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a b s t r a c t
Considering two dimensional gravity coupled to a CFT, we show that a semiclassical black hole can be
described in terms of two Liouville theories matched at the horizon. The black hole exterior corresponds
to a space-like while the interior to a time-like Liouville theory. This matching automatically implies that
a semiclassical black hole has an inﬁnite entropy. The path integral description of the time-like Liouville
theory (the Black Hole interior) is studied and it is found that the correlation functions of the coupled
CFT-gravity system are dominated by two (complex) saddle points, even in the semiclassical limit. We
argue that this system can be interpreted as two interacting Bose–Einstein condensates constructed out
of two degenerate quantum states. In AdS/CFT context, the same system is mapped into two interacting
strings intersecting inside a three-dimensional BTZ black hole.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3 .

1. Introduction
In General Relativity (GR) black holes (BH) are stable geometrical spaces equipped by an event horizon. Event horizons (sometimes called Cauchy horizons) are light-like closed surfaces with
the property that the interior cannot causally inﬂuence the exterior.
In any consistent theory of gravity, a BH is inexorably formed
whenever collapsing matter enters inside a hoop of horizon size [1,
2]. After this, the whole information regarding the pre-BH physics,
if not lost, must be stored inside the horizon, as the BH exterior
carries “no hair” [3].
Black holes are also endowed by a spacetime curvature singularity in their center. There, curvatures become so large that
quantum physics must take over. This same fact would imply that
the path integral of gravity cannot possibly be dominated by the
general relativistic (classical) BH solution, at least very close to the
singularity.
Does this implies that black holes can be treated classically far
away from the singularity? The answer seems to be negative, even
close to the horizon where curvatures are much smaller than the
Planck scale M p .
Indeed, a long time ago, Hawking has shown that black holes
evaporate quantum mechanically with a black body spectrum of
temperature T , which depends only (in the uncharged non-rotating
case) upon the BH mass [4]. Just after this important discovery, Hawking himself also realized that this (thermal) evaporation

would completely destroy the information stored inside the horizon.
In modern language the information loss can be stated as follows:
Let us consider, for simplicity, GR minimally coupled to a massless scalar ﬁeld. The quantum partition function of this system is



Z [ g ; φ] =

i

D g Dφ e h̄ S [ g ;φ] ,

(1)

where g α β is the spacetime metric, φ the massless scalar ﬁeld and
the action

S [ g ; φ] = −

1
2



√





d4 x − g M 2p R + ∂α φ∂ α φ .

(2)

Given the relevant boundary conditions for the path integral (1),
and considering a mass M  M p , there is only one (real) saddle
point of this action, i.e. a large GR black hole solution. A large
BH means that the horizon curvature is far below the Planck scale
so that perturbative quantum gravity is a good approximation far
enough from the singularity. One can then consider quantum ﬂuctuations of both the metric and the scalar around the BH geometry. Quantum ