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A multi-ring shifter network computes head direction

in zebrafish

Graphical abstract

A conserved multi-ring circuit integrates angular head
velocity (AHV) to generate stable head direction coding
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SUMMARY

From insects to fish to mammals, many species have an internal compass: a set of recurrently connected
neurons that combines motor feedback, vestibular signals, and external cues to compute the animal’s head-
ing direction. Whether the underlying mechanism is universal across different species is unresolved. In
Drosophila melanogaster, for instance, the central complex contains three anatomically separate neuron
rings. Two rings receive countervailing velocity signals that shift neuronal activity bumps around all three
rings. By contrast, a single-ring compass has been discovered in the anterior hindbrain of zebrafish, consis-
tent with a single-ring attractor network that invokes velocity-modulated synaptic connections instead of
separate shifter circuits. However, as we now show, the zebrafish’s anatomical scaffold harbors three inter-
mingled rings, including two “hidden” shifter rings. We prove that the activity bump in all three functional
rings can overlap perfectly, making the rings hard to distinguish except through the shifter neurons’ skewed
tuning to rotation velocity. In addition, we find that head-direction cells in Drosophila and zebrafish exhibit
V-shaped velocity tuning, a feature not predicted by classical models. Taken together, our results suggest
that at least two evolutionarily distant species have converged onto the same basic three-ring compass

mechanism.

INTRODUCTION

Even in darkness, many animals retain a sense of direction
because their nervous system keeps a memory of heading, '
captured by the firing of head-direction (HD) cells.”~® Animals up-
date this memory by integrating angular head velocity (AHV) as
relayed by the vestibular system,* optic flow, or motor efference
signals,® with the HD-cell population acting as an internal com-
pass. Other sensory cues, such as visual landmarks,® are used
to correct the gradual accumulation of error during velocity inte-
gration.>® HD cells have been identified across many species,
including Drosophila,? desert locusts,” mice,” rats,® bats,® and
fish,>'% yet whether the generation and movement of the HD
signal rely on a universal mechanism remains an open question.

Two alternative mechanisms for the internal compass have
been put forward, both of which invoke at least one functional
ring of HD neurons that sustains a localized bump of activity
(Figure 1A). Skaggs et al."" proposed that separate circuits
cause this bump to move as the animal turns. These circuits
include neurons dedicated to HD representation, forming a
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“symmetric” (or “central”) ring, and two additional sets of “rota-
tion” or “shifter” cells, forming shifter rings: one sensitive to
clockwise (CW) rotation and the other to counterclockwise
(CCW) rotation' (Figure 1C). In the fruit fly (Drosophila mela-
nogaster), distinct anatomical structures instantiate the three
rings."®7'° Xie et al."” showed how one can reduce such net-
works to just the two shifter rings (Figure 1B) with no symmetric
ring at all. In vertebrates, however, no clear anatomical delinea-
tion between shifter and symmetric rings has been discovered to
date, leaving open the possibility that vertebrates use a different
mechanism that obviates shifter cells entirely. This alternative
paradigm asserts that AHV modulates all synaptic couplings
directly within a single ring (Figure 1D), causing the activity
bump to move without the need for shifter circuits.’®" This
mechanism could be implemented in terms of axo-axonic inter-
actions, such as those used by the fly to anchor its HD system to
visual stimuli.?*?°

The tuning properties of cells that are jointly sensitive to HD
and AHV might provide a means to distinguish between the
two models. For the original synapse-modulation mechanism
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Figure 1. Tuning to AHV distinguishes two
classes of ring-attractor networks

(A) Arranging head-direction (HD) cells as a ring and
using locally excitatory and long-range inhibitory
synaptic connections creates a stationary attractor
that maintains directional information but cannot
integrate angular head velocity (AHV) to yield HD.
On the right side, the synaptic connectivity of a
selected cell to the other cells is depicted.

(B-D) The shown connectivity patterns are repli-
cated for all cells in the respective ring.

Predictions

Synapse-modulation
network

(B) In shifter networks, countervailing velocity inputs

[y S— to a pair of neuron rings underlie AHV integration.
When an animal rotates counterclockwise (CCW),

0 the CCW ring receives stronger signals (large red

arrow) and becomes more active. In combination
with the CCW-skewed excitatory connections, the
o population activity is shifted CCW (left)—and vice
versa for clockwise (CW) rotations (right).

(C) A variant of (B) with an additional symmetric
ring projecting to both shifter rings. Shown is an
example with inhibitory connections from the CCW
(CW) ring that are skewed CW (CCW). Here, the
symmetric ring excites both shifter rings without a
skew. When an animal rotates CCW, the stronger
activity of the CCW ring inhibits movement in the
CW direction so that the population activity rotates
in the CCW direction (left). The same is true for CW
rotations (right).
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(D) Alternatively, networks with a global AHV-dependent modulation of synapse-strength asymmetry can integrate AHV, too. When an animal rotates CCW (left), all
synaptic strengths are skewed CCW and scaled by the angular-head speed, driving the population activity CCW. The same is true for CW rotations (right).

(E) The activity difference between opposite rotations distinguishes synapse-modulation networks from shifter networks. The activity of synapse-modulation does not
depend on the sign of AHV. In a shifter network, however, the activity difference (CCW-CW) increases for the CCW ring with increasing AHV, while the CW ring prefers
negative AHV. Only the activity of the symmetric (HD readout) ring is symmetric, as in the synapse-modulation network.

proposed by Zhang,'® ring neurons are only tuned to HD. In
models with shifter cells, however, conjunctive tuning to HD
and AHV is an obligatory consequence of the circuit, as the
shifter mechanism relies on an AHV-dependent activity differ-
ence between the two shifter rings. This mathematical require-
ment results in asymmetric AHV tuning of the shifter rings such
that the activity skews either to the CW or CCW direction.
Here, we show how subpopulations of zebrafish HD neurons in
the anterior hindbrain obey different AHV tuning rules, making
them similar to neurons across distinct anatomical structures
in Drosophila. Neuronal activity in both species is V-shaped as
a function of AHV: activity ebbs when the animal is at a standstill
but increases with rotational speed. In Drosophila, the V-shape is
skewed to the CW or the CCW direction in PEN-R and PEN-L
neurons, which correspond to the CW- and CCW-shifter circuits,
and is symmetric in the EPG, which represents the symmetric
ring. Applying our analysis to zebrafish, neuronal activity reveals
a balanced number of CW- and CCW-shifter cells. Anatomically,
the shifter rings are partially lateralized, and their preferred HDs
are non-uniformly distributed across all 360°. We develop a ring-
attractor network model that accounts for such non-uniformity.
Our general framework can be readily applied to other species
for which the anatomical layout of the HD system is unknown.

RESULTS

For an animal’s compass to track heading direction in the
absence of landmarks, the animal’s nervous system must

update an internal memory, either directly through input from
AHV cells or through separate rotation or shifter circuits.'® In
the second case, shifter neurons respond to both angular veloc-
ity and angular direction to control the compass.'’ Classical
models assume that CW and CCW shifter rings receive veloc-
ity-dependent bias inputs that are equal and opposite. In this
configuration, a velocity-induced activity increase in one ring
must be accompanied by an activity decrease in the other
ring."” We show that this does not need to be the case: accurate
AHYV integration only requires that the activity difference between
the shifter rings be proportional to AHV (see activity difference
between shifter rings). This has two main consequences. First,
due to the presumed symmetry between the two shifter rings
(see symmetry between shifter rings), the between-ring activity
difference at AHV @ equals the within-ring activity difference
between AHVs ®w and —w (Figure 1E). This establishes a
single-cell signature of shifter circuits, bypassing the need
for prior knowledge of ring identity. Second, activity in both
CW and CCW rings could still be at its lowest point when the
velocity is zero, with the tuning taking on a V-shape as a function
of AHV. Such a V-shape is consistent with synaptic or firing
rate adaptation mechanisms that promote the mobility of the ac-
tivity bump. Notably, if V-shaped tuning is found, it will be
skewed instead of symmetric in the shifter rings, corresponding
to a preference for CW or CCW motion, whereas it will be sym-
metric in the symmetric ring.

Most theoretical models for shifter networks separate angular
direction and angular velocity inputs so that velocity affects all
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Figure 2. The Drosophila HD system is consistent with a shifter network but not a synapse-modulation mechanism

(A) The fly’s HD system is located in the central complex.

(B) The core HD system consists of EPG neurons (pure HD tuning) and left and right PEN1 neurons (PEN-L, PEN-R, respectively; conjunctive tuning to AHV
and HD).

(legend continued on next page)
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network units on a given shifter ring uniformly, regardless of HD
preference. We follow this approach as well, except that we
generalize the velocity-dependent bias input to bghin(w) =
d(lo|) + kw, for which w is the angular velocity, g is any function,
in principle, and the coefficient k switches its sign for CW and
CCW rings. This mathematical model for the bias implies that
HD cells will acquire a sensitivity to AHV: conceptually, we start
with the tuning curve for AHV being any function of angular speed
(the absolute value of AHV), and then we introduce the linear term
kw to add a “tilt” in either the CW or CCW direction. In particular,
the AHV tuning in cells could be V-shaped relative to zero angular
velocity, with a possible asymmetry for CW and CCW motion.

The alternative approach originally proposed by Zhang'® envi-
sions that AHV affects synaptic strengths but does not affect HD
tuning. Short-term synaptic plasticity or axo-axonic interactions
cause the activity bump to move, but the shape of the bump
remains unchanged. Given the difference between the shifter
and synapse-modulation mechanisms, we decided to confirm
whether calcium imaging data from Drosophila, whose connec-
tome is well established, reveal AHV tuning in HD units. This will
be the basis for comparison to HD tuning in zebrafish, for which
the synaptic connectome is not fully known.

