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1 Introduction

Orientifolds and orbifolds with D-branes (see e.g. [1, 2] for reviews) are valuable theoretical
laboratories for understanding string models of phenomenological relevance. They are the
simplest nontrivial string models, in the sense that the worldsheet theories are free, but the
symmetry is reduced compared to the simplest possible models. At the phenomenological
level, too much symmetry can prevent a given string model from accommodating existing
and future data, but too little symmetry makes direct computations exceedingly difficult.
For example, if we orientifold Type IIB string theory to produce Type I string theory in
10 dimensions, then compactify on an orbifold that is a limit of the six-dimensional space
K3 x T?, we are left with extended A" = 2 supersymmetry in four dimensions. In N = 2
supersymmetric models it is typically relatively straightforward to compute string effective
actions from worldsheet conformal field theory including the first quantum corrections, in
the approximation of one string loop. This is because only zero modes contribute to the
string effective actions, as heavy string states do not preserve enough supersymmetry, which
effectively means that all dependence on worldsheet moduli cancels out of the integrands
of string S-matrix elements, an enormous technical simplification. However, these models
are not terribly attractive for phenomenology.

Instead one usually wants to compactify string theory on an orientifold that is a limit of
a true Calabi-Yau manifold, to obtain minimal ' = 1 supersymmetry in four dimensions.
In these more generic models, the amount of supersymmetry is not enough to make the
worldsheet conformal field theory calculations trivial. There remain integrals over both
moduli of the worldsheet metric itself, and over the positions of vertex operators. (For
example, for a cylinder amplitude, the worldsheet moduli are the length of the cylinder
and all vertex positions. At tree level, one would fix some positions by conformal symmetry,
but at one-loop this is not as helpful and vertex operators are often left unfixed.) In simple
terms, there is no reason for N/ = 1 contributions to simplify like /' = 2 sectors do.

On the good side, there is an extensive literature where somewhat related calculations
have been performed; minimally supersymmetric string effective actions for the heterotic
string from the 1980s, and some later developments. It would not be useful or feasible to
cite them all here, but we wish to highlight papers by Lerche, Schellekens, Nilsson and
Warner from 1987 [3] and by Stieberger and Taylor from 2002 [4]. In these papers, very
impressive calculations of torus integrals are performed, where the integrands are highly
nontrivial functions of both positions and worldsheet metric moduli. For orientifolds with
D-branes, such calculations would need to be generalized to other worldsheet surfaces at
Euler characteristic zero, with worldsheet boundaries and/or crosscaps (annulus, M&bius
strip, and Klein bottle, that we collectively denote by o). At first sight this generalization
seems impossible, since important details of torus integrals were used that simply do not
apply in orientifolds with D-branes.

In this paper, we will emphasize the existence of a natural mapping between gravity-like
amplitudes (closed strings) and gauge-theory-like amplitudes (open and unoriented strings)
at one loop. The three worldsheet surfaces o with boundaries and crosscaps are themselves
defined as involutions of a covering torus. This means that one can use the “doubling trick”,



i.e. extend worldsheet fields to unphysical regions of the worldsheet surface (“unphysical”
in the sense of the method of images). Including these unphysical regions reconstitutes the
covering torus. It is then in principle possible to use methods similar to those of closed
strings, but it is not completely trivial. For example, the alert reader will have noted that
this could at most be possible for open and/or unoriented string amplitudes where certain
factors (such as Chan-Paton traces) have been stripped off.

We will be interested in one-loop corrections to the Kéhler metric of closed string
moduli in A/ = 1 supersymmetry. In [5] we studied the one-loop correction to the Kéahler
metric of open string scalars for D-branes intersecting at angles, and found that it van-
ishes in one special case. This is not guaranteed by supersymmetric effective field theory,
and more generally, one does not expect it to vanish. In this paper we take a step back
from [5] in the sense that we do not allow nontrivial intersection angles between the D-
branes, or D-brane worldvolume fluxes. This means that the moduli dependence will be
simple and the essential output of our calculation can be reduced to a single computable
finite constant for each given model. This may be relevant for the phenomenology of these
models, for example in determining the Kéhler metrics for the moduli fields. We empha-
sized “finite” constant, since in analogous open-string calculations (e.g. [6]), there can be
infrared-divergent field theory contributions that produce anomalous dimensions for the
effective fields below the string scale, which introduces possibly interesting renormaliza-
tion group evolution. In the current setting with closed string moduli, there are no such
infrared-divergent contributions. Provided the consistency conditions from tadpole cancel-
lation are fulfilled, ultraviolet divergences in the string amplitude of interest also cancel
between the various diagrams, so there are no divergences at all.

Other work that is relevant to this general kind of calculation include [7-9]. We keep
the general outline as generic as possible throughout this paper, but for concreteness we
occasionally focus on a particular Kéhler modulus for a particular orientifold. As example

we use the Kéhler modulus of the third two-torus in the Zg orientifold, whose orbifold
111
6> 273
four-dimensional orientifold contains D9-branes as well as D5-branes wrapped around the

generator is defined by the twist vector ¢ = ( ). This minimally supersymmetric
third torus. Without fluxes or angles, T-duality in all six internal directions exchanges the
D-brane configuration for one with D3-branes and D7-branes, respectively.

2 String effective action

The moduli space of closed and open string moduli is of great interest, both in its own
right and in applications. Typically in Type IIB orientifolds, the moduli are K&hler moduli
T, complex structure moduli U, the complexified dilaton S, and D-brane moduli . After
moduli stabilization such as in flux compactifications, most of these fields will be heavy and
should better be called “would-be moduli”. Here, we will not incorporate any direct effects
of moduli stabilization. In fact, experience shows that minimization of the effective moduli
potential should be attempted after the string effective action is understood at least at the
one-loop level. Perhaps surprisingly, certain questions may even require understanding of
the string effective action at higher-loop level, as we argue below.



The string effective Lagrangian at low energy o/ E? < 1, in the Einstein frame, will
contain the moduli metric of the Kahler moduli:

Lg D Gppd,TO'T . (2.1)

In the following, we are going to focus on the metric for 73, the Kdhler modulus of the
3rd two-torus of the orientifold under consideration. If 7" does not carry a subscript, we
always implicitly mean this modulus. Before we begin, a few comments about eq. (2.1).

1 That is, we assign dimension zero to all

We employ “moduli space power counting”.
classical field expectation values, as opposed to the canonical dimensions dictated by the
quantum fields (fluctuations). This means we can keep all powers of e.g. T' in G4 without
any tension with the low-energy truncation of the o/ expansion, as long as we view the
T in Gy as being the classical expectation value. With this understanding, one may be
misled to believe that we can always set G+ — 77 by canonically normalizing 7". The
metric can indeed be transformed to the flat metric at a point, but not when we probe
the neighborhood of a point. For example, the Kaplunovsky-Louis soft terms in gravity
mediated supersymmetry breaking [11] involve curvature tensors in field space. In general,
we would like to know the moduli space metric G5, including quantum corrections.

In minimal supersymmetry, the moduli space metric G is Kéhler, but it is not pro-
tected from renormalization. We remark that if we instead had considered the more sym-
metric models with extended N/ = 2 supersymmetry (or more), the Kiahler metric would
have been given in terms of a prepotential, which is holomorphic and obeys nonrenormaliza-
tion theorems analogous to those of the gauge kinetic function in minimal supersymmetry.

With enough Kahler metric components computed, one can hope to “integrate” the
Kaéhler metric to obtain the Kéhler potential from which all K&hler metric components are
derived, as in [12]. We will not solve this problem in the present paper, but rather focus
on a single metric component.

To compute a one-loop correction to G5, we need to calculate a two-point function
of closed string vertex operators representing the volume of the 3rd torus measured in the
string frame. This is the objective of this paper. However, our result is not quite sufficient to
construct the one-loop correction to the moduli metric of 1" in the Einstein frame. We would
also need to take into account the perturbative correction to the Einstein-Hilbert term. To
see that this will have an influence on the moduli metric in the four-dimensional Einstein
frame, let us consider the analogous N' = 2 supersymmetric model discussed in [13]. (To
be precise, those authors only considered Kéahler moduli that are transverse to the overall
volume, which would not include the Kéhler modulus 73 that we are considering in this
paper. The following discussion is only meant to illustrate possible effects of corrections
to the Einstein-Hilbert term.) To one-loop order, the corrections to the Einstein-Hilbert
term and the moduli metric are found to be

1 _ X e 21 op?
- d4 — 20, ) “n
Sy 22 x/—g [e + COE < C(S)iv + 3 )] R

1 i e 2% 972 _
+/€2/d4x\/—g [e 24’4—(27’:)3 <2g(3) +)] G0 o,q0 g+ ..., (2.2)
4

1% 3

'See e.g. [10], appendix B.



where V is the volume of the Calabi-Yau measured in string frame and, following [13], we
used the notation ¢ for the Kéhler moduli, that sit in hypermultiplets in type IIB theory
compactified on a Calabi-Yau manifold. All the corrections are proportional to the Fuler
number x of the Calabi-Yau. The corrections proportional to ((3) arise from o’ corrections
at sphere level, whereas the other correction terms arise at 1-loop (i.e. from the torus
diagram). Going to the four dimensional Einstein frame produces

@ _ L[l S NSCIET Ll PO P
Si —Ki/dx\/*g{fu[l (2w)3(2v + e )| Gog 0ua0" T+ (23)

to leading order. Here “leading order” means that only the leading corrections in the small

parameters 1/V and €24 are kept. Thus, when writing down eq. (2.3), we consider 1/V and
e2®1 to be of similar size. For example, terms proportional to e?®4 /V, which also arise from
the Weyl rescaling, count as doubly suppressed and are neglected, even though counting
just the order in the dilaton, they would have been of the same order as the second term
in the round brackets of (2.3).

Now we see why to determine the one-loop correction to the metric in the Einstein
frame, it is not enough to calculate the one-loop correction in the string frame to one-
loop order (given in the second line of (2.2)). The correction to the Einstein-Hilbert
term, multiplied by the zeroth order contribution to the moduli metric, gives an additional
contribution to the correction to the moduli metric in Einstein frame to one loop order
(again, neglecting doubly suppressed terms).

We also need to deal with another complication: the definitions of the Kéahler moduli
suffer modifications at one loop order, in general. This was shown in [15] for type I
orientifolds, but it also holds in type II compactifications if one considers the mixing of the
overall volume modulus with the dilaton, cf. [16], an effect which was circumvented by [13]
by only considering Kéhler moduli orthogonal to the overall volume. For the following
discussion we assume that the imaginary part of the T-modulus (which contains the actual
volume of the 3rd torus and, thus, is the field that we are actually calculating a 2-point
function of) takes the form

=70 447 (2.4)

with a one loop correction 7 that depends on the moduli fields. In general there could also
be corrections from disk level, cf. [15, 17-19], but in the absence of fluxes and neglecting
open string scalars for the moment, we do not expect such corrections to arise.? As we will
show now, the precise knowledge of §7 is also necessary in order to read off the complete
one-loop correction to the moduli metric of 7.

2The corrections found in [19] do not obviously seem to require any non-vanishing background values
for the open string fields and also do not depend on any fluxes. However, here we assume that they do not
arise in our toroidal orientifold example, since otherwise they should have been observed in the disk level
calculations of the closed string Kéhler metric in [24] or in the one loop calculation of the gauge couplings
in [25]. It would be interesting to check more directly if the corrections of [19] really evaluate to zero for
toroidal orientifolds. We thank T. Grimm for discussions on this point.

For related work on higher order redefinition of the moduli fields in heterotic M-theory, see e.g. [20, 21].



For A/ = 1 supersymmetry, the effective action analogous to (2.2) would be
1 1 ~ ~
s4=2/ﬁ%wﬁg[@—”4+5E)ZR+(G@%+Gm>@ﬂ@kwﬁm]+”., (2.5)
Ky

where § F contains both the sphere-level o’ correction as well as the one-loop g5 correction,
possibly including contributions from all one-loop amplitudes (torus, annulus, Mébius and
Klein bottle, see figure 1 below), cf. [15, 22, 23]. On the other hand, GO stands for the
tree-level (sphere) contributions to the metric in the string frame (including o’ corrections),
while G contains all the one-loop contributions. There are no contributions from disk
level here, cf. [24]. Tt is GO that we are going to calculate in this paper, or rather the
contribution to GV arising from N = 1 sectors. Note that G® and GO are not quite
the tree level and 1-loop contributions to the TT-component of the Kihler metric in (2.1),
but they are related as discussed below. Also note that both of them only depend on the
imaginary parts of the Kahler moduli Im T; = 7; given that the real parts of T; enjoy shift
symmetries in string perturbation theory. They can of course also depend on the other
moduli, like the complex structure and the dilaton. Moreover, the four-dimensional dilaton
e~2%4 has to be understood as a function of the complex dilaton (or rather of the imaginary
part of its tree level form 0(0)) and the Kahler moduli (or rather the imaginary parts of

their tree-level form T(O)

), de.

e 2 = 72104 tots = 0(0)7'1(0)7'2(0)7'?50) , (2.6)
where e~2%10 ig the ten-dimensional dilaton and
0'(0) = e_q)mtltgtg s ’7’1-(0) = e—fbwti (27)

and the ¢; are 2-cycle volumes measured in the string frame metric, i.e. t; ~ v/G; with G;
the determinant of the metric of the i-th torus.?

In the N/ = 2 case considered in [15], 7 of (2.4) was not independent of 0F, cf. the
formula between their (4.12) and (4.13). If something analogous happens in our case, one

would expect

(0) © , t o, 1{ 7 1
N oK =1"4+ = OF . 2.8
T. T. Tl 9 (7-( 0 ) /0_(0) ( )
i#j#k

Of course, this expectation would have to be confirmed via an explicit calculation. One

might attempt to check the redefinition (2.8) for 73 by calculating the quantum corrected
(0)

gauge coupling of the 5-brane gauge group, as this is given by 743 at lowest order in

3Note that we did not include any mixed terms in the kinetic terms in (2.5), even though they could
in principle contribute to the diagonal part of the kinetic terms of 73. That is, they could contribute to
the coefficient of 0,730" 73, once the one-loop correction to the definition of the K&hler moduli, eq. (2.4),
is taken into account. However, due to the fact that to zeroth order (in o’ and g,) the moduli metric of
the Kihler moduli is diagonal, this effect would necessarily be doubly suppressed (in V=! and/or g.). This
justifies restricting to the diagonal part in (2.5).



perturbation theory, i.e. at disk level. This should be completed by quantum corrections to
make a term linear in the corrected 73. However, note that the correction in (2.8) is of order
e?®10 relative to the leading disk level term. Thus, it would only arise from a genus-3/2
contribution to the gauge coupling. It would be interesting to calculate this higher-loop
contribution along the lines of [26].
Now, introducing
e2% = =20 | 5 (2.9)

and performing the Weyl rescaling to go to the four dimensional Einstein frame via
Guw — € g (2.10)

we end up with
SiE) = 12/d4x\/jg BR + (62(194@(0) —§EAGO) 1 624)46(1)) 8MT(0)(9”T(0)
Ky
- 68#51348“54} +..., (2.11)

where the dots contain again doubly suppressed terms. Expanding the second row to one
loop order

0, D40 Dy = 9,D40"Dy(1 — 20Ee*®1) — 9,840"5 B> 4 . .. (2.12)

we obtain the kinetic term

[G(O) — SEAP1GO) 4 o221 (1) (2.13)
0d, \? 20, 0Py DE o4, (0) H1.-(0)
—6 <BT(O)> (—20Ee”™*) + 687(0) 500 O oH T + L.
= |60+ G| 9,000 4 (2.14)

Here G is the tree level metric of the Kahler modulus Tj, i.e.

1 (0)\3/2
a0 — G(TO%(T(O)) _ TR <1 + XC(3)(GV) +.. ) , (2.15)

which follows from [27]. Note that this is not the same as G0, For instance, the tree level
0,$40"®4 term is absorbed here in order to get from GO to GO,

Finally we obtain to one-loop order (making the dependence on (7(°)) explicit for
clarity)

GOE0) + GV (O] 9,7 - o7)0%(r — o7)

— 1
= [G(O) (1) + G(l)(T) + 27_3(57'] O, oM T — 2G(0) (T)OuTO"oT + ...



T

Figure 1. The one-loop two-point function on all four worldsheets of Euler character zero.

— 1
= [G(O) (1) + G(l)(T) + 5.3 50T — 2G©) (7‘)6667] OOt + ...
T

T

= [G(O) (1) + G(l)(T)} OOt + ..., (2.16)

where we neglected doubly suppressed terms and the dots in the third row also include po-
tential off-diagonal kinetic terms mixing different 7;,-moduli, resulting from the fact that o7
probably depends on all the 7;, cf. (2.8). In the present discussion we focus on the diagonal
kinetic term for 7 = 73. Of course, in the term proportional to G()(7)dd7/d7 one could
neglect the a/-correction to G(©) given that it would be doubly suppressed. From (2.16)
we can read off the one-loop correction to the 7T component of the moduli metric

W) oy — My — a® A1 9
GTT(T) GU(r)=G"(r)+ 27357 53 57 + ... (2.17)
~ 0D, \ 2 0%, OSE
_ 284 (1) 4 20, 4 20y
= e“*1GWY (1) + 12 <8T(0)> OFe”®* + 687(0) 87(0)6
~ 1 1 967
_ 494 ~(0) I
OB GO (1) + 501 — g+ (2.18)
=G0 () + A (2.19)

We see that to find the complete one-loop correction to the metric of the Kéahler modulus
T, we need not only the direct one-loop correction CNJ(TI%(T) (whose determination is the
focus of this paper) but also the additional correction A, which requires knowledge of 6 F
and 07 to one-loop order. If the expectation (2.8) for 67 indeed bears out, it would remain
to calculate the N = 1 one-loop correction to the Einstein-Hilbert term §E. We leave this
for future research.

3 Two-point function of closed strings

To obtain ég}%(T) of the previous section, we would like to compute the string amplitudes
of figure 1, where the external states are closed-string moduli. Now, generic moduli are
not independent, for example a fluctuation in a D-brane scalar can cause a fluctuation in a
complex structure modulus. Since the power of the string coupling is higher for lowest-order
open strings (disk) than for lowest-order closed strings (sphere), this could cause a technical



complication by mixing different orders of string perturbation theory. In [12] we dealt with
this using “Kéhler adapted vertex operators”, that automatically capture the corrections
of interest at the desired order of perturbation theory. The strategy is quite simple: rewrite
the string worldsheet action in terms of the (complex) moduli, in which the moduli space
is actually Kahler, and vary the worldsheet action with respect to these spacetime moduli.
This produces combinations where the usual open and closed string vertex operators are
used as “building blocks”. For the imaginary part 7 of the Kdhler modulus 7', however,
we showed that only a single building block contributes to its vertex operator:*

gc(a/)—Q

V;' = ¢ 27_(0)

sz 5 (31)

with the vertex operator (eq. (2.32) of [12])

Vy7(p) = — % /d%eip'x [z'aZ + O;/(p - w)if} [z‘az + g,(p : 1&)@}

2
2 2, ip-X |; o s o N
_o//d ve 18Z+§(p-¢)\11 182+5(p-1/))111 , (3.2)
where

G1/4 | L N G1/4 . )
2:7(2ImU)1/2(X +UX"7), Z:7(2ImU)1/2(X +UX?),

Q4 _ B Gl/4
U= W(wl +Uy?), U= WW + Uy?) (3.3)

are the complexified coordinates of [24]. Here X' and X? are the real coordinates and v/G
and U the volume and the complex structure of the torus whose Kéhler modulus is under
consideration (we will always consider the 3rd torus). Also, ¢ is the polarization of the
scalar vertex operator. As mentioned above, the vertex operator is found from varying the
worldsheet action expressed in the relevant spacetime moduli, producing

dS 1 1
_ _T9wss (0) _ _ _ (0)
VT == 57_(0) oT A VZZ 27_(0) oT y (34)
and comparison with (3.1) reveals the relation
o7 = —4ng.(a)) %9, (3.5)

(cf. (3.7.11c) in [28], where the factor of (o)~ was absorbed in ¢). Note that §7(9) denotes
the fluctuation of 7(9) about its background value, and not the one-loop correction (2.4)
which we will not discuss further in this paper. Also, the second equality in (3.4) follows
like (2.31) in [12]. The relation (3.5) will be important later on when we read off the
one-loop correction to the metric from the 2-point function that we are going to calculate.

