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Abstract

The Boolean Differential Calculus expands on Boolean algebras with one or
multiple differential operators. Weitkdmper in his paper [9] provides an axiom-
atization for this calculus, which, for a Boolean algebra K, describes a Boolean
algebra with derivative ¢ with ker(6) = K up to isomorphism. In this thesis, we
first motivate the calculus and explore, using a simple example, how this character-
ization up to isomorphism behaves. After this, we are interested in the case where
K is an infinite atomic Boolean algebra. We show that every model of this theory
TIK is an atomic Boolean ring. Moreover, the form of all its atoms are described.
Additionally, we also study finitely generated substructure of these models. Again,
the atoms are described. Using this knowledge, we give a proof for quantifier
elimination, where we only have to add countably many unary predicates C, to the
signature, which count the atoms below an element, and a new constant symbol,
which gets interpreted as the Boolean function whose derivative is equal to one.
We will do so by a standard back-and-forth argument and closely follow a proof of
quantifier elimination in the theory of infinite atomic Boolean algebras extended
by the C,’s, given by Derakhshan and Macintyre in [1].
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1 Introduction

Boolean algebras provide a mathematical framework for reasoning about digital cir-
cuits. This goes back to Claude Shannon, who used the two-valued Boolean algebra as
an aid towards the analysis and synthesis of switching circuits [6]]. Given the real world
applications, a lot of research was conducted to tackle problems arising when working
with digital circuits. Extending Boolean algebras by derivative operations allows the
observation of changes to function values. A recent textbook covering the Boolean
Differential Calculus and its many applications is [8].

Weitkidmper in his paper [9] introduced an axiomatization of the theory, which, for
a Boolean algebra K, characterizes a derivative with kernel isomorphic to K up to iso-
morphism. In this bachelor’s thesis we will show that, in the special case where K is
an infinite atomic algebra, this theory TX, enriched by predicates ”n atoms lie below x”
and a new constant symbol z corresponding to a Boolean function whose derivative is
equal to 1, has quantifier elimination. The motivation for this result is twofold. Firstly,
when K is an infinite atomless Boolean algebra, the theory Tf admits quantifier elimi-
nation. Whether this also holds when K is an infinite atomic Boolean algebra naturally
arises. Secondly, Tl’( is the generic theory of the class of Boolean rings of switching
function in n variables equipped with, for example, the much studied partial derivatives
0i(f) = f(x1,....%) ® f(x1,...,%i,...,%,) With 1 < i < n. This way, any sentence
of the theory holds in all such rings of a certain size. They are the content of study
when working with real world scenarios. Now quantifier elimination guarantees that
for every formula there exists a quantifier-free formula, which is equivalent modulo the
theory. A quantifier-free sentence here primarily equates to a Boolean differential equa-
tion, which can be decided algorithmically. Putting it all together, this hints towards
an algorithm to decide properties about a whole class of switching functions for circuit
of a certain size. We only provide a non-constructive proof for quantifier elimination,
hence finding an efficient algorithm requires further research.

The proof follows the examples provided in Derakhshan and Macintyre’s paper [1]],
which gives an alternative proof to a classical result of Tarksi, showing that the theory
of infinite atomic Boolean rings enriched by relation symbols counting the atoms below
an element admits quantifier elimination. As part of the proof we will classify all
atoms of a finitely generated substructure. This in itself provides an interesting result.
Moreover, the atoms are of simple form and can be described using only a special
element z whose derivative is equal to one and the constants. Looking at the atoms of
the whole structure, which are precisely the products of atoms from the kernel with z
or its complement, we see that this follows a general pattern.

1.1 Organization

The first section provides an overview of all model-theoretic concepts and results
needed. The most important part result is a criterion for quantifier elimination, which
allows us to use structural knowledge.

After that, the main object of study, the Boolean ring of switching functions, is
motivated and introduced. We bring up its link to digital circuit design to apply the
purely mathematical concepts to real world problems. The section concludes with



some generic properties of the theory T{K for an infinite atomic Boolean algebra, which
will be used in the proof.

The proof for quantifier elimination will follow the criterion introduced before and
use explicit description of the atoms.

Lastly, the conclusion gives a short summary of the proof, discusses some of the
interesting result round and sketches a link to real world problems, hinting to further
research.

2 Preliminaries

2.1 Model-theoretic Fundamentals

In this section we cover all model-theoretic results and definitions needed for the the-
sis. Some familiarity with first-order logic is expected, which can be found in most
introductory textbooks on logic. If not stated otherwise, £ is assumed to be a count-
able first-order language. As usual, ¢ denotes a tuple of elements indexed by natural
numbers. Additionally, £(¢) is the first-order language obtained by adding every com-
ponent of the tuple ¢ to the constants of £. Moreover, if A is an L-structure and d is a
tuple of elements from A of same length as &, then (A, @) is naturally an £(&)-structure
obtained by interpreting ¢ as d.