The Drosophila HD system has been extensively studied, both
functionally and anatomically.”'*~'® The fly’s central complex
(Figure 2A) contains three anatomically separate “rings” (Figure
2B): EPG neurons (symmetric ring) and two functional rings of
PEN neurons that are located in the fly’s left (PEN-L neurons)
and right (PEN-R neurons) hemispheres. The connections among
these neurons are consistent with a shifter network (Figure 2C).

When the fly rotates CCW, the animal’s angular velocity corre-
lates positively with the activity difference between left PEN-L
and right PEN-R neurons. Vice versa, when the fly rotates CW,
the activity in the PEN-R neurons rises more than in the PEN-L
neurons. Unlike PEN-R or PEN-L neurons, cells in the symmetric
ring (EPG) show no preference for rotation direction (Figure 2D,
left). In the network, thanks to excitatory connections from
PEN-L to EPG neurons that skew toward the CW direction,
whereas EPG neurons symmetrically excite both types of PEN
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neurons, the population activity of all three rings moves in the
CW direction. The reverse happens when the fly rotates in the
opposite direction.

Notably, angular speed, independent of direction, augments
the activity in all rings (Figure 2D, right). A shifter model can incor-
porate this effect by letting angular head speed increase the
overall drive (Figure 2E, positive angular head speed
modulation) without breaking the angular integration mecha-
nism. Extensive simulations covering a large range of model pa-
rameters (range of parameters) show that the activity difference
in response to opposing rotations remains an approximately
linear function of AHV (mean Pearson’s r = 0.999, SD =
7.61 x 107, in line with experimental results.'*

In summary, we can split the response characteristics of HD
cells into symmetric and antisymmetric functions of AHV
(Figure 2F), which allows us to separate the dependency on
angular head speed from that on AHV. Specifically, we use linear
regression to decompose individual HD-cell responses as

single HD-cell activity = f,-|@| + f,,-@ + f,-COS(A0) + co + e.

Here, j,| captures the modulation of the calcium signal by angular
head speed, while 3, reflects the AHV modulation, with g, > 0 indi-
cating a preference for CCW rotation and g, <0 a preference for
CW rotation. HD tuning is represented by a cosine of A9, which
is the difference between an individual cell’s preferred HD and
the current HD estimated from all HD cells. The term ¢ represents
baseline activity, and € accounts for noise contributions.

A key question is whether the regression coefficients are
statistically significant. A value of g, that is significantly higher
(or lower) than zero indicates a V-shaped (or inverted
V-shaped) tuning to AHV. For instance, in Drosophila, linear
regression revealed that about half of the EPG regions of interest
(ROIs) and almost all of the PEN ROls are positively modulated
by angular head speed (Figure 2H).

A cell with a significantly positive (or negative) g, suggests a
CCW (or CW) rotation preference, which, combined with the
dependence on angular speed, leads to V-shaped AHV tuning

(C) The HD system forms a three-ring shifter network. Connections from PEN-L to EPG neurons are excitatory and skewed clockwise (CW). Connections from
PEN-R are similarly skewed counterclockwise (CCW). EPG neurons excite PEN-L and PEN-R neurons without skew. When a fly rotates CCW (CW), PEN-L (PEN-
R) neurons receive larger AHV signals (large red arrow) and fire more strongly, shifting the population activity in the opposite direction, i.e., CW (CCW). Compared
with the conventional three-ring shifter network, this opposite rotation direction reflects the fly’s flipped anatomy but does not affect the rings’ overall function.
(D) The activity of HD cells shows V-shaped tuning to AHV, i.e., the cells are positively modulated by angular head speed, the absolute value of AHV (right). In
PEN-L neurons, the activity difference for opposite rotations increases with AHV, while in PEN-R neurons, it becomes more negative. The activity of the symmetric
ring exhibits no direction preference (left).

(E) In shifter networks, a positive modulation of angular head speed may arise from increasing the external inputs with angular head speed.

(F) Neuronal activity levels can be split into two independent components: modulation of angular head speed and AHV modulation. Three examples are shown.
(G) Linear regression reveals the contributions from modulation of angular head speed and AHV modulation. In addition to other predictors specific to the ex-
periments, the activity of HD cells can be predicted by angular head speed (|w|) and AHV (w). A significantly positive (negative) angular-head-speed coefficient Blal
indicates a positive (negative) modulation of angular head speed and a (inverted) V-shaped activity dependence, while a non-significant coefficient suggests that
there is no modulation of angular head speed. A significantly positive (negative) AHV coefficient j,, points to a CCW (CW) rotation preference, i.e., a CCW (CW)
ring, while a non-significant coefficient suggests no direction preference, as expected for a symmetric ring. Near-zero g, values of almost all HD cells indicate a
synapse-modulation mechanism. Otherwise, if the numbers of positive and negative g, values are (approximately) equal, this suggests a shifter network,
regardless of the number of non-significant g, values.

(H) The percentage of each tuning category among all ROls. Dots represent individual flies, and bars show the average percentage across 14 flies. There are 16
EPG ROls, 8 PEN-L ROIs, and 8 PEN-R ROls per fly.

(I) Confusion matrix between the classified rings and measured cell types.

(J) The conditional probability, i.e., the fraction of correct classification given the classified ring, is calculated separately for each ring. Dots represent individual
flies, and the horizontal lines mark the null hypothesis.

All error bars and shaded areas represent a 95% Cl calculated using bootstrap.
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Figure 3. The zebrafish HD system is consistent with a shifter network but not a synapse-modulation mechanism
(A and B) Bodies of HD cells are located in the anterior hindbrain (aHB). Cell axons and dendrites synapse in the interpeduncular nucleus (IPN).
(C) Preferred HDs are approximately topographically organized.
(legend continued on next page)
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that skews either to the left or to the right. We assign cells with
significant g, coefficients to putative CCW or CW rings, while
we pool all cells with non-significant g, i.e., cells that have no
distinct rotation preference, into a symmetric ring.

We provide a mechanistic interpretation of two possible
scenarios: first, a synapse-modulation network cannot be
ruled out if almost all HD cells have non-significant g,s. On the
other hand, equal numbers of significantly positive and negative
B, along with an arbitrary number of non-significant g, s, would
indicate a shifter network (Figure 2G).

The Drosophila system allows us to test this simple regression
framework against ground truth. To do so, we measured the
coefficient g, for the calcium activity in the protocerebral bridge
of 14 flies,'® used these coefficients to assign the ROIs to one
of three putative rings, and then compared this classification to
the known anatomical labels. The classification performance
was assessed using a confusion matrix (Figure 2I) and the con-
ditional probabilities of correct assignment (Figure 2J). These
probabilities were significantly above chance for the two shifter
rings (CW, M = 78.7%, 95% confidence interval [Cl] [57.2%,
97.3%], d = 2.03, Wilcoxon signed-rank test, W* = 88.0, n =
13, p < 0.001; CCW, M = 81.6%, 95% CI [57.2%, 97.3%], d =
2.65, W*=76,n=12,p <0.001; chance, 0.25) and the symmetric
ring (M =69.9%, 95% CI [567.2%, 97.3%],d =3.90, W*=97.0,n=
14, p < 0.001; chance, 0.5). The good match between the
neurons’ assignment and their true identity demonstrates the
general applicability of our theoretical framework to data from
HD-cell networks.

At high AHV, shifter models can support the emergence of
spatial phase shifts between the respective activity bumps in
the CW, CCW, and symmetric rings. This conforms with the
experimental results in Drosophila.'*'® Critically, though, such
spatial phase shifts are not a necessary consequence of the
shifter mechanism itself. We show mathematically (the veiled
shifter rings) that there are model parameters for which all mov-
ing activity bumps remain spatially coherent as they track AHV. If
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this were the case and the multiple rings were intermingled on
the same anatomical structure, only the conjunctive tuning of
AHV and HD remains as a signature of an underlying shifter
mechanism.

Keeping in mind that conjunctive AHV tuning is the only certain
signature of a shifter network, we applied the linear regression
framework to study the AHV dependence of zebrafish HD
cells, based on whole-brain calcium imaging in 27 individual
fish.'® The cell bodies of the imaged inhibitory neurons lie in
the anterior hindbrain, while their axons and dendrites project
into the interpeduncular nucleus (IPN) (Figures 3A and 3B). The
preferred HDs are topographically organized (Figure 3C), with
inhibitory connections between cells whose preferred HDs
are approximately 180° apart (Figure 3D). Experimentally, AHV
is inferred from tail movements in immobilized fish, which cause
a bump of network activity to shift. As in Petrucco et al.,’® we
convolved the AHV regressor with an exponential kernel with a
decay constant of 3 s. This kernel was normalized such that
the sum of its weights equaled one. For simplicity, we refer to
the smoothed AHV regressor as AHV hereafter.

Even without identifying separate, anatomically distinct
shifter circuits in zebrafish, linear regression analysis revealed
that such circuits are likely present on the same anatomical
scaffold, intermingling with each other in the anterior hindbrain.
Approximately equal proportions of HD cells were assigned to
putative CW (33.7%, 95% CI [26.6%, 41.1%]) and CCW rings
(83.1%, 95% CI [25.8%, 40.3%]; paired t test: #(26) = 0.08,
p =0.934, d,=0.02), based on their g, coefficients. The balance
in the number of assignments to putative CW and CCW rings is
consistent with a shifter mechanism.

Angular head speed positively modulated the activities of
most (2,053 out of 2,194) HD cells (Figure 3E). As expected,
the CCW (CW) ring preferred positive (negative) AHV, while the
symmetric ring showed no preference (Figure 3F). Comparing
the two species, the calcium activity in zebrafish HD cells drop-
ped more strongly when the AHV was close to zero (Figures 3F

(D) All recorded neurons are inhibitory. Connections occur between cells whose preferred HDs are roughly 180° apart.