4The o/ 2 is to cancel the string length squared contained in the closed string coupling g. and make the
forefactor dimensionless.



The two-point string S-matrix for ¢ = A, M, K in a T%/Zy orientifold is

<VT(p1)VT(p2)>0:5$V(4;;3’) T<0) / Z Y Z(Vzz(p)Vzz(p2)),, . (3.6)

k=0 seven

where V} is the regularized external volume, Z, stands for the partition function without the
factor (4m2a/t)~2, which we made explicit, (but including the Chan-Paton trace for annulus
and Mobius) and s = {«, 5} is the spin structure of the worldsheet fermions, cf. table 2
in appendix D. Finally, (V,z(p1)V, Z(P2)>Z is the conformal field theory correlator on the
worldsheet . For the torus one has a very similar formula, except that the integral over the
worldsheet parameter involves the complex modulus of the torus, there are two independent
spin structures for the left and the right movers and both the even-even and the odd-odd
combinations can in principle contribute.

For most of this paper we will focus on the worldsheet conformal field theory correlator
and only later on reinstate the remaining ingredients in eq. (3.6). The contraction with
only bosons vanishes by supersymmetry, cross terms with single normal-ordered operators
automatically vanish, and the remaining contributions to the two point function are given
by one piece with four worldsheet fermions and one piece with eight worldsheet fermions:

(Vaz(0)Vzz(p2)), = (Vzz(01)Vaz(02))) [Four.  + (Vzz(01)Vzz(p2))) |Bigne - (3.7)

fermions fermions

The latter can only contribute if there is a pole from vertex collisions, as we will see below.
We begin with the four-fermion contributions:

fermions

<sz(p1)sz p2 > ‘Four = —2(p; -pz)/d2y1/d2y2 e~ (P1-p2) (X1X2)s
x {(0210Z2)0 (W15 (Votn) 5 + (071072) 5 (WoW1 )5 (Ut )
+(D21022) 5 (W2 01)3 (b )3 + <azlazz>g<i/2\ifl>g<¢21/?l>g} . (38)

Using the worldsheet correlators of appendices C and D we have for the torus amplitude

o="T:

<VZZ(p1)VZZ(p2 7_ ‘Four __25/ d2V1/ d2y2676G§(V1,V2)
T T

fermions

< A [@10:G57) (1,)]" G (5:v2,11) G5 02,11)
+ (6182(}2)(1/1, 1/2) [G;ﬂv(g, v, Vl)] - [GF(§7 v, 1/1)] *} s (3.9)

where we introduced the dimensionless momentum-squared invariant ¢ as®

0= 02/<p1 -pg) (310)

SWith strict momentum conservation this would vanish on-shell, but we relax overall momentum con-
servation as in [29], see p. 19 of [12] for more discussion.
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Figure 2. The standard way to make the worldsheet surfaces with crosscaps and boundaries,
and their Green’s functions, from that of the worldsheet torus is by identifying under a certain
involution.

and 7 is the twist (quasiperiodicity) of the worldsheet correlator, see appendices C and D for
details. For the annulus, M&bius strip and Klein bottle amplitudes (o = A, M, K) we have:

(Vaalon Vo)l =20 [ @ [ dugesGnn)
% {(@10GH) Lo (1), Lo (v2)) G (i va,11) G (52, 1)

—( ) ) G5 v2, 1 (1)) (s v, 1o (1)

— (102G B) (I5 (v1), v2) Ga(s; Lo (1), v1) Gr(s; I (v2), 1)

+ (192G (5, 1o (12), I ()G (5 Lo (v2), Lo () |, (3.11)

where there is only a single real twist v (related to the orbifold twist, as in table 1 in
section 3.8) and the definition of the involutions I, can be found in the appendix, cf. (B.3),
and see figure 2. The slightly surprising choice of ordering of arguments in eq. (3.11) is

1)
010:G%) (1, 15 (1)

v, VQ)G

convenient to absorb some phases that would appear for the more obvious ordering. Note
that although most of the correlators refer to the covering torus, at this point the integrals
are still performed over each worldsheet surface o = A, M, K. We now proceed to lift the
world sheet integrals to the covering torus (see figure 3), using the results of appendix B.1:

(V2200 Vzz(02)) o = 20 / &, / Py 00501, v2)

fermions

8182G )( ( )I (VQ))G};(S;VQ,Vl)GF(S;VQ,Vl). (3.12)

As promised, the integration domains with boundaries and crosscaps have been replaced
by purely torus integrals, and now most Green’s functions in the integrand also refer to
the covering torus. The only remaining Green’s functions on the surface o is the G% in the
exponent, and since this has a forefactor that carries momenta, we will be able to treat it
separately from the others in the low-energy limit.

In all, what we have done is to provide a simple prescription to compute open and
unoriented string (gauge theory-like) loop amplitudes from closed string (gravity-like) loop

— 11 —



Figure 3. A lifting that gives amplitudes for open and unoriented strings from closed strings.

amplitudes. This is backwards compared to what is done in recent work on field theory am-
plitude calculations, where one derives gravity amplitudes from gauge theory amplitudes!
(See for example one of the original papers [30], and the more recent string theory work
in [31].) The lifting procedure is convenient because it allows us to systematize the calcu-
lation and make use of known results for torus amplitudes. Note also that the Chan-Paton
states are traced over, otherwise this lifting would clearly have been impossible.

Now we go through similar steps for the eight-fermion contributions, which read

N\ 2
Var) VDl == () Grop? [ @ [ e i
< { )3 (Driia); — (Waiha)s (Brva)s |
{<‘1’1‘1’2> (DoW)5 — (U1 9)3 (B 0y)3

— (OB (W) + (T )5 (0B (3.13)
Again with the worldsheet correlators of appendices C and D we have for o =T
<VZZ(p1)VZZ(p2 >7- ‘Elght = —2(52/ d21/1/ d2V2 6_6G7B;(V17V2) (314)
fermions T T

—

x Gp(s;v1,v2) [Gr(5v1, )] GL(siv1,12) (G (300, 01)]"

and for 0 = A, M, K

<VZZ(p1)VZZ p2 > ‘Elght = _52/d2vl/d2y2 Gg(v1,v2)

fermions

< { Grsivn, o) Gr(si 1 00). Lo v2)) = Gr(sin, Io(v2)) Gr(s: (1), v2) }
X{G};(SSVLW)G}(S;IO(W) (1))
G5 I (1), v2) Go(5; I (v2), 1) €27700%
()
)

=270 oK

— GL(siv1, 1, (12)) GL(s;v2, I (1)

e
+ G (815 (1), I5 (v2)) Gr(s; va, 11 } (3.15)
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Now we can use the results of appendix B.1 again to lift the world sheet integrals to the
covering torus:

<VZZ(p1)VZZ(p2)>Z}Eight :_52 /Td2V1/7_d2V2 eféG%(m,uz)

fermions
X {GF(5§ v1,v2) Gr(s;15(11), 15(12)) — Gr(s;vi, 15(12)) GF(S;IO'(Vl)yVZ)}
X GL(s;v1,v2) GL(s; 1, (12), I (1)) - (3.16)
3.1 Four fermions

Let us start with the four-fermion terms. We first note that the torus amplitude (3.9)
does not contribute. This is due to the fact that the two contributions from the Green’s
functions only depend either exclusively on the left moving spin structure or the right
moving spin structure. Then, multiplying (3.9) with the partition functions and summing
over both the left and the right moving spin structures produces zero.

Thus, we are left with the four-fermion terms in eq. (3.12). We consider the untwisted
Kéhler modulus of the third torus. Then all the relevant correlators have Neumann-
Neumann boundary conditions, no matter what surface we consider. Let us concentrate
on the spin structure dependent terms, i.e. the partition function and the two fermion
Green’s functions. It is useful to define Z?, the part of the partition function that contains
the Jacobi theta functions, which we give explicitly in eq. (G.1). With this notation, we
perform the spin structure sum and obtain just a single Green’s function:

ZnstG}(s; vo,v1) Gr(s;ve,1n) = GL(ve,11) . (3.17)

Here we use the following convention: if we do not indicate explicitly over which spin struc-
ture s to sum, it is over even spin structures (s = 2,3,4). We show (3.17) in appendix G.1.
The GSO sign 7 is given in table 2 in appendix D. What happened is that (non-manifest)
supersymmetry reduced the number of Green’s functions in the integrand. We introduced
a new convention on the right hand side: if we do not indicate the spin structure s explicitly
for a fermion Green’s function, it is s = 1 (odd). Now we can calculate

Z 77$Z£<VZZ(p1)VZZ(p2)>Z. ‘Four

B fermions
=26 / d?u / vy e 0GB 12) GO (g, 1) 0 G (I, (1), I, (12)) (3.18)
T T

where we used the identity 010G 5 (I, (1), I, (v2)) = 02G1(I,(11), I,(12)) to replace a
boson Green’s function with a fermion Green’s function. (Note that before differentiation,
the boson propagator depends on both v and v = I,(v1) — I,(v2). We only display the
dependence on one of them in the argument, and choose freely which one to display. The
fermion propagator of course only depends on either v or v. )

3.2 Evaluation by analytic continuation

In the limit 6 — 0 the integrand in eq. (3.18) is a function of the relative coordinates
v=vy—1vy and v = I,(11) — I,(v2) only. We change variables and trivially integrate over
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Figure 4. The integrand is not invariant under a half-integer shift, but the integral over the
fundamental domain is. In this figure, each quarter-piece of integration domain is mapped by an
integer lattice shift.

the “center-of-mass” coordinate. Setting G}.(v,0) = G}(v) we obtain

Zns (Vzz(01)Vz2(p2))) |Four ——4726/ A?v GL(v)AGL() + O(8%),  (3.19)

fermions

where the 275 is from the trivial integral.

Naively, the integral in eq. (3.19) appears divergent since the integrand is singular at
the lattice points v = Z+7Z. However, when adding the contributions from the four corner
points 0,1, 7 and 1+ 7 we find that the divergences cancel. To see this, since the integrand
in eq. (3.19) is doubly periodic we can shift the integration region such that the only en-
closed lattice point is the origin v = 0, as in figure 4. Close to v = 0 the integrand behaves as

G NGC(5) — 1 1 v 1 i
F()O0GL(D) = 3G 3 ~Cl— + - + finite , (3.20)
where ¢y and ¢; are the first two coefficients from the expansion GL(v) = 1 +co + c1v +
O(v?). Because the same number of powers of v and ¥ never occur together, the integral
of eq. (3.20) over an infinitesimal disk centered at v = 0 must vanish:

lim d*v G3(v)0GL (D)

e—0 lv|<e

€ 2 619 6210 6329 671‘0
= 2lim drr/ do [—3 —c—5 —C1 +c + finite| =0, (3.21)
£=0Jo r r r r

where the factor of 2 in the second row arises from d?v = 2d(Rev)d(Imv). We changed
to polar coordinates via v = re? and used f27r df e = 0 for all m € Z\{0}.

We have argued that the integral in eq. (3.19) is finite, but finiteness is not manifest.
To calculate the finite value explicitly we will use analytic continuation: we introduce a
complex parameter s (not to be confused with the spin structure, which is also denoted
s) and define a meromorphic function F(s) whose value at s = 1 is the desired integral.
This may seem roundabout for calculating a finite value, but we will find that evaluation in
some other region of the complex s plane is quite simple, and we believe that some of the
intermediate steps could be of general interest. For completeness, we rederive the result
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by two alternative approaches in the appendix: partial integration and point splitting, in
appendices H and I, respectively.
In section E.1 we identify the Green’s functions of bosons and fermions on the torus
in terms of Eisenstein-Kronecker functions Fj:
G} (v) = Ei(v,v) + const., (3.22)
GL(v) = =0,Ei(v,v). (3.23)
The Eisenstein-Kronecker functions (see e.g. Ch. 8 of [32]) are defined for any complex
numbers w and z and for Res > 1 by

2711 =
T\ exp(Zt Im[(w + m + n7)z])
Bs(w,2) = (?) Z lw + m + nrl|?s ' (3:24)
m,n

we intend the sum over all m,n € Z such that w + m + nt # 0. For

where by S
Res > 5 the series converges almost everywhere, i.e. away from z € Z + 77, and in

m,n

particular for s = 1 the series converges to the boson Green’s function. For other values of
s the Eisenstein-Kronecker function is defined by analytic continuation.

Now, we define a new function F' = F(s) of the complex parameter s, whose value at
s = 1 gives the desired worldsheet integral

F(s):= /TdQV OF(v,v))*Ey(v,7), F(1)= /7’d2y G (v)OGL (V). (3.25)

The motivation for studying F'(s) rather than F'(1) directly is that by taking Res large
enough, the integrand becomes manifestly finite everywhere in the integration region. Now,

we have
+ kLT 2mpn|(ytkter)D]
F = (=1 3 ( ) B - Y
=0 [ (3)
(7)) Z (- m o+ n7)" 2ttty (3.26)
|y 4+ m +nr|?s ’ ’
Using the orthogonality relation
27 27 T
/ A2y 5 lOHk+en)D) 2 ml(mnnv] g R (3.27)
which follows from 7 = —7 + d,(, We arrive at
F(s) = — ( )25 22 (v +m + ndopq — n7)(y + m + n7)? (3.28)
< |y +m +ndom — nT*|y +m+ 07l '
2s5—2 T
o Y+m-+nT
= ( > Z ‘7+m+n7‘2(25—1) : (329)

We now temporarily (eq. (3.30) through eq. (3.32)) treat v and 7 as independent variables
and only in the end we specify to real 7. Then we can write eq. (3.29) as

. 2 1 B 25=2 1 0 Ezsfz(’y, 0)
F(s) = 27r8,y {25 5 (W> ; Y+ m+ nT|2(25—2)} {

— o
oy 2s — 2

~ real 7 real

(3.30)
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The right-hand side defines the analytic continuation of F'(s) to the whole complex plane.
In the limit s — 1 we have

EQS—Q(Va 0) _ E0(77 O)
2s — 2 2s — 2

+ E{(7,0) + ... (3.31)

and Ey(v,0) =0, Ey(v,0) = E1(0,7), which is given by Kronecker’s second limit formula

111‘ 41 (7a T) ?
n(7)

as we show in section E.1 for completeness. When evaluating 0, FE1 | eal the second term

27 my)2, (3.32)

T2

El(oa ’Y) - =

vanishes and we conclude for F(s) at s = 1:

V] (7, 7o)
FQ)= -2+ 3.33
( ) 791(’)/77-0’) ( )
Thus we find the four-fermion term
91 (7,7)
SZ(V, v, = 8Ty < 3.34
D2 V2o Vzalea))o = Snrd 5y (3.34)

which agrees with the alternative calculations in appendices H and I.

3.3 Eight-fermion term: general arguments

Let us now move on to the eight-fermion term (3.16). We first focus on ¢ = A, M, K and
come back to the torus contribution in section 3.7. For N' = 4 sectors, the eight-fermion
term gave the full result for higher-curvature corrections [33]. Since the eight-fermion term
has four explicit momentum factors in front, it can only contribute at order o/p? if there
is a pole 1/6 = 2/(a/p1 - p2) from vertex collisions. For N/ = 2 sectors, there is no pole,
so this term does not contribute at all to renormalization at order o/p? . We will see this
below, and we will also see that for N/ = 1 sectors there is a pole. A more efficient way to
compute it might be to first change the superghost picture, which can reduce the number
of explicit factors of momentum so that one does not have to extract a pole, but we will
not attempt that possibly instructive calculation in this paper.

Although the present calculation will be longer than the one for the four-fermion term
in the previous section, we will find that it reduces to an expression that is very similar
to eq. (3.34). Probably there is a more direct way to see this, perhaps by worldsheet
supersymmetry.

We now return to the lifted eight-fermion term of eq. (3.16):

S=- /d21/1/ A% e 0GB Y2) F (1) 1), (3.35)
where f is

flv,m2) = {GF(S; vi,12) Gp(s; Io(11), I, (12)) — Gr(s;v1, I, (12)) Gr(s; Lo (1), 1/2)}
X Gh(siv1,v2) Gh(s;Io(v2), I (1)) - (3.36)
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One can check that f as a whole is doubly periodic on the covering torus, i.e.

fvi,ve) = f(v1 + Lwo) = f(ri,va+ 1) = f(ry + 7,02) = f(vi,v2 +7) (3.37)

using:

Lv+1)=Lw) -1, I,(v+7)=I1,v)—T=1(V)+T — oM - (3.38)

The cancellation of phases that ensures double periodicity as in (3.37) is fairly nontrivial
for the M6bius strip, but it works. We are interested in terms in S of order §. In other
words, since S has an overall factor 62, we want to compute

= {—5/ d21/2/ A%y e 0GB 12) f(lll,l/Q)} . (3.39)
d—0 T T 6—0

In the limit § — 0 the only contribution to the integral on the right hand side arises from

F="=
5

vertex operator collisions, i.e. from the integration regions with v; — 9 or v; — I, (1v2).
This can lead to an additional factor 1/4, which then cancels the explicit factor of § and
leads to a finite result. In principle, a similar factor of 1/4 could also arise from integrating
F over the world-sheet modulus ¢, but we will argue in a moment that this does not occur.
Thus, the range of integration in (3.39) can effectively be restricted to the fundamental
domain for one of the vertex operator positions (let us choose v») and disks of infinitesimal
radius for vy around v, and I,(v3). Therefore, schematically we need to calculate (and
sum) integrals of the form

F = lim {—(5/ d21/2/ A%y e 0GB v2) f(Vl,VQ)} , (3.40)
e—0 T € 6—0

where D, is a disk of radius € around vy or I,(v2) (whose dependence on vy we keep

implicit). We can now expand f around poles and isolate the terms which survive the

0 — 0 limit. At this point it is useful to separate f as

f=h-r, (3.41)

where

fi= GF(S; v, 1/2) GF(S;I(,(I/l), Ig(ug)) G}(s; v, VQ) G, (s; I, (1), IU(Vl)) , (3.42)
f2 = Gr(siv1, I, (1)) Gr(s; 1o (1), 12) GR(s;v1,v2) GE (511 (12), 15 (1)) . (3.43)

Here f1 has a pole at v; = 1o, while in addition to this pole fo has one more pole at
v1 = I,(v2) unless v9 = I;(v2) modulo torus periodicity. This region is a fixed line under
involution and it is the boundary of annulus and Mdbius strip worldsheets.

