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T H E T O T A L IN T H E C A T E G O R Y OF M O D U L E S 

F r i e d r i c h K a s c h 

M a t h e m a t i s c h e s I n s t i t u t 

U n i v e r s i t ä t M ü n c h e n 

T h e r e s i e n s t r a ß e 3 9 

D - 8 0 0 0 M ü n c h e n 

1. I N T R O D U C T I O N 

T h e s t u d y o f t h e no t i ons " t o t a l " , " pa r t i a l l y i n v e r t i b l e " and " r e g u l ä r " 

wi l l be b a s e d h e r e on a n e w , m o r e g e n e r a l f o u n d a t i o n and f u r t h e r d e v e -

loped . T h e c a s e s c o n s i d e r e d in t h e l i t e r a t u r e w i l l be inc luded as spec ia l 

c a s e s . P r o o f s wi l l be g iven h e r e only i f t hey a r e n o t r o u t i n e o r i f t h e y 

a r e n o t g e n e r a l i s a t i o n s f r o m t h e spec ia l c a s e s in C1], 12.1. 

L e t S , T be r i ngs w i t h iden t i t y and le t S ^ T > T&S ^ e u n i t a r y b i -

m o d u l e s . W e a s s u m e t w o m a p p i n g s 

ö : 4 x ß 4 S , t : B*A -> T 

w i t h t h e f o l l ow ing p r o p e r t i e s : 

(I) ö(satb) - so{a,b), ö ( a , b s ) = ö(a,b)s, 

o(at,b) = ö(a,tb), aeA, beB, seS, tsT, 

s im i l a r p r o p e r t i e s f o r x; 

(I I) A s s o c i a t i v e l a w s : 

ö{a)b)a] = axCb.a-j), x{b,a)b\ = -bö (a ,b 1 ) , ata^eA, b,b^eB\ 

(I I I) Add i t i v i t y : 

ö(a + a]tb + b-\) - ö (a ,b ) + cKa, /^ ) + öiahb)+ öia^bj), 

s im i la r f o r x. 

For abb rev ia t i on w e w r i t e 
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ab := ö ( a , W , ba := i ( b , a ) , a € / 4 , £>eß. 

If w e have a m e a n i n g f u l p r o d u c t o f e l e m e n t s f r o m At B, S, T, t h e n 

by t h e a s s o c i a t i v e l a w s w e c a n avoid us i ng b r a c k e t s . If ( I ) , ( I I ) , ( I I I ) a re 

s a t i s f i e d , t h e n t h e s e cond i t i ons d e f i n e a M o r i t a c o n t e x t and t h e mapp ings 

ö and x c a n be f a c t o r i s e d via t h e t e n s o r p r o d u c t s A ® B r e s p . B ® A. Bu t 

w e wi l l f i r s t a s s u m e only (I) and ( I I ) , in w h i c h case A and B have only t o 

be s e t s and S and T mu l t i p l i ca t i ve m o n o i d s . T h e n w e a s s u m e ( I ) , ( I I ) , ( I I I ) 

b u t w i t h o u t f u r t h e r c o n d i t i o n s . Only in t h e l as t s e c t i o n w e have t o a s s u m e 

" M o r i t a c o n d i t i o n s " s i n c e w e s h o w t h a t t h e no t i ons " t o t a l " , " r a d i c a l t o t a l " 

and " t o t a l f r e e " f o r r i n g s a r e p r e s e r v e d u n d e r M o r i t a equ iva lence . 

To have l a t e r t h e poss ib i l i t y f o r s h o r t q u o t a t i o n s , w e m e n t i o n h e r e 

t h r e e e x a m p l e s f o r a M o r i t a c o n t e x t . 

E X A M P L E S . 

(ED F. K a s c h C1], W . S c h n e i d e r [ 2 1 

L e t R be a r i n g w i t h iden t i t y and le t MR> NR be un i t a r y / ? - m o d u l e s . 

Deno te S := End(Afe) , T := E n d ( M R ) , 

S A T := H o m R ( M , A / ) , T B S := H o m R ( / V , M ) , 

and c(ftg) := fg, z(gtf) •= gf, feA, geB. 

T h e n ( I ) , ( I I ) , ( I I I ) a r e s a t i s f i e d . 

(E2 ) J . Z e l m a n o w i t z [ 3 1 

L e t T be a r i n g w i t h i den t i t y and le t AT be a u n i t a r y 7"-module (in 

[ 3 ] 1 €7" is n o t a s s u m e d ) . 

D e n o t e S := E n d ( / \ r ) , B := A* = HomT(A,T). 