(E) Linear regression reveals that the number of symmetric, clockwise (CW), and counterclockwise (CCW) cells is roughly the same, consistent with a shifter
network. In addition, almost all HD cells are positively modulated by angular head speed.

(F) The CCW (CW) ring prefers CCW (CW) rotations, and the activity of the symmetric ring shows no preference. When the AHV changes from zero to non-zero
levels, the activity of all neurons first increases abruptly, with a symmetric increase in the symmetric ring and an asymmetric increase in the CW and CCW rings. To
isolate the AHV modulation, the activity attributed to HD preference was removed based on the linear regression. See Figure S1 for fish-by-fish data. The AHV
shown corresponds to the original AHV convolved with a normalized kernel describing the calcium-indicator time course. See the STAR Methods for details.
(G) The strong increase can be incorporated into a ring-attractor model by a corresponding increase of the inputs.

(H) Example time series of estimated phases for each ring, derived from zebrafish no. 2. Only phases falling within each ring’s range of preferred HDs were
calculated.

(I) Sketch of the zebrafish HD shifter-network model. All neurons are inhibitory and receive a global excitatory input. The left panel shows the basic network motif:
inhibitory connections from the CCW (CW) ring to both shifter rings are skewed CW (CCW). When zebrafish rotate CCW (CW), the CCW (CW) ring receives larger
inputs and pushes the activity CCW (CW). The symmetric ring acts as a readout since the two shifter rings inhibit its most dissimilar HD representation. The right
panel shows the synaptic connectivity from the cells marked for each ring to other cells in the same or other rings.

(J) HDs were estimated from an example shifter network model of zebrafish using the measured AHV of zebrafish no. 2 as inputs. True HD was computed by direct
mathematical integration of AHV. Stationary periods were trimmed.

(K) Anatomical locations of HD cells belonging to the CW, CCW, and symmetric rings for all fish. See Figure S2 for fish-by-fish data.

(L) Upper: median location of each ring of each fish. Lower: distance between the median locations of the CW and CCW rings along the right-left, anterior-
posterior, and dorsal-ventral axes.

(M) Joint probability of finding a CCW-ring cell on the left side, or a CW-ring cell on the right side, relative to the chance level, i.e., the product of the marginal
probabilities.

(N) The distribution of the preferred HDs of the CW or CCW ring cells in zebrafish is non-uniform. See Figure S3 for fish-by-fish data.

(O) For a ring-attractor model with non-uniform HD distributions, the projecting synaptic strength is scaled by the inverse density of preferred HDs.

(P) As in (I) but using the model shown in (O).

All error bars and shaded areas represent a 95% Cl calculated using bootstrap.
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[right] and S1) than in Drosophila. Our model can be adapted to
incorporate this feature, though (Figure 3G). Together, these fea-
tures made the activity difference to opposite rotations no longer
alinear function of AHV. Note also that across the three rings, the
bumps could lag each other during rotations so that they exhibit
different spatial phases along the rings. On the contrary, though,
our theoretical derivation shows that the bumps’ spatial phases
can remain perfectly coherent at all times, as exemplified by
Figure 3H.

It is known that the connections of HD cells occur between
neurons whose preferred HDs are approximately 180° apart'®
(Figure 3D). We wanted to make more fine-grained predictions
about the connections within and across the putative rings, so
we created shifter networks to model the zebrafish HD system
that reflect the inhibitory nature of the recorded HD cells (see
model for the zebrafish HD system, Equations 17, 18, and 19,
following Xie et al."” For purely inhibitory networks to function,
all neurons must receive a global excitatory input. We assume
that the CCW ring makes inhibitory connections to both the
CW and CCW rings but that the connections skew toward the
CW direction. The opposite is true for the CW ring. The symmet-
ric ring acts as a readout, with the CW and CCW rings inhibiting
out-of-phase HD cells in the symmetric ring.

Modeling predicts that the strongest connections across the
shifter rings occur between cells whose preferred HDs are not
only close to'® but, in fact, slightly less than 180° apart. By contrast,
the strongest connections to the symmetric ring occur between
cells exactly 180° away, as sketched in Figure 3I. Of 1,296 net-
works in a grid search of model parameters, 246 could use AHV in-
puts to accurately track HDs of zebrafish trajectories (see Figure 3J
for an example). The Pearson’s correlations between these net-
works’ HD and the HD trajectory estimated from the zebrafish
tail movement were high (M = 0.995, SD = 0.048).

Surprisingly, the anatomical locations of putative ring cells in
zebrafish were not uniform across the anterior hindbrain but
depended on the identity of the ring. Cells belonging to the CW
ring tended to be located on the right side, while cells of the
CCW ring were predominantly present on the left side
(Figures 3K, 3L, and S2). The mean location of the CW ring
was more right than the CCW ring (M = 22.82 um, 95% CI
[6.86, 37.71], Wilcoxon signed-rank test: W = 77.00, n = 26,
p = 0.011, d, = 0.56). The mean locations of the CW ring
were also a bit posterior (M = —3.93 um, 95% CI = [-7.05,
—0.58], paired t test: t(25) = —2.35, p = 0.027, d, = —0.46)
and dorsal to the CCW ring (M = 3.96 pm, 95% ClI [0.99, 6.94],
t25) = 2.58, p = 0.016, d, = 0.51). These small effects
along the anterior-posterior and dorsal-ventral axes may reflect
a slight and systematic body tilt. The probability of finding a
CW-ring cell on the right side or a CCW-ring cell on the left
side was above chance (M = 0.034, 95% CI [0.007, 0.061],
Wilcoxon signed-rank test, W = 92, n = 27, p = 0.019;
M = 0.041, 95% CI [0.010, 0.072], W = 97, n = 27, p = 0.013,
respectively) (Figure 3M).

Individual fish show considerable variability in the location
of cells assigned to the CW and CCW rings. This might be a
side effect of the inherent variability in gene expression patterns.
The transgenic fish express a calcium indicator using the Gal4/
UAS system, which is known to exhibit variegated transgene
expression,”” leading to sampling bias in recorded HD cells.
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The anatomical lateralization of the CW and CCW rings could
lead to a non-uniform distribution of preferred HDs within the
CW and CCW rings. Indeed, neurons of the CW ring overrepre-
sent HDs between —180° and 0°, whereas CCW-ring cells pref-
erentially encode HDs between 0° and +180° (Figures 3N and
S3). This non-uniformity poses a challenge for the HD
compass, as it destroys the rotational symmetry postulated
for a continuous ring attractor. However, this potential short-
coming can be compensated for by scaling the synaptic
strengths by the inverse density of preferred HDs (Figure 30).
We implemented this correction and performed a grid search
on the same 1,296 networks and found that 54 networks
still track HDs with sufficient accuracy, although the angular
integration performance of these networks is not quite as
good (correlations: M = 0.981, SD = 0.113 compared with
M = 0.995; see Figure 3P for an example).

DISCUSSION

HD cells provide a stable neuronal representation of an animal’s
orientation in space. In both flies and fish, a localized bump of
HD-cell activity moves when the animal rotates but stays
still when the animal is at rest. As shown in rodents, ablation of
HD cells disrupts this internal compass and causes navigation
performance to deteriorate.”®

In vertebrates, the mechanism that underpins the rotation of
the compass is unknown. Moreover, the vertebrate connectome
is not as well understood as the insect wiring diagram. To shed
more light on how the zebrafish HD networks might integrate
AHV, we set out to draw a relationship between (observable)
neuronal activity and (potentially unknown) network structure
that would be equally applicable to Drosophila and zebrafish.

We considered two alternative mechanisms for how AHV can
move the activity bump along a ring: the first mechanism de-
pends on separate sets of cells that are conjunctively tuned to
HD and AHV, whereas the alternative bypasses the cell bodies
and dendrites and relies on presynaptic, axo-axonic modulation.
The Drosophila HD system uses the first method to control its
ring attractor.'®

Surprisingly, the presynaptic modulation required for the sec-
ond mechanism is a phenomenon that occurs in both Drosophila
and zebrafish HD networks, although its known role is slightly
different. In Drosophila, egocentric reference (ER) neurons
convey visual inputs to EPG compass neurons, which are modu-
lated presynaptically through axo-axonic contacts.?*?® This
mechanism provides the substrate for landmark anchoring.
Recent work has shown that these neuromodulatory inputs are
not themselves HD-tuned. ExXR2 neurons (extrinsic ring neurons
type 2) release dopamine onto ER terminals in proportion to
the fly’s rotational speed,”® while octopaminergic EL neurons
(ellipsoid body-lateral accessory lobe neurons) close a postsyn-
aptic-to-presynaptic loop that relays EPG activity back to ER
axons to enable coincidence detection across the ER-to-EPG
inhibitory synapse.?’

In zebrafish, the dorsal IPN (dIPN) is a similar neuropil in
which axo-axonic integration takes place. Habenula axons
carrying visual landmark information tile the entire lateral
extent of the dIPN, contacting all HD neuron dendrites,®?%%°
and in the intermediate IPN, presynaptic GABAg receptors on
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habenula axon terminals implement a coincidence detection
mechanism that links action to outcome via axo-axonic modu-
lation of GABAergic prepontine neurons,*® mirroring the facili-
tatory mechanisms established in the mammalian system.®'
Moreover, in zebrafish, spinal cholinergic interneurons control
fast, reliable, and fine directional motor responses through
purely axo-axonic interactions.*?

