

Up to now we considered the Lindbladian as the generator of time-evolution in the CLIK-
MPS framework. However, the framework is not restricted to the Markovian case. The crucial
observation is that non-Markovian systems can be described in a similar fashion as Markovian
ones via so-called Markovian embedding [41, 42]. One example is the mesoscopic leads approach
[80, 81] where structured, non-Markovian environments are approximated by replacing each
bath with a finite set of damped, discrete lead modes. The spectral density g characterizing
the mesoscopic bath can be fitted by a sum of Lorentzian functions, which are implemented via
the lead modes. In this way, the system plus lead modes again obey a Lindblad equation, and
CLIK-MPS can be employed. Also, the e”cient subspace arithmetic is not specifically tailored
to Lindbladians and we can use the techniques described in Sec. 3.2.5 also in the non-Markovian
setting. However, a big challenge for the numerical simulation of the time evolution itself arises.
The enforced one-dimensional (1D) geometry of MPS leads to the natural emergence of long-
range couplings in the respective generators of time evolutions when using Markovian embedding.
Thus, time evolution using TDVP will su!er from exponentially increasing bond dimensions,
which severely limits accessible times and system sizes. Luckily though, our framework has
turned out to be quite robust to truncation, which will help overcome these challenges (c.f.
Fig. 9a and Sec. 3.2.1). Nevertheless, exploring the regime of non-Markovian many-body open
quantum systems remains a complicated task and will be subject to future research.

Moreover, a vast class of non-Markovian systems can readily be described by replacing the
Lindblad generator L̂ with the hierarchical equations of motion (HEOM) generator L̂HEOM [117,
5], and we will investigate the compatibility of the HEOM generator with CLIK-MPS in future
research.

Note that the dissipative Bose-Hubbard Lindbladian Eq. (3.1) is already suitable as a prelimi-
nary non-Markovian test case. Although the environment is Markovian, the system-environment
couplings feature interactions between di!erent sites in real space. This leads to a local coupling
in particle-momentum space, where each bosonic mode k is coupled to an environment, and it
can exchange momentum q with the environment according to a non-trivial spectral density

gq(k)
2 = 16 cos

k ↓ q

2

2
sin

k
2

2
, (3.34)
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which is readily derived from Eq. (4.3). Such structured spectral densities are a feature of
non-Markovian environments and typically arise when performing Markovian embeddings to
describe non-Markovian environments [41, 42]. Consequently, we expect the numerical challenge
in studying Eq. (3.1) to be comparable to Markovian embeddings of non-Markovian setups.
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3.3 Simulations – Benchmarking the framework

After we carefully introduced the theory and implementation of the CLIK-MPS framework in
Section 3.2, we are finally ready to evaluate its performance. We do this at the example of
a Bose-Hubbard model with nearest-neighbor driving, given by Eq. (3.1). For small system
sizes we can establish benchmark data in Sec. 3.3.1 by explicitly solving for the spectrum and
eigenstates using ED, which we compare to CLIK-MPS. Moving on to larger system sizes is
straightforward, but we face the problem of reliable error estimation and convergence analysis,
and we therefore present multiple strategies filling this gap in Sec. 3.3.2. Note that results for
large-scale calculations out of reach for ED are shown in Section 4.

Time evolution is carried out using TDVP [103, 54] combined with the local subspace expan-
sion (LSE) [118, 116], as also discussed in Sec. 2.5. Additional information on the implementation
is given in Appendix A.1.

3.3.1 Comparison with ED

To investigate the performance of CLIK-MPS, we benchmark the framework with spectra and
eigenvectors obtained through ED methods for small scale systems. We once more consider the
Bose-Hubbard Lindbladian Eq. (3.1), and fix the number of lattice sites to 5 and the number
of bosons to 4. Complementary we show results obtained from another approximate method,
where a Krylov space is built from real-time-evolved states initialized with a randomly chosen
initial state [110]. We will also refer to this method as the ε = 0 method, as only a time
evolution with zero complex angle is used.

These calculations are shown in Fig. 6. For CLIK-MPS, we chose the two angles ε = 0 and
ε = 0.05 and to compare the methods realistically, we use the same maximal time T = 4 for all
time evolutions and sampling interval ϖt = 0.1.

In Fig. 6a we show a set of Krylov low-lying eigenvalues in the complex plane. The steady
state (ω1 = 0) obtained using ED (circles) is accurately reproduced using either the ε = 0
method (blue triangles), or CLIK-MPS (orange triangles). However, already for the first excited
state, a small deviation is visible in the ε = 0 data, which only becomes more severe when
trying to evaluate higher excited states. On the other hand, CLIK-MPS e!ortlessly resolves
multiple low-lying eigenvalues with high accuracy. It reproduces the first 5 eigenvalues without
any problems. Note that the chosen positive angle ε = 0.05 enhances the precision of the
eigenvalues with positive imaginary part, and we can obtain eigenvalues with negative imaginary
part by complex conjugation, as already outlined in Sec. 3.2.2.

Next, we compute the deviation of the Krylov Lindbladian right (left) eigenvectors |rK
j
⇒⇒ (|lK

j
⇒⇒)

from the exact eigenvectors |rj⇒⇒ (|lj⇒⇒) obtained from ED in Fig. 6b and Fig. 6c, respectively.
These are obtained by extracting the vector representations of the time-evolved states |ϑ(tj)⇒⇒
in the basis used for the exact diagonalization |em⇒⇒. It is given by Emj = ⇑⇑em|ϑ(tj)⇒⇒ and the
overlaps are given by

⇑⇑r
j
|rK
j ⇒⇒ =

[
RE†EXR

]
jj

, (3.35)

where RE is the matrix containing the right eigenvectors calculated using ED. Here, the impact
of the additional complex-time evolution and optimal initialization becomes very evident when
comparing with the ε = 0 curves. For all five lowest lying eigenvectors, the accuracy is improved
by more than three orders of magnitude. Additionally, we also include a comparison against
a commonly used approach to approximate the steady state. Since the time evolution of a
physical state converges to the steady state, we can just perform a time evolution and take
the longest evolved state as the approximate steady state (crosses). This ansatz exhibits the
poorest convergence when evolving up to the same maximal evolution time as the one used for the
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Figure 6: Accuracy of CLIK-MPS compared against ED and real-time evolution methods [110]
for the Bose-Hubbard model Eq. (3.1). Panel a): Comparison of the low-lying Lindbladian
eigenvalues against ED reference data ( ). We consider time evolution with L̂ ( ) for a real-
time evolution method [110] (blue) compared to CLIK-MPS (orange), which uses a real and a
ε = 0.05 time evolution. Panel b): Deviation of approximated Lindbladian right eigenmodes
from ED reference data and of time-evolved states at the maximal evolution time T ( ) to
the steady state. Panel c): Same analysis as in panel b), just for the left eigenmodes ( )
obtained through time evolution with L̂†. We considered L = 5 lattice sites, N = 4 bosons, set
J = U = ↼ = 1. Krylov spaces were built with ϖt = 0.1, while the maximal evolution time T
and employed angles ε are specified in the plot. The figure is adapted from [2].

Krylov-space-based methods, with a loss in precision of more than six orders of magnitude when
comparing to CLIK-MPS. Moreover, increasing the duration of the time evolution systematically
enhances the precision not only of the steady state |rK

1 ⇒⇒, but of all right eigenvectors.
We do a similar comparison for the left eigenmodes in Fig. 6c. As we already established in

Sec. 3.2.3, targeting left eigenmodes requires evolving with the adjoint Lindbladian L̂†. Since
the left eigenmodes of the Lindbladian are the right eigenmodes of L̂† according to Eq. (3.16),
we can again employ Eq. (3.35) to calculate the overlap. We build the Krylov space according
to Sec. 3.2.3. Since the left eigenmode l̂1 is exact in the subspace, we only show the deviation of
the higher left eigenmodes from exact data. Similarly as for the right eigenvectors, the accuracy
is improved by 2 to 4 orders of magnitude for the three slowest decaying modes compared to
the ε = 0 calculations. This showcases that the improvements made within CLIK-MPS lead to
unprecedented accuracy, and we are confident to employ the framework in physically challenging
large-scale systems. In large scale calculations, we will typically employ time evolutions with
L̂ to approximate the spectrum, since it targets excited eigenmodes more e”ciently due to the
warm-up procedure. However, before we do exactly that in Sec. 4, we first need some measures
of convergence and accuracy of the obtained spectra and eigenvectors.

3.3.2 Error approximation beyond ED

In the last section we tested the accuracy of CLIK-MPS by comparing to ED reference data.
However, when considering large-scale systems, ED becomes unavailable and assessing the pre-
cision and convergence of CLIK-MPS needs to be done di!erently.

Tackling this task requires developing several di!erent schemes that are optimized for specific
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parts of the spectrum. This includes error and convergence analysis for the steady state, where
we develop both analytical and numerical techniques, and the remaining low-lying spectrum,
where analytical methods fail and we fully rely on numerics.

First, we want to quantify the deviations of CLIK-MPS from the exact steady state |ϑss⇒⇒
through accessible quantities such as expectation values or variances. Rigorously speaking, we
want to bound

⇑⇑ϑK
ss|ϑss⇒⇒

2 from below by a quantity which we can calculate within the Krylov
space, with |ϑK

ss⇒⇒ being the CLIK-MPS approximate steady state. Indeed, we can establish the
bound

⇑⇑rK
1 |r1⇒⇒

2 ↔ 1↓ ⇑⇑rK
1 |L̂†L̂|rK

1 ⇒⇒
|▷2|2

, (3.36)

where ▷2 is the second lowest singular value of L̂. Note that the right eigenvector r̂1 is the
unnormalized steady state, and

⇑⇑ϑK
ss|ϑss⇒⇒

2 is directly connected to
⇑⇑rK

1 |r1⇒⇒
2. For the proof,

first note that L̂†L̂ is Hermitian and positive. Furthermore, the steady state is its only eigenstate
with eigenvalue 0. The gap of this Hermitian operator is given by µ2 = ▷2

2, where ▷2 is the second
lowest singular value of L̂. We may diagonalize L̂†L̂, denote its increasingly ordered eigenvalues
by µk and its eigenvectors by |vk⇒⇒. The state |rK

1 ⇒⇒ is expressed in the eigenbasis of L̂†L̂ as
|rK
1 ⇒⇒ =


m
am|vm⇒⇒ which yields

⇑⇑rK
1 |L̂†L̂|rK

1 ⇒⇒ =
∑

m⇒2

µm|am|2 . (3.37)

Combining Eq. (3.37) with the normalization constraint =


m
|am|2 leads to the bound

|a1|2 = 1↓
∑

m⇒2

|am|2 ↔ 1↓ 1

µ2

∑

m⇒2

µm|am|2 , (3.38)

where we used that µm/µ2 ↔ 1 if m ↔ 2. Since |a1|2 =
⇑⇑rK

1 |r1⇒⇒
2 the lower bound follows

immediately. Although we do not know the singular value ▷2, Eq. (3.36) establishes a connection
between the approximation quality and the variance, which makes it possible to compare the
accuracy of di!erent approximate steady states which each other. A non-trivial upper bound
can be obtained using µm/µD2 ↗ 1, where µD2 denotes the highest eigenvalue. Following the
same steps as above, this implies

⇑⇑rK
1 |r1⇒⇒

2 ↗ 1↓ ⇑⇑rK
1 |L̂†L̂|rK

1 ⇒⇒
|▷D2 |2

. (3.39)

Eq. (3.36) and (3.39) also reveal, that the sharpness of the bounds is governed by the ratio
▷D2/▷2, which is connected to the condition number of the Lindbladian, restricted to the sub-
space orthogonal to the steady state.

It is possible to calculate ⇑⇑rK
1 |L̂†L̂|rK

1 ⇒⇒ directly inside the Krylov subspace using the meth-
ods described in Sec. 3.2.5. Nevertheless, the e”cient calculation requires building the variance
matrix ⇑⇑ϑ(ti)|L̂†L̂|ϑ(tj)⇒⇒, which is a computationally costly expression since the operator fea-
tures long-range interactions. Although more e”cient implementations of variances exist [54],
for most large-scale calculations, it is not favorable to compute the variance, and instead we need
a more practical numerical method to investigate the approximation quality and convergence.

A simple yet e!ective approach is to compare di!erent Krylov spaces with each other. The
idea relies on diagonalizing the Lindbladian in each Krylov space and then comparing the states
and spectra. To assess the quality of the steady state, we propose to calculate expectation values
and compare them. We generate multiple Krylov spaces by varying the maximal evolution time
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Figure 7: Large scale convergence analysis for the steady state. We show a comparison between
a single time evolved state (pink) and CLIK-MPS (red) for a Bose-Hubbard model Eq. (3.1).
Panel a): Leading eigenvalue N0 of the OBDM ω depending on the maximal evolution time T .
By tracking the dependence we can see if the approximation is su”ciently converged, indicated
by the grey line. The Krylov space was built with ε = 0.05 and ϖt = 0.05 for 10 sites, 5 particles,
U/J = 0, and ↼/J = 2. Adapted from [2]. Panel b): Correlation length ξ depending on the
maximal evolution time T . The Krylov space was built with ε = 0.02 and ϖt = 0.4 for 32 sites,
16 particles, U/J = ↼/J = 2.

T , while the sampling interval ϖt remains fixed, leading to subspaces with di!erent dimensional-
ity. In the following, we label the CLIK-MPS Krylov spaces K0,ε(T ) by the maximal evolution
time T . In this way we ensure that K0,ε(T ) ⊆ K0,ε(T ↑) whenever T ↗ T ↑, and we expect the
approximation to be better the larger the Krylov space is. We say that the steady state |ϑK

ss(T )⇒⇒
is su”ciently converged with respect to an operator Ô, if

lim
T ↓≃⇐

Tr
(
Ôϑ̂K

ss(T )
)
↓ Tr

(
Ôϑ̂K

ss(T
↑)
)

Tr
(
Ôϑ̂K

ss(T
↑)
) ↑ ⇀ , (3.40)

where we introduced the precision ⇀. Eq. (3.40) implies that after time T the expectation value
of Ô does not change much, and time T is su”cient to capture the right behavior of Ô (up to a
precision ⇀). Although the choice of Ô is in principle free, there are some natural operators to
consider. For instance the expectation of the two point correlator C (for bosonic systems given

by Ô = b̂†
i
b̂
j
), which is connected to the correlation structure of the steady state. In the context

of bosonic systems, it is often referred to as the one-body reduced density matrix (OBDM) ω,
defined by

ωji △ C(i↓ j) △ Tr
(
b†
i
b̂
j
ϑ̂ss

)
. (3.41)

Its o! diagonal elements contain information about the correlation structure of the steady state,
and we find the asymptotic behavior

C(i↓ j) =
c1

|i↓ j|c2 e
↘|i↘j|/ϖ + c3 . (3.42)

Here, c3 > 0 means long-range order, c2 > 0 quasi-long-range order and ξ < ≃ implies short-
range order.

In Fig. 7 we check the convergence of two quantities derived from the one-body reduced
density matrix (OBDM) for the Bose-Hubbard Lindbladian Eq. (3.1). In Fig. 7a we track the
leading eigenvalue N0 of ω, while in Fig. 7b we look at the correlation length ξ (c.f. Eq. (3.42))
in the steady state. For both quantities, we can observe the convergence with increasing time T .
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Figure 8: Convergence analysis for large-scale calculations of the low-lying eigenvalues of the
dissipative Bose-Hubbard model Eq. (3.1) with 20 sites and 10 bosons at ↼/J = 2. Panel a):
Low-lying spectrum at onsite interaction U/J = 0.16 and we compare two maximal evolution
times T . Adapted from [2]. Inset and Panel b): 5 lowest eigenvalues obtained by CLIK-MPS
depending on T for several U/J . The maximal evolution time T must be chosen such that the
eigenvalue of interest is converged, i.e. does not depend on T any more. The Krylov space is
built with a sampling interval ϖt = 0.2 and using ε = 0.02. This constitutes the convergence
analysis for the data presented in Fig. 22b.

We also compare to the simple approximation method, where a single time-evolved state |ϑ(T )⇒⇒
is chosen for the steady state. For both quantities, CLIK-MPS displays faster convergence, and
we conclude that after T = 5 for Fig. 7a with L = 10 and T = 30 for Fig. 7b with L = 32 the
corresponding quantities are su”ciently converged, and the results are reliable.

A similar method can be employed for the numerical error approximation of higher excited
eigenvalues. Here, instead of comparing expectation values, we directly compare the approxi-
mated spectra ωK

j
(T ), and a spectral feature at time T is su”ciently converged if

lim
T ↓≃⇐

ωK
j
(T )↓ ωK

j
(T ↑)


ωK

j
(T ↑)

 ↑ ⇀ , (3.43)

in close analogy to Eq. (3.40). In Fig. 8, we show this analysis for the Bose-Hubbard model
Eq. (3.1) with 20 sites and 10 bosons for multiple onsite interactions U/J . While the lowest
eigenvalue ω2 is already converged at around T = 25, the next eigenvalue ω3 needs a time
evolution to about T = 40 to converge fully. The convergence time for higher eigenvalues varies
strongly, as we see when comparing ω4 and ω5. There are also large di!erences between the
convergence at di!erent U/J . We conclude that numerical convergence analysis works e”ciently
and reliably. Also from a computational perspective, Eq. (3.40) and (3.43) are good criteria: If
the Gram matrix M and e!ective Lindbladian Le! have been calculated for a large time Tmax,
then all Krylov spaces K0,ε(T ) with T < Tmax require no further overlaps or expectation values.
This makes convergence analysis particularly easy.