Often we are interested in the first-order theory of a model, being all first-order
formulas that hold in the model. Two models which have the same theory are called
elementary equivalent. The following proposition gives us an equivalent description of
elementary equivalence.

Proposition 2.1 (Digram lemma, Lemma 1.4.2 of [3]]). Let A and B be L-structures,
¢ a sequence of constants, and (A, d) and (B, 5) L()-structures. The following are
equivalent:

(a) (A,CZ’) =0 (B, l_;), meaning for every atomic sentence ¢ of L(c), (A,d) £ ¢ ©
(B,b) E ¢.

(b) There is an embedding f : {d)x — B such that fd = b. (@) denotes the smallest
substructure of A containing d.

Back-and-forth equivalence is another way of classifying models, which lies some-
where between isomorphism and elementary equivalence. We define back-and-forth
equivalence using the formulation of back-and-forth systems.

Definition 2.2 (Lemma 3.2.2 of [3]). Given L-structures A and B, a back-and-forth
system from A to B is a set I of pairs (d, b) of tuples, with d from A and b from B, such
that

e if (d, b) is in I then @ and b have the same length and (A, @) =y (B, b),
o [ is not empty,

e for every pair (a, 5) in I and every element c of A there is an element d of B such
that the pair (dc, bd) is in I, and



e for every pair (d, l;) in I and every element d of B there is an element ¢ of A such
that the pair (dc, bd) is in 1.

A and B are said to be back-and-forth equivalent if there is a back-and-forth system
from A to B. Note that we can easily transform a back-and-forth system from A to B to
one from B to A and vice versa by reversing the tuples in the set, making this definition
symmetric.

Often we have efficient algorithms for deciding quantifier-free sentences of a the-
ory, but many interesting properties are formulated using quantifiers. The question
naturally arises whether it is possible, given an arbitrary formula, to find a quantifier-
free formula which is equivalent in all models of the theory. From this perspective, the
interest lies in constructing quantifier-free equivalents by an algorithmic process. This
is generally much harder than using a non-constructive proof. We give a criterion for
quantifier elimination which has been successfully applied to infinite atomic Boolean
algebras, but does not give much insight into constructing the quantifier-free formulas.

Definition 2.3. Let T be a theoryin L. T has quantifier elimination if for every formula
&(R) of T there exists a quantifier-free formula ¢(%) of T such that A | ¢ <  for every
model A of T.

In order to state the criterion for quantifier elimination, we need the notion of w-
saturated models. Suppose that A is an L-structure and X is set of elements from A.
Let Thy(A) be the set of all £(X)-sentences true in A.

Definition 2.4. A is called w-saturated if for every finite set X of elements of A, all
complete n-types over X with respect to A are already realized by elements in A. An
n-type p is a set of L(X)-formulas with free variables v, . ..,v,, such that p U Thx(A)
is satisfiable. Moreover, p is called complete if ¢ € p or =¢ € p for all L(X)-formulas
¢ with free variables from vy, ..., v,.

In the case where A is a model of a complete theory, the n-types don’t have to be
complete. See Proposition 4.3.2 of [5]

To show that a set of £(X) formulas is an n-type, we have to prove that p U Thy(A)
is satisfiable. This is usually done using the compactness theorem for first-order-logic,
which gives us a template for the proof.

Proposition 2.5 (Compactness theorem for first-order-logic, Theorem 6.1.1. of [3]).
Let T be a first-order theory. If every finite subset of T has a model then T has a model.

We can now state an equivalent condition for quantifier elimination. This allows
us to use structural information of the theory’s models. As we see in the next section,
we have quite a good structural understanding of the theory of infinite atomic Boolean
differential algebras.

Proposition 2.6 (Exercise 8.4.4 of [3]). Let T be a theory in L. The following are
equivalent.

(a) T has quantifier elimination.



(b) IfA and B are any w-saturated models of T and d is a tuple of elements from A
andbis a tuple of elements from B of same length such that (A, @) =¢ (B, b) then
(A, d) and (B, b) are back-and-forth equivalent.

Proof. See Theorem 5.4 of [2]]. ]

2.2 Boolean Structures and Constructions

A famous application of Boolean algebras lies in the analysis and synthesis of digital
systems. This goes back to Claude Shannon, who used Boolean function to describe
switching circuits in his master’s thesis [[6]. A switching circuit is an idealized network
of switches with a strictly binary output, in which each switch is either open or closed.
When placing two switches in sequence, both must be closed to close the circuit. This
can be expressed by and: the first switch and the second switch have to be closed. If
two switches are arranged in parallel, then it suffices if one of them is closed for the
circuit to be closed, which correspondences to the mathematical or.