Based on these observations, we hypothesized that a similar
mechanism might also control the zebrafish HD ring attractor.
Such direct synaptic modulation could rescue a principal design
objective of ring-attractor networks: that the bump (“the attrac-
tor state”) should be invariant to position and velocity. '8

Instead, in both Drosophila and zebrafish, AHV affected neural
activity in a manner consistent with the more robust, albeit
cruder, shifter mechanism known to be present in Drosophila
and now presumed to exist in the zebrafish anterior hindbrain
as well. The observation of different types of V-shaped AHV tun-
ing curves dovetails with results from the bat dorsal presubicu-
lum®* and rodent brainstem nuclei, for which the discharge of
conjunctive HD cells is often a half-wave rectified (5, = S, >
0) or a full-wave rectified (3, = 0,4, > 0) function of AHV, called
“asymmetric-unresponsive” and "symmetric" tuning, respec-
tively, by Taube et al.>® Together with “AHV-independent” cells
(B = B, = 0), symmetric cells are prime candidates for the
symmetric ring, as are those “inverted” cells whose activity de-
pends on angular head speed only (8, = 0., <0). We predict
that these latter cell classes will fit like puzzle pieces into the
multi-ring shifter framework, given that we could show that
V-shaped tuning curves, even though not predicted by earlier
models, are compatible with angular integration.

Mechanistically, the simplest explanation for V-shaped AHV
tuning is firing rate adaptation: at low rotation speeds, a given
cell is driven for a longer time and hence adapts more than at
high rotation speeds. Adaptation, either of cellular or synaptic
origin, makes it easier for an activity bump to move and mini-
mizes metabolic expenditure at rest.*®® During active rotation,
higher bump amplitudes might signal salience or certainty or
even improve the signal-to-noise ratio of the HD representa-
tion.>**° Adaptation alone, however, does not explain asym-
metric AHV tuning. But asymmetric tuning can be energetically
advantageous in that it allows for lower mean spiking activity
compared with the classical AHV tuning.'”

We turned to reductionist models of ring-attractor networks
and simplified descriptions of how AHV affects activity. In
Drosophila, for which the ground truth is known, a simple linear
regression analysis rediscovered the shifter mechanism found
in earlier studies’*'>: PEN neurons on the left and right sides
of the protocerebral bridge had V-shaped AHV tuning that
“tilted” either to the left or right, whereas the tuning in EPG
neurons was symmetrically V-shaped. Applied to zebrafish,'®
the analysis revealed the same three classes of AHV tuning
as in Drosophila, but now intermingled on just one anatomical
scaffold: the fish’s anterior hindbrain. Moreover, the putative
CW and CCW units balanced each other in number. This finding
is consistent with both species using a shifter mechanism to
maintain an HD compass. Nearby non-HD neurons show
similar AHV preferences, which possibly reflects common
motor inputs to this brain region. However, we cannot rule out
that the signal from neighboring non-HD neurons bleeds
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through and confers apparent AHV tuning onto HD neurons
that have no such intrinsic tuning.

Compared with a synapse-modulation framework, the shifter
circuit is a more parsimonious explanation for the coexistence
of symmetric and asymmetric AHV tuning curves in zebrafish.
However, we cannot rule out elaborate extensions of the syn-
apse-modulation mechanism, as the velocity signal could, in prin-
ciple, do double duty in changing the synaptic strengths to modify
both the activity bump’s amplitude and velocity. This explanation
would demote the asymmetric AHV tuning from being part of the
mechanism underlying activity bump movement to being merely a
side effect. Specifically, we predict that the patterns of conjunctive
HD and AHV tuning correlate with asymmetries in the synaptic
coupling patterns across the tentatively identified sub-networks.
These predictions could be tested in future experiments using
optogenetic perturbations and connectomic tracings.

One notable difference between Drosophila and zebrafish ex-
ists: at high angular velocities, in Drosophila, the activity bumps
in the three rings shift relative to each other. In zebrafish, this phe-
nomenon would correspond to a broadening of the observed
activity bump, as this bump reflects the sum of shifting but still
overlapping individual activity bumps on the same anatomical
ring. AHV did not broaden the population activity bump in zebrafish
beyond a rescaling of the bump amplitude, however. We show
theoretically that a shifter circuit can have either effect: a constant
width of the population activity, thanks to all subnetworks remain-
ing locked to the same spatial phase, as observed in our data, or a
shift in the relative phase of the bumps across multiple rings.

Remarkably, our analysis identified an incipient lateralization
of the shifter circuits (the CW and CCW rings) in zebrafish to
the right and left anterior hindbrain. Moreover, the preferred
HDs in the CW and CCW rings were unevenly distributed.
For both phenomena, similar results have been reported in
rats.®>*" The lack of rotational symmetry poses a challenge
for ring-attractor network models, but we showed that models
with adjusted synaptic couplings can overcome this challenge.
With suitable modifications to reflect the GABAergic nature of
neurons imaged in zebrafish, we used ring-attractor models
to predict that the strongest connections among neurons in
the shifter rings should occur between cells whose preferred
HDs are almost, but not completely, opposite in phase. These
predictions need to be tested in the future.

In summary, our approach to system identification of ring-at-
tractor networks has the benefit of being extraordinarily simple.
It should prove particularly useful for vertebrate species, such
as fish, birds, and mammals, for which identifying the anatomical
circuit connectivity is more challenging than in flies. In fact, our
theoretical framework provides evidence that the rat HD system
constitutes a multi-ring shifter circuit, an indication that a key
computational motif for spatial navigation is conserved from fish
to rodents. Given that zebrafish and Drosophila diverged at least
550 million years ago, the functional similarity of their shifter net-
works likely reflects convergent evolution.
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Materials availability
This study neither used nor generated any reagents.

Data and code availability

® The Drosophila dataset is publicly available at https://github.com/
DanTurner-Evans/AngularVelocityData/tree/main/data. The file PEN1-
data.pkl was used.

® The zebrafish dataset is publicly available at https://zenodo.org/
records/7715850.

® The code for numerical simulations and data analysis is publicly
available at https://github.com/Musiclit/HD_cell.

@ All simulation and data analysis results are publicly available at https://
osf.io/ajzb5/files/agkf5.
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STARxMETHODS

KEY RESOURCES TABLE

REAGENT or RESOURCE SOURCE IDENTIFIER
Deposited data

Drosophila dataset Turner-Evans et al.'® https://github.com/DanTurner-Evans/AngularVelocityData/
tree/main/data

Zebrafish dataset Petrucco et al."” https://zenodo.org/records/7715850

Simulation and analysis results This paper https://osf.io/ajzb5/files/agkf5

Software and algorithms

Simulation and data analysis code This paper https://github.com/Musiclit/HD_cell

EXPERIMENTAL MODEL AND STUDY PARTICIPANT DETAILS

This study used publicly available data. Data from Turner-Evans et al.'®

licly available.”? Data from Petrucco et al.'® are publicly available.**

were generously shared by the authors and later made pub-

METHOD DETAILS

Dataset description

The dataset from Turner-Evans et al. > consists of recordings from 14 flies that were head-fixed but could move their legs and
abdomen on a free-floating foam ball. Each fly was recorded under dark or light conditions. Within each condition, five one-minute
recordings were acquired. Calcium activity (GCaMP6f) from the protocerebral bridge was used for classification. EPG neurons were
divided into 16 ROIs. PEN-L and PEN-R neurons were each divided into 8 ROIs. This resulted in a total of 224 EPG, 112 PEN-L, and
112 PEN-R ROls. See Turner-Evans et al."® for details. Recordings with visual feedback that rotated at twice the flies’ actual rotation
speed were excluded from the analysis.

The dataset from Petrucco et al.'® consists of volumetric light-sheet imaging of the anterior hindbrain in transgenic zebrafish
larvae exhibiting variegated GCaMP6s expression in GABAergic neurons. Zebrafish were head-restrained but free to move
their tails, and recordings were made in darkness or with a visual stimulus under either closed- or open-loop conditions.
Angular head velocity (AHV) was estimated by convolving the angles of tail movement bouts with an exponential decay kernel
(time constant: three seconds). We normalized this kernel so that its weights sum to unity. With this normalization, the
lowpass-filtered AHV reconstruction does not reach the angular velocities experienced in short swim bouts of freely moving
larval zebrafish. Given A = 0.2s for the time bins and 7 = 3s for the exponential kernel, the initial kernel weight is approximately
A/t = 1/15. An isolated tail movement would thus lead to an instantaneous AHV that is roughly 15 times as large as the values
in Figure 3F. For simplicity, we refer to the low-pass filtered AHV regressor as AHV hereafter. Four fish that rotated fewer than
three times in one direction were excluded, resulting in 27 fish for analysis. Individual animal IDs correspond to the sorted order
of folders in the deposited dataset.

|.15

Synapse-modulation network

In ring networks, neurons can be indexed by an angular variable , — = < 6 < z. Each neuron 0 has a time-dependent membrane
potential u(9,t) and receives input f(u(¢,t)) from other cells at positions ¢ .The function f(u) describes the cells’ nonlinear transfor-
mation from membrane potential to firing rate. An example of f(u) is the piecewise linear f(u) = max(u,0), also known as the ReLU
(Rectified Linear Unit) function. The synaptic coupling pattern is assumed to be position-invariant, so the coupling strength W(¢ — &)
between two neurons is a function solely of the difference A9 = & — & in the angular index of these two neurons. The neuronal dy-
namics are

. - _ult) + / " oW — 9)Fu(e 1) (Equation 1)

where 7 is the neuronal membrane time constant. When the synaptic strength is sufficiently strong, spatially modulated, and bidirec-
tional W(9) = W(— 0),i.e., an even function of 0, external input or fluctuations can lead to symmetry-breaking and the formation of a
persistent and stationary activity bump on the ring. Such a stationary solution is also known as an attractor state.