T h e n S ^ T * T&S a r e b i m o d u l e s . For asA, geB de f ine 

ö(atg) := ag : Asx ^ ag{x)eA, 

( imp ly ing agzS). F u r t h e r d e f i n e x ( g , a ) := g(a). Then ( I ) , ( I I ) , ( I I I ) a r e 

s a t i s f i e d . 

By a s l i gh t c h a n g e , t h i s c a n a lso be c o n s i d e r e d as a spec ia l c a s e o f 

( E D . T o see t h i s , one has t o S u b s t i t u t e S A T by t h e S - 7 " - i s o m o r p h i c 

m o d u l e Ho\nT{TtA) w i t h t h e i s o m o r p h i s m 

9 : Asa\r> (T3x H> axeA) e H o m T ( 7 , / A ) . 
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By t h i s S u b s t i t u t i o n c and x c h a n g e t o t h e m a p p i n g s in ( E D . I t is easy 

t o s e e t h a t t h e i s o m o r p h i s m cp p r e s e r v e s all t h e n o t i o n s c o n s i d e r e d in 

t h i s p a p e r . 

( E 3 ) R ings . 

Fo r a r i n g R w i t h 1G /? le t A-B-S-T R and f o r rhr2eR, ö ( r 1 , r 2 ) = 

t ( r 1 , r 2 ) : = r^2> Then all cond i t i ons a r e s a t i s f i e d . 

2 . D E F I N I T I O N S A N D M U L T I P L I C A T I V E PROPERTIES 

In t h i s s e c t i o n w e a s s u m e only (I) and (I I) b u t n o t ( I I I ) as m e n t i o n e d 

a l ready in t h e i n t r o d u c t i o n . 

2.1 L E M M A ( c o m p a r e C1], 1.1, [ 2 ] , 6 .1 ) . For aeA are equivalent: 

(a) 3beB[ab is an idempotent ± 0 in 5 ] , 

(b) 3b^eB\_b\a is an idempotent ±0 in 7 ] , 

(c ) 3ceB [ a c is an idempotent ± 0 in S A 

ca is an idempotent ± 0 in 7 ] , 

2.2 D E F I N I T I O N S . Le t aeA. 

(1) a is ca l led partially invertible - " p i " 

t h e cond i t i ons o f 2.1 a r e s a t i s f i e d . 

(2 ) Total of A = T o t U ) •= {u\ueA A U \ s n o t p i } . 

(3 ) a is ca l led regulär •<=> 3beBlaba-a^\. 

Sim i la r de f i n i t i ons f o r t h e e l e m e n t s in B. 

For t h e e l e m e n t s of TotiA) w e g ive l a te r (us ing ( I I I ) ) a c h a r a c t e r i s a -

t ion w h i c h j u s t i f i e s t he no t ion total nonisomorphisms. T h e d e f i n i t i o n (1) 

m e a n s in t h e spec ia l case (E3) t h a t seS is p i , i f f t h e r e e x i s t s s'eS 

s u c h t h a t s s ' is an i d e m p o t e n t * 0 in S. A t t e n t i o n w i t h t h e n o t a t i o n : In 

C1] and C2] ( t h a t is in t he c a s e (ED) T o t ( M ) r e s p . Tot ( /W, /V) a r e s u b -

se t s o f End(/W) r e s p . H o m R ( / W , / V ) . N o w , T o t ( 4 ) is a s u b s e t o f A i t s e l f . 

2 . 3 C O R O L L A R Y ( c o m p a r e spec ia l c a s e s in C1D, C 2 ] ) . Assume aeA, 
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beB, s e S , teT. 

(a) If sat is pi, then s, a, t are pi (in 5 resp. B resp. T). 

(b) If ab is pi, then a, b are pi (in B resp. A). 

(c) STot(A)T = Jot(A), Tot(A)B c T o t ( S ) , ATot(B) c T o t ( S ) , 

T o t ( S ) 4 c T o t U ) , AToX(T) c T o t ( 4 ) , S T o t ( S ) S = T o t ( S ) . 

2 . 4 C O R O L L A R Y . 

(a) If aba-a^O, then ab and ba are idempotents ± 0 . 

Hence regulär elements are pi. 

(b) If ab~d~d2 ± 0 resp. ba-e-e2^0, then da, bd, eb, ae are 

regulär elements. 

(c ) a is pi **3b€B[bab=b±0~\. 

(d) If aba-a, then a{bab)a-a, ibab)aibab) = bab. 

2 . 5 C O R O L L A R Y . If aba-a, d-ab, e-ba, then 

SaBsa H> sdeSd, aTBat H> eteeT 

are isomorphisms, hence Sa resp. aT are projective S- resp. T-modules. 