In Fig. 9b we lastly show another convergence analysis, now restricted to the dissipative gap.
We compare various system sizes (linestyle) and onsite interactions U/J (color) at half filling,
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Figure 9: Convergence analysis of the dissipative gap for the dissipative Bose-Hubbard model
Eq. (3.1) at ↼/J = 2, adapted from [2]. Panel a): Dissipative gap for 20 sites and 10 particles at
U/J = 0 for di!erent maximal times T . We chose sampling rate ϖt = 0.2 and consider data from
time evolutions with di!erent maximal bond dimensions φ. Notice, while the approximated gap
depends heavily on the bond dimension at intermediate times, all eventually converge to the
same value. Panel b): Dissipative gap from CLIK-MPS for system sizes L = 22, 26 at ϖt = 0.4
and L = 32 at ϖt = 0.6 depending on T for two di!erent U/J . T is given in units of the gap to
compare the di!erent system sizes. We set the maximal bond dimension to φ = 1400.

depending on the maximal time T for the Krylov space. Since convergence times strongly depend
on the system parameters, we express T in orders of the inverse dissipative gap ↓1/Reω2. All
data is su”ciently converged between T = 3.5 and 4.5 in orders of the inverse dissipative gap.
Nevertheless for L = 32, we evolve further to be sure. Note that this is a part of the error
convergence analysis for the data shown in Figure 15.

Finally, we can check the e!ect of truncation during time evolution on the approximation.
If the e!ective bond dimension φe! given in Eq. (3.7) actually has the e!ect we expected in
Sec. 3.2.1, the spectrum should depend on the maximal bond dimension at intermediate times
and converge to the same value at late times. We check this intuition in Fig. 9a for the Bose-
Hubbard model Eq. (3.1) with 20 sites and 10 bosons at U = 0 and ↼/J = 2. We compare
the dissipative gap obtained by CLIK-MPS for three di!erent time evolutions, where only the
maximal bond dimensions are altered. Note that the respective maximal bond dimensions are
reached during the time evolution, which suggests, that truncation errors happen. As expected,
the three calculations yield di!erent behavior at intermediate times, while they all converge to
the same value eventually. Note that the smaller the bond dimension, the longer it takes for the
dissipative gap to converge, which is also in agreement with φe! ∋ NK . Indeed, at intermediate
times, the e!ective bond dimension of the φ = 2400 evolution is high enough to render the
slowest decaying mode accurately, which is not the case for the φ = 600 evolution. Eventually
though, also the latter will reach a su”ciently high e!ective bond dimension and the dissipative
gap is accurately captured. Note that the entanglement is higher for the transient dynamics
than for the steady state, which might also play a role here.

The analysis reveals a picture in which we can trade lower bond dimension during time evolu-
tion for a larger number of linearly independent time-evolved vectors (which implies longer time
evolution). This tradeo! is a remarkable property of the method and explains, why the frame-
work is so robust against truncation errors, a property which is indispensible when simulating
large systems.
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4 Dissipative Bose-Hubbard model – properties and the Mpemba
e!ect

In this chapter, we test the capabilities of CLIK-MPS for large scale interacting many-body open
quantum systems by analyzing and optimizing a DSP protocol to prepare BECs on optical lattice
platforms. So-called DSP protocols use controlled interactions with an environment to drive the
ultracold atoms in the optical lattice into a target state. Consequently, they represent a possible
route to prepare highly-entangled states in analog quantum simulators based on ultracold atoms
in optical lattices [57, 58, 59, 60, 61, 62, 63]. Although a lot of progress in realizing such protocols
has been done, long preparation times [67, 68] due to the closing of the dissipative gap upon
increasing the system size prohibit the e”cient use in large scale systems. A central goal of this
chapter is therefore to use the quantum Mpemba e!ect to speed up the dissipative preparation
of BECs.

The chapter is organized as follows: After introducing the model in Sec. 4.1 followed by a
brief discussion of the experimental realization in Sec. 4.1.1, we take a look at the properties of
the prepared target state in Sec. 4.2. In Sec. 4.3 we use CLIK-MPS to analyze the behavior of the
dissipative gap around a critical point, finding strong evidence for the emergence of non-linear
hydrodynamics and the Kardar-Parisi-Zhang (KPZ) universality class. In Sec. 4.4 we analyze
the dependence on the physical parameters further and introduce unitary transformations con-
necting di!erent Lindbladians. Lastly, in Sec. 4.5 we analyze the spectrum of the Lindbladian
with the goal of utilizing the quantum Mpemba e!ect to speed up the protocol exponentially.
This proves to be especially di”cult, since the Lindbladian is not analytically diagonalizable,
making it inaccessible to previously proposed strategies of finding admissible states [6, 105].
We address this problem by arguments relying on the symmetries of the system, making it
possible to characterize the slow decaying channels analytically, as schematically depicted in
Figure 10b. We numerically verify the analytical predictions, analyze the parameter regions
where a quantum Mpemba e!ect is stabilized, and discuss the experimental realization of the
proposed quickly-decaying states. Throughout the chapter, we provide numerical data obtained
by MPS calculations, and we especially use and showcase the capabilities of the CLIK-MPS
framework introduced in Sec. 3.

Note that the dissipative protocol was first introduced by Diehl et al. in 2008 [17]. This
section is strongly based on the publication [1], and we show results for large-scale systems that
were presented in [2], both summarizing some of the work done in the scope of this thesis.

4.1 Introducing the model

Since dissipative state preparation (DSP) protocols crucially rely on interactions with a tailored
environment to drive a system into a desired target state, the theoretical treatment of quantum
systems coupled to environments is needed. This can be done by describing the interactions in
the optical lattice by a Hamiltonian and the interaction with the environment through jump
operators within the Born-Markov approximation. If these conditions are met, the dynamics is
governed by a Lindbladian, as discussed in Sec. 2.1. Since the fixed point of the dynamics is
given by the steady state of the Lindbladian, a good DSP protocol can be characterized by the
proximity of the steady state and the experimental target state. From this purely theoretical
perspective, the protocol takes the form of a model, which might be far away from experimental
reality.

Of course it is also imperative to look through the eyes of an experimentalist, who is interested
in a realizable protocol, that is, a model that is implementable on an optical lattice or analog
quantum computer. For example, a good candidate model for a protocol should ideally feature
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Figure 10: Panel a): Dissipatively preparing a Bose-Einstein condensate (BEC) in an optical
lattice by combining coherent hopping with dissipation-mediated tunneling via a superfluid
environment in which the optical lattice is immersed. Panel b) left: The Lindbladian L̂ describing
the system features a weak Z2-symmetry corresponding to reflections about the center of the
lattice. The Lindbladian consequently possesses a block-diagonal structure, corresponding to
evenly and oddly transforming states under reflections. Spectral analysis shows that the slowest-
decaying mode belongs to the oddly transforming block. Panel b) right: Based on this symmetry
argument, we identify a class of (evenly-transforming) product states that converge exponentially
faster to the steady state. The figures were adapted from [1].

local terms and a simple dissipator. Keeping these requirements in mind, Diehl et al. introduced
a theoretical model which describes a DSP protocol to prepare BECs in 2008 [17], which we
schematically depicted in Fig. 10a. Note that we comment on the experimental realization in
Sec. 4.1.1.

The model consists of bosons in a 1D lattice described by the Bose-Hubbard Hamiltonian

Ĥk0 = ↓J▷k0

L↘1∑

j=1


eik0 b̂†

j+1b̂j + h.c.

+

U

2

L∑

j=1

[
b̂†
j

]2[
b̂
j

]2
. (4.1)

Here, b̂†
j
(b̂

j
) creates (annihilates) a boson on site j, L is the number of sites, J and U represent

the hopping amplitude and the onsite interaction strength, and k0 = 2ϱn/L with n ∞ N is the
target momentum. We consider open boundary conditions (OBCs) due to experimental and
numerical benefits. The prefactor ▷k0 is 1 for |k0| < ϱ/2 and ↓1 otherwise, ensuring that the
real part of the hopping amplitude is always negative for J > 0.

This Hamiltonian alone already admits intricate physics. The first sum, called the coherent
hopping term, is non-interacting and tends to delocalize the system by enforcing bosons to
condense in the single particle state with the lowest energy. The corresponding Hamiltonian
eigenstate is exactly known and sharply peaked around the momentum k0. This leads to the
formation of a BEC with momentum k0 in the thermodynamic limit. Unfortunately, the second
sum, called the onsite interaction term, tends to localize the particles, leading to a dynamic
that is incompatible with the coherent hopping term. As a consequence, it is not immediately
clear which term wins this competition, which will certainly depend on the system parameters
J and U .

Indeed there is a transition between a delocalized superfluid phase and localized insulating
phase, the former being only stable at the trivial point U = 0. Nevertheless, this behavior
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strongly depends on the dimensionality of the problem: In one and two dimensions, the Mermin-
Wagner theorem forbids a phase transition away from U = 0 [119], while in higher dimensions
the superfluid phase extends to finite U [120, 121].

To propose a model for a dissipative state preparation protocol, a dissipative interaction
with an environment is needed. In the following, we study the Markovian dissipative dynamics
obeying Eq. (2.2) and choose

L̂k0
j

=
′
↼
(
b̂†
j+1 + e↘ik0 b̂†

j

)(
b̂
j+1 ↓ eik0 b̂

j

)
, (4.2)

as jump operators. Here, ↼ is the dissipation strength and k0 is fixed by the Hamiltonian
parameters. Note that up to the phase factor eik0 and boundary conditions, Eq. (4.1) and (4.2)
are consistent with the model proposed in [69, 17]. A model with a similar phase factor was
considered in [70].

In the Hamiltonian and all jump operators, each creation operator b̂† is paired with an
annihilation operator b̂, which shows that both commute with the total particle number N̂ =

j
b̂†
j
b̂
j
. According to Eq. (2.14), this implies that the total particle number is conserved by

inducing a strong, continuous U(1)-symmetry. As also proven in Sec. 2.3, there is at least one
steady state for each number of particles N (which are the eigenvalues of N̂). In this specific
model it is furthermore possible to prove that there is exactly one, which is a consequence of
the specific form of the jump operators [17, 122].

The dissipation is only useful if it induces a dynamic that delocalizes the particles, stabilizing
the superfluid phase. Indeed, the jump operators have the property of driving the system further
into the superfluid phase. To see this, it is most convenient to transform the jump operators
into momentum space. We discard boundary e!ects, and find

L̂q =


↼

L

∑

k⇑1BZ

(
e↘i(k↘q) + e↘ik0

)(
eik ↓ eik0

)
b̂†
k↘q

b̂
k
, (4.3)

where the momentum q = 2ϱn/L lies in the First Brillouin zone (1BZ), q ∞ (↓ϱ,ϱ] and we

defined b̂†
k
=


j
eikj b̂†

j
. Now, the jump operator has an intuitive interpretation as a scattering

process. If a boson with momentum k comes in, it is scattered into momentum k ↓ q with
a transition rate proportional to the prefactor in Eq. (4.3). Note that this especially means
the jump operator L̂k↘k0 scatters the incoming particle into the k0-mode. Interestingly, for an
incoming particle with momentum k0, the transition rate is zero regardless of the value of q,
and it is not scattered by any jump operator and remains at momentum k0. Hence, particles
already having momentum k0 stay unchanged by the jump operators, while all other particles
are scattered, partly also into the k0-mode. As a consequence, its population increases and
eventually a BEC with characteristic momentum k0 forms. The jump operators can thus be
interpreted as e!ectively pumping the particles into the k0-mode.

This interpretation can be put on more rigorous footing by calculating the time dependent
population of the k0-mode, Nk0 , in a semiclassical pumping protocol. In the following we will
refer to the particles outside the k0-mode as the non-condensed particles. The setting is a system
with N particles, and we assume that the probability during a timestep dt for a non-condensed
particle to scatter into a condensed particle is constant, at ε0. This assumption is reasonable,
since the jump operators do not contain a time dependence. The time derivative of Nk0 can now
be written as

dNk0

dt
(t) = ε0

(
N ↓Nk0(t)

)
. (4.4)

This di!erential equation is solved by

Nk0(t) = N ↓
(
N ↓Nk0(0)

)
e↘ε0t , (4.5)
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Figure 11: Testing the action of the jump operators. We show the population of the momenta
k ↖= k0 not targeted by the Lindbladian, which in this case only consists of a dissipative part with
jump operators L̂k0

j
(see Eq. (4.2)). We find that this population decreases exponentially with

time, indicating that the action of the jump operators can be indeed interpreted as pumping
into the k0 mode. To only see the influence of the jump operators, we set J = U = 0 and ↼ = 1.
The system has L = 6 sites, N = 3 bosons, we chose k0 = 0, and we use ED to simulate the
dynamics.

where Nk0(0) denotes the number of bosons which are already in the k0-mode in the initial con-
figuration. The exponent is dictated by the rate ε0, which depends on the specific architecture
of the system, and is in general di”cult to calculate from macroscopic quantities.

We can check if the jump operator’s action aligns with an interpretation as a pumping
process, by tracking the number of particles left in the other modes, N ↓Nk0(t) =


k ↗=k0

⇑n̂k(t)⇒
during time evolution. In Fig. 11 we use exact diagonalization to describe the time evolution of
a random initial state |ϑ0⇒⇒ for a system of 6 sites and 3 particles and calculate N ↓Nk0(t). To
highlight the action of the jump operators, we switch o! the Hamiltonian by setting J = U = 0.
The dynamics is then governed by the dissipator D alone (c.f. Eq. (2.8)). As expected, the
population of non-targeted modes drops during time evolution, and at time t = 10/↼, all but
3∀10↘3 particles have momentum k0. Most importantly, the population decreases exponentially
which supports the interpretation as an e!ective pumping protocol. Having in mind Lindbladian
spectral theory this is not a big surprise, since the contributions outside of the steady state decay
exponentially with time according to Eq. (3.2), and the slowest decaying mode ω2 dictates the
long-time behavior. We thus expect the behavior to be N ↓ Nk0(t) ∋ exp

(
Re(ω2)t

)
. To our

surprise we find that the exponential decay is not governed by Reω2 = ↓0.436, but instead by
↓0.633, which is also indicated in Fig. 11 via the dotted grey line. Doing the same calculations
for several initial configurations, we furthermore see that this exponent is independent of the
initial configuration, which is even more confusing. The question about this exponent is highly
nontrivial, but at the end of this chapter we will be able to reason this odd behavior (see
Sec. 4.5.5).

4.1.1 Experimental setup and realization

The main obstacle in realizing the model introduced in Sec. 4.1 are the jump operators Eq. (4.2)
[123]. The Bose-Hubbard Hamiltonian itself presents no major di”culty, as it was successfully
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realized with ultracold atoms in optical lattices in the past [124, 121]. The problematic part of
the implementation therefore concerns the realization of the jump operators. In short, the idea
is to submerse the optical lattice into a superfluid of a di!erent atomic species, which acts as
an environment [17]. The goal is to engineer the interaction between the particles in the optical
lattice and the surrounding superfluid in such a way that they are e!ectively captured by the
jump operators. Diehl et al. proposed such a mechanism [17], by using a two band structure
and exciting the out-of-phase part of particles on neighboring lattice sites using a driving laser.
Then, the excited state can decay back into the lower band by emitting Bogoliubov quasiparticles
into the superfluid. This process enriches the in-phase part of the state, since the excited state
will relax into both an in-phase and out-phase part. Looking back at the jump operators, this
process seems reasonable: If we read Eq. (4.2) from right to left, we first annihilate the out-of-

phase part by b̂j+1 ↓ b̂j , and then create an in-phase part instead by b̂†
j+1 + b̂†

j
, which is exactly

what happens e!ectively in the physical process. It is furthermore possible to show that this
experimental setup is well described by the jump operators Eq. (4.2) [17, 122].

Unfortunately the realization is very challenging, and the protocol has not been implemented
yet. But also other preparation schemes for BECs have their downsides: The starting point is
to prepare an initial BEC in a harmonic trap via several cooling stages. Then, it is subsequently
transferred into a shallow optical lattice [125]. In the process, the BEC may be contaminated
with unwanted excitations and quasiparticles, and the transfer process needs to be performed
quasi-adiabatically. The transfer process thus constitutes the main bottleneck, as it exposes
the BEC to particle loss, decoherence, and heating originating from the ubiquitous presence of
environmental channels [126]. The dissipative preparation therefore presents a viable alternative,
skipping the tedious loading procedure completely.

The dissipative process may have additional advantages, in the form of better controlability
of the condensate quality. To analyse this, we need to characterize the properties of the prepared
state, which is the steady state of the Lindbladian Eq. (3.1). This is rendered di”cult due to the
quartic terms both in the Hamiltonian and dissipator, which is why we use a mean-field theory
approach in the next section.

4.2 Mean-field analysis for the steady state

In Section 4.1 we established that the dissipative Bose-Hubbard model features parts giving rise
to incompatible dynamics. While the coherent hopping term in the Hamiltonian (controlled by
J) and the dissipative hopping in the jump operators (controlled by ↼) want to enforce a BEC
with momentum k0, the onsite interaction term in the Hamiltonian (controlled by U) tends to
localize the state. In light of this heuristic initial consideration, it is interesting to see which of
the terms dominates in the steady state. Since the full Lindbladian is not integrable, we need to
rely on approximations which are only valid in confined parameter regimes. These will be backed
by simulations with the full Lindbladian. Note that the following mean-field approximation is
similar to [17, 122].