If the activity bump is to act as a compass, it should move when the animal changes its head direction. Now, if an activity bump
moves without changing its shape, it obeys the advection equation du(6,t)/ot + w(t)ou(6,t)/060 = 0O, where w(t) is the angular
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velocity. Zhang'® observed that shifting the d/00 operator onto the coupling matrix yields a symmetric and stable traveling solution
u*(6 — wt). In this case, the AHV must modulate the coupling strength as follows:

dWo(0)

W(0.1) = Wo(0) — rw(t) =

, Wo(8) = Wo(— 6) (Equation 2)

The term 7w (t)dWy(6)/d6 introduces a time-varying, velocity-dependent asymmetry to the effective couplings, which forces the
bump to move.

Shifter network

An HD shifter network typically consists of three rings of HD neurons, whose activities are denoted by ac,, (CW shifter ring), accw (CCW
shifter ring), and asym (Symmetric ring), respectively. Their dynamics is described by Equations 3, 4, 5, 6, 7, and 8. In some simulations,
we omitted the symmetric ring to obtain a two-ring scenario similar to that in Xie et al.'”

. 0agew (6, 1)

ot = - accw(& t)

N / " a6 [Wdiﬁ(e 0 = ) f(@en(@ 1) + bt — @)

+ Wsame (9 - 9, + (Pshiﬂ)f(accw (Q,a t) + bshiﬂ(w))
+ Wapitesym (0 — 6)F(@sym(6,1) + bgym(@) )] (Equation 3)

0acw (0, t
) o

+ /j dé Wi (0 — 0+ (/}shiﬂ)f(accw(e,vt) + bgpitt (@) ) ]

+ Wsame (6 — g - Pstir)f(@ow (0, 1) + benin( — ) )
+ Wshifh—sym (9 - gl)f(asym (0,71.) + bsym (a)) )] (Equation 4)

_0asym(0,1) _

ot - aSym (07 t)

+ /” d@l |:Wsym(6 — al)f(asym(elv t) + bsym(w))

-

+ Wsym<shit (9 -6+ (Psym)f(accw (9/7t) + bahitt (@) )

+ Weymeshit(0 — 0 — @gym)F(@cw(6 1) + benin( — @))] (Equation 5)

The neuronal activation functions f(a) of the shifter rings depend on the animal’s AHV via additive bias terms, bgnix (@) and
bshitt(— w), for the CCW and CW ring, respectively. Similarly, neurons in the symmetric ring receive a bias bsym(w). In all three
cases, the time-dependence of w has been omitted for simplicity. As some bias b is added to the neuronal activity a in the argument
of f, this is equivalent to a shift of f by a. In Equations 3, 4, and 5, the variables a represent neuronal activities before bias terms are
added to result in the membrane potentials u, whereas the dynamical variables in Xie et al.'” have been interpreted as synaptic
activations.

In the terms w(@ — & + a) the subscripts stand for couplings between the two different shifter rings, within the same shifter rings,
within the symmetric ring, and couplings from a shifter ring to the symmetric ring (and in the opposite direction). The parameters
Psnift» Psym are two constant angles creating skewed connections between the respective rings. We require all couplings w(6) to
be symmetric and periodic:

w(0) = w(—0) (Equation 6)
w(0) = w2z + 0) (Equation 7)
and the odd component of the input bgpiit(w) to be proportional to AHV:

bsnitt(@) = g(|lw|) + ko, k>0 (Equation 8)
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Activity difference between shifter rings
To analytically investigate the activity difference between shifter rings, we subtract Equation 4 from Equation 3, define z(0,t) =
accw (0,t) — acw(6,t) and obtain:

oz(0,1)
TT = — 2(97 t)

+ / ) dd {de(a — 0 — @i )f@ew(6,t) + ben( — @))

-

~Waii(0 — 0 + pein)(@cou (0, 1) + banin() )
+ Wsame(e - 0, + (pshiﬂ)f(accw(g/yt) + bshift(w))

~Wsame (0 — 0 — @gnin)f(@ow (¢, 1) + bshin(— )] (Equation 9)
Forwgis = Wsame, Equation 9reducestozdz(6,t)/ot = — z(6,t).In other words, the system relaxes to the solutionz(6,t) = 0, sothat

acew(0,1) = acw(6,t). In terms of the membrane potentials Uccw (0,t) = @cew (0, 1) + bshitt(w) and uew(0,t) = acw(0,t) + bshit( — o),
Equation 8 implies

Ugew(0,t) — Ucw(6,t) = 2ka (Equation 10)

If wgitr # Wsame We average angular-dependent variables 6 by integrating them from — z to = and denoting the averaged quantities
by (...). Because the synaptic couplings are 2z-periodic, the result of the integration does not depend on the offsets. Equation 9
becomes:

Td(?t(t) = — @) + (Wairr) — (Wsame))-
[ d01f(@u0.8) + b~ @) — F(@ecs(0.8) + buse(a)] (Equation T

For (wgit) = (Wsame ) the stationary solution vanishes, (z) = 0,i.e., (Ucew) — (Ucw) = 2kw. Otherwise, we simplify the equation and
approximate f(x) by a linear function, f(x)~f(0) + mx. Because the activation function is non-decreasing, m > 0. Independent of f(0)
the integration over ¢ results in

diz)(t)

T (=1 + 22m((Wsame) — (Waikr))){(2)(t) + damkao((Wsame) — (Waitr)) (Equation 12)

For time-independent w, the stationary solution is given by:

47[m(<wsame> B <Wdiff>)

— 2am({Weame) — (Waitr)) (Equation 13)

@ = 1

It follows that the difference between the membrane potentials of the CCW and CW rings is

2

Koo Equation 14
1 — 22m({(Wsame) — (Waitr)) v (& !

(Ucew) — (Uew) =

In conclusion, (Ucew) — (Ucw) is proportional to AHV, although the sign may differ depending on the specific parameters.

Furthermore, accw(—0, — ) = acw(0, ), asym(— 0, — @) = asym(0, w) (see Symmetry between shifter rings). Consequently, the
average activity difference between the CCW and CW rings at @ equals the difference in activity at w vs. — w within a single ring.
This finding enables the classification of rings based on single-cell activity.

Numerical simulations were employed to test the analytical results, which were performed using the discretized form of the differ-

ential equations, where integrals of the form foz” g(¢')de’ were replaced by 1, Zg'z 19((2n — 1)z /N). As systems with N = 50 or more
neurons in each ring showed only small finite-size effects, networks of this size were used throughout the numerical analyses. The
values within each ring were equally distributed in a range from — = to z. The neuronal time constant z was chosen as 20 ms. A syn-
apse-modulation network (Figure 1D), a two-ring shifter network (Figure 1B), and a three-ring shifter network (Figure 1C) were inves-
tigated. Neuronal activation functions f(u) were either threshold-linear or hyperbolic-tangent functions and synaptic coupling
strengths w(6) depended on the cells’ HD difference 6 in the form of cosine or as von Mises functions. The synaptic strength was
the same or different for the shifter rings. Consequently, there were four variants for the synapse-modulation network and eight var-
iants for each instance of the shifter-ring network. Grid searches were used for each variant to perform simulations across a large
parameter space. See Numerical simulations for details.
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Symmetry between shifter rings
In general, the angular velocity w is a function w(t) of time t. The solutions to Equation 3 to 8 obey

accw(— 0, — o(t)) = acw(0,0(t)) (Equation 15)

asym(— 0, — 0(t)) = asym(6, 0(t)) (Equation 16)

provided that these equations hold true at t = 0 as an initial condition. This symmetry is a direct consequence of the synaptic weight
couplings obeyingw(d — ¢ +a) = w(— 0 + ¢ F a). Implicit in this construction is the assumption that CW and CCW have the
same number of neurons, allowing the two shifter rings to balance each other.

Hence, the activity difference between the CW and CCW rings, averaged across 6, is equivalent to the difference between CCW
and CW rotations within the same ring.

The veiled shifter rings

Generally, the bumps in the three rings are shifted relative to each other. Consider the case in which the intra- and inter-ring couplings
obey Wsame # Waitt, but both weight matrices are sinusoidal functions of the angular difference Af, thatis, Weame = J cOs(Af + ¢y);
wait = K cos(AO + g@k). Then, to first approximation, the phase-shift A between the bumps is the stable solution to

Jcos(py) ® Kcos(px + A)

as long as such solutions are possible. (Generally, there are either two distinct solutions to the trigonometric equation, one that is
stable and one that is not, or there are no solutions.)

A special case occurs, though, when wesame = Wyisr. If we take the difference between the state variables a across two of the rings,
for instance, z = agew — acw, then

az
Pl z
with steady state z = 0. In other words, all bumps asymptotically will be at the same circular phase, even as they move along the
circle—if the rings all lie on the same anatomical scaffold, this will make them harder to distinguish.

We assume that this worst-case scenario is present in the real data. As a consequence, we can only identify CW or CCW
rings if we have access to accw + bshitt(@) Vs. acw + bsnit( — @), or equivalently, to the local firing rates f(acow(0) + bshitt(@))
VS. f(acw(é)) + bshift(— w))

Positive angular head speed modulation
As a proof of concept, we describe one way in which the synapse-modulation and shifter networks can be positively modulated by
angular head speed.

The numerical simulation procedure was the same as that described in Numerical simulations, except for differences in parame-

ters. For the synapse-modulation network, we implemented Equation 23 with f(x) = max(0,x) andw(6) = [J°ffse‘ + J5°4® .cos () —

Jseale g .sin(e)] (1 - @) In other words, we assumed that increasing the angular head speed additionally decreases synaptic

strength by a factor of (1 - "‘2—“‘) . We performed a grid search with J°ft ¢ [ — 100, — 98, — 96, ...,0] and J*@ ¢ [0,2,4,...,100].

For the two-ring shifter network, Equations 28 and 29 with Wit # Wsame, cOsine couplings (30) and (31), and f(x) = max(0, x) were
used. Additionally, bsnitt(w) increased with angular head speed, bspitt(w) = bo + ko + |kw|, bshit(— @) = bo — ko + |kw|. Agrid
search with J2ffset ¢ [~ 100, — 90, — 80,...,0], J%°% ¢ [0,10,20, ...,100] and Jg{]ifset € [— 100, — 80, — 60, ..., 80] was performed.