T h e d e f i n i t i o n s and c o r o l l a r i e s s h o w t h a t L e m m a 2.1 is essen t i a l f o r 

o u r c o n s i d e r a t i o n s . N o t i o n s , b a s e d on t h i s l e m m a a r e i ndependen t o f t h e 

s i d e . M o r e o v e r , i t g ives a c l ose c o n n e c t i o n t o r e g u l ä r e l e m e n t s . Final ly, 

i t m a k e s i t poss ib l e t o g ive ve ry s imp le and s h o r t p r o o f s by c o m p u t a t i o n s 

w i t h i d e m p o t e n t s . 

2 . 6 T H E O R E M . 

(a) a is pi <^> 3deS, d=d2±0 [dSc aB A dA c a T ] 

3eeT, e = e 2 ± 0 [Te cBa A AecSa]. 

(b) a is regulär «=> 3deS, d-d2[dS- aB AdA- aT~\ 

3e£T, e-e2 [ T i e = Ba A Ae -Sa]. 

Proof f o r ( b ) . =»: A s s u m e aba-a. D e n o t e d-ab, t h e n 

= a ( ö S ) c a ß = a b ( a ß ) c d S 4 = aß. 
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S i m i l a r in t h e o t h e r c a s e s . 

<£=: By a s s u m p t i o n , t h e r e e x i s t beB, a^eA s u c h t h a t d-ab, da^-a. 

T h e n 

a = da = aba. 

S i m i l a r f o r t h e o t h e r c a s e s . 

3 . A D D I T I V E PROPERTIES 

N o w , w e have t o u s e t h e add i t i v i t y ( I I I ) . F u r t h e r w e n e e d t h e f o l -

l o w i n g m a p p i n g s 

(-b)a : A Bx h> (xb)aeSa, 

a(b-) : Asx t-> a{bx)eaT. 

Ke( • • • ) d e n o t e s t h e k e r n e l o f t h e m a p p i n g 

3.1 T H E O R E M . If aba-a, then 

A= S a e Ke((-b)a) = aT e K e ( a ( b - ) ) . 

If a is r e g u l ä r , t h e n by 2 . 5 and 3 . 1 , Sa is a p r o j e c t i v e , d i r e c t S u m ­

m a n d o f A. In case (E2) a lso t h e o p p o s i t e d i r e c t i o n o f t h i s S t a t e m e n t is 

t r u e ( see C3 ] ) . In g e n e r a l w e have t h e f o l l o w i n g S i t u a t i o n . S i n c e S a is 

p r o j e c t i v e , t h e e p i m o r p h i s m 

p : S 3 s f-> satSa 

sp l i t s . T h e r e f o r e t h e r e e x i s t s an i d e m p o t e n t de 5 s u c h t h a t 

S = Sd e S O - o O , a = da. 

In c a s e t h e r e e x i s t s ö e ß s u c h t h a t ab-d, t h e n aba-da-a. T h e e x i s t e n c e 

o f s u c h b is easy to see in ( E 2 ) , b u t in g e n e r a l i t w i l l n o t e x i s t . 

3 .2 C O R O L L A R Y . If ab-d-d2, ba-e-e2, then 

Sda Q e

 s A t Sa = Sda e S O - o O a , 

a e T c ; e >4 T , a T = a e f e a ( 1 - e ) 7 . 

Similar for b. 

N o w , w e wi l l g ive an o t h e r c h a r a c t e r i s a t i o n ( b e s i d e s 2 . 6 ) f o r pi and 
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r e g u l ä r e l e m e n t s . W e u s e t h e f o l l o w i n g n o t a t i o n : A operates faithfully on 

B i f f f o r all x€A, x * 0 , a lso xB±0. 

3 . 3 T H E O R E M . For aeA the following is true. 

(a) a is pi 3BÖ Q® B s , 0 * D c® S s 

[ ß 0 3y^>ay€D is an isomorphism~]. 

(b) a /s regulär 3 ß s = ß 0

e ß i > D c ; e S s 

[ ß 0 3 y i - > a y e D is an isomorphism A a ß j = 0 ] . 

If A operates faithfully on B, the converse is also true. 

Proof. ( a ) = > : I f ab = d = d 2 ± 0 , t h e n by 2 . 4 , bd is r e g u l ä r and by 3 . 2 , 

B0 := b d S Q e ß . D e n o t e D = d S , t h e n 

B0Bbds H> abds - dseD 

is an i s o m o r p h i s m . 