Before we continue with the calculation, a comment about factorization. As stated
above, the eight-fermion terms are of order 6% to start with (recall 6 ~ a/p?). In order to
contribute to the spacetime kinetic term we are interested in, the integral of (3.35) over
the worldsheet modulus ¢ would have to provide a factor of §'. As just mentioned this
could in principle either arise from a vertex collision, i.e. from a pole in the integral over
v=u, — vy (or v =11 — I,(112)), or from the UV region of the ¢ integral (i.e. from ¢ — 0),
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Figure 5. One possible factorization of the one-loop two-point function on the annulus.

as in eq. (A.6) of [34]. We will see in the following that there are indeed contributions
from vertex collisions. However, we do not expect any additional contributions from the ¢
integral. The reason can be understood from figure 5. For v # 0 and ¢t — 0 (or equivalently
¢ — ), the amplitude factorizes as in the lower part of that figure. There are also similar
factorization limits of the Mobius and Klein bottle amplitudes that add to the annulus
of figure 5. For the amplitude not to vanish in this factorization limit, there would need to
exist a disk coupling (or projective plane coupling, for the unoriented worldsheets) between
the modulus 7" and some massless closed string state C' (which could be T itself). In order
for this coupling to lead to the 62 factor in the numerator of the amplitude, the coupling
should arise at second order in derivatives, with the 6! factor resulting from the exchange
of C'. Thus, for the amplitude not to vanish in this factorization limit, there should be a
coupling proportional to 9,T0*C" at the level of the disk or projective plane. However, it
is known that there is no contribution to the kinetic term of the closed string moduli at
disk level [24], and similarly we do not expect any contribution from the projective plane.
Thus, in the following we will single out vertex collision as the only possible source for a
5~ pole in the eight-fermion terms for this amplitude.5

The expert reader may have realized that in the well-known calculation of mass terms
for anomalous U(1) gauge fields [34], the analogous argument must fail. There the fac-
torization limit of (the analog of the lower panel of) figure 5 does lead to a non-vanishing
contribution at order §° to the 2-point function of the gauge fields, signaling a mass term
for the naively anomalous U(1) gauge fields. In their case, the amplitude is of order § to
start with, but a 6! pole arises from the UV-region of the ¢ integral due to mixing between
the anomalous U(1) gauge field A* and the RR axion a at disk level, i.e. a coupling A*0,a.
This involves only one derivative, in accordance with the factor ¢ in the numerator of the
2-point function of gauge fields. The 6! pole results from the exchange of the massless
RR axion, in a process similar to the lower part of figure 5 but with the vertex operators
of the vectors inserted at the boundaries. So there is no contradiction.

Finally, for completeness we mention that [34] also have scale-dependent wave function
renormalization terms like ¢ log d. Generic complete factorization of diagrams such as those

SA similar argument applied to the four-fermion terms shows the absence of a mass term for the
modulus T'.
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in figure 5 would also include field theory limits of the tree-level string diagrams on each
side, for example the closed string vertices could a priori collide on a sphere factorized
away from the worldsheet, see e.g. [35], but note that our spacetime momenta are much
less generic than in that paper: our polarizations are never parallel to any of the momenta.
Finally we mention [36] for an example of a somewhat analogous discussion for a four-point
one-loop open string diagram.

3.4 First piece of eight-fermion term

Consider f; from eq. (3.40). This depends only on v = 11 — s, so the pole comes from
direct vertex collision (i.e. not collision with an image). The relevant local disk D is
lv] < e, and we have

fi :GF(S; V) Gr (s; —17) G}(s; 1/) G}é(s; 17) :—GF(S; V) GF(S; 17) G}(s; 1/) G}(s; 17).
(3.44)
In the second equality we assumed even spin structure. A non-vanishing contribution can

2-20) o isolate this term, let us write generic

only arise from a term precisely at order |v|~(
terms of the untwisted correlator as b, ,v" 7" and generic terms of the twisted correlator

mn
as Cp V" U", then

_ v|—0
e 6GBf1H

25 (1 1 _ 1 1 -
5 v ;—i—bl’ou—i—... 5+b1’0u—|—... ;—i—co’o—l—cl’ou—i—... 5+co’0+cl,0u+... ,

where we used that bpo = 0 for the untwisted correlator. The most divergent term will
be cancelled by spin structure summation. This also shows that for N' = 2, when all
correlators are untwisted and hence also cpo = 0, the relevant pole is absent and the eight-
fermion term cannot contribute. For the next term we obtain (see appendix H for the
computation of ¢g )

1 9(s)\* 9
oo e = (0 e 47

Note that there are no 7-dependent pieces from the untwisted correlators here since they
only supplied the 1/|v|?* (whose residue 1 is determined by the OPE).
Thus, integration over the disk for v gives

5 c 5
lim d*v (co0)? —5—55 = lim 471'/ d|v| (co0)* —1—55 = 2m(cop)?. (3.46)
0—0 lv|<e ‘I/‘2_25 6—0 0 ‘l/‘l_25

So the final result for this piece is

/ 2
lim{—é/ d21/2/ 2y e 0GE W) fl(ul,yg)} =27 (198(73)> /d21/2. (3.47)
e—0 T . 5—0 198(73) T

3.4.1 Spin structure sum

We would like to compute

CACHAS
2 (193(73)> ' (3.48)
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In appendix G we obtain

9 [ Vs(13) ? _ _19,1
2w (ﬂswg)) B

even

3) V(g1 +him+7) | V(=91 — haT 4 72) 219'1(273)
3)  Yi(gr +him+7)  Yi(—g1 — T+ 72) 1(273)

(v
(v

_ /[1/12/@3} “9' [1/1212;]371} (0) . o [1/12/_2;1’;2] (0) o
Sl L To e Je

see table 1 for g; and h;. In the last equality we used 2v3 = n — 3 (with some integer n)
for Zg, which is our main example, so that

sl @ _ P[]0
o[l o 2o

Note that when moving variables in the argument into the characteristics for the second

(3.50)

and third term in the first line of (3.49) they generate additional constants proportional
to h, but they add up to zero in this case. Now we turn to the fo part.

3.5 Second piece of eight-fermion term

Unlike the first piece fi, the second piece fo of the eight-fermion term has two poles:
v1 = v coming from twisted correlators and v; = I,(v2) from untwisted ones. We will
compute them separately. Note that the two poles coincide if v = I,(15) (these are the
fixed points under the involution of vg, i.e. the open string boundaries). One might be
worried about overcounting, but the integration region vo = I,(v2) does not contribute,
since it is a region of measure zero. Thus, we may in fact include it in both terms for
convenience. We will come back to this at the end of this subsection.

3.5.1 Pole v; = vs from twisted correlators

Let us write v = 11 — 5 so the pole of twisted correlators is at v = 0. Then

PRUEY Gr(s;v2,I5(v2)) Gr(s; Io(va), va) _ _M’ (3.51)

V2 vI?

where 9 = I,(v2) — v5 and in the equality we assumed even spin structure for s. Therefore
the v-integral for small € gives

20
{—5/ d*vRs f2} :GF(3;52)2{5/ d%’”’2 } =2 Gr(s;00)” . (3.52)
v<e 5=0 v<e w* J 520

Now we need to compute the v, integral together with the spin structure summation. We

use the well-known identity for the square of the fermion propagator (e.g. (3.6) in [4])
(Gr(s;92))* = 05 n04(0) + g(72) | (3.53)

where g(72) depends on 7, but is independent of the spin structure. So it cannot survive
spin structure summation and can be discarded. On the other hand the first term on the
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right hand side depends only on the spin structure, not on 5. This means that the integral

becomes trivial after spin structure summation:

Z%Zﬁ/ dZVQGF (s51)2 /d21/2 ZnsZ Gr(s;i9)? (ZnsZﬂGQIDéI (0 )) / d2vs .

even even even T

(3.54)
The spin structure sum in the bracket is computed in the appendix in eq. (G.8). Thus we
obtain

ZnsZ hm{ /d2v2/ d%vy e 0GB v2) f2(V1,V2)}
lvl<e 6—0

s 0|, 42 1(0)
=2y ngﬂj / d2vs. (3.55)
T

i=1 Y {1 /12/42;%1} (0)

3.5.2 Pole v; = I,(v2) from untwisted correlators

Now we consider the pole v; = I,(v2) from untwisted correlators. There is a minor compli-
cation for the Klein bottle amplitude, where points that are mapped outside the original
torus by the involution should in principle be mapped back. This introduces a step func-
tion for the involution (see (J.1) in appendix J), but due to the fact that the integrand as
a whole is doubly periodic on the torus, this actually leads to the same result as without
the step function, as we show in appendix J. So, in order not to overload the notation, we
neglect the step function in the following calculations.

By introducing v = vy — I,(1»2) and 0y = I,(12) — 12, one can rewrite the arguments
of the correlators as follows:

vi—Ip(1n) =v, I,(v1)—ve = —U+Tésxc, V1—Vv2=v+i2, Io(v2)—Is(11) = V+Pa—Tdok .
(3.56)
Then near the pole, we have (cf. (C.6))
) G 7 2
fo M0 _gannso Cplsita) (3.57)
14
G, 10) = GG (v, I () 1 —In |2 (3.58)

and the v-integral over the disk v — I,(12)| < € for small € gives

] 26
{_5/ d2V€_6G% fQ} — e27’r1’75a’C G,Z;(S,ﬁQ)Q {5/ dQl/|V|2 }
v<e §=0 v<e ‘V‘ 6=0

— 27 200k G (59 (3.59)

Now let us perform the spin structure summation including the partition function before v
integration. This differs from (3.17) in that both correlators are twisted. In appendix G.2
we give the details, leading to (cf. eq. (G.19))

D o0 ZY (Ghls;in)® = 2G7 () - (3.60)

even
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Now let us consider the 1o integration, namely we have to compute
/T d2uy 4 20K G (1) (3.61)

At first sight one might think that this integral is ambiguous, since the integrand is a
twisted correlator, i.e. the value of the integral could depend on the choice of fundamental
region. But the original integrand was doubly periodic, so that cannot be. Indeed the twist
does not affect the v — v + 7 direction due to the combination 7 = 1 — 2Revs + § d,x
appearing in the argument. Also, it has no twist in the upper characteristic and is therefore
periodic in the horizontal direction v — v + 1.

For the measure, we can write d’vy = 2d(Imwy)d (Rews). For the Mébius strip it
is possible to map the tilted covering torus to a rectangular torus. This can be done by
cutting out the triangle in the Md6bius fundamental region that lies to the right of the line
vy = 1, and shifting this triangle by one horizontal lattice shift to the left. The resulting
region is square, as that for the annulus and the Klein bottle, and the integral over this
region is the same as the integral over the original covering torus. This is because the
correlator is periodic in the horizontal direction, as noted above. Thus we have

. T2 1 .
/ d2vy 4re?™ 00K G?(Dg) = 877/ dIm v / d Re vy 2700k G?( —2Revy + % 5a1€)
T 0 0

1
= 871y 210K / dz G?( — 2z + géglc) . (3.62)
0
Using the following well-known representation for Gr (see e.g. the appendix of [5]):
Y1y + 2)91(0) o :
GY%(2) = —Z " = mcot(my) + wcot(nz) + 4 M sin(2rmy + 2mnz),

m=1n=1

(3.63)
we end up with

1
82 1y 2190k /0 dx [cot(Qw’y) + cot <7r< — 2+ ;50K>) ] . (3.64)

The other pieces integrate to zero, as happened in [5]. Using

1
/ dz cot <7T< -2z + ;(SU;C)) = —i 0k sgn (Im7) , (3.65)
0

we get
/Td21/2 4mr 200K G?(Dg) = 82 7y e2T1V0oK [cot(27my) — i 0ok (3.66)
o2 cot(27y)
= 87" 1y 7008(271_7 5ord) (3.67)

and thus for all surfaces

Zns Zf lim 5/ dQVQ/ d?yy e 0 OB ) fa(v1,v2)
B =0 T v1—1I5(12)|<e
)

cot(2my

6=0

= 81’1y (3.68)

cos(2my dyic)
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Let us come back to the issue raised at the beginning of this subsection, concerning the
potential overcounting of the boundary contributions. In section 3.5.1 we calculated the
contributions from poles at vy = 5. The contribution from the pole is still integrated
over vg, including the boundary region. However, as discussed below eq. (3.53), the inte-
grand after spin structure summation does not depend on v at all. Since the boundary
contribution corresponds to a region of measure zero, it vanishes.

Similarly, in section 3.5.2 we integrated Re(r2) = x from 0 to 1 which includes the
boundary regions for A and M. However, as in section 3.5.1, these regions turn out
not to contribute at all. This is because the (in principle divergent) contributions from
x =0,z =1/2 and = 1 cancel each other by periodicity of cot(—27x) and for the integral
of cot(27y), which is independent of x, the boundary contribution vanishes again because
the boundary is of measure zero.

3.6 Adding up eight-fermion: o0 = A, M, K

It is useful to add up contributions from f; and fo before t-integration:

F = lim{—é/ d%/ A%y e 0GB v2) f(yl,yg)} (3.69)
T B §=0

e—0

= lim{—5/TdZV2/ A%y e 0GB v2) [fl(V17V2)—f2(V17V2)]} . (3.70)

e—0 5=0

From the results obtained above we have

o' Y2 1(0) 9
S 02! F = —167 7 {1/12/?3} —8n 7y CO‘;((’;( W;) ) (3.71)
even Y |:1/2+'y3} (0) T 0K
1/2
V' [1/2/%3} © & cot(2my)
= —87 T2 2 1/2 COS(27I‘ 5 ) (372)
v |:1/2+73:| (0) 7ok

Note that the factor 7 comes from fT d?vs = 275. This was also the case for the 4-fermion
integral. So in both cases we arrive at the following ¢ integral:

o dt ¥ (v, 1)
I= — L 3.73
I e (3.73)

3.7 Eight-fermion term: torus

For the torus the spin structure s for left-movers and the spin structure § for right-movers

are a priori independent. The sum over even-even spin structures gives

Z NsTz Z;?Zg Gr(s;vi,12) [GF(S; vy, 1/2)] * GZ(S; 2%y [GEV(S; v, 1/1)] * (3.74)

$,8

— —

== —G}(l/l, 1/2) [G}(l/l, 1/2)]* 5 (375)

where we used G;?(s?; Vo, V1) = —GZ(E; v1, ) before performing the spin structure sum.
Note that the spin structure summation is the same as in the analogous calculation for
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open-string external states, cf. [5], but now for left-movers and right-movers separately.
Focusing on the |v|72%20 term as above, we have, using the same expansion around v = 0
as above,

11
|257+..., (3.76)

5 |V|2(3 <i +cootcior+.. ) (; + ¢o0 + Cclov + .. > =6 v
i.e. there is indeed a contribution to linear order in 4, as the v-integral of (3.76) will give a
factor of 6~!. This even-even 8-fermion term should reproduce the known one-loop correc-
tion from the torus that is proportional to the Euler number, as calculated in a different
way in [13] for Type II strings on a general Calabi-Yau manifold. The torus amplitude
is inherited from the N = 2 parent theory (i.e. before orientifolding), and it would be
interesting to check agreement with [13] in more detail. Finally, the odd-odd amplitude
does not contribute to the 2-point function of the Kéhler modulus, as there are not enough
external worldsheet fermions " to cancel the zero modes. This is consistent with the
calculation in [13]. The odd-odd 8-fermion term is relevant when calculating the one-loop
correction to the Einstein-Hilbert term via scattering of two (external) gravitons, cf. [22].

3.8 Adding up orbifold k sectors

Let us summarize what we have obtained. For the 4-fermion term (see eq. (3.34)) we have

19/1 (737 7_)
Z NsZs (Vz2(p1)Vz2(p2) > {Four =0-8mT m (3.77)

Fermions

and for the 8-fermion term (see eq. (3.72))

9 1/2 (0) (2
Z”S VZZ (p1)Vy2(p2) >Z{Eight =5 (=8m) 7 |2 79[[1/12;;73] 7 cot(2mys3)

Fermions 1/2+73] (0) COS(27T73 (5UIC)
(3.78)
Thus altogether
Zﬁs |:<VZZ pl)VZZ(pQ > ‘If::;)rlxl;;lons <VZZ(p1)VZZ(p2)>z|]?ighf: :|
1/2
=4 (-8m) v L/QJF’Y?J 0 # cot(2773)
B - ? 1/2 cos(2my3 0o
19[1/2%3} (0) (2773 6ok
=0 Cék)v (3.79)
where we defined the t-dependent function
,19/ 1/2 (0)
t(27ys
CH = —8rry [1/12;”3] CZS((:;T( 775%)) (3.80)
19{1 /2 +73} (0) V3 00k

Here 3 = k v3 for annulus and Md&bius, whereas 3 = 2k v for Klein bottle. It is convenient
to add up orbifold sectors for each surface before performing the integral over worldsheet
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g k X Vi f(vi)  hi ha g1 g0
K 1,2,4,5 3(03,0F) 2kv; 1 % _% 0 0
Ags 2,4 2 kv, 1 % _% 0 0
My 1,5 -1 kv, —2sin(my;) 0 0 0 O
Ms 2,4 -1 kv, 2cos(my;) 0 0 %_%

Table 1. Constants associated with partition functions.

moduli (¢ or £). To be explicit, we focus on a particular orientifold, the N' = 1 sectors of the
Zg orientifold, though our results should generalize straightforwardly to other examples. In
the notation of [12} (section 4 and appendix A.1) we compute the following combination:

> k8 + Y ()b Al | + 3 @M + 3 M

k=1,2,4,5 k=24 k=15 k=24
+ > [tmg (trnk A"ﬂ + Y [mg)mgg +<m§>ug;>}. (3.81)
k=1,5 k=15

Note that these are not partition (zero-point) functions but two-point functions, i.e.
(V;7V, 7)o for surfaces indicated above. There should be no confusion as we will always
use Z for the partition function here in the main text. Also, we separated CP factors ex-
plicitly from the amplitudes. Due to the tadpole condition tr(7§) = 0 = tr(y&) for k = 1,5,
the second line in the above expression vanishes. For A/ = 1 sectors, the internal partition
function of any surface o can be put in the following form (cf. appendix A.1 of [12] and
also [37] and appendix N below):

a+h;
21 1 = s 5o (250050 0T I ﬁl[i?“i} T e
v [;jmﬂl 0,7) =19 Li'yﬁ:gz} (0,7)
The details are given in table 1. We can immediately write down

Ag? = —4sin(mkv3) C’J(f) , (3.83)

M) = 8sin(m kvg) sin(r kvr) sin(r kvy) C (3.84)

Mék) = 8 sin(m k v3) cos(m k v1) cos(m k v2) o) , (3.85)

K = —23%(0%,0") sin(2r kvs) OF | (3.86)

where we have suppressed an overall surface- and k-independent constant factor coming
from the universal external partition function, that we will reinstate at the end of the
calculation, cf. (3.6). Here v; = ¢(1,—3,2). For Zj with v3 = 1/3 we observe that

CBNER) — o) (3.87)

which will be very useful in the following. We will also need the following Chan-Paton
traces that follow from tadpole cancellation (see appendix N): try& = try¥ = —8 (for
k=2), tryl =try¥ =8 (for k =4) and 7§ =18 = —1.
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Now we perform the orbifold sector sum. Let us start with the D9-D5 annulus:
37 (trad) (try2) AR = 64(AS) + ASY) = 512sin(mus) CY) (3.88)
k=2,4
For the D9-09 Mébius strip:
Z (tr 73’“)/\/15’9“)) = —S(Mgl) + M 5)) —128 sin(mv ) sin(mvg) sin(mwvs) C/(&l), (3.89)
k=1,5
and for the D5-O5 M&bius strip:
Z (tr fygk)/\/lgk) = 8(Mg2) + Mé4)) = —128sin(mvy ) sin(7ve) sin(7vs) C/(\it)' (3.90)
k=2,4
In the last equality we used cos(27v1) = sin(7v1) and cos(27v2) = sin(7v2).
For the Klein bottle (Y(03,0F) = 4 for k = 1,2,4, 5, see (A.4) of [38]") using eq. (3.87)
S okl =-8 3 sin(2rkus) CP = —32sin(rus) O . (3.91)
k=1,2,4,5 k=1,2,4,5
Thus altogether we have
Z IC Z [ (tr®) (tryd) .A(k)] + Z (try, Lt Z try2k)
k=1,2,4,5 k=2,4 k=1,5 k=2,4

= 32sin(7wvs3) [—C’,(Cl) + 16 CJ(41) — 8sin(mvy) sin(mvg) C/(\iz)]
= 32sin(rey) [-C +16CY) +404]| | (3.92)

To finish the calculation of the one-loop two-point function of closed strings, we should
perform the ¢ integral.