For the three-ring shifter network, we implemented Equations 34 to 36 with wsame # Wygit, COSine couplings Equations 30 and 31,
and f(x) = max(0,x). Additionally, we made bsym, increase with the angular head speed: bgym = 5:(1 + |kw|). We performed a grid
search with J352° o € [2,4,6,...,20], JSae ¢, € [2,4,6,...,20] and J3a€ € [0,0.5,1,...,5].

We quantified the effect of angular head speed on neuronal activity by fitting linear regressions and assessing their slopes. We also
examined whether the theoretical predictions hold, as described in Validation metrics. A total of 634 out of 2986 tested networks
accurately integrate AHV. Among them, the mean firing rate of 579 networks increases with angular head speed. All theoretical pre-

dictions were met.

Ring phase calculation
The phase of a population of neurons (Figure 3H) was calculated by fittinga + b cos(6 + ¢) to all neurons of that population, where a,
b, and ¢ are free parameters, 6 denotes the preferred HD of each cell, and — ¢ represents the phase.

Because the preferred HDs of a ring do not cover the entire orientation space, the phase estimated outside the preferred HD range
is meaningless. We therefore only report the ring phase when the whole-network phase falls within the preferred HD range of that ring.
To implement this, we first excluded fish whose preferred HDs of all HD cells contained a gap exceeding 60 degrees. For the remain-
ing fish, the whole-network phase was calculated using all HD cells. The preferred HD range of each ring was then defined as the
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union of all contiguous intervals of preferred angles, within which the difference between adjacent preferred HDs is smaller than 30
degrees. Finally, the ring phase was calculated only if the whole-network phase fell within any of these intervals.

Model for the zebrafish HD system
The network is an instance of the three-ring shifter network described by Equations 3, 4, 5, 6, 7, and 8, discretized to Equations 34, 35,
and 36, with synaptic couplings given by:

_ [— Jso+J1 exp(k(cos(d — & £pgn) — 1))]"

(Equation 17)
2r

Wsame(e - 0' + g)shif‘t) =

+

[ — Jao+J1 exp(x(cos(d — 6 £pgun) — 1))]

(Equation 18)
2

Waitt(0 — 0 + i) = —

[ — Joo +J1 exp(x(cos(@ — &) — 1))]"
2n

Weymesnit(0 — 0) = — (Equation 19)
where []* = max(0,x) denotes the ReLU threshold-linear function. Angular offsets are taken as g,z = — 87/9 and g5y, = 0. To
incorporate the abrupt increase and modulation of angular head speed in activity, bshiit(w) = 1 + 0.1w + h(®), bsym(®) = 1 + h(w)
where h(w) = 0.3-sgn(lw|) + 0.1-|w|.

As a proof of principle, a ring attractor network with non-uniformly distributed 6 was developed:

ok Ab; .
0 = ,; AB, — - (Equation 20)
2nAap .
A6, = S Aa, (Equation 21)
Aa, = (1 + COSW) +2 (Equation 22)

Here, n is the index of the neuron and ranges from 1 to N = 50. The original synaptic couplings w(8; — 6x) were scaled by NAa,/
> mAam to compensate for the non-uniform distribution. y is the center of the low-density region, which was set to — /2 for the CCW
ring and z/2 for the CW ring.

A grid search was performed with Jso,Jao,J1 € {0,10,20,30,40,50} and « € {0.63,1.10,1.91,3.31,5.75,10.00} for the two
model variants. All networks that accurately integrated constant AHVs were selected for a performance test using real trajectories
from the 27 zebrafish, which are sampled at 5Hz. HD trajectories for all zebrafish were calculated by direct mathematical integration
of the turning angles estimated from tail movement. To reduce computation time, any consecutive stationary periods longer than 2
seconds were replaced by a two-second stationary period.

To calibrate the network, we first calculated the gain G from bg, to the speed of network phase using multiple constant AHVs.
When testing the performance using real trajectories, the bghist was divided by G. The numerical simulation procedure is described
in Numerical simulations.

Numerical simulations
To numerically simulate the networks, we discretized Equations 1, 2, 3, 4, 5, 6, 7, and 8 with N = 50 neurons per ring. With this N, a
reasonably smooth approximation of continuous attractor states was obtained. The neuronal time constant r was taken to be 20 ms
for all networks. Each neuron was assigned an angular variable 6;, with the integer index i ranging from 0 to N — 1 and the 6;’s tiled
(— =, z] uniformly. This determined the synaptic couplings, which were either cosine or von Mises functions of the angular differences
0; — ;. Further details on these coupling matrices are given below for the different networks. In most cases, a constant offset was
added to the coupling matrix to simulate uniform inhibition.
Synapse-modulation network
A discretized version of Equation 1 was implemented:
day, (1) 1Y
=1

Pl = —ay ()

+ w(6 — 6;,t)f(aq (t) + bo) (Equation 23)
/

This network is identical to the one proposed by Zhang'® since the bias by can be absorbed into the definition of the neuronal acti-
vation function, fo(x) = f(x + bo).
To test the influence of different network connectivities, we used (a) a cosine synaptic coupling function:

w(0,t) = — Jofset 4 Jsde . cos(9)

e5 Current Biology 36, 3284-3293.e1-e12, July 6, 2026



Current Biology ¢? CelPress

OPEN ACCESS

—J%% . ke(t) - sin(6) (Equation 24)
and (b) a von Mises synaptic coupling function:
W(9 t) - _ Joffset + Jscale . ex(cos(ﬂ)—‘l)
— S5 . k() -k sin(@) - os@ -1 (Equation 25)

Here, Joffset and Jsc@e are two free parameters, with — J°fet < 0, a constant factor modeling inhibition, and J5¢@¢ > 0, a
scaling factor. A large (small) concentration parameter x of the von Mises function results in a narrower (wider) connection
range. We performed grid searches over the parameters Joffset, jscae gnd k. Since only the product of k and » enters the
dynamics, we did not treat these two parameters individually but rather examined the correlation between the speed of the ac-
tivity bump and kw.

We implemented two prominent neuronal activation functions, the threshold linear “ReLU” function:

f(x) = max(0,x) (Equation 26)
and the hyperbolic tangent
fix) = 7tanh(2x)+1 (Equation 27)

Two synaptic coupling functions and two activation functions resulted in four variants of synapse-modulation networks. Note that a
network with a threshold-linear function and zero external input cannot form a ring attractor, because if ag (6, t) is a steady-state so-
lution to the network, then for any ¢ >0, c-ao(6, t) is also a solution.

Shifter network
We implemented a discretized version of the shifter network (Equations 3, 4, 5, 6, 7, and 8) with two rings (Figure 1B) and three rings
(Figure 1C). For two rings, this amounts to

a1
Tt

= () +

0>

Weamo (6 — 0 + (psh,ﬂ,t)f(agcw( ) + bshiﬂ(m)) +

N
Wi (6 — 6 — (/)shiﬂvt)f(azjw(t) + bsnite(— (U))] (Equation 28)
dag”(t) .
T = Ayt +
N
N - Z {Wsame i (pshlﬂ7t)f(azjw(t) + bshiﬂ(—w)) +
wair (6 — 6 + (pshiftvt)f(azcw( ) + bshift(w))] (Equation 29)

Here, N = 50, pgnir = /9, bsnitt(w) = bo + kw,bsnitt( — @) = bg — kw, and by was chosenas by = 1. This network is a special
case of the model proposed by Xie et al.,” though with transformed dynamical variables.

We analyzed networks with Wggme = Wy, and with wegme 7# Wi FOr networks with wgame # Wyiss, Synaptic couplings were either
chosen as cosine functions:

Weame(0) = — JIHet 1 Jooal . cog(9) (Equation 30)
Wairn(0) = Jet + U5 . cos(0) (Equation 31)
or von Mises functions:
Weame(6) = — Jggﬁfet + Joeale . grlcos() - 1) (Equation 32)
Wair(0) = JT + JoHe L ool (Equation 33)
For networks with Weame = Wair, we set Joffset = joffset = joffset yepg joffset  joifset  jscale gre three free parameters; — JoMfSetis a

constant inhibitory background, — JSfset < 0; JSfiset can be positive or negative, and J5°¥¢ scales the excitatory contribution,
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Jseale > 0. Because Xie etal.'” proved that the scaling factor of wgame and wyi have to be identical for accurate AHV integration, we
used the same convention.

For the activation function, we used either a threshold-linear or a hyperbolic tangent function as described by Equations 26 and 27.
In total, the two synaptic coupling functions, two activation functions, and two versions of wsame and wyigs resulted in eight variants of
the two-ring shifter network.