(a) «=: L e t b e d S = D ± 0 , d = d 2 , t h e n t h e r e e x i s t s b e ß 0 w i t h ab = d * 0 . 

(b) =>: By 2 . 4 ( d ) , w e can a s s u m e aba-a, bab-b. T h e n by 3.1 ( f o r B) 

w e have 

B = b S e K e ( M a - ) ) . 

De f ine ß 0

 : = ^ S , D = dS, t h e n t h e r e e x i s t s t h e s a m e i s o m o r p h i s m as in ( a ) . 

For yeKeib(a-)) f o l l o w s 

ay - {aba)y - a(b(ay)) - 0 , 

h e n c e w i t h By := K e ( b ( a - ) ) t h e p r o o f is c o m p l e t e . 

(b)4=: D c ; e S s imp l ies D-dS, d - d 2 . By a s s u m p t i o n t h e r e e x i s t s 

beB w i t h ab-d. T h e n ß 0 = b S and t o g e t h e r w i t h a / ^ = 0 w e g e t 

a ß = abS e aß , = a b S . 

F u r t h e r w e have f o r seS 

a(bs) = ds - d 2 s -{aba)bs. 

S i n c e A o p e r a t e s f a i t h f u l l y on B t h i s imp l ies a-aba. 

3 . 4 R E M A R K S . In ( E D t h e f o l l o w i n g is t r u e C1D: 

feA - HomR(M,N) is pi <=» 

3 0 ± t 7 c ; e / W , V c ; 0 /V [ L t e x H> f ( x ) e V is an i s o m o r p h i s m ] . 
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If f is n o t p i , t h a t i s , feTot{M,N), w e t h e r e f o r e u s e d t h e n o t a t i o n C1] 

"f is a t o t a l n o n i s o m o r p h i s m " . T h e t o t a l w a s t h e n d e f i n e d as t h e s e t o f 

all t o t a l n o n i s o m o r p h i s m s . N o w , by 3 . 3 , a lso in t h e g e n e r a l c a s e i t is 

j u s t i f i e d t o d e n o t e t h e e l e m e n t s o f Tot(A) as total nonisomorphisms. 

P l e a s e n o t e t h e f a c t , t h a t f o r (ED 3 . 3 and t h e r e s u l t s t a t e d b e f o r e a r e 

n o t t h e s a m e ( b u t c o n n e c t e d ) . 

I t is i n t e r e s t i n g t o a s k f o r c o n d i t i o n s s u c h t h a t T o t ( / \ ) is c l o s e d 

u n d e r a d d i t i o n ( see C1], 121). A r i n g S is ca l led a total ring i f f T o t ( S ) 

is add i t i ve l y c l o s e d . T h e n T o t ( S ) is a t w o - s i d e d ideal o f 5. 

3 . 5 T H E O R E M . If S or T is a total ring, then T o t M ) and T o t ( ß ) are 

S-T- resp. T-S-submodules of A resp. B. 

In g e n e r a l To t ( / 4 ) is n o t c l osed u n d e r add i t i on b u t i t has a l w a y s t h e 

f o l l o w i n g c l o s u r e p r o p e r t y . W i t h R a d ( 5 / 4 ) w e d e n o t e t h e r a d i c a l s o f t h e 

S - m o d u l e SA. 

3 . 6 T H E O R E M . R a d ( s / 4 ) + T o t M ) = R a d U r ) + T o t ( / \ ) = T o t M ) . 

3.7 C O R O L L A R Y . R a d ( s / \ ) + R a d M r ) c T o t M ) . 

T h i s imp l ies t h e q u e s t i o n : U n d e r w h i c h c o n d i t i o n s is t h e r a d i c a l equa l 

t o t h e t o t a l ( see r e s u l t s in [ 1 ] , 121). 

If f o r a r i n g S R a d ( S ) = T o t ( S ) h o l d s , t h e n 5 is ca l led radicaltotal {121, 

4 . 2 ) . E x a m p l e s f o r r a d i c a l t o t a l r i n g s a r e s e m i - p e r f e c t r i n g s o r — m o r e 

g e n e r a l — F - s e m i - p e r f e c t r i n g s ( O b e r s t , S c h n e i d e r ) = s e m i - r e g u l a r r i n g s 

( N i c h o l s o n ) . W e cal l a r i n g S totalfree i f T o t ( S ) = 0 . T h e n a t o t a l f r e e r i n g is 

r a d i c a l t o t a l . I f 5 is a t o t a l r i n g , t h e n S / T o t ( S ) is t o t a l f r e e ( [ 1 ] , 3 . 6 ) . 