3.9 Computing the t integral

We want to calculate the ¢ integral of C" (t), defined in eq. (3.80). The non-trivial integral
we need to evaluate takes the form

w0 R 599

where 7, = 7,(t) is given in eq. (B.2). Here we present the results, which are obtained
using the generalized Mellin transform discussed in appendix L. Moreover, in appendix M
a more direct version of the same calculation is given, that is justified by producing the
same results as using the generalized Mellin transform.

The integral in eq. (3.93) is not well-defined since the integrand is singular in the
limit ¢ — 0:

2w(1 —27) for A
= QTU + rapid decay, aq(v) =< m(1 —4y) for M , (3.94)
5(1—=2y) for K

19,1 ('737—0)
191 (/y’ 7—0)

"Note that there is a mistake in eq. (A.6) of [12].
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where we have assumed 0 <y < 1 for A, K and 0 <y < 3 L for M. We introduce a small
t cutoff and separate the integral into one divergent and one regular part by subtracting
off the asymptotic behavior of the integrand:

/oo dt 91 (v, 75) _ 1(1062/&2—1—/00 dt [19’1(7,7'0) B aa] e = {1 for A - (3.95)
L () 277 o t2 (7)) ot 4 for M,K

where we have taken the limit A — oo in the second term of the right-hand side. Note that
the t integrals of A on the one hand and M and K on the other hand have different cutoffs
in order to ensure that the cutoff in the closed string channel (i.e. on ¢) is the same for all
world sheets, cf. [2]. The finite part of eq. (3.95) is identified with a so-called generalized
Mellin transform and it is analyzed in detail in appendix L. Using eqs. (L.22)—(1.23) with

n = 1 and taking into account 7, = 7,(t) in eq. (B.2) we find (still assuming 0 < v < 1 for
A, K and 0 < v < £ for M)

dt 9i(v, %)
= ZANh o) 1-9 A2 o _ (1 — ‘
A /1 2 9y (7, i) (1= 2v) +24 [ (y) ="' (1 =], (3.96)
A
dt v} ’yl E)
I Uil at2) _ grq )42
M= / 2 9, ’Y,% +1 m(1=4)

+ [P@-va-n-gu (540) 459 (3-0)| - Gon

o0 / ;
IK:/1 %MZZLW(I—z’Y)AQ—F
X

L 12 0y(7, 2it) S - a-v], (3.98)

6
for A, M and K, respectively. Here ¢'(x) denotes the trigamma function, i.e. the derivative
of the digamma function ¢(x) = I"(x)/I'(x).

3.10 Cancellation of UV divergences

Using the above results for ¢ integrals, we will now combine them as in eq. (3.92). We
will check the cancellation of UV divergences between diagrams. There are two kinds of
divergence, linear and quadratic in the cutoff A, that must cancel separately. The linear
divergences come from the cot(27y3) in C’((yl) in eq. (3.92), after ¢ integration. The quadratic
divergences are evident in the t integrals. Let

o dt
/0 5 Z(tr*y )( tr% 95 —|— Z tr*y —|— Z tr'y5 ék)—l— Z Icg?

k=24 k=15 k=24 k=1,2,4,5
_ = dat Fdt )
“to [ [ /1
A 4N

< gt ¢J < gt Y < gt ¢V
=8| —-A 42| SM_9o| S K (3.99)

1 2 T 1t T a1 t2 T2

A 4N 4A

where ¢ = 32sin(7v3), and we introduced coefficients a, b that keep track of the different
contributions arising from the different worldsheets, where a = b = ¢ corresponds to the
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)

actual calculation at hand. Up to an overall factor, the cot(27y3) terms in C’((;k give

a b

using y3 = 2v3 for Klein bottle and flo/oA dt/t? = fOA df¢. On the other hand, using the

results of section 3.9, the theta parts in C((,l) give for eq. (3.99) up to an overall factor
8alg+2blp—2cl x |8a(l —2v3)+16b(1 —4vg) —8¢(l — 41)3)] A? + finite constants
+ finite constants . (3.101)

We see that for all linear and quadratic UV divergences to cancel we need:

—%—%Jrc —0  fromA, (3.102)
a—2b+c=0  fromA?. (3.103)

Thus, all UV divergences cancel for a = b = ¢, as required.®

3.11 Finite result

We would now like to compute the finite terms of eq. (3.99). To this end we first consider

1 1 2
44| = 1 — ) =1 | =
4(5) 1 ls) - (5)
[, (1 (2 [, /1 2\ 1 ,/5\ 1 ,/1

=— -] = - — -] = o — - - 104
2l G) - Ol () -0 () -2 (B) 2 ()] o
where I, was defined in eq. (3.93) and we noticed that Ix(3) = —414(3). The different
terms can be expressed in terms of 1)’ (%) using the reflection and duplication formulas for

the trigamma function.® The value of 1)’ (%) is itself conveniently expressed in terms of the
second Clausen function (cf. appendix L.2)

Y <§) = 4sin (5) Cl (5) + 23”2 (3.105)

see for instance eq. (12) in [39]. Taking the above into account we get

Al (;) sy (;) I (3) — 5rsin (g) Cl, (g) . (3.106)

8We are not aware of other calculations of divergences in open and unoriented diagrams where two
different powers of the cutoff appear. On the technical level this is due to the contribution of the eight-
fermion term (which is absent in other related calculations in the literature, such as partition functions,

open string two-point functions, and the N' = 2 contribution to a closed string two-point function). It
would be interesting to have better physical understanding of the appearance of the different powers.

’In particular, we have ¢’ (2) = —¢' (3) + %, Y (2) =5y (3)+ % and ¢’ (§) =5¢' (3) — %.
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Taking into account the overall factors given in (3.6) (for N = 6), reinstating the factors
of (3.99) that are suppressed in (3.104) and making the substitution (cf. (3.5))

1 1
1672 2

Vi—dlzy/=g . i(p1-p2)gi(d) et — 9, OO (3.107)

where the 1/2 is for identical fields, we finally obtain

L o () 2o (3) 0 (3) ()

5 T 1
4 — n—1( _ 9 n - (0) 91, -(0)
— d*z /=g () (29 1 Clg( )) ( (0))28“7' otV . (3.108)

3

Comparing with (2.5) (where there is an explicit factor of ;% = (27vV/)0k;f = (7a/)~?
in front), we can read off the A = 1 sector one-loop contribution to the metric of 7(9 (in
the string frame)

G, 0,700 ® = (29‘13 Cly (g)) (T(;Paﬂ(o)a%(o) . (3.109)
The number in parenthesis is about 0.0003197. In the Einstein frame this expression
is multiplied with e?®* due to Weyl rescaling, cf. eq. (2.18). This gives the expected
suppression in the string coupling compared to the tree level term (2.15), as appropriate
for a one-loop contribution. Note that, even though the string amplitude produced a finite
real constant, the final result (3.109) is in fact moduli dependent, due to the normalization
of the vertex operators (3.4) and the Weyl-rescaling. Note also that in the Z{ orientifold (in
contrast to for example Z3) there are also N' = 2 sectors, whose contribution was already
calculated in [12]. The total G is the sum of those contributions and the V" = 1 sector
contribution (3.109) that we computed in this paper.

4 Conclusions and outlook

We have computed one-loop contributions to the Kahler metric of closed string moduli in
minimal supersymmetry in four dimensions. This was a necessary step towards completing
the moduli dependent one-loop string effective action of minimally supersymmetric
toroidal orientifolds. As discussed in section 2, to complete the one-loop metric of the
Kahler modulus under consideration in this paper, one would also need to know the
correction to the Einstein-Hilbert term in the Zg orientifold (which is work in progress) as
well as the corrected definitions of the Kéahler variables. Moreover, we only discussed the
contribution of N' = 1 sectors in this paper, to which one would add known contributions
from N = 2 sectors, cf. [12].

In this paper we developed a few necessary techniques to calculate one-loop terms in
the string effective action with minimal supersymmetry in four dimensions. We would
like to highlight three aspects of this development. We derived the boson and fermion
correlators for twisted fields, that contain new phases for the Klein bottle, cf. (C.14)-
(C.17) and (D.14)—(D.17). We clarified the relation between the (un)twisted correlators
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and generalized Eisenstein series, cf. (E.17)—(E.22). Finally, we introduced the method of
generalized Mellin transforms for calculation of integrals over the open string world-sheet
parameter t, cf. appendix L. We hope that these methods will find further applications in
orientifold loop calculations.

There are many areas of techniques that need development to make further progress
here, but luckily similar techniques are well established in mathematics. We have seen
that the integrals require some understanding of the theory of nonholomorpic automor-
phic forms. A complementary direction is the recent substantial progress on the use
of automorphic forms in related closed string calculations with more supersymmetry
(e.g. [43-45]), where it is noted that various recent generalizations of classical results in
mathematics (somewhat reminiscient of the generalizations we discuss in appendix L) are
very useful for application to these kinds of string calculations. It would be very useful to
connect those techniques to ours.

As noted earlier, there has been impressive development in field theory amplitude cal-
culations in recent years, and some of the driving forces have been the string theory KLT
relations at tree level and the field theory BCJ relations, i.e. “gravity is the square of gauge
theory” [30]. How and whether KLT-type relations can be systematized for string loops
is not well understood at the moment. This becomes particularly nontrivial when massive
string states enter the game, as they do here, unlike what often happens in extended su-
persymmetry, as emphasized in the introduction. It is also of special interest in orientifolds
where open string amplitudes are not obviously just “square roots” of closed string am-
plitudes, as emphasized in [24] for string tree-level. But with lifting to the covering torus,
perhaps one could find a square-root structure at least for individual terms of the amplitude.

For phenomenology, moduli stabilization is needed and one is typically not too inter-
ested in orbifold limits of Calabi-Yau manifolds per se, but rather the smooth (blown-up)
points of Calabi-Yau moduli space. With this in mind, it would be very interesting to
attempt to generalize some of these calculations to blown-up orbifolds and orientifolds.

In general, there are many phenomenological applications that require understanding
the effective action at least at the one-loop level. For example, there is an ongoing discussion
in the literature of how to incorporate so-called “anomaly mediation” in string theory, i.e.
calculating one-loop contributions to the effective action of models that have been arranged
to solve phenomenological problems with flavor-changing neutral currents at tree-level (see
e.g. [41]). Ultimately the safest way to perform these computations would be in string
theory — see e.g. [42] for comments on this.

Another obvious avenue of interest would be to use true flux compactifications in curved
space as background, rather than toroidal orientifolds that are almost everywhere flat. A
good start would be AdS compactifications. String loop calculations in AdS quickly become
technically challenging, for example in the pure spinor formalism, see for instance [47].
There is also interesting recent work in this direction using integrability (see for exam-
ple [46]). With the confluence of new methods, perhaps this kind of calculation will become
more feasible in the future.
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A Useful formulas

The n and 9 functions are

77(7_) — q1/24 H (1 _ qn) ,
n=1
ﬁ[ﬂ 76 =Y i (i+@) TG (ii+d) 2mi(+B) T (7i+d) (A1)
nezZN

Modular transformation:
9 m (0,itG™Y) = VG N2y E] (@,it™1G) . (A.2)
Modular transformation for annulus and Klein bottle:

n(r) = (—ir)"*n(=1/7),

9 [;] (v,7) = (—iT)_1/2e2mo‘5_m”2/T19 [_H] (v/m,—1/1) . (A.3)
Modular transformation for the Mdbius strip:'°

o) = e Fa-an (1)

“ (1 o\—1/2 —2mif2 _—miv?/(r—1/2) 9 |2T20 v T N
%ﬂ]wﬁ) (1=2r)""e ‘ 19[ ; (1_27,1_27). (A.4)

Shifts in characteristics:

o= offen

"Note that there is a typo in formula (122) of [48].
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a

%J (v,7) = ™ m (v,7) . (A.5)

v-periodicity formula:

a+a

9 b . 27rzab —mia?T —27rza(u+ﬁ)19|: :| , X A6
|:B:| (7/ +ar + 7-) e B+b (1/ 7-) ( )

For —1/2 < a < 1/2 (and arbitrary ) one has the ¢ — 0 limits (with ¢ = *>77)

_ 2mia(v+p) a?/2
N —

. 1/2 _ 1/8
(%I_I>n0’l9|:/8 | (v, 7) = 2cos[r(v+ B)]q'°,

ol 2miow
lim Gp [B (v,7) = T———

q—0 sin(mv)’
_ 1/2] _cos[r(v+p)] w
;13(1) Gr [ 8 | (v,7) = cos(mB) sin(wv)’
lim n(7) = ¢'/*" . (A7)
q—

A single transformation S and the sequence of transformations ST2S give respectively

Wy (y,it) 2wy }'19’1(—3 %) 7 (A8)
('Ya Zt) t tﬂl(_va)
Ao i) 2w i ACG i) "
e T R TR N B
Exercise 12 on p. 489 of [49] (or [50])
> n
Oy InV (v, 7) = Tcot v + 4772 o sin2mnv, |[Imv| <ImrT. (A.10)

n=1
B The geometry of one-loop surfaces

The torus 7, with modulus 7 = 71 + i7o, is obtained by identifying points v € C under the
translations
vov+l, vov4rT. (B.1)

As a fundamental domain we can take the parallelogram spanned by the points 0,1, 7, 1+7.
With the natural line element ds®> = |dv|? on C, the area of the parallelogram is 75. The
annulus A, Moébius strip M and Klein bottle /C, collectively denoted by o = A, M, K, can
be obtained from tori 7, with moduli

)t 1 )t
! TM=§+%, e = 2it, (B.2)

In(v)=1-r, Imv)=1-w, Ir(v)=1-v+ —, (B.3)
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(a) Annulus. (b) Maobius strip. (¢) Klein bottle.

Figure 6. In 6a, 6b and 6¢ we illustrate how the worldsheets A, M and K (depicted in gray)
are constructed from their respective covering tori (bounded by thin black lines). The action of
v — I,(v) on the point P is given as illustration. The thick black lines denote fixed lines of the
involution I, and correspond to boundaries of the worldsheet.

cf. the appendix of [15]. The construction is illustrated in figure 6. This allows us to
construct the worldsheet propagators on o = A, M, K from those on 7, using the method
of images as explained in section C and section D.

B.1 Lifting to the covering torus

The covering torus 7, can be recovered from the surface o and its image I,(0) as T, =
o U I,(0). Using the following equation backwards [15]

/U v f(v) = [/UdQH/[U(U) d%} F) = /Ud% (1) + 1L, 0)]. (B.4)

integrals involving v and I,(v) can be “lifted” from o to 7,. For example in section 3 we
make use of

/Udzy [af(y) —5f(IU(1/))] :/ v of(v), (B.5)

o

since 0/0v = —0/01,(v).

C Boson correlation functions

Some of the material in this and the next appendix is contained in the literature ([12, 15]
and references therein), some of it is new.

C.1 Scalar correlation functions on o = 7,4, M, K

On the torus, the scalar correlation function is given by

! ‘191(7/12) 2

(X)X (@)l = 5Gprm), Golnm) = —In| 5 &

+ = (Imyp)?,  (C.1)
T2

where v1o = 1 — 1. Since each surface o = A, M, K is obtained from the appropriate
covering torus 7, the correlation functions are simply obtained by symmetrizing under the
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action of I, as

(X ()X (12))o = %[<X(V1)X(V2)>7; + (X (Lo (1)) X (1)), (C.2)
+ (X (1) X (Io(v2))) 7 + (X (I (v1)) X (Io(v2))) 7. ] -

C.2 (Doubly) twisted current correlation functions on 7T

On the torus, the (doubly) twisted current correlation functions are given by!!

/ /

(0Z(11)0Z (1)1 = %(3132(%)(”1, va), (0Z(n)0Z ()T = %[(5182@}7)(”1,1/2)]*,
(C.3)
where ¥ = (4,7) (do not confuse this 6 with the momentum-squared invariant defined
in (3.10)) and

9|13 ] (2 0)

= = = = 1/2+
(102G (11, 12) =D\ G (1, 12) =~ aG (0, 0) . G, 0m) = — o ,
9 [135] 910m2)
2l
(C4)
with the transformation properties
Gz(yl +1,1n) = €+2m6GZ(V1, V), (C.5)
GZ(Vl +7,19) = 6_2”7(;?;(1/1, V). (C.6)

C.3 Twisted current correlation functions on o = A, M, K

In the following we use the method of images to determine the twisted current correlation

= _ ]2 0Z(v) T — 2 0Z(v)
<M”W“”“ﬁ@w»J”JAmJ'“m

On 0 = A, M, K we only have twist along the cycle v — v+ 7 thus the relevant correlation

function

function is the one with 6 = 0. Using

V1 (12 +7)91(0)
V1 (7)0(v12)

the twisted current correlation function on the covering torus 7, of o = A, M, K takes the

[G};(Vl, 1/2)}* = —G;ﬂ([a(ul), Ig(l/g)) s G%(Vl, VQ) = (CS)

form

(C.9)

(Jw) I (1)), = ((81826%)(1/17”2) ! > :

0 (010:G5) (15 (1), I5 (v2))

where

(01026’%)(1/1, 1/2) = aleﬂ(l/l, UQ) = —OQG}(Z/L VQ) s (C.l())

HEor short expressions we use a bar to indicate complex conjugation but for longer expressions we prefer
to use a star instead.
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(010:G}) (1o (1), I5(v2)) = =1 G (I (1), 15 (1)) = oG (Io(11), I (12)) . (C.11)

Note that for the twisted correlation function on the torus, eq. (C.9), there are no off-
diagonal terms in contrast to the corresponding untwisted one. This is due to the absence
of zero modes.

Now, the twisted current correlation function on ¢ = A, M, K is obtained by sym-
metrizing under the action of I,

F)I" (12))o %[(J@l)jT(V?))T + e TP (I (I (1)) 3T (1)) 7, (C.12)

e T (T (10)TT (1, (12))) 7, PT + P31, ()T (I (12)))7, P 7]

Here (J(I,(v1))JT(v2))7,, for instance, has to be understood as (C.9) with arguments
I,(v1) and vo. Compared to the scalar correlation function the twisted current correlation
function offers two novelties: first, since J and J transform as vectors under the involution
we must include factors of P in the symmetrization, where P denotes the vector repre-
sentation of I,, i.e. I,(8) = P for & = (9,0)" and P = —¢'. Second, since J and J are
twisted and 72 (v) = Z3,(v) = v but ZZ(v) = v+ 7 we must include phases e=™%X in the
symmetrization such that appropriate phases are produced when applying the involution
twice. More precisely, these phases ensure that (J(I%(v1))JT (v2))c = (J(v1 + 7)IT (12))k
comes out to be equal to e 2™ (J(v1)JT (1n))k, as it should. Taking the above into
account we conclude for o = A, M, K

i} (0102G %) (v1, v2) e 00K (9, 0,G) (11, I, (@))
Jw)) I (1r))y = .
) <ﬁ”mwa&@w Io(), 1) (Bi0:G) (T (1), T (1))
(C.13)
In terms of the components of J and J we have for 0 = A, M, K
<8Z(I/1)82(V2)> = g/(alagG’y )(I/l, Vg) s (0.14)
(0Z(11)0Z())0 = (alazc: ) (1, I, () e ™00k (C.15)
(0Z(11)0Z(12))6 = 5(518261}3)(]0(1/1), V) etmindox (C.16)
(0Z()0Z (1)) 5 = 05(5152GE)(10(V1)710(V2))7 (C.17)
where
(8162G )(I/l, 1/2) = 81 (1/1, VQ) = —826” (1/1, I/Q) (C.18)
(010:G) (1, Lo (12)) = —01Go (11, L5 (v2)) = —0aG (1, I5 (1)) (C.19)
(010:G) (15 (1), v2) = G L(I5(v1), v2) = 2GR (16 (1), 1) (C.20)
(010:G3) (15 (1), I5(v2)) = —=01G LI (1), I (v2)) = 2GR (1o (11), I (1)), (C.21)
and
G, vp) = 212 )9 (0) (C.22)

I1(7)V1(v12)
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Table 2. Spin structures can be expressed in («, 3) or s.