Similar considerations apply to the three-ring shifter network, whose dynamical equations are given by

da (1)
Tt

= —aF(h) +

N ' Wdiff(gj — Ql)f(aglw(t) + bshiﬂ(* a))) +

1 N
j=1

Wsame (0i - @)f(a%cw(t) + bshiﬂ(w)) +

Wihift—sym (01' - aj)f(azlym(t) + bsym)] (Equation 34)

dag (1
at

: = —a(t) +

N :

1 N
j=1

|:Wdiff (0,‘ - @)f(a,‘jfw(t) + bshiﬂ(w)> +
Wsame(@i - @)f(a;w(t) + bshift(— a))) +
Wohift—sym (9i - @)f(az_ym(t) + bsym)] (Equation 35)

_da" (1)
dt

- e+

N :

N
1
j=1

|:Wsym (9, — @)f(azlym(t) + bsym) +

Weymeshirt (6i — 6 + (psym)f(a?}jcw(t) + bshift(w)) +

Wsymeshift (6’; -6 - %ym)f (agjw(t) + bshiﬂ(fw)ﬂ (Equation 36)

We set bshitt(@) = bo + Kk, bsnitt( — @) = bo — kw,bo = 1,bsym = 5, psym = — 87/9. This class of network is reminiscent of the
models proposed by Boucheny et al.** and Song and Wang,'? as well as the model for the fly HD network in Turner-Evans et al.’®

We studied networks with Weame = Wair and Wsame # Waist. FOr networks with wgame = Waist, the synaptic couplings were either
cosine functions:

Wsame (0) = Wai(0) = — Jzﬁﬁlte-(‘] — cos(0)) (Equation 37)
Weniftesym(0) = Jimme oym-(1 + COS(0)) (Equation 38)
Weymeshit(0) = — Jom® o-(1 + cos(6)) (Equation 39)
or von Mises functions:
Weame(0) = Wain(0) = — Jicae.ge(-cos0)-1) (Equation 40)
Wanittesym (6) = J3rme oym-€"©@ Y (Equation 41)
Weymeshin(0) = — Jz;ﬂ?—shiﬂ'ek(cos(g)iﬂ (Equation 42)
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For networks with Wsame # Wait, We set Wsame = 0. The three non-negative scaling parameters, JS3e, Jgﬁﬁ{isym, Jg;;'ishm, sepa-
rately control the synaptic strength between the two shifter rings, from the symmetric ring to both shifter rings, and from the two
shifter rings to the symmetric ring.

As for the two-ring model, we implemented threshold-linear (Equation 26) or hyperbolic-tangent (Equation 27) functions. Two
synaptic-coupling functions, two activation functions, and two versions of wsame and wgiis resulted in a total of eight variants of
the three-ring shifter network.

Range of parameters

For each type of network, there were four (synapse modulation) or eight (shifter network) model variants, and there were two to four
free parameters for each synaptic coupling function. We performed grid searches over these parameters for each model variant.
Except for k, parameters ranged from 0 to 100. The selection of xk was based on pilot simulations.

For the synapse-modulation network and two-ring shifter network with wsame = Waitr, we performed grid searches with Joffset =
4ng, J°3® = 4ny, whereng,ny € [0,25] N Z; and, if applicable, x = 10-06+024% n, ¢ [0,5] N Z. This choice resulted in 676 networks
with cosine couplings and 4056 networks with von Mises couplings.

For the two-ring shifter network with wsame # Waisr, we carried out grid searches with Jg;f;e; = 10ng, J°@ = 10n;, where ng,ny €

[0,10] N Z; and J3ft = — 100 + 20n,,n, € [0,9] N Z, and, if applicable, x = 10708+024% n, ¢ [0,5] N Z. This resulted in 1210
networks with cosine couplings and 7260 networks with von Mises couplings.

For the three-ring shifter network, we performed grid searches with Jg;;'ishiﬂ = 10no,J§ﬁ§{‘isym = 10n4, where ng,ny € [1,10|N Z;
J%e = 10n,,n, € [0,10] N Z; and, ifapplicable, x = 10706+024m ny ¢ [0,5] N Z. We did not incIudng)C,fﬂ‘f_Shiﬁ =0and Jgﬁf}{‘f_sym =0

because the connections between the symmetric ring and the shifter rings should be non-zero to move the activity bump. This setting
resulted in 1100 networks with cosine couplings and 6600 networks with von Mises couplings.

If none of the investigated networks linearly integrated angular head velocity, we carried out additional grid searches with param-
eters that more densely covered the area that might result in valid networks. This happened once for the three-ring shifter network
with wyis # Wsame, COSine weight function, and threshold-linear activation. To more closely analyze such networks, we performed an
additional grid search with J$%a° o = 20, JS4° (. = 2n4, where ng,ny € [1,10]NZ, and JSa¢ = 0.5np, where n, € [0,10]nZ,
which resulted in 1100 extra networks.
Criteria for stability
To test the integration properties of the HD networks for nonzero AHV, we first selected networks that had a stable single bump for
zero AHV (w = 0). To this end, each ring was initialized asa(¢) = [cos(6)-10~8] © 41072, where [X]" = max(0,x). The small cos(6)
term was used to anchor the peak location of the activity profile near @ = 0 and the minute term 10~ 2 was included to avoid division
by zero. The Python function “scipy.integrate.solve_ivp” in “SciPy 1.9.1” was used to solve the differential equations, employing
an explicit Runge-Kutta method of order 5(4). We ran simulations for networks with different parameters separately. Numerical
integration was performed in successive time intervals: 0 — 300 ms,300 — 400 ms,400 — 500 ms, and so on. After each interval,
the dynamical system was examined for convergence to a stable state. The process continued until convergence was confirmed
or the simulation time reached 1000 ms. The initial interval (0 — 300 ms) was longer than the following ones to allow the network
to evolve to an approximately stable state before being examined for the first time. The value of a,, (t) was sampled at 50 ms intervals.
The first and the last recorded time points for each examination interval were denoted by t; and t.nq, respectively.

For each examination interval, we first determined the tolerance of integration error. The numerical integration kept the local error

azf‘g (t)‘ + ayo With @y = min (mgax <a2_”9 (to)) — n}in <a27‘9 (t0)>> x 10~8. We terminated the integration if
! ring )i ! i !

estimates lessthan 10~ 6 x

the maximum of any a;if”g(t) exceeded 10°.
At the end of an examination interval, we checked whether the network formed one stable activity bump for each ring. First, we

assessed whether a bump had formed at all. We defined saj" () = a9 (t) — min <a2{”g(t)) and checked whether

88" (tong) <1073 (Equation 43)
and
|68™ (tong) — 5a21”g(tend)} / |88™ (tenq)| <0.01 (Equation 44)
where
. 19 i
529 (tyng) = 5 ; 52 (tong) (Equation 45)

If these conditions were met for all rings and 6;, we concluded that no bump had emerged and terminated the simulation.
Next, we checked whether the network formed multiple peaks for each ring. Peak detection was based on local maxima and their
prominence, using “scipy.signal.find_peaks”. If multiple peaks were identified, the simulation was terminated.
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Third, we asked whether the represented head direction, calculated as vector average, was stable. We defined vectors as
E’;‘?g( ), whose magnitude was &aj,"(t) and whose direction was 6. We checked whether "5a™M9(t), the vector average of

ﬁ;‘j‘g( t), changed between teng and teng _ 1:

Ag’ring(tend) _ Agring(tendq)‘ > (5 — %) N (Equation 46)
Here, teng -1 denotes the sampled time point immediately preceding the final time point. £ represents the angle of the
vector in the range ( — =, z]. If this was true for at least one ring, we regarded the activity bump as unstable and terminated
the simulation. The right side of the equation was designed to make the condition increasingly strict as the time approached
1000 ms.
Fourth, we checked whether the population profile kept the same shape between tgg and teng_1:

a;)m (tend—1) - a;}ifng (tend)‘ <&tol (Equation 47)

Here:
ai = 0.01 min(&a;;:agx, ‘agifing ) (Equation 48)
daye = maX(éaZf”g(tend)) (Equation 49)

I
and
N

a,, 9| = Z a" (tena) ‘ (Equation 50)

If these were true for every ring and 6;, we regarded the shape of the activity profile as stable.
Fifth, we checked whether the represented direction was strictly stable:

t € [tena — 200, teng] (Equation 51)

—— —_—
’453 0" (tena 1) — £ 88 4" (tl) N

If these were true for all rings and 6;, we considered the represented direction stable.
If the represented direction and the population profile were stable, we concluded that the network had reached its stable state and
checked whether the activity had formed a bump:
‘Earing (tend) — 532,-ng (tena) ‘
)@ring (tend)|

>0.1 (Equation 52)

If these were true for at least one 6; of a ring, we termed this network a “stationary-valid network”. Otherwise, we regarded the
network as invalid. Only stationary-valid networks were selected for the simulation with @ # 0.
Criteria for accurate velocity integration
Next, we examined whether the angular velocity of the represented head direction correlated linearly with kw. We
performed simulations with kw € {— 1.0, — 06, — 0.3, — 0.1, 0.1, 0.3, 0.6, 1.0}. For each network with a specific
parameter combination, we ran eight simulations for every ko value. For the initial state, the network’s final state in the
stationary state simulation was chosen. The procedure was the same as that in Criteria for stability if not mentioned otherwise.
The examination interval was 0 — 200 ms, 200 — 300 ms, 300 — 400 ms, and so on, until it reached 1000 ms. We set the
first examination interval shorter than in the simulations of the stationary state because pilot simulations suggested
that 200ms is enough to reach a stable state in most cases. The network state was sampled every 20 ms, resulting in a
maximum calculable velocity of 25 turns (or 9000 degrees) per second. We denote t; as any recorded time point of the current
examination interval.

At the end of each examination interval, we checked whether the population profile was flat or had multiple peaks. Next, we
computed the angular velocity of the represented direction, wneura, for each ring, based on the angle of the vector average,

< da ””9( /). First, we computed the raw speed estimate as the difference in the represented direction between two consecutively
recorded time points:

@9 (t) = [Ag’nng(tj) _ /saring (tj,1)]-% (Equation 53)

raw
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whose unit is neurons per 20 ms or turns per second (as N = 50). Next, we calculated the maximum direction difference (unit: one
neuron) in the current examination interval:

d;i:a%( — maX‘ZEring(tend) _ Agring (tj)’zﬂ (Equation 54)
j T

For either ring, if d™% <1 and the signs of @3 (t;) were not consistent across t;, or d™9 <0.01, then we considered the activity
bump as stationary and terminated the simulation. Otherwise, we regarded the rotation direction as the majority of the signs of

wrmd(t). We extend the range of 2 6a g (t)) from [z, 7) to (—x, o] by adding 2z to 2 6a"ng (t}) whenever the sign of wpmg (t)

was not the same as the rotation direction. The resultant variable was ¢ (t;). Next, we calculated the true angular velocity
@M () = N(O™(t;) — 6™9(t_1))/2z. We additionally assessed whether o™ (t;) exceeded the maximum calculable speed and
found that none of the "9 (tj) values was larger than eight turns per second (or 2880°/s).