For convenience, let us first consider the case of characteristic momentum k0 = 0 and gen-
eralize the result later. Let us define the particle densities n = N/L and n0 = N0/L, where N0 is
the population of the zero-momentum mode. In the following, we assume that the condensate
depletion ϖ defined as

ϖ =
n↓ n0

n
=

N ↓N0

N
=

1

N

∑

k ↗=0

Nk , (4.6)

is small, that is ϖ ↑ 1. In this case, we can use the mean-field approximation b̂0 =
′
Ln0 ∝

′
Ln.
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As we established earlier, the jump operators L̂k in momentum basis are given by

L̂k =


↼

L

∑

q

(e↘i(q↘k) + 1)(eiq ↓ 1)b̂†
q↘k

b̂q . (4.7)

Only keeping terms up to order
′
n and observing that the q = 0 summand is zero yields

L̂k = 2
′
↼n(eik ↓ 1)b̂

k
+O(1) . (4.8)

The prefactor in L̂†

k
is the complex conjugate and since |2

′
n(eik ↓ 1)|2 = 16n sin2

(
k/2

)
, we may

redefine the jump operator as

L̂k =
′
↼k b̂k , with ↼k = 16n↼ sin2

(
k/2

)
, (4.9)

without changing the Lindbladian. Cruicially, since only pairs of jump operators appear in the
Lindbladian, this gives the O(n) approximation to the dissipator. Under the approximation
(and discarding boundary e!ects), the Bose-Hubbard Hamiltonian has the new form

Ĥ =
∑

k ↗=0


(⇀k + Un)b̂†

k
b̂
k
+

Un

2


b̂
k
b̂
↘k

+ b̂†
k
b̂†
↘k


, (4.10)

with the single particle energy ⇀k = 4J sin2
(
k/2

)
. Unfortunately, in this form the Hamiltonian

still couples the momenta k and ↓k with each other, which is why we introduce new creation
and annihilation operators ĉ†

k
, ĉ

k
connected to the old ones via a unitary relation


ĉ
k

ĉ
↘k


=

1′
2

(
1 1
↓1 1

)
b̂
k

b̂
↘k


. (4.11)

As already said, this transformation does not change the commutation relations. Since the
transformation is unitary, the system is furthermore identically described by the jump operators

L̂k =
′
↼k ĉk , (4.12)

and cruicially, the Hamiltonian decouples into

Ĥ =
∑

k ↗=0


(⇀k + Un)ĉ†

k
ĉ
k
+

Un

2

[
ĉ
k

]2
+
[
ĉ†
k

]2

. (4.13)

Now, both the Hamiltonian and the jump operators do not couple di!erent k-sectors. As a
consequence, we can solve the Lindblad equation individually for every k. The Hamiltonian in
a single k-sector can be recast into the matrix form

Ĥk =
1

2


ĉ†
k

ĉ
k

(
⇀k + Un Un

Un ⇀k + Un

)
ĉ
k

ĉ†
k


, (4.14)

with Ĥ =


k ↗=0 Ĥk. As an ansatz for the steady state we use a mixed state in each k-sector
given by

ϑ̂k = Z↘1
k

exp

↓ ◁

k
â†
k
â
k


, (4.15)

with new bosonic Bogoliubov creation and annihilation operators, defined through the relation


ĉ†
k

ĉ
k


=


â†
k

â
k

(
e↘iϑk cosh(0k) ↓eiϑk sinh(0k)
↓e↘iϑk sinh(0k) eiϑk cosh(0k)

)
. (4.16)
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The parameters φk and 0k are free and the ansatz Eq. (4.15) fulfills the relation

â
k
ϑ̂
k
= ϑ̂

k
â
k
e↘ςk . (4.17)

Due to Eq. (4.17), all creation and annihilation operators in the dissipator can be moved to
one side of ϑ̂k. This way the Hamiltonian part can be compared to the dissipator later. The
condition Lϑ̂ = 0 translates to

i
[
Ĥ, ϑ̂

]
= ↓↼k

(
d1,1â

†

k
â
k
+ d2,1

[
â†
k

]2
+ d1,2

[
â
k

]2
+ d2,2

)
ϑ̂k , (4.18)

with the coe”cient matrix d. The left-hand side is evaluated by writing the Hamiltonian in the
new basis

Ĥk =

â†
k

â
k


H


â
k

â†
k


, (4.19)

where H is a 2 ∀ 2 matrix. Now, the diagonal elements of this matrix do not contribute to
the commutator in Eq. (4.18), as they commute with ϑ̂. Eq. (4.17) implies the commutation

relations
[
â
k

]2
, ϑ̂

= (1↓e2ςk)

[
â
k

]2
ϑ̂ and

[
â†
k

]2
, ϑ̂

= (1↓e↘2ςk)

[
â†
k

]2
ϑ̂, and calculating the full

commutator with the Hamiltonian yields two linearly independent equations over the coe”cients

1. e↘ςk cosh2 0k ↓ sinh2 0k = 0 , (4.20)

2. i
(
1↓ e↘2ςk

)
H12 =

↼k
2

sinh 0k cosh 0k
(
1↓ e↘ςk

)2
, (4.21)

where H12 = ↓(⇀k + Un) sinh 0k cosh 0k +
Un

2

(
e2iϑk sinh2 0k + e↘2iϑk cosh2 0k

)
. With a little bit

of algebra, the first constraint Eq. (4.20) is rearranged into

cosh
(
20k

)
= coth

(
ςk/2

)
, (4.22)

where we used the explicit form of the arcoth and 2 cosh2(x) = cosh(2x) + 1. The second
constraint Eq. (4.21) can be split up into two separate equations by considering the real and
imaginary part individually

(I) ↓ 2(⇀k + Un) sinh(0k) cosh(0k) + Un cos(2φk)
(
sinh2(0k) + cosh2(0k)

)
= 0 , (4.23)

(II) sin(2φk)
(
1↓ e↘2ςk

)
(⇀k + Un) =

↼k
2

sinh(0k) cosh(0k)
(
1↓ e↘ςk

)2
. (4.24)

Again, with a little bit of algebra, Equation (4.23) translates to

cos(2φk) =
⇀k + Un

Un
tanh(20k) . (4.25)

Inserting this into Equation (4.24) and rearranging yields

cot(2φk) =
⇀k + Un

(φk/2)
, (4.26)

which is the first final equation. To express 0k in terms of system parameters, we insert Eq. (4.26)
back into Eq. (4.25) and get

cosh2
(
20k

)
= coth2

(
ςk/2

)
=

(
φk/2

)2
+
(
⇀k + Un

)2
(
φk/2

)2
+ E2

k

, (4.27)

where we defined E2
k
= ⇀2

k
+ 2Un⇀k, which is the corresponding Bogoliubov energy. Indeed,

Eq. (4.26) and (4.27) determine the steady state completely. It remains to be shown that the
two equations admit solutions in the parameter regions we are interested in.
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4.2.1 Validity of the mean-field approximation

As already pointed out, it is imperative to check whether Eq. (4.26) and (4.27) have physical
solutions. Otherwise, the Gaussian ansatz Eq. (4.15) is not su”cient and the steady state has
a di!erent form. Summarizing, we are interested in the following two questions.

1. In which parameter regime are Equation (4.26) and (4.27) solvable.

2. In which parameter regime is the constraint ϖ ↑ 1 actually fulfilled.

We will first discuss question 1. Equation (4.26) always has a solution, since cot : (0, ϱ) ↘ R

is bijective. Equation (4.27) on the other hand is more involved. Since cosh2 and coth2 map to
[1,≃), the right-hand side needs to lie in this interval as well. The nominator is strictly positive
and always greater than the denominator and a solution therefore exists if the denominator
is strictly positive. Considering specific parameter regimes, this is fulfilled if J, U ↔ 0. Only
the case with J ↔ 0 and U < 0 is tricky and we need to insert the explicit expressions for all
quantities to find the constraint

sin2
(
k/2

)
>

|U |Jn
J2 +

(
2n↼

)2 , ⇔ k > 2ϱ/L . (4.28)

Note that this condition is especially fulfilled in two interesting limits

1. if ↼ ↘ ≃ for arbitrary large (but constant) L and |U |,

2. if N ↘ ≃ for arbitrary large (but constant) L and |U |.

In both these limits, the Gaussian state is the steady state for arbitrary large |U | .

It remains to be shown that the depletion of the steady state is small. Since the steady state
describes the non-condensed bosons (the condensed ones are taken into account in the mean-
field) we just need to compute the particle number in the steady state. We start by calculating

the number of ĉ†
k
-quasiparticles N c

k
in the system. We use Eq. (4.16) to find

N c

k = Z↘1Tr

ĉ†
k
ĉ
k
e↘ςkâ

†
kâk


= (cosh2 0k + sinh2 0k)Z↘1Tr


â†
k
â
k
e↘ςkâ

†
kâk


+ sinh2 0k , (4.29)

where we used the definition of â†
k
, â

k
, the conservation of Bogoliubov-particle number â†

k
â
k
in

the steady state. With the Bose-Einstein statistics and Eq. (4.27) we find

N c

k =
1

2


cosh

(
20k

)
+ 1


cosh

(
20k

)
↓ 1


=

1

2

(Un)2

↼2
k
+ E2

k

. (4.30)

Now the relation b̂†
k
b̂
k
+ b̂†

↘k
b̂
↘k

= ĉ†
k
ĉ
k
+ ĉ†

↘k
ĉ
↘k

implies that


k ↗=0Nk =


k ↗=0N
c

k
, where Nk

denotes the number of b̂†
k
-bosons. Thus, the condensate depletion is given by

ϖ =
1

N

∑

k ↗=0

N c

k =
1

2N

∑

k ↗=0

(Un)2

↼2
k
+ E2

k

= (4.31)

=
1

N

∑

k ↗=0

(Un)2

32
(
16(n↼)2 + J2

)
sin4

(
k/2

)
+ 16UnJ sin2

(
k/2

) . (4.32)

Although this expression looks involved, we can analyze its behavior in certain limits. If N ↘ ≃
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(a) (b)

Figure 12: Condensate depletion ϖ for the full dissipative preparation of a BEC according to
Eq. (3.1). Panel a): We show the dependence of the condensate depletion Eq. (4.6) on the
number of bosons N for various L and U/J . Especially for U/J > 0 and L = 6, 8 we recover
the mean-field predicted linear scaling of the depletion Eq. (4.33). We set ↼/J = 2. Panel
b): Condensate depletion depending on dissipation ↼/U with coe”cients specified in the plot.
Upon increasing ↼, the depletion decreases quadratically as predicted by Eq. (4.34). All steady
states were obtained by performing a time evolution until su”cient convergence is reached. All
calculations were performed with the parameters J = 1, as well as k0 = 0. The local dimension
was set to d = N + 1. For further details on the numerical implementation see App. A.1. The
figures are adapted from [1].

and L is constant, the denominator in Eq. (4.32) is dominated by n2 and the whole sum is of
order O(1), leading to

ϖ = O
(
1/N

)
. (4.33)

If instead ↼ ↘ ≃ at constant L we get

ϖ = O
(
(U/↼)2

)
. (4.34)

Equation (4.33) and (4.34) can be verified numerically for the full Lindbladian Eq. (3.1), as
shown in Fig. 12. Both the scaling in particle number N (Fig. 12a) as well as the scaling with
↼/U (Fig. 12b) matches the mean-field predictions, suggesting that the mean-field treatment
in these limits is valid. In particular, Fig. 12b underscores the beneficial controllability of the
condensate density through dissipative parameters like ↼. The finite depletion in Fig. 12a in
case of U/J = 0 comes from boundary e!ects which vanish in the thermodynamic limit.

These two limits give good intuition on how to tune the system parameters such that a
good condensation is reached. Especially the second limit Eq. (4.34) opens a possibility to
experimentally counteract localization e!ects caused by the onsite interaction. However, care
must be taken when discussing the limit ↼ ↘ ≃, since the Born approximation is not valid any
more (c.f. Sec. 2.1). Nevertheless, in Fig. 12b we find the scaling Eq. (4.34) also at intermediate
↼/U .

After verifying the validity of the mean-field analysis, we can discuss if the steady state can
be interpreted as a thermal state of some e!ective Hamiltonian, due to its Gaussian form. We
are mainly interested in the physical system the e!ective Hamiltonian corresponds to and we
address these questions in the next sections.
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4.2.2 Connection to finite-temperature isolated systems

Equation (4.15) has the form of a thermal state of some e!ective Hamiltonian


k ↗=0 ◁kâ
†

k
â
k
and

we would like to understand the physical meaning of this connection. For this, we need to find
an e!ective isolated system with Hamiltonian Ĥe! at some finite temperature Te! that gives rise
to a thermal state similar to the dissipative steady state.

The key di!erence to an isolated system is the appearance of the dissipation strength ↼
in the central Equation (4.27). However, by appropriately rescaling the onsite interaction the
dissipation gets absorbed. This procedure is made possible by the similarity in the k-dependence
between ⇀k and ↼k. Precisely, we have,

↼k =
4n↼

J
⇀k , (4.35)

and by rescaling U according to
Ũ = (1 + a2)↘1 U , (4.36)

where we defined the rescaling parameter a = 4nφ/J, Equation (4.27) takes the form

coth2
(
ςk/2

)
= 1 +

(Un)2

1 + a2
1

Ẽ2
k

, (4.37)

with the new Bogoliubov energy Ẽk =

⇀2
k
+ 2Ũn⇀k. We want to recover an e!ective tempera-

ture Te! such that ◁k = Ẽ/Te! . Then, the dissipative system would be indistinguishable from an
e!ective isolated Bose-Hubbard model (with rescaled on site interaction Ũ) at finite temperature
Te! . For this, we rearrange Eq. (4.37) to find

◁k = ln

(′
x+ 1′
x↓ 1

)
, x = 1 +

(Un)2

1 + a2
1

Ẽ2
k

, (4.38)

where we used the explicit form of the inverse of coth. Expanding the logarithm around 1 for
x ↙ 1 gives

◁k =
2′
x
+O(x↘1) . (4.39)

Now, expanding the square root gives the final expression

◁k =
Ẽk

Te!
, Te! =

UJn

2

J2 +

(
4n↼

)2 . (4.40)

Consequently, the steady state Eq. (4.15) is indistinguishable from the thermal state of an
e!ective Bose-Hubbard model Ĥe! at e!ective temperature Te! . This e!ective Hamiltonian is
given by

Ĥe! =
∑

k

(⇀k + Ũn)b̂†
k
b̂k +

Ũn

2

[
b̂k
]2

+
[
b̂†
k

]2
, (4.41)

with rescaled interaction Ũ . Especially the mixed states ϑ̂k with k ↑
⇓
UJ/φ are well described

by this approximation, as Ẽk ↘ 0 at k ↘ 0. We want to emphasize that besides the zero
momentum mode, small k modes are filled the most in the e!ective isolated, as well as in the
real dissipative system Eq. (3.1). As a consequence, we also expect the approximation to work
well in the setting where only a few k fulfill the constraint k ↑

⇓
UJ/φ and the approximation

makes sense for the full state ϑ̂, although not all k satisfy the constraint. Note that for any
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↼ > 0 we have Ũ < U , so the dissipation acts as an e!ective reduction of the onsite interaction
U.

We stress that some of these observations are not included in [17], which mostly considers
the zero-th order in ↼ (consequently Te! does not depend on ↼, and Ĥe! = Ĥ).

4.2.3 Connection to zero-temperature isolated systems

Equation (4.40) especially holds in the limit ↼ < U , while the limit ↼ ↙ U can be treated
similarly and has great importance, since in experiment a large ↼ is desirable to increase the
condensate fidelity.

To study this limit properly, we first need to briefly consider the isolated case. Here, the
bosonic Bogoliubov operators are given by d̂k = cosh 1k ĉk + sinh 1k ĉ

†

k
and 1k is related to the

system parameters as

cosh2(21k) = 1 +
(Uiso n)2

E2
k

, (4.42)

where Ek =

⇀2
k
+ 2Uison⇀k and we denote the onsite interaction by Uiso to avoid confusion. The

zero-temperature equilibrium state is the groundstate of the Hamiltonian given by the vacuum
of Bogoliubov quasiparticles, |vac(d̂)⇒. The particle number can be calculated easily by first
considering the rotated particle basis ĉk and inserting Eq. (4.42)

NT=0
k = ⇑vac(d̂)| ĉ†

k
ĉ
k
|vac(d̂)⇒ = 1

2

(

1 +
(Uiso n)2

E2
k

↓ 1

)
=

1

4

(Uiso n)2

E2
k

, (4.43)

where we used the assumption Uiso ↑ J in the last equality, as well as L = const. This equation
looks quite similar to the individual terms in the condensate depletion Eq. (4.31). We only
need to find the matching Uiso at which the condensate depletions in the isolated equals the
dissipative system Eq. (4.32). Considering the limit of low interaction Uiso ↑ J/(NL), we can
neglect some terms in the denominator and finally obtain for the isolated system at T = 0

NT=0
k =

(Uiso n)2

4J2

1

16 sin4(k/2)
+O

(
(Uiso n/⇀k)

3
)
. (4.44)

In the dissipative case, we can start from Eq. (4.32) and approximate the particle number Nφ

k

similarly for each k in the limit ↼ ↙ U as

Nφ

k =
(Un)2

2(J2 + 4n2↼2)

1

16 sin4(k/2)
. (4.45)

Comparing the coe”cients in Eq. (4.44) and (4.45) we can find the Uiso an isolated system at
zero-temperature needs in order to generate the same depletion as the dissipative Bose-Hubbard
model with ↼

Uiso =
′
2

U′
1 + a2

, (4.46)

implying that ϖT=0(Ue!) = 1/N


k
NT=0

k
= 1/N


k
Nφ

k
= ϖφ(U). Interestingly, the equality

holds component-wise for the condensed particles in each k sector, NT=0
k

= Nφ

k
. As we will

show in the next section, this also implies that

Tr
(
ĉ†
k
ĉ
k↓ ϑ̂ss

)
= ⇑vac(d̂)| ĉ†

k
ĉ
k↓ |vac(d̂)⇒ , (4.47)

showing equality of the two point correlation functions, which determine correlations in the
steady state. This analysis implies, that the dissipative driving e!ectively cools down the system,
eventually reaching low temperatures inaccessible to current methods.
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4.2.4 Correlation structure of the steady state

We are also interested in the one-body reduced density matrix (OBDM), which is often referred
to as the correlation function and defined as

ωij = ⇑b̂†
j
b̂
i
⇒ss = Tr

(
b̂†
j
b̂
i
ϑ̂ss

)
= ⇑⇑1|1̂→ (b̂†

j
b̂
i
)|ϑss⇒⇒ . (4.48)

While its leading eigenvalue is connected to the number of condensed bosons, its o!-diagonal
elements contain information about the correlations in the system. The o!-diagonal elements of
ω behave like

ωij =
c1

|i↓ j|c2 e
↘|i↘j|/ϖ + c3 . (4.49)

Here, c3 > 0 implies long-range order, c2 > 0 quasi-long-range order, and ξ < ≃ short-range
order. ξ is termed the correlation length. For instance in a Mott-insulating phase the o!-
diagonal elements decay exponentially, while they approach a constant in the superfluid BEC
phase [127].