2.2.1 Boolean Algebras

By introducing Boolean algebras, we can capture this behavior in a mathematical
framework. The definitions and results presented here can be found in most textbooks
on Boolean algebras, e.g. [4].

Definition 2.7. A Boolean algebra is a structure (A, +,-,~, 0, 1) with two binary opera-
tions + and -, a unary operation”, and two distinguished elements 0 and 1 such that for
all x,y and z in A the following equations hold

(associativity) x+@+)=x+y)+z x-y-z=xy-z
(commutativity) X+y=y+x X-y=y-X

(absorption) x+(x-y)=x x-(x+y) =x
(distributivity) X+ =x-»+x-2, x+@G-20=x+y)-(x+2),
(complementation) x+ X =1, x-x=0.

From these axioms one can derive many useful algebraic equations like the famous
de Morgan’s laws

x+y)=x-y.

As usual, multiplication binds more strongly than addition, so x - y + z should be read
as (x-y) + z. Moreover, we often omit the operator for multiplication and write xy as a
shorthand for x - y.

One well known example is the two-element Boolean algebra B := {0,1}. Its
operations are given by the table below.
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[x [y ]z] fxy.2 ] 8(xy.2 ]
0]0]0 0 0
001 0 1
010 0 1
011 1 0
1100 0 1
1101 1 0
1110 1 0
111 1 1

Table 1: Boolean functions defined by a truth table

By identifying 0 with false and 1 with true, we get a calculus of logic. Addition be-
comes the logical or, multiplication corresponds to and, and X is the negation of x. This
should be familiar to readers with a background in computer science.

2.2.2 Boolean Functions

Digital circuits are built from many small logic gates. They perform logical opera-
tions and are connected to form a complex circuit. These logic gates correspond to
mostly unary or binary Boolean functions. An example is the AND gate, which we
can represent by the multiplication of the Boolean algebra B. This is analogous to the
interpretation of B as a calculus of logic. Another often used logic gate is the XOR
gate, which, in the setting of B, corresponds to addition modulo two. It is often also
called the symmetric difference. We can define it in the language of Boolean algebras
the following way:
XOy:=Xxy+ xy.

Note that this definition works for any Boolean algebra and not just B.

A truth or switching function is a function with signature f : B" — B for some
natural number n € B. There are 2" different inputs to a truth function of n variables; it
is therefore possible to define it by listing the function value at every input via a truth
table, as shown in Table E} Looking at the table, we can also see that a truth function
of n variables is fully described by a binary vector of length 2". In our example the
function g corresponds to the vector (0, 1, 1,0, 1,0, 0, 1). We can therefore identify the
set of all truth functions in n variables with the set B>".

Defining a truth function by a Boolean expression is another possibility, as it is al-
ways possible to define the function using addition, multiplication, and negation (The-
orem 4.3 of [7]). For example, the functions defined in Table [I] can be expressed as
follows:

f(x,y,2) = 2(x@y) + xy.
gx,y,0)=x®ydz.

Remember that the symmetric difference can be defined using addition, multiplication,
and negation.
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Figure 1: Schematic of the functions f and g

One advantage of this representation is that it forms a link to digital circuits. Dif-
ferent variables correspond to different signals and the logic operators correspond to
logic gates. We can now draw a schematic of the circuit that represents the Boolean
expression. In Table[I] the function f and g are drawn. The labeling is based on the
European style, &’ stands for and, = 1" stands for xor, and ”> 1” stands for or. Note
that, since both functions share the expression x @ y, we can “reuse” this part of the
circuit.

This is not an arbitrary example, but in fact the schematic for a binary full adder.
x and y are the operands, while z is the bit carried over from the previous stage. f
produces the output carry and g the sum. By composing multiple full adders it is
possible to add higher bit numbers.

Let X be an arbitrary set. By B¥ we denote the set of all functions / : X — B. Itis
possible to define a Boolean algebra structure on BX. For the operators set (p + q)(x) :=
p(x) + q(x), (p - ¢)(x) = p(x) - g(x), and p(x) := ﬁ with p, g € BX. The constants 0
and 1 correspond to the constant functions O(x) = 0 and 1(x) = 1.

For example if X = {0,...,n — 1}, then this defines a Boolean algebra on tuples
of elements from B of length n, where the operations are component-wise. As already
argued, all truth functions in n variables can be identified by the set B>". Using the
construction from before we obtain that the set of all truth functions of n variables is a
Boolean algebra. More explicitly, let f and g be truth functions of n variables, then, as

an example, (f + g)(x) = f(x) + g(x).