Finally, we examined whether the angular velocity, »""9 (t,) was stable for each ring. First, we checked whether:

|max (@™ () — min(o™(t))]| <0.2 turns /s (Equation 55)

Second, we aligned the population profiles a;ii"g (t;) on the ¢ axis by shifting them by R[nj@""%] neurons, where n; is the number

of recorded time points from the start of the examination interval to t;, @9 is the average angular velocity across all time points,
and R|x] rounds x to the nearest integer. The aligned population profiles were azfrjagngn (t,) We checked whether the population profile
maintained the same shape:

rin

a;)i;r,]glign (tend) - af),v 91 Jalign (tend) (Equaﬁon 56)

ring f ring
m].ax (aé),-,align (tl) ) - I'T'Ijln <a9,,align (t/) )< miax

If the above two conditions were met for all rings and all §; (050 = 6o, we regarded the angular velocity as stable and terminated the
simulation. The represented angular velocity was calculated as wneyral(®) = mz;‘”:1 Zringw”“g (t,) where nying is the number of
rings, and w is the parameter of the current simulation. If the time reached 1000 ms and the above conditions were not met, the simu-
lation was terminated, and the network was considered unstable.

The networks with stable angular velocity were further examined for the linearity between ko and wneural(@). We defined the linear
range of a network as [ — kww,kwu]. Here, koy represents the maximum ke such that, for any ke, < kwy, the absolute Pearson’s
correlation between the sequence ( — kom, —kom-1, ...,kom 1, kom) and the corresponding angular velocity of the network (wneural)
exceeded 0.99. Here, mM € {2,3,4}, koo = 0,kw1 = 0.1, kwo = 0.3, kwsz = 0.6,kws = 1.0.Ifkoy = 1, we regarded these net-
works to be linearly integrating AHV.

Numerical validation of the derivations

Validation metrics

Here, we examined whether the mathematical predictions also apply to networks with a finite number of neurons and whether
the approximations used in the derivation hold. All the examinations were performed on ay, (tend.,,,), where each tenq,, is the final
time point of a simulation with a particular kw. In this section, we denote this quantity as ay, (). For the synapse-modulation networks
that are valid in the stationary state, we examined whether the activity profile maintained the same shape regardless of kw. First, we
calculated the unit difference Aa as the maximal activity difference between two neighboring neurons in the steady state:

Aa = mé';lx|agf(w =0) —ay ,(w = 0)] (Equation 57)

Here, 050 = 6p, Aa serves as a measure for the imperfect alignment resulting from a finite number of neurons. Next, we aligned
the peak location of the activity bump in the moving-state simulation to zero, obtaining ay, aign (®). In the stationary state, the peak
location was already at zero. Then, we calculated the absolute difference between the moving-state activity and the steady-state
activity, dg (@) = |ag,aign(®@) — a4,(0)|, and divided this quantity by Aa to obtain a normalized deviation: dg, nom (@) = dy(w)/ Aa.
If the normalized deviation exceeded unity, we considered the shape to be mismatched.

The alignment was done in three steps. First, we shifted the activity by R [Ag((u) %} neurons and got ay, 1 (w), where éayg, = ag, —

min;ag,, and R[x] rounds x to the nearest integer. Next, we shifted a,, 1 (@) toward the positive or negative direction by one neuron, and
obtained ay, »(w) and ag,3(w), respectively. Finally, we calculated the relative deviation of ay, 1(®), ag 2 (w), a9, 3(®), and selected the
one with the smallest mean relative deviation dnorm (@) as ag, aiign ().

We additionally assessed whether the peak firing rate f(ay,, (®) + bo) (@bbreviated as 7, (»)) was the same regardless of ko.
Here, Omax = argmaxgfy (w). First, to roughly estimate the error caused by the finite number of neurons, we calculated

Af = %max(|f9max(0) — Fomae 1 (O)], |fomax (0) — Fo.1 (0)]) (Equation 58)
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We further calculated the normalized maximum firing rate difference:

df,norm(w) = %_(Ofimm (Equation 59)

and examined whether df norm (@) <fHA—f(0) + 0.01. We added 0.01 because when there were more than three approximately equal-
valued maxima, Af was almost zero. If the condition was not met, we considered that the peak firing rate did not match.

For the shifter networks, we examined whether the activity difference between the shifter rings was proportional to kw. We calcu-
lated Pearson’s correlations between ko and the difference between the peak firing rate of the CCW and CW rings:

F(@" () + benin(w)) — f(afy (w) + beni(— o)) (Equation 60)

and the difference between the mean firing rate of the CCW and CW rings, i.e.,
1 ccw cw .
NZW&"" (@) + bShiﬂ(“’)) - f<aa,- (0) + bshiﬂ(‘@)] (Equation 61)

We included all networks with a stable angular velocity, and calculated the correlation between [ — kawy, kom] and the two variables
for each network separately.

We also examined whether the activity of the CW and CCW rings was mirror-symmetric to each other for all networks with a stable
angular velocity. We first flipped the activity of the CCW ring. Next, we aligned the activity of the CW and CCW rings by minimizing the
difference between their vector-average directions. Finally, we calculated dy, norm (@) and Aa. The procedure was the same as for the
synapse-modulation network, with the activity of the CW ring playing the role of the activity of the synapse-modulation network when
o = 0. We also examined the symmetry of the symmetric ring using the same procedure for the shifter network with three rings.
When weame = Wair, Wwe additionally examined whether ag®" (v) = ag¥(w) by verifying that |ag™ (o) —ag" () <1078 for all ¢;, w,
and networks that were valid in the stationary state.

Synapse-modulation networks

For all simulated networks, and tested values of ; and w, the activity matched, dy norm(@) <1, M = 0.103, SD = 0.115, Max = 0.591.
The peak firing rate also remained the same: all d¢ norm (@) < Af /fy,..(0) + 0.01, M = 0.005, SD=0.007, Max = 0.052.

Shifter networks

The mean and peak firing rate differences between the CCW and CW rings increased almost linearly with w. Mean firing rate,
Pearson’s correlation: M = 0.993,SD = 2.14 x 10~2, min = 0.566; peak firing rate, correlation: M = 0.999,SD = 8.41 x 103,
min = 0.323. Additionally, if the synaptic coupling function of the two shifter rings is the same (Wgir = Wsame), then the activity

variable a of the CCW and CW rings is exactly the same in the steady state, up to machine precision, V9, |ag"(w) — ag"(w)| <

1.40 x 10138,

The activity of the two shifter rings is symmetric in 6 and . dg, norm(@): M = 2.19 x 1075,SD = 3.28 x 1074, Max =5.20 x 1072.
The same holds true for the intrinsic symmetry (regarding 6 and o) of the symmetric ring. dg, norm(@): M = 1.60 x 10-8,SD = 1.60 x
104, Max = 4.34 x 10-2.

QUANTIFICATION AND STATISTICAL ANALYSIS

Statistical analyses were performed in Python using custom scripts alongside the pingouin (v0.5.5), scipy (v1.10.1), and statsmodels
(v0.14.1) packages.

Classification with linear regression

We applied linear regression as described in the main text and classified each ROI or neuron as belonging to the symmetric, CW
shifter, or CCW shifter rings. In addition to the predictors in the main text, the condition (dark or light) and its interaction were
included while predicting the activity of ROIs from Drosophila. The sample sizes were 448 ROlIs for Drosophila and 2,194 cells
for zebrafish. The linear regression coefficient was considered significantly positive (or negative) if the coefficient was greater (or
smaller) than zero and the p-value was below 0.05 after applying the Bonferroni correction for multiple comparisons. This
correction was performed independently for each species. Detailed findings are presented in the results section, Figures 2H
and 3E.

Statistical test

Network performance in tracking head direction (HD) was evaluated using Pearson’s correlation between the network-derived
HD estimates and the ground truth. Correlations were calculated independently for each zebrafish trajectory. To optimize compu-
tational efficiency, stationary segments exceeding 2 seconds were truncated to a 2-second duration. The sample size for each
correlation corresponded to the total number of time points in the resulting trimmed trajectory. The mean and standard deviation
of these correlations are reported in the results section.
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For statistical tests comparing central tendency, we first assessed normality using the Shapiro-Wilk test. Depending on the
outcome, either a t-test or a Wilcoxon signed-rank test was applied. For sample sizes of 15 or fewer, we used the Wilcoxon
signed-rank test directly, bypassing the normality check. To facilitate comparisons across tests, effect sizes were quantified as stan-
dardized mean differences for paired samples (Cohen’s d,) or one-sample tests (Cohen’s d). Ninety-five percent confidence intervals
were estimated using nonparametric bootstrap resampling (5000 iterations).

When testing classification accuracy for each ring in Figure 2J, the sample size was defined as the number of Drosophila with at
least one ROI classified to that ring. For testing differences in the percentages of CCW and CW cells in Figure 3E, the sample
comprised 27 zebrafish. For comparisons of anatomical location in Figure 3L, the sample comprised 26 zebrafish with at least
two neurons in each of the CW and CCW rings. To test whether the probability of finding a CW-ring cell on the right side or a
CCW:-ring cell on the left side exceeded chance level in Figure 3M, the sample size was 27 zebrafish. Detailed results are reported
in the results section and Figures 2 and 3.

The nonuniformity of the distribution of preferred HDs for each fish was assessed using the circular Rayleigh test. The significance
level was set at 0.05 divided by the number of zebrafish (27). Significant non-uniformity was illustrated by red axes in Figure S3.
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