The notion of long-rang order only makes sense in the thermodynamic limit. At finite system
sizes L, a true long-range order is indistinguishable from a slow exponential decay ξ > L.
Consequently, we can speak of the emergence of a BEC on lengthscales of the system, if the
exponential decay is slower than the system size, ξ > L. We often refer to this state as a lattice
BEC or local BEC.

We can probe the behavior of the OBDM by evaluating it in the mean-field approximation.
Since the Lindbladian is almost diagonal in momentum space, ω is directly connected to the
depletion Eq. (4.31) yielding

ωlm = n0 +
1

L

∑

k ↗=0

(Un)2

2(1 + a2)E2
k

ei(l↘m)k . (4.50)

This simple structure is owed to the fact in the ĉk basis, di!erent momenta are decoupled and
ω is diagonal. To understand the dependence on system parameters better, we can use a naive
bound on the sum to find

ωlm > n(1↓ 2ϖ) = n↓O
(
(U/↼)2

)
, (4.51)

which reveals the emergence of long-range order for high ↼, or equivalently N , at finite L. In
Fig. 13a we show results from a simulation with the full Lindbladian Eq. (3.1) for 10 sites and 8
particles at parameters U = J = 1. We plot the deviation of the o!-diagonal element ωL1 from
the mean value n and recover the quadratic scaling predicted by Eq. (4.51). Additionally, in
Fig. 13b we plot the o!-diagonal elements ω2j for the same system, at multiple dissipations ↼.
While for ↼ = 2 the exponential decay is clearly visible, at higher ↼ it is indistinguishable to a
long-range correlated state and a lattice BEC forms.

It remains to be discussed if the states prepared with the dissipative preparation are real
BECs in the thermodynamic limit. A BEC is defined through an extensive scaling of the leading
eigenvalue of the OBDM when approaching the thermodynamic (TD) limit [127]. Looking at
Eq. (4.32), in the TD limit (assuming constant density), that is, L,N ↘ ≃ while n, J, U,↼ are
kept constant, we recover a Riemann sum

ϖ =
1

2N

∑

k ↗=0

(Un)2

↼2
k
+ E2

k

↓↘ 1

2n



1BZ

(Un)2

↼2
k
+ E2

k

dk

v0
, (4.52)

where v0 denotes the volume of the 1BZ [17]. Since the denominator diverges quadratically for
k ↘ 0, the integral diverges in one and two dimensional systems, and we expect the mean-field
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(a) (b)

ω = 2
ω = 4

ω = 8

ω = 25

Figure 13: Simulating the full dissipative preparation Eq. (3.1) of a BEC for 10 sites, 8 particles,
U = J = 1, and k0 = 0. Panel a): We show the deviation of the o!-diagonal element ω1L from
the mean value n for several ↼/U . We recover the scaling predicted in Eq. (4.51), showing
that the steady state features a lattice analogue of a long-range order. Panel b): O!-diagonal
elements of the OBDM ω2L for four di!erent ↼. With increasing ↼, the decay is smoothed out,
until the behavior is indistinguishable from a true long-range correlation. The local dimension
was set to d = N + 1. For more details on the numerical implementation see App. A.1. The
figures are adapted from [1].

analysis to break down in the TD limit. This also implies that in one and two dimensions, the
dissipative preparation does not produce a true BEC. Rather, as we reasoned before, it prepares
a state which features high condensation in certain parameter regimes and is indistinguishable
from a long-range correlated state in finite systems. Since we are mostly interested in the
experimental realization on optical lattices, which are not at the TD limit when it comes to
the number of sites, the formation of a local BEC su”ces. Note that in three dimensions, the
integral is finite and condensation may occur at positive U > 0 also in the TD limit [17].

We can check that we do not recover a full BEC by again considering the o! diagonal
elements of the OBDM. As discussed previously, in a superfluid phase we expect an extensively
scaling correlation length ξ(L) = O(L), while an insulating phase is characterized by a saturating
correlation length, ξ(L) = O(1) [127, 128]. To capture an intermediate algebraic as well as an
exponential decay, we fit the o! diagonal 1i0j at a fixed site i0 with the asymptotic behavior
Eq. (3.42) with the constraint that c1, c2, c3 and ξ need to be positive.

In Fig. 14a we show the correlation length ξ for di!erent system sizes L at constant particle
density n = 0.5 for di!erent finite U/J at ↼/J = 2. We directly see that the correlation length
is monotonic in U , increasing with decreasing |U | as we expect. Nevertheless, it saturates with
increasing L for all finite U , indicating that a short-range correlated phase appears. Notice
however, that at L = 10 and U/J = 0.5, ξ is bigger than the system size (gray dotted line),
indicating that the state looks like a BEC on all accessible lengthscales, and we speak of a local
BEC. As the system size increases, this local BEC disappears, reminiscent of a phase transition.
This transition also has implications for the spectrum of the Lindbladian as we discuss in Sec. 4.3.
The system therefore exhibits a critical point at U = 0, and we can extract the critical exponent
ε associated with divergence of ξ as U ↘ 0 by a fit with the ansatz

ξ
(
U/J

)
= a

(
U/J)↘ε , (4.53)
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Figure 14: Simulating the full dissipative preparation of a BEC Eq. (3.1) for large system sizes.
Panel a): Correlation length ξ (c.f. Eq. (4.49)) in dependence of the system size for di!erent U/J
at ↼/J = 2. In all cases, the correlation length approaches a constant value upon increasing
L. Panel b): O!-diagonal elements of the OBDM for di!erent lengths at U/J = ↼/J = 2.
The o!-diagonal elements decay exponentially and the correlation length ξ can be extracted by
fitting with Eq. (3.42) (indicated as gray dotted lines). Note that the fitting lines are almost
parallel, indicating equal ξ. Inset: Dependence of the correlation length ξ on U/J for L = 32.
We fit with the power-law ansatz Eq. (4.53) and extract the critical exponent ε = 1.06± 0.02.
All steady states were obtained using CLIK-MPS and convergence was guaranteed using the
methods presented in Sec. 3.2. At L = 32 we used T = 32 and ϖt = 0.4, at L = 26, T = 22 and
ϖt = 0.4, at L = 20, T = 18 and ϖt = 0.2, at L = 16, T = 10 and ϖt = 0.1, while at L = 10 we
used T = 6, ϖt = 0.1. For L = 32, L = 26, L = 20, and L = 16 sites we used the complex angle
ε = 0.02, while for L = 10 we employed ε = 0.05. All calculations were performed at J = 1 and
half filling N/L = 0.5, as well as k0 = 0. The local dimension was set to d = N + 1. For more
details on the numerical implementation, see App. A.1. The figures where adapted from [2].

where ξ(•) is the correlation length in the thermodynamic limit. In the inset of Fig. 14b we
extrapolate the correlation length of the L = 32 data according to Eq. (4.53). We recover a
critical exponent ε = 1.06 ± 0.02. This is a typical sign of a phase transition between a short-
range and a long-range correlated state. Our analysis suggests, that if the system parameters
are chosen correctly, one can achieve a finite lattice analogue of a BEC with the dissipative
preparation protocol. In Fig. 14b we lastly present the o! diagonal elements of the OBDM for
a number of system sizes, used to extract the correlation lengths shown in Fig. 14a. We also
provide the fit according to Eq. (3.42) and see the exponential decay clearly.
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4.3 Transport and finite-size scaling

In the preceding sections we analyzed the properties of the steady state both through a mean-
field and numerical analysis and we found a critical point at U = 0 [69, 17, 1], where a true BEC
is stabilized, while at small U a local BEC emerges. Indeed, we established that this critical
point is characterized by a diverging correlation length and we extracted the critical exponent
ε = 1.0(6) from fitting the correlation function. In the context of open quantum systems there
is a class of phase transitions, so called dissipative phase transition (DPT), whose critical points
are characterized by the closing of the dissipative gap, implying that the relaxation timescales
of the system diverge in the thermodynamic limit [3, 5]. In close analogy to DPTs, we can ask if
the critical point observed in the dissipative Bose-Hubbard model has an influence on the long
time behavior of the system.

To investigate the behavior of the dissipative gap, we employ CLIK-MPS and approximate
the dissipative gap# = ↓Reω2 at several di!erent lengths of the system at half fillingN/L = 0.5.
The particle number conservation, combined with the Lindbladian being local enforces # ↘ 0
for L ↘ ≃ and the asymptotic scaling relation is of the form [97]

#(L) =
a

Lz
, (4.54)

where we introduced the dynamical exponent z. Note that there is a close connection between
the transport properties of the system and the scaling #(L) [97]. Using Eq. (4.54) we perform
a finite-size extrapolation of the dissipative gap and extract the dynamical exponent depending
on the onsite interaction U/J . In Figure 15, we show the finite-size scaling of the dissipative
gap for the Bose-Hubbard model Eq. (3.1). We consider three onsite interaction strengths,
↼/J = 2 and system sizes up to L = 32. We obtain the dissipative gap using CLIK-MPS and we
guarantee convergence as discussed in Sec. 3.3.2. Note that for the fits we excluded the smallest
system with L = 16 sites in order to reliably identify the gap closing. Interestingly, we observe
a change in the scaling behavior of #(L) from a dominating linear scaling z = 1.00 ± 0.05 for
large interactions (c.f. the U = 0.66 data) to a scaling z = 1.59 ± 0.17 in the limit U = 0. We
interpret this as an additional signature of the increasing correlation length when approaching
U = 0. At vanishing onsite interaction, the dynamics is governed by the coherent hopping term
and the dissipation. Representing the bosonic operators as b̂†

j
=


ϑ̂j exp

(
i0̂j

)
[129, 17], we

can rewrite the jump operator L̂j . They feature a term iϑ̂j
(
0̂j+1 ↓ 0̂j

)
[17], which couples local

phase fluctuations (c.f. 0̂j+1 ↓ 0̂j) to the local bosonic density (c.f. ϑ̂j). We propose that this
coupling leads to non-linear interactions which are a signature of the KPZ universality class.
This universality class was first introduced in the study of the growth of interfaces and surfaces
[130]. The universality class is described by a partial stochastic di!erential equation for the
function h(x, t), given by

2h

2t
= 3∃2h+

ω

2

(
∃h

)2
+ ↽(x, t) , (4.55)

where 3, ω are constants and ↽ is Gaussian white noise. In the last decades, it also attracted
interest in quantum systems, where the KPZ universality class was observed in exciton-polariton
condensates [131], other bosonic systems [132], or a one-dimensional Heisenberg chain [133]. The
KPZ universality class is characterized by a dynamical exponent z = 3/2, in agreement with the
numerical data found in our simulations.

On the other hand, for strong onsite interactions the particle coherence length ξ is smaller
than the overall system size as discussed in Sec. 4.2.4 and incoherent scattering is pronounced,
indicating a transition to a di!usive regime where z = 1.

We therefore find a picture in which the critical point is accompanied by a KPZ scaling.
Interestingly, also for the system at U/J = 0.16, we observe a dynamical exponent z = 1.48±0.03,
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→ L→z

Figure 15: Dissipative gap # of the Bose-Hubbard Lindbladian Eq. (3.1) and finite-size scaling.
We show # for L = 16 up to L = 32 at half filling N/L = 0.5 for several U/J at ↼/J = 2. We
extrapolate the finite-size data using Eq. (4.54) and extract the dynamical exponent z. Inset:
Dissipative gap depending on U for the same system parameters as before, with quadratic fits.
For L = 16 and 20, we use ϖt = 0.2 and T = 18, 28, respectively, while for L = 22 and 26
we have ϖt = 0.4 and T = 40 and 50, respectively. For L = 32, ϖt = 0.6 and T was chosen
U -dependent to ensure convergence (c.f. Fig. 9b). This figure is adapted from [2].

which suggests a KPZ scaling. Using the critical scaling for ξ from Eq. (4.53), we can predict
the correlation length at U/J = 0.16 to be ξ ∝ 60. Since this is much larger than the system
sizes we look at, incoherent scattering is suppressed compared to the non-linear interactions
appearing in the dissipator, and we get a KPZ scaling. However with increasing system size,
the incoherent scattering is enhanced and ξ/L ↘ 0, leading to a di!usive scaling z = 1 in the
thermodynamic limit. The numerical results thus suggest a picture, where the scaling behavior
strongly depends on the correlation length

#(L) ∋
{
L↘1 if ξ ↑ L, ↼ ↖= 0 ,

L↘3/2 if ξ ↙ L, ↼ ↖= 0 .
(4.56)

Note that this is not the whole story, since in the limit ↼/J, U/J ↘ 0 the system is described by
a non-interacting Hamiltonian featuring ballistic transport z = 2. This reveals, that there are
additional regimes and the situation is a bit more complicated than Eq. (4.56). The theoretical
and numerical exploration of the transport properties seem very intriguing and the rigorous
formulation of the arguments given in this section will be subject to future research.

Aside from the theoretical importance of the large system size scaling, the observation, that
the dissipative gap closes (quicker than) linearly, is interesting as well. It implies a (super-) linear
scaling of the characteristic time for a random to converge to the steady state. This further
highlights the necessity of speeding up the dissipative protocol. Before we do so, we investigate
some further useful properties of the dissipative Bose-Hubbard model in the next section.
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4.4 Unitary equivalences between di!erent Lindbladians

After we addressed the mean-field treatment for the zero-momentum case in great detail, we
want to discuss if this analysis carries over to the finite characteristic momentum case. In this
section we will show that there is a strong equivalence between the Lindbladians at di!erent k0,
ultimately implying that the steady state properties are almost independent of the characteristic
momentum k0.

Besides the parameters U, J and ↼ controlling the competion between di!erent Lindbladian
terms, the Lindbladian also depends on the targeted momentum k0. Intuitively, k0 dictates
the momentum which is occupied the most. Other than that, its influence on the Lindbladian
structure is not immediately clear. To understand it, we will construct suitable transformations,
mediated through unitary superoperators, with the goal of uniting the spectral properties of the
seemingly di!erent Lindbladians.

Due to the intuitive meaning of k0, it seems reasonable to introduce a transformation, which
shifts the bosonic momentum by ↓k0. Then, the condensation should again happen in the zero-
momentum mode and we can compare all Lindbladians. Rigorously speaking, we introduce a
transformation mediated through the unitary Û

↘k0
, which acts on creation operators as

Û
↘k0

b̂†
j
Û †

↘k0
= e↘ik0j b̂†

j
. (4.57)

To identify the transformation behavior of the Lindbladian, we study the Hamiltonian and jump
operators separately. The Hamiltonian transforms as

Û
↘k0

Ĥ
k0
(J, U)Û †

↘k0
= Ĥ

k=0

(
▷k0J, U

)
, (4.58)

and the jump operators obey

Û
↘k0

L̂k=k0
j

Û †

↘k0
= L̂k=0

j . (4.59)

To act on the Lindbladian, we need to work in the vectorized framework. Here, the unitary is
given by Û

k0
= Û

k0
→ Û↓

k0
as discussed in Sec. 2.3. Indeed, if we act with the unitary on some

density matrix and vectorize the whole expression, we find

Û
↘k0

ϑ̂Û †

↘k0
↘

(
Û
↘k0

→ Û↓

↘k0

)
|ϑ⇒⇒ . (4.60)

Now we can use Eq. (4.58) and (4.59) and act with Û↘k0 on the Lindbladian (we write the
parameter dependence explicitly here)

Û
↘k0

L̂
k0
(J, U,↼)Û†

↘k0
= L̂0(▷k0J, U,↼) . (4.61)

This implies that the Lindbladian at characteristic momentum k0 and coe”cients (J, U,↼) is the
same as the Lindbladian at 0 with coe”cients (▷k0J, U,↼) just with a global shift in momentum
of k0.

Most importantly, the unitary equivalence between the two Lindbladians has consequences
for their spectra and eigenvectors. First, the spectrum is the same for both Lindbladians.
Additionally, the eigenmodes are also related. Although they are not equal, they only di!er by
the unitary transformation Ûk0 and obey

|rk=k0
j

⇒⇒ = Û
k0
|rk=0
j ⇒⇒, |lk=k0

j
⇒⇒ = Û

k0
|lk=0
j ⇒⇒ , (4.62)

where |rk
j
⇒⇒ (|lk

j
⇒⇒) denote the right (left) eigenmode to eigenvalue ωj for the Lindbladian with

characteristic momentum k. Intuitively, this relation makes sense, since all momenta are shifted
by k0, which also applies to the eigenmodes.
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Consequently, also the steady state and its expectation values change. For instance, the
OBDMs of steady states at di!erent characteristic momenta can be related with each other by
using the unitary connection given in Eq. (4.62). We find

ωk0
lm

= Tr
(
r̂k01 b̂†mb̂

l

)
= Tr

(
Û
k0
r̂01Û

†

k0
b̂†mb̂

l

)
= eik0(m↘l)Tr

(
r̂01 b̂

†

mb̂
l

)
, (4.63)

where we used the representation of the vectorized unitary on density matrices in the second
step and in the third step the cyclicity of the trace, as well as Eq. (4.57). This modulation by a
site-dependent prefactor is a bit unintuitive. So, to better interpret the result, we may change
into the Fourier basis, which is done by inserting the momentum space representation of the
creation and annihilation operators introduced in Sec. 4.1 and find

ωk0
k,k↓ =

∑

m, l

ei(mk
↓
↘lk)Tr

(
r̂k01 b̂†mb̂

l

)
=

∑

m, l

ei(mk
↓
↘lk)eik0(m↘l)ω0

lm = ω0
k+k0,k

↓+k0
. (4.64)

This shows that, also on the level of the OBDM, changing k0 can be interpreted as a global shift
in the momentum space by k0. Most importantly, Eq. (4.64) constitutes a unitary transformation
on the matrix and reveals that the condensate density of both steady states is the same, and
the leading eigenvector is also just shifted by k0. If we find a certain scaling behavior of the
condensate density for k0 = 0, we can directly infer that the same scaling holds true for finite
k0, and that the condensation happens at momentum k0. The only subtlety in Eq. (4.61) is the
change in the sign of the hopping amplitude, J ↘ ▷k0J . Consequently, the condensate density
still depends on whether |k0| < ϱ/2 or |k0| ↔ ϱ/2, and the regimes are connected via changing
the sign of the hopping amplitude.