D Fermion propagators

D.1 (Doubly) twisted and untwisted fermion correlation functions on 7T~

On the torus, the correlation functions of the untwisted holomorphic and anti-holomorphic
fermions, with spin structures s and s respectively, are given by

W)()y = Gr(sivi ), (P@)Y(0)F = [Gr(5m, )] (D.1)

where (using the labels s and («, 3) interchangeably, according to table 2)

/ 912 (v12)95(0
Gr(s;vy,1a) = ﬁsgyw)ﬂl(o) = [B] (o ), s=2,3,4. (D.2)

D5(0)91(v12) [g] (091 (112)

The untwisted fermion correlation functions satisfy

Gr(s;vy + 1,10) = —e ™G p(s; vy, 19), (D.3)
Gr(s;v +7,00) = —e TBGp(s;v1,1). (D.4)

On the torus, the correlation functions of the twisted holomorphic and twisted anti-
holomorphic fermions, with twist ¥ = (d,7), and spin structures s and § respectively,
are given by

(W) P(n)y = Gl(sivnm) . (P ()5 = (G5 (B,2))", (D)
where
: 9 [515] m2)950)
GL(s;v1,12) = " , §=2,3,4. (D.6)
951 ] @01 12)
The twisted fermion correlation functions satisfy
GZ(S; vi+1,1) = —e+2m(o‘+5)GZ(s; Vi, 12), (D.7)
GY;(S; v+ T,19) = —e_QWi(B+7)Gz(s; Vi, 12). (D.8)
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D.2 Twisted and untwisted fermion propagators on o = A, M, KC

In the following we use the method of images to determine the twisted and untwisted
fermion correlation functions on o = A, M, K. Let us first consider the twisted correlation
function, since the untwisted is simply obtained by putting v = 0:

()P ()5, ®)= (;EZ;) , Pv) = <§EZ;> . (D.9)

First, the boundary conditions on ¢ = A, M,K relate the holomorphic and anti-
holomorphic spin structures s and s. On the annulus and Klein bottle the two are the
same, i.e. s = § on 0 = A, K. However on the Mobius strip, 0 = M, we have 1 = 1, 2 = 2,
3 =4 and 4 = 3. Taking this into account we have for the relevant correlation function

Us(vi2 +7)971(0)

G,\/ . *:_G—'y ~.Io 7Ia' , G'Y : , — R :273,4.
[GE(siv1,12)] F (8 1(11); Lo (r2)) r(siv1,02) V()01 (v12) ’
(D.10)
Thus, for the propagator on the covering torus of each surface we have
_ Gr(siv1, v 0
<\II(V1)‘I’T(V2)>7} = l ) v ' (D-11)
0 —Gp(s515(11), 15 (v2))

The correlation function on ¢ = A, M, K is then obtained by symmetrizing under the

involution I,
()BT (12))o = 3 (BT (v2))7 + kg, (WL, (1) B ()7 (D12)

T B () B (I (1)) 773 + Y2l T o (1) (1 ()75 ]

Here the gamma matrix -4, with 5 Iyby, = 49P b, forms the spinorial representation of
I, that takes into account the transformation properties of ¥ and ¥ under the involution.
(P is the same matrix as before, just in real coordinates now instead of complex; thus, it
is given by —o? instead of —o'). For the annulus and the Mébius strip, the sign of the
Dirac algebra on the covering torus is determined by the requirement (v,)? = 1, since
I%(v) = I3,(v) = v. Thus a consistent choice for ¢ = A, M is v, = 01, 75 = 02, with
{Yar s} = 204p. For the Klein bottle, the sign of the Dirac algebra on the covering torus
is determined by the requirement (v,)? = —e~ 21, since I3(v) = v+ 7. Thus, for 0 = K
and s = 4, a consistent choice is v; = 01, ¥ = 02, with {7v,, 7} = 204 and for 0 = K
and s = 2,3, a consistent choice is v, = —iog, vy = i01, with {v,,7,} = =24, . With the
above choices we find for o0 = A, M, K and s = 2,3,4

Gr(sivi,v) ie” 0K G (5511, Io(l/2))>

W (v, v v’ (v J2))a = ,
( ( 1 1) ( 2 2)) <i€+7m,y§UKG}(S;IU(V1),VQ) —G}('S;Ia(Vl),Ia(VQ))

(D.13)

Thus, the twisted fermion correlation functions are
(1) ¥(a))g = Gr(sivi, 1), (D.14)
(U(01) U (va))5 = it G (s; Ly (1), v2) (D.15)
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(W (1) W) = i€ ™% G (8301, Lo (1)) (D.16)

(U (1) U(0))s = ~Gh(s; Lo (1), I5(12)) , (D.17)
where Du(ora + )9 (0)
. _ Us(12 T 7)Vy _
Gl(s;v,12) = 9o )0 vr) 5=2,3,4. (D.18)
The untwisted correlation functions are simply obtained by putting v = 0
(W()Y(1v2))s = Gr(s;vi, 1), (D.19)
(@) (12))5 = iGr(s; I (1), v2) (D.20)
(W) ()5 = iGr(s;vr, I (1)) | (D.21)
() d(i))5 = =Gr(s; Ly (1), I5 (1)) , (D.22)
where

s=2,34. (D.23)

E The generalized Eisenstein series

Let w, z be two arbitrary complex numbers and define the following generalized Eisenstein
series, or Eisenstein-Kronecker function:

20 I [(w+m—+nT)Z]
T2

Ey(w,z) = (7>SZ'W , Res>1, (E.1)

T |lw+m + ntl|?s

where the prime on the sum indicates that the sum runs over all m,n € Z such that
w+ m + nt # 0. (Note that this s is not the spin structure. Since they never occur in
the same place, hopefully there will be no confusion.) In section E.2 we give the analytic
continuation of eq. (E.1) to the whole complex s-plane:

e For z ¢ 7Z + 77 the analytic continuation defines an entire function in the whole
complex s-plane.

e For z € Z+ 77 the analytic continuation defines a meromorphic function in the whole

27i _
complex s-plane, with a single pole at s = 1 and residue e ™ fmws,

In both cases the analytic continuations satisfy the reflection formula
27 =
T(s)Ey(w,2) = e """ I(1 - 8)E_y(z,w). (E.2)

The reflection formula can be used to prove the more general reflection formula
k 2mi s k
r (s + 2>E§k) (w,2) = e ™" F(l — s+ Q)Egi)s(z, w), (E.3)

where Egk) is essentially the k'™ derivative of E. Lk with respect to z
2

211 =
)ke o Im[(w+m+nT)Z]

EP (w,z) = (7—2)8+§ Z’ (w+m+n7

& |w + m + nr|2sthk » Res>1. (E.4)

m,n
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The first reflection formula can also be used to prove the following useful limit formula

211 [m wz
Eo(w,2) =0, Ej(w,z)=e" Ei(z,w), w¢Z+7ZL, (E.5)
where E! = %ES. We can for example use this limit formula to calculate functional

determinants. In section E.1 we identify Fj(w, z) with the twisted scalar Green’s function.
Using eq. (E.16) in section E.1 gives

(8 -5+ (= H)7)

o~ Bo(B-347(a=3)0) _ ,~2n(a—b)?m
n(7)

where we invoked the definition of ¥ {g} in terms of 91 in the last equality.

E.1 Relation to Green’s functions

To relate the generalized Eisenstein series to various Green’s functions it is useful to intro-
duce real coordinates u,v and x,y for w and z through

w=u+TU: u:Rew—EImw, v=—Imw, (E.7)
2 2
1 1

z=x4+TY: r=Rez— —Imz, y=—Imz. (E.8)
72 T2

In terms of the real coordinates eq. (E.1) takes the form

27rz n—l—v)x —2mi(m-+u)y
7-2
(w |m+u+ (n+v)7|?s (E.9)

From eq. (E.1) it is clear that

—2m6%(2) + u weZL+TL
0,0:F1(w, z) = - 2 , (E.10)
—2me2 "YE6(2) weZ 4717

where 02(z) denotes the periodic delta function
1 1 . ,
§3(2) = =—6(2)d(y) = g Z gmime Z e?miny (E.11)

At first glance one might think that the phase in the second equation of eq. (E.10) is
unimportant since it evaluates to 1 at z = 0, but because §%(z) is the periodic delta
function, the phase can be nontrivial elsewhere.

From eq. (E.9) it is clear that

Es(w+1,2) = Es(w, 2), (E.12)
Es(w+7,2) = Es(w, 2), (E.13)
Ey(w,z 4+ 1) = ™™ Ey(w, 2), (E.14)
Ey(w,z47) = e 7™ E (w,2). (E.15)
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Eq. (E.10) and egs. (E.14)—(E.15) establishes E;(0,z) (Ei(w,z)) as the periodic
(twisted) scalar Green’s function on the torus. E.g. for w = 0 we have the familiar result

Oi(z,7)]*  2m

_ 2

Ei(0,z) = —1In (7) - —(Im z)~. (E.16)
Thus we conclude
Gp(v) = Bi(0,0) + In(4n}n[*) (E17)
G%(V) :El(’}/a l/)v (E18)
Gr(v) = =0,B1(0,v) = ZE{(0,0), (E.19)

2 2

Grv) = ~0uEr(yv) = B (), (E.20)

GF(S;I/) = —&,El (,3 - % + (a - ;>T,y) = %E(%l) (5 — % —+ <a — ;)7’,1/) s (E.Ql)

1 1 1 1
GlL(s;v) = =0, B | B—=+7+|a—= |1,v :EE(ll) B—=+v+|la—=|r,v |, (E.22)
2 2 To 32 2 2
where v is the worldsheet coordinate, v € R\Z denotes the twist and s labels the spin
structures («, 3), according to table 2. The G without the twist v is the odd spin structure
((er, B) = (1/2,1/2)). Note that it has a linear nonholomorphic term due to the zero mode
in this spin structure. (cf. eq. (3.266) in [51]). The zero mode is absent for arbitrarily small
twist. In eq. (E.21) and (E.22) we intend even spin structures s = 2, 3,4.
E.2 Proof of the reflection formula eq. (E.2)

If we define the following two-component vectors and matrices

() 0 ) o) o) e
n v y T2 \ 7 |7)? 10

we can write eq. (E.1) as

e2mi (m+w)TQz

1 /
(w,z) = — , E.24
775%: [(m+w)"G(m+w)]” (B:24)
where by Zin we denote the sum over all m € Z? such that m + w # 0.
Now, assuming Re s > 1, we have
F(S)ES(W, Z) _ /OO dt 755—1Zle—mt(m-i—w)TG(m—i-w)—‘,—27ri(m—',—w)Tﬂz (E.25)
0 m
o0 /
= / dt ts_lz f(t,m,w,z), (E.26)
0 m
where we have defined
flt,m,w,z) = e—ﬂt(m-‘rW)TG(m+W)+27T’i(m+W)TQZ ) (E.27)
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Let us now analyze the [0, 1] integral in eq. (E.26). If w € Z? we add the term m = —w
to the sum

/1 dttS*lz'f(t,m,w,z) __ow) + /l Aty f(t,m,w,z), (E.28)
0 - 0 -

S

where o(w) =1 if w € Z? and o(w) = 0 if w ¢ Z*.
We now make a Poisson resummation (S modular transformation)

Z ft,m,w,z) = 2w’ Sz Z Lt m,z,w), (E.29)
m

m

which allows us to write the [0, 1] integral as

1 1
/dtts—lz'f(t,m,w,z):—g(w)+e2’”wT“Z/ Aty " f(t m,z,w) (E.30)
0 m 0 m

S

— Q(W) +62ﬂinQZ
S

ﬁ+ﬁﬁtt_8§;/f(t,m,z,w)] , (E.31)

where in the last line by Zin we denote the sum over all m € Z such that m + z # 0.
Thus we conclude

S

[(s)Es(w,z) = _ow) + /100 dtts_lz/f(t,m,w,z)

omiwTqz | 0(2) > !

4 Zmiwi Q| 230 +/ dtt=* Y T f(tm,z,w) | (E.32)
s—1 1 ™

where by >/ we denote the sum over all m € Z such that m +w # 0 (m +z # 0) in the

first (second) line. Eq. (E.32) gives the desired analytic continuation of eq. (E.24) to the

whole complex s-plane. The sums and integrals define entire functions of s, and the only

poles are those of

1 [_Q(W) o(2) eQm‘wTﬂz:|_ (E-33)

I'(s) s +3—1

In fact, the singular behavior of 1/s at s = 0 is cancelled by that of 1/I'(s), so s =0 is a
smooth point. Thus the only pole of Es(w,z) is s = 1 and it is only present for z € Z+ 77

. . e
with residue e2mw 2z

Finally we observe from eq. (E.32)
T(s)Ey(w,z) = ™™ (1 — §)Ey_y(2, W), (E.34)

or in complex notation

278 T wz

[(s)Es(w,z) =e™ (1 —-s)Ei_s(z,w). (E.35)

This is the reflection formula we wanted to prove.
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E.3 Relation to Epstein zeta functions

The Epstein zeta function in n dimensions is defined as [52]

(E.36)

P [m + V]627rimTu
s,u,v,Q,P,) = g .

Here u,v € R” and m € Z" with m +v # 0. By Q[x] = x” Qx, with x € R", we denote a
positive definite quadratic form and by P4[x]| we denote a spherical function (from German
Kugelfunktion) of degree g with respect to Q, i.e. P4[x] denotes a homogenous polynomial
of degree g solving Laplace’s equation (Q™1).0,0,P[x] = 0. All such functions can be
written as Py[x] = 3", (x” Qw;)?, where {w; € C"} comprise a finite collection of isotropic
vectors of Q, i.e. vectors w € C" with Q[w] = w’ Qw = 0.

The Epstein zeta function satisfies the following reflection formula [52]

(st d C(s,u,v,Q,P )_ﬂ G- (g4 Y ¢ n_ —u,Q L, P!
™ S 2 5,4, Vv, ) g _ig\/mﬂ- 2 S 2 2 S,V, 9 ) g )
(E.37)

where P 1[x] = Py[Q '] defines a spherical function of degree g with respect to Q.
On the two-torus, i.e. n = 2, and with the choice of quadratic form Q = G, with G as

in eq. (E.23), there are two isotropic vectors w, = (—7,1) and wy = (—7,1), and we can

identify the generalized Eisenstein series of the above with Epstein zeta functions as

Es(w,z) = W_seZWiWTQZQ(S, Qz,w,G,1) (E.38)
ER)(w,z) = i_kw_s_ge%inQZC(s, Qz,w,G,Py), (E.39)
where Pi[x] = (xT Gw;)* = i*(z1 + 227)F for x = (21, 22), with w; = (~7,1) and G, 2
as in eq. (E.23).
F Twisted five-theta identity

We want to generalize the five-theta identity [53]'2

(25)01(z})91(2h) (F.1)

where 7jo0 = 7)1/2,1/2 = 1 and 79,172 = 71/2,0 = —1, with

/
=21tz + 23+ 2,

!
2o =29+ 23+ 24+ 25,

12Note that in some ways this is simpler than the four-theta identity! Note also that the sum in (F.1)
is over all spin structures, even and odd; on the other hand, in (G.9), in view of the factor 19[2} (0) we can

either sum over all spin structures or just over the even ones. Finally, note that due to the same factor and,
thus, due to the absence of the odd spin structure in the sum, we could equally well use 7jog in (G.9).
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!
zg=2z1+t2z3+ 24+ 25,
!
zg=2z1+22+ 24+ 25,

!
Zs=21+t22+23+ 25

to shifted characteristics, a “twisted” five-theta identity. One can certainly rederive this
using similar arguments as [53]. However, since the arguments z; are general, the identity
is already equivalent to a twisted one, using

9 H (V4 ar + b, 1) = e 2riabemia’T o= 2mia(v+) |:a+a:| (v,7) (F.2)
B B+b

(which is e.g. (C.13) of [59] in our conventions). Using this, the left hand side of (F.1)
(with appropriately shifted arguments) is

s ool oo [5the] Gayogire] o [5702] (z5)
o5 (2 )

i
hs = C > ilag (F.3)
B

with the forefactor

C — 6*27”.(]1191 +h2g2+h3g3)e*ﬂ'i(h%%»h%%»hg)TefQﬂ'i(hl zo+hoz3+hszs—hszs+hs Z zi)

using hi + hg + hg = 0. The important thing is that the dependence on the spin structure
label 3 cancelled in this phase (the spin structure label a never appeared at all in (A.6)). If
this had not happened we could not have hoped to obtain a simple generalization. Similarly
for the right hand side, we have an analogous forefactor

O = e~ 2mi(higi+hagathsgs) g—mi(hi+h3+h3)7 ,—2mi(=hszy+hozi+hiz)—2hszi+hs 3 2)) o—2mi(hi+ha—hs)-1/2

but in fact

!
% _ 627rih3 (F4)

and we obtain the desired twisted five-theta identity
5 e el con ] oo i e
o P57 (2 2)
912 (Vo [1/2=ha] (g [1/2h2] oy g [1/24m] (g [1/2=2Rs] (1
_o. p2mihs . [1/2} (1) [1/2*93](@) [1/2+92](Z3) [1/2+91} () {1/2*293} (25)
Y= HEIE

(F.5)

G Spin structure sums

In this appendix we explicitly calculate the spin structure sums appearing in the main text.
It would be interesting to use the techniques of [54] to systematize the spin structure sums.
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G.1 Four-fermion

We define
} v [ﬁﬁ’;]}:gl} v [54?’2}4?92} v [ﬁf’Ys]

s 1 1 1 1 !
3 3+h 1ih 1
W % ] ) 2T 9 L2 2 9 . 2
5 st+71+91 5+72+92 5+73

We perform the spin structure sum (3.17) explicitly:

N
|
<
® 0
@
=

S 2l G (5:v)Gr(s:v)
[ ) P R o ) e ﬁ’[ } 95, H

1
2
> :
ey 77046 1 1 1 1 1 .
even 1|2 z+h1 5+ha = |: @ ] 1 [a} 1
v {i] v |:§-12-71+91] v |:§-i2-72+92:| v |:§—i'y$:| v B+7s v |:é.2|_,,:| v B v %j_y
G

S3
™R
52

(G.2)
a+h a+h “ “ :
v {54-714-191} v {54—”/2—1-292} v {5+73+V} v [5+”] 19’[2]
o~ 19[12 1:|19[12 2:|19|:12 :|19|:12:|19|:12:|
s+1ta 5+72+92 PRk 2tV 3t
1 1
9 [ : } 19'[ : }
_ PRGN 2 (G-4)
1 1
19 |:1 2 :| 19 |:12 :|
§+'YS §+V
N (G.5)

G.2 Eight-fermion

Simpler spin structure sum. Note that 9,(0) = 0 for even s, so

~94(0) 9402 9Y(0)
01 0:(0) = 50) T Do)~ 00) (G6)

Then one can use a general four-theta identity with shifts in both characteristics (for

example eq. (130) of [48]) in order to obtain

9110) Ty 9L, ) )(0) :iﬁ'[uﬁm )

Z Nap 3 : : , (G.7)
oS A TN R o [ () = BN (U
S0
3 1/2+ﬁi . (O)
Z Ns Z;? al% In9,(0) = Z |:1/2+gz+%] ' (G.8)

i N (U

even 1/2+9i + i

More complicated spin structure sum. Now, using (for even spin structures)

I (v,7) = IG)(—v,7) and &' [g} (v,7) = -0 [g} (—v,T), one spin structure sum of interest
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is

Szt () - @)
R IO P (O Pomrm (O P (OB Pl [ R PR )
{TAICH e (O] e (O A [OR] PR OR PN (U

s ook o olelovlo
even V' Eﬁ} (07 7)19 [1/12/43;1}}:71} (0)19 [1/12/729_1}}:72} (0)19 [1/121273} (0) v {ﬁ—a’ﬂs} (0) |

We have the twisted five-theta identity of appendix F with a ¢ in the denominator, but

no derivatives. In order to apply this identity we can rewrite the spin structure dependent
part of (G.9) as

I % 1), “ (—v
Lo 0L, 5 () o)

o[, *.,)(0)

B =3

1
= —782
2 v

o 2 TP O] 7 1097, L )0)
a,f

o, = (0L, 1) + 9], ° )09, " 1"(0)

-3

+% Zﬁ ﬁaﬁﬁ[g](O)ﬂ[ﬁ j;}rw](o)ﬁ[ﬂ a—hy }(O)

— g1+ 72 19[6 _&73](0)
1 - o, 1), 2 J(=v)
=292 Fas°1(0)9]. “ T 1009, >~ "™ (0 Bk R G.11
I AT (G-11)
+ Zﬁaﬁﬂ[‘;](o)ﬁ[ﬂE;TM](O)ﬂ[ﬁ i‘g‘l}fﬁm](o)ﬂ[ﬁfﬁ]”(o) =L+ L. (G.12)
a,B

In the equality, we rewrote the second line by simplifying the fraction, using that the sum is
effectively only over even spin structures. Now we can treat the two terms in (G.12) sepa-
rately. Denoting them by L; and Lo and using (F.1) (which applies in the supersymmetric
case with 1 + v2 + 3 = 0), we obtain

Lo [ () (=)0 (g1 =T +92) 01 (g1 +haT+71) 0 (v —273)
e, = 282 2
27" l—0 V1(—273)
V10)01(—=v3)V1(=g1 — M7 + 72)01(g91 + a7 +71)91(—273)

=-2

U1(—273) ’ (G.13)

where £ is a phase that arises from moving the shifts in the characteristics into the
arguments, using (A.6). It is analogous to the phase C of the previous appendix,
appendix F. The same phase also arises for Ly and for the denominator of (G.9), so that
it drops out in the final result, eq. (3.49). The cancellation of the phases of the numerator
and denominator of (G.9) can be checked with a calculation very analogous to the one we
performed in appendix F.