2.2.3 Boolean Rings

In the previous sections we introduced the concept of Boolean algebras and their link
to digital circuits. While it is possible to stay in the setting of Boolean algebras, we
found it easier to work in the setting of Boolean rings.

Definition 2.8. A Boolean ring is an unital ring R in which every element is idempotent.
This means 1> = r for all r € R.

These conditions already imply a characteristic of two, meaning r + r = 0 for all
reR.



Proposition 2.9 (Proposition 1.27 of [4]). There is one-to-one correspondence between
Boolean rings and Boolean algebras. For a Boolean algebra B = (B, +,-,7,0, 1), let

rB = (B9 ®’ .’ O, 1)7

where & is the symmetric difference as defined before. For a Boolean ring R =
(R,®,-,0,1), let
bR = (R’ +, '9_, O’ 1)3

where x+y =x®y®xyand X = x® 1 for x,y € R.

Let X be a set. The main example of a Boolean ring is (P(X), A,N, @, X), where
P(X) is the power set of X and A is the symmetric difference of sets, defined as X; A
X, = (X1\X2) U (Xo\X;). It is well known that the inclusion relation defines an order
relation on the subsets. This idea can be generalized to Boolean rings the following
way:

Definition 2.10. Let R be a Boolean ring or Boolean algebra and x,y € R. The canon-
ical order relation is given by x <y if xy = x.

Let us return to the example of the power set ring $(X). Here the singleton sets,
consisting of only one element from X, play a special role. They serve as a building
block for every other element from P(X). Let A € P(X), then it is possible to write A
as the supremum of all singleton sets it encloses.

Definition 2.11. Let R be a Boolean ring. An element 0 # a € R is called atom ify < a
implies a = y ory = 0 for every y € R. Additionally, R is called atomic if there lies an
atom below every non-zero element.

As an example, finite Boolean rings are of a simple structure. Clearly, every finite
Boolean ring is atomic. Moreover, the only defining property is the number of atoms.

Proposition 2.12 (Corollary 2.8 of [4]). Let R be a finite atomic Boolean ring with n
atoms, then R is isomorphic to the Boolean ring P({ 1,...,n}).

We can construct an isomorphism between P({ 1,...,n}) and B" by sending a sub-
setAof {1,...,n} to abinary vector v4 := (L;ca)o<i<n Of length n. 14 is equal to one if
the formula ¢ is true and else 0. The inverse is given by (x1,...,x,) — {i|x; #0}.

This allows us to phrase Proposition [2.12]in a slightly different language.

Proposition 2.13. Let R be a finite atomic Boolean ring with n atoms, then R = B"
as rings. Moreover, a ring isomorphism is already given by a B-vector space isomor-
phism. A B-basis of R is given by the atoms.

2.2.4 Boolean Differential Calculus

The field of Boolean differential calculus arose in the 1950s while studying changes of
switching functions. Since then there has been a lot of research into the field. A recent
textbook, which also covers numerous applications, is given by [8]]. We briefly explore
the Boolean partial derivative and its link to the analysis of error.



Definition 2.14. Letn € N and f : B" — B be a switching function. The derivative of
f with respect to the i-th coordinate 6;(f), also called partial derivative, is given by

0i(f) = f(xtyo s Xiy oo, X)) ® f(X1, ooy Xy v ey X))

One interesting question is whether a circuit is resistant to an erroneous input. Let
f describe the circuit, then f is independent of x; if and only if 6;(f) = 0. This way an
error in the i-th input does not change the output of the circuit. More generally, ;(f)
algebraically states the conditions in which an error in x; causes an error at the output.

A generalization of the partial derivative is the so-called vectorial derivative. It is
equal to 1 if the simultaneous change of a certain subset of variables changes the value
of the function.

Definition 2.15 (Definition 2.2 of [8]). Let f: B" — Band S C {1,...,n}, then

O0s(f) = fx1,. ., x) @ f(x1 + Lies, .oy Xy + Lyes)

is the vectorial derivative of the function f with regard to S.

Given a partial or vectorial derivative §, the map ¢ + id is an involution of the
Boolean ring of functions, see Proposition 9 of [9]. This observation leads to the fol-
lowing axiomatization in the language £;, consisting of the binary operators + and -,
the constant symbols 0 and 1, and the unary function 6.

Definition 2.16 (Definition 10 of [9]). Let K be a Boolean ring and Tk a first-order
theory of Boolean algebras expressed in the language of Boolean rings. Then TlK is the
following theory in the language L :

1. The axioms of Boolean rings,

2. 0 =0+ id is an involution of Boolean rings,
3. ker(d) E Tk,

4. ¢ is complete, i.e. A7 : 6(z) = 1.

