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3ULFH 'LVSHUVLRQ DQG /HDUQLQJ LQ D

'\QDPLF 'LIIHUHQWLDWHG�*RRGV 'XRSRO\e

*RGIUH\ .HOOHU\ 6YHQ 5DG\]

-DQXDU\ ����

5HYLVHG� 2FWREHU ����� -XO\ ����

7KLV 9HUVLRQ� $SULO ����

$EVWUDFW

:H VWXG\ WKH HYROXWLRQ RI SULFHV VHW E\ GXRSROLVWV ZKR DUH XQFHUWDLQ DERXW
WKH SHUFHLYHG GHJUHH RI SURGXFW GLmHUHQWLDWLRQ� &XVWRPHUV VRPHWLPHV YLHZ WKH
SURGXFWV DV FORVH VXEVWLWXWHV� VRPHWLPHV DV KLJKO\ GLmHUHQWLDWHG� $V WKH LQIRUPD�
WLYHQHVV RI WKH TXDQWLWLHV VROG LQFUHDVHV ZLWK WKH SULFH GLmHUHQWLDO� WKHUH LV VFRSH IRU
DFWLYH OHDUQLQJ E\ nUPV� :KHQ LQIRUPDWLRQ KDV ORZ YDOXH WR WKH nUPV� WKH\ FKDUJH
WKH VDPH SULFH DV ZRXOG EH VHW E\ P\RSLF SOD\HUV� DQG WKHUH LV QR SULFH GLVSHUVLRQ�
:KHQ nUPV YDOXH LQIRUPDWLRQ PRUH KLJKO\� RQ WKH RWKHU KDQG� WKH\ DFWLYHO\ OHDUQ
E\ FUHDWLQJ SULFH GLVSHUVLRQ� 6XFK SULFH GLVSHUVLRQ DULVHV LQ D F\FOLFDO IDVKLRQ� DQG
LV PRVW OLNHO\ WR EH REVHUYHG ZKHQ WKH nUPV
 HQYLURQPHQW FKDQJHV VXpFLHQWO\ RI�
WHQ� EXW QRW WRR IUHTXHQWO\� )LUPV
 SD\RmV DUH KLJKHU ZKHQ WKH\ XVH FRUUHODWHG
SULFLQJ VWUDWHJLHV� &RQWUDU\ WR ZKDW RQH PLJKW H[SHFW� VXFK FRRUGLQDWLRQ QHHG QRW
KXUW FRQVXPHUV� SURYLGHG WKH\ DUH VXpFLHQWO\ LPSDWLHQW�

.H\ZRUGV� 'XRSRO\ ([SHULPHQWDWLRQ� %D\HVLDQ /HDUQLQJ� 6WRFKDVWLF 'LmHUHQWLDO
*DPH� 0DUNRY 3HUIHFW (TXLOLEULXP� 0L[HG 6WUDWHJLHV� &RUUHODWHG (TXLOLEULXP

-(/ &ODVVLnFDWLRQ� &��� '��� '��

e(DUOLHU YHUVLRQV RI WKLV ZRUN ZHUH FLUFXODWHG DV GLVFXVVLRQ SDSHUV HQWLWOHG ?0DUNHW ([SHULPHQWD�
WLRQ LQ D '\QDPLF 'LmHUHQWLDWHG�*RRGV 'XRSRO\�� :H DUH JUDWHIXO IRU FRPPHQWV DQG VXJJHVWLRQV
IURP DQ DQRQ\PRXV UHIHUHH� .\OH %DJZHOO� 3DWULFN %ROWRQ� -HUHP\ %XORZ� /XurV &DEUDO� &KULV +DUULV�
0LNH +DUULVRQ� 6XQLO .XPDU� *HRUJH 0DLODWK� -RKQ +DUGPDQ 0RRUH� *HRUJH 3DSDQLFRODRX� 0LNH 5LRU�
GDQ� -RKQ 5REHUWV� /DUU\ 6DPXHOVRQ� -XXVR 9�DOLP�DNL� DQG VHPLQDU SDUWLFLSDQWV DW &DOWHFK� &ROXPELD�
(&$5( �%UXVVHOV�� /6(� 1RUWKZHVWHUQ� 1<8� 3HQQ� 5RFKHVWHU� 6RXWKDPSWRQ� 6WDQIRUG� <DOH� WKH ����
(XURSHDQ 6XPPHU 6\PSRVLXP LQ (FRQRPLF 7KHRU\ LQ *HU]HQVHH� WKH ���� (XURSHDQ 0HHWLQJ RI WKH
(FRQRPHWULF 6RFLHW\� DQG WKH ���� $QQXDO &RQIHUHQFH RI WKH (XURSHDQ (FRQRPLF $VVRFLDWLRQ� :H ZRXOG
OLNH WR WKDQN WKH )LQDQFLDO 0DUNHWV *URXS DW WKH /RQGRQ 6FKRRO RI (FRQRPLFV DQG WKH 6WXGLHQ]HQWUXP
*HU]HQVHH IRU WKHLU KRVSLWDOLW\� DQG (ULF 6WRXW IRU YDOXDEOH UHVHDUFK DVVLVWDQFH�

\'HSDUWPHQW RI (FRQRPLFV� 8QLYHUVLW\ RI 2[IRUG� 0DQRU 5RDG %XLOGLQJ� 2[IRUG 2;� �84� 8QLWHG
.LQJGRP� SKRQH� ����� ���� ������� H�PDLO� JRGIUH\�NHOOHU#HFRQRPLFV�R[IRUG�DF�XN�

]'HSDUWPHQW RI (FRQRPLFV� 8QLYHUVLW\ RI 0XQLFK� .DXOEDFKVWU� ��� '������ 0XQLFK� *HUPDQ\�
SKRQH� ����� �� ���� ����� H�PDLO� VYHQ�UDG\#OU]�XQL�PXHQFKHQ�GH�



� ,QWURGXFWLRQ

:KHQ nUPV DUH XQFHUWDLQ DERXW WKHLU FRPSHWLWLYH HQYLURQPHQW� WKH FKRLFH RI DQ DFWLRQ
LQoXHQFHV WKHLU RYHUDOO SURnWV LQ WZR ZD\V� 2Q WKH RQH KDQG� WKH DFWLRQ GHWHUPLQHV
FXUUHQW SURnWV� 2Q WKH RWKHU KDQG� LW PD\ GHWHUPLQH WKH LQIRUPDWLRQ FRQWHQW RI WKH
PDUNHW RXWFRPH� DQG WKXV IXWXUH SURnWV� 7KLV JLYHV ULVH WR D WUDGH�Rm EHWZHHQ VKRUW�
WHUP VWUDWHJLF LQFHQWLYHV DQG ORQJ�WHUP LQIRUPDWLRQ�JDWKHULQJ LQFHQWLYHV� ,Q WKH SUHVHQW
SDSHU� ZH VWXG\ WKLV WUDGH�Rm LQ WKH FRQWH[W RI G\QDPLF SULFH FRPSHWLWLRQ� :H VKRZ
WKDW nUPV
 GHVLUH WR OHDUQ DERXW FKDQJLQJ PDUNHW FRQGLWLRQV FDQ JHQHUDWH GLVWLQFW F\FOLFDO
SULFLQJ SDWWHUQV� ZKHUH WUDQVLHQW ERXWV RI SULFH GLVSHUVLRQ DOWHUQDWH ZLWK SKDVHV RI SULFH
PDWFKLQJ�

6SHFLnFDOO\� ZH FRQVLGHU D V\PPHWULF GLmHUHQWLDWHG�JRRGV GXRSRO\ LQ DQ LQnQLWH�
KRUL]RQ� FRQWLQXRXV�WLPH VHWWLQJ� 3ULFH�VHWWLQJ nUPV DUH XQFHUWDLQ DERXW WKH FURVV GHULYD�
WLYH RI WKHLU RZQ GHPDQG ZLWK UHVSHFW WR WKH RWKHU nUP
V SULFH� L�H� DERXW WKH GHJUHH WR
ZKLFK FRQVXPHUV SHUFHLYH WKHLU JRRGV DV VXEVWLWXWHV� 7KLV SDUDPHWHU FKDQJHV UDQGRPO\
RYHU WLPH� ,Q HDFK SHULRG� WKH TXDQWLWLHV VROG SURYLGH D QRLV\ VLJQDO RI WKH FXUUHQW VWDWH
RI GHPDQG� DQG WKH LQIRUPDWLRQ FRQWHQW RI WKH PDUNHW RXWFRPH LQFUHDVHV ZLWK WKH GLI�
IHUHQFH EHWZHHQ WKH nUPV
 SULFHV� ,I WKH\ PDWFK HDFK RWKHU
V SULFH� WKH PDUNHW RXWFRPH
LV FRPSOHWHO\ XQLQIRUPDWLYH� EXW DGGLWLRQDOO\� nUPV KDYH DFFHVV WR VRPH EDFNJURXQG LQ�
IRUPDWLRQ ZKLFK LV UHYHDOHG LQGHSHQGHQWO\ RI WKHLU SULFLQJ� 7KHUH LV D FRQoLFW EHWZHHQ
VKRUW�WHUP DQG ORQJ�WHUP LQFHQWLYHV EHFDXVH VKRUW�UXQ SURnW PD[LPL]DWLRQ UHTXLUHV ERWK
nUPV WR FKDUJH WKH VDPH SULFH� ZKLOH WKH\ PXVW VHW GLmHUHQW SULFHV LI WKH\ ZDQW WR JHQ�
HUDWH DGGLWLRQDO LQIRUPDWLRQ DERXW WKH VWDWH RI GHPDQG� (TXLOLEULXP EHKDYLRU PXVW
UHVROYH WKLV FRQoLFW RI LQFHQWLYHV�
*LYHQ D FRPPRQ SULRU DQG IXOO REVHUYDELOLW\ RI DFWLRQV DQG RXWFRPHV� nUPV KDYH D

FRPPRQ SRVWHULRU EHOLHI DW DOO WLPHV� ZKLFK LV WKH QDWXUDO VWDWH YDULDEOH RI D VWRFKDVWLF
GLmHUHQWLDO JDPH� :H FKDUDFWHUL]H 0DUNRY SHUIHFW HTXLOLEULD �03(� WKDW DUH SD\Rm�
V\PPHWULF� L�H� WKDW JLYH WKH nUPV V\PPHWULF H[SHFWHG FRQWLQXDWLRQ SD\RmV DIWHU HDFK
KLVWRU\� $W DQ\ JLYHQ EHOLHI� VXFK DQ HTXLOLEULXP LQYROYHV HLWKHU SULFH PDWFKLQJ RU UDQGRP
SULFH GLVSHUVLRQ� ,I nUPV PDWFK HDFK RWKHU
V SULFH� WKLV SULFH PXVW QHFHVVDULO\ EH WKH RQH
WKDW P\RSLF nUPV ZRXOG FKDUJH� 7KLV LV EHFDXVH WKH PDUJLQDO LQIRUPDWLRQDO EHQHnW
JHQHUDWHG E\ D GHYLDWLRQ IURP SULFH PDWFKLQJ LV ]HUR LQ RXU PRGHO� 3ULFH PDWFKLQJ
DULVHV LQ HTXLOLEULXP DW EHOLHIV ZKHUH WKH YDOXH RI LQIRUPDWLRQ WR nUPV LV VXpFLHQWO\
VPDOO� :KHQHYHU WKH YDOXH RI LQIRUPDWLRQ UHDFKHV D FHUWDLQ WKUHVKROG� nUPV KDYH DQ
LQFHQWLYH WR GHYLDWH IURP SULFH PDWFKLQJ� DQ\ 0DUNRY SHUIHFW HTXLOLEULXP PXVW WKHQ
LQYROYH DFWLYH OHDUQLQJ WKURXJK SULFH GLVSHUVLRQ� ,Q WKLV FDVH� SD\Rm V\PPHWU\ UHTXLUHV
WKH XVH RI PL[HG VWUDWHJLHV� $V D FRQVHTXHQFH RI WKH FRQWLQXRXV�WLPH VHWXS DQG WKH OLQHDU
VSHFLnFDWLRQ RI GHPDQG FXUYHV LQ RXU PRGHO� RQO\ WKH nUVW DQG VHFRQG PRPHQWV RI WKH
SULFH GLVWULEXWLRQ PDWWHU� DQG WKHVH PRPHQWV DUH XQLTXHO\ GHWHUPLQHG LQ HTXLOLEULXP�
7KH DYHUDJH SULFH LV HTXDO WR WKH SULFH SUHVFULEHG E\ WKH P\RSLF VWUDWHJ\� DQG WKH SULFH
YDULDQFH LV SRVLWLYH RQ DQ RSHQ LQWHUYDO RI ?GLmXVH� EHOLHIV�

:H SURYLGH H[SOLFLW FRQGLWLRQV RQ WKH PRGHO SDUDPHWHUV WKDW JRYHUQ ZKHWKHU RU QRW
WKHUH LV SULFH GLVSHUVLRQ LQ HTXLOLEULXP� 3ULQFLSDOO\� SULFH GLVSHUVLRQ DULVHV LI DQG RQO\ LI
WKH nUPV
 SURGXFWV DUH SHUFHLYHG WR EH UHODWLYHO\ FORVH VXEVWLWXWHV� nUPV DUH UHODWLYHO\
SDWLHQW� WKH VLJQDOV QRW WRR QRLV\� WKH EDFNJURXQG LQIRUPDWLRQ UHODWLYHO\ LPSUHFLVH� DQG
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WKH HQYLURQPHQW VXpFLHQWO\ VWDEOH� ,Q IDFW� FORVH VXEVWLWXWDELOLW\ HQVXUHV D SRVLWLYH
YDOXH RI LQIRUPDWLRQ� DV +DUULQJWRQ ������ SRLQWHG RXW� DQG WKH UHPDLQLQJ FRQGLWLRQV
WKHQ JXDUDQWHH WKDW WKH YDOXH RI LQIRUPDWLRQ LV VXpFLHQWO\ KLJK�

$Q\ 03( ZLWK SULFH GLVSHUVLRQ LQGXFHV WKH IROORZLQJ G\QDPLFV� 6XSSRVH WKDW WKH
HQYLURQPHQW KDV EHHQ WKH VDPH IRU VRPH WLPH� DQG WKH nUPV DUH FORVH WR VXEMHFWLYH
FHUWDLQW\ DERXW LW �LPSO\LQJ WKDW WKH\ FKDUJH WKH VDPH SULFH�� 1RZ� LI WKH HQYLURQPHQW
FKDQJHV� nUPV nUVW OHDUQ DERXW WKLV SDVVLYHO\ WKURXJK WKH EDFNJURXQG VLJQDO� ZKLOH PDLQ�
WDLQLQJ ]HUR SULFH GLVSHUVLRQ� 2QFH WKH\ EHOLHYH ZLWK VXpFLHQWO\ KLJK SUREDELOLW\ WKDW D
FKDQJH KDV RFFXUUHG� nUPV HQWHU DQ HSLVRGH RI SRVLWLYH SULFH GLVSHUVLRQ� L�H� DFWLYH OHDUQ�
LQJ� 7KLV HQGV RQFH WKH\ KDYH EHFRPH IDLUO\ FHUWDLQ RI WKH FKDQJH DQG FKDUJH LGHQWLFDO
SULFHV DJDLQ�� 7KXV� ZH REWDLQ H[SHULPHQWDWLRQ F\FOHV ZKHUH ERXWV RI SULFH GLVSHUVLRQ
DOWHUQDWH ZLWK SKDVHV RI SULFH PDWFKLQJ� WKH ODWWHU RFFXUULQJ WRZDUGV WKH H[WUHPHV RI WKH
HTXLOLEULXP SULFH UDQJH�

7KH LQWHUSOD\ EHWZHHQ WKH IUHTXHQF\ RI SULFH GLVSHUVLRQ HSLVRGHV DQG WKHLU DYHUDJH
OHQJWK OHDGV WR DQ LQWHUHVWLQJ FRPSDUDWLYH VWDWLFV UHVXOW ZLWK UHVSHFW WR WKH LQVWDELOLW\
RI WKH HQYLURQPHQW� *LYHQ D SRVLWLYH YDOXH RI LQIRUPDWLRQ� WKH LQFHQWLYH WR FUHDWH SULFH
GLVSHUVLRQ LV KLJKHVW LQ D n[HG HQYLURQPHQW VLQFH QRQH RI WKH LQIRUPDWLRQ DFTXLUHG HYHU
EHFRPHV REVROHWH� ,Q WKH ORQJ UXQ� KRZHYHU� ZH ZLOO QRW VHH DQ\ SULFH GLVSHUVLRQ LQ D
n[HG HQYLURQPHQW VLQFH EHOLHIV ZLOO FRQYHUJH WR WKH WUXWK� )RU D ORZ IUHTXHQF\ RI FKDQJHV
LQ WKH HQYLURQPHQW� ZH REVHUYH RFFDVLRQDO SULFH GLVSHUVLRQ� +RZHYHU� WKH VWDWH RI WKH
HQYLURQPHQW WHQGV WR VWD\ WKH VDPH IRU TXLWH ORQJ� VR nUPV
 EHOLHIV DUH FORVH WR WKH WUXH
VWDWH PRVW RI WKH WLPH� DQG WKH DPRXQW RI WLPH ZKHQ nUPV FUHDWH SULFH GLVSHUVLRQ LV
UDWKHU VPDOO� $V WKH IUHTXHQF\ RI FKDQJHV LQ WKH HQYLURQPHQW LQFUHDVHV� WKHUH DUH WZR
HmHFWV� nUVW� LW EHFRPHV KDUGHU IRU EHOLHIV WR WUDFN WKH WUXH VWDWH� LPSO\LQJ WKDW WKH\
VWD\ PRUH RIWHQ LQ WKH LQWHUYDO ZKHUH nUPV FUHDWH SULFH GLVSHUVLRQ� VHFRQG� nUPV YDOXH
LQIRUPDWLRQ OHVV VLQFH LW EHFRPHV REVROHWH IDVWHU� VR WKH LQWHUYDO ZKHUH WKH\ DUH ZLOOLQJ
WR FUHDWH SULFH GLVSHUVLRQ VKULQNV� 7KH nUVW HmHFW GRPLQDWHV IRU ORZ IUHTXHQFLHV RI D
VWDWH FKDQJH� (YHQWXDOO\ WKH VHFRQG HmHFW WDNHV RYHU� XQWLO WKH nUPV
 ZLOOLQJQHVV WR
H[SHULPHQW GLHV Rm FRPSOHWHO\ DQG WKH SXUH�VWUDWHJ\ SULFH�PDWFKLQJ HTXLOLEULXP DULVHV�
2YHUDOO� ZH nQG D KXPS�VKDSHG UHODWLRQVKLS EHWZHHQ WKH LQVWDELOLW\ RI WKH HQYLURQPHQW
DQG WKH IUDFWLRQ RI WLPH WKDW SULFH GLVSHUVLRQ LV REVHUYHG�

,Q WXUQ� WKH VKDSH RI WKH IUHTXHQF\ GLVWULEXWLRQ RI REVHUYHG SULFHV LV FORVHO\ UHODWHG WR
WKH LQVWDELOLW\ RI WKH HQYLURQPHQW� ,Q UDWKHU VWDEOH HQYLURQPHQWV� WKLV SULFH GLVWULEXWLRQ
LV VWURQJO\ ELPRGDO ZLWK PRVW RI WKH SUREDELOLW\ PDVV FRQFHQWUDWHG DW WKH WZR H[WUHPHV
RI WKH HTXLOLEULXP SULFH UDQJH� $V WKH HQYLURQPHQW EHFRPHV OHVV VWDEOH� PRUH SULFHV OLH
LQ DQ LQWHUPHGLDWH UDQJH� DQG WKH SULFH GLVWULEXWLRQ HYHQWXDOO\ EHFRPHV XQLPRGDO ZLWK
PRVW RI WKH SUREDELOLW\ PDVV FRQFHQWUDWHG LQ WKH PLGGOH RI WKH HTXLOLEULXP SULFH UDQJH�
,I WKH PDUNHW LV TXLWH VWDEOH� WKHUHIRUH� WKH PRGHO SUHGLFWV KLJK DPSOLWXGH SULFH F\FOHV
ZLWK SULFH GLVSHUVLRQ RFFXUULQJ LQIUHTXHQWO\ EXW RYHU D ZLGH UDQJH RI SULFHV� LQ D PRUH
YRODWLOH PDUNHW� WKH DPSOLWXGH RI WKH SULFH F\FOHV LV VPDOOHU� ZKLOH SULFH GLVSHUVLRQ DULVHV
PRUH IUHTXHQWO\ EXW RYHU D QDUURZHU UDQJH RI SULFHV� ,Q D YHU\ XQVWDEOH PDUNHW� nQDOO\�
WKH DPSOLWXGH RI WKH SULFH F\FOHV GURSV HYHQ IXUWKHU DQG SULFH GLVSHUVLRQ GLVDSSHDUV

�7KHVH G\QDPLFV DUH UHPLQLVFHQW RI 6ODGH
V ������ nQGLQJV LQ KHU DQDO\VLV RI WKH 9DQFRXYHU JDVROLQH
PDUNHW LQ WKH HDUO\ (LJKWLHV�
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FRPSOHWHO\�

:KHQ nUPV UDQGRPL]H LQGHSHQGHQWO\� WKH\ VRPHWLPHV FKDUJH SULFHV WKDW DUH FORVH WR
HDFK RWKHU EXW IDU Rm WKH P\RSLF EHVW UHVSRQVH� 6XFK D SULFH SDLU LV QRW YHU\ LQIRUPDWLYH�
\HW FDQ EH TXLWH FRVWO\ LQ WHUPV RI FXUUHQW UHYHQXHV� &OHDUO\� nUPV FDQ LPSURYH WKHLU
SD\RmV LI WKH\ KDYH DFFHVV WR D SXEOLF UDQGRPL]DWLRQ GHYLFH WKDW DOORZV WKHP WR DYRLG
FRVWO\ PLVFRRUGLQDWLRQ� :H VKRZ WKDW ZKHQHYHU WKH nUPV UDQGRPL]H MRLQWO\ DW D JLYHQ
EHOLHI� WKH\ GR VR ZLWK SHUIHFW QHJDWLYH FRUUHODWLRQ� WKHLU SULFHV DUH HTXLGLVWDQW IURP�
DQG RQ RSSRVLWH VLGHV RI� WKH P\RSLF SULFH� $V ZLWK LQGHSHQGHQW UDQGRPL]DWLRQ� nUPV
HQJDJH LQ MRLQW UDQGRPL]DWLRQ RQO\ LI WKH YDOXH RI LQIRUPDWLRQ LV VXpFLHQWO\ KLJK� -RLQW
UDQGRPL]DWLRQ KDV D ORZHU WKUHVKROG VLQFH LW \LHOGV D JLYHQ DPRXQW RI LQIRUPDWLRQ DW D
ORZHU RSSRUWXQLW\ FRVW WKDQ LQGHSHQGHQW UDQGRPL]DWLRQ�

7KH GHPDQG VWUXFWXUH LQ RXU PRGHO LPSOLHV WKDW FRQVXPHU VXUSOXV LQ D JLYHQ SHULRG LV
FRQYH[ LQ SULFHV� $V D FRQVHTXHQFH� MRLQW UDQGRPL]DWLRQ� ZLWK LWV KLJKHU SULFH GLVSHUVLRQ�
OHDYHV FRQVXPHUV EHWWHU Rm LQ WKH VKRUW UXQ WKDQ LQGHSHQGHQW PL[LQJ� 7KLV OHDGV WR WKH
VXUSULVLQJ UHVXOW WKDW WKH PRUH ?FROOXVLYH� W\SH RI HTXLOLEULXP LV DFWXDOO\ EHQHnFLDO WR
WKRVH FRQVXPHUV ZKR GLVFRXQW WKH IXWXUH VXpFLHQWO\ VWURQJO\�

$ ODUJH OLWHUDWXUH KDV GHULYHG HTXLOLEULXP SULFH GLVSHUVLRQ DV WKH UHVXOW RI SURGXFHU RU
FRQVXPHU KHWHURJHQHLW\ VXFK DV GLmHUHQFHV LQ SURGXFWLRQ FRVWV �5HLQJDQXP ������ VWRUH
VL]H DQG DJH �%XUGHWW DQG &ROHV ������ FRQVXPHUV
 VHDUFK FRVWV �6DORS DQG 6WLJOLW] ������
WKHLU ZLOOLQJQHVV WR SD\ IRU WKH JRRG �'LDPRQG ������ RU WKH QXPEHU RI SULFH RmHUV WKH\
UHFHLYH �%XUGHWW DQG -XGG ������ 7KDW OHDUQLQJ FDQ EH D FDXVH RI SULFH GLVSHUVLRQ LQ D
SHUIHFWO\ V\PPHWULF VHWXS VHHPV WR KDYH EHHQ QRWHG nUVW E\ 6ODGH ������ DQG $JKLRQ�
(VSLQR]D DQG -XOOLHQ ������� +DUULQJWRQ ������ KDV LQYHVWLJDWHG KRZ SULFH GLVSHUVLRQ
FDXVHG E\ SURGXFHU KHWHURJHQHLW\ LV DmHFWHG E\ nUPV
 OHDUQLQJ� :H IROORZ WKHVH WKUHH
SDSHUV LQ WKDW ZH DOVR FRQVLGHU D V\PPHWULF GLmHUHQWLDWHG�JRRGV GXRSRO\ ZLWK OLQHDU
GHPDQG DQG IXOO REVHUYDELOLW\ RI DFWLRQV �SULFHV� DQG RXWFRPHV �TXDQWLWLHV���

,Q 6ODGH
V ������ LQnQLWH�KRUL]RQ PRGHO� GHPDQG LV VXEMHFW WR SHULRGLF� EXW LQIUH�
TXHQW� VKRFNV� )RU VXpFLHQWO\ ORZ GLVFRXQW UDWHV DQG SUREDELOLWLHV RI D VKRFN� VKH FRQ�
VWUXFWV VXEJDPH q�SHUIHFW HTXLOLEULD ZKHUH HDFK nUP
V SULFH GHSHQGV OLQHDUO\ RQ WKH ULYDO
V
SULFH LQ WKH SUHYLRXV SHULRG� DQG ZKHUH HDFK VKRFN WULJJHUV D OHDUQLQJ SKDVH RI SULFH GLV�
SHUVLRQ� 6ODGH HPSKDVL]HV WKH UROH RI SULFH�PDWFKLQJ EHKDYLRU LQ H[SODLQLQJ SULFH ZDUV
DV DQ HTXLOLEULXP RXWFRPH� LQ IDFW� WKH ?WLW�IRU�WDW� VWUXFWXUH RI LQWHUWHPSRUDO UHDFWLRQ
IXQFWLRQV LPSOLHV WKDW ERWK nUPV SULFH PRUH DJJUHVVLYHO\ GXULQJ OHDUQLQJ SKDVHV� ,Q FRQ�
WUDVW� ZH ZLVK WR VWUHVV WKH H[SHULPHQWDWLRQ WUDGH�Rm WKDW nUPV IDFH� ,PSRVLQJ 0DUNRY
SHUIHFWLRQ DOORZV XV WR DEVWUDFW IURP RWKHU DVSHFWV RI LQnQLWHO\ UHSHDWHG LQWHUDFWLRQ�

$JKLRQ HW DO� ������ FRQVLGHU D nQLWH�KRUL]RQ +RWHOOLQJ PRGHO ZKHUH WZR nUPV OHDUQ
DERXW WKH �XQNQRZQ EXW n[HG� WUDQVSRUWDWLRQ FRVW IRU WKHLU JRRG� 7KH\ VKRZ H[LVWHQFH
RI D XQLTXH V\PPHWULF VXEJDPH�SHUIHFW HTXLOLEULXP� ZKLFK� LQ FRQWUDVW WR RXU UHVXOWV� LV
DOZD\V LQ PL[HG VWUDWHJLHV� 7KLV GLmHUHQFH LV GXH WR WKH VSHFLnFDWLRQ RI QRLVH� ,Q IDFW�

�2WKHU SDSHUV LQ WKH OLWHUDWXUH RQ GXRSRO\ OHDUQLQJ DQG H[SHULPHQWDWLRQ XVH GLmHUHQW IUDPHZRUNV�
0LUPDQ� 6DPXHOVRQ DQG 6FKOHH ������ LQYHVWLJDWH WKH FDVH RI KRPRJHQHRXV JRRGV� 5LRUGDQ ������ DQG
0LUPDQ� 6DPXHOVRQ DQG 8UEDQR ������ VWXG\ VLJQDO MDPPLQJ ZKHQ RQO\ RXWFRPHV� EXW QRW DFWLRQV�
DUH REVHUYDEOH� )LVKPDQ DQG 5RE ������ DQDO\VH WKH HmHFWV RI FRPSHWLWLRQ RQ H[SHULPHQWDWLRQ LQ D
UHVHUYDWLRQ�SULFH PRGHO ZLWK VHDUFK FRVWV�
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WKH QRLVH LQ WKHLU PRGHO LV XQLIRUPO\ GLVWULEXWHG RYHU D FRPSDFW LQWHUYDO� ZKLFK PHDQV
WKDW nUPV HLWKHU OHDUQ WKH WUXWK LQ D JLYHQ SHULRG� RU GR QRW OHDUQ DQ\WKLQJ DW DOO� $V
D FRQVHTXHQFH� SULFH GLVSHUVLRQ WXUQV RXW WR KDYH nUVW�RUGHU JDLQV LQ WHUPV RI IXWXUH
SURnWV� 6LQFH nUPV VHW WKHVH JDLQV DJDLQVW VHFRQG RUGHU ORVVHV LQ FXUUHQW SURnWV� WKH\
DOZD\V ZDQW WR FUHDWH SULFH GLVSHUVLRQ� ,Q RXU IUDPHZRUN� WKH QRLVH KDV IXOO VXSSRUW�
ZKLFK PHDQV WKDW nUPV DOZD\V OHDUQ VRPHWKLQJ ZKHQ WKH\ FUHDWH SULFH GLVSHUVLRQ� EXW
QHYHU OHDUQ HYHU\WKLQJ� 7KLV LPSOLHV WKDW ERWK JDLQV DQG ORVVHV IURP SULFH GLVSHUVLRQ DUH
RI VHFRQG RUGHU� DQG DOORZV WKH ORVVHV WR GRPLQDWH WKH JDLQV VRPHWLPHV�

+DUULQJWRQ ������ VWXGLHV D WZR�SHULRG PRGHO ZKHUH V\PPHWULF nUPV DUH VXEMHFW WR
L�L�G� FRVW VKRFNV EHIRUH WKH\ VHW SULFHV� +H SURYHV H[LVWHQFH RI D SXUH�VWUDWHJ\ VXEJDPH
SHUIHFW HTXLOLEULXP IRU VXpFLHQWO\ KLJK GLVFRXQW UDWHV� 7KH PDLQ UHVXOW LV WKDW� UHODWLYH
WR P\RSLF EHKDYLRU� nUPV LQFUHDVH nUVW�SHULRG SULFH GLVSHUVLRQ ZKHQ JRRGV DUH VHHQ DV
KLJKO\ VXEVWLWXWDEOH� DQG UHGXFH LW ZKHQ JRRGV DUH SHUFHLYHG DV KLJKO\ GLmHUHQWLDWHG�
6LQFH WKH XQGHUO\LQJ HFRQRPLF IRUFHV LQ RXU PRGHO DUH WKH VDPH DV LQ +DUULQJWRQ
V� KLV
LQVLJKW FDUULHV RYHU WR WKH HTXLOLEULD WKDW ZH FRQVWUXFW� 5HPRYLQJ ZLWKLQ�SHULRG FRVW
DV\PPHWULHV DQG XVLQJ D FRQWLQXRXV�WLPH VHWWLQJ� KRZHYHU� ZH DUH DEOH WR GHULYH VHYHUDO
QHZ UHVXOWV� :H FKDUDFWHUL]H HTXLOLEULD RYHU WKH IXOO UDQJH RI PRGHO SDUDPHWHUV �LQFOXGLQJ
ORZ GLVFRXQW UDWHV�� SURYLGH H[SOLFLW VXpFLHQW FRQGLWLRQV RQ WKH PRGHO SDUDPHWHUV IRU
HDFK W\SH RI HTXLOLEULXP� DQG DQDO\VH WKH FRPSDUDWLYH VWDWLFV RI HTXLOLEULXP SD\RmV DQG
SULFH GLVSHUVLRQ� 0RVW LPSRUWDQW� ZH DUH DEOH WR DGGUHVV WKH G\QDPLFV DQG ORQJ�UXQ
SURSHUWLHV RI SULFH GLVSHUVLRQ�

7KH UHVXOWLQJ LQWHUSUHWDWLRQ RI F\FOLFDO SULFLQJ SDWWHUQV LV GLVWLQFW IURP WKDW RmHUHG
E\ WKHRULHV RI FROOXVLRQ RYHU WKH EXVLQHVV F\FOH �*UHHQ DQG 3RUWHU� ����� 5RWHPEHUJ DQG
6DORQHU� ����� %DJZHOO DQG 6WDLJHU� ����� RU VDOHV �6REHO� ������ $VVXPLQJ LPSHUIHFWO\
REVHUYDEOH GHPDQG� *UHHQ DQG 3RUWHU H[SODLQ F\FOLFDO PRYHPHQWV LQ WKH SULFH OHYHO DV WKH
DOWHUQDWLRQ EHWZHHQ FROOXVLYH SKDVHV �ZKHQ SULFHV DUH UHODWLYHO\ KLJK� DQG SXQLVKPHQW
SKDVHV �ZKHQ SULFHV DUH UHODWLYHO\ ORZ�� 5RWHPEHUJ DQG 6DORQHU DV ZHOO DV %DJZHOO DQG
6WDLJHU VWXG\ VHWXSV ZLWK REVHUYDEOH GHPDQG DQG H[SODLQ SULFH F\FOHV E\ FKDQJHV LQ WKH
LQFHQWLYH WR GHYLDWH IURP WKH FROOXVLYH SULFH� 6REHO H[SODLQV RFFDVLRQDO SULFH FXWV DV nUPV

DWWHPSW WR VHOO D GXUDEOH JRRG WR ORZ�YDOXH FXVWRPHUV WKDW KDYH QRW EHHQ VHUYHG EHIRUH�
3ULFH GLVSHUVLRQ LV LQFLGHQWDO WR DOO WKHVH WKHRULHV� ZKLFK DERYH DOO DUH FRQFHUQHG ZLWK
oXFWXDWLRQV LQ WKH SULFH OHYHO�� ,I D nUP HYHU GHYLDWHG IURP WKH ?SUHGRPLQDQW� SULFH�
LW ZRXOG GR VR LQ WKH KRSH RI UHDSLQJ KLJKHU VKRUW�WHUP SURnWV� ,Q FRQWUDVW� ZH VWUHVV
SULFH GLmHUHQFHV DFURVV nUPV� DQG WKHVH GLmHUHQFHV DULVH QRW EHFDXVH nUPV KRSH WR JDLQ
D VKRUW�WHUP DGYDQWDJH� EXW EHFDXVH WKH\ PDNH DQ LQYHVWPHQW ZLWK ORQJ�WHUP SD\RmV�

6HYHUDO DXWKRUV KDYH HPSKDVL]HG LQIRUPDWLRQDO H[WHUQDOLWLHV DQG WKH UHVXOWLQJ LQHp�
FLHQFLHV LQ H[SHULPHQWDWLRQ DQG OHDUQLQJ �5RE� ����� &DSOLQ DQG /HDK\� ����� &KDPOH\
DQG *DOH� ����� %HUJHPDQQ DQG 9�DOLP�DNL� ����� %ROWRQ DQG +DUULV� ����� DQG RWKHUV��
:KLOH ZH DOVR KDYH DQ LQIRUPDWLRQDO H[WHUQDOLW\ LQ RXU PRGHO �LQIRUPDWLRQ LV D SXEOLF
JRRG� VR RQH nUP FDQ IUHH�ULGH RQ WKH LQIRUPDWLRQ JDWKHUHG E\ WKH RWKHU�� HTXLOLEULXP LV
LQHpFLHQW QRW EHFDXVH RI WKLV H[WHUQDOLW\� EXW EHFDXVH RI LPSHUIHFW FRPSHWLWLRQ� ,I nUPV
KDG QR PDUNHW SRZHU� LQIRUPDWLRQ ZRXOG EH RI QR YDOXH WR WKHP� WKHUH ZRXOG EH QR QHHG

�6REHO
V ������ WKHRU\� IRU H[DPSOH� LV FRPSDWLEOH ZLWK HTXLOLEULD ZKHUH DOO nUPV ORZHU WKHLU SULFH DW
WKH VDPH WLPH DQG WR WKH VDPH OHYHO�

�



WR H[SHULPHQW� DQG WKH LQIRUPDWLRQDO H[WHUQDOLW\ ZRXOG EH FRPSOHWHO\ LUUHOHYDQW� )LUPV
ZRXOG VHW SULFH HTXDO WR WKHLU FRPPRQ PDUJLQDO FRVW� ZKLFK LV WKH HpFLHQW RXWFRPH� ,W LV
WKHUHIRUH RI OLWWOH LQWHUHVW WR FRPSDUH HTXLOLEULXP H[SHULPHQWDWLRQ ZLWK VRFLDOO\ HpFLHQW
H[SHULPHQWDWLRQ LQ RXU PRGHO� ,Q IDFW� WKLV FRPSDULVRQ LV WULYLDO� WKHUH LV ?H[FHVVLYH�
PDUNHW H[SHULPHQWDWLRQ ZKHQHYHU WKHUH LV SULFH GLVSHUVLRQ�

&RQWLQXRXV�WLPH PRGHOV RI PXOWL�DJHQW %D\HVLDQ OHDUQLQJ JR EDFN WR %ROWRQ DQG
+DUULV ������� DQG KDYH VXEVHTXHQWO\ EHHQ XVHG LQ )HOOL DQG +DUULV ������ DQG %HUJHPDQQ
DQG 9�DOLP�DNL ������ ������ ,Q WKHVH SDSHUV� H[SHULPHQWV DUH LQGLYLVLEOH LQ WKH VHQVH WKDW
DJHQWV FDQQRW FRQWURO WKH LQIRUPDWLRQ FRQWHQW RI WKH VLJQDOV WKH\ UHFHLYH� ,Q RXU PRGHO�
WKH nUPV FDQ nQHO\ WXQH WKH LQIRUPDWLRQ FRQWHQW E\ DGMXVWLQJ WKHLU DFWLRQV VOLJKWO\�� 2XU
VSHFLnFDWLRQ RI EDFNJURXQG LQIRUPDWLRQ LV WKH VDPH DV LQ %ROWRQ DQG +DUULV ������� DQG
ZH XVH WKH WHFKQLTXHV RI .HOOHU DQG 5DG\ ������ WR GHDO ZLWK D FKDQJLQJ HQYLURQPHQW�
)LQDOO\� RXU DSSURDFK WR FRQWLQXRXV�WLPH UDQGRPL]DWLRQ IROORZV +DUULV ������� 7R WKH
EHVW RI RXU NQRZOHGJH� WKH SUHVHQW SDSHU FRQVWLWXWHV WKH nUVW WUDFWDEOH DSSOLFDWLRQ RI
FRQWLQXRXV�WLPH UDQGRPL]DWLRQ WR D JDPH ZLWK FRQWLQXRXV DFWLRQ VSDFH�

7KH QH[W VHFWLRQ VHWV XS WKH PRGHO� 6HFWLRQ � LQWURGXFHV WKH EHQFKPDUN RI P\RSLF
EHKDYLRU� 6HFWLRQ � GHVFULEHV WKH SD\�Rm V\PPHWULF 03( RI WKH G\QDPLF SULFLQJ JDPH�
6HFWLRQ � SURYLGHV QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU HTXLOLEULD ZLWK DQG ZLWKRXW
SULFH GLVSHUVLRQ� 6HFWLRQ � GHULYHV FRPSDUDWLYH VWDWLFV IRU SULFH GLVSHUVLRQ� 6HFWLRQ �
VWXGLHV MRLQW UDQGRPL]DWLRQ DQG LWV HmHFW RQ FRQVXPHU ZHOIDUH� 6HFWLRQ � FRQWDLQV VRPH
FRQFOXGLQJ UHPDUNV� 7HFKQLFDO GHWDLOV DQG SURRIV DUH UHOHJDWHG WR WKH $SSHQGL[�

� 7KH 0RGHO

:H FRQVLGHU WZR nUPV� HDFK SURGXFLQJ D QRQ�VWRUDEOH JRRG LQ FRQWLQXRXV WLPH� 7KHUH
DUH WZR SRVVLEOH VWDWHV RI GHPDQG IRU WKHVH JRRGV� N  � RU �� ,I WKH FXUUHQW VWDWH LV
N� DQG WKH SULFHV FXUUHQWO\ FKDUJHG E\ WKH WZR nUPV DUH S� DQG S�� WKHQ WKH H[SHFWHG
GHPDQG IRU WKH SURGXFW RI nUP L LQ WKLV SHULRG LV

TL  T�SL� SM � N�  Db ESL b FN �SL b SM�

ZKHUH WKH LQWHUFHSW D� WKH VORSH E DQG WKH WZR SRVVLEOH VXEVWLWXWDELOLW\ SDUDPHWHUV F� � F�
DUH SRVLWLYH FRQVWDQWV�� 7KXV� WKH TXDQWLW\ WKDW nUP L H[SHFWV WR VHOO LV GHFUHDVLQJ LQ
LWV RZQ SULFH SL DQG WKH SULFH GLmHUHQFH ZLWK LWV ULYDO� SL b SM � 7KLV SULFH GLmHUHQFH
PDWWHUV PRUH LQ VWDWH �� ZKHUH FRQVXPHUV SHUFHLYH WKH SURGXFWV DV FORVHU VXEVWLWXWHV�
7KH TXDQWLW\ DFWXDOO\ VROG E\ HDFK nUP LV WKH H[SHFWHG TXDQWLW\ SOXV VRPH QRLVH WHUP�
VSHFLnHG EHORZ�
7KH VWDWH VZLWFKHV DFFRUGLQJ WR D FRQWLQXRXV WLPH 0DUNRY SURFHVV ZLWK WKH WUDQVLWLRQ

�%ROWRQ DQG +DUULV ������ JLYH DJHQWV WKLV FDSDELOLW\ E\ DOORZLQJ WKHP WR DOORFDWH D IUDFWLRQ RI HDFK
LQVWDQW WR H[SHULPHQWDWLRQ� ZKLFK LV LVRPRUSKLF WR UDQGRPL]DWLRQ�

�7KLV VWUXFWXUH RI H[SHFWHG GHPDQG LV WKH VDPH DV LQ +DUULQJWRQ ������� 7KH +RWHOOLQJ PRGHO LQ
$JKLRQ� (VSLQR]D DQG -XOOLHQ ������ FRUUHVSRQGV WR WKH VSHFLDO FDVH ZKHUH E  �� )RU UHDVRQV WKDW
ZLOO EHFRPH REYLRXV LQ D ZKLOH� ZH ZLOO QRW LPSRVH QRQ�QHJDWLYLW\ FRQVWUDLQWV RQ SULFHV RU H[SHFWHG
TXDQWLWLHV�
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SUREDELOLWLHV

3U�NW�cW  � M NW  ��  �b w�cW� R�cW�� 3U�NW�cW  � M NW  ��  w�cW� R�cW��

3U�NW�cW  � M NW  ��  w�cW� R�cW�� 3U�NW�cW  � M NW  ��  �b w�cW� R�cW�

ZKHUH wN ! � �N  �� �� DUH DJDLQ NQRZQ� ,Q SDUWLFXODU�

3U �NV  N �V � >W� W�cW@ M NW  N�  H[S�bwNcW��

'XULQJ SURGXFWLRQ� WKH nUPV NQRZ WKH SDUDPHWHUV D� E DQG wN �N  �� ��� EXW QRW WKH
VWDWH RI GHPDQG� IXUWKHUPRUH� WKH QRLVH LQ DFWXDO TXDQWLWLHV VROG SUHYHQWV WKHP IURP
GLUHFWO\ LQIHUULQJ WKH WUXH VWDWH�
$W HDFK WLPH W� WKH nUPV VHW SULFHV S��W DQG S��W DQG REVHUYH WKH UHVXOWLQJ LQFUHPHQWV

LQ WRWDO TXDQWLWLHV VROG�

G4��W  T�S��W� S��W� NW� GW �
S
�} G=��W�

G4��W  T�S��W� S��W� NW� GW �
S
�} G=��W�

ZKHUH �=�� =�� LV D VWDQGDUG WZR�GLPHQVLRQDO :LHQHU SURFHVV LQGHSHQGHQW RI WKH SURFHVV
N� DQG } ! � LV D FRQVWDQW NQRZQ WR WKH nUPV�� 7KHVH HTXDWLRQV FDSWXUH WKH LGHD WKDW
FRQVXPHUV VRPHWLPHV PDNH PLVWDNHV RU H[SHULHQFH LGLRV\QFUDWLF WDVWH VKRFNV�
:H DVVXPH WKDW ERWK nUPV REVHUYH HDFK RWKHU
V SULFHV DQG VDOHV DV ZHOO DV WKHLU RZQ�

0RUHRYHU� ZH DVVXPH WKDW WKH\ ERWK REVHUYH DQ DGGLWLRQDO EDFNJURXQG VLJQDO DERXW WKH
GHJUHH RI SURGXFW GLmHUHQWLDWLRQ�

T

z FNW GW � } G:W�

ZKHUH: LV DQRWKHU VWDQGDUG :LHQHU SURFHVV LQGHSHQGHQW RI WKH SURFHVVHV N DQG �=�� =���
DQG z ! � LV D FRQVWDQW NQRZQ WR WKH nUPV� 7KLV EDFNJURXQG LQIRUPDWLRQ KDV WKH QDWXUDO
LQWHUSUHWDWLRQ RI ZKDW LV IUHHO\ DYDLODEOH IURP FRQVXPHU VXUYH\V� WUDGH PDJD]LQHV� DQG
WKH OLNH�� 7KH UDWLR

S
z } PHDVXUHV WKH VWUHQJWK RI WKH SXEOLF VLJQDO� 7KXV� XVLQJ WKH

VDPH QRLVH SDUDPHWHU } DV LQ WKH HTXDWLRQV IRU WRWDO TXDQWLWLHV VROG LV ZLWKRXW ORVV RI
JHQHUDOLW\�
(DFK nUP
V REMHFWLYH LV WR PD[LPL]H WKH H[SHFWHG SUHVHQW YDOXH RI LWV SURnW oRZ� :H

DVVXPH WKDW SURGXFWLRQ KDV FRQVWDQW RU OLQHDU PDUJLQDO FRVW� QRUPDOL]HG WR ]HUR ZLWKRXW

�7KLV LV WKH FRQWLQXRXV�WLPH OLPLW RI WKH HTXDWLRQV c4��W  T�S��W� S��W�NW�cW �
S
�}

S
cW ���W DQG

c4��W  T�S��W� S��W�NW�cW �
S
�}

S
cW ���W �W  ��cW� �cW� � � �� ZLWK �L�W z ,,1������ 7KH IDFWRU

S
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LQ WKH QRLVH WHUPV LV D QRUPDOL]DWLRQ WKDW ZLOO VLPSOLI\ VRPH H[SUHVVLRQV ODWHU RQ� 1RWH WKDW WKH IXOO
VXSSRUW RI WKH QRUPDO GLVWULEXWLRQ LPSOLHV D SRVLWLYH SUREDELOLW\ WKDW TXDQWLWLHV DFWXDOO\ GHPDQGHG DUH
QHJDWLYH� HYHQ LI WKH H[SHFWHG GHPDQG LV SRVLWLYH� 7KLV LV ZK\ WKHUH LV QR SRLQW LPSRVLQJ D QRQ�QHJDWLYLW\
FRQVWUDLQW RQ H[SHFWHG TXDQWLWLHV LQ WKH nUVW SODFH� 2I FRXUVH� QRUPDO QRLVH GLVWULEXWLRQV DUH FKRVHQ IRU
WKH VDNH RI WUDFWDELOLW\ RI WKH XSGDWLQJ SUREOHP�

�7HFKQLFDOO\� LW ZLOO SOD\ D GXDO UROH� )LUVW� LW ZLOO JXDUDQWHH D SURFHVV RI SRVWHULRU EHOLHIV WKDW LV
UHJXODU RQ WKH RSHQ XQLW LQWHUYDO� L�H� WKDW FDQ UHDFK HYHU\ SRLQW ZLWK SRVLWLYH SUREDELOLW\ IURP DQ\
FXUUHQW SRVLWLRQ� 6HFRQG� LW ZLOO HQVXUH WKDW WKH GLmHUHQWLDO HTXDWLRQV FKDUDFWHUL]LQJ WKH nUPV
 SD\Rm
IXQFWLRQV DUH QRQ�GHJHQHUDWH�
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ORVV RI JHQHUDOLW\� VR UHYHQXH HTXDOV SURnW� )LUP L
V WRWDO SD\Rm� H[SUHVVHG LQ SHU�SHULRG
WHUPV� LV WKHQ
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ZKHUH U LV WKH nUPV
 FRPPRQ GLVFRXQW UDWH� ,PSOLFLW LQ WKLV H[SHFWDWLRQ LV nUPV
 FRPPRQ
LQLWLDO EHOLHI DERXW WKH GHJUHH RI SURGXFW GLmHUHQWLDWLRQ� VXPPDUL]HG E\ {�� WKH VXEMHFWLYH
SUREDELOLW\ WKDW N�  ��
2XU DVVXPSWLRQ RI IXOO REVHUYDELOLW\ RI SULFHV DQG TXDQWLWLHV LPSOLHV WKDW WKH WZR

nUPV
 SRVWHULRU EHOLHIV ZLOO EH LGHQWLFDO DW DOO WLPHV� 6LQFH WKHUH LV QR RWKHU LQWHUWHPSR�
UDO OLQN LQ RXU PRGHO� WKH SRVWHULRU EHOLHI LV D QDWXUDO VWDWH YDULDEOH IRU 0DUNRY SHUIHFW
HTXLOLEULD� :H WKHUHIRUH IRFXV RQ VWDWLRQDU\ VWUDWHJLHV ZKHUH nUPV
 SULFHV GHSHQG RQO\
RQ {W� WKH VXEMHFWLYH SUREDELOLW\ WKDW NW  �� DQG SRVVLEO\ WKH RXWFRPH RI VRPH UDQ�
GRPL]DWLRQ GHYLFH� 0RUH SUHFLVHO\� D SXUH VWUDWHJ\ LV D /HEHVJXH PHDVXUDEOH PDSSLQJ
IURP WKH LQWHUYDO >�� �@ RI SRVVLEOH EHOLHIV WR WKH UHDO OLQH� $ PL[HG VWUDWHJ\ LV D /HEHVJXH
PHDVXUDEOH IXQFWLRQ IURP WKH VWDWH VSDFH >�� �@ WR WKH VHW RI %RUHO SUREDELOLW\ PHDVXUHV
RQ WKH UHDO OLQH� ,Q WKH XVXDO ZD\� ZH FDQ LGHQWLI\ HDFK SXUH VWUDWHJ\ ZLWK D PL[HG VWUDW�
HJ\ WKDW� DW HDFK EHOLHI� SXWV IXOO SUREDELOLW\ PDVV RQ WKH DFWLRQ SUHVFULEHG E\ WKH SXUH
VWUDWHJ\� 1RWH DOVR WKDW D PL[HG VWUDWHJ\ FDQ SUHVFULEH D SXUH DFWLRQ DW VRPH EHOLHIV
ZKLOH LW UHTXLUHV UDQGRPL]DWLRQ DW RWKHUV�
:H LQWHUSUHW UDQGRPL]DWLRQ LQ FRQWLQXRXV WLPH DV WKH OLPLW RI PRUH DQG PRUH IUHTXHQW

VZLWFKLQJ EHWZHHQ SXUH VWUDWHJLHV�� ,Q WKLV OLPLW� WKH VWRFKDVWLF SURFHVV RI EHOLHIV LV D GLI�
IXVLRQ ZLWK WKH IROORZLQJ FKDUDFWHULVWLFV� ,I WKH FXUUHQW EHOLHI LV { DQG WKH nUPV XVH PL[HG
VWUDWHJLHV aS� DQG aS�� UHVSHFWLYHO\� WKHQ WKH FKDQJH LQ EHOLHIV G{ RYHU WKH QH[W WLPH LQWHUYDO
RI LQnQLWHVLPDO OHQJWK GW KDV PHDQ w�{� GW DQG YDULDQFH {���b {�� (>6�aS��{�� aS��{��@ GW
ZKHUH
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7KH H[SUHVVLRQ IRU WKH YDULDQFH KDV WZR FRPSRQHQWV� 7KH nUVW� {��� b {��� LV D
PHDVXUH RI WKH GLmXVHQHVV RI WKH FXUUHQW EHOLHI� 7KH VHFRQG� ( >6�aS��{�� aS��{��@� LV DQ
H[SHFWHG VLJQDO�WR�QRLVH UDWLR WKDW LQFRUSRUDWHV nUP �
V VDOHV� nUPV �
V VDOHV� DQG WKH
EDFNJURXQG VLJQDO� )LUPV FRQWURO WKH LQIRUPDWLYHQHVV RI WKH TXDQWLW\ VLJQDOV WKURXJK
WKHLU FKRLFH RI SULFHV� WKH IXUWKHU WKH H[SHFWHG TXDQWLW\ LQ VWDWH � LV DSDUW IURP WKH
H[SHFWHG TXDQWLW\ LQ VWDWH �� WKH PRUH nUPV OHDUQ DERXW WKH FXUUHQW VWDWH� DQG WKH
VWURQJHU LV WKH FRUUHVSRQGLQJ FKDQJH RI EHOLHI�� ,I nUPV FKDUJH WKH VDPH SULFH� WKH VWDWH

�6HH $SSHQGL[ $ IRU GHWDLOV�
�,Q SDUWLFXODU� D nUP PD\ ZDQW WR SULFH EHORZ PDUJLQDO FRVW LQ RUGHU WR PDNH WKH TXDQWLW\ VLJQDO

PRUH LQIRUPDWLYH� $V ZH KDYH QRUPDOL]HG PDUJLQDO FRVW WR ]HUR� LW ZRXOG WKHUHIRUH QRW EH DSSURSULDWH
WR LPSRVH D QRQ�QHJDWLYLW\ FRQVWUDLQW RQ SULFHV�
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RI GHPDQG N LV LUUHOHYDQW WR WKH TXDQWLWLHV nUPV H[SHFW WR VHOO� DQG WKH TXDQWLW\ VLJQDOV
EHFRPH FRPSOHWHO\ XQLQIRUPDWLYH� ,Q WKLV HYHQW� WKH EDFNJURXQG VLJQDO VWLOO SURYLGHV
VRPH LQIRUPDWLRQ� 7KH ORZHU } �WKH OHYHO RI QRLVH LQ WKH V\VWHP�� DQG WKH KLJKHU z �WKH
TXDOLW\ RI WKH EDFNJURXQG LQIRUPDWLRQ�� WKH VWURQJHU ZLOO EH WKH UHYLVLRQ RI EHOLHIV IRU
D JLYHQ SDLU RI SULFHV� 7KH UHDFWLRQ RI EHOLHIV WR QHZ HYLGHQFH DOVR LQFUHDVHV ZLWK WKH
GLmXVHQHVV RI WKH FXUUHQW EHOLHI� DQG LV VWURQJHVW DW {  �

�
� )RU {  � RU �� RQ WKH

RWKHU KDQG� nUPV DUH VXEMHFWLYHO\ FHUWDLQ RI WKH FXUUHQW VWDWH DQG LJQRUH WKH VLJQDOV WKH\
UHFHLYH�

)LUPV DOVR XSGDWH EHFDXVH RI WKH SRVVLELOLW\ WKDW WKH VWDWH PD\ VZLWFK RYHU WKH QH[W
LQnQLWHVLPDO SHULRG RI WLPH� *LYHQ WKH FXUUHQW EHOLHI {� WKH\ DVVLJQ SUREDELOLW\ �b { WR
VWDWH �� KHQFH SUREDELOLW\ �� b {�w� GW WR D WUDQVLWLRQ IURP VWDWH � WR VWDWH � RYHU WKH
QH[W LQVWDQW GW� LQ WKH VDPH ZD\� WKH\ DVVLJQ SUREDELOLW\ {w� GW WR D WUDQVLWLRQ IURP VWDWH
� WR VWDWH �� 7KH nUVW SRVVLELOLW\ LQFUHDVHV WKH SUREDELOLW\ RI EHLQJ LQ VWDWH � DIWHU WKH
WLPH GW KDV HODSVHG� WKH VHFRQG UHGXFHV LW� DQG WKH FRPELQHG HmHFW OHDGV WR WKH H[SHFWHG
FKDQJH w�{� GW� 7KH OLQHDU IXQFWLRQ w YDQLVKHV DW WKH LQYDULDQW EHOLHI
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w� � w�
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�7KLV LV VLPSO\ WKH H[SHFWHG IUDFWLRQ RI WLPH VSHQW LQ VWDWH ��� :H OHW e  w� � w� DQG
ZULWH

w�{�  be�{ b a{��

7KLV UHSUHVHQWDWLRQ VKRZV WKDW VWDWH VZLWFKLQJ LQWURGXFHV PHDQ UHYHUVLRQ LQWR WKH HYR�
OXWLRQ RI EHOLHIV� 7KURXJKRXW WKH SDSHU� ZH VKDOO n[ DQ LQYDULDQW EHOLHI a{ DQG XVH WKH
SDUDPHWHU e WR PHDVXUH WKH LQWHQVLW\ RI GHPDQG FXUYH VZLWFKHV� DQG KHQFH WKH LQVWDELOLW\
RI WKH HQYLURQPHQW LQ ZKLFK WKH nUPV RSHUDWH�

:LWK D EHOLHI {� WKH nUPV
 EHVW DVVHVVPHQW RI WKHLU FRPSHWLWLYH HQYLURQPHQW LV

F�{�  ��b {�F� � {F��

1RZ� JLYHQ WZR PL[HG VWUDWHJLHV aS� DQG aS� DQG D FRPPRQ SULRU EHOLHI {� nUP L
V WRWDO
SD\Rm FDQ EH ZULWWHQ DV

XL�{�  (
�
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ZKHUH
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 SL >Db ESL b F�{� �SL b SM�@

LV nUP L
V H[SHFWHG LQVWDQWDQHRXV UHYHQXH JLYHQ EHOLHI { DQG SULFHV SL DQG SM � 1RWH
WKDW WKH nUVW H[SHFWDWLRQV RSHUDWRU LQ WKH DERYH H[SUHVVLRQ LV ZLWK UHVSHFW WR WKH ODZ RI
PRWLRQ RI EHOLHIV DV GHVFULEHG DERYH� DQG WKH VHFRQG ZLWK UHVSHFW WR WKH GLVWULEXWLRQ RI
SULFHV JLYHQ D EHOLHI�

�



0RUH XVHIXO IRU RXU DQDO\VLV RI SD\Rm IXQFWLRQV DQG HTXLOLEULXP VWUDWHJLHV LV WKH
FKDUDFWHUL]DWLRQ RI XL DV D VROXWLRQ WR WKH 2'(
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)RU SXUH VWUDWHJLHV� WKLV LV D VWDQGDUG UHVXOW� D KHXULVWLF GHULYDWLRQ FDQ EH IRXQG LQ .HOOHU
DQG 5DG\ ������ 6HFWLRQ ��� 7KH H[WHQVLRQ WR PL[HG VWUDWHJLHV LV WKHQ YHU\ LQWXLWLYH�
ZKDW PDWWHUV LV WKH DYHUDJH VLJQDO�WR�QRLVH UDWLR DQG WKH DYHUDJH FXUUHQW UHYHQXH JLYHQ
WKH nUPV
 SULFH GLVWULEXWLRQV� (TXDWLRQ ��� VKRZV WKDW D nUP
V SD\Rm KDV WKUHH FRPSR�
QHQWV� 7KH nUVW FRPSRQHQW UHoHFWV FKDQJHV LQ WKH HQYLURQPHQW� ,Q IDFW� w�{� LQGLFDWHV
WKH PDJQLWXGH DQG GLUHFWLRQ RI WKH OLNHO\ FKDQJH LQ EHOLHI GXH WR D SRVVLEOH FKDQJH LQ
WKH XQGHUO\LQJ VWDWH RI GHPDQG� 7KLV SLHFH RI LQIRUPDWLRQ KDV WKH VKDGRZ SULFH X�

L�{� U�
7KH VHFRQG WHUP UHSUHVHQWV WKH YDOXH RI LQIRUPDWLRQ H[WUDFWHG IURP WKH QRLV\ VLJQDOV
DYDLODEOH WR WKH nUP� ,QGHHG� (>6�aSL�{�� aSM�{��@ PHDVXUHV WKH H[SHFWHG LQIRUPDWLRQ FRQ�
WHQW RI WKH VLJQDOV REWDLQHG DIWHU VHWWLQJ SULFHV� 7KLV LQIRUPDWLRQ LV YDOXHG DW WKH VKDGRZ
SULFH {���b {��X��

L �{� ��U�� 7KH WKLUG WHUP LV VLPSO\ WKH H[SHFWHG FXUUHQW SD\Rm�

� 0\RSLF 3ULFLQJ

,Q SUHSDUDWLRQ IRU WKH FRQVWUXFWLRQ RI 0DUNRY SHUIHFW HTXLOLEULD� WKLV VHFWLRQ LQWURGXFHV
WKH EHQFKPDUN RI P\RSLF EHKDYLRU�
,Q D V\PPHWULF RQH�VKRW JDPH ZLWK SD\RmV 5�{� SL� SM� IRU n[HG {� WKH XQLTXH 1DVK

HTXLOLEULXP LV V\PPHWULF DQG KDV ERWK nUPV VHW WKH SULFH

SP�{�  
D

�E� F�{�

ZKLFK \LHOGV HDFK nUP WKH SD\Rm

P�{�  
D�>E� F�{�@

>�E� F�{�@�
�

7KH SULFH SP�{� ZRXOG DOVR EH FKRVHQ LQ RXU G\QDPLF VHWWLQJ LI nUPV GLG QRW FDUH DERXW
WKH IXWXUH� :H WKHUHIRUH FDOO SP WKH P\RSLF VWUDWHJ\ DQG P WKH P\RSLF SD\Rm IXQFWLRQ�
*LYHQ RXU FRQYHQWLRQ WKDW F� � F�� WKH IXQFWLRQV S

P DQG P DUH VWULFWO\ GHFUHDVLQJ�
P LV VWULFWO\ FRQFDYH RQ I{ � F�{� � EJ DQG VWULFWO\ FRQYH[ RQ I{ � F�{� ! EJ� 7KH
PRQRWRQLFLW\ SURSHUWLHV VLPSO\ UHoHFW WKH IDFW WKDW FRPSHWLWLRQ EHFRPHV PRUH LQWHQVH
DV WKH WZR SURGXFWV DUH VHHQ DV FORVHU VXEVWLWXWHV� 7KH FXUYDWXUH SURSHUWLHV RI P DUH
WKH VDPH DV LQ +DUULQJWRQ ������� VR ZH EULHo\ UHFDS KLV GLVFXVVLRQ RI WKH XQGHUO\LQJ
HFRQRPLF IRUFHV� $V SURnWV IDOO WR ]HUR ZKHQ ZH DSSURDFK WKH OLPLWLQJ FDVH RI %HUWUDQG
FRPSHWLWLRQ �F� � ��� WKH P\RSLF SD\Rm IXQFWLRQ KDV WR EHFRPH FRQYH[ IRU F�{� VXI�
nFLHQWO\ ODUJH� :KHQ nUPV VHH WKHLU JRRGV DV KLJKO\ VXEVWLWXWDEOH� WKHUHIRUH� WKH\ DUH
ULVN�ORYLQJ ZLWK UHVSHFW WR FKDQJHV LQ EHOLHIV� ZKLFK PHDQV WKDW WKH YDOXH RI LQIRUPDWLRQ
LV SRVLWLYH� &RQYHUVHO\� ZKHQ SURGXFWV DUH VHHQ DV KLJKO\ GLmHUHQWLDWHG� nUPV EHKDYH OLNH

�



?ORFDO PRQRSROLVWV� DQG H[WUDFW KLJK SURnWV IURP WKH EX\HUV� 8QGHU WKHVH FLUFXPVWDQFHV�
DGGLWLRQDO SXEOLF LQIRUPDWLRQ PLJKW EH EDG IRU ERWK nUPV� :KLOH HDFK nUP FRXOG LP�
SURYH LWV SULFLQJ GHFLVLRQ KROGLQJ WKH FRPSHWLWRU
V SULFH FRQVWDQW� WKH FRPSHWLWRU FRXOG
LQ IDFW UHDFW WR QHZ LQIRUPDWLRQ VR DJJUHVVLYHO\ DV WR PDNH WKH H[SHFWHG QHW HmHFW RQ
SURnWV QHJDWLYH� 7KLV LV H[DFWO\ ZKDW KDSSHQV LQ RXU OLQHDU VHWXS� )RU F�{� VXpFLHQWO\
VPDOO� WKH P\RSLF SD\Rm IXQFWLRQ LV FRQFDYH��� WKH nUPV DUH ULVN�DYHUVH ZLWK UHVSHFW WR
FKDQJHV LQ EHOLHIV� DQG WKH YDOXH RI LQIRUPDWLRQ LV QHJDWLYH�

+DUULQJWRQ ������ DOVR VSHOOV RXW WKH LPSOLFDWLRQV RI WKHVH nQGLQJV IRU WKH nUPV
 EH�
KDYLRU LQ D G\QDPLF VHWXS� ,I WKH GXRSROLVWV SHUFHLYH WKHLU JRRGV DV KLJKO\ VXEVWLWXWDEOH
DQG WKXV SODFH D SRVLWLYH YDOXH RQ LQIRUPDWLRQ� WKH\ KDYH DQ LQFHQWLYH WR PDNH PDUNHW
REVHUYDWLRQV PRUH LQIRUPDWLYH� 7KHUHIRUH� WKH\ FUHDWH DW OHDVW DV PXFK SULFH GLVSHUVLRQ
DV SUHGLFWHG E\ P\RSLF SURnW PD[LPL]DWLRQ� &RQYHUVHO\� LI WKH SURGXFWV DUH SHUFHLYHG DV
KLJKO\ GLmHUHQWLDWHG� WKH QHJDWLYH YDOXH RI LQIRUPDWLRQ JLYHV nUPV DQ LQFHQWLYH WR PDNH
PDUNHW RXWFRPHV OHVV LQIRUPDWLYH� VR WKH\ FUHDWH DW PRVW DV PXFK SULFH GLVSHUVLRQ DV
XQGHU P\RSLF SURnW PD[LPL]DWLRQ�

,Q +DUULQJWRQ
V PRGHO� nUPV H[SHULHQFH FRVW VKRFNV LQ HDFK SHULRG EHIRUH SURGXFLQJ�
7KXV� WKH P\RSLF HTXLOLEULXP JHQHULFDOO\ H[KLELWV SULFH GLVSHUVLRQ� DQG LW LV IHDVLEOH
IRU WKH nUPV WR FUHDWH VWULFWO\ OHVV GLVSHUVLRQ WKDQ LQ WKH P\RSLF EHQFKPDUN� 7KLV LV
LPSRVVLEOH LQ RXU PRGHO� ZKHUH WKHUH DUH QR FRVW GLmHUHQFHV DQG WKH P\RSLF VWUDWHJLHV
LPSO\ SULFH PDWFKLQJ� $ QHJDWLYH YDOXH RI LQIRUPDWLRQ ZLOO WKHUHIRUH DOZD\V LPSO\ ]HUR
SULFH GLVSHUVLRQ�

� (TXLOLEULD RI WKH '\QDPLF 3ULFLQJ *DPH

2XU QH[W DLP LV WR FKDUDFWHUL]H 0DUNRY SHUIHFW HTXLOLEULD ZKHQ nUPV DUH IRUZDUG�ORRNLQJ
DQG WDNH LQWR DFFRXQW WKDW WKHLU DFWLRQV QRW RQO\ SURYLGH FXUUHQW UHZDUGV� EXW DOVR LQIRU�
PDWLRQ DERXW WKH XQGHUO\LQJ VWDWH RI GHPDQG� )LUVW� ZH ZLOO VKRZ WKDW nUPV
 H[SHFWHG
SD\RmV GHSHQG RQ WKH PHDQ DQG YDULDQFH RI SULFHV RQO\� ,Q D VHFRQG VWHS� ZH ZLOO VHH
WKDW WKH DYHUDJH SULFH FKDUJHG E\ HDFK nUP PXVW HTXDO WKH P\RSLF SULFH� )LQDOO\� ZH
ZLOO SLQ GRZQ SULFH YDULDQFHV E\ LPSRVLQJ SD\Rm V\PPHWU\�

6XSSRVH WKH nUPV HPSOR\ WKH PL[HG VWUDWHJLHV aS� DQG aS�� :ULWH xSL�{� IRU WKH PHDQ
DQG 9L�{� IRU WKH YDULDQFH RI nUP L
V SULFH JLYHQ EHOLHI {� 6WUDLJKWIRUZDUG FRPSXWDWLRQV
VKRZ WKDW

(>5�{� aSL�{�� aSM�{��@  D xSL�{�b >E� F�{�@
K

xSL�{�
� � 9L�{�

L

� F�{� xSL�{� xSM�{�

 5�{� xSL�{�� xSM�{��b >E� F�{�@9L�{� ���

��%\ WKH HQYHORSH WKHRUHP� WKH FKDQJH LQ UHYHQXHV IRU D VPDOO LQFUHDVH LQ { LV WKH SULFH SP�{� WLPHV
WKH QXPEHU RI XQLWV ORVW WR WKH FRPSHWLWRU nUP� F�{��SP���{�� &RQVLGHULQJ WKLV UHYHQXH ORVV DW D KLJKHU
EHOLHI {� ZH VHH WKUHH FKDQJHV� nUVW� WKH SULFH SP�{� LV ORZHU� VR XQLWV ORVW DUH OHVV YDOXDEOH� VHFRQG� WKH
RSSRQHQW
V SULFH UHVSRQVH �SP���{� LV VPDOOHU� WKLUG� F�{� LV KLJKHU� 7KH HmHFW RI WKH nUVW WZR FKDQJHV
LV WR ORZHU WKH ORVV LQ UHYHQXH� ZKLOH WKH HmHFW RI WKH WKLUG LV WR LQFUHDVH LW� )RU VPDOO F�{�� WKH ODWWHU
HmHFW GRPLQDWHV� LPSO\LQJ WKDW P��{� GHFUHDVHV�

��
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7KXV� H[SHFWHG FXUUHQW UHZDUGV DQG WKH LQIRUPDWLRQ FRQWHQW RI REVHUYHG TXDQWLWLHV GH�
SHQG RQ nUPV
 VWUDWHJLHV RQO\ WKURXJK WKH PHDQV DQG YDULDQFHV RI SULFHV �WKHUH DUH QR
FRYDULDQFH WHUPV EHFDXVH nUPV UDQGRPL]H LQGHSHQGHQWO\�� :H DOVR VHH WKH IXQGDPHQ�
WDO WUDGH�Rm WKDW nUPV IDFH� FUHDWLQJ UDQGRP SULFH GLVSHUVLRQ UHGXFHV H[SHFWHG FXUUHQW
UHYHQXHV� EXW LQFUHDVHV WKH LQIRUPDWLRQ FRQWHQW RI REVHUYHG TXDQWLWLHV�
8VLQJ ���^���� ZH FDQ UHIRUPXODWH WKH G\QDPLF SULFLQJ JDPH DV D JDPH ZKHUH nUPV

MXVW FKRRVH IXQFWLRQV xSL DQG 9L WKDW GHWHUPLQH DYHUDJH SULFHV DQG SULFH YDULDQFHV� UH�
VSHFWLYHO\� IRU DOO SRVVLEOH EHOLHIV� &XUUHQW UHZDUG DQG VLJQDO�WR�QRLVH UDWLR LQ WKLV PHDQ�
YDULDQFH JDPH DUH JLYHQ E\ WKH ULJKW�KDQG VLGH RI ��� DQG ���� UHVSHFWLYHO\� VR WKH 2'(
��� IRU D nUP
V SD\Rm IXQFWLRQ EHFRPHV
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0RUHRYHU� D VWDQGDUG DUJXPHQW LPSOLHV WKDW �xSL� 9L� LV D EHVW UHVSRQVH WR �xSM � 9M� LI DQG
RQO\ LI �xSL�{�� 9L�{�� PD[LPL]HV WKH ULJKW�KDQG VLGH RI ��� DW DOPRVW DOO {� RSWLPDOO\
EDODQFLQJ WKH IXWXUH EHQHnWV RI LQIRUPDWLRQ DJDLQVW VKRUW�WHUP SURnWV�
,W LV HDV\ WR VHH WKDW WKLV PD[LPL]DWLRQ VSOLWV LQ WZR VHSDUDWH SUREOHPV� WR FKRRVH D