4 . M O R I T A E Q U I V A L E N C E 

T h e m a i n goa l in t h i s s e c t i o n is t o s h o w t h a t t h e p r o p e r t i e s " t o t a l " , 

" r a d i c a l t o t a l " and " t o t a l f r e e " o f a r i n g a r e p r e s e r v e d u n d e r M o r i t a e q u i -
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va lence . If t h e r i n g s T and S a r e M o r i t a equ i va len t , w e w r i t e T^S. In 

t h i s c a s e , t h e r e e x i s t s a p r o g e n e r a t o r AT s u c h t h a t 5 = £nd{AT) and in 

t h e M o r i t a c o n t e x t ( E 2 ) , t h e m a p p i n g s ö and x a r e s u r j e c t i v e . S i n c e o u r 

p r o p e r t i e s a r e p r e s e r v e d u n d e r r i n g i s o m o r p h i s m s , w e c a n a s s u m e 5 = 

E n d ( / 4 r ) . T h e s u r j e c t i v i t y o f ö and x m e a n s AA*= S , A*A = T. W e have 

n o t t o u s e a l w a y s all t h e s e a s s u m p t i o n s . W i t h o u t any a s s u m p t i o n w e 

have by 3 . 5 , t h a t i f T o r S is a t o t a l r i n g , t h e n T o t ( 4 ) is c l o s e d u n d e r 

add i t i on . In t h e f o l l o w i n g w e c o n s i d e r only t h e c a s e ( E 2 ) . 

4.1 L E M M A . If S = E n d ( 4 T ) , A 4 * = S and T o t ( 4 ) is additively closed, then 

S is a total ring. 

Proof. L e t s - i ^ e T o t C S ) and a s s u m e s^ + s2 $ T o t ( S ) . T h e n t h e r e e x i s t s 

seS s u c h t h a t s(s] + s2)-d=d2^0. S i n c e ss^A, ss2AcTot(/4) by 2 . 3 and 

T o t ( 4 ) is add i t i ve ly c l o s e d , a lso dAcTot(A). T h e n dAA*= d S c T o t ( S ) , 

h e n c e c / G T o t ( S ) , c o n t r a d i c t i o n ! 

4 . 2 C O R O L L A R Y . If T*S and T is total, then S is total. 

4 . 3 L E M M A . 

(a) If AT is projective and T is radicaltotal, then T o t ( 4 ) = Raö{AT). 

(b) If AT is finitely generated and projective, 5 = Enö{AT) and 

T o t ( / \ ) = Rad(AT), then S is radicaltotal. 

Proof. ( a ) : By 3 . 7 , i t is only t o s h o w T o t M ) c R a d M T ) . L e t aeA, t h e n 

w e w r i t e a w i t h a dua l bas is a = S b / 9 / ( ä ) . F o r a e T o t ( 4 ) i t f o l l o w s 

9 / ( a ) G T o t ( 7 " ) = Rad(7" ) , h e n c e a e R a d ( 4 T ) . 

( b ) : A g a i n , only T o t ( S ) c R a d ( S ) is t o p r o v e . Fo r s e T o t ( S ) i t f o l l o w s 

sA = l m ( s ) c T o t ( 4 ) = Rad{AT). S i n c e AT is f i n i t e l y g e n e r a t e d , Rad(AT) 

is sma l l in AT, h e n c e l m ( s ) is sma l l in AT. S i n c e AT is p r o j e c t i v e , t h a t 

imp l ies s G R a d ( S ) . 
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4 . 4 C O R O L L A R Y . If T&S and if T is radicaltotal, then S is radicaltotal. 

Proof. By 4 . 3 . 

4 . 5 C O R O L L A R Y . If T^S and if T is totalfree, then S is totalfree. 

Proof. Tot(T) = 0 imp l ies R a d ( D = 0 and 7 is r a d i c a l t o t a l . T h e n R a d ( S ) = 0 

and R a d ( S ) = T o t ( S ) . 

R E F E R E N C E S 

C1] K a s c h , F.: Partiell invertierbare Homomorphismen und das Total. 

A l g e b r a B e r i c h t e 6 0 , V e r l a g Re inha rd F i s c h e r , M ü n c h e n 1 9 8 8 . 

C2] S c h n e i d e r , W . : Das Total von Moduln und Ringen. A l g e b r a B e r i c h t e 

5 5 , V e r l a g Re inha rd F i s c h e r , M ü n c h e n 1987 . 

[ 3 ] Z e l m a n o w i t z , J . : Regulär modules. T r a n s a c t i o n s o f t h e A M S , V o l . 163 

( 1 9 7 2 ) 3 4 1 - 3 5 5 . 