In order to evaluate Lo we can make use of the formula (see for instance appendix A
of [4])

> g1 (20) O[3 (22) 03] (23)9[3] (20) = 201(21)91(25) 91 (25) 91 (24) (G.14)
B
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where the sum is over all spin structures and we have

4 11 1 1 21

25 111-1-11 z
2 | = . (G.15)

PA 211-11 -1 23

zy 11 -1-1 24

We obtain

§—1L2 = 82 Zrlaﬂ'ﬂ gl + hiT +’Yl)l9[g](*g1 — hiT +’Y2)19[Z](Z + ’73) (G16)
= 282 191 (—2)191 (*Z‘F’yg)ﬁl ( — %Z — g1 — hit +’yz)191(7 %Z +ag1+ h1’7'+’}/1) (Gl?)

= 91(0) [191(73)191(*91*h17+72)191(gl+h17+71)7191(73)19/1(7g17h17-+72)191(gl+h17+71) _
—91(v3)91(—g1 — ha7 + ¥2)91 (g1 + haT + 71)] ,
so we have

¢ (L1 + Ly) = 91(0) [19/1(73)191(—91 — T +72)%1(g91 + T +71)

—91(13)01 (=91 — ha7 4+ 72)01(g1 + haT + 1)
—91(13)01(—g1 — Pa7 4+ 72)91 (g1 + haT +71)

9 (2
—201 (13)01(—g1 — P17 +72)91 (g1 1T +71) i 73)], (G.18)
V1(273)

which, when taking into account also the denominator of (G.9), is the result claimed in
the main text, cf. eq. (3.49).

Yet another spin structure sum. Finally we address the sum in (3.59). We have
nasd (50,025 om0 o0 o, n],e o) 0,2, @) fl/Q] (0,7)

N Z 1/24h, 1/2—h, 1/2 o ~ .
[1 /2] (0, 7)19[1 /2+gml] (0,7)19[1 /Q_QWQ] (0,7)19[1 /Mg] 0,7) ﬁ[ﬁﬂ ](o 7)19[1 /2] (2, 7)
9], ] (om0 [1/2] 0,7)

X
PG TGS

5 nafgﬁ[‘g](O,T)ﬂ[ﬁfgx}rm](O,T)ﬁ[ﬁfg’lilw](0,7-) ﬁ[ﬁfm](@,ﬂﬁ[ﬁgg](—52,7)19/[};3](0,7)
S Jon] st Jomn| A2 o o e o J o o

73 1/2

N [g] (0, 7)9 [M‘;m] (hyr, )0 [Bfg(fm] (—hy7,7) O [ﬁ f%] (72, 7)9 [Bjm] (=i, )0’ [};;] (0,7)
1/2

event) [1/2114?%1} (ha,7)9 [1/2—91-‘%} (=hi7,7)9 [1/12/4—%/3} (0,7) ¥ [}g] (D2, 7) ¥ [ﬁjm] (0,7)9 [ig] (=i, 7)
O 38 (R L 7 0%

- = 2G5 (). G.19
19[1/21@73](0 T)ﬁ[1/2](y2,T) 2G23 (D2) ( )

At the beginning we reversed the sign of 7y together with 3 for one correlator (this is why
there is an overall minus sign), in the second equality we moved the shift h; in the upper
characteristic into the argument using (A.6) (note that in this case the phase factors cancel
due to the denominator) and we used the five-theta identity in appendix F in the third
equality (note that in this case one can include the odd spin structure, which vanishes).
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H Regularization by partial integration

Let us adopt the following general strategy. Let us write the integrand in (3.18) as (v =
vy — v1)
— 25 Rs GL(v) 0GL(7), Rs=e CBM»2) (H.1)

We partially integrate the integrand:
— 26 Rs G1.(v) 0GL(7) — 428 ORs G1(v) GR(V) + 26 Rs 0G 1 (v) G (v) . (H.2)

Note that the total derivative could be discarded given that we are working on the covering
torus which does not have any boundary. The OGr in the second term yields a delta
function. The second term in fact vanishes when ¢ is made large, and therefore by analytic
continuation vanishes in general. This is due to the Rs factor which behaves as Rs — |v|?
when |v| — 0. Let us now focus on the first term, 26 9Rs G.(v) G1(7). We first note that
the O brings down a factor of . Therefore, the remaining terms must contribute a pole in
0 to survive the § — 0 limit. Now one can focus on an infinitesimally small disk around
v = 0 for the same reason as in the 8-fermion case. To search for such poles, we focus on

the v integration in (3.18) over the small disk |v| < . In this region we have

26
ORs — 6| | , when |v| -0 (H.3)

so in the limit [v| — 0
a3 v ¥ |V|_>0 2 | |26 1
+200R; Gp(v) Gpo(v) — +26" — +c00+ —tegto ). ()

Then we use the fact that for positive powers m and n, the surface integral in polar
coordinates is

€ 2m
/ d|y| |I/|/ dOv" 0" o 2T, - (H.5)
0 0

Note that to have the full 27 angle integral we need to go through all four adjacent fun-
damental regions, as shown in figure 4. Unless we have equal powers of v and U i.e. unless
the integrand can be expressed entirely in |v|, the angle integration makes all the other
singular terms vanish. We can then focus on

2T €
/ d*v250Rs G (v) GLL(v) = 452/ d9/ djv| [v|*teg o = 4mdep e 30 Admdey o,
lv|<e 0 0

(LL6)
where ¢ is now the residue of G} (v)G1(7) at v = 0. Using that
W +9)9i0) 1 ()
GLv)= 1 21 2y +o, H.7
T Oy A ) 7
we find o
€0,0 = 1(’}/) = 8111191( ) (HS)

V1(7)
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So the result for the integration over vertex positions is a derivative of the twisted boson
propagator. Compare also e.g. eq. (56) in [42].
Thus from (3.18) we have (up to first order in ¢)

(H.9)

Fermions Ul (77 To

V] s To
ZHSZ§<VZZ(p1)VZZ(p2 > ‘Four —(5'87TT2M .
The factor 27 comes from the 15 integral.

I Point splitting

Here we give another approach using point splitting. The starting expression is the same
as in regularization by partial integration, but now we shift the v-argument of G by e,
which we are going to choose real for simplicity, and then take the |¢] — 0 limit at the end:

25 ORs G (v — €) Gh(P) + 20 Rs 0G L (v — €) G (D) . (L1)

Let us first look at the first term. Since this is proportional to §2, in order to get 1/6
upon |v|-integration one would have to identify a pole like |v/|=2 from the integrand as done
in regularization by partial integration. But once we have shifted v as above, the pole |v| 2
is absent since point splitting lowers the order of divergence by one:

1.1
% ] 1 c oy forv—e (1.2)
v v(v—re % forv =0

NI

Thus one cannot obtain a 1/§ contribution, so we can discard this term.

Therefore let us focus on the second term with gG}, which yields a delta function,
ie. 0GL(v) =2r exp[—%]éz(y, V). Note that in contrast to regularization by partial
integration, here this term does not vanish as we will see now. Since G}(7) is non-singular
at v = ¢, we can safely set § = 0 for Rs (i.e Rs = 1), so € is now the regularization
parameter instead of §. Thus we obtain

lim 20 | d*v 0G}(v —€) GL.() = 476 ll_I}I(l) G (e)

e—0 T
s (L 01eT)
=4 5<e+191('y,7)> . (1.3)

Note that the first (divergent) term cancels out upon adding sectors for each surface because
it is sector (v or k)-independent, so we can discard it.
Thus from (3.18) we get (up to first order in 0)

/

V(7. 7)
Zns VZZ pl)VZZ b2 > ‘ggruénons =087y |:191(77_):| . (1.4)

Again, the additional factor 275 comes from the vy integral. The result above agrees with
analytic continuation and with regularization by partial integration.
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J Eight-fermion: poles of untwisted correlators for Klein bottle

Here we recalculate the 8-fermion contribution coming from poles of untwisted correlators
for the Klein bottle as a check on the calculations in the main text. For Klein bottle, the
untwisted correlator of fo on the covering torus (i.e. v1,v5 € T) has a pole at

l/lzljc(l/g)—’]'@(lml/g—%), (J.1)

where 6 is the (Heaviside) step function. The reason for the additional term compared to
other surfaces is as follows: when Imve > %, the point vy = Ix(v2) is outside the given
domain of covering torus since Im vy > 7o, but this point is equivalent to vy — 7 up to twist
by the periodicity of the torus, so Ixc(v2) — 7 is the pole that we see within the torus. Below
we suppress the argument of (Imy — %)

It is convenient to introduce

v=uv— Ix(vy)+ 7180, (J.2)

Uy = I]C(VQ)—VQ—THZ1—2Rel/2+g(1—29). (J.3)

One can express the arguments of the correlators as follows:
11 _IK(VQ) =V _7—07

ch(l/l) — Vo = —U + 7'(1 — 9),

V] — Vo = Vo,

ch(l/g) — [IC(VI) =v+0—71(1-20).

~—~ o~ o~
= =2 =
N O Ot
~— — — ~—

Then using perodicity of the propagator along 7 we see

fo=Gp(s;v —710)Gp (s;—v+7(1—0)) GL(s;v + i) G (850 + i — 7(1 — 26))
= 2mi(1-20) Gr(s;v) Gp(s; —v) GL(s;v + 02) GR(s; v + ). (J.8)

Therefore near the pole |v| — 0, we have

Y (o 50)2
f [v|—0 _ 2min(1-20) G (s:72)

J.9
2 — ’V’2 ) ( )
v|—0
G (11, 1) = G5 (1, I () 12 |02 (J.10)
and the v-integral over the disk |v; — I,(2)| < € for small € gives
2 5G9 2miy(1—20) Y ~ \2 2 |V|25
—0 d“ve B fy =e GF(S;VQ) ) dv—5
v<e §=0 v<e ‘V‘ =0

= 27 2T 1=20) G (559 (J.11)

The spin structure sum, including the partition function, is the same as in (3.48) with the
result

> ns 28 Gh(s,in)? = 2G7 (i), (J.12)

even

cf. appendix G.
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vo-integral. Now we have to compute

vy 2621720 G2 (1) (J.13)
s

This can be done in analogy with annulus and Mébius (here G** also has no twist in upper
characteristic and is therefore periodic in the horizontal direction), but with small changes
due to the presence of 6, which depends on Im vs:

/TdQV2 ) 627ri'y(1—29) G%V(,;Q) _

T2 1
:4/ dIsz/ d Re vy 27(1720) G2 <—2Reug+ (1—29)) (J.14)
0 0

:4/ d Tm v, 2717 (1=20) / dReV2G7<—2ReV2+2(1—20)> (J.15)

T2/2
</ / )dImI/ 2= 29)/de27< 27+~ (1 29)) (J.16)
T2/2

T2/2 T2 2miry <129) 1 -
4 / +/ dImuye / de?<—2x+—79) (J.17)
0 T2/2 0 2
T2/2 T ] 1 )
—4 / +/ dTm vy 277 (1-26) / dx Giﬁ( — 2z + T) ™0 (J.18)
0 T2/2 0 2
T2/2 T ) 1 9 T
=4 / +/ dImyge%”/ deF7<—2x+> (J.19)
0 T2/2 0 2

1
=47 627”7/ de?(—%:—l— ;) (J.20)
0
=47 e?™ [7 cot(2my) — i (J.21)
= 4m 7y sin(27y) ! . (J.22)

Here we used the series expansion for G as before and
/ dz cot (m(—2x £ it)) = Fi, for any non-zero positive real number t. (J.23)
0
Thus for Klein bottle we get (in agreement with (3.68))
2775 Zf lim < —9 d2l/2/ d21/1 6_6G}§(V1’V2) f2(1/1, 1/2) = 87T2 T2 sin(27r'y)_1.
. e—0 Tie ‘V|<‘5 =0
(J.24)

K 4 and 8 fermions without lifting

Here we perform the calculation without using the lifting trick. The purpose is to check the
reliability of the lifting trick used in the main text. The main issue has to do with emergence
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of poles of type v1 = I,(12) after lifting (in particular for 8 fermions). This type of poles was
absent before lifting. This is because before lifting the integration is performed over funda-
mental region (both for v1 and v,) and the involution maps a fundamental domain (integra-
tion region before lifting) to another one. Therefore when calculating without lifting there
is no issue with poles of type v1 = I,(v2). However we will see the calculation without lift-
ing gives the same results as for lifting, which confirms the reliability of the lifting trick. We
will use regularization by partial integration for the 4-fermion term, and thus we will have to
be careful with total derivatives. For 8 fermions we use the same approach as in section 3.3.

K.1 4 fermions

Let us now consider the four fermion term without lifting to the covering torus. After spin
structure summation eq. (3.11) takes the form

Zns (Vzz(01)Vzz(02))) |[Four = —25/012,/1/(12,,2 0G0, v2)

fermions

><{(3182633)(10(7/1)710(1/2))G}(Vza’/l) (0102G) (w1, Iy (v2)) Go(va, I5(v1))
— (010:G ) (15 (1), V2)G}(IU(V2)7V1)+(51326’73)(1/1#2)G}(Ia(w)aﬂr(vl))}- (K.1)

As we will see, the second and third terms do not contribute due to the fact that v and
I,(v2) do not lie in the same fundamental domain, except if I,(v2) = vs, i.e. if vy lies on
the boundary. Using the arguments of the main text, one sees that these boundary terms
do not contribute. Using the results of appendix C.3 we can write

Zns 22(01)Vz2(P2))) [Four, = =26 / 4’y / 20y e CH W1, 12)

fermions

X {82GF(IO'(V1)7IU(V2))GYE‘(V%VI) + aQG (Vlv (VQ)) GYV(VZ?IU(Vl))
— 82G ( ( ) VQ) G’;;(IO—(VQ), 1/1) — 82(;?7(1/1, 1/2) G}(IU(VQ),IJ<V1))} . (K2)

Now let us first perform the 1o integration using d-regularization. First partially integrate,
this produces a total derivative and a delta function term. Then use the divergence theorem
to convert the total derivative to a contour integral along the boundary, which vanishes
when the integrand is made non-singular by letting § become sufficiently large.'® The delta
function term also drops out. Then we are left with

Zns VZZ (P1)Vzz(p2) > ‘Four = +25/d2u1/d21/2

fermions

X {52Ra(V1, v2) GL(Is (1), Io(1v2)) GF(v2,v1) + 2 Rs (w1, v2) G (v1, 15 (v2)) G (v, Io(v1))

— 82R§(I/1, VQ) G%(IU(Z/l), 1/2) G}(IU(V2)7 1/1)—82R5(y1, VQ) G}(l/l, 1/2) G%(IJ(VQ), Ia(Vl))} .

13Note that in the main text and in appendix H, we could immediately discard the total derivative due
to double periodicity on the covering torus, but this does not apply here since this integral is over the
fundamental domain of the actual worldsheet surface, not the covering torus.
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where Rs was defined in (H.1). When the derivative acts on Rs we pick up an additional
power of § resulting in an overall 62 factor. To get a contribution proportional to & out of
these terms there must be poles. Inside the fundamental domain under consideration, the
second and third terms above do not have poles so they do not contribute. Therefore only
the first and last terms contribute. The first term is what we considered in appendix H,
however, with one change: after the vs-integration we multiply the result by the area of the
fundamental domain of vy, which is half the area of the covering torus. The fourth term
gives an identical contribution and so in the end we find the same result as in the main text.

K.2 8 fermions

Let us now consider (3.15):

Warlo Vool =8 [ [ et
{ (s V1,1/2) Gp(s I,(11),1, (1/2)) GF(S v, 1 (1/2)) GF(S;IU(I/l),I/Q)}
{ Gr(s;v1,12) G (8515 (1), I (11))
}(s (11), ug) (s I,(v9), 1/1) 200K
-G}, (s, V1, IO—(VQ)) G (s VQ,IU(I/l)) e~ 200k
G (53 Lo (1), Lo (v2)) G (5302, 1) } (K.3)

For later comparison with the lifted case we reorganize this as

(Vzz(p1)Vz2(p2) > |Bignt = —6° / 4’ / d®vs 6766‘%("1’”2){91 — 92— 93 +g4} , (K.4)

fermions

where

g1 = Gr(s;vi,v2) Gp(s; 1 (1), Io(v2)) x

X :G}(S;m,ln) Gr(s:15(v2), I (1)) + G (s3I (1), I5(12)) GF(3§V27V1):| , (K.5)
92 = Gp(siv1, I, (12)) Gr(s: Ip(v1), v2) ¥

X :G}(S; v1,v2) Gl (s 15(1v2), I (1)) + G (5115 (1), Is (1)) G (s; V277/1)} , (K.6)
93 = Gp(s;v1,12) Gr(s; I, (1), I (v2)) x

% [GL (51 ,(n), v2) Gh(s: I (v2), 11 ) €270k 4

+ G% (3; v, IU(VQ)) G}‘ (S; vy, Icr(yl)) €_2m’yaglc:| ) (K7)

91 = Gp(s;01,1,(112)) Gr(s; I (1), 12) X
X [G}(S;Ig(ul),ug) G}(S;IU(VQ),VI) 2miV0ax |
+ G (s;v1, 1o (12)) G (8502, 16 (11)) 6_27”'75‘“] . (K.8)

From now on we use the same approach as in section 3.3: because of the overall factor
52 in front of the integral only poles of the integrand can contribute, so we focus on the
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infinitesimally small disk around poles. Since our current integration region is a funda-
mental domain, not a covering torus, we have only poles of type v1 = 15 on this region
because the involution maps a fundamental domain to another one. This means g4 does not
contribute and can be discarded. Thus we focus on g1, g2 and g3 in turn. We will clarify
the relationship to the lifted case by comparing with f; and fo (see (3.42) and (3.43)).