By Proposition 10 of [9]], every model V of Tf is a free ker(5)-module on two gen-
erators (1, z). Moreover, the isomorphism classes of Boolean algebras K and models of
TK are in bijection by Proposition 11 of [9].

Let us see how these results play out in the case of K = B?. For the two models V
and V' of TlK , we choose the ring of Boolean functions in two variables with elements
given by Table [2| The derivative of V is §; and the derivative of V’ is chosen as Js,
where S is the set {0, 1}. Firstly, we have to check that V and V’ are indeed models
of TIK . By directly calculating all the derivatives, we can find the constants and the
preimages of 1.

\ \ ker() \ 571(1) |

V| {fo, fs: fios fis ) | { fas fes fo, fi2}
V| ol fo, fo, fis ) | LB S5, fros fi2 )
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(o |x[hlAlARIAIAIA Sl AIRIA] Aol it | fir] fis]| fia ] fis]
ojofofojo010]0]0]0]O 1 1 1 1 1 1 1 1
0
1
1

t1f{o0ojojofoj1rj1r,1}1j0101]0 0 1 1 1 1
ojojo|1j1rj0y011}1|0|0 1 1 0 0 1 1
rfofrjoj1jo0}1,01|0]1 0 1 0 1 0 1

Table 2: Logic functions of two variables

In both cases, the preimage of 1 is not empty. For example, 61’1( 1) is the set of switching
functions which are linear in x;. Thus, a change in x; will always change the output
of the function. Moreover, the kernels each form a four-element Boolean algebra, thus
they are isomorphic. Finally, an isomorphism F of L-structures from V to V’ can be
given as follows. In both cases we consider the models as free ker(6)-modules with

generators (fis, f3)-

Jo = fos Ja fa, fs o fs, fiz & fias
Si = fa, s = fe, Jo = fo, Sz = fig,
-, e fss S0+ fo, Sia e fis,
e fi fie fr S fin fis = fis.

We can check by hand if this defines an isomorphism between models of TX, but the
following result gives us an easier way:

Proposition 2.17. Let L, be the first-order language of Definition [2.16] enriched by
a new constant symbol z. An isomorphism F of models A and B of Tf is given by
an isomorphism of Boolean rings which also respects z pointwise and the constants
setwise.

Proof. For clarity, we will index the symbols of our language with the structure in
which they are interpreted in. Let x € A. There are k, kK’ € ker(64) with x = k + k'z4.

FOLOD 5 (F(K 24) + F(K)) = 5p(F(k + K 2))

F(oa(k +k'za)) = F(K') = 6p(F(K')zp)
This shows that F respects 8. Moreover, since the only relation symbol in our signature
is equality, F already is an isomorphism. O

An axiomatization up to isomorphism allows for simpler reasoning. If we, for
example, want to show some property that is preserved under isomorphism for all vec-
torial derivatives, it already suffices to prove it for the simpler partial derivative with
respect to the first coordinate. Therefore, any such property transfers to any other
derivative that falls under the axiomatization.

We will now narrow our focus to the case where K is an infinite atomic Boolean
algebra. This has two reasons. Firstly, it is well known that the theory of infinite
atomic Boolean algebras is complete and consequently, by Theorem 2 of [9]], TIK is

11



also complete. Secondly, the following result makes a link between TIK and switching
functions of finite variables. In real world scenarios we deal with finite circuits, so
this is especially interesting. Let S, be the Boolean ring of switching functions in n
variables. By equipping S, with one of the already discussed Boolean derivatives, S,
becomes an L -structure.

Proposition 2.18 (Theorem 6 of [9]). Let ¢ € TlK for an infinite atomic Boolean alge-
bra K. There is an N € N such that S, = ¢ for alln > N.

If we formulate a property of digital circuits as a sentence in the language £, and
it is derivable from the theory, it also holds for all sufficiently large circuits. More on
this in the last section.

3 Quantifier Elimination

Let £ be the first-order language consisting of the binary operators + and -, the con-
stant symbols 0, 1, and z, the unary function ¢, and relation symbols C, for n € N. Note
that £ is an extension of the language £; given in Definition In this section we
prove the following statement:

Proposition 3.1. Let K be an infinite atomic Boolean ring and Tk a first-order theory
of infinite atomic Boolean algebras expressed in the language of Boolean rings. @f is
the following theory in the language L:

1. The axioms of a Boolean ring,

2. 0 =0 +id is an involution of Boolean rings,

3. ker(0) E Tk,

4. ¢ is complete, i.e. 6(z) = 1,

5. foreveryn € N, C,(x) if and only if there are at least n atoms below Xx.
@f admits quantifier elimination.