However, it is possible to shift the sign into the onsite interaction term. We define another
unitary, which leaves the dissipator unchanged while changing the overall sign of the Hamiltonian
by exploiting the structure of the commutator in the Lindbladian Eq. (2.2), which changes sign
upon swapping the inputs. This amounts to swapping the physical and auxiliary lattice in the
vectorized language. To avoid confusion in the following, we will denote bosonic operators on
the physical sublattice by b̂† (b̂), and on the auxiliary sublattice by â† (â). We define a unitary
Ŝ acting as

Ŝâj Ŝ† = b̂j , Ŝ b̂j Ŝ† = âj . (4.65)

Denoting by Ĥ0(J, U) and D̂0(↼) the Hamiltonian and dissipative part of the Lindbladian
L̂0(J, U,↼) (see Eq. (2.8)), respectively, we find the transformation behavior

ŜĤ0(J, U)Ŝ† = ↓Ĥ0(J, U) = Ĥ0(↓J,↓U) , (4.66)

where we used the relation ĤT
0 (J, U) = Ĥ0(J, U), since the Hamiltonian is real for k0 = 0. The

jump operators obey L̂0
j
=

[
L0
j

]
↓
, where ̸ denotes a complex conjugation, implying

ŜD̂0(↼)Ŝ† = D̂0(↼) . (4.67)

This finally yields unitary equivalence between the Lindbladians

Ŝ
(
Ĥ0(J, U) + D̂0(↼)

)
Ŝ† =

(
Ĥ0(↓J,↓U) + D̂0(↼)

)
. (4.68)

If we now combine with the momentum-shift transformation Eq. (4.61) we can relate the Lind-
bladian with momentum |k0| ↔ ϱ/2 with the one at k0 = 0 without changing the sign of J ,

Û
k0
ŜL̂0(J,↓U,↼)Ŝ†Û†

k0
= L̂k0(J, U,↼) . (4.69)

Consequently, the Lindbladians at positive U > 0 and |k0| ↔ ϱ/2 are unitarily connected to the
ones with U < 0 and |k0| < ϱ/2.

Importantly, the uniqueness of the steady state in the zero-momentum case [17] carries over
to the general k0 case, since the steady states are unitarily connected to one another.
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4.5 Fast preparation via the quantum Mpemba e!ect

As we established in Section 4.3 the dissipative gap # closes superlinearly with system size,
leading to a superlinear increase in the preparation times t ∋ 1/#. This constitutes a major
problem, especially if BECs on large-scale optical lattices of about 103 [134] need to be prepared.

A possible way to curtail these increasing preparation times is the quantum Mpemba e!ect,
which we already discussed in Sec. 2.4. Initializing the ultracold atoms in the optical lattice
with a carefully chosen microscopic configuration, the dynamics will avoid the slow dissipative
channels and converge to the steady state exponentially quicker, compared to an initialization
with a random state [18]. Unfortunately, finding such initial states requires an orthogonalization
to the slowest decaying left eigenmode l̂2. Although CLIK-MPS allows for the calculation of this
eigenmode, devising ways to analytically determine the quickly converging initial states proves
as more e”cient.

This section is organized as follows: After giving a short introduction to the main ideas
of our strategy to find admissible states in Sec. 4.5.1, we analytically investigate the symmetry
properties of the slowest decaying mode in Sec. 4.5.2. The arguments rely on perturbation theory,
and we numerically verify and back them for large scale systems using CLIK-MPS. In Sec. 4.5.3
we numerically check if the quantum Mpemba e!ect emerges in all parameter regimes both for
small and large system sizes with CLIK-MPS. In Sec. 4.5.4 we briefly discuss the applicability of
the arguments in the general characteristic momentum case. Lastly, in Sec. 4.5.5 we numerically
calculate the speedups which can be expected when initializing with optimized states, and we
discuss the experimental realization of the quickly-converging states.

4.5.1 Introduction and general idea

Before we dive into the arguments for the emergence of the quantum Mpemba e!ect, we need to
analyze the symmetries of the dissipative Bose-Hubbard model Eq. (3.1) more thoroughly. We
already identified a U(1)-symmetry of the system in Sec. 4.1, which also gives rise to a particle
number conservation. Interestingly, there is another discrete symmetry, which is mediated by a
unitary Ûinv with action

Ûinvb̂
†

j
Û †

inv = b̂†
L+1↘j

. (4.70)

It can be interpreted as an inversion around the middle site(s), which is why we term it inversion
symmetry. The Hamiltonian (c.f. Eq. (4.1)) commutes with the unitary,

[
Ûinv, Ĥ

]
= 0, while

the jump operators transform as

ÛinvL̂j
Û †

inv = Ûinv

′
↼
(
b̂†
j+1 + b̂†

j

)
Û †

invÛinv

(
b̂
j+1 ↓ b̂

j

)
Û †

inv

=
′
↼
(
b̂†
L↘j

+ b̂†
L↘j+1

)(
b̂
L↘j

↓ b̂
L↘j+1

)
= ↓L̂

L↘j
, (4.71)

implying that the Lindbladian commutes with the vectorized unitary Ûinv = Ûinv → Û↓

inv, that
is

[
Ûinv, L̂

]
= 0. However, from Sec. 2.3 we conclude that the inversion symmetry is a weak

symmetry, and the generator is not conserved. Nevertheless, as we discussed in Sec. 2.3, the
Lindbladian attains a block diagonal structure, and since we deal with a Z2-symmetry, the
Lindbladian splits up into two blocks. One block contains all states that transform without
changing their sign under inversion, while the other contains states picking up a minus sign

Ûinv|ϑeven⇒⇒ = |ϑeven⇒⇒ (evenly transf.) ; Ûinv|ϑodd⇒⇒ = ↓|ϑodd⇒⇒ (oddly transf.) . (4.72)

This classification also holds for the eigenvectors of the Lindbladian, and we have evenly and
oddly transforming eigenvectors. Ideally we would like to know the transformation behavior of
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each eigenvalue (i.e. of the corresponding eigenvector). A special interest lies on the slowest
decaying mode, as it governs the long time behavior of the system.

In the following sections we will explore exactly that. The analysis for the slowest decaying
mode will enable us to find special states that converge exponentially faster to the steady state
than general states.

Our arguments rely on the idea, that if a mode lies in one of the two subspaces, it is orthogonal
to all states lying in the other one, since evenly transforming states are orthogonal to oddly
transforming ones. Therefore, if we show that the slowest decaying mode transforms oddly, we
directly know that an evenly initialized state will converge exponentially faster. In Fig. 16a we
show the low-lying spectrum of the Lindbladian schematically. Here, the color indicates which
eigenvector transforms evenly (lilac) or oddly (blue). In Fig. 16b we schematically depict two
di!erent pure product state initializations. |ϑrandom⇒, where the bosons are distributed randomly
over the lattice results in the state ϑ̂ = |ϑrandom⇒⇑ϑrandom| and has no special transformation
behavior. The second state |ϑsym⇒ on the other hand transforms evenly when inverting the
lattice, which mans that it is orthogonal to all modes that transform oddly under inversion.

To find the transformation behavior of the steady state (which is equal to the normalized
right eigenvector |r1⇒⇒), we can use the property that it is a physical state and thus is traceful.
Using the insights from Section 2.3, we conclude that the steady state lies in the Q̂ = 0 sector,
where Q̂ denotes the generator of Ûinv. This directly implies that the steady state is evenly
transforming. Note that this transformation behavior is to be understood with regards to
the vectorized unitary, which is di!erent compared to the unitary on the physical lattice only.
Indeed, consider two physical states |ςsym⇒ and |ςantisym⇒, where the former transforms evenly
and the latter oddly with respect to Ûinv. Building vectorized states by taking tensor products,
we may first build the two density matrices |ϑ1⇒⇒ = |ςsym⇒ → |ςsym⇒ and |ϑ2⇒⇒ = |ςantisym⇒ →
|ςantisym⇒. However, both states transform evenly under the vectorized inversion Ûinv. This
is owed to the fact that the vectorized generator Q̂ is connected to the physical generator Q̂
by Q̂ = Q̂ → 1̂ ↓ 1̂ → Q̂. Therefore, even if the physical states on both sublattices transform
oddly (i.e. Q̂ = 1), the resulting vectorized state transforms evenly. An oddly transforming
vectorized state is built by taking two di!erently transforming states into the tensor product,
like |ϑ3⇒⇒ = |ςsym⇒ → |ςantisym⇒. The transformation behavior multiplies under taking the tensor
product of two states (c.f. Eq. (4.80)). In the following we refer to the transformation behavior
as the behavior on the vectorized lattice, if not stated otherwise.

4.5.2 Approach via perturbation theory

In this section, we finally face the challenge of making the arguments from Sec. 4.5.1 rigorous
and show that the slowest decaying eigenvectors transform oddly. This proves to be di”cult,
as the Lindbladian is not integrable, preventing the direct consideration of the full Lindbladian.
Instead, we first consider the Hamiltonian part alone without dissipation. In this case we can
show which eigenvalues correspond to which transformation behavior. However, the dynamics
is purely unitary and there is no steady state in the common sense. In a second step, the
dissipation is slowly turned on, and perturbation theory is utilized to analyze the movement of
the di!erent eigenvectors. With this analysis, we infer the eigenspace of the Hamiltonian part,
where the slowest decaying mode originated from. This basic idea is also schematically depicted
in Figure 17.

It is not straightforwardly obvious why perturbation theory can be used in this setting, lead-
ing to e!orts to back up the perturbation theory numerically not only for system sizes within
reach for ED, but also for larger system sizes, where a treatment using CLIK-MPS is needed.
We also restrict the analysis to the zero momentum case, as we already established the unitary
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Figure 16: Panel a): Schematic depiction of the Lindbladian spectrum, with indication of the
transformation behavior under Ûinv by color. The steady state admits ω1 = 0 and transforms
evenly (lilac), the slowest decaying mode comes as a complex pair ω2,ω

↓

2 and transforms oddly
(blue). Panel b): A random (blue) and symmetric (red) pure product state on the real lattice.
The random state has no fixed transformation behavior under Ûinv. The symmetric state trans-
forms evenly under the unitary Ûinv on the physical lattice, and hence the corresponding density
matrix |ςsym⇒⇑ςsym| also transforms evenly under Ûinv. Panel c): A state in the eigenspace of
Ĥ to eigenvalue ↓i(Ek(1) ↓ Ek(2)) for an even (L = 4) number of sites L. The state transforms

oddly under Ûinv, easily seen by the transformation behavior (under Ûinv) of every individual
particle (green or pink) and Eq. (4.80). Panel b) and c) have been adapted from [1].

connections between the Lindbladians with di!erent momenta in Sec. 4.4.

Consider the Bose-Hubbard Hamiltonian at k0 = 0

Ĥ = ↓J
L↘1∑

j=1


b̂†
j+1b̂j + h.c.


+

U

2

L∑

j=1

[
b̂†
j

]2[
b̂
j

]2
, (4.73)

with OBCs as analyzed before. In the case of vanishing onsite interaction U = 0, the Hamiltonian
is quadratic and can be diagonalized by introducing new creation and annihilation operators

d̂†
k
=

L∑

j=1

sin(kj) b̂†
j
, k(m) =

ϱ

L+ 1
m, m ∞ {1, . . . , L} . (4.74)

The Hamiltonian then attains the diagonal form

Ĥ =
∑

k

Ekd̂
†

k
d̂
k
, Ek = ↓2J cos(k) , (4.75)

and the new creation operators d̂†
k
create particles with energy Ek. Thus, the many-body

eigenvectors are constructed by successively adding particles d̂†
k
into the system and can be

characterized by a vector n = (n1, n2, . . . , nL), which describes the occupation of each of the
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modes k(m), m = 1, . . . , L,

|n⇒ =
L∏

m=1

(
d̂†
k(m)

)nm

′
nm!

|0⇒ , (4.76)

with energy

E(n) =
L∑

m=1

Ek(m)nm . (4.77)

Interestingly, the spectrum is symmetric around k(m) = ϱ/2,

Ek(m) = ↓Ek(L+1↘m) . (4.78)

Moreover, due to the inversion symmetry, the eigenvectors are inversion symmetric with re-
spect to Ûinv. One can show that the transformation behavior is alternating due to the sine in
Eq. (4.74),

Ûinvd̂
†

k(m)Û
†

inv = (↓1)m↘1d̂†
k(m) . (4.79)

The transformation behavior of a many-body eigenvector |n⇒ is directly derived from Eq. (4.79)
together with Eq. (4.74)

Ûinv |n⇒ =
L∏

m=1

(
Ûinvd̂

†

k(m)Û
†

inv

)nm

′
nm!

|0⇒ =
L∏

m=1

(↓1)nm(m↘1)

(
d̂†
k(m)

)nm

′
nm!

|0⇒

= |n⇒
L∏

m=1

(↓1)nm(m↘1) . (4.80)

This reduces calculating the transformation behavior of a many-body eigenstate to counting the
number of particles in each mode and then multiplying all their individual eigenvalues together.

In order to study the Lindbladian, it is necessary to consider the enlarged, vectorized Hilbert
space. We already introduced the general form of the vectorized Lindbladian [24] in Eq. (2.8)
and introduced the jump operators in Eq. (4.2). Setting k0 = 0 the jump operators read

L̂j =
′
↼(b̂†

j+1 + b̂†
j
)(b̂

j+1 ↓ b̂
j
) . (4.81)

In the following, we focus on the unitary part of the Lindbladian Ĥ in Eq. (2.8), whose eigen-
vectors are tightly connected to the many-body eigenvectors of the Hamiltonian

Ĥ |n⇒ → |ñ⇒ = ↓i
(
E(n)↓ E(ñ)

)
|n⇒ → |ñ⇒ , (4.82)

where n and ñ denote the configuration on physical and auxiliary lattice. This notation is
utilized throughout the section if not stated otherwise. For clarity, we will label the quantum
numbers on the physical lattice kp by p = 1, . . . , L and on the auxiliary ka by a = 1, . . . , L.
Due to the strong U(1)-symmetry admitting the particle number conservation, the Lindbladian
is block diagonal, each block representing a fixed particle number. Since we are only interested
in the dynamics of an initial state with fixed particle number N , we can directly restrict the
analysis to eigenstates lying in this subsector. These eigenvectors obey ¬n¬1 = ¬ñ¬1 = N . An
example of an eigenstate of Ĥ with two particles on a four site lattice is depicted in Fig. 16c. The
state is directly written in the particle number basis and it describes a state in the two particle
sector, which is easily seen from the two particles on the physical (blue) and auxiliary (orange)
sublattices. The transformation behavior under Ûinv can be directly inferred from the number of
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eigenspace of Ĥ to eigenvalue ±e0

ε > 0

Re(ω)

Im(ω)

ω1ω3

ω2

ω→
2

ε > 0

Figure 17: Schematic depiction of the arguments for the transformation behavior of the slowest
decaying mode |l2⇒⇒. First, we only consider the vectorized Hamiltonian part Ĥ (c.f. Eq. (2.8))
of the Lindbladian (left panel), which admits a highly degenerate spectrum. Theorem 1 implies
that the subspaces associated to the eigenvalue ±ie0 = ±i(Ek(1) ↓ Ek(2)) only contain oddly

transforming vectors under Ûinv. In a next step, we turn on the dissipation and trace the
movement of the eigenmodes. This way we can identify the transformation behavior of the
eigenvectors of the full Lindbladian (theorem 5). Using extensive numerical analysis, we show
that the slowest decaying eigenvectors originate out of the eigenspace to eigenvector e0.

particles and the occupied modes according to Eq. (4.80). In total, three particles sit on evenly
transforming modes, while one sits on an oddly transforming mode. Multiplying together yields
(+1)(+1)(+1)(↓1) = ↓1, showing that the resulting state transforms oddly under Ûinv.

As stated at the beginning of this section we want to find out the transformation behavior
of the eigenvectors associated to some eigenvalues. In the present case, this is di”cult, since
the spectrum of Ĥ is highly degenerate. Nevertheless we can prove theorems about certain
eigenspaces of Ĥ.

1. Theorem: Let |n⇒ → |ñ⇒ be an eigenstate of Ĥ to eigenvalue ±i(Ek(1) ↓ Ek(2)). Then it

transforms oddly under inversion, that is Ûinv |n⇒ → |ñ⇒ = ↓ |n⇒ → |ñ⇒.

At this stage, it is not clear why this eigenspace is so important, but the perturbation theory
will reveal that the slowest decaying modes originates out of this subspace.

Proof of 1 : We may take a general ket in the subspace with eigenvalue ±i(Ek(1) ↓ Ek(2)),
characterized by n and ñ. This eigenvalue can only be realized if all but two particles contribute
a sum of 0 to the eigenvalue, while the remaining two have exactly the eigenvalue of interest
(see Eq. (4.82)). As a consequence, we can reduce to the case with two physical and two auxil-
iary particles, but additionally we need to prove, that states with eigenvalue 0 transform evenly
(proven in theorem 2). So let’s prove the two particle case.
For a state with two physical particles (that means two on physical and two on the auxiliary
sublattice), two particles need to create the energy di!erence. Consequently, the possible fillings
are: kp(1) and kp(L ↓ 1); ka(L) and ka(2); kp(1) and ka(2); kp(L ↓ 1) and ka(L) (the last two
stem from the special symmetry of the dispersion relation). In the case of even L, the first two
transform evenly, the last two oddly. For odd L, all transform oddly. The two remaining parti-
cles combined need to have energy 0. If this is achieved by one particle on the physical and one
on the auxiliary lattice, the two particles need to occupy ka(m) and kp(m), and thus transform
evenly. If they both sit in one lattice, they need to occupy kp/a(m) and kp/a(L + 1 ↓ m) and
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together transform oddly in the case of even L, and evenly for odd L. In total, all possibilities
transform oddly according to Eq. (4.80).