K.2.1 g, versus f;

Compare g1 with f; given in (3.42). It is easy to see that g; is fi plus its image by
v1 — I, (11) and vy — I, (1):

g1 = fi(vi,10) + f1(Is (1), Is(12)) - (K.9)

Now we can expand about v; — 9 = v = 0, pick up \V\_(Q_%), integrate over a small disk
around v = 0 and then spin structure sum. But we have to take into account two changes:
1) we have an extra term fi(I,(v1),I,(12)), which turns out to give the same result as
fi(v1,12), 2) the integral over vg, being over the fundamental domain instead of over the
covering torus, gives a factor of 1/2 relative to the calculation in the main text. Again

these two changes cancel each other and we recover the result of section 3.4.

K.2.2 g, versus fo

Note that go also can be written as

go = fg(Vl, VQ) + f2 (IO'(V1>7 IJ(VQ)) . (KlO)

Therefore we can adopt the arguments of section 3.5.1: expand about 1 —vs = v = 0, pick

2-20) integrate over a small disk around v = 0 and then spin structure sum. By

up ||~
an argument completely analogous to that of the previous subsection, these two changes

cancel each other and we recover the result of section 3.5.1.

K.2.3 g3 versus f5

To see to what g3 corresponds to in the lifted case, we note that

g3 = g2(va = Io(12)) = fo(v1, Lo (2)) + fo (I (1), IZ(112)) , (K.11)

S0 g3 also has to do with fo as go does. Furthermore from the above expression we suspect
that g3 should correspond to what we got in section 3.5.2 from the pole vy = I,(v2) of fa,
which is the core issue concerning the lifting trick. So we will pay careful attention to this.

In the same way as g1 and g we expand g3 about v = v1 — v = 0 and pick up terms
with |v|~2. Using % = I,(1n) — vo this amounts to picking up

lim g3 = ——5 X [G}(s; 719)? 2™k 1 G (55 —i)? 6—2’”7%&} : (K.12)

v—0 ‘I/‘Q

After the spin structure sum, one gets (see (3.60))

) A _
> nsZ! lim g5 = o X [G?(ﬁz) 200k 4 G2 (i) e—%wém] . (K.13)

even

— 53 —



By performing the integral over vy (or equivalently v) using

o [*
) d*v—— =27 (K.14)
PECEE I B

we get (v = vl +ivk Dy =1 — 208 + 7 5,1c/2)

ZT/S Z'f lim {(5/d2]/2/ d2y€76G%(l’1:V2) 93} —
B e—0 . lv|<e o
= _47-[-/ d2l/2 [G%:Y(ﬁg) e?ﬂi"/(solc + Gi—"y(—ﬂz) e—27ri750,c:|

o

= —SW/dyf dl/2[ [G? <1 — 21/5 + 72—60;C> e2m0ox | G? <1 + 21/5% — 15 IC) 6_2””5“]

20’

= —8m T;/Rdvé% [G?( - 21/§+72—50;C> ERAREALES —|—G? (21/5— 72—50;<> eQWiV‘S“’C] , (K.15)

where 7 is the imaginary part of the modulus of the fundamental domain, not the cov-
ering torus, in particular Téc = T9/2 (see figure 6, but note that in this figure, the Klein
bottle’s fundamental domain has an imaginary part v/ that runs from 0 to 75/2, not to
79). Moreover, ot is Re(c), for instance (0, 1/2) for annulus, (1/2,1) for Mdbius and (0, 1)
for Klein bottle. Now, we use the expansion

Y1 (y + )94 (0)

9100 (2) = weot(my) + meot(mwz) + 4 Z Z g™ sin(2mmy + 2mnz),  (K.16)

m=1n=1

and )
/ dzx cot <7T< +2x + 72—50;C>) = —i 6k sign(Im(7)). (K.17)
0

So for annulus and Mobius we get
/ duvft [G?(—Zuf) + G?(2u§)] = mcot(27my) (K.18)
ok

and for Klein bottle

/R dvf [G? ( — k4 ;) ¥ 4 G? (21152 — 72-> 6_2””] =

= m[cot(2my) — i] €™ + 7 [ cot(2my) + i] e * (K.19)
= 27 sin(2my) "L . (K.20)
Thus we have
(K.15) = —87%7 cot(277) for annulus and Mobius (K.21)
= —8n’mysin(2my) ! for Klein bottle, (K.22)

in agreement with the main text (see (3.68)).
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L The generalized Mellin transform

L.1 General considerations

Let ¢(t;y) be any of the two functions

wo(t;y) = 0y In(y,it), 0<~y<1, (L.1)
1 1
©1/2(t;7) == 0y Int <7, 3 + it) , 0<y< 5 (L.2)

Since the two functions are both periodic with period 1 and odd in v we can, without loss
of generality, restrict our attention to 0 < v < % This choice will be found useful when
studying /. When studying ¢¢ we will find the choice 0 <y <1 to do just fine. Now,
consider the Mellin transform

/OO dtt*Lp(t;y) . (L.3)
0

The naive Mellin transform is not well-defined for any value of s, since the integrand has
power law tails at both ends of the integration region

t—0: ©(t;y) = a(y)t ™! + rapid decay , (L.4)
t— o0 ©(t;y) = b(7y) + rapid decay , (L.5)
where ag(y) = 7(1 — 27) and bo(7) = 7 cot 7y for ¢g (assuming 0 < v < 1) and ay/5(7) =

5(1 —4y) and byo(y) = mcotmy for ¢/, (assuming 0 < v < %), see also figure 7a
and figure 7b. To remedy the situation we pick an arbitrary T' € (0, 00) and define

T a s—1
Ferlsin) = [ are o) —ae ]+ S seevy,
o>1(8;7) = /TOO Attt ) — b(7)] — b(vas , s € C\{0}. (L.7)

Having subtracted off the tails, the above integrals are perfectly finite for any value of
s € C. The point of the above definition is that

T

Fer(sin = [ e lpltin), Res> 1, (L3)
0

o>7(s;y) = / dt tsflgo(t;fy) , Res < 0. (L.9)
T

This observation leads us, following Zagier [55], to define the generalized Mellin transform
of ¢(t;7y) in egs. (L.1)—(L.2) as

P(s37) = p<r(s;7) + @>1(s;7), s € C\{0,1}. (L.10)

The generalized Mellin transform is a meromorphic function on the whole complex s-plane
with single poles at s = 1 and s = 0, with residues Ress—1 ¢ = a and Res;—op = —b,
respectively. Furthermore, even though the individual terms ¢<7 and ¢>7 depend on T,
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their sum defining @ is independent of 7.1 E.g. taking the limit 7" — 0, for Res > 1, and
T — oo, for Res < 0, we have, see also figure 7c and figure 7d,

B = [T el -] Res> 1, (L11)
o(s;y) = /000 dtt*~1 [o(t;7) — a(’y)tfl] , Res<0. (L.12)

These equations identify the generalized Mellin transform with the finite part obtained
using a cut-off. Indeed, in the limits A — oo and A — 0 we have

A
AS
/dtts_lcp(t;'y)zﬁ(s;’y)—kb(g , Res>1, (L.13)
0
> s—1 =~ a(f}/)
Y e _ 1
[ are el = B - . Res<0 (L14)

Furthermore, the infinities obtained using a cut-off are determined by the residues of the
generalized Mellin transform a = Res;—1 ¢ and b = — Ress—g ¢.
L.2 General results

In sections L.4-L.5 we evaluate the generalized Mellin transforms in terms of generalized
Clausen functions and Hurwitz zeta functions, which are defined as the analytic continua-

tions of the (for Res > 1) absolutely convergent series'®
= sin 2mna
Sig(2ma) =y M Res > 1, L.15
is(2ma) nZ:l e es > ( )
> 1
C(S,a)zngoma)s, Res>1, (I;é—].,—Q,.... (L16)
For Res > 1 we obtain (see eq. (L.28) and eq. (L.41))
o(s;7) = 2(2m) T (s)¢(s) Sis(27m7) , (L.17)
Pry2(si7) = (4m) T (s)¢(5) [ Sis(2my) + (2° — 1) Sig(2my + )] - (L.18)

For Res < 0, with 0 < v < 1 for ¢p and 0 < v < % for 1/, we obtain (see eq. (L.35)
and eq. (L.50))

Gols;y) = (2m)'T(1 = s)¢(1 = s)[C(1 = 5,7) = ¢(1 = 5,1 = 7)], (L.19)

B1a(siy) = T°T(L - s)C(1— s) {cu s (- 1) (L.20)

re-ufe(i-s b o) —ci-ad )]

A change T — T + T results in a change 6@<r(s) = 6T T p(T) and 6@s7(s) = —6T T o(T),
thus d(s) = 0.
5Note that we used a different symbol in the main text for the Clausen function with s = 2, i.e.

Cla, eq. (3.105). It is common to use different symbols depending on whether s is an integer or not, cf.
http://en.wikipedia.org/wiki/Clausen_function.
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Figure 7. In 7a and 7b we plot wg = 0, In¥1(v,it) and /2 = 9, Ind (7, % + it), respectively,
as functions of « for varying ¢. For t large g ~ mcot my and ¢/ ~ mcot wy while for ¢ small
o ~ (1 =2yt (with 0 <y < 3) and 12 ~ F(1 —4y)t7!, assuming 0 <y < Ll and 0 < y < 3
respectively. In 7c and 7d we plot ®g(t) = t*[po(t) — O(s)mcot Ty — O(1 — s)m(1 — 2y)t~1] and
Dy /o(t) = t5[@1/2(t) — O(s)m cot my — O(1 — )5 (1 — 4)t '], respectively, (i.e. the integrands of the
generalized Mellin transform) as functions of ¢ for varying real values of s and v = 1/3 fixed. The
solid lines correspond to three representative choices of s (= %, %, —% for A, 0, Q) for which the
integrand decays in both limits ¢ — 0 and ¢ — co. The dotted lines correspond to the four singular
choices s = 0,1 (from either above or below) for which the integrands fail to decay rapidly enough
to define the generalized Mellin transform.
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Through analytic continuation, any of the two sets of equations, eqs. (L.17)—(L.18)
or egs. (L.19)—(L.20), determines the generalized Mellin transforms on all of C\{0, 1}. So, it
is reassuring to notice that eqs. (L.17)—(L.18) and egs. (L.19)—(L.20) are completely equiv-
alent. Indeed, the generalized Clausen function can be expressed in terms of Hurwitz zeta
function through the following reflection formula

I'(s)¢(s) I'(1—s)¢(1—s)
(2m)s 2(2m)t—s

Sis(27ma) = [C(1—s,a)—¢(1—5,1—a)], (L.21)
for Res > 1 and 0 < a < 1 (using NIST (25.11.9)). Furthermore, the pole structures
of egs. (L.17)—(L.18) and egs. (L.19)—(L.20) agree with those of eq. (L.10): finiteness at
s =2,3,4,...1is clear from eqs. (L.17)—(L.18) and finiteness at s = —1,—2, —3,... is clear
from eqgs. (L.19)—(L.20). Using ¢(0,7) = 3 — v we reproduce the correct residue at s = 1
and using ((1 — s,7) = —s~1 — () + O(s), together with () — (1 — y) = —7 cot 77,
we reproduce the correct residue at s = 0.6

L.3 Special results

For all negative integers s = —n, with n = 1,2, 3, ..., the result can be expressed in terms of
n+1

polygamma functions (™ (). Using ¢(1+n,v) = %w(") (7) we have, with 0 < v < 1

for gp and 0 < v < % for ¢y 9,

Fo(—m7) =<—1>n+1<((12:)? [0 (3) = $™ (1 — )], (L22)
951/2(—n;7)=(—1)"“w 1?(”)(7)—1#(”)(1—7)—2”2; 1 [¢(n)<;+7>—¢(n)<;_ )” - (L23)

For positive odd (# 1) integers s = 2n + 1, with n = 1,2,3,.. ., the result can be expressed

in terms of Bernoulli polynomials Bgy,+1(y). Using ((—2n,v) = —322%_&”), with Bop41(1—

v) = —Ban+1(7), together with the limiting value limgs_0,4+1 I'(1 — 5)¢(1 — s) = % =
m(=1)" é(j)ngj:i)l we have
_ " 2n+1
Fofen+ 1) =21y 2 D g ), (L.24)
C(2n+1)

~ n n 1
Bujal2n + 137) = 2n(— 1)+ Bania () + (24 = DB (14 3)] - @)

22n+1(2n + 1)

L.4 The generalized Mellin transform of ¢ (t;v) = 0, In ¥4 (7, it)
L.4.1 Case Res >1
For Res > 1 the generalized Mellin transform of ¢o(t;y) = 0, In¥;(y,it) takes the form

Pols;7) = /OOO dt =" po(t;7) — ot ™) . (L.26)

YRurthermore, for s = 1 4+ € and using (L.15) and (L.17) we have ———=@o(1 + ¢,v) =
i 721+
—L§mee SR2TRAT(] 4+ €)((1 + €) in agreement with (3.5) of [56].

n=1 n(4nn)*c
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Series expanding the integrand as ¢o(t;) — weotmy = 4r 320, S02TY 44 changing

n=1 e2mnt__1
variables © = 27nt, for each term in the sum, we obtain

o0 .
~ _ sin2mny [ dx 2!
Po(s;y) = 4m(2m)~* E s /0 =1 (L.27)

n=1

The sum is identified with the generalized Clausen function Sis(27y), defined in eq. (L.15),

while the integral is identified with I‘( )C(s), using the integral representation of Riemann’s

1 o0 dx s~

zeta function ((s) = 7 Jo “ei=r for Res > 1. Thus we conclude

Po(s;7) = 2(2m) 7 T'(s)¢(s) Sig(2my), Res> 1. (L.28)
L.4.2 Case Res <0
For Res < 0 the generalized Mellin transform of ¢o(t;y) = 0, Inv;(y,it) takes the form

Po(s;y) = /OOO dtt* ™ [po(t;y) —m(1=20t7'], 0<vy <. (L.29)

By first modular transforming the integrand ¢t — 1/t = ¢

(3, it) 9 (—int, it)
= 2yl — il L.30
V1(y,it) B A ST (L.30)
and then series expanding
W) (=il il) sinh 274
m = i coth 7T’)/£ 4 Z W—l s (L31)
we have
~ o s sinh 27ny{
©o(s;7) :/0 de ¢ [w(cothwyﬁ 1) —4rm Z 6271'”[—1 ] . (L.32)
The change of variables z = 27y¢ (v > 0) for the first term and x = 27nf for the second
term give
00 s—1 2sinh
Fol(s:7) = (2@8/ dwz* [” (cothf - 1) — (1 S)M} . (L.33)
0 2 et —1

Using (coth 2 — 1) = L, the first integral gives [;* dﬂ“’ S =T(1 - s)¢(1 — s), valid for
Res < 0. The second integral can be evaluated in terms of Hurwitz zeta function, using
NIST (25.11.25)

& 2 sinh
/ dm—ssjcnizx —T(1—9)[¢(1—s5,1-7)—C(1—5,147)], Res<0, 0<y<l1.
0 e =
(L.34)
Using the recurrence relation ¢(1 — s,1 +7) = ((1 — s,7) — 7*~! when adding up, we
conclude

Po(s;7) = (2m)°T(1 —s)C(1—s)[¢C(1—5,7) —¢(1—s,1—7)], Res<0, 0<y<l.
(L.35)
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L.5 The generalized Mellin transform of ¢;/3(t;v) = 04 In91(7, % + it)
L.5.1 Case Res >1
For Res > 1 the generalized Mellin transform of ¢y /5(t;) = 9y In¥1 (7, 1+ it) takes the

form

61/2(@7):/0 At t°~ g1 )2(t;7) — wcot ] . (L.36)

Series expand the integrand

sin 2wny >\ sin 47rm'y sin 27 (2m+1)~y
©1/2(t; ) —mcot my=4dm Z W =4m [Zl oArmt _ 1 Z 627r(2'm+1 +1 ]
" (L.37)
Make the change of variables x = 4wmt for the even sum and x = 47r(m+%)t for the odd sum

~ o | = sindrmy dz 25~ >, sindn( m+ )’y * dr z°~
P1/2(ti7) = (4m)! [Z | 5 [

mS
m=0
(L.38)
The integrals contribute as [J° d’cffsll = TI(s)¢(s) and [5° d‘:fjll = T(s)n(s),
where the Dirichlet eta function is related to the Riemann zeta function as
n(s) = 2175(2°71 — 1)¢(s). The sums are identified with generalized Clausen func-

tions, using sin(zx + nw) = (—1)"sin(x),

1

m=1

S ST s s, (2 + Sy (2 + )] (L.39)
m=1 m
4
Z sin 4m(m + )7 = 257 1[Sig(2m) — Sis(2my + )] (L.40)

m=

Collecting terms we conclude
P1/2(t; ) = (4m)1 4T (s)¢(s) [Sis(27rfy) +(2° = 1) Sis(2my + 77)] , Res>1. (L.41)

L.5.2 Case Res <0
For Re s < 0 the generalized Mellin transform of g (;v) = 0 In (7, %—i—it) takes the form

- o s _ 1
P1/2(857) —/0 dets™! [wl/z(tw) —5(l—4)t ., 0<y< 3 (L.42)

The sequence of modular transformations ST2S gives for £ = 1/t

RO beit) o wHCY ) )
D1y, 5 +it) 29 (-%,-1+%) '
Series expanding
o (-, -1 + & zwcoth— A Z smhmwﬁ (L.44)
191(_%7_%"1_%) W"é —1’ .
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and splitting the sum into even and odd terms give

- e oyl > sinh 27nyl > sinh 27 (n+3)v¢
A s| 2 SRS T 2
901/2(57’7)—/0 dee [2 <coth 5 1> 27rn§_:1 T +27rnz_0 D
(L.45)
Make the change of variables x = 7y¢ (v > 0) in the first term, z = 7nf in the second,

and x = 7(n + %)E in the third, and identify the appropriate zeta functions

o0 s—1 . .
~ ] sl T 2sinh 2~z 1\ 2sinh 2yx
puats = [ anar [T (eon 1) —cl1-9 R e (105 2]

(L.46)
Just as earlier, the first integral gives [~ da £5— (coth —1) =T'(1-s)¢(1—s). The second
integral is evaluated using NIST (25.11.25) and NIST (25.11.15) for Re s < 0 and |[Re| < %
o 2sinh 2
= / dg g Z2REVE (L.47)
0 et —1
=T(1-s)[¢(1=s1+27)—¢(1—51-29)],

=2 (1-s) {C(l—s,v)—C(l—s, 1—7)+C(1—8a ;ﬂ) —C<1—5’ ;_7) _78_1] ‘

The third integral is evaluated using NIST (25.11.35) for Res < 0 and |Rev| < 3

o 2sinh 2
/ dex™? M (L.48)
0 e’ + 1

_ 2371F(1_S) |:C(1—37 ’y)—g(l—s, 1—’7)—C<1—8, ;‘F’Y) +<<1—8, ;_’Y> _’731:| .