The following result is used in the proof of Proposition

Proposition 3.2. Let V be a model of TIK for an atomic Boolean ring K, then V is an
atomic Boolean ring. Its atoms are precisely of the form nz or nz with n an atom of K.

Proof. Tt was already discussed that V is a Boolean ring, so it remains to show that V
is atomic. Let 0 # x € V. Since V is a K-module on two generators (1, z), we can write
X =1+ d(x)z for some 1 € ker(6). Depending on the form of x, we construct an atom
of V below x.

Case1: n=0.

K is atomic by assumption. Moreover, since d(x) € K, we can pick an atom ¢ of
K below d(x). We claim that the element {z is an atom of V below x. Firstly, {z

12



lies below x as {zx = {nz> = {z. Secondly, /7 is an atom of V. Let y € V with
y = 1" + d(y)z for some ° € K. The products {r" and {6(y) are either zero or
equal to ¢ because £ is an atom of K. Now if £ is below both 1’ and §(y) or none,
then {zy = 0 and otherwise {zy = {z. This precisely means that {7 is an atom of
V.

Case2: n# 0.

Choose an atom ¢ of K below 5. This especially means { # 0. { intersects
non-trivially with Z, else we get the following contradiction:

0=106(0) = 6(42) = 6({ + 42) = {6(1) + £6(2) = £.

The product {7 is smaller or equal to x by construction. To show that {Z is an
atom of V,lety = i + 6(y)z as in Case 1. Similar to above, it holds

{Zy={nz= {gz o=,

0 else.
The same argument shows that yz and yZ are atoms of V for all atoms y of K. Lastly,
all atoms have to be of this form. Let x be an atom of V. By the construction above, we
can find a nonzero element of the desired form below x. Therefore, x has to be equal
to this element. O

We can now proceed to prove Proposition

Proof. The proof uses Proposition [2.6] therefore let B; and B, be two w-saturated
models of ®}{. Proposition shows that B| and B, are atomic. Next, we pick a tuple
of elements @ from B; and a tuple of elements ﬁ of the same length from B, such that
(A,@) = (B, ,3)). We have to show that (4, @) and (B, ﬁ) are back-and-forth equivalent.
Let R; denote the smallest substructure of By containing @ and R, = (E)Bz analogously.
By Proposition [2.1] there is an isomorphism of L-structures

FZR1—>R2

with F@ = .

To construct the back-and-forth system, let @ € B;\R;. If we can find a 8 € B,\R;
such that we can extend the isomorphism F to F’ : (@a)s, — (ﬁﬂ)Bz with F’'(@a) =
ﬁﬁ, then by Proposition (A, da) =) (B, ﬁﬁ). In the proof, we make no further
assumption about &, ﬁ, and a, thus showing the back-and-forth equivalence as we can
iterate this argument and even reverse the roles of @ and S.

The following function, which counts the number of atoms below an element, is
used throughout the proof:

nif Cu(x) A =Cpi1(x)
#(x) = . . .
oo if no such n exists

Any morphism respecting all predicates C,, also preserves #(_).
We start by giving a better description of Ri{@) := (@a)p,. By assumption, B, is a
free ker(6) module on two generators (1, z), so there is p € ker(d) such that @ = p+d(a)z.
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Claim 1. R{a) is a free ker(8) N R {a) module on two generators (1, z).

Proof. Let x € Ri{@). There is € ker(6) such that x = n + 6(x)z. If n, 6(x) are already
elements of Rj{a), then (1,z) is a generating set of Ri{(@). Linear independence is
inherited from the module structure on B,. R;{a) is closed under 8, so it holds that
o0(x) € S. Furthermore, d(x)z € Ri{a), as z is part of the signature. This additionally
shows 1 € R (a), concluding the proof. O

Claim [T] demonstrates that all new elements from ker(§) which we add are created
by p, 8(@), and elements from R; N ker(d). Conclusively,

Ri{a) ={r+ 510+ 520(@) + s306(@) | 1, 51, 52,53 ER1 }.

From the characterization of R;{@) and a simple inductive argument, we can see that
Ri{a) is finite. Indeed, if @ is the empty vector, then Ry = {0, z,Z, 1 } and when adding
a, Ri{a@) stays finite. As a result, R;{a) is atomic.

There are finitely many atoms of R (@) not in R;. We get from R; to Ri{(@) by
successive adjoins of those atoms. Adjoining an element means creating the smallest
substructure containing the new element. Without loss of generality, assume that « is
an atom of R {a).

Claim 2. « is either of the form a = §(a@)z or @ = 6(@)Z.