The proof therefore relies on the following theorem.

2. Theorem: Let |n⇒ → |ñ⇒ be an eigenstate of Ĥ to eigenvalue 0. Then it transforms evenly

under inversion, that is, Ûinv |n⇒ → |ñ⇒ = |n⇒ → |ñ⇒.

Proof of 2 : The main di”culty in proving theorem 2 lies in the particle number of |n⇒ → |ñ⇒
being arbitrary. Hence, we first reduce the general particle number case to the case with one
or two particles, which in the last step can be checked by counting all possible fillings as in the
proof of theorem 1.

To reduce the general case, we first rewrite the eigenvalue of a state as

E(n)↓ E(ñ) =

⇔
L
2↖∑

m=1

(
nm ↓ ñm ↓ nL+1↘m + ñL+1↘m

)
Ek(m) , (4.83)

which is possible due to Eq. (4.78). This rewriting is necessary, since now all contributing energies
Ek(m) are distinct and incommensurable. Consequently, the left-hand side only vanishes if

nm ↓ ñm ↓ nL+1↘m + ñL+1↘m = 0, ⇔m ↗
⌊L
2

⌋
. (4.84)

In case of odd L care must be taken, as nL+1/2 ↓ ñL+1/2 might be nonzero, owing to the fact that
EL+1/2 = 0. From now on, the k-sites m and L + 1 ↓ m on the physical and auxiliary lattice
together will be called m-th sector. In each of the sectors, the constraint Eq. (4.84) must be
fulfilled (with the exception of the L+1/2-sector, which we will refer to as zero-sector).
This also entails an even number of particles in each sector. Consequently, there always exist
two particles that contribute a combined eigenvalue of 0. Such particles may be found by
taking a sector m which contains particles, and since the constraint Eq. (4.84) translates to
nm + ñL+1↘m = ñm + nL+1↘m, we can take out two particles whose energy adds up to 0. The
possibilities for these particles are one on the physical lattice and one on the auxiliary lattice,
or both are on the same sublattice. In the latter case, there is some other sector which contains
two particles on the other sublattice that have a combined eigenvalue of zero due to the total
particle number being equal on both sublattices. Taking away these 2 or 4 particles, we end
up with a state with N ↓ 1 or N ↓ 2 physical particles that has the same eigenvalue. The 2
or 4 particles taken out also have combined eigenvalue 0, and we will show that they transform
evenly. Doing this successively until no particles are left, we indeed reduced to the two and one
particle case, which we study now.

We will make a case distinction between even and odd number of sites L, due to the subtlety
of the zero-sector. Starting with an even number of sites and one (physical) particle, to fulfill
the subspace constraint Eq. (4.84), the physical and the auxiliary particle need to sit in the
same sector, denoted by m. It reads

nm + ñL+1↘m = nL+1↘m + ñm = 1 , (4.85)

giving the possibilities nm = ñm = 1 or nL+1↘m = ñL+1↘m = 1, and both possible configurations
transform evenly.
For two physical particles, there are more possible fillings. Either all 4 particles (2 physical and
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2 auxiliary) are loaded in one sector, or two sectors are filled with two particles each. In the
former case, the subspace constraint enforces

nm + ñL+1↘m = nL+1↘m + ñm = 2 , (4.86)

for one sectorm, which gives rise to the fillings nm = ñm = 2, nL+1↘m+ñL+1↘m = 2, nm = ñm =
nL+1↘m = ñL+1↘m = 1, all transforming evenly. Note that all other possible configurations
satisfying the constraint are ruled out due to the fact that physical and auxiliary sublattice are
equally populated.

Next, there is also the possibility of just two particles sitting in the same sector, for which
there are two subcases: Either, in each of the filled sectors m and r, one physical and one
auxiliary particle is placed, or two physical particles are placed in one sector and two auxiliary
particles in the other. The first case is just two times the one particle case discussed above, and
as a consequence, it gives rise to even states. The second case however is di!erent; labeling the
occupied sectors by m and r, the constraint translates to

nm = nL+1↘m = 1, ñr = ñL+1↘r = 1 , (4.87)

which also transforms evenly. This concludes the discussion in the case of an even number of
sites.

For odd L, the case distinction above stays valid (although the individual arguments, why
in each case the state transforms evenly, change). However, we have to take into account the
zero sector, in which particles can reside without fulfilling the constraint Eq. (4.84). But we
know that an even number of particles is in the total vectorized lattice and in each of the normal
sectors, an even number of particles has to be located. Thus, simple counting shows that an
even number of particles has to sit in the zero sector as well. Since we only need to deal with
one and two physical particles, we can extract the cases where the zero-sector is populated.
The case of one physical particle is straightforward, since both vectorized particles need be in
the zero-sector, combining to an even transformation. For two physical particles, there are two
cases, either four or two particles are in the zero-sector, while in the latter case the remaining
two particles need to obey the fillings discussed in the one-particle case above. So, as every
single particle in the zero-sector has odd symmetry (but an even number of them is in there),
we only get evenly transforming states.

This concludes the discussion of the case ↼ = 0, where we established that a certain
eigenspace of Ĥ only consists of oddly transforming states. We use this in the following theorem.

5. Main theorem: Consider the Lindbladian Eq. (3.1) with k0 = 0. All left eigenmodes,
which, when adiabatically switching on the dissipation, stem from the eigenspace of Ĥ to eigen-
value ie0 = i

(
Ek(1) ↓ Ek(2)

)
, will have zero overlap with evenly transforming states.

Proof of 5 : Let l̂m be an eigenmode stemming from the eigenspace i(Ek(1) ↓ Ek(2)). That

is, there is a l̂appr.m in this subspace which agrees with l̂m in the case of vanishing dissipation
↼ ↘ 0+. Such an approximate mode is found by (degenerate) perturbation theory and we can

therefore safely say that Tr
(
l̂†m l̂appr.m

)
↖= 0 also for strong dissipation (see Fig. 18). However,

since the approximate mode lives in a space spanned by only antisymmetric states according to
theorem 1, l̂m has an antisymmetric component. Since the Lindbladian is inversion symmetric
according to Sec. 4.5.1 the left eigenmodes can be chosen as eigenvectors of Ûinv. We conclude,
that l̂k has to be antisymmetric and thus has vanishing overlap with symmetric states.
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Note that the above arguments are readily generalized to eigenmodes stemming from the
eigenspace ↓ie0 by switching the auxiliary and physical lattice.

Unfortunately, theorem 5 does not contain any information about the eigenvalues associated
to the eigenvectors stemming out of the considered subspace. This is a major problem, as we do
not know if the slowest decaying mode is such an eigenmode, which is important for our analysis.
A possible route to understand the behavior of the eigenvalues would be to employ first order
perturbation theory and describe the dissipation as a small perturbation. However, since the
eigenvalues of Ĥ are strongly degenerate, perturbation theory only reduces the task to solving
the general eigenvalue problem of L̂ in each eigenspace of Ĥ. The dimension of these subspaces is
arbitrarily large for increasing particle number and system size, hindering the e”cient analysis.
Additionally it is not immediately clear why perturbation theory should work in this setting, as
the dissipation changes the real part of the eigenvalues, which in the non-dissipative setting is
zero, rendering the dissipation not a small perturbation. All of these considerations and problems
prove analytic treatment di”cult, and we instead perform extensive numerical analysis to pin
the transformation behavior and the origin of the slowest decaying mode. In the following, we
will investigate a wide parameter range, showing that the slowest decaying mode stems from the
eigenspace in question (see Sec. 4.5.3), and theorem 5 is applicable.

Additionally, we need to treat the case of finite U . Similar to considering finite ↼, we can
incorporate the onsite interaction by slowly turning it on and treating it perturbatively. This
is possible due to the finite system-sizes, where the sharp phase transition between U = 0 and
U ↖= 0 (seen in the TD limit, c.f. Sec. 4.2) is washed out and everything is continuous. In the
analysis, we therefore slowly increase the onsite interaction similar to ↼ according to U = O(↼),
and the prefactor dictates the target ratio between onsite interaction and dissipation, as shown
in Figure 18.

Numerically investigating the origin of the slowest decaying mode requires the knowledge of
the low lying spectrum, which we can access through ED methods as well as our new CLIK-
MPS framework. We then track the behavior of the eigenvalue associated to the slowest decaying
mode when lowering the dissipation ↼ ↘ 0+.

There are two signatures that tell whether the slowest decaying mode stems from the
eigenspace in question. If we denote the eigenvectors of Ĥ to eigenvalue e0 by {|e0, p⇒⇒}p, where
p numbers the multiplicity, we can check how strong the eigenvector |l2(↼)⇒⇒ overlaps with the
eigenspace. In the following, we will write the dependence on the dissipation strength ↼ explicitly
in eigenvectors and eigenvalues whenever it is of importance. Constructing the projector onto
the respective eigenspace $̂e0 =


p
|e0, p⇒⇒⇑⇑e0, p|, and projecting the slow decaying eigenvector

onto this subspace, the weight outside of the eigenspace is quantified by

#out(↼) = 1↓
∑

p

⇑⇑e0, p|l2(↼)⇒⇒
2 . (4.88)

There exists a normalized vector |lappr.2 ⇒⇒ =


l
cl|e0, l⇒⇒ with weights cl such that #out = 1 ↓

|⇑⇑lappr.2 |l2⇒⇒|2. The state |lappr.2 ⇒⇒ is the best approximation in the subspace in the sense that it
maximizes the overlap with |l2⇒⇒. A hard proof that the state |l2⇒⇒ stems from the e0-eigenspace
is thus the limit behavior

lim
φ≃0+

#out(↼) = 0 . (4.89)

Unfortunately this criterion is quite di”cult to track for large systems, since not only |l2⇒⇒
needs to be known, but also a full basis of the (potentially very large) subspace to eigenvalue
e0. Another handier criterion is connected to the imaginary part of ω2. If it stems from the
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Figure 18: Perturbation theory for the slowest decaying mode. Panel a): Di!erence of Imω2

to the subspace eigenvalue e0(L) = Ek(2) ↓ Ek(1) (see Eqs. (4.75) and (4.82)) as ↼ ↘ 0+ for
small scale systems. Inset: Component #out of the eigenmode that lies outside the eigenspace to
eigenvalue i e0(L) (see Eq. (4.88)). Note that slowly increasing the onsite interaction U = O(↼)
does not a!ect the general structure of the overlap, as well as the eigenvalue. The data has
been generated using exact diagonalization (ED). Panel b): Analysis for large-scale system with
L = 12, N = 8 using CLIK-MPS. We calculate

Imω2

 and fit it with the ansatz a1 + a2↼2,
which is motivated from the ED analysis. We recover the value a1 = 0.1709 ± 9 ∀ 10↘4, which
is in agreement with e0 = 0.1710, proving the emergence of the quantum Mpemba e!ect in this
large-scale system. We set U/J = 0, chose ε = 0.02 and the other parameters for CLIK-MPS
such that convergence is reached. This includes ϖt = 0.4 and T = 30, (38) for ↼/J = 0.5, (0.4),
ϖt = 0.8 and T = 60, (64) for ↼/J = 0.3, (0.2), and ϖt = 1.2 and T = 90 for ↼/J = 0.15. For
more details on the numerical implementation see App. A.1. The figures are adapted from [1].

e0-subspace, we should recover

lim
φ≃0+

Imω2

 = Ek(1) ↓ Ek(2) = e0 , (4.90)

which seems to be a weaker criterion than Eq. (4.89). However, one can actually show that they
are equivalent. As already stated, it is immediately clear that Eq. (4.89) implies Eq. (4.90). To
prove the other direction, we start by explicitly separating the ↼-dependence from the Lindbla-
dian via L̂ = Ĥ + ↼D̂ (this includes a slight redefinition of D̂ compared to Eq. (2.8)). Now, we
can relate the expectation value with the eigenvalue via

ω2(↼)↓ E(↼)
 ↗ ↼¬D̂¬op , (4.91)

where we introduced new notation for the Hamiltonian expectation value E(↼) = ⇑⇑l2(↼)|Ĥ|l2(↼)⇒⇒.
In a similar manner, one can show that the variance vanishes

⇑⇑l2(↼)|
(
Ĥ↓ E(↼)

)2|l2(↼)⇒⇒ = O(↼) , (4.92)

by multiplying out and using the eigenvector properties. We can also calculate the variance in
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the eigenbasis of Ĥ. We find

⇑⇑l2(↼)|
(
Ĥ↓ E(↼)

)2|l2(↼)⇒⇒ =
∑

E,l

(
E ↓ E(↼)

)2 ⇑⇑E, l|l2(↼)⇒⇒
2

= O(↼2) +
∑

E ↗=e0,l

(
E ↓ E(↼)

)2 ⇑⇑E, l|l2(↼)⇒⇒
2 , (4.93)

where (E, l) label the eigenvalues of Ĥ. Due to the uniform convergence of E(↼) to e0 implied by
Eq. (4.91),

E↓E(↼)
 > 0.5minE↓ ↗=e0 |E↑↓e0| for all E ↖= e0 in the spectrum of Ĥ at low enough

↼. This makes it possible to upper bound #out(↼) by the above expression, finally showing that

#out(↼) ↗
∑

E ↗=e0,l

(
E ↓ E(↼)

)2
(
0.5minE↓ ↗=e0 |E↑ ↓ e0|

)2
⇑⇑E, l|l2(↼)⇒⇒

2 = O(↼) , (4.94)

concluding the proof of equivalence. Hence, it su”ces to check Eq. (4.90), which directly implies
the eigenmode stemming from the e0-eigenspace.

In Fig. 18 we finally check the criteria Eq. (4.89) and (4.90). In Fig. 18a we study if the
behavior Eq. (4.90) is found in the systems with L = 4, N = 4 (red) and L = 5, N = 3 (blue).
The solid lines show the behavior for J = 1 and U = 0, and we observe that the di!erence
of Imω2 and e0 vanishes upon lowering ↼. We furthermore find that the di!erence vanishes
quadratically, that is

Imω2

 = e0 +O(↼2), which will be important for the large-scale analysis.
Similar behavior is seen when considering a finite U (dashed lines). Here, to recover the subspaces
of the Hamiltonian with zero onsite interaction, we turn on U slowly similar to ↼ as discussed
previously, by considering U = ↼. In the inset we check Eq. (4.89) for the same parameters as
before, and find the sought after behavior in all cases, as predicted by the equivalence of the
criteria.

To really understand if the analytic arguments also apply in large systems, we need numerical
tools that reach the low-lying eigenvalues for system sizes not accessible to ED methods. For
this task we can directly employ CLIK-MPS, which makes it possible to calculate

Imω2

 with
high accuracy. In Fig. 18b we show

Imω2

 for a system with 12 sites and 8 bosons at U/J =
0, depending on the dissipation strength ↼/J calculated via CLIK-MPS. Upon lowering the
dissipation strength the imaginary part approaches the subspace eigenvalue e0 = 0.1710. To
assess if it actually satisfies Eq. (4.90), we can use the knowledge from the ED analysis and
extrapolate the finite ↼ data according to

Imω2

 = a1 + a2↼2. We find a1 = 0.1709± 9∀ 10↘4,
which is in agreement with e0. This validates that the Mpemba e!ect also emerges in this
large-scale system, and the analytical results apply.

Although we checked the perturbative arguments for several system parameters, we need to
check if they hold for any set of parameters.

4.5.3 Dependence of the Mpemba e!ect on system parameters

In the last subsection we established an explanation for the emergence of the quantum Mpemba
e!ect for initial states transforming evenly under Ûinv, partially based on perturbation theory
and numerics. However the question remains, if this is the whole story, or if in some parameter
regimes a di!erent behavior is seen. For instance, a good candidate for divergent behavior is
the high U limit, as we treated U perturbatively in the last section.

To assess the emergence of the Mpemba e!ect thoroughly, we can perform ED calculations
for parameters on a grid of ↼/J and U/J . These results are shown in Figure 19 for a system
of L = 6 and N = 3 particles. In Fig. 19a we calculate the modulus of the imaginary part
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Figure 19: Slowest decaying mode in di!erent parameter regions for the dissipative Bose-Hub-
bard model Eq. (3.1) depending on the two free parameters ↼/J and U/J . Panel a): Modulus
of ω2-s imaginary part. Panel b): Overlap of the slowest decaying left eigenvector with the
e0-eigenspace, which only contains oddly transforming states. Panel c): Overlap of the slowest
decaying left eigenvector with the 0-eigenspace, which only contains evenly transforming states.
The projector $̂0 is defined similar to $̂e0 . The dotted black lines mark parameters at which
sudden changes in the observed quantities happen. They separate the di!erent regions I, II and
III. The system contains 6 sites and 3 bosons, all calculations where performed using ED at
k0 = 0. The figures are adapted from [1].

of the slowest decaying mode, in Fig. 19b the overlap of |l2⇒⇒ with the e0-eigenspace of Ĥ, and
in Fig. 19c the overlap of |l2⇒⇒ with the 0-eigenspace of Ĥ. The overlaps with the respective
eigenspaces of Ĥ are calculated similarly to Sec. 4.5.2, where we defined the projectors onto the
respective subspaces $̂E for an eigenvalue E. We then look at the norm of the projection onto
the respective space as

∥∥$̂E |l2⇒⇒
∥∥2.

As predicted by our perturbative analysis, for small U ↑ max(J,↼),
Imω2

 is strictly
positive, which leads to a finite overlap with the e0-eigenspace and thus an odd transformation
behavior under Ûinv. We call parameters with this behavior region I, also indicated in the plots.
Increasing U/J ,

Imω2

 abruptly jumps to zero, indicating that we expect the slowest decaying
mode to transform evenly in this regime.