Putting together the results, using (1 — s, 3) = (2!7% = 1)¢(1 — s), we have

o 2sinh 2 ° 2sinh 2
— / dgg—s 22T (275 — 1)/ dog—s 222 ET (L.49)
0 er — ]. 0 er + 1

—r(1-s)o(-5,7)~6(1-s 1)+ @Dl (1-8 547) =€ (1.5 -9)] -]

When combining the above results the v¥~! terms cancel and we conclude

Bualsiy) = T°T(1— 5)C(1— s) [4(1 Cs) (11— 7) (L.50)

1 1 1
+(23—1)[C<1—s,2+’y>—(<1—s,2—’y>”, Res <0, 0<’y<§.
L.6 The case Res < 0 using the methods of Liist and Stieberger

In this section we revisit the calculation of ¢y(s) for Re s < 0 using the powerful techniques
developed in [57]. Starting with the expansion for |[Imv| < Im7 (with 7 = it) and Taylor
expanding the sine function we have (cf. eq. (A.10))

o0 o 2k 1 n
qr . B on—1 | 2(2mi)
1qnsm27rm/——k§1y !2k:1'

Oy Inv (v, 7) — meot T = 4772
n=1

(L 51)
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. 2k—1_n
Rearranging the last sum as 3%, *—- = >7%  09k-1(n)q", where o9_1(n) =

> din d?*=1 is the divisor function, gives the starting point of [57] (cf. their formula (3.7))

Oy InVy (v, 7) — Tcot v = — i V2R Gy () — 2¢(2K)] . (L.52)
k=1

Here Goy(7) denotes the Eisenstein series, see for example [58]

.2k o0
Gop(r) = 20(2k) + 22T NS gt k=12, (L.53)
1

(2k —1)! =
For k = 2,3,... the G9; are modular forms of weight 2k but for £ = 1 the G5 transforms
anomalously

7 Gor(7) k=23,...

(L.54)
2Go(1) — 2mit k=1,

Gop(=1/7) = {
Now, modular transforming the integrand ¢ — 1/t = ¢, and using the series expan-
sion eq. (L.52), the generalized Mellin transform for Res < 0 and |y| < 1 takes the form

o0

Pols;y) = /000 dee—s [ﬂ(coth 7wyl — 1) Z ) 2Ry R [ Gy (i) — 2¢(2K))]
= (L.55)

The first integral gives (after a change of variables = 279¢ and assuming Re s < 0 and
0<vy<1)

—S8

2

/ dl ¢~ *m(coth 7r7€1):(27r)5’ys_1/ dz (COth 21) = (27)°T(1—s)¢(1—s)y* L.
0 0

(L.56)
Let us analyze the second integral. Using the modular properties of Gog, for k =1,2,3, ...,

we have

= 0:  Gop(il) — 2¢(2k) = 2C(2k) 2 ..., (L.57)
(—00: Gopil) —2¢(2k) =e 7 ... . (L.58)

Thus each term (2557 1[Gy, (i) —2¢(2k)] in the sum can be integrated under the assumption
Res < 0. Below we show that the resulting series is absolutely convergent for Res < 0,
thus we can safely interchange sum and integral. Notice how the modular transformation
t — 1/t = £ brought us just the appropriate factor of £2*=1 for each k = 1,2, 3, ..., to make
the integral finite for fixed Res < 0. This is to be contrasted with [57] where a different
Re s would need to be chosen for each term in the sum.

We now show that

/0 g -s [Gar (i) — 2¢(2k)] = (27)° 2FT(2k — 5)Gar(2k — s) (L.59)

where Gai(<) is the Dirichlet series associated with Gy (7) defined as, see for example [58]

2m o9r—1(
Gai(s) 2= 1) ‘Z ., Re¢ > 2k. (L.60)
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Since oop_1(n) = O(n?*~1) the series converges absolutely for Re¢ > 2k and in fact
evaluates to, using Prob. 13 Ch. 6 of [58],

ZW:C(QC(G—%H), Re¢ > 2k. (L.61)
n=1

In our case ¢ = 2k — s, so as promised, the sum converges absolutely for Res < 0

/ Al PE=571 (G (il) — 2¢(2k)] = (2(1;_1)1)5 oop—1(n) / A (2k=s=Lle=2mt (1, 62)
0 0
27rz o
_ s—2k 2k— 1
= (2n)" 2T (2K — 5) 2k— o § : n% —,  (L.63)

which gives the sought result. Using (L.61) we have (in agreement with (A.14) of [57])

0o 2k
/ de (==t [Gor (i) — 2¢(2k)] = (2m)°C(1 — S)LF(2]€ —5)C(2k —s). (L.64)
0 (2k —1)!
Thus we conclude for Res < 0 and 0 < v < 1
_ . o 1 S 272]671
Fo(si7) = @n)C(1= 9D = ) |77 = s S e Tk = s)C(2k )
k=1 ’

(L.65)
Even though this was derived assuming Res < 0 the sum converges for all s # 0 and
|v| < 1 using NIST (25.11.10), with the result

Po(si7) = (2m)°C(L =)L (L =) [1* 7'+ (L =s,14+7) = (L —s,1-7)] .  (LG6)

Using the recurrence relation for Hurwitz zeta function we conclude

Po(s;7) = (2m)°C(L = s)I'(1 = 5) [((1 —5,7) =C(1 =s,1=7)], Res<0, 0<y<1.
(L.67)
As a consistency check we notice how the result ¢g(s;~y) vanishes at v = %, just as the
integrand g (t,7y) and the counter terms ag(y) = 7(1 — 27), bp(y) = 7 coth 7y do.

M Direct computation of the t integral

In this appendix we give a direct version of computing the integral (3.93), that produces
the same results as in section 3.9 using the generalized Mellin transform.

M.1 Annuls and Klein bottle

We first compute the following ¢ integral for the annulus:

_ [ dt 9i(v,it/2)
1_/0 i (ML1)
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By modular transformation of the Jacobi theta function, it is easy to see that

!~ it ]2 1 (il 2i
M = —4qmyl — QiZM , (MZ)
W1 (y,it/2) V1 (—2il, 2il)
where [ = 4. Using the representation
V1(2) _ q"
= mwcotwz + 4w sin 2mnz M.3
0i(z) Z g (M:5)
= mcotmwz + 4w Z ¢"" sin2mnz, (M.4)
n,m=1
we arrive at
= 27r/ dll | —=2v + coth(2myl) — 4 Z e~ 4 m sinh (4rnAl) | . (M.5)
0 n,m=1

Clearly there is no IR divergence (i.e. at [ = 0). The first two terms in the bracket do
contribute a UV divergence as | — oo (so one should cut off the l-integral at an upper
bound A), whereas the last one does not (so one can interchange the order of summation
and integration). Let us first focus on the last term:

_ 4minm _
I = 87Tn%:1/ dlle” sinh(4mnyl) = wnmg 1 m2 2,92
/ / / 1
= T+ - @b(l—v)]:;[w(v)—¢(1—7)—,y2]- (L)

Here 1/(z) denotes the trigamma function and in the last line we used ¢'(1 + ) =

V() =1/
Now let us look at the first and second term in (M.5):

A
I = 27r/ dl (—2v1) = —2myA?, (M.7)
0
A —4yA - —4yA
s Alog(l — e™*27)  Lig(e™*727)
I:27r/ dll coth(2myl) = + A2 + -
’ 0 (2md) 2472 gl dy2m
A—co
s A2 M.8

Here Lis(z) is a polylogarithm function. In the second equality it has been used that the
third and last term go to zero as A — oo.
In total (I = I1 + I + I3) we have

- dt 0 (% it/Z) / /
fm)—/i F s — A S - (M)
In the same way we get for the Klein bottle
dt 97 (v,2
)= [ G = 0N E ) ) o
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M.2 t-integral for Mobius

Now let us consider the Mobius integral, i.e.

e dt 9 (v, ™M)
I = e ANARSLOAN M.11
/0 t? 191(’777_./\/1) ( )

Here 7y = % + % Then we perform the sequence S72S of modular transformations:

it 1 1 1 1 -1 1
M= s sy o) =2 =y (ML12)
2 2 TM TM TM 2
Here [ = 4%. The S transformation reads
191 (77 T) T T ﬁl (7/7-7 _1/T)
The result of ST2S modular transformations is
9 9 (—4inl, 2 — &
RO TM) 1y ) 1(—4ind,2i f) . (M.14)
91y, M) V1 (—4ivl, 23l — 3)
Using the representation
9 o0 n
19122 = mcotmz + 47rnzz:l 1 z o sin 2mnz (M.15)
[ee]
= mcotmz + 4w Z q"" sin 2mnz , (M.16)
n,m=1
we get (assuming vy < 1/2)
o0
I = 167r/ dll | —4v + coth(4myl) — Z )P AT M ginh(8anyl) | . (ML1T7)
0

n,m=1

Clearly there is no IR divergence (i.e. at [ = 0). The first two terms in the bracket

contribute a UV divergnce as | — oo (requiring a cut off A on [ again as above), whereas

the last one doesn’t (so one can interchange the order of summation and integration).
Let us look at the first and second term:

A
I, = 167 / dl (—4~y1) = —327yA? (M.18)
0
A —8vAT . —8vyAT
Alog(l — e™®"7)  Lig(e™°727)
I3 =16 dll coth(4myl) = 8TA? +4 —
3 W/O coth(4mvl) 122+ + 5 e
A—oo 2
= A2 M.1
12’y2 + 87 (M.19)

In the second equality it has been used that the third and fourth term go to zero as A — oo
assuming vy > 0.
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Now let us look at the last term and we get

o0

_1\mm 16ym
> (=1 (

472 —m2)2n2r

I = —64r Z / dl L (=1)"me4mnm ginh (87nAyl) = —
0

n,m=1 n,m=1
— (4,-}/2 _ m2)2ﬂ- ’ :

Note that the integral converges provided that 2|y| < m. Now we split the sum into sums
over even and odd m:

= [ 167(2k) Lis(1) >N [167(2k + 1) Lia(—1)
h=-2 {(472 - (2k)22)2ﬂ] = [(472 — 2k + 12)2)27r]

k=1 k=

= S+ - (1= 7))

7& [(127)1% @7) +(1+29)¢ <;+v> - ws;r(iw)}
G- S5 (5ea)+5v(5-0)] - o

In the third equality we used ¢/(14+7v) = ¢’ (7) —1/9? and ¢/(1 —2) = —/(2) + 72/ sin?(72)
with z = % + 7.
Altogether

1 1 1 1
I=Iy 4Lt Iy =n(1-47)A% [¢’(V)—¢'(1—7)—2w’<2+7>+2¢’<2—7>] S (M22)
Note that the above result is valid for 0 < v < %

Thus we have

N Tadpoles

In Zj the tadpoles arise from the vacuum amplitudes summarized in table 3, cf. [37].

In this appendix we verify those N’ = 2 tadpoles that involve the Klein bottle, in order
to determine the relative sign between annulus and Mobius strip that we will also need
for the N/ = 1 sectors of the two-point function discussed in the main text. One word of
warning: compared to section 3.8, we use a slightly different notation here in that we do

not separate CP factors from the amplitudes and also include the overall factor (472a/t) 2.
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SUSY Amplitudes Volume factors Conditions
N =4 Q)+ MO + A ViViVaVs 78 g = Y0919 = 32
Koo+ MY + ALY ViVs/ViVa Y8, 5 = V55 = 32
S
N =2 ARG +AD + AL ViV Tl = 0 = Trpl?
K50 + MY + AS) ViV Trad? = -8
Kgg + MéQ) + Agé) ViV Tr 754) =38
Koo + Mg+ A7 Va/Va Tryy? = -8
Ko+ ME + A Vi/Ve Trayt =8
N=1 AP 4+ AD 4 AW k=15, Tl =0=Tr7P k=15

Table 3. Tadpoles when all D5-branes are at the origin. Vj stands for a regularizing volume of
the external space-time (which one would have to take to infinity for a non-compact space-time)
and V7 — V3 stand for the volumes to the three internal complex dimensions.

N.1 Annulus amplitudes
For k = 2,4 we have [25]

_ 1 93 5.5 I 5550, > 6]
Agg_2,4)_(4ﬂ2a’t)2azﬂna5 n{f] [57; rjil‘l[gg sin(nkvi))M(tmék)) 19[2] (0,it(G)~ 1y,
' - %—i—kvi

(N.1)
where G is the metric on the second torus. Now we use (A.2), (A.3), t™F = ¢ (i.c.
—1/7 = 2if) and vy + v2 + v3 = 0 to obtain

= VG@r ) 2 o]
Aé’; 24 _ W sin(mkwvy) sin(wkvs) (tmék)> 9 H (0, 150(2))

JSriad 9 [ﬂ (2i0) T2, ¥ [B*jvz} (2i0)

Y R , (N.2)
QZ; emill=kv2) 776(21-@19[1/21;5”1} (22'5)19[1/217;”3} (2if)
where we also used that (A.5) implies
19[_5_’“”} - 19[5_'“”} , for f=0,1/2. (N.3)

For a, B € {0,1/2} one has 8 = 1. Now we would like to obtain the contribution to
the tadpole by expanding (N.2) for large ¢, using (A.5) and (A.7). Moreover, we facilitate
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the extraction of the tadpole by only looking at the R-sector, as the NS-sector is related
to the R-sector by supersymmetry. For the different worldsheets the R-sector is given by

(R —sector) : A K — (o,8)=(0,1/2) , M —(a,8) =(1/2,0) . (N.4)
Thus we specialize to (o, 8) = (0,1/2) in (N.2) and use
Mo = (—1)2OTFT208) 0 (yy vy, v5) = (1/6,-1/2,1/3) (N.5)

and the notation
6—4776

g
I
—
2
D
~—

to obtain

(2) o0 VG2)y . ) @) 2 1 2q~1/8q~1/722q~1/8(jl/72
Agg — T a2 sin(/3) sin(27/3) (tr% ) o2l GU/AG/T2gmif6 G1/T2—mi/6

_ VG2 3(tr7(2))24=—3 VG@y ( (2))27

T 4n2a)? 4 (4nZa )z "0
A% YO ) (i) ) = 3 G (1) (.7

The 55-annulus works very similarly. The starting point, eq. (N.1), is almost the same
as it does not matter for the oscillator contributions whether the boundary conditions are
NN or DD. The only difference is that the momentum modes are replaced by winding
modes, i.e. VG(?) is replaced by G(Q)_l. Thus

A(z) I 14 ( (2))2
(472a/)2V/G®
(4) t=oo 14 (4) 2
ALY 2 el G(2)< ) (N.8)

N.2 Mobius amplitudes
For k = 2,4 we have [25]

53

[5 : Lr’yQQk)ﬂH(O7it(G(2))1) :

Mék=2,4) e O/t Z%B Hﬁ[‘“k”} 1_[ (2sin(rkv;)) { k
= Likv;

Uk

53

[—

(N.9)
This looks formaly very similar to (N.1) (up to the overall sign and the CP-trace), but
one has to remember that the theta functions in (N.1) depend on 74 = it/2 whereas those
in (N.9) depend on 7o = 1/2 +it/2.
Similar to above, we use (A.2), (A4), t7} = 40 (ie. 5 = 2il — 5 = ily) and
v1 + vg + v3 = 0 to obtain

16VG2)y

(472a/)?

Z TNap
a,B

MngQA) = sin(mkvy) sin(ﬂkvg)trvé%)ﬁ Q (0, 4i0G2)) e~ 2mikva(1+kvz)

93] e T o[58 )

1% (il pq) 0 [11//2212:;1} (ip0)0 [11//2212:1}?} ()

(N.10)
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Specializing to (o, 8) = (1/2,0) (cf. (N.4)), we get

(2) tsoo  16VGDL . @ 2(=@) B (=q) /e 02(—§)"/® cos(m) (—q) /P20
My — — (4m2a’)? sin(7r/3) sin(27/3)try (_q‘)1/4(_q‘)l/??esrri/lfi(_6)1/72677'“‘/18
o 16VG2)¢ ét (4)(_4) B 316\/ G,
T Urayz a = an2a2
(4) t—oo 16V G@)y 3 (8), _ 16VG®@)¢ (2)
M9 — _7(471_2&/)2 — Z tr’79 4 = —3Wtr'}/9 ) (N.ll)
where we used 'yg()ﬁ) = —1 in the last step.

The M5 amplitudes are related to the Mg amplitudes in a simple manner. The D5-
branes are wrapped around the third torus and, thus, the 5-5 strings have DD-boundary
conditions along the first and second torus. This leads to an extra minus sign (relative to
Moy) in the action of € on the oscillators in those directions, cf. (7.3.5) and (7.3.6) of [59].
This extra minus sign leads to the fact that the lower characteristic in the contribution to
the partition function of the oscillators from the first and second torus is shifted by +1/2
or —1/2, respectively, relative to the corresponding Mg-amplitude.!” Thus, we have for
k=1,5 (cf. (B.3) in [25] with the above modification)

et T oo D oo )
ZTRVIT S

2 G
4 o9 H (0,itG®), (N.12)

of, 2 17
2
[%HWJ

where we used that the winding mode sum survives in the £ = 1,5 sectors of M5 (cf.
(9.14.48) in [59]) and the different overall sign compared to My arises from [37]

( -2 sin(ﬂ”kvg))

_ 2k — 2k
tr(/79k1+3,9’7£k+379) - t”sg ) ) tr('Vleﬁ’Y(Yzjk,B) = _tr'Yé ) . (N.13)

Note that (N.12) is not well defined for k = 1,5 as it is written, given that ve = —1/2.
Rather we have to take the limit

k=1,5: gi_{%< QSin<7r<kv2;+c>))m — 1im (= 2sin(r(~1+0))) ?9[1’

1 1
5+kva—5+e

= lim (2 sin(m(—1 + e)))

e—0

= lim ( — 2sin(ﬂ'e))

e—0

Moreover, using sin(a + 7/2) = cos(a), we end up with
« (0%
19[,8+k:v1+%} v [ﬁﬂm—%]
1 773
2
v |:%+kv1+%:|

"Which one is shifted by +1/2 and which one by —1/2 is a matter of convention, but the shifts have
to have opposite sign so that shifting does not introduce an unwanted relative sign between the o = 0 and
a =1/2 terms, cf. eq. (112) in [2].

Mék:lﬁ) _ (47r21a’t)2 ; 7704,81977[35}( -2 COS(ﬂ'k’Ul))
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9], .
(— 2sin(mhes) th@% m (0,itG?) . (N.15)

l 5
2
P,

This leads to

VIO S S N
5 (4720/)2/G® ge
VIGR=S M ——C (N.16)

(47T2O/)2 G(2)
Together with the results for annulus and Klein bottle, these results reproduce the tadpole
conditions in table 3, which indicates that our rule to obtain My from Mg is correct.
Before proceeding with the Klein bottle, we would like to use this prescription to deter-
mine the form of Mék:2’4) which will be needed for the A” = 1 amplitudes. Note that (N.12)
would still hold for k = 2,4 and, thus we obtain (using also sin(a — 7/2) = — cos(a))

A P 9, @
Mék:274) = _(4%2;%)2 azﬁ 77&677{36} (2 coS(7Tl<:1)1)) M (2 COS(?T]{ZUQ)> M
stkvi+s Ltkva—3
( ~9 sin(wkv;;)) wtmfﬂ%) , (N.17)
L +2kv3:|

which confirms the factor y = —1 for both Mg and M5 in the main text.

N.3 Klein bottle amplitudes
The Klein bottle amplitude can be read off from (7.3) in [37] and it reads

IC(k 2,4) 47T i . Z a,@ H [+2kv2} H (QSiH(QWkUi))Wﬂ [g] (O,it(G(Q))_l)

77 i=1,3 ﬁ[éékvz}

(N.18)
and the same for k = 1,5 with the KK-momentum sum replaced by a winding sum, cf. the
discussion in section 9.14.2 of [59]. Here, 7xc = 2it. Now we use (A.2), (A.3), = = 4/ (i.e.
—1/7 = 2il) and v; + v2 + v3 = 0 to obtain

/C(k:2’4) 64V G2y

. ) 0 . )
Qo = @2 sin(2mkvy ) sin(2mkvs )0 [6] (0,4itG®@)

98] i) T, 0 P2 (2ie)

B il —ako . (N.19)
az,: T o ieyy V22 i [V ) 2ie)
Specializing to (o, 8) = (0,1/2) (cf. (N.4)), we get
G2 o _SWVGOLL BY ) GVGE
Foo ' ez \ " 1) Y T e (N-20)
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and similarly

(k=1,5) Zj;) B 64/ 3 64/
e° (4720/)2v/G®@

A =3 N.21
4 (4720/)2V G ( )
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