Proof. First assume pd(a) = 0, then ad(a)z = pd(a)z + 6(a)’*z = §(a)z. Since a is
atomic, either 6(a)z = 0 or @ = 6(@)z. The case 6(a)z = 0 is not possible, as is shown
in the following. Assume d(a)z = 0, implying @ = p. Now p is atomic, so pz € {0,p }.
Remember that p € ker(d), so after applying § we get p = 0, a contradiction to a # 0.
This shows a = 6(a)z as desired.

Now assume pd(a) # 0. We first show that pd(a)z lies below a and is nonzero.
Firstly, apd(@)z = (o + 6(@)z)pd(@)z = pd(a@)z. It remains to prove pd(a)z # 0. Assume
otherwise. Applying ¢ on the equation yields pdé(«@) = 0, a contradiction. Therefore,
a = pd(a)Z as « is atomic by assumption. Finally, é(a) = d(pdé(@)Z) = pd(a), which
concludes the proof. O

We can observe that Claim [2] is equivalent to the statement “either p = 0 or p =
o(a)”. This way, simpler description of R;{a) can be given:

Ri{a) ={r+sé(a)|r,s€R;}.

It is possible to “resolve” the case distinction in Claim [2] with the help of the fol-
lowing result:

Claim 3. Both 6(a)z and 5(@)Z are atoms of Ri{a).

Proof. Let x € Ri{(a). There is n € ker(d) s.t. x = n + 5(x)z. Claimimplies that §(a)z
or 6(a)Z is atomic. Firstly, assume that 6(a)z is an atom.

x6(@)z = (n + 6(x)2)(6(@) + 6(@)2) = nd(a@) + né(a)z.

14



Either né(a)z = 0 or né(a)z = d(a)z because d(a)z is an atom of Ri{(a) and 1, (x) €
Ri{a@). In the first case, it also holds that né(@) = 0, which results in x6(@)z = 0. In the
second case, we have né(a) = d(a), showing xé(a)Z = 6(@)zZ as desired.

The same argument works if 6(@)Z is an atom, just note that x = (n + 6(x)) + 6(x)Z
with 17 + 8(x) € ker(6), consider x6(a)z = x(6(a) + d(@)z), and work through the same
steps. O

Claim 4. 5(@)z and 5(@)Z lie below different, unique atoms yz and y'Z of Ry respec-
tively.

Proof. If not, then there is an atom u of R; such that 0 # ud(a)z < d(a)z - a contradic-
tion. The same argument works for §(@)z. Claim [2] also shows us that all atoms of R
are of the kind uz or uz with u € ker(é). Thus, the two unique atoms above d6(a)z and
o(a)z are of this form. O

We can now characterize all atoms of R (a). Let yz and y’Z be as in Claim[4] then
the new atoms of R;{a) are

o the atoms of R distinct from yz and y’Z denoted by the set A,
e §(a)z and 6(a)yz, its complement in yz,
e §(a)z and 6(a)y’zZ, its complement in y’Z.

First, we characterize 8 € B, such that we can extend F' to an isomorphism F’ :
Ri{a) = Ry{B) with F'(da) = ﬁﬁ and then argue that it exists. Since 6(a)z and 6(@)Z
are atoms of R {a), §(8)z and 6(8)Z must be atoms of R,(B) as well. This already forces
the following two conditions:

1. 0 <d6(B)z < F(y)z,
2. 0<8B)Z < F(Y)Z
Claim 5. Conditions 1 and 2 already define an isomorphism of Boolean rings
F’: Ri{a) = Ry(B)
with F(@a) = BB.

Proof. First note Ri{a) and R,(B) are isomorphic, since they have the same number of
atoms. By Proposition[2.13] we can define a homomorphism of atomic Boolean rings
by giving images of the atoms. For 77 an atom of R {a), set

F(m) forneA
F'(n) =36(B)z forn=:6(a)z.
0Bz forn=d(a)z

By construction of §(83), the images of the atoms of R (@) are pairwise different atoms
of Ry(B). This way, F’ is an isomorphism and F’(a) = 8 as desired. O
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From now on, F refers to F' : Ry — R, or its extension to R;{a). It is clear from
context which one is referred to.

To use Proposition it needs to hold that 6(8) € ker(6)\R,. Additionally, F
needs to respect #(_). Note that every element x of R;{(a) can be uniquely represented
in the form

x = 6(@)z + 66(a)yz + 66(a)Z + ed(a)y'7 + Z €T,

TEA

where each ¢; is either 0 or 1. All summands are pairwise disjoint, so #(_) is compatible
with the sum

#(x) = @ #(0(@)2) + e#E(@)y2) + EHE(@)Z) + e#B(@)Y'D) + ) eH(T).