PHDQ SULFH xSL�{� WKDW PD[LPL]HV
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JLYHQ WKH RSSRQHQW
V PHDQ SULFH xSM�{�� DQG WR FKRRVH D SULFH YDULDQFH 9L�{� WKDW PD[L�
PL]HV
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([LVWHQFH RI D EHVW�UHVSRQVH YDULDQFH IRU nUP L FOHDUO\ UHTXLUHV
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DQG WKH RSWLPDO YDULDQFH 9L�{�  � ZKHQHYHU WKH LQHTXDOLW\ LQ ��� LV VWULFW� 7KLV LPSOLHV
WKDW ��� LV DOZD\V ]HUR LQ HTXLOLEULXP� ,I D nUP FUHDWHV UDQGRP SULFH GLVSHUVLRQ DQG WKXV
JHQHUDWHV DGGLWLRQDO LQIRUPDWLRQ� WKH EHQHnW WKDW LW GHULYHV IURP WKLV LQIRUPDWLRQ LV MXVW
RmVHW E\ WKH FRUUHVSRQGLQJ H[SHFWHG ORVV LQ UHYHQXH�
)RU WKH PD[LPL]DWLRQ RI ���� FRQGLWLRQ ��� LPSOLHV WKDW WKH REMHFWLYH IXQFWLRQ LV D

FRQFDYH TXDGUDWLF� VR WKH nUVW�RUGHU FRQGLWLRQ
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LV QHFHVVDU\ DQG VXpFLHQW IRU xSL�{� WR EH D EHVW UHVSRQVH WR xSM�{�� ,Q SDUWLFXODU� LW
FDQ EH VHHQ WKDW VHWWLQJ D PHDQ SULFH HTXDO WR WKH P\RSLF SULFH� L�H� xSL�{�  SP�{�� LV
D EHVW UHVSRQVH WR WKH RWKHU nUP GRLQJ WKH VDPH� L�H� WR xSM�{�  SP�{�� *HQHULFDOO\�
xSL�{�  xSM�{�  SP�{� LV LQ IDFW WKH XQLTXH SDLU RI PHDQ SULFHV WKDW VROYHV ERWK nUPV

nUVW�RUGHU FRQGLWLRQV���

,QVHUWLQJ WKHVH PHDQ SULFHV LQ ��� DQG XVLQJ WKH IDFW WKDW ��� LV ]HUR� ZH REWDLQ WKH
IROORZLQJ GLmHUHQWLDO HTXDWLRQ IRU WKH HTXLOLEULXP SD\Rm IXQFWLRQ RI nUP L�
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7KLV VKRZV WKDW LQ HTXLOLEULXP� WKH YDOXH WR nUP L RI WKH G\QDPLF JDPH� DGMXVWHG IRU WKH
SRVVLELOLW\ RI D VWDWH VZLWFK DQG QHW RI WKH P\RSLF SD\Rm� HTXDOV WKH QHW YDOXH WR nUP L
RI LQIRUPDWLRQ H[WUDFWHG IURP WKH QRLV\ VLJQDOV� 6LQFH WKH QHW EHQHnW WKDW nUP L GHULYHV
IURP LWV RZQ UDQGRPL]DWLRQ LV ]HUR� RQO\ WKH SULFH YDULDQFH RI WKH RWKHU nUP FRQWULEXWHV
WR nUP L
V SD\Rm� DQG LW GRHV VR WKURXJK LWV LPSDFW RQ WKH VSHHG RI OHDUQLQJ�
%HFDXVH RI WKH SHUIHFW V\PPHWU\ RI WKH PRGHO� LW LV QDWXUDO WR FRQVLGHU HTXLOLEULD

ZKHUH WKH nUPV
 SD\Rm IXQFWLRQV DUH LGHQWLFDO� L�H� X�  X�  X� (TXDWLRQ ��� VKRZV WKDW
LQ VXFK D SD\Rm�V\PPHWULF HTXLOLEULXP� WKH SULFH YDULDQFHV PXVW EH LGHQWLFDO DV ZHOO�
L�H� 9�  9�  9 �

7KHUH DUH WKHQ WZR FDVHV DW DQ\ JLYHQ EHOLHI {� GHSHQGLQJ RQ ZKHWKHU 9 �{� LV ]HUR
RU SRVLWLYH� ,I 9 �{�  �� WKHQ
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E\ ��� DQG WKH LQHTXDOLW\ ���� ,I 9 �{� ! �� WKHQ
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E\ ��� DQG WKH IDFW WKDW ��� KROGV DV DQ HTXDOLW\� PRUHRYHU� ��� LPSOLHV
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2YHUDOO� WKHUHIRUH� WKH FRPPRQ HTXLOLEULXP SD\Rm IXQFWLRQ X PXVW EH D VROXWLRQ WR
WKH 2'(
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��7KH FRUUHVSRQGLQJ OLQHDU V\VWHP KDV IXOO UDQN XQOHVV
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7KH UHOHYDQW ERXQGDU\ FRQGLWLRQV DUH

X���b w���X���� U  P���� ����

X���b w���X���� U  P���� ����

7KH\ KDYH WKH QDWXUDO LQWHUSUHWDWLRQ WKDW XQGHU VXEMHFWLYH FHUWDLQW\� WKH QHW YDOXH RI
LQIRUPDWLRQ H[WUDFWHG IURP WKH QRLV\ VLJQDOV LV ]HUR� VR RSWLPDO DQG P\RSLF SD\RmV
FRLQFLGH �XS WR WKH SRVVLELOLW\ RI D VWDWH VZLWFK��
:H KDYH WKH IROORZLQJ UHVXOW�

3URSRVLWLRQ ��� 7KH ERXQGDU\ YDOXH SUREOHP FRQVLVWLQJ RI WKH 2'( ���� DQG WKH ERXQG�
DU\ FRQGLWLRQV ����^���� KDV D XQLTXH VROXWLRQ Xe� $ SDLU RI PL[HG VWUDWHJLHV FRQVWLWXWHV
D SD\Rm�V\PPHWULF 0DUNRY SHUIHFW HTXLOLEULXP RI WKH G\QDPLF SULFLQJ JDPH LI DQG RQO\
LI ERWK VWUDWHJLHV SUHVFULEH D PHDQ SULFH HTXDO WR WKH P\RSLF SULFH SP�{� DQG D SULFH
YDULDQFH HTXDO WR

9 e�{�  PD[
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DW DOPRVW DOO EHOLHIV { � >�� �@� 7KH nUPV
 FRPPRQ SD\Rm IXQFWLRQ LQ DQ\ VXFK HTXLOLEULXP
LV Xe� DQG WKH VHW RI EHOLHIV ZKHUH nUPV FUHDWH SULFH GLVSHUVLRQ LV HLWKHU HPSW\ RU DQ RSHQ
LQWHUYDO VWULFWO\ VPDOOHU WKDQ WKH RSHQ XQLW LQWHUYDO�

([LVWHQFH DQG XQLTXHQHVV RI Xe DUH SURYHG LQ $SSHQGL[ %� $V WR WKH UHPDLQGHU RI
WKH SURSRVLWLRQ� ZH KDYH DOUHDG\ VKRZQ WKDW HDFK SD\Rm�V\PPHWULF 03( PXVW KDYH WKH
VWDWHG SURSHUWLHV� &RQYHUVHO\� HDFK SDLU RI VWUDWHJLHV ZLWK WKHVH SURSHUWLHV JLYHV ERWK
nUPV WKH SD\Rm IXQFWLRQ Xe DQG KDV WKH PXWXDO EHVW�UHVSRQVH SURSHUW\� KHQFH FRQVWLWXWHV
D SD\Rm�V\PPHWULF 03(� )LQDOO\� ZH SURYH LQ $SSHQGL[ % WKDW LI WKHUH DUH EHOLHIV DW
ZKLFK 9 e LV SRVLWLYH� WKHVH EHOLHIV IRUP DQ RSHQ LQWHUYDO ZLWK OHIW ERXQGDU\ VWULFWO\ ELJJHU
WKDQ �� DQG ULJKW ERXQGDU\ VWULFWO\ VPDOOHU WKDQ ��
7KLV ODVW SDUW RI 3URSRVLWLRQ ��� LV YHU\ LQWXLWLYH� $W EHOLHIV FORVH WR VXEMHFWLYH FHU�

WDLQW\� nUPV GR QRW YDOXH LQIRUPDWLRQ YHU\ KLJKO\� KHQFH ZLOO QRW FUHDWH SULFH GLVSHUVLRQ�
,I ZH DUH WR VHH SULFH GLVSHUVLRQ DW DOO� LW ZLOO KDYH WR RFFXU DW GLmXVH EHOLHIV ZKHUH nUPV
DUH IDLUO\ XQFHUWDLQ DERXW WKH VWDWH RI GHPDQG�

� 3ULFH 0DWFKLQJ YV� 3ULFH 'LVSHUVLRQ

$V LW VWDQGV� WKH FKDUDFWHUL]DWLRQ RI HTXLOLEULD LQ 3URSRVLWLRQ ��� GRHV QRW WHOO XV ZKHWKHU
WKHUH ZLOO DFWXDOO\ EH SULFH GLVSHUVLRQ� 7KH DLP RI WKLV VHFWLRQ LV WR SURYLGH VXpFLHQW
FRQGLWLRQV IRU HTXLOLEULD ZLWK DQG ZLWKRXW SULFH GLVSHUVLRQ�
3URSRVLWLRQ ��� LPSOLHV WKDW WKH RQO\ FDQGLGDWH IRU D 0DUNRY SHUIHFW HTXLOLEULXP

ZLWKRXW SULFH GLVSHUVLRQ LV SULFH PDWFKLQJ DW WKH P\RSLF SULFH� ,I ERWK nUPV DGRSW WKH
P\RSLF SULFLQJ VWUDWHJ\ DW DOO EHOLHIV� WKHLU FRPPRQ SD\Rm IXQFWLRQ LV
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ZKLFK LV D VSHFLDO FDVH RI ���� VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV ����^�����

&RUROODU\ ��� 3ULFH PDWFKLQJ DW WKH P\RSLF SULFH LV DQ HTXLOLEULXP LI
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,I ���� GRHV QRW KROG� WKHQ DQ\ 0DUNRY SHUIHFW HTXLOLEULXP LQYROYHV SULFH GLVSHUVLRQ�

7KLV LV DQ LPPHGLDWH FRQVHTXHQFH RI 3URSRVLWLRQ ��� VLQFH XP VROYHV WKH 2'( �����
DQG KHQFH LV LGHQWLFDO ZLWK Xe� LI DQG RQO\ LI ���� KROGV�
7KH UROH RI FRQGLWLRQ ���� LV HDV\ WR XQGHUVWDQG� LW HQVXUHV WKDW QR nUP KDV DQ

LQFHQWLYH WR GHYLDWH IURP P\RSLF SULFLQJ� &RPELQHG ZLWK WKH 2'( ����� LQ IDFW� ����
LPSOLHV WKDW WKH VKDGRZ SULFH RI LQIRUPDWLRQ XQGHU P\RSLF SULFLQJ LV ORZ HQRXJK IRU
P\RSLF SULFLQJ WR EH DQ HTXLOLEULXP� ,I FRQGLWLRQ ���� GRHV QRW KROG� RQ WKH RWKHU KDQG�
WKH VKDGRZ SULFH RI LQIRUPDWLRQ XQGHU P\RSLF SULFLQJ H[FHHGV WKH FULWLFDO YDOXH E� F�{�
DW VRPH EHOLHIV� DQG GHYLDWLRQV IURP WKH P\RSLF VWUDWHJ\ EHFRPH SURnWDEOH�
&RQGLWLRQ ���� LV IRUPXODWHG LQ WHUPV RI WKH SD\Rm IXQFWLRQ XP� ZKLFK LV QRW DYDLODEOH

LQ FORVHG IRUP� ,W LV WKHUHIRUH GHVLUDEOH WR KDYH FRQGLWLRQV WKDW DUH H[SUHVVHG GLUHFWO\ LQ
WHUPV RI PRGHO SDUDPHWHUV� 2XU QH[W UHVXOWV SURYLGH VXFK FRQGLWLRQV�
7KH SURSRVLWLRQ EHORZ JLYHV WKUHH FRQGLWLRQV� HDFK RI ZKLFK LV VXpFLHQW IRU SULFH

PDWFKLQJ DW WKH P\RSLF SULFH WR EH DQ HTXLOLEULXP� 7KH nUVW FRQGLWLRQ FRYHUV WKH FDVH
ZKHUH JRRGV DUH KLJKO\ GLmHUHQWLDWHG LQ HLWKHU VWDWH RI GHPDQG� VR WKH P\RSLF SD\Rm IXQF�
WLRQ LV FRQFDYH DW DOO EHOLHIV� LPSO\LQJ D QHJDWLYH YDOXH RI LQIRUPDWLRQ WKURXJKRXW� 8QGHU
WKHVH FLUFXPVWDQFHV� LW LV FOHDU WKDW QHLWKHU nUP KDV DQ LQFHQWLYH WR GHYLDWH IURP WKH
P\RSLF VWUDWHJ\� )RU SULFH GLVSHUVLRQ WR DULVH DW VRPH EHOLHIV� WKHUHIRUH� WKH GXRSROLVWV

JRRGV PXVW EH VXpFLHQWO\ FORVH VXEVWLWXWHV LQ DW OHDVW RQH VWDWH RI GHPDQG� %XW HYHQ
ZKHQ WKH YDOXH RI LQIRUPDWLRQ LV SRVLWLYH DW VRPH EHOLHIV� LW PD\ VWLOO EH WRR VPDOO WR
ZDUUDQW D GHYLDWLRQ IURP P\RSLF SULFLQJ� ,Q IDFW� LI WKH nUPV DUH WRR LPSDWLHQW� LI WKHLU
FRPSHWLWLYH HQYLURQPHQW FKDQJHV WRR IUHTXHQWO\� RU LI WKH TXDQWLW\ VLJQDOV WKH\ UHFHLYH
DUH WRR QRLV\� WKHQ WKH nUPV ZLOO QRW JDWKHU LQIRUPDWLRQ DFWLYHO\ LQ HTXLOLEULXP ^ WKLV
LV WKH FRQWHQW RI WKH VHFRQG FRQGLWLRQ� 7KH WKLUG FRQGLWLRQ FRQnUPV WKH LQWXLWLRQ WKDW
nUPV ZLOO QRW H[SHULPHQW LI WKH\ FDQ UHO\ RQ D YHU\ SUHFLVH EDFNJURXQG VLJQDO�

3URSRVLWLRQ ��� 3ULFH PDWFKLQJ DW WKH P\RSLF SULFH LV DQ HTXLOLEULXP �L� LI WKH P\RSLF
SD\Rm IXQFWLRQ P LV FRQFDYH WKURXJKRXW �F� � E�� :KHQ P KDV D FRQYH[ SDUW �F� ! E��
WKHUH DUH SRVLWLYH FRQVWDQWV |P� CP DQG zP VXFK WKDW SULFH PDWFKLQJ DW WKH P\RSLF SULFH
LV DQ HTXLOLEULXP �LL� LI U |P �e CP w }b�� RU �LLL� LI z w zP�

&RQYHUVHO\� SULFH PDWFKLQJ ZLOO IDLO WR EH DQ HTXLOLEULXP LI SURGXFWV DUH SHUFHLYHG DV
IDLUO\ FORVH VXEVWLWXWHV� nUPV DUH VXpFLHQWO\ SDWLHQW� WKHLU FRPSHWLWLYH HQYLURQPHQW LV
UHODWLYHO\ VWDEOH� WKHUH LV OLWWOH QRLVH� DQG WKH EDFNJURXQG LQIRUPDWLRQ LV RI ORZ TXDOLW\�
:H IRUPDOL]H WKLV LQ WKH VSHFLDO FDVH ZKHUH WKH YDOXH RI LQIRUPDWLRQ LV SRVLWLYH DW DOO
QRQ�GHJHQHUDWH EHOLHIV�
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3URSRVLWLRQ ��� 6XSSRVH WKDW WKH P\RSLF SD\Rm IXQFWLRQ P LV FRQYH[ WKURXJKRXW �F� w
E�� 7KHQ WKHUH DUH SRVLWLYH FRQVWDQWV |G� CG DQG zG VXFK WKDW DOO 0DUNRY SHUIHFW HTXLOLEULD
LQYROYH SULFH GLVSHUVLRQ ZKHQHYHU U |G �e CG � }b� DQG z � zG�

$Q HTXLOLEULXP ZLWK SULFH GLVSHUVLRQ LV LOOXVWUDWHG LQ )LJXUHV � DQG ���� )LJXUH �� ZLWK
z  ��� DQG e  ���� SORWV WKH VWDQGDUG GHYLDWLRQ RI HDFK nUP
V SULFH DV D IXQFWLRQ RI
EHOLHIV� 3ULFH GLVSHUVLRQ DULVHV ZKHQHYHU EHOLHIV OLH LQ WKH RSHQ LQWHUYDO UDQJLQJ IURP ���
WR ���� DSSUR[LPDWHO\� DQG WKH VWDQGDUG GHYLDWLRQ UHDFKHV D PD[LPXP RI DERXW ���� QHDU
WKH EHOLHI ���� 7KH XSSHU SDQHO RI )LJXUH � VKRZV EHOLHIV HYROYLQJ RYHU WLPH� VWDUWLQJ IURP
WKH FRPPRQ SULRU {�  ����� �7KH EROG GDVKHG OLQH LQ HLWKHU SDQHO RI )LJXUH � UHSUHVHQWV
WKH WUXH VWDWH� WKH LQLWLDO VWDWH EHLQJ N�  ��� 7KH KRUL]RQWDO EDQG EHWZHHQ WKH GRW�
GDVK OLQHV LQGLFDWHV WKH LQWHUYDO RI GLmXVH EHOLHIV ZKHUH WKH nUPV FUHDWH SULFH GLVSHUVLRQ�
:KHQHYHU EHOLHIV WUDYHUVH WKLV EDQG� WKH nUPV
 SULFHV KDYH D SRVLWLYH VWDQGDUG GHYLDWLRQ�
VKRZQ LQ WKH ORZHU SDQHO� $V WKH SULRU EHOLHI DQG WKH LQLWLDO VWDWH DUH RQ RSSRVLWH VLGHV RI
WKH EDQG� WKH EDFNJURXQG VLJQDO SXOOV WKH EHOLHI WRZDUGV WKH WUXWK� $IWHU D VKRUW ZKLOH�
WKH nUPV EHFRPH IDLUO\ XQVXUH RI WKH WUXH VWDWH DQG HQJDJH LQ D ERXW RI SULFH GLVSHUVLRQ�
7KLV PRYHV WKHP TXLWH UDSLGO\ WRZDUGV WKH WUXWK� DW ZKLFK SRLQW WKH\ VXEVLGH LQWR D
SKDVH RI SULFH PDWFKLQJ� +RZHYHU� HYHQ EHIRUH WKH VWDWH FKDQJHV IRU WKH nUVW WLPH� WKH
nUPV DUH KLW E\ VKRUW�WHUP GHPDQG VKRFNV DQG DUH DOVR SXOOHG EDFN WRZDUGV WKH LQYDULDQW
EHOLHI� DQG ZH VHH VRPH IXUWKHU EULHI ERXWV RI SULFH GLVSHUVLRQ� /DWHU� D FKDQJH LQ WKH
HQYLURQPHQW WULJJHUV DQRWKHU SHULRG RI DFWLYH OHDUQLQJ� RQFH DJDLQ IROORZHG E\ OHQJWK\
SKDVHV RI QR SULFH GLVSHUVLRQ ZKHQ WKH nUPV KDYH OHDUQW HQRXJK DERXW WKH QHZ VWDWH�
7KXV� D F\FOLFDO SDWWHUQ HPHUJHV ZKHUH VKRUW EXUVWV RI SULFH GLVSHUVLRQ� WULJJHUHG E\ D
FKDQJH LQ WKH HQYLURQPHQW� DOWHUQDWH ZLWK ORQJHU SHULRGV RI SULFH PDWFKLQJ� 7KH ODWWHU
DUH RFFDVLRQDOO\ LQWHUUXSWHG ZKHQ SULFH GLVSHUVLRQ LV WULJJHUHG E\ GHPDQG VKRFNV RU PHDQ
UHYHUVLRQ RI EHOLHIV� )RU WKH SDUDPHWHU YDOXHV ZH XVH� WKLV LV PRUH OLNHO\ WR RFFXU LQ VWDWH
� UDWKHU WKDQ VWDWH � IRU WZR UHDVRQV� nUVW� WKH LQWHUYDO RI EHOLHIV ZKHUH GLVSHUVLRQ DULVHV
LV DV\PPHWULF DQG FORVHU WR � WKDQ �� VHFRQGO\� WKH LQYDULDQW EHOLHI �a{  ���� LV PXFK
IDUWKHU IURP WKH ORZHU OLPLW WKDQ WKH XSSHU OLPLW RI WKLV LQWHUYDO�
$ VHFRQG H[DPSOH LV JLYHQ LQ )LJXUHV � DQG �� IRU WKH VDPH OHYHO RI EDFNJURXQG VLJQDO

�z  ���� EXW D KLJKHU YDULDELOLW\ RI WKH HQYLURQPHQW �e  ����� )LJXUH � VKRZV XV WKDW
WKH UDQJH RI EHOLHIV ZKHUH SULFH GLVSHUVLRQ DULVHV LV QDUURZHU� DQG WKDW� ZKHUH LW GRHV
RFFXU� LW LV VPDOOHU� 1HYHUWKHOHVV� WKH F\FOLFDO SDWWHUQ HYLGHQW LQ WKH VDPSOH SDWKV LQ
)LJXUH � LV TXDOLWDWLYHO\ WKH VDPH DV LQ WKH nUVW H[DPSOH� 2I FRXUVH� WKH IDFW WKDW WKH
SULFH YDULDQFH DW DQ\ EHOLHI LV DOZD\V ORZHU PDQLIHVWV LWVHOI LQ WKH ORZHU SDQHO� \HW� JLYHQ
WKDW� WKH DPRXQW RI SULFH GLVSHUVLRQ RYHU WLPH VHHPV WR EH EURDGO\ WKH VDPH�
:H VKDOO IXUWKHU H[SORUH WKHVH DQG RWKHU FRPSDUDWLYH VWDWLFV LQ WKH QH[W VHFWLRQ�

� &RPSDUDWLYH 6WDWLFV RI 3ULFH 'LVSHUVLRQ

2XU QH[W JRDO LV WR VWXG\ KRZ WKH RFFXUUHQFH RI SULFH GLVSHUVLRQ YDULHV ZLWK WKH EDVLF
PRGHO SDUDPHWHUV� :H VKDOO VD\ WKDW SULFH GLVSHUVLRQ GHFUHDVHV IRU D JLYHQ SDUDPHWHU

��,Q WKHVH DQG DOO VXEVHTXHQW nJXUHV� WKH GHPDQG FXUYH SDUDPHWHUV DUH D  ���� E  ���� F�  ��� DQG
F�  ���� WKH GLVFRXQW UDWH LV U  ���� WKH LQYDULDQW EHOLHI LV a{  ���� DQG WKH QRLVH SDUDPHWHU LV }  ����
2QO\ e� z DQG WKH W\SH RI UDQGRPL]DWLRQ YDU\ DFURVV nJXUHV�

��



FKDQJH LI� VWDUWLQJ IURP D VLWXDWLRQ ZKHUH WKHUH LV SULFH GLVSHUVLRQ� �L� WKH YDULDQFH RI
SULFHV GHFUHDVHV DW WKRVH EHOLHIV ZKHUH LW LV SRVLWLYH� DQG �LL� WKH LQWHUYDO RI EHOLHIV ZKHUH
WKH YDULDQFH LV SRVLWLYH VKULQNV�

3URSRVLWLRQ ��� 6XSSRVH WKDW WKH P\RSLF SD\Rm IXQFWLRQ P LV FRQYH[ WKURXJKRXW �F� w
E�� 7KHQ SULFH GLVSHUVLRQ GHFUHDVHV LQ WKH nUPV
 GLVFRXQW UDWH� WKH IUHTXHQF\ RI VWDWH
VZLWFKHV �IRU VXpFLHQWO\ VPDOO GLVFRXQW UDWHV�� WKH QRLVH OHYHO� DQG WKH TXDOLW\ RI EDFN�
JURXQG LQIRUPDWLRQ�

7KH LQWXLWLRQ EHKLQG WKHVH FRPSDUDWLYH VWDWLFV LV VWUDLJKWIRUZDUG� $V WKH GLVFRXQW
UDWH LQFUHDVHV� WKH IXWXUH EHFRPHV OHVV LPSRUWDQW WR WKH nUPV� 7KLV UHGXFHV WKHLU ZLOOLQJ�
QHVV WR VDFULnFH FXUUHQW UHYHQXH IRU SRWHQWLDO IXWXUH JDLQV IURP H[SHULPHQWDWLRQ� DQG VR
WKH\ FUHDWH OHVV SULFH GLVSHUVLRQ� $ KLJKHU IUHTXHQF\ RI VWDWH VZLWFKHV LQFUHDVHV WKH ULVN RI
LQIRUPDWLRQ EHFRPLQJ REVROHWH� VR WKH WUDGH�Rm EHWZHHQ FXUUHQW UHYHQXHV DQG SRWHQWLDO
JDLQV IURP H[SHULPHQWDWLRQ DJDLQ VKLIWV LQ IDYRU RI WKH IRUPHU� $ KLJKHU OHYHO RI QRLVH
UHQGHUV WKH TXDQWLW\ VLJQDOV OHVV LQIRUPDWLYH� ZKLFK DOVR GHFUHDVHV WKH H[SHFWHG EHQHnW
RI DQ\ JLYHQ DPRXQW RI SULFH GLVSHUVLRQ� )LQDOO\� LI EHWWHU EDFNJURXQG LQIRUPDWLRQ LV
DYDLODEOH IRU IUHH� WKH VKDGRZ SULFH RI LQIRUPDWLRQ IDOOV� DQG WKHUH LV OHVV RI D UHDVRQ WR
LQFXU WKH RSSRUWXQLW\ FRVW RI H[SHULPHQWDWLRQ� RQ WKH PDUJLQ� LW LV FKHDSHU WR UHO\ RQ
WKH SXEOLF VLJQDO���

)LJXUH � LOOXVWUDWHV KRZ SULFH GLVSHUVLRQ GHFUHDVHV DV WKH HQYLURQPHQW EHFRPHV OHVV
VWDEOH� L�H� DV e LQFUHDVHV� 7KH IRXU FXUYHV VKRZQ WKHUH DUH WKH JUDSKV RI WKH IXQFWLRQ
>Xe�{�b w�{��Xe���{� U bP�{�@ >E� F�{�@ IRU e  �� ���� ��� DQG ���� D KRUL]RQWDO OLQH
DW WKH WKUHVKROG OHYHO z LV DOVR SORWWHG� %\ HTXDWLRQ ����� nUPV
 SULFH YDULDQFH LV SRVLWLYH
ZKHQHYHU WKH FXUYH LV DERYH WKH WKUHVKROG� WKH YDULDQFH LV WKHQ WKH YHUWLFDO GLVWDQFH
EHWZHHQ WKH FXUYH DQG WKH OLQH� $V e LQFUHDVHV IURP � WR ��� �WKH EHQFKPDUN OHYHO
XQGHUO\LQJ )LJXUH ��� WKH SULFH YDULDQFH GHFUHDVHV DW DOO EHOLHIV ZKHUH LW ZDV SRVLWLYH�
DQG WKH UDQJH RI EHOLHIV ZKHUH nUPV FUHDWH SULFH GLVSHUVLRQ VKULQNV� $ IXUWKHU LQFUHDVH
LQ e WR ��� OHDGV WR D IXUWKHU GHFUHDVH LQ SULFH GLVSHUVLRQ� �7KH FRPSDULVRQ EHWZHHQ WKH
PLGGOH WZR FXUYHV KHUH HFKRHV WKH FRPSDULVRQ EHWZHHQ )LJXUHV � DQG )LJXUH �� ZKLFK
SORW VWDQGDUG GHYLDWLRQV�� )RU e  ���� WKH\ FUHDWH QR SULFH GLVSHUVLRQ DW DOO�

)RU LQFUHDVHV LQ WKH nUPV
 GLVFRXQW UDWH� U� RU WKH QRLVH OHYHO� }� ZH REWDLQ JUDSKV
WKDW ORRN H[DFWO\ OLNH )LJXUH �� DQG ZH WKHUHIRUH GR QRW SUHVHQW WKHP KHUH�

7KH HmHFW RI FKDQJHV LQ WKH TXDOLW\ RI EDFNJURXQG LQIRUPDWLRQ LV LOOXVWUDWHG LQ )LJ�
XUH �� ZKLFK SORWV >Xe�{�bw�{��Xe���{� UbP�{�@ >E� F�{�@ IRU z  ��� �WKH EHQFKPDUN
OHYHO XQGHUO\LQJ )LJXUH �� DQG ��� WRJHWKHU ZLWK WKH FRUUHVSRQGLQJ WKUHVKROG OLQHV� 1RWH
WKDW WKH KLJKHU z LV DVVRFLDWHG ZLWK WKH KLJKHU FXUYH� WKLV LV EHFDXVH nUPV DUH EHWWHU Rm
ZKHQ PRUH LQIRUPDWLRQ LV DYDLODEOH IRU IUHH� %XW VLQFH WKH WKUHVKROG WKDW WULJJHUV UDQ�
GRPL]DWLRQ VKLIWV XSZDUG E\ PRUH� SULFH GLVSHUVLRQ GLPLQLVKHV RYHUDOO� ZKLOH WKH ORZHU
FXUYH LV DERYH WKH ORZHU WKUHVKROG OLQH RYHU VRPH UDQJH RI EHOLHIV� WKH KLJKHU FXUYH QHYHU
UHDFKHV WKH KLJKHU WKUHVKROG�

��1XPHULFDO VROXWLRQV VXJJHVW WKDW 3URSRVLWLRQ ��� FRQWLQXHV WR KROG ZKHQ WKH P\RSLF SD\Rm IXQFWLRQ
LV QRW FRQYH[ WKURXJKRXW� EXW PHUHO\ KDV D FRQYH[ SDUW �F� ! E�� ,W DOVR DSSHDUV WKDW ZLWK UHJDUG WR
FKDQJHV LQ e� WKH UHVWULFWLRQ WR VPDOO GLVFRXQW UDWHV LQ WKH SURSRVLWLRQ FDQ EH GURSSHG�

��



2XU QH[W FRPSDUDWLYH VWDWLFV UHVXOW GHDOV ZLWK WKH OLNHOLKRRG RI REVHUYLQJ SULFH GLV�
SHUVLRQ DW DQ\ JLYHQ WLPH �UDWKHU WKDQ DW DQ\ JLYHQ EHOLHI� DV LQ WKH DERYH SURSRVLWLRQ��
7KH FKDQJLQJ HQYLURQPHQW DQG WKH DYDLODELOLW\ RI EDFNJURXQG LQIRUPDWLRQ HQVXUH WKDW
WKH SURFHVV RI nUPV
 SRVWHULRU EHOLHIV LV HUJRGLF� VR WKH ORQJ�UXQ IUDFWLRQ RI WLPH WKDW SULFH
GLVSHUVLRQ LV SRVLWLYH DORQJ DQ\ VDPSOH SDWK FDQ EH FDOFXODWHG VLPSO\ DV WKH SUREDELOLW\
RI WKH HYHQW I{ � 9 e�{� ! �J XQGHU WKH LQYDULDQW GLVWULEXWLRQ RI WKH EHOLHI SURFHVV� *LYHQ
WKH nUPV
 VWUDWHJLHV� ZH FDQ FKDUDFWHUL]H WKLV GLVWULEXWLRQ XVLQJ VWDQGDUG UHVXOWV IURP
WKH WKHRU\ RI GLmXVLRQ SURFHVVHV� VHH $SSHQGL[ & IRU GHWDLOV�
)LJXUH � LOOXVWUDWHV KRZ WKH VKDSH RI WKH ORQJ�UXQ IUHTXHQF\ GLVWULEXWLRQ RI EHOLHIV

GHSHQGV RQ WKH VWDELOLW\ RI WKH HQYLURQPHQW� ,Q UDWKHU VWDEOH HQYLURQPHQWV� WKLV GLVWUL�
EXWLRQ LV VWURQJO\ ELPRGDO ZLWK PRVW RI WKH SUREDELOLW\ PDVV FRQFHQWUDWHG DW WKH WZR
H[WUHPHV RI WKH UDQJH� $V WKH HQYLURQPHQW EHFRPHV OHVV VWDEOH� PRUH EHOLHIV OLH LQ DQ
LQWHUPHGLDWH UDQJH� DQG WKH EHOLHI GLVWULEXWLRQ HYHQWXDOO\ EHFRPHV XQLPRGDO ZLWK PRVW
RI WKH SUREDELOLW\ PDVV FRQFHQWUDWHG LQ WKH PLGGOH RI WKH HTXLOLEULXP SULFH UDQJH� +RZ�
HYHU� DV ZH VKRZHG DERYH� IRU YHU\ VWDEOH HQYLURQPHQWV WKH UDQJH RI EHOLHIV ZKHUH nUPV
HQJDJH LQ SULFH GLVSHUVLRQ LV TXLWH ZLGH� ZKHUHDV IRU OHVV VWDEOH HQYLURQPHQWV LW LV PXFK
QDUURZHU �DERXW ��� WR ��� IRU e  ��� FRPSDUHG ZLWK DERXW ��� WR ��� IRU e  ���� VHH
)LJXUH ��� 6R� RQ WKH RQH KDQG ZH KDYH ORZ SUREDELOLWLHV RYHU D ZLGH UDQJH� DQG RQ WKH
RWKHU ZH KDYH KLJKHU SUREDELOLWLHV RYHU D QDUURZHU UDQJH� 7KH WUDGH�Rm EHWZHHQ WKHVH
WZR HmHFWV LV WKH FRQWHQW RI WKH QH[W SURSRVLWLRQ� ZKHUH ZH nQG WKDW SULFH GLVSHUVLRQ LV
PRVW OLNHO\ WR EH REVHUYHG ZKHQ WKH FRPSHWLWLYH HQYLURQPHQW LV QHLWKHU WRR VWDEOH QRU
WRR YDULDEOH� 7KH SURRI RI WKLV UHVXOW LV DOVR LQ $SSHQGL[ &�

3URSRVLWLRQ ��� 6XSSRVH WKDW WKH P\RSLF SD\Rm IXQFWLRQ P LV FRQYH[ WKURXJKRXW �F� w
E�� )RU D VXpFLHQWO\ VPDOO LQWHUHVW UDWH DQG SUHFLVLRQ RI WKH EDFNJURXQG VLJQDO� WKH
OLNHOLKRRG RI REVHUYLQJ SULFH GLVSHUVLRQ nUVW LQFUHDVHV� EXW HYHQWXDOO\ GHFUHDVHV ZLWK WKH
IUHTXHQF\ RI VWDWH VZLWFKHV�

$V PHQWLRQHG LQ WKH SUHDPEOH WR WKH SURSRVLWLRQ� DQ LQFUHDVH LQ WKH IUHTXHQF\ RI
FKDQJHV LQ WKH HQYLURQPHQW KDV WZR HmHFWV� nUVW� LW EHFRPHV KDUGHU IRU EHOLHIV WR WUDFN
WKH WUXH VWDWH� LPSO\LQJ WKDW WKH\ VWD\ PRUH RIWHQ LQ WKH LQWHUYDO ZKHUH nUPV FUHDWH SULFH
GLVSHUVLRQ� VHFRQG� LQIRUPDWLRQ GHFD\V IDVWHU� VR WKH LQWHUYDO ZKHUH nUPV DUH ZLOOLQJ WR
FUHDWH SULFH GLVSHUVLRQ VKULQNV� 7KH nUVW HmHFW GRPLQDWHV IRU ORZ IUHTXHQFLHV RI D VWDWH
FKDQJH� (YHQWXDOO\ WKH VHFRQG HmHFW WDNHV RYHU� XQWLO WKH nUPV
 ZLOOLQJQHVV WR H[SHULPHQW
GLHV Rm FRPSOHWHO\ DQG WKH SXUH�VWUDWHJ\ HTXLOLEULXP DULVHV� $Q LOOXVWUDWLRQ RI WKLV UHVXOW
LV JLYHQ LQ )LJXUH �� ZKLFK SORWV WKH OLNHOLKRRG RI REVHUYLQJ SULFH GLVSHUVLRQ DV D IXQFWLRQ
RI e� 7KH VDPSOH SDWKV VKRZQ LQ )LJXUHV � DQG � DUH FRQVLVWHQW ZLWK WKHVH nQGLQJV� 7KH
IRUPHU KDV IHZ WUDQVLWV WKURXJK D EURDG EDQG RI EHOLHIV� WKH ODWWHU QHDUO\ WZLFH DV PDQ\
WUDQVLWV WKURXJK D EDQG DERXW KDOI WKH ZLGWK� 7KH OLNHOLKRRG RI SULFH GLVSHUVLRQ ZLOO
WKXV EH GHWHUPLQHG E\ WKH VSHHG RI WKHVH WUDQVLWV DQG WKH nJXUHV UHDG Rm IURP )LJXUH �
LQGLFDWH WKDW WKLV LV KLJKHU WKH JUHDWHU WKH LQWHQVLW\ RI GHPDQG VZLWFKHV ^ �� OLNHOLKRRG
IRU e  ��� DV RSSRVHG WR ��� IRU e  ��� LQGLFDWHV PRUH UDSLG WUDQVLWV IRU WKH KLJKHU
RI WKH WZR LQWHQVLWLHV� DQG WKLV LV ERUQH RXW E\ WKH HYLGHQFH IURP WKH ORZHU SDQHOV RI WKH
WZR VDPSOH SDWKV�
7KH VKDSH RI WKH ORQJ�UXQ IUHTXHQF\ GLVWULEXWLRQ RI REVHUYHG SULFHV LV FOHDUO\ GLUHFWO\

OLQNHG WR WKDW RI EHOLHIV LQ )LJXUH �� VNHZHG KLJKHU ZKHQ nUPV EHOLHYH WKH\ KDYH VRPH

��



PRQRSRO\ SRZHU DQG ORZHU ZKHQ FRPSHWLWLRQ LV NHHQHU� )LJXUH � SUHGLFWV WKDW REVHUYHG
SULFH GLVSHUVLRQ VKRXOG EH VPDOO IRU ERWK D ORZ DQG D KLJK IUHTXHQF\ RI VWDWH FKDQJHV�
EXW LQ WKH IRUPHU FDVH ZH DUH KLJKO\ OLNHO\ WR REVHUYH H[WUHPH SULFHV DQG LQ WKH ODWWHU
FDVH SULFHV DUH PRUH OLNHO\ WR UHVLGH LQ WKH PLGGOH UDQJH� DQG VR WKHVH WZR FDVHV DUH HDVLO\
GLVWLQJXLVKHG�

� -RLQW 5DQGRPL]DWLRQ

6R IDU� ZH KDYH VWXGLHG LQGHSHQGHQW UDQGRPL]DWLRQ E\ WKH WZR nUPV� &OHDUO\� ZH H[SHFW
WKHP WR DFKLHYH KLJKHU SD\RmV LI WKH\ DUH DEOH WR FRRUGLQDWH WKHLU SULFLQJ GHFLVLRQV YLD
VRPH SXEOLF UDQGRPL]DWLRQ GHYLFH� ,Q IDFW� VXFK FRRUGLQDWLRQ ZLOO DOORZ WKHP WR DYRLG
WKH PDLQ GUDZEDFN RI LQGHSHQGHQW PL[LQJ� L�H� SULFHV WKDW DUH FORVH WR HDFK RWKHU� EXW
DZD\ IURP WKH P\RSLF SULFH� VXFK SULFHV GR QRW SURYLGH PXFK LQIRUPDWLRQ� \HW FDQ EH
TXLWH FRVWO\ LQ WHUPV RI FXUUHQW UHYHQXH IRUJRQH� ,QWHUHVWLQJO\� FRQVXPHUV FDQ DOVR EHQHnW
IURP FRRUGLQDWHG UDQGRPL]DWLRQ� SURYLGHG WKH\ DUH LPSDWLHQW�
$ MRLQW VWUDWHJ\ LV D /HEHVJXH PHDVXUDEOH IXQFWLRQ IURP WKH VWDWH VSDFH >�� �@ WR WKH VHW

RI %RUHO SUREDELOLW\ PHDVXUHV RQ ,5 d ,5� DVVLJQLQJ D GLVWULEXWLRQ RYHU SDLUV RI SULFHV WR
HDFK EHOLHI� )ROORZLQJ WKH VDPH DSSURDFK DV IRU LQGHSHQGHQW UDQGRPL]DWLRQ� ZH LQWHUSUHW
MRLQW UDQGRPL]DWLRQ DV WKH OLPLW RI PRUH DQG PRUH IUHTXHQW VZLWFKLQJ EHWZHHQ SDLUV RI
SXUH VWUDWHJLHV�7KLV PHDQV WKDW nUPV
 SD\Rm IXQFWLRQV JLYHQ D MRLQW VWUDWHJ\ �aS�� aS��
VROYH WKH 2'( ��� H[DFWO\ DV LQ WKH FDVH RI LQGHSHQGHQW PL[LQJ� 7KH RQO\ GLmHUHQFH LV
WKDW ZLWK D MRLQW VWUDWHJ\� WKH H[SHFWHG UHZDUG (>5�{� aSL�{�� aSM�{��@ DQG VLJQDO�WR�QRLVH
UDWLR (>6�aSL�{�� aSM�{��@ DW D JLYHQ EHOLHI GHSHQG QRW MXVW RQ PHDQV DQG YDULDQFHV� EXW
DOVR RQ WKH FRYDULDQFH RI SULFHV�
$ MRLQW VWUDWHJ\ FRQVWLWXWHV D MRLQW�DFWLRQ 0DUNRY SHUIHFW HTXLOLEULXP LI DOO SULFH

SDLUV DVVLJQHG E\ WKH SXEOLF UDQGRPL]DWLRQ GHYLFH DUH PXWXDOO\ EHVW UHVSRQVHV��� )RU D
SD\Rm�V\PPHWULF MRLQW�DFWLRQ HTXLOLEULXP �aS�� aS�� ZLWK FRPPRQ SD\Rm IXQFWLRQ X� WKLV
PHDQV WKDW JLYHQ D EHOLHI {� DQ\ SULFH SDLU �S�� S�� LQ WKH VXSSRUW RI �aS��{�� aS��{�� PXVW
KDYH WKH IROORZLQJ SURSHUW\� SL� WKH SULFH DVVLJQHG WR nUP L� PD[LPL]HV WKH VXP
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VWULNLQJ WKH RSWLPDO WUDGH�Rm EHWZHHQ YDOXH RI LQIRUPDWLRQ DQG FXUUHQW UHYHQXH JLYHQ SM �
WKH SULFH DVVLJQHG WR nUP M�
)LUP L
V nUVW�RUGHU FRQGLWLRQ LV
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7KH OLQHDU V\VWHP FRQVLVWLQJ RI WKH WZR nUPV
 nUVW�RUGHU FRQGLWLRQV KDV IXOO UDQN DQG WKH
XQLTXH VROXWLRQ S�  S�  SP�{� XQOHVV
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��7KLV FDQ EH VHHQ DV WKH VSHFLDO FDVH RI D FRUUHODWHG HTXLOLEULXP ZKHUH WKH FRQGLWLRQDO GLVWULEXWLRQ
RI RQH nUP
V SULFHV JLYHQ WKH RWKHU nUP
V DVVLJQHG SULFH LV GHJHQHUDWH�
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LQ ZKLFK FDVH DOO SULFH SDLUV ZLWK S� � S�  �SP�{� DUH PXWXDOO\ EHVW UHVSRQVHV���

:KHQHYHU WKH SXEOLF UDQGRPL]DWLRQ GHYLFH DVVLJQV GLmHUHQW SULFHV WR WKH nUPV� WKHUHIRUH�
WKHVH SULFHV PXVW EH HTXLGLVWDQW IURP� DQG RQ RSSRVLWH VLGHV RI� WKH P\RSLF SULFH� $V D
FRQVHTXHQFH� aS��{� DQG aS��{� PXVW EH SHUIHFWO\ QHJDWLYHO\ FRUUHODWHG�
:ULWLQJ 9 �{� IRU HDFK nUP
V SULFH YDULDQFH� LW LV WKHQ VWUDLJKWIRUZDUG WR FDOFXODWH

(>5�{� aSL�{�� aSM�{��@  5�{� xSL�{�� xSM�{��b >E� �F�{�@9 �{� ����
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ZKHUH xSL�{� GHQRWHV DJDLQ nUP L
V DYHUDJH SULFH� $ VLPSOH DUJXPHQW HVWDEOLVKHV WKDW
nUPV VHW WKH P\RSLF SULFH RQ DYHUDJH��� ,QVHUWLQJ DOO WKHVH UHVXOWV LQWR ��� DQG DUJXLQJ
H[DFWO\ DV LQ 6HFWLRQ �� ZH VHH WKDW WKH SD\Rm IXQFWLRQ X PXVW EH D VROXWLRQ WR WKH 2'(
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7KH UHOHYDQW ERXQGDU\ FRQGLWLRQV DUH WKH VDPH DV EHIRUH�
7KH IROORZLQJ UHVXOW LV WKH GLUHFW DQDORJXH RI 3URSRVLWLRQ ��� DQG KHQFH VWDWHG ZLWKRXW

SURRI�

3URSRVLWLRQ ��� 7KH ERXQGDU\ YDOXH SUREOHP FRQVLVWLQJ RI WKH 2'( ���� DQG WKH ERXQG�
DU\ FRQGLWLRQV ����^���� KDV D XQLTXH VROXWLRQ X\� $ MRLQW VWUDWHJ\ FRQVWLWXWHV D SD\Rm�
V\PPHWULF MRLQW�DFWLRQ 0DUNRY SHUIHFW HTXLOLEULXP RI WKH G\QDPLF SULFLQJ JDPH LI DQG
RQO\ LI SULFHV DUH SHUIHFWO\ QHJDWLYHO\ FRUUHODWHG ZLWK PHDQ HTXDO WR WKH P\RSLF SULFH SP�{�
DQG YDULDQFH HTXDO WR
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DW DOPRVW DOO EHOLHIV { � >�� �@� 7KH nUPV
 FRPPRQ SD\Rm IXQFWLRQ LQ DQ\ VXFK HTXLOLEULXP
LV X\� DQG WKH VHW RI EHOLHIV ZKHUH nUPV FUHDWH SULFH GLVSHUVLRQ LV HLWKHU HPSW\ RU DQ RSHQ
LQWHUYDO VWULFWO\ VPDOOHU WKDQ WKH RSHQ XQLW LQWHUYDO�

,Q WKH UHPDLQGHU RI WKLV VHFWLRQ� ZH ZDQW WR FRPSDUH SD\Rm�V\PPHWULF 0DUNRY SHUIHFW
HTXLOLEULD XQGHU MRLQW DQG LQGHSHQGHQW UDQGRPL]DWLRQ� :H QRWH nUVW WKDW WKH SRVVLELOLW\
RI FRRUGLQDWLQJ WKHLU SULFHV WKURXJK MRLQW UDQGRPL]DWLRQ LV RI QR YDOXH WR nUPV LI
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U
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�
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��6LQFH WKH ULJKW�KDQG VLGH RI ���� LV VWULFWO\ OHVV WKDQ E � F�{�� HDFK nUP
V PD[LPDQG LV VWULFWO\
FRQFDYH� VR WKH nUVW�RUGHU FRQGLWLRQ LV VXpFLHQW IRU D PD[LPXP�
��(TXDWLRQ ���� SD\Rm V\PPHWU\ DQG WKH V\PPHWU\ RI WKH H[SHFWHG VLJQDO�WR�QRLVH UDWLR LQ WKH WZR

DYHUDJH SULFHV LPSO\ WKDW nUPV PXVW HDUQ LGHQWLFDO H[SHFWHG FXUUHQW UHYHQXHV DW DQ\ JLYHQ EHOLHI� 6LQFH
xS� � xS�  �SP� WKLV LQ WXUQ FDQ EH XVHG WR VKRZ WKDW xS�  xS�  SP�

��



EHFDXVH LQ WKLV FDVH SULFH PDWFKLQJ DW WKH P\RSLF SULFH LV WKH XQLTXH SD\Rm�V\PPHWULF
0DUNRY SHUIHFW HTXLOLEULXP XQGHU ERWK PRGHV RI UDQGRPL]DWLRQ��� 7KH LQWHUHVWLQJ FDVH
LV WKHUHIRUH ZKHQ ���� GRHV QRW KROG���

3URSRVLWLRQ ��� ,I ���� GRHV QRW KROG� nUPV DUH EHWWHU Rm XQGHU MRLQW UDQGRPL]DWLRQ
�X\ ! Xe�� WKH UDQJH RI EHOLHIV ZKHUH WKH\ FUHDWH SULFH GLVSHUVLRQ LV ODUJHU� DQG WKH SULFH
YDULDQFH DW HDFK EHOLHI LQ WKLV UDQJH LV KLJKHU�

7KLV UHVXOW FRQnUPV WKH LQWXLWLRQ ZLWK ZKLFK ZH VWDUWHG WKLV VHFWLRQ� DQG LV LOOXV�
WUDWHG LQ )LJXUH �� 7KH FXUYHV DUH WKH JUDSKV RI WKH IXQFWLRQV >Xe�{�b w�{��Xe���{� Ub
P�{�@ >E� F�{�@ DQG >X\�{�bw�{��X\���{� UbP�{�@ >E� F�{�@ DQG WKH VWUDLJKW OLQHV DUH
WKH WKUHVKROGV z DQG >�E��F�{�@ z  �>E� F�{�@ IRU z  ���� e  ���� WKH SDUDPHWHUV XVHG
LQ )LJXUH �� 7KH ORZHU FXUYH LV DERYH WKH KLJKHU WKUHVKROG IRU D QDUURZ UDQJH RI EHOLHIV
DV ZH KDYH DOUHDG\ VHHQ� ZKHUHDV� IRU MRLQW UDQGRPL]DWLRQ� WKH KLJKHU FXUYH LV DERYH
WKH ORZHU WKUHVKROG IRU D PXFK ZLGHU UDQJH� ,QWHUHVWLQJO\� WKH GLmHUHQFH LQ HTXLOLEULXP
SD\RmV LV GULYHQ HQWLUHO\ E\ WKH G\QDPLFV RI WKH SUREOHP� WKDW LV� E\ D GLmHUHQFH LQ WKH
VSHHG RI OHDUQLQJ� ,Q IDFW� FRPSDULQJ ��� DQG ����� ZH nQG WKDW H[SHFWHG FXUUHQW UHY�
HQXHV XQGHU MRLQW UDQGRPL]DWLRQ� P�{�b >E��F�{�@9 \�{�� DUH VPDOOHU WKDQ WKRVH XQGHU
LQGHSHQGHQW UDQGRPL]DWLRQ� P�{�b >E� F�{�@9 e�{�� DW DQ\ EHOLHI ZKHUH 9 \�{� ! � DQG
KHQFH 9 \�{� ! 9 e�{�� )RU MRLQW UDQGRPL]DWLRQ WR EH PRUH SURnWDEOH RYHUDOO� WKHUHIRUH�
LW PXVW LQYROYH D KLJKHU VSHHG RI OHDUQLQJ� $ FRPSDULVRQ RI ��� DQG ���� VXSSRUWV WKLV
FRQFOXVLRQ� DW HDFK EHOLHI ZKHUH 9 \�{� ! �� WKH H[SHFWHG VLJQDO�WR�QRLVH UDWLR LV KLJKHU
XQGHU MRLQW UDQGRPL]DWLRQ�
*LYHQ WKDW nUPV SUHIHU MRLQW UDQGRPL]DWLRQ� RQH ZRXOG QDWXUDOO\ H[SHFW FRQVXPHUV

WR EH EHWWHU Rm XQGHU LQGHSHQGHQW UDQGRPL]DWLRQ� DIWHU DOO� WKLV LV WKH OHVV ?FROOXVLYH�
DUUDQJHPHQW� +RZHYHU� WKLV LQWXLWLRQ LV QRW QHFHVVDULO\ FRUUHFW� :H MXVW VKRZHG WKDW
nUPV LQFXU KLJKHU VKRUW�UXQ UHYHQXH ORVVHV ZKHQ WKH\ UDQGRPL]H MRLQWO\� 7KLV VXJJHVWV
WKDW MRLQW UDQGRPL]DWLRQ PD\ ZHOO OHDYH FRQVXPHUV ZLWK D KLJKHU VXUSOXV DW OHDVW LQ
WKH VKRUW UXQ� 7R YHULI\ WKLV� QRWH WKDW WKH SHU�SHULRG GHPDQG VWUXFWXUH LQ VWDWH N LV
JHQHUDWHG E\ WKH TXDVLOLQHDU XWLOLW\ IXQFWLRQ
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ZKHUH TL GHQRWHV FRQVXPSWLRQ RI WKH JRRG SURGXFHG E\ nUP L DQG \ VWDQGV IRU PRQH\ OHIW
RYHU� $ VWUDLJKWIRUZDUG FDOFXODWLRQ UHYHDOV WKDW ZLWK SULFHV S� DQG S� �DQG VXpFLHQWO\
KLJK LQFRPH�� SHU�SHULRG FRQVXPHU VXUSOXV LQ VWDWH N LV
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D FRQYH[ IXQFWLRQ RI SULFHV� ,I nUPV UDQGRPL]H LQGHSHQGHQWO\ ZLWK PHDQ SP�{� DQG
YDULDQFH 9 e�{�� H[SHFWHG FRQVXPHU VXUSOXV LQ VWDWH N LV

D� Eb �D SP�{� � E SP�{�� � �E� FN� 9
e�{��

��&RQGLWLRQ ���� LV WKH GLUHFW DQDORJXH RI FRQGLWLRQ ���� IURP &RUROODU\ ���� &OHDUO\� ���� LPSOLHV
����� 7KLV UHoHFWV WKH IDFW WKDW MRLQW UDQGRPL]DWLRQ LV WULJJHUHG DW D ORZHU VKDGRZ SULFH RI LQIRUPDWLRQ�
>�E��F�{�@ � UDWKHU WKDQ E� F�{��
��$ VXpFLHQW FRQGLWLRQ IRU WKLV FDVH FDQ HDVLO\ EH SURYLGHG DORQJ WKH OLQHV RI 3URSRVLWLRQ ����
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LI WKH\ UDQGRPL]H MRLQWO\ ZLWK WKH VDPH PHDQ� YDULDQFH 9 \�{� DQG SHUIHFWO\ QHJDWLYH
FRUUHODWLRQ� LW LV

D� Eb �D SP�{� � E SP�{�� � �E� �FN� 9
\�{��

:KHQHYHU 9 \�{� ! �� WKHUHIRUH� H[SHFWHG FRQVXPHU VXUSOXV LQ D JLYHQ SHULRG �DQG IRU
D JLYHQ EHOLHI KHOG E\ nUPV� LV KLJKHU XQGHU MRLQW UDQGRPL]DWLRQ� LQGHSHQGHQW RI WKH
WUXH VWDWH N� 7KLV KDV D VLPSOH H[SODQDWLRQ� &RQVXPHUV DUH ULVN�ORYLQJ ZLWK UHVSHFW
WR SULFH FKDQJHV� VR DW DQ\ JLYHQ WLPH� WKH PRGH RI UDQGRPL]DWLRQ WKDW FUHDWHV PRUH
SULFH YDULDQFH LV EHWWHU IRU WKHP IURP D SXUHO\ VWDWLF SRLQW RI YLHZ� 0RUHRYHU� MRLQW
UDQGRPL]DWLRQ OHDGV WR KLJKHU SULFH GLmHUHQFHV DV nUPV UDQGRPL]H ZLWK SHUIHFW QHJDWLYH
FRUUHODWLRQ� DQG WKLV DOVR LQFUHDVHV VKRUW�UXQ VXUSOXV�
:KHQ LW FRPHV WR WRWDO FRQVXPHU VXUSOXV LQ WKH LQnQLWH�KRUL]RQ JDPH� KRZHYHU� WKHUH

LV D VHFRQG HmHFW� UHoHFWLQJ WKH G\QDPLFV RI LQIRUPDWLRQ DFFUXDO WR WKH nUPV� 8QGHU
MRLQW UDQGRPL]DWLRQ� nUPV OHDUQ IDVWHU� VR WKH\ FDQ WUDFN WKH WUXH VWDWH PRUH FORVHO\�
$V EHWWHU DVVHVVPHQWV RI WKH WUXH VWDWH WUDQVODWH LQWR D VWURQJHU FDSDELOLW\ WR H[WUDFW
VXUSOXV IURP FRQVXPHUV� MRLQW UDQGRPL]DWLRQ FRXOG ZHOO PHDQ ORZHU FRQVXPHU VXUSOXV LQ
WKH ORQJHU WHUP�
:KLFK RI WKH WZR HmHFWV GRPLQDWHV REYLRXVO\ GHSHQGV RQ D FRQVXPHU
V GLVFRXQW UDWH�

)RU YHU\ LPSDWLHQW FRQVXPHUV� WKH G\QDPLF HmHFW LV QHJOLJLEOH ^ WKHVH FRQVXPHUV DUH
FOHDUO\ EHWWHU Rm XQGHU MRLQW UDQGRPL]DWLRQ�

3URSRVLWLRQ ��� 6XSSRVH WKDW ���� GRHV QRW KROG� VR WKDW MRLQW UDQGRPL]DWLRQ LQYROYHV
SULFH GLVSHUVLRQ RYHU VRPH UDQJH RI EHOLHIV� :KHQHYHU nUPV KROG D EHOLHI LQ WKLV UDQJH�
FRQVXPHUV ZKR GLVFRXQW IXWXUH XWLOLW\ VXpFLHQWO\ VWURQJO\ DUH EHWWHU Rm LI nUPV UDQGRPL]H
MRLQWO\�

7KLV UHVXOW IROORZV GLUHFWO\ IURP WKH DERYH FRPSDULVRQ RI VWDWLF VXUSOXVHV DQG WKH IDFW
WKDW DV WKH GLVFRXQW UDWH WHQGV WR LQnQLW\� RYHUDOO VXUSOXV FRQYHUJHV WR WKH VWDWLF RQH���

� &RQFOXGLQJ 5HPDUNV

:H FRQVLGHUHG D V\PPHWULF GLmHUHQWLDWHG�JRRGV GXRSRO\ ZKLFK HYROYHV RYHU DQ LQnQLWH
KRUL]RQ LQ FRQWLQXRXV WLPH� )LUPV DUH XQFHUWDLQ DERXW WKHLU FRPSHWLWLYH HQYLURQPHQW
DQG FDQ OHDUQ DFWLYHO\ DERXW LW E\ FUHDWLQJ SULFH GLVSHUVLRQ� :H FKDUDFWHUL]HG SD\Rm�
V\PPHWULF 03( ZLWK WKH nUPV
 FRPPRQ SRVWHULRU EHOLHI DV WKH VWDWH YDULDEOH� :H VKRZHG
WKDW WKHVH HTXLOLEULD FDQ EH RI WZR W\SHV� DQG SURYLGHG VXpFLHQW FRQGLWLRQV IRU HLWKHU
W\SH� ,I WKH YDOXH RI LQIRUPDWLRQ LV ORZ� D SXUH�VWUDWHJ\ QR�H[SHULPHQWDWLRQ HTXLOLE�
ULXP DULVHV� nUPV EHKDYH DV LI WKH\ ZHUH P\RSLF� DQG FKDUJH WKH VWDWLF GXRSRO\ SULFH
FRUUHVSRQGLQJ WR WKHLU FXUUHQW DVVHVVPHQW RI WKH FRPSHWLWLYH HQYLURQPHQW� ,I WKH YDOXH
RI LQIRUPDWLRQ LV KLJK� nUPV XVH PL[HG VWUDWHJLHV �UDQGRPL]LQJ HLWKHU LQGHSHQGHQWO\ RU
MRLQWO\� WR FUHDWH SULFH GLVSHUVLRQ DQG WKXV LQFUHDVH WKH LQIRUPDWLRQ FRQWHQW RI WKH VLJQDOV
WKH\ REVHUYH� ,Q VXFK DQ HTXLOLEULXP� WKH GXRSRO\ JRHV WKURXJK H[SHULPHQWDWLRQ F\FOHV

��6KRZLQJ WKDW WKH G\QDPLF HmHFW PD\ GRPLQDWH IRU VXpFLHQWO\ SDWLHQW FRQVXPHUV WXUQV RXW WR EH
PRUH FXPEHUVRPH� 7KLV LV EHFDXVH RQH KDV WR GHDO ZLWK WKH MRLQW HYROXWLRQ RI WZR VWDWH YDULDEOHV� WKH
nUPV
 EHOLHI DQG WKH WUXH VWDWH RI GHPDQG� :H WKHUHIRUH GR QRW SXUVXH WKLV LVVXH DQ\ IXUWKHU KHUH�
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ZKHUH SHULRGV RI SULFH GLVSHUVLRQ �ZKLFK DUH WULJJHUHG E\ D FKDQJH LQ WKH HQYLURQPHQW�
DUH DOWHUQDWLQJ ZLWK SHULRGV RI SULFH V\PPHWU\ �ZKLFK EHJLQ RQFH WKH nUPV KDYH OHDUQW
HQRXJK DERXW WKH QHZ VWDWH�� 7KH OLNHOLKRRG RI REVHUYLQJ SULFH GLVSHUVLRQ DW DQ\ JLYHQ
WLPH LV KLJKHVW ZKHQ WKH HQYLURQPHQW FKDQJHV VXpFLHQWO\ RIWHQ� EXW QRW WRR IUHTXHQWO\�
)LQDOO\� MRLQW UDQGRPL]DWLRQ E\ WKH nUPV GRHV QRW QHFHVVDULO\ KXUW FRQVXPHUV�
7KH WUDFWDELOLW\ RI RXU PRGHO LV GXH WR D FRPELQDWLRQ RI VHYHUDO PRGHOLQJ FKRLFHV� WKH

DVVXPSWLRQ WKDW WKHUH DUH RQO\ WZR SRVVLEOH VWDWHV RI GHPDQG� WKH OLQHDULW\ RI GHPDQG
FXUYHV� DQG WKH FRQWLQXRXV�WLPH IUDPHZRUN ZLWK %URZQLDQ QRLVH� :KLOH HDFK RI WKHVH
DVVXPSWLRQV VLPSOLnHV WKH DQDO\VLV RI WKH PRGHO FRQVLGHUDEO\� QRQH RI WKHP DmHFWV RXU
PDLQ UHVXOWV RQ WKH G\QDPLFV RI WKH YDOXH RI LQIRUPDWLRQ DQG SULFH GLVSHUVLRQ�
7KH SUHVHQFH RI EDFNJURXQG LQIRUPDWLRQ LQ RXU PRGHO JLYHV ULVH WR DQ HTXLOLEULXP

SURFHVV RI SRVWHULRU EHOLHIV WKDW LV UHJXODU RQ WKH RSHQ XQLW LQWHUYDO� L�H� WKDW FDQ UHDFK
DQ\ SRLQW LQ WKLV LQWHUYDO ZLWK SRVLWLYH SUREDELOLW\ LUUHVSHFWLYH RI WKH FXUUHQW SRVLWLRQ�
:LWKRXW EDFNJURXQG LQIRUPDWLRQ� WKLV LV QR ORQJHU WUXH� HLWKHU WKH LQYDULDQW EHOLHI a{ OLHV
RXWVLGH WKH UDQJH ZKHUH WKH SULFH YDULDQFH LV SRVLWLYH� DQG WKH EHOLHI FRQYHUJHV WR a{� RU a{
OLHV LQVLGH WKH UDQJH RI SRVLWLYH YDULDQFH� DQG WKH SURFHVV RI EHOLHIV LV HYHQWXDOO\ FRQnQHG
WR WKLV UDQJH� ,Q WKH IRUPHU FDVH� SULFH GLVSHUVLRQ GLVDSSHDUV IRU JRRG DIWHU VRPH WLPH�
,Q WKH ODWWHU FDVH� SULFH GLVSHUVLRQ ZLOO FRQWLQXH XQLQWHUUXSWHG IRUHYHU� ,Q HLWKHU FDVH�
WKH nUPV WUDFN WKH WUXH VWDWH SRRUO\ LQ WKH VHQVH WKDW WKHLU EHOLHI ZLOO EH ERXQGHG DZD\
IURP WKH WUXH VWDWH DW DOO WLPHV� ,I ZH DOVR OHW WKH IUHTXHQF\ RI VWDWH VZLWFKHV JR WR ]HUR�
RXU 0DUNRY SHUIHFW HTXLOLEULD SURGXFH DQ H[WUHPH IRUP RI HUURU SHUVLVWHQFH DV LGHQWLnHG
RULJLQDOO\ E\ 5RWKVFKLOG ������ DQG 0F/HQQDQ ������� ,Q IDFW� D QRQ�GHJHQHUDWH SULRU
EHOLHI DW ZKLFK WKH SULFH YDULDQFH LV ]HUR ZLOO QRW EH XSGDWHG DW DOO� ZKLOH D EHOLHI LQVLGH
WKH UDQJH RI SRVLWLYH YDULDQFH ZLOO FRQYHUJH WR RQH RI WKH ERXQGDULHV RI WKLV UDQJH� ,Q
HLWKHU FDVH� EHOLHIV FDQQRW FRQYHUJH WR WKH WUXWK�
:H KDYH IRFXVHG RQ HTXLOLEULD ZKHUH SULFH GLVSHUVLRQ LV FUHDWHG WKURXJK UDQGRPL]D�

WLRQ� $V\PPHWULF SXUH�VWUDWHJ\ 03( ZRXOG LPSO\ WKH VDPH H[SHULPHQWDWLRQ F\FOHV DV
ZH KDYH GHVFULEHG KHUH� 6XFK HTXLOLEULD� KRZHYHU� ZRXOG EH PRUH FRPSOLFDWHG WR DQDO\VH
EHFDXVH RI WKH QHHG WR VROYH D SDLU RI FRXSOHG VHFRQG�RUGHU GLmHUHQWLDO HTXDWLRQV IRU WKH
nUPV
 SD\Rm IXQFWLRQV�
7KH UHVWULFWLRQ WR SD\Rm�V\PPHWULF HTXLOLEULD DOORZV XV LQ SDUWLFXODU WR GHULYH DQDO\W�

LFDO FRPSDUDWLYH VWDWLFV� :KLOH RXU PDLQ IRFXV LQ WKLV SDSHU KDV EHHQ RQ SULFH GLVSHUVLRQ�
RXU PHWKRGV DOVR \LHOG FRPSDUDWLYH VWDWLFV UHVXOWV IRU HTXLOLEULXP SD\RmV� :H FDQ VKRZ
WKDW HDFK nUP
V SD\Rm LV VWULFWO\ GHFUHDVLQJ LQ WKH GLVFRXQW UDWH DQG WKH QRLVH LQWHQVLW\�
DQG VWULFWO\ LQFUHDVLQJ LQ WKH TXDOLW\ RI EDFNJURXQG LQIRUPDWLRQ� 1XPHULFDOO\� ZH nQG
WKDW WKH JDLQV IURP D JLYHQ LQFUHDVH LQ EDFNJURXQG LQIRUPDWLRQ DUH QRQ�PRQRWRQLF LQ
WKH SDUDPHWHU e� WKH\ DUH VPDOO IRU YHU\ ORZ IUHTXHQFLHV RI VWDWH VZLWFKLQJ� LQFUHDVH
ZLWK e RYHU VRPH UDQJH� DQG EHFRPH VPDOOHU DJDLQ DV WKH HQYLURQPHQW EHFRPHV YHU\
XQVWDEOH� 7KLV VXJJHVWV WKDW� DW WKH PDUJLQ� EDFNJURXQG LQIRUPDWLRQ LV PRVW YDOXDEOH
ZKHQ WKH HQYLURQPHQW LV YDULDEOH �VR WKH LQIRUPDWLRQ KDV D UROH LQ GHWHFWLQJ D FKDQJH
RI GHPDQG FRQGLWLRQV PRUH UDSLGO\�� EXW QRW WRR YDULDEOH �VR WKHUH LV HQRXJK WLPH WR
H[SORLW LPSURYHG NQRZOHGJH RI GHPDQG FRQGLWLRQV EHWZHHQ VWDWH VZLWFKHV��
7KH nUPV LQ RXU PRGHO DUH DVVXPHG WR FRPSHWH LQ SULFHV� ZKLFK DUH VWUDWHJLF FRP�

SOHPHQWV� 2QH FDQ HDVLO\ UHZULWH WKH H[SHFWHG GHPDQG VWUXFWXUH ZLWK TXDQWLWLHV DV WKH
GHFLVLRQ YDULDEOHV� DQG WKHQ OHW WKH %URZQLDQ QRLVH RSHUDWH RQ UHDOL]HG SULFHV� 7KLV VLW�

��



XDWLRQ ZLWK VWUDWHJLF VXEVWLWXWHV LPSOLHV WKH VDPH G\QDPLFV RI GLVSHUVLRQ LQ WKH nUPV

DFWLRQV DV WKH VFHQDULR WKDW ZH DQDO\VH LQ WKH SDSHU�
,W LV VWUDLJKWIRUZDUG WR H[WHQG WKH PRGHO WR DQ DUELWUDU\ QXPEHU RI nUPV HDFK RI

ZKLFK LV OHDUQLQJ DERXW WKH VHQVLWLYLW\ RI LWV RZQ GHPDQG WR WKH DYHUDJH SULFH FKDUJHG
E\ LWV FRPSHWLWRUV� ,Q WKH DEVHQFH RI D IXOO\�oHGJHG PRGHO RI �VWRFKDVWLF� FRQVXPHU
EHKDYLRU� KRZHYHU� RQH KDV WR UHO\ RQ DG KRF DVVXPSWLRQV ZKHQ LW FRPHV WR VSHFLI\LQJ
KRZ WKH GHPDQG VWUXFWXUH DQG WKH QRLVH WKDW DmHFWV LW YDU\ ZLWK WKH QXPEHU RI nUPV�
:H KDYH WKHUHIRUH SUHVHQWHG RQO\ WKH WZR�nUP FDVH�

$SSHQGL[

$ 5DQGRPL]DWLRQ

:KLOH GHnQLQJ PL[HG VWUDWHJLHV LV VWUDLJKWIRUZDUG� LW LV QRW REYLRXV KRZ UDQGRPL]DWLRQ VKRXOG EH LQ�
WHUSUHWHG LQ FRQWLQXRXV WLPH� :H XVH D WLPH�DOWHUQDWLRQ DSSURDFK� YLHZLQJ UDQGRPL]DWLRQ DV WKH OLPLW
RI PRUH DQG PRUH IUHTXHQW VZLWFKLQJ EHWZHHQ SXUH VWUDWHJLHV RYHU WLPH� 7KLV DSSURDFK LV LQVSLUHG
E\ +DUULV ������ 6HFWLRQ ������ ZKR FRQWUDVWV LW ZLWK D VWDWH�DOWHUQDWLRQ DSSURDFK ZKHUH SOD\HUV XVH
WKH VWDWH LWVHOI DV D UDQGRPL]LQJ GHYLFH� 7R HDVH WKH QRWDWLRQDO EXUGHQ LQ ZKDW IROORZV� ZH ZULWH
~�{�  {���b {���F� b F��� }��

%\ 6NRURKRG
V WKHRUHP� ZH FDQ DVVRFLDWH ZLWK DQ\ PL[HG VWUDWHJ\ aSL D /HEHVJXHd%RUHO PHDVXUDEOH
IXQFWLRQ 3L � >�� �@ d >�� �@ � ,5 VXFK WKDW IRU DQ\ {� WKH GLVWULEXWLRQ RI aSL�{� LV WKH VDPH DV WKDW RI
3L�{� a\� ZKHUH a\ LV XQLIRUPO\ GLVWULEXWHG RQ WKH XQLW LQWHUYDO� 7KDW LV� ZH FDQ DVVRFLDWH ZLWK aSL D
SDUDPHWHUL]HG IDPLO\ RI SXUH VWUDWHJLHV VXFK WKDW D XQLIRUP GLVWULEXWLRQ RYHU WKHVH VWUDWHJLHV LQGXFHV
WKH VDPH GLVWULEXWLRQ RYHU D SOD\HU
V DFWLRQV DW HDFK EHOLHI DV WKH PL[HG VWUDWHJ\ aSL�

7LPH DOWHUQDWLRQ FDQ QRZ EH LQWURGXFHG DV IROORZV� )LUPV VWDUW ZLWK D FRPPRQ SULRU {� DQG LQLWLDO
GUDZV \L � >���@ �L  ����� )LUP L HPSOR\V WKH SXUH VWUDWHJ\ 3 �c� \L� XQWLO LW LV JLYHQ WKH RSSRUWXQLW\
WR UHYLVH WKH VWUDWHJ\ E\ GUDZLQJ D QHZ \L IURP WKH XQLIRUP GLVWULEXWLRQ RQ >���@� 7KH nUP XVHV WKH
FRUUHVSRQGLQJ SXUH VWUDWHJ\ XQWLO WKH QH[W RSSRUWXQLW\ WR UHYLVH LW� DQG VR RQ� 2SSRUWXQLWLHV WR UHYLVH
WKH VWUDWHJ\ DUULYH DFFRUGLQJ WR D 3RLVVRQ SURFHVV ZLWK LQWHQVLW\ �� WKHVH SURFHVVHV DUH LQGHSHQGHQW
DFURVV SOD\HUV�

*LYHQ D FXUUHQW EHOLHI { DQG GUDZV \� DQG \�� nUP L H[SHFWV oRZ UHYHQXHV 5�{� 3L�{� \L�� 3M�{� \M���
DQG D VOLJKW H[WHQVLRQ RI WKH VWDQGDUG UHVXOW LQ /LSWVHU DQG 6KLU\D\HY ������ 7KHRUHP ���� LPSOLHV WKDW
WKH FKDQJH LQ EHOLHI G{ KDV PHDQ w�{�GW DQG YDULDQFH ~�{�

d

�3��{� \��b 3��{� \���� � z
e

GW� )RU JLYHQ
�� nQDOO\� nUP L
V WRWDO SD\Rm IXQFWLRQ �ZLWK DUJXPHQWV {� \L� \M� LV FKDUDFWHUL]HG DV WKH VROXWLRQ WR D
LQWHJUR�GLmHUHQWLDO HTXDWLRQ WKDW UHoHFWV QRW MXVW WKH LQnQLWHVLPDO FKDQJHV LQ nUPV
 EHOLHIV� EXW DOVR WKH
GLVFUHWH MXPSV LQ WKH GUDZV \� DQG \��

)RU � � � ZH REWDLQ D OLPLW JDPH ZLWK WKH IROORZLQJ SURSHUWLHV� ,I WKH nUPV HPSOR\ WKH PL[HG
VWUDWHJLHV aS� DQG aS�� DQG WKHLU FXUUHQW EHOLHI LV {� WKHQ �L� nUP L REWDLQV H[SHFWHG oRZ UHYHQXHV
( >5�{� aSL�{�� aSM�{��@ ZKHUH ( GHQRWHV WKH H[SHFWDWLRQ ZLWK UHVSHFW WR WKH GLVWULEXWLRQ RI aS��{� DQG
aS��{�� �LL� WKH FKDQJH LQ EHOLHI G{ KDV PHDQ w�{�GW DQG YDULDQFH ~�{�(

d

�aS��{�b aS��{��� � z
e

GW� �LLL�
nUP L
V WRWDO SD\Rm IXQFWLRQ GHSHQGV RQ { RQO\� DQG LV FKDUDFWHUL]HG DV D VROXWLRQ WR WKH 2'( ���
VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV ����^����� ,Q WKH OLPLW� WKHUHIRUH� WKH nUPV
 oRZ SD\RmV DQG WKH
ODZ RI PRWLRQ RI WKHLU EHOLHIV DUH REWDLQHG VLPSO\ E\ WDNLQJ H[SHFWDWLRQV RYHU WKH PL[HG VWUDWHJLHV� DQG
SD\Rm IXQFWLRQV VROYH WKH VWDQGDUG GLmHUHQWLDO HTXDWLRQV DVVRFLDWHG ZLWK WKHVH oRZ SD\RmV DQG ODZ RI
PRWLRQ�

$ PDWKHPDWLFDOO\ ULJRURXV WUHDWPHQW RI WKLV WUDQVLWLRQ WR WKH OLPLW LV EH\RQG WKH VFRSH RI WKH SUHVHQW
SDSHU� VR ZH PHUHO\ LQGLFDWH WKH PDLQ VWHSV� 7KH UHVXOWV RI +DUULV ������ 6HFWLRQ ����� GR QRW FRYHU WKH
FDVH DW KDQG� LQVWHDG� RQH FDQ UHO\ RQ DQ DV\PSWRWLF H[SDQVLRQ WHFKQLTXH JRLQJ EDFN WR 3DSDQLFRODRX�
6WURRFN DQG 9DUDGKDQ ������� %ODQNHQVKLS DQG 3DSDQLFRODRX ������ RU 3DSDQLFRODRX ������� D PRUH
DFFHVVLEOH SUHVHQWDWLRQ LQ DQ RSWLRQ SULFLQJ FRQWH[W FDQ EH IRXQG LQ )RXTXH� 3DSDQLFRODRX DQG 6LUFDU

��



������� /HW XqL GHQRWH nUP L
V SD\Rm IXQFWLRQ XQGHU WLPH�DOWHUQDWLRQ ZLWK LQWHQVLW\ �  � q� 7KH LGHD LV
WR H[SDQG XqL DV D VXP X�L � qX�L � q�X�L � � � � ZLWK IXQFWLRQV XCL � >���@d >���@d >���@� ,5 �C  ���� �� � � ��
WKDW GR QRW GHSHQG RQ q� $ VWUDLJKWIRUZDUG SRZHUV�RI�q FRPSDULVRQ LQ WKH LQWHJUR�GLmHUHQWLDO HTXDWLRQ
IRU XqL \LHOGV FDQGLGDWH IXQFWLRQV X�L � X

�
L � X

�
L � WKHVH IXQFWLRQV DUH FKDUDFWHUL]HG DV VROXWLRQV WR FHUWDLQ

ERXQGDU\ YDOXH SUREOHPV� ,Q SDUWLFXODU� X�L VROYHV WKH 2'( ��� VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV
����^����� ([DPLQLQJ WKH ERXQGDU\ YDOXH SUREOHPV IRU WKH RWKHU IXQFWLRQV� RQH nQGV WKDW X�L DQG X�L
DUH ERXQGHG� ZKLOH XqL bX�L b qX�L b q�X�L LV 2�q� XQLIRUPO\ LQ �{� \L� \M�� 7KLV LPSOLHV WKDW X

q
L bX�L LV DOVR

XQLIRUPO\ 2�q�� 6R� ZH KDYH XQLIRUP FRQYHUJHQFH RI WKH SD\Rm IXQFWLRQ WR WKH OLPLW X�L DV q � �� DQG
WKLV OLPLW KDV SUHFLVHO\ WKH SURSHUWLHV VWDWHG LQ WKH PDLQ WH[W� ,Q D ODVW VWHS� RQH WKHQ VKRZV WKDW WKH
ODZ RI PRWLRQ RI EHOLHIV FRQYHUJHV LQ GLVWULEXWLRQ WR D GLmXVLRQ SURFHVV ZLWK LQVWDQWDQHRXV PHDQ DQG
YDULDQFH DV GHVFULEHG XQGHU �LL� DERYH�

1RWH WKDW WKLV GHnQHV D OLPLWLQJ JDPH LQ WKH VHQVH RI D PDSSLQJ IURP PL[HG VWUDWHJLHV LQWR SD\RmV�
EXW QRW D OLPLWLQJ RXWFRPH� L�H� SURFHVV RI SULFHV� ,Q IDFW� WKH DWWHPSW WR FRQVWUXFW D OLPLWLQJ SULFH
SURFHVV UXQV LQWR WKH XVXDO SUREOHPV RI GHDOLQJ ZLWK D FRQWLQXXP RI UDQGRP YDULDEOHV� )RU RXU SXUSRVHV�
KRZHYHU� WKLV LV RI QR FRQVHTXHQFH� )LUVW� WKH WLPH�DOWHUQDWLRQ OLPLW VWLOO JLYHV XV D ZHOO�GHnQHG SURFHVV
IRU WKH VWDWH YDULDEOH� ZKLFK ZLOO EH HQRXJK WR IRUPXODWH UHVXOWV RQ WKH HPHUJHQFH DQG ORQJ�UXQ IUHTXHQF\
RI SULFH GLVSHUVLRQ� 6HFRQG� WKHUH DOZD\V H[LVWV D ZHOO�GHnQHG SULFH SURFHVV IRU DQ\ nQLWH DUULYDO UDWH
�� VR UHVXOWV EDVHG RQ WKH SURSHUWLHV RI WKH OLPLWLQJ EHOLHI SURFHVV FDQ HDVLO\ EH LQWHUSUHWHG LQ WHUPV RI
SULFH SURFHVVHV IRU ODUJH ��

)RU MRLQW UDQGRPL]DWLRQ� ZH DVVRFLDWH ZLWK DQ\ MRLQW VWUDWHJ\ �aS�� aS�� D /HEHVJXHd%RUHO PHDVXUDEOH
IXQFWLRQ 3 � >�� �@d>�� �@� ,5d,5 VXFK WKDW IRU DQ\ {� WKH GLVWULEXWLRQ RI SULFH SDLUV �aS��{�� aS��{�� LV WKH
VDPH DV WKDW RI 3�{� a\� ZKHUH a\ LV DJDLQ XQLIRUPO\ GLVWULEXWHG RQ WKH XQLW LQWHUYDO� 7KH FRUUHVSRQGLQJ
WLPH�DOWHUQDWLRQ OLPLW LV REWDLQHG E\ GUDZLQJ YDOXHV \ DW UDQGRP WLPHV DQG OHWWLQJ WKH DUULYDO UDWH RI
WKHVH WLPHV WHQG WR LQnQLW\�

% 9DULRXV 3URRIV

:H VKDOO QHHG WKH IROORZLQJ QRWDWLRQ�

~�{�  {���b {��
�F� b F���

}�
�

wP�{�  P�{� � >E� F�{�@ z�

J�{�  
a{��b {�

{
�
��b a{�{
�b {

�

3URRI RI 3URSRVLWLRQ ���� ,I FRQGLWLRQ ���� KROGV� H[LVWHQFH LV WULYLDO� ZH FDQ VLPSO\ WDNH Xe  XP�
6XSSRVH WKHUHIRUH WKDW ���� GRHV QRW KROG� :H FDQ WKHQ nQG SRVLWLYH FRQVWDQWV . DQG / VXFK WKDW WKH
IXQFWLRQV X  . DQG X  XP b/ VDWLVI\

X�{�b w�{�X��{� U � wP�{� � X�{�b w�{�X��{� U

RQ >�� �@� ,W LV HDV\ WR VHH WKDW X LV D VXSHUVROXWLRQ RI WKH 2'( ����� DQG X D VXEVROXWLRQ� L�H�

~�{�

�U
X���{� z � *�{� X�{�b w�{�X��{� U�

DQG
~�{�

�U
X���{� z w *�{� X�{�b w�{�X��{� U�

ZKHUH
*�{� Y�  PLQ IY bP�{�� >E� F�{�@ zJ �

0RUHRYHU� ZH KDYH

X���b w���X���� U ! P���� X���b w���X���� U ! P����

X���b w���X���� U � P���� X���b w���X���� U � P����

��



1RZ n[ q ! � VXFK WKDW w�q� ! � ! w��b q� DQG

X�q�b w�q�X��q� U ! P�q�� X��b q�b w��b q�X���b q� U ! P��b q��

X�q�b w�q�X��q� U � P�q�� X��b q�b w��b q�X���b q� U � P��b q��

:H FDQ nQG D SRVLWLYH FRQVWDQW & VXFK WKDW

M*�{� X� b w�{�X� U�M � & �� � MX�M�

IRU DOO { � >q��b q@� X� � >X�{�� X�{�@ DQG X� � ,5� 6LQFH

= �

[

V

� � V
GV  �

IRU DOO [ w �� WKLV LPSOLHV WKDW WKH 2'( ���� VDWLVnHV 1DJXPR
V FRQGLWLRQ�� RQ >q��b q@ UHODWLYH WR X� X�
%\ %HUQIHOG DQG /DNVKPLNDQWKDP ������ 7KHRUHP ������� WKHUH LV D VROXWLRQ X � >q��b q@ � ,5 RI ����
VXFK WKDW X � X � X DQG

X�q�b w�q�X��q� U  P�q�� X��b q�b w��b q�X���b q� U  P��b q��

)LQDOO\� FRQVLGHU D VHTXHQFH XN � >qN�� b qN@ � ,5 RI VXFK VROXWLRQV IRU VPDOO SRVLWLYH QXPEHUV
�qN�N ������� FRQYHUJLQJ PRQRWRQLFDOO\ WR �� %\ %HUQIHOG DQG /DNVKPLNDQWKDP ������ 7KHRUHP �������
WKHUH LV DQ 1N ! � VXFK WKDW MX�M � 1N RQ >qN� �b qN@ IRU DQ\ VROXWLRQ RI ���� O\LQJ EHWZHHQ X DQG X RQ
WKLV LQWHUYDO� 7KXV IRU DQ\ n[HG LQWHJHU . w � DQG DOO N w .� XN LV D VROXWLRQ VDWLVI\LQJ X � XN � X
DQG MX�

NM � 1. RQ >q. � � b q. @� VR WKH VHTXHQFHV �XN�Nw. DQG �X�N�Nw. DUH ERWK XQLIRUPO\ ERXQGHG
DQG HTXLFRQWLQXRXV RQ WKDW LQWHUYDO� (PSOR\LQJ WKH VWDQGDUG GLDJRQDOL]DWLRQ DUJXPHQW� ZH REWDLQ D
VXEVHTXHQFH ZKLFK FRQYHUJHV XQLIRUPO\ RQ DOO FRPSDFW VXELQWHUYDOV RI @�� �> WR D VROXWLRQ Xe ZLWK WKH
GHVLUHG SURSHUWLHV�

$V WR XQLTXHQHVV� VXSSRVH WKDW WKHUH DUH WZR VXFK VROXWLRQV� Xe DQG X]� DQG WKDW Xe b X] KDV D
SRVLWLYH PD[LPXP� $V Xe��� b w��� �Xe����� U  X]��� b w��� �X]����� U DQG w��� ! �� WKLV PD[LPXP
FDQQRW EH DWWDLQHG DW {  �� ,Q IDFW� Xe��� ! X]��� LPSOLHV �Xe����� ! �X]����� ZKLOH D PD[LPXP
ZRXOG UHTXLUH �Xe����� � �X]������ $ VLPLODU DUJXPHQW UXOHV RXW D PD[LPXP RI Xe b X] DW {  ��
7KH PD[LPXP PXVW WKHUHIRUH EH DWWDLQHG LQ WKH LQWHULRU RI WKH XQLW LQWHUYDO� VD\ DW {�� 7KLV UHTXLUHV
Xe�{�� ! X]�{��� �Xe���{��  �X]���{�� DQG �Xe����{�� � �X]����{��� KHQFH� E\ ZHDN PRQRWRQLFLW\ RI * LQ
LWV VHFRQG DUJXPHQW�
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6R WKH PD[LPXP LV LQ IDFW DWWDLQHG DW D SRLQW ZKHUH * LV FRQVWDQW LQ LWV VHFRQG DUJXPHQW� L�H�
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1RZ OHW w{  LQI
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{ w {� � X
]�{� b w�{��X]���{� U � wP�{�

k

� WKLV LV ZHOO�GHnQHG DQG VPDOOHU WKDQ �
EHFDXVH RI WKH ERXQGDU\ FRQGLWLRQ DW WKH ULJKW HQG RI WKH XQLW LQWHUYDO� 7KH GLmHUHQFH XebX] LV FRQVWDQW
RQ >{�� w{@� DQG ZH KDYH LQ SDUWLFXODU Xe�w{� ! X]�w{�� �Xe���w{�  �X]���w{� DQG �Xe����w{�  �X]����w{��
,PPHGLDWHO\ WR WKH ULJKW RI w{� ZH KDYH

X]�{�b w�{��X]���{� U � wP�{� � Xe�{�b w�{��Xe���{� U

DQG WKHUHIRUH
~�{�

�U
�X]����{� � E� F�{�  
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�Xe����{��

��6HH %HUQIHOG DQG /DNVKPLNDQWKDP ������ SDJH ����
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7KLV LPSOLHV WKDW Xe b X] LV VWULFWO\ LQFUHDVLQJ LPPHGLDWHO\ WR WKH ULJKW RI w{ ^ ZKLFK FRQWUDGLFWV RXU
DVVXPSWLRQ WKDW WKLV GLmHUHQFH LV PD[LPDO LQ {�� :H FRQFOXGH WKDW X

e � X] RQ WKH HQWLUH XQLW LQWHUYDO�
7KH FRQYHUVH LQHTXDOLW\� Xe w X]� IROORZV E\ V\PPHWU\�

1H[W� GHnQH
Ye�{�  Xe�{�b w�{� �Xe���{� U�

6XSSRVH WKDW WKH VHW I{ � Ye�{� ! wP�{�J LV QRW HPSW\� $ VWUDLJKWIRUZDUG FDOFXODWLRQ XVLQJ ���� VKRZV
WKDW RQ WKLV VHW�
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/HW {  LQII{ � Ye�{� ! wP�{�J DQG {  VXSI{ � Ye�{� ! wP�{�J� 6XSSRVH WKDW WKHUH LV D EHOLHI {�
VWULFWO\ EHWZHHQ { DQG { VXFK WKDW Ye�{�� � wP�{��� 7KHQ WKHUH H[LVW EHOLHIV {� � {� � {� LQ @{�{> VXFK
WKDW WKH IXQFWLRQ Ye b wP KDV SRVLWLYH ORFDO PD[LPD DW {� DQG {�� DQG D QRQ�SRVLWLYH ORFDO PLQLPXP DW
{�� ,Q SDUWLFXODU� ZH KDYH Ye�{�� ! wP�{�� DQG �Ye����{�� � wP���{��  P���{��� KHQFH
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E\ �%���� 7KH VDPH LQHTXDOLW\ KROGV DW {�� 2Q WKH RWKHU KDQG� ZH KDYH Ye�{�� � wP�{��� �Ye���{��  
wP��{��  P��{�� � �F� b F�� z DQG �Y
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7KLV LV WKH GHVLUHG FRQWUDGLFWLRQ VLQFH I{ � ~�{�P���{� � w ) �{�J DQG I{ � ~�{�P���{� � ! ) �{�J DUH
LQWHUYDOV� WKH ODWWHU EHLQJ WKH LQWHULRU RI WKH IRUPHU� KHQFH FRQWDLQLQJ {� RI QHFHVVLW\� ,Q IDFW� DV WKH
IXQFWLRQ J LV VWULFWO\ FRQYH[� VR LV ) � DQG WHGLRXV EXW VWUDLJKWIRUZDUG DOJHEUD UHYHDOV WKDW WKH IXQFWLRQ
{ �� ~�{�P���{� � LV TXDVLFRQFDYH RQ WKH VHW I{ � P���{� w �J�

7KH UHPDLQLQJ SDUWV RI WKH SURSRVLWLRQ IROORZ DV LQGLFDWHG LQ WKH PDLQ WH[W�

)RU WKH IROORZLQJ WZR SURRIV� UHFDOO IURP 6HFWLRQ � WKDW XP� WKH nUPV
 SD\Rm IXQFWLRQ XQGHU SULFH
PDWFKLQJ DW WKH P\RSLF EHOLHI� LV WKH XQLTXH VROXWLRQ WR WKH 2'( ���� VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV
����^����� 'HnQH

YP�{�  XP�{�b w�{� �XP���{� U�

$UJXLQJ DV LQ .HOOHU DQG 5DG\ ������ 6HFWLRQ ����� RQH VKRZV HDVLO\ WKDW YP LV WKH XQLTXH VROXWLRQ RI
WKH 2'(
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VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV Y���  P��� DQG Y���  P����

3URRI RI 3URSRVLWLRQ ���� ,I P LV FRQFDYH� WKHQ WKH OHIW�KDQG VLGH RI �%��� ZLWK Y  P LV QHJDWLYH�
ZKLOH WKH ULJKW�KDQG VLGH LV ]HUR� 7KLV PHDQV WKDW P LV D VXSHUVROXWLRQ RI �%��� RQ @���>� $ VWDQGDUG
DUJXPHQW VKRZV WKDW WKH GLmHUHQFH YPbP FDQQRW DWWDLQ D SRVLWLYH PD[LPXP LQ WKH RSHQ XQLW LQWHUYDO�
6LQFH YP bP YDQLVKHV DW {  � DQG �� ZH KDYH YP � P RQ >�� �@� LPSO\LQJ �����

1H[W� QRWH WKDW WKH IXQFWLRQ wP LV D VXSHUVROXWLRQ RI �%��� LI
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7KH FRHpFLHQW RI U RQ WKH ULJKW�KDQG VLGH RI WKLV LQHTXDOLW\ LV FOHDUO\ SRVLWLYH� DQG WKH VDPH FDQ EH VKRZQ
IRU WKH FRHpFLHQW RI e� 1RZ� VXSSRVH WKDW P LV QRW FRQFDYH WKURXJKRXW� DQG OHW A{  PLQI{ � F�{� w EJ�
'HnQH WKH SRVLWLYH FRQVWDQWV

|P  �
� PD[{wA{

�F� b F��
�{���b {��P���{�

E� F�{�
�

CP  �
� PD[{wA{

�F� b F���{���b {��P���{�

�J�{� >E� F�{�@ � �{b a{��F� b F��
�

��



:KHQHYHU }b� � U |P �e CP� �%��� KROGV� KHQFH YP � wP E\ WKH VDPH DUJXPHQW DV LQ WKH SUHYLRXV
SDUDJUDSK�

)LQDOO\� ZH FDQ nQG . ! � VXFK WKDW WKH FRQVWDQW IXQFWLRQ Y  . LV DQRWKHU VXSHUVROXWLRQ RI �%����
LPSO\LQJ YP � .� )RU VXpFLHQWO\ ODUJH z� ZH WKHQ KDYH . � wP� KHQFH YP � wP�

3URRI RI 3URSRVLWLRQ ���� 'HnQH P�{�  ��b {�P��� � {P��� RQ >�� �@� DQG VHW zG  PLQIz !
� � wP�{� w P�{� IRU DOO {J� )L[ z � zG� VR P�{� ! wP�{� IRU VRPH {� &KRRVH D VWULFWO\ FRQYH[ IXQFWLRQ
P � >���@� ,5 ZLWK WKH IROORZLQJ SURSHUWLHV� P  P RQ >�� {C@ DQG >{U� �@ ZLWK � � {C � {U � �� P ! P
RQ @{C� {U >� P�{� ! wP�{� IRU VRPH {� P KDV D FRQWLQXRXV nUVW GHULYDWLYH RQ >���@ DQG D FRQWLQXRXV
VHFRQG GHULYDWLYH RQ >�� �@bI{C� {UJ� �6XFK D IXQFWLRQ H[LVWV EHFDXVH RI WKH DVVXPSWLRQ PDGH RQ z� RQH
KDV WR FKRRVH P FORVH HQRXJK WR P�� 1RWH WKDW P LV D VXEVROXWLRQ RI �%��� LI
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'HnQH WKH SRVLWLYH FRQVWDQWV
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:KHQHYHU }b� w U |G �e CG� �%��� KROGV� KHQFH YP w P� LQ SDUWLFXODU� YP�{� ! wP�{� IRU VRPH {� VR
���� GRHV QRW KROG�

3URRI RI 3URSRVLWLRQ ���� &RQVLGHU Ye DV GHnQHG LQ WKH SURRI RI 3URSRVLWLRQ ���� 7KLV LV WKH XQLTXH
IXQFWLRQ WKDW KDV D FRQWLQXRXV nUVW GHULYDWLYH DQG VROYHV
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VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV Y���  P��� DQG Y���  P���� *LYHQ WKDW P LV VWULFWO\ FRQYH[ E\
DVVXPSWLRQ� LW LV D VWULFW VXEVROXWLRQ RI �%���� VR ZH KDYH Ye ! P RQ WKH RSHQ XQLW LQWHUYDO� 1H[W� D
VLPSOHU YHUVLRQ RI WKH DUJXPHQW JLYHQ LQ .HOOHU DQG 5DG\ ������ $SSHQGL[ %� VKRZV WKDW Ye LV LWVHOI
VWULFWO\ FRQYH[�

*LYHQ WKHVH SURSHUWLHV RI Ye� VWUDLJKWIRUZDUG VXE� DQG VXSHUVROXWLRQ DUJXPHQWV VKRZ WKDW RQ WKH
RSHQ XQLW LQWHUYDO� Ye�{� LV VWULFWO\ GHFUHDVLQJ LQ U DQG }� DQG LQ e LI U LV VXpFLHQWO\ VPDOO� %\ HTXDWLRQ
����� WKLV WUDQVODWHV LQWR WKH VWDWHG FRPSDUDWLYH VWDWLFV RI SULFH GLVSHUVLRQ ZLWK UHVSHFW WR WKHVH WKUHH
SDUDPHWHUV�

$V WR WKH TXDOLW\ RI EDFNJURXQG LQIRUPDWLRQ� FRQVLGHU z� ! z DQG Y�{�  Ye�{� � >E� F�{�@�z� b z��
,W LV HDV\ WR VHH WKDW WKH IXQFWLRQ Y LV D VWULFW VXSHUVROXWLRQ WR �%��� ZLWK z UHSODFHG E\ z� LI DQG RQO\ LI
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ZKLFK ZH NQRZ WR KROG IURP WKH SURRI RI 3URSRVLWLRQ ���� %\ HTXDWLRQ ����� WKLV LPSOLHV WKDW SULFH
GLVSHUVLRQ GHFUHDVHV DV WKH TXDOLW\ RI EDFNJURXQG LQIRUPDWLRQ LQFUHDVHV IURP z WR z��

3URRI RI 3URSRVLWLRQ ���� &RPSDULQJ WKH 2'(V ���� DQG ����� DQG DUJXLQJ DORQJ WKH VDPH OLQHV
DV LQ WKH XQLTXHQHVV SDUW RI WKH SURRI RI 3URSRVLWLRQ ���� RQH VHHV WKDW X\bXe FDQQRW DVVXPH D QHJDWLYH
PLQLPXP� ZKLFK LPSOLHV WKH ZHDN LQHTXDOLW\ X\ w Xe�

1H[W� GHnQH
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1RWH WKDW Y\ LV WKH XQLTXH IXQFWLRQ WKDW KDV D FRQWLQXRXV nUVW GHULYDWLYH DQG VROYHV
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VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV Y���  P��� DQG Y���  P���� ,W LV QRZ HDV\ WR VHH WKDW WKH IXQFWLRQ
Y�{�  Ye�{�b >�E� F�{�@z � �ZLWK Ye DV GHnQHG LQ WKH SURRI RI 3URSRVLWLRQ ���� LV D VWULFW VXEVROXWLRQ
WR �%��� LI DQG RQO\ LI
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7KH FRHpFLHQW RI U LV FOHDUO\ SRVLWLYH� DQG WKH VDPH LV WUXH IRU WKH FRHpFLHQW RI e VLQFH LW LV ODUJHU WKDQ
LWV FRXQWHUSDUW LQ �%���� ZKLFK ZH DOUHDG\ NQRZ WR EH SRVLWLYH� 6R Y LV LQGHHG D VWULFW VXEVROXWLRQ� KHQFH
Y\ ! Y RQ WKH RSHQ XQLW LQWHUYDO E\ WKH XVXDO DUJXPHQW�

1RZ DVVXPH WKDW FRQGLWLRQ ���� GRHV QRW KROG� 7KHQ� ,  
j
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LV D QRQHPSW\
RSHQ LQWHUYDO� DQG VLQFH Y\ ! Y� WKLV LQWHUYDO LV VWULFWO\ ODUJHU WKDQ I{ � Ye ! wP�{�J� 0RUHRYHU� ZH KDYH
9 \�{� ! 9 e�{� DW DOO EHOLHIV LQ ,�

:H DUH QRZ UHDG\ WR VKRZ WKH VWULFW LQHTXDOLW\ X\ ! Xe� 6XSSRVH WKDW X\ DQG Xe DVVXPH WKH VDPH
YDOXH DW VRPH EHOLHI {� LQ WKH LQWHULRU RI WKH XQLW LQWHUYDO� &RPSDULQJ WKH UHOHYDQW 2'(V DJDLQ� RQH
VHHV WKDW {� PXVW OLH RXWVLGH RI , � 6XSSRVH ZLWKRXW ORVV RI JHQHUDOLW\ WKDW {� � {�� ZKHUH {� LV WKH
OHIW ERXQGDU\ RI , � 6LQFH X\ DQG Xe KDYH LGHQWLFDO YDOXHV DQG nUVW GHULYDWLYHV DW {� DQG VROYH WKH VDPH
VHFRQG�RUGHU 2'( RXWVLGH RI ,� WKH\ PXVW FRLQFLGH RQ WKH HQWLUH FORVHG LQWHUYDO >�� {�@�

,PPHGLDWHO\ WR WKH ULJKW RI {�� ZH PXVW KDYH Ye�{� � P\�{�� RWKHUZLVH� ZH ZRXOG KDYH
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KHQFH X\�{� � Xe�{� LPPHGLDWHO\ WR WKH ULJKW RI {�� ZKLFK LV LPSRVVLEOH� $V Y
e�{��  P\�{��� WKLV

LPSOLHV �Ye���{�� � �P\���{��� 1RZ� D VWULFW LQHTXDOLW\ LV LPSRVVLEOH KHUH VLQFH ZH DOVR KDYH �Y
e���{��  

�Y\���{�� DQG Y\�{� ! P\�{� LPPHGLDWHO\ WR WKH ULJKW RI {�� 6R ZH FDQ FRQFOXGH WKDW �Ye���{��  
�Y\���{��  �P\���{���

1H[W� D FRPSDULVRQ RI WKH 2'(V IRU Ye DQG Y\ VKRZV WKDW WKH VHFRQG GHULYDWLYHV RI WKHVH IXQFWLRQV
DW {� DUH LGHQWLFDO� $V Ye�{� � P\�{� WR WKH ULJKW RI {�� WKLV FRPPRQ VHFRQG GHULYDWLYH FDQQRW H[FHHG
�P\����{��� DV Y\�{� ! P\�{� WR WKH ULJKW RI {�� RQ WKH RWKHU KDQG� WKH FRPPRQ VHFRQG GHULYDWLYH FDQQRW
EH VWULFWO\ ORZHU WKDQ WKDW RI P\� 6R ZH FRQFOXGH WKDW �Ye����{��  �Y\����{��  �P\����{���

'LmHUHQWLDWLQJ WKH 2'(V IRU Ye DQG Y\ ZLWK UHVSHFW WR { DQG XVLQJ WKH IDFW WKDW WKH YDOXHV� nUVW
GHULYDWLYHV DQG VHFRQG GHULYDWLYHV RI WKHVH IXQFWLRQV DW {� FRLQFLGH ZLWK WKRVH RI P\� RQH QRZ VHHV WKDW
WKH WKLUG GHULYDWLYHV RI Ye DQG Y\ DUH DOVR LGHQWLFDO DW {�� %\ WKH VDPH DUJXPHQWV DV EHIRUH� WKH\ DUH
HTXDO WR WKH WKLUG GHULYDWLYH RI P\ DW WKDW EHOLHI� 5HSHDWLQJ WKLV VWHS� RQH SURYHV E\ LQGXFWLRQ WKDW
DOO GHULYDWLYHV RI Ye DQG Y\ DUH LGHQWLFDO DW {�� FRLQFLGLQJ ZLWK WKH UHVSHFWLYH GHULYDWLYHV RI P\� $V
VROXWLRQV WR 2'(V ZKHUH WKH VHFRQG GHULYDWLYH LV DQ DQDO\WLF IXQFWLRQ RI WKH LQGHSHQGHQW YDULDEOH� WKH
GHSHQGHQW YDULDEOH DQG LWV nUVW GHULYDWLYH� Ye DQG Y\ DUH WKHPVHOYHV DQDO\WLF� KHQFH HTXDO WR WKHLU 7D\ORU
VHULHV� RQ VRPH LQWHUYDO >{�� {� � q@ ZLWK q ! �� 7KHUHIRUH� Ye DQG Y\ FRLQFLGH LQ D QHLJKERUKRRG RI {��
ZKLFK LPSOLHV LQ SDUWLFXODU WKDW Y\�{� � P\�{� LPPHGLDWHO\ WR WKH ULJKW RI {�� 7KLV LV WKH GHVLUHG
FRQWUDGLFWLRQ�

:H VWLOO KDYH WR UXOH RXW HTXDOLW\ RI WKH SD\Rm IXQFWLRQV X\ DQG Xe DW WKH ERXQGDU\ RI WKH XQLW
LQWHUYDO� 6XSSRVH IRU H[DPSOH WKDW X\���  Xe���� %\ WKH ERXQGDU\ FRQGLWLRQ ����� WKLV LPSOLHV
�X\�����  �Xe������ 1H[W� QRWH WKDW Y\ DQG Ye ERWK VROYH WKH 2'( �%��� RQ DQ RSHQ LQWHUYDO - ZLWK
OHIW ERXQGDU\ �� :H ZLOO XVH WKLV EHORZ WR VKRZ WKDW �Y\�����  �Ye�����  P����� ZKLFK LQ WXUQ LPSOLHV
�X\������  �Xe������ E\ WKH GHnQLWLRQV RI Y\ DQG Ye DQG WKH IDFW WKDW �X\�����  �Xe������ 2Q - � WKH
UHOHYDQW 2'( IRU Xe DQG X\ LV ����� 7KXV� WKH IXQFWLRQ ]  X\ b Xe VROYHV WKH 2'(

{���b {��
]���{�

�U

�F� b F���

}�
z  ]�{�b w�{�

]��{�

U
�%���

��



RQ - ZLWK ]���  ]����  ]�����  �� PRUHRYHU� ] LV VWULFWO\ SRVLWLYH RQ WKH RSHQ XQLW LQWHUYDO� 1RZ�
FKRRVH q LQ - VR WKDW
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IRU DOO { � q� 7KH VWULFWO\ FRQYH[ IXQFWLRQ ]�{�  ]�q�{� q� FRLQFLGHV ZLWK ] DW WKH ERXQGDULHV RI
WKH LQWHUYDO >�� q@� LQ WKH LQWHULRU RI WKLV LQWHUYDO� LW LV D VWULFW VXEVROXWLRQ RI �%���� %\ WKH XVXDO
DUJXPHQW� WKHUHIRUH� ] ! ] DW EHOLHIV VWULFWO\ EHWZHHQ � DQG q� 7KLV LV D FRQWUDGLFWLRQ� KRZHYHU� VLQFH
]�����  � � ]������

7KH SURRI LV FRPSOHWH RQFH ZH VKRZ WKDW DQ\ VROXWLRQ Y WR �%��� ZLWK Y���  P��� DOVR KDV Y����  
P����� 6XSSRVH IRU LQVWDQFH WKDW Y���� ! P����� 8VLQJ �%��� DQG WKH IDFW WKDW J�{�>Y�{� b P�{�@ �
a{ >Y����bP����@ DV { � �� ZH FDQ nQG . ! � DQG q ! � VXFK WKDW Y���{� w.{b� RQ >�� q@� %XW WKHQ
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DV { � �� ZKLFK FRQWUDGLFWV WKH DVVXPSWLRQ IURP ZKLFK ZH VWDUWHG� 7KH VDPH FRQWUDGLFWLRQ DULVHV LI ZH
DVVXPH Y���� � P�����

& 6WDWLRQDU\ 'LVWULEXWLRQ

,Q DOO WKH 03( RI 3URSRVLWLRQ ���� WKH SURFHVV RI SRVWHULRU EHOLHIV LV D GLmXVLRQ ZKRVH LQFUHPHQW G{
KDV PHDQ w�{�GW DQG YDULDQFH ~�{���9 e�{� � z�GW ZLWK ~�{� DV GHnQHG LQ $SSHQGL[ %� $FFRUGLQJ WR
.DUOLQ DQG 7D\ORU ������ S� ����� WKH VWDWLRQDU\ GHQVLW\ RI WKLV SURFHVV� LI LW H[LVWV� KDV WKH IRUP
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$ VWDWLRQDU\ GHQVLW\ H[LVWV LI LW LV SRVVLEOH WR nQG FRQVWDQWV &� DQG &� VXFK WKDW ��{� w � RQ @���> DQG
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$V ZH OHW { WHQG WR �� ~�{� GHFUHDVHV OLNH {�� V�{� JURZV OLNH {.H/ { ZLWK SRVLWLYH FRQVWDQWV .
DQG /� VR ~�{�V�{� � � DQG x�{� � �� 7KH SURGXFW x�{�6�{� EHKDYHV OLNH WKH IXQFWLRQ I�{�  
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��{� UHPDLQV QRQ�QHJDWLYH� WKHUHIRUH� ZH PXVW KDYH &� � �� &RQGXFWLQJ WKH VDPH DQDO\VLV DW WKH RWKHU
HQG RI WKH XQLW LQWHUYDO� RQH VKRZV OLP LQI{�� x�{�6�{� ! �� DQG KHQFH &� w �� 7KXV� WKH VWDWLRQDU\
GHQVLW\ LV ��{�  &�x�{� ZLWK &�  � 
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3URRI RI 3URSRVLWLRQ ���� *LYHQ VXpFLHQWO\ VPDOO U DQG z� 3URSRVLWLRQV ��� DQG ��� LPSO\ WKH
H[LVWHQFH RI D FXWRm OHYHO e VXFK WKDW WKH LQWHUYDO RI EHOLHIV ZKHUH WKH SULFH YDULDQFH 9 e�{� ! � LV
QRQ�HPSW\ LI DQG RQO\ LI e � e� /HW @{C� {U > EH WKLV LQWHUYDO ZKHQ e  �� $V e LQFUHDVHV IURP � WR e�
WKH LQWHUYDO VKULQNV PRQRWRQLFDOO\ WR WKH HPSW\ VHW� ZKLOH WKH SUREDELOLW\ PDVV DVVLJQHG WR @{C� {U> E\
WKH VWDWLRQDU\ GLVWULEXWLRQ LQFUHDVHV PRQRWRQLFDOO\ IURP LWV ORZHU ERXQG ��

5HIHUHQFHV

$JKLRQ� 3�� (VSLQR]D� 0�3� DQG -XOOLHQ� %� ������� ?'\QDPLF 'XRSRO\ ZLWK /HDUQLQJ
WKURXJK 0DUNHW ([SHULPHQWDWLRQ�� (FRQRPLF 7KHRU\� �� ���^����

%DJZHOO� .� DQG 6WDLJHU� 5�:� ������� ?&ROOXVLRQ RYHU WKH %XVLQHVV &\FOH�� 5$1' -RXU�

QDO RI (FRQRPLFV� ��� ��^����

%HUJHPDQQ� '� DQG 9�DOLP�DNL� -� ������� ?0DUNHW 'LmXVLRQ ZLWK 7ZR�6LGHG /HDUQLQJ��
5$1' -RXUQDO RI (FRQRPLFV� ��� ���^����

%HUJHPDQQ� '� DQG 9�DOLP�DNL� -� ������� ?([SHULPHQWDWLRQ LQ 0DUNHWV�� 5HYLHZ RI (FR�

QRPLF 6WXGLHV� ��� ���^����

%HUQIHOG� 6�5� DQG /DNVKPLNDQWKDP� 9� ������� $Q ,QWURGXFWLRQ WR 1RQOLQHDU %RXQGDU\

9DOXH 3UREOHPV �1HZ <RUN DQG /RQGRQ� $FDGHPLF 3UHVV��

%ODQNHQVKLS� *� DQG 3DSDQLFRODRX� *�&� ������� ?6WDELOLW\ DQG &RQWURO RI 6WRFKDVWLF
6\VWHPV ZLWK :LGH�%DQG 1RLVH 'LVWXUEDQFHV�� 6,$0 -RXUQDO RI $SSOLHG 0DWKHPDWLFV�
��� ���^����

%ROWRQ� 3� DQG +DUULV� &� ������� ?6WUDWHJLF ([SHULPHQWDWLRQ� �67,&(5' 'LVFXVVLRQ 3D�
SHU 1R� 7(�������� /RQGRQ 6FKRRO RI (FRQRPLFV��

%ROWRQ� 3� DQG +DUULV� &� ������� ?6WUDWHJLF ([SHULPHQWDWLRQ�� (FRQRPHWULFD� ��� ���^����

%XUGHWW� .� DQG &ROHV� 0�*� ������� ?6WHDG\ 6WDWH 3ULFH 'LVWULEXWLRQV LQ D 1RLV\ 6HDUFK
(TXLOLEULXP�� -RXUQDO RI (FRQRPLF 7KHRU\� ��� �^���

%XUGHWW� .� DQG -XGG� .� ������� ?(TXLOLEULXP 3ULFH 'LVSHUVLRQ�� (FRQRPHWULFD� ��� ���^
����

&DSOLQ� $� DQG /HDK\� -� ������� ?6HFWRUDO 6KRFNV� /HDUQLQJ� DQG $JJUHJDWH )OXFWXDWLRQV��
5HYLHZ RI (FRQRPLF 6WXGLHV� ��� ��������

&KDPOH\� &� DQG *DOH� '� ������� ?,QIRUPDWLRQ 5HYHODWLRQ DQG 6WUDWHJLF 'HOD\ LQ D 0RGHO
RI ,QYHVWPHQW�� (FRQRPHWULFD� ��� ����^�����

'LDPRQG� 3� ������� ?&RQVXPHU 'LmHUHQFHV DQG 3ULFHV LQ D 6HDUFK 0RGHO�� 4XDUWHUO\ -RXUQDO

RI (FRQRPLFV� ���� ���^����

)HOOL� /� DQG +DUULV� &� ������� ?/HDUQLQJ� :DJH '\QDPLFV DQG )LUP�6SHFLnF +XPDQ &DS�
LWDO�� -RXUQDO RI 3ROLWLFDO (FRQRP\� ���� ���^����

)LVKPDQ� $� DQG 5RE� 5� ������� ?([SHULPHQWDWLRQ DQG &RPSHWLWLRQ�� -RXUQDO RI (FRQRPLF

7KHRU\� ��� ���^����

)RXTXH� -��3�� 3DSDQLFRODRX� *� DQG 6LUFDU� .�5� ������� 'HULYDWLYHV LQ )LQDQFLDO 0DU�

NHWV ZLWK 6WRFKDVWLF 9RODWLOLW\ �&DPEULGJH� 8.� &DPEULGJH 8QLYHUVLW\ 3UHVV��

*UHHQ� (�-� DQG 3RUWHU� 5�+� ������� ?1RQFRRSHUDWLYH &ROOXVLRQ XQGHU ,PSHUIHFW 3ULFH
,QIRUPDWLRQ�� (FRQRPHWULFD� ��� ��^����

+DUULQJWRQ� -�(� -U� ������� ?([SHULPHQWDWLRQ DQG /HDUQLQJ LQ D 'LmHUHQWLDWHG�3URGXFWV
'XRSRO\�� -RXUQDO RI (FRQRPLF 7KHRU\� ��� ���^����

+DUULV� &� ������� ?*HQHUDOL]HG 6ROXWLRQV WR 6WRFKDVWLF 'LmHUHQWLDO *DPHV LQ 2QH 'LPHQVLRQ�
�ZRUNLQJ SDSHU� 1XpHOG &ROOHJH� 2[IRUG��
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.DUOLQ� 6� DQG 7D\ORU� +�0� ������� $ 6HFRQG &RXUVH LQ 6WRFKDVWLF 3URFHVVHV� �QG HGLWLRQ
�1HZ <RUN� $FDGHPLF 3UHVV��

.HOOHU� *� DQG 5DG\� 6� ������� ?2SWLPDO ([SHULPHQWDWLRQ LQ D &KDQJLQJ (QYLURQPHQW��
5HYLHZ RI (FRQRPLF 6WXGLHV� ��� ���^����

/LSWVHU� 5�6� DQG 6KLU\D\HY� $�1� ������� 6WDWLVWLFV RI 5DQGRP 3URFHVVHV , �1HZ <RUN�
6SULQJHU�9HUODJ��

0F/HQQDQ� $� ������� ?3ULFH 'LVSHUVLRQ DQG ,QFRPSOHWH /HDUQLQJ LQ WKH /RQJ 5XQ�� -RXUQDO
RI (FRQRPLF '\QDPLFV DQG &RQWURO� �� ���^����

0LUPDQ� /�-�� 6DPXHOVRQ� /� DQG 6FKOHH� (� ������� ?6WUDWHJLF ,QIRUPDWLRQ 0DQLSXODWLRQ
LQ 'XRSROLHV�� -RXUQDO RI (FRQRPLF 7KHRU\� ��� ���^����

0LUPDQ� /�-�� 6DPXHOVRQ� /� DQG 8UEDQR� $� ������� ?'XRSRO\ 6LJQDO -DPPLQJ�� (FR�
QRPLF 7KHRU\� �� ���^����

3DSDQLFRODRX� *�&� ������� ?$V\PSWRWLF $QDO\VLV RI 6WRFKDVWLF (TXDWLRQV�� LQ 0� 5RVHQ�
EODWW �HG��� 6WXGLHV LQ 3UREDELOLW\ 7KHRU\ �:DVKLQJWRQ� '&� 0DWKHPDWLFDO $VVRFLDWLRQ
RI $PHULFD��

3DSDQLFRODRX� *�&�� 6WURRFN� '� DQG 9DUDGKDQ� 6�5�6� ������� ?0DUWLQJDOH $SSURDFK
WR 6RPH /LPLW 7KHRUHPV�� LQ 0� 5HHG �HG��� 6WDWLVWLFDO 0HFKDQLFV� '\QDPLFDO 6\V�

WHPV DQG WKH 'XNH 7XUEXOHQFH &RQIHUHQFH �'XNH 8QLYHUVLW\ 0DWKHPDWLFV 6HULHV� YRO� ��
�'XUKDP� 1&� 'XNH 8QLYHUVLW\ 3UHVV��

5HLQJDQXP� -� ������� ?$ 6LPSOH 0RGHO RI (TXLOLEULXP 3ULFH 'LVSHUVLRQ�� -RXUQDO RI 3ROLWLFDO
(FRQRP\� ��� ���^����

5LRUGDQ� 0�+� ������� ?,PSHUIHFW ,QIRUPDWLRQ DQG '\QDPLF &RQMHFWXUDO 9DULDWLRQV��
5$1' -RXUQDO RI (FRQRPLFV� ��� ��^���

5RE� 5� ������� ?/HDUQLQJ DQG &DSDFLW\ ([SDQVLRQ XQGHU 'HPDQG 8QFHUWDLQW\�� 5HYLHZ RI

(FRQRPLF 6WXGLHV� ��� ���^����
5RWHPEHUJ� -�-� DQG 6DORQHU� *� ������� ?$ 6XSHUJDPH�7KHRUHWLF 0RGHO RI 3ULFH :DUV

'XULQJ %RRPV�� $PHULFDQ (FRQRPLF 5HYLHZ� ��� ���^����
5RWKVFKLOG� 0� ������� ?$ 7ZR�$UPHG %DQGLW 7KHRU\ RI 0DUNHW 3ULFLQJ�� -RXUQDO RI (FR�

QRPLF 7KHRU\� �� ���^����
6DORS� 6� DQG 6WLJOLW]� -� ������� ?%DUJDLQV DQG 5LSRmV� $ 0RGHO RI 0RQRSROLVWLFDOO\

&RPSHWLWLYH 3ULFHV�� 5HYLHZ RI (FRQRPLF 6WXGLHV� ��� ���^����
6ODGH� 0� ������� ?3ULFH :DUV LQ 3ULFH�6HWWLQJ 6XSHUJDPHV�� (FRQRPLFD� ��� ���^����
6ODGH� 0� ������� ?9DQFRXYHU
V *DVROLQH 3ULFH :DUV� $Q (PSLULFDO ([HUFLVH LQ 8QFRYHULQJ

6XSHUJDPH 6WUDWHJLHV�� 5HYLHZ RI (FRQRPLF 6WXGLHV� ��� ���^����
6REHO� -� ������� ?7KH 7LPLQJ RI 6DOHV�� 5HYLHZ RI (FRQRPLF 6WXGLHV� ��� ���^����
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Figure 1: Standard deviation of price for ξ  =  0.1, Λ =  0.1; independent randomization

Figure 2: Standard deviation of price for ξ  =  0.1, Λ =  0.2; independent randomization
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The dashed line indicates the state switches.

In the upper panel, the horizontal band between the dot-dash lines indicates the dispersion region.

In the lower panel, the markers indicate the standard deviation of the firms’ prices.

Figure 3: Sample paths for ξ  =  0.1, Λ =  0.1; independent randomization
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The dashed line indicates the state switches.

In the upper panel, the horizontal band between the dot-dash lines indicates the dispersion region.

In the lower panel, the markers indicate the standard deviation of the firms’ prices.

Figure 4: Sample paths for ξ  =  0.1, Λ =  0.2; independent randomization
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The straight line is the threshold ξ .

The curves are the graphs of [u*(π ) - λ (π )(u*)´(π )/r  - m (π )] / [b +c(π )] for the different values of Λ.

The straight lines are the thresholds, high and low ξ .

The curves are the graphs of [u*(π ) - λ (π )(u*)´(π )/r  - m (π )] / [b +c(π )] for the two values of ξ .

Figure 5: Price dispersion for ξ  =  0.1, Λ =  0, 0.1, 0.2 & 0.4; independent randomization

Figure 6: Price dispersion for ξ  =  0.1, 0.2, Λ =  0.1; independent randomization
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Figure 7: Density functions of the invariant distribution of posterior beliefs 

for Λ =  0.1, 0.2 & 0.4; ξ  =  0.1; independent randomization

Figure 8: Likelihood of price dispersion (under the invariant distribution of posterior 
 beliefs) as a function of Λ; ξ  =  0.1; independent randomization
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The straight lines are the thresholds ξ  and [2b +3c(π )] ξ  / 4[b +c(π )].

The lower curve is the graph of [u*(π ) - λ (π )(u*)´(π )/r  - m (π )] / [b +c(π )] (independent randomization);

the upper curve is that of [u †(π ) - λ (π )(u †)´(π )/r  - m (π )] / [b +c(π )] (joint randomization).

Figure 9: Price dispersion for ξ  =  0.1, Λ =  0.2; independent v.  joint randomization
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