At small ↼/J and intermediate U/J this is exactly the case, as seen when looking at the
overlap with the 0-eigenspace in Fig. 19c, where we encounter a jump in the population from
zero to a finite value, exactly when

Imω2

 vanishes. This region is termed region II. Contrary to
expectation, at higher U/J or ↼/J the overlap with the 0-eigenspace jumps back to zero, althoughImω2

 is still zero. In this region, termed region III, the overlap with the e0-eigenspace is again
finite, indicating an odd transformation behavior. In summary, there are the following three
spectral regions, which are all distinguished through jumps in some observable.

• Region I: Finite
Imω2

, |l2⇒⇒ stemming out of the e0-eigenspace, implying odd transfor-
mation behavior. Admitting Mpemba speedups and perturbative description.

• Region II: Zero
Imω2

, |l2⇒⇒ stemming out of the 0-eigenspace, implying even transforma-
tion behavior. Admitting no Mpemba speedups.

• Region III: Zero
Imω2

, but |l2⇒⇒ does transform oddly. Admitting Mpemba speedups but
perturbative description is not possible.
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These three parameter regions feature fundamentally di!erent behavior. Luckily, in regions
I & III the Mpemba e!ect due to the odd transformation behavior is present, and these phases
make out the biggest part of the parameter plane. But still, only for region I the perturbative
analysis provided in Sec. 4.5.2 holds, while it does not apply for region III. We think that for
the perturbative analysis of region III a di!erent fixed-point is needed, which we assume to be
the model at ↼ = 0 and U = ≃. This fixed-point will be subject to future research.

Since we work on a finite dimensional Hilbert space and the parameter dependence in the
Lindbladian is continuous, the spectrum is also continuous, implying that the jumps must orig-
inate from level crossings.

Beyond the quantum Mpemba e!ect, this behavior is reminiscent of a first order phase
transition, which is also characterized by jumps in an observable. However, we do not deal
with a phase transition in the typical sense, since information about the decaying modes is lost
when approaching the infinite time limit. The discontinuous changes in equilibration behavior
are only seen at finite times. In our case, we will see discontinuous di!erences in the time
regime t ∋ ↓1/Re(ω2), where the equilibration behavior is dictated by the slowest decaying

mode. Defining the Hermitian and anti-Hermitian component of r̂2 by r̂h2 = 1
2(r̂2 + r̂†2) and

r̂a2 = 1
2i(r̂2 ↓ r̂†2) yields

ϑ̂(t)↓ ϑ̂ss = 2Re
(
eω2t⇑⇑l2|ϑ⇒⇒

)
r̂h2 ↓ 2 Im

(
eω2t⇑⇑l2|ϑ⇒⇒

)
r̂a2 , (4.95)

and in the following we abbreviate the prefactors by R and I. In case of a smooth parameter
transition from region II or III to I, there will be a drastic change in this di!erence. In the
former regions, the eigenvalue is real implying r̂a2 = 0, and a general distance measure will see a
monotonic decay according to eReω2 t. On the other hand, in region I we get

¬ϑ̂(t)↓ ϑ̂ss¬22 = R2¬r̂h2¬22 + I2¬r̂a2¬22 ↓ 2RI Re⇑⇑rh2 |ra2⇒⇒ . (4.96)

and the last term introduces periodic oscillations, which are clearly visible and constitute a
discontinuous change compared to regions II and III. Lastly, if a transition between the regions
II and III happens, the equilibration behavior again changes. Although ϑ(t) ↓ ϑss is monoton-
ically in time, the prefactor is dictated by ⇑⇑l2|ϑ⇒⇒, which changes drastically, since the slowest
decaying mode in both regimes have di!erent transformation behavior. This means that cross-
ing a boundary between regions leads to discontinuous changes in the convergence behavior of
a generic initial state. We call this behavior a in-spectrum phase transition (ISPT), which is
characterized by changes in the spectrum which are discontinuous and have consequences for
the behavior at intermediate times. Note that a similar level crossing was recently observed in
a classical Ising model, which was connected to a dynamical phase transition [135].

For the emergence of the quantum Mpemba e!ect, it is imperative to check if region II
expands with increasing lattice size. Otherwise, symmetric states converge quicker only in
small systems, which hinders the use in large-scale optical lattices. In larger systems some of
the analysis presented in Figure 19 is not possible any more, and we need to work with the
quantities accessible through CLIK-MPS. Luckily, the eigenvalue ω2 needed for Fig. 19a can be
calculated with CLIK-MPS. For 19b and 19c, the projection onto an eigenspace is di”cult to
calculate, since the corresponding subspaces are prohibitively large. Consequently, we instead
look directly at the transformation behavior of the eigenvectors under Ûinv, which is even in II
but odd in I & III. First, observe it su”ces to examine the transformation behavior of the right
eigenvector |r2⇒⇒, since ⇑⇑r2|l2⇒⇒ ↖= 0.

We generate random product states |ς⇒⇒ and calculate the overlap of |r2⇒⇒ with its evenly
and oddly transforming components. These can be readily obtained for pure product states by
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Figure 20: Slowest decaying mode depending on U/J at ↼/J = 0.5 for a large-scale system with
16 sites and 8 bosons. Panel a): Modulus of ω2-s imaginary part. Panel b): Overlap ratio Rov

(Eq. (4.97)) averaged over 50 random pure product states. Rov ↑ 1 (Rov ↙ 1) suggests that
|r2⇒⇒ transforms oddly (evenly) under Ûinv. The shaded areas highlight the di!erent regions I
(green), II (blue) and III (red). All data was obtained using CLIK-MPS with angle ε = 0.02,
ϖt = 0.4 and T = 40, and we chose k0 = 0 for the simulations. For more details on the numerical
parameters and implementation see Sec. 3.2 and A.1. The plots are adapted from [1].

|ςeven/odd⇒⇒ = 1/
⇓
2
(
|ς⇒⇒± Ûinv|ς⇒⇒

)
, respectively. We then track the overlap ratio Rov(ς) defined

by

Rov(ς) =

⇑⇑ςeven|r2⇒⇒
2

⇑⇑ςodd|r2⇒⇒
2 . (4.97)

To get rid of the dependence on the random state ς, we take the mean overlap ratio Rov over
many random states. For the calculations in this thesis we found 50 realizations su”cient. If the
right eigenmode transforms oddly we expect Rov = 0, while for even transformation behavior
Rov = ≃. Since CLIK-MPS only yields an approximate eigenmode |l2⇒⇒, we do not expect to
find this exact behavior, but rather distinguish between the cases Rov ↑ 1 and Rov ↙ 1.

In Fig. 20 we show the analysis for a system of 16 sites and 8 bosons, with ↼/J = 0.5.
According to the small scale results from Figure 19 this should place us in a regime where all
three phases are visible when varying U/J . Indeed, if we turn on a small onside interaction,
we find a finite Imω2 in Fig. 20a combined with an odd transformation behavior indicated by
Rov ↑ 1 in Fig. 20b, which we thus identify as region I. At U/J = 1.95 ± 0.05 the behavior
abruptly changes, Imω2 drops to zero and Rov ↙ 1, indicating the transition to region II. The
mean overlap ratio again drops to Rov ↑ 1 at U/J = 2.25± 0.05, while Imω2 does not change,
suggesting that the slowest decaying mode again transforms oddly, and indicating the onset of
region III. Notice how the behavior does not qualitatively di!er from the small system discussed
in Fig. 19. Most importantly, when comparing the size of region II given by #UII at fixed
↼/J = 0.5 for the two system sizes L = 6 and L = 16, we find that it does not increase with
system size. This suggests that the parameter regions, where an Mpemba e!ect is found in this
model, do not vanish with increasing system size. The quantum Mpemba e!ect is therefore
stable and we can move on and quantify the obtained exponential speedups. But first, we need
to discuss the general k0 case.
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4.5.4 Dependence of the symmetry on k0

Our perturbative arguments in Sec. 4.5.2 were only valid for the k0 = 0 case. We already
established in Sec. 4.4 that there are unitary equivalences between Lindbladians with di!erent
momenta. The corresponding unitary is termed Ûk0 . This reveals that in principle all of the
results from Sec. 4.5.2 are applicable also in the general k0 case, but the unitary Ûinv needs to
be transformed via Ûk0 to yield a symmetry of the Lindbladian with k0. We find that in general

L̂
k0

= Û
k0
Û†

invÛ
†

k0
L̂
k0
Û
k0
ÛinvÛ

†

k0
. (4.98)

A new unitary may now be defined by Ûk0
inv = Û

k0
ÛinvÛ

†

k0
on the vectorized lattice, and Eq. (4.98)

directly implies that it is a weak symmetry of the Lindbladian with k0. To understand its action
on creation and annihilation operators, we deduce the corresponding unitary Ûk0

inv on the physical
lattice

Ûk0
inv = Û

k0
ÛinvÛ

†

k0
. (4.99)

Using Eq. (4.70) and Eq. (4.57) we finally get

Ûk0
invb̂

†

j

(
Ûk0
inv

)
†
= eik0(L+1)e↘2ik0j b̂†

L+1↘j
, (4.100)

which is again a unitary with eigenvalues ±1 and is indeed a weak symmetry of L̂k0 . Therefore,
by substituting the initial inversion symmetry Ûinv with this k0-inversion symmetry, all analysis
and results of Sec. 4.5.2 are trivially generalized to the general k0-case. Care must be taken
when considering |k0| ↔ ϱ/2, since an additional unitary Ŝ pops up (c.f. Eq. (4.65)). This does
not change any of the results obtained before, since we find ŜÛk0

invŜ† = Ûk0
inv, and the resulting

k0-inversion symmetry is not a!ected. Therefore, the convergence to the respective steady state
is the same for all Lindbladians independent of their characteristic momentum.

4.5.5 Consequences and experimentally realizable fast initial states

Knowing the class of quickly-converging initial states, we may address two important questions:

• Which states are actually easy to prepare on an optical lattice platform?

• Which state converges the fastest?

The first question is imperative, as the quicker convergence rate only matters if the di”culty of
preparing the optimized initial state is similar to a random state. Interestingly, we can produce
simple evenly-transforming states directly on the physical lattice by

|ςn⇒ = |n1, n2, . . . , nL/2, nL/2, . . . n2, n1⇒ , (4.101)

where n = (n1, . . . , nL/2) indicates the number of particles on the sites. Note that Eq. (4.101)
applies to a lattice with an even number of sites L, while for an odd L the filling n(L+1)/2 is
chosen for the central site. The corresponding density matrices ϑn = |ςn⇒⇑ςn| are pure product
states and transform evenly under Ûk0

inv for all k0, hence we refer to them as evenly-transforming
pure product (ETPP) states. In experiment, such states can be realized by loading individual
particles, one at a time, into the optical lattice. This loading procedure can be performed using
optical tweezers [136, 137], which trap individual particles in a laser beam, enabling the precise
control over their spatial position. This technique has shown to be very well suited for preparing
certain configurations in optical lattices and related platforms, exhibiting only minor losses and
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Figure 21: Panel a): Weighted overlap oETPP with l̂3 (c.f. Eq. (4.103)) for small system sizes
using ED. For the symmetrically-localized (SL) state, oETPP vanishes exponentially with in-
creasing particle number N . We consider a system with L = 3. Inset: oETPP of all ETPP states
of a system with 4 sites and 4 particles. For all calculations we considered U = 0 and ↼/J = 1.
Panel b): Distance of time-evolved states to the steady state for lattice with L = 10 sites and
N = 10 particles. If the symmetrically-localized (SL) state is chosen to be the initial state (red),
the distance converges exponentially quicker to zero than for a random initialization (blue).
This holds for all considered U/J . To ensure a fair comparison, we average over 5 di!erent
random initializations. This plot is adapted from [1]. For details on the numerical parameters
and implementation, see App. A.1.

decoherence [138, 139, 140, 134]. Common examples of ETPP-states include so-called wedding-
cake states |ς⇒ = |1, 2, . . . , L/2, L/2, . . . , 2, 1⇒, which can be readily prepared in harmonic traps
without the use of tweezers [141]. These ETPP-states constitute an accessible set of initial states
for the experimental utilization of the quantum Mpemba e!ect in the present context.

As a result, it is reasonable to restrict the search for an answer to question 2 to the set of
evenly transforming pure product states. To systematically probe the ETPP-states, we need
to first understand how di!erent convergence speeds arise. Representing everything in the
eigenbasis of the Lindbladian, the distance to the steady state ϑ̂ss at late times t > ↓1/Reω3 is
dictated by

¬ϑ̂(t)↓ ϑ̂ss¬2 = eRe(ω3)t
⇑⇑l3|ϑ0⇒⇒

 , (4.102)

where we used Eq. (2.4) and that the slowest decaying mode does not contribute. We are
therefore searching for an ETPP-state, which features a very small overlap

⇑⇑l3|ϑ0⇒⇒
. To quanti-

tatively assess this overlap, we want to compare each ETPP-state to all of the other ones, which
is facilitated by the weighted overlap of an ETPP-state ϑ̂

oETPP(ϑ̂) =

⇑⇑l3|ϑ⇒⇒



↼j⇑ETPP

⇑⇑l3|ϑj⇒⇒
 ∀ (#ETPP) , (4.103)

where #ETPP denotes the number of ETPP-states for the considered lattice size L and particle
number N . This expression compares the overlap of the state ϑ̂ with the mean of the overlap of
all ETPP-states, and we are thus interested in ETPP-states exhibiting oETPP(ϑ̂) ↑ 1.

For small scale systems it is easy to calculate this quantity using ED methods. In Figure 21a
we plot oETPP for a variety of system sizes and particle numbers. The inset contains data for a
system with 4 sites and 4 particles. With these specifications, there are three ETPP states, and
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we plot oETPP for all of them. The state having all particles in the central site(s) features the
smallest overlap with l̂3, which is why we call it SL state ϑ̂SL and mostly consider it throughout
the rest of the section. In the main panel of Fig. 21a we now only show oETPP(ϑ̂SL) in a system
with 3 sites and several numbers of bosons N . For all considered N , the weighted overlap obeys
oETPP(ϑ̂SL) ↑ 1, rendering it a perfect initial state. Moreover, oETPP vanishes exponentially
with particle number N .

To convince ourself that evenly transforming stats acquire an exponential speedup, we can
simulate the time evolution of a SL-state and compare it to the time evolution of random
non-symmetric pure product states, where we average over 5 random initial states. The time
evolutions are performed on the vectorized lattice using the numerical machinery described in
Sec. 2.5, and we calculate the L2-distance of the time-evolved states to the steady state, which is
approximated by an even longer time evolution, as discussed in App. A.1. The results for a lattice
spanning over 10 sites and 10 bosons at dissipation ↼/J = 2 and multiple onsite interactions are
shown in Fig. 21b. We clearly see the change in slope between random and SL-states, which is
the key signature of the strong quantum Mpemba e!ect.

We may also ask about the relative reduction of time needed to prepare the steady state with
a precision of some ⇀. This constitutes the time-saving we get by using an evenly-transforming
state compared to some random initialization, and is consequently important for the real world
applications. To put this idea on rigorous footing, we need some distance measure, which we
set to be the L2-norm. Then, the speedup S(⇀) of a SL state is defined by

S(⇀) =
t(⇀, ϑ̂random)

t(⇀, ϑ̂SL)
, t(⇀, ϑ̂) = min

{
t
 ¬ϑ̂(t)↓ ϑ̂ss¬2 ↗ ⇀

}
. (4.104)

We may ask about the properties of this quantity. Indeed, if ⇀ ↑ 1 then t(⇀, ϑ̂) ↙ ↓1/Re(ω2)
and we have ¬ϑ̂(t) ↓ ϑ̂ss¬2 = cj(ϑ)etReωj , where j = 2 for a random and j = 3 for the SL-state.
cj(ϑ) only depends on overlaps of the eigenvectors |rj⇒⇒ and |lj⇒⇒ with |ϑ⇒⇒. Rearranging for t(⇀, ϑ̂)
and inserting into Eq. (4.104) yields

S(⇀) =
Reω3

Reω2

ln ⇀↓ ln c2(ϑrandom)

ln ⇀↓ ln c3(ϑSL)
↽↙1↓↓↘ Reω3

Reω2
, (4.105)

which shows well-definedness, and a neat connection to spectral signatures of the system. To
generalize, we define the spectral speedups #j via

#j =
Reωj

Reω2
. (4.106)

Consequently, they are closely related to the speedups S(⇀) by #3 = lim↽≃0 S(⇀). The spectral
speedups for j > 3 then correspond to the case of an initial state that is orthogonal to all
eigenvectors |lk⇒⇒ with k < j. We can calculate the speedups S by time-evolving SL- and
random states su”ciently long, and employing Eq. (4.104).

In Fig. 22a, we show the speedup ratio S(⇀) at ⇀ = 10↘4 and ↼/J = 2 for a variety of lattice
lengths L and particle numbers N , as well as three di!erent onsite interactions U/J . We find
that the speedups are almost independent of the lattice size and particle number. The speedups
at U/J < 0 are much larger than at U/J ↔ 0, and they cover the case of positive U/J at
characteristic momentum |k0|↔ ϱ/2.

Additionally, in Fig. 22b we calculate the spectral speedups #j for j = 3 and j = 4 using
CLIK-MPS for the system sizes L = 10 and L = 20 at half filling N/L = 0.5. At least for #3,
we expect the ratios to match the results of Fig. 22a due to Eq. (4.105). Indeed, #3 is quite
insensitive to the system size as well as the onsite interaction U/J , staying between 1.5 and 1.8
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Figure 22: Quantifying the Mpemba speedups for large-scale systems. Panel a): Speedup S(⇀)
defined in Eq. (4.104) for ⇀ = 10↘4 depending on the system specifications L, N, U/J at ↼/J = 2
and k0 = 0. Speedups are calculated numerically by time evolutions on the vectorized lattice.
Panel b): Spectral speedups #j (c.f. Eq. (4.106)) for large-scale systems obtained from CLIK-
MPS. We show the first two spectral speedup ratios #3,4 for systems with 10 and 20 sites at
half filling and ↼/J = 2. Note that #j increases with system size, and that Panel b) is in
agreement with the speedups S(⇀), as predicted by the limit behavior Eq. (4.105). Inset: Mean
overlaps of di!erent product states with the obtained slowest decaying left eigenmode |lK2 ⇒⇒. The
mean was calculated with 50 randomly sampled symmetric states (|ϑsym⇒⇒) and random product
states (|ϑrandom⇒⇒), respectively. For symmetric states, the overlap is 4 orders of magnitude
smaller, indicating the emergence of the quantum Mpemba e!ect. The error bars show that
this behavior is systematic. For the CLIK-MPS calculations, we used ε = 0.05, ϖt = 0.1 and
T = 12 for L = 10, while ε = 0.02 and ϖt = 0.2 was chosen for L = 20. For L = 20, T was
chosen such that convergence is reached, which we checked in Fig. 22b. For more information
on the numerical implementation see App. A.1. Panel a) and b) is adapted from [1] and [2],
respectively.

similar to the speedups S(⇀). Interestingly however, they feature a maximum at UL/J ∝ 6.5
and slowly increase with system size. #4 on the other hand decreases monotonically.