TEA

For F to respect #(_), the following conditions suffice:
3. #(6(B)z) = #(B()2),
4. #OB)F ()2) = #(6(@)yz),
5. #(6(B)Z) = #(5(@)2),
6. #O0BF(Y')2) = #(6(@)y'2).

We have to find 6(8)z and 6(8)z according to the conditions mentioned above to
get 5(B) = 5(B)z + 5(B)z. Then we can set 8 := 5(B)z or B := 6(B)zZ, depending on the
form of @. We do this by choosing atoms below yz and y’Z. Note that, since they are
disjoint, we can consider the construction of §(8)z and 6(8)z independently. Thus, we
only discuss the construction of §(83)z, as 6(8)z works analogously.

Case 1: At least one of #(6(a)z) and #(@yz) is finite.

W.Lo.g., assume #(6(a)z) < co. Now choose #(6(@)z) atoms of B, below F(y)z
and set 0(8)z as their sum. Note that, by Claim these atoms are of the form
6z for 6 € ker(9). #(6_(B)F Y2 = #(@yz) then follows automatically since
#(yz) = #(F (y)z) by assumption.

Case 2: Both #(6(e)z) and #(5(a)yz) are infinite.

We want to show that the following set of £(R;) formulas defines a 1-type of R,
over B>,

X ={Cp(x2),Cp(Xcy2) In e NYU{xz# ¢, # Xcyz | F €ERJU{6(x) =0}

Therefore, we have to confirm that X U Thg,(B,) is satisfiable, which we will
do using compactness. Let X[c] be the set of formulas in the language L(R;, ¢),
where every occurrence of the free variable x in X is replaced by the new constant
symbol c. Take a finite subset of Thg,(B,) U X[c]. There is a maximal natural
number m such that there are no formulas C,(cz) and C,(cc,z) in this subset for
n > m. By assumption, there are infinite atoms below vy, so take m atoms below
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v and interpret ¢ as the sum of these atoms. This way B,, models this subset
of formulas and, by the compactness theorem, Thg,(B,) U X[c] has a model.
Since B, is w-saturated and R, is finite, B, already realizes this 1-type, which
we choose as 6(8)z. By the construction of X and the choice of 6(8), it holds that
#O(B)F (7)) = oo.

Putting it all together, we find 8 € B, such that we can extend F to an isomorphism
F’ : Ri{a) = Ry{B), with F(@a) = 8. This way, (B}, @) and (B,, ) are back-and-forth
equivalent. Using Proposition the theory ©F has quantifier elimination. O

4 Conclusion

4.1 Summary

In this thesis we proved that the theory X of Definition admits quantifier elim-
ination. This was done by a standard back-and-forth argument. Firstly, we had to
identify the atoms of finitely generated substructures of models of TIK . We found that
these atoms can be nicely described by z and elements of K. Using this description, it
was possible to build a back-and-forth system between two w-saturated models of TIK .
Finally, Proposition 2.6 concluded the proof.

4.2 Applications and Future Work

An interesting byproduct of the proof is the description of the atoms in substructures A
of a model V of TIK . Claimtells us that A is a free ker(6) N A-module. Moreover, the
same proof as in Proposition [3.2]tells us what the atoms look like. Every atom of R is
precisely of the form 7z or nz with n7 an atom of ker(6) N R. In the special case where
R =V, this is exactly the statement of Proposition [3.2]

Additionally, if R is finitely generated by a tuple of elements @, we can explicitly
calculate the atom without completely describing R. Start with the simplest substruc-
ture created by the empty tuple - the ring { 0, z, Z, 1 }. Here the atoms are clearly z and Z.
Proceed inductively. Assume we know all atoms of {(a1, ..., ;))y denoted by A, with
i a natural number smaller than the length of @. Now calculate all products 5(«;41) for
n € A. There are some products which are not equal to zero. Each such product is of
either the form nd(a;+1)z or nd(w;+1)Z for some n € A. Remove nz or nzZ from A and add
no(@;+1)z, no(@;41)z or nd(ai+1)Z, nd(@;+1)z accordingly. We can iterate this step until all
atoms of R are described.

It was already sketched how the result of quantifier elimination might be applied
to real world applications. We now explore this in a bit more depth. Assume we are
given a first-order sentence in the language £;. This sentence ¢ can use quantifiers and
therefore describe properties about a whole class of switching functions. Quantifier
elimination guarantees the existence of a quantifier-free sentence ¢, which is equivalent
to ¢ in all models of @f . Deciding this quantifier-free sentence is a much easier task
than deciding an arbitrary sentence. If this property holds in any model of ®X, then it
holds in all rings of switching functions of a certain size by Proposition[2.18] An open
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question that still has to be addressed is how one can algorithmically find the ¢. This
remains work for further research.
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