The large-scale analysis provided here also gives some information on previously discussed
phenomena. For one, the imaginary part of the eigenvalue ω2, which was calculated for the
spectral speedup ratios in Fig. 22b is finite for all parameters shown here, which establishes that
these parameters lie in region I (c.f. Fig. 19). This proves the stability of region I even beyond
the system sizes discussed in Figure 20.

To really showcase the quantum Mpemba e!ect in these large scale systems, we calculate
overlaps of the slowest decaying left eigenmode with symmetric (|ϑsym⇒⇒) and general (|ϑrandom⇒⇒)
random states in the inset of Fig. 22b for 10 and 20 sites using CLIK-MPS. Targeting left eigen-
modes requires time evolving with the adjoint Lindbladian L̂† as discussed in Sec. 3.2.3. We
each average over 50 random and symmetric states and plot the mean overlap combined with the
standard deviation. We find that the overlaps with symmetric states are 4 orders of magnitude
smaller than with random states, indicating the emergence of the quantum Mpemba e!ect.

Lastly, we are now able to address the question raised at the beginning of this chapter,
in Section 4.1. Here, we observed that the number of particles in the k0-mode approaches
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the total number of particles N exponentially, if we turn o! the Hamiltonian part and only
account for the dissipative dynamics in the Lindbladian. However, the exponential convergence
was not governed by the slowest decaying mode, as we expected. Additionally, this behavior
was universal and did not depend on the initial state. After all of the analysis concerning the
quantum Mpemba e!ect, it seems natural that this observation is closely tied to the inversion
symmetry. Indeed, if we write out the dynamics of the expectation value of the number of
particles in the k0-mode for some initial state ϑ̂0 we find

⇑n̂k0(t)⇒ = Tr
(
n̂k0 ϑ̂0(t)

)
= Tr

(
n̂k0 ϑ̂ss

)
+

∑

n⇒2

Tr
(
n̂k0 r̂n

)
Tr

(
l̂†nϑ̂0

)
eωnt . (4.107)

If we look at the right-hand side, the time dependence is located inside the sum, and the
exponential decay is dictated by the slowest decaying mode. The corresponding prefactor consists
of the overlaps ⇑⇑l2|ϑ0⇒⇒ and ⇑⇑nk0 |r2⇒⇒. The first one is certainly zero for initial states that are
evenly symmetric. However, we found that the convergence behavior is independent of the initial
state, so there has to be another mechanism at work. The second overlap is a bit more tedious
to work out. Through our analysis in Sec. 4.5.2 and 4.5.3 we found that both |l2⇒⇒ and |r2⇒⇒ are
oddly transforming. Therefore, we are interested in the transformation behavior of n̂k0 . We do
this analysis only for the case k0 = 0, since all other momenta can be directly inferred due to
the unitary equivalences (see Sec. 4.4 and 4.5.4). Applying the inversion to the operator yields

Û †

invn̂k0=0Ûinv =
1

L

L∑

j=1

Û †

invn̂j
Ûinv =

1

L

L∑

j=1

n̂
L+1↘j

= n̂
k0=0 , (4.108)

where we used the representation of n̂k0=0 in terms of site particle operators n̂j . This calculation
shows that the particle operator n̂k0 is evenly transforming, which means that the overlap
⇑⇑nk0 |r2⇒⇒ is always zero. Thus, the first term in the sum on the right-hand side of Eq. (4.107) is
always zero, and the exponential convergence should go according to Reω3. And indeed, the real
part of ω3 for the specific case considered in Figure 11 matches the exponential decay perfectly.
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5 Discussion and outlook

Quantum systems coupled to environments arise in many settings, such as light-harvesting com-
plexes [142], molecular aggregates [143], magnetic-impurity models [144], and, most prominently,
in the control of strong light-matter interactions [11, 12] and optically driving ultracold atoms in
optical lattices [57, 58, 59, 60, 61, 62, 63]. This makes a theoretical description imperative, and
the theory of open quantum systems provides the natural language to describe such systems.
From the theoretical side, open quantum systems have also attracted increasing attention due
to diverse phenomena including dissipative phase transitions [3, 4, 5], anomalous thermalization
[6], and metastability [22]. However, open quantum systems remain very di”cult to treat both
analytically and numerically due to their inherent non-Hermiticity and the interplay between
coherent internal dynamics with dissipative and decohering influences from the environment.

In this thesis, we took a step toward mitigating the numerical challenges and explored sev-
eral analytical questions as well. We introduced CLIK-MPS, a tensor-network-based framework
that enables the calculation of the steady state, dissipative gap, and a set of low-lying Lind-
bladian eigenvalues and eigenmodes. To achieve this, we built upon advances in Krylov space
techniques based on real [110] and complex [56] time-evolved states. We introduced specific
complex contours to span optimized Krylov spaces and thoroughly analyzed their e!ect on the
time evolution. Additionally, we devised physically motivated warm-up procedures to enhance
the contribution of the steady state. Crucially, we also found a way to generate states that do
not converge to the steady state but to the slowest decaying mode, which enhances the ability
to represent the low-lying eigenvalues. The resulting framework is complemented by e”cient
schemes to calculate expectation values and overlaps directly within the Krylov space. We also
developed e”cient methods to enforce Hermiticity and symmetries in expectation values. We
outlined possible generalizations of the framework to the even more challenging realm of non-
Markovian environments. To assess the quality of the approximated spectrum, we proposed
straightforward numerical methods to check the convergence of specific eigenvalues and eigen-
modes. Benchmarking the framework against exact diagonalization (ED) reference data and
a recently proposed Krylov-space approach [110] yielded improvements of up to four orders of
magnitude in the approximation of excited eigenmodes.

To showcase the unprecedented capabilities of CLIK-MPS, we analyzed the properties of a
dissipative state preparation (DSP) protocol for generating Bose-Einstein condensates (BECs)
on optical lattices [17]. Performing a mean-field analysis to assess the steady-state properties,
we found that the prepared state is equivalent to a thermal state of an isolated Bose-Hubbard
model with a renormalized onsite interaction. In another parameter regime, the steady-state
corresponds to a zero-temperature equilibrium state of a Bose-Hubbard model. These insights
imply that a BEC is stabilized at finite system sizes, a phenomenon termed a local BEC [17, 1].
We verified our predictions using CLIK-MPS for large-scale systems with up to 32 sites, beyond
the reach of standard techniques. Additionally, we numerically investigated the finite-size scaling
of the dissipative gap #, uncovering strong evidence for the transition from a di!usive # ∋ L↘1

to a # ∋ L↘3/2 behav ior once a local BEC forms. This is strong evidence for the emergence
of the KPZ universality class in a driven, interacting many-body setting using CLIK-MPS for
systems up to 32 sites.

This, however, entails a (super-)linear scaling of the preparation time, which limits the ef-
ficient preparation of a BEC using this protocol. To alleviate this restriction, we investigated
the quantum Mpemba e!ect, which originally referred to a non-equilibrium phenomenon where
hot systems cool faster than warm ones. Applying this e!ect to accelerate DSP protocols was
previously hindered by the need to orthogonalize the initial state to the slowest decaying mode,
which requires diagonalizing the Lindbladian. We analytically circumvent this obstacle by ex-
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ploiting a weak discrete symmetry, which enforces a block-diagonal structure in the Lindbladian.
After identifying the symmetry properties of the slowest decaying mode, we found experimen-
tally realizable initial states that avoid these slow-decaying symmetry channels. Importantly, we
numerically confirmed the validity of our arguments for multiple large-scale systems and wide
parameter ranges and quantified the resulting exponential speedups using CLIK-MPS.

Beyond the specific application studied here, our analysis reveals that the potential appli-
cations of CLIK-MPS span the numerical investigation of exceptional points [145, 146], DPTs
[3, 4], dissipative time crystals [147, 148], and metastability [22] in large-scale, strongly-interact-
ing, open quantum systems. Additionally, there are several avenues for algorithmic improvement,
such as combining multiple complex contours, further optimizing the warm-up procedures, or
advanced convergence analysis. Although we argued that the treatment of non-Markovian envi-
ronments should be similar to the Markovian case studied here, CLIK-MPS remains to be tested
in this even more challenging realm.

Despite significant e!orts to understand the physics of the dissipative Bose-Hubbard model,
the theoretical origin of the emergence of the KPZ universality class remains unresolved, and
we aim to rigorously investigate this phenomenon in future work. Additionally, while an ex-
perimental realization of the dissipative Bose-Hubbard model is still to be performed [17], our
proposal for finding rapidly converging states is general and may also apply to other, more easily
realizable DSP protocols, for instance, ↽-paired superconducting states in ultracold atoms [149].
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A Appendix

A.1 Appendix A: Further numerical details

As discussed in the main text, time evolution is carried out using LSE-TDVP within the SyTen
toolkit [106, 107]. As we pointed out in the main text, the dissipative Bose-Hubbard model
Eq. (3.1) possesses a strong U(1)-symmetry associated with the conservation of the total particle
number. Since the lattice is doubled during vectorization, this single U(1)-symmetry induces two
U(1)-symmetries on the vecotrized lattice, corresponding to particle number conservation on the
physical and auxiliary sublattice individually. We can make use of this structure by implementing
it directly into the MPS representation. Note that the second U(1)-symmetry is crucial, since it
enforces a block diagonal structure to the Lindbladian which separates physical from unphysical
sectors. Therefore, taking this symmetry into account during the numerical implementation
is crucial and prevents truncation errors to lead to contributions in the unphysical subspace,
potentially introducing unphysical vectors into the Krylov space. Additionally, the symmetries
lead to an exact representation with a local Hilbert space dimension of d = N+1, which we chose
for all our calculations. Due to the rapid increase in bond dimension in the first few timesteps,
especially when starting from a pure state, we employ a smaller step size at the beginning,
which is increased afterwards. In case of CLIK-MPS-calculations, this initial timestep lies at
dt = 0.001, while it is increased after 10 steps to dt = 0.01. For all other calculations, we
initially use a time step of 5 ∀ 10↘4 and increase it after 20 steps to either 0.01 or 0.005 (for
large scale calculations also 0.002), depending on system size. The maximal bond dimensions
chosen for the time evolution vary between 1400 and 2400 for the CLIK-MPS calculations. If
not stated di!erently, calculations with L = 20 and L = 10 are performed with φ = 2400, while
for all other we chose φ = 1400. Time evolutions performed independently of CLIK-MPS were
initialized with φ = 2000.

Some MPS-calculations in Section 4 needed the knowledge of the steady state to calculate
¬ϑ̂(t)↓ ϑ̂ss¬2, but were performed without CLIK-MPS. For those, we obtained the steady state
by a long-time evolution ϑ̂ss ∝ ϑ̂(tmax) and we can track if it is su”ciently converged similarly
to the methods introduced in Sec. 3.3.2. Calculating ¬ϑ̂(t)↓ ϑ̂ss¬2 when considering ϑ̂(tmax) and
ϑ̂(tmax ↓ #t) as the approximate steady state for a su”ciently big #t serves as a convergence
analysis. For the data shown in Fig. 12a we also perform a similar analysis as in Sec. 3.3.2 by
tracking if the leading eigenvalue of the OBDM ω is converged.

A.2 Appendix B: Using symmetries in the Bose-Hubbard model

In Section 3.2.5 we provided general expressions on how to utilize symmetries and enforce them
inside the Krylov space. The dissipative Bose-Hubbard model, which is extensively studied in
Section 4, features a discrete Z2-symmetry, which is given by Eq. (4.70) and amounts to an
inversion of the lattice around the central site(s). Since it is a weak symmetry, enforcing it
directly during the time evolution is not possible. However, we can use Equation (3.31) to take
it into account when calculating expectation values. We are mainly interested in the OBDM
ω
kj

= ⇑b̂†
j
b̂
k
⇒ss, which means we chose Âj,k = b̂†

j
b̂
k
. To use Equation (3.31) and (3.30) we need

to calculate the action of the unitary on our operator

1

NS

NS↘1∑

n=0

(Û †

inv)
nÂj,kÛ

n

inv =
1

2


Âj,k + ÂL+1↘j,L+1↘k


, (A.1)

where we used that NS = 2 and the explicit action of Uinv on creation and annihilation operators
from Eq. (4.70). Note that this implies, that the symmetrization of the expectation value is a
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linear operation on the elements of the OBDM

ωsymm
j,k

=
1

2

(
ωj,k + ωL+1↘j,L+1↘k

)
, (A.2)

with ω being the OBDM before and ωsymm after symmetrization of the approximate steady state.
This shows, that the computational complexity is not a!ected by the symmetrization procedure.

Also the strong U(1)-symmetry can be used to simplify calculations. Calculating expectation
values and overlaps in the vecotrized picture requires the knowledge of the vectorized identity
|1⇒⇒. In a general system with L sites and a local (N+1)-dimensional Hilbert space, the vectorized
identity can be built by [105]

|1⇒⇒ =
N∑

n1,... ,nL=0

|n1, n1, ... , nL, nL⇒ =
L∏

j=1

Ŝj |0⇒⇒ , (A.3)

where we defined the operators Ŝj

Ŝj =
N∑

n=0

1

n!

[
b̂p†
j

]n[
b̂a†
j

]n
, (A.4)

and we denote operators acting on the physical (auxiliary) sites by p (a). However, we always
consider states with a certain fixed number of particles N , which is conserved in the dynamics
due to the strong U(1)-symmetry. We can project the vectorized identity directly into the
corresponding particle sector [54]. For this, we define the operator

Ĉtot =
L∑

j=1

b̂p †

j
b̂a †
j

, (A.5)

which creates pairs of bosons on the physical and auxiliary sublattices. The vectorized identity
for N particles is given by

|1⇒⇒ = 1

N !
ĈN

tot |vac⇒ . (A.6)

This relation is easily proven using the multinomial theorem. Building the vectorized identity
according to Eq. (A.6) is computationally much more e”cient, and we employ it throughout the
thesis.
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1BZ First Brillouin zone. 43, 52

1D one-dimensional. 33, 42

BEC Bose-Einstein condensate. 3, 8, 19, 41–43, 45, 49, 52–55, 59, 77

CLIK-MPS complex-time Lindbladian Krylov subspace MPS. 7, 8, 18–21, 23, 30, 33, 35–41,
54, 55, 59, 60, 66–68, 70, 71, 74, 75, 77–79

DMRG density matrix renormalization group. 7, 16

DPT dissipative phase transition. 7, 18, 55, 78

DSP dissipative state preparation. 7, 8, 19, 41, 42, 77, 78

ED exact diagonalization. 6, 7, 18, 20, 21, 35, 36, 44, 60, 66–69, 73, 77

ETPP evenly-transforming pure product. 72, 73

HEOM hierarchical equations of motion. 33

ISPT in-spectrum phase transition. 70

KPZ Kardar-Parisi-Zhang. 3, 8, 41, 55, 56, 77, 78

LSE local subspace expansion. 35

LSE-TDVP local subspace expansion time-dependent variational principle. 17, 79

MPO matrix-product operator. 16, 17, 19

MPS matrix-product state. 8, 9, 15–18, 21–23, 28–31, 33, 41, 79

OBC open boundary condition. 42, 61

OBDM one-body reduced density matrix. 38, 52–54, 58, 79, 80

ONB orthonormal basis. 21–23, 29

SL symmetrically-localized. 73, 74

SVD singular value decomposition. 16

TD thermodynamic. 16, 52, 53, 66

TDVP time-dependent variational principle. 17, 33, 35

TN tensor-network. 7, 17, 20, 77
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Schollwöck, and Claudius Hubig. Time-evolution methods for matrix-product states. Ann.

https://doi.org/10.22331/q-2024-09-17-1475
https://doi.org/10.22331/q-2024-09-17-1475
https://link.aps.org/doi/10.1103/PhysRevLett.122.250502
https://link.aps.org/doi/10.1103/PhysRevLett.122.250502
https://link.aps.org/doi/10.1103/PhysRevLett.122.250503
https://link.aps.org/doi/10.1103/PhysRevLett.122.250503
https://www.nature.com/articles/s42005-024-01757-9
https://arxiv.org/abs/1612.09512
https://link.aps.org/doi/10.1103/PhysRevResearch.2.043289
https://link.aps.org/doi/10.1103/PhysRevResearch.2.043289
https://dx.doi.org/10.1088/0256-307X/38/8/080301
https://dx.doi.org/10.1088/0256-307X/38/8/080301
https://link.aps.org/doi/10.1103/PRXQuantum.5.020332
https://doi.org/10.22331/q-2025-02-04-1620
https://doi.org/10.22331/q-2025-02-04-1620
https://dx.doi.org/10.1088/0256-307X/42/8/080605
https://dx.doi.org/10.1088/0256-307X/42/8/080605
https://arxiv.org/abs/2507.14076


88 REFERENCES

Phys., 411:167998, Dec 2019. ISSN 0003-4916. URL http://dx.doi.org/10.1016/j.

aop.2019.167998.

[55] M. Grundner, P. Westho!, F. B. Kugler, O. Parcollet, and U. Schollwöck. Complex time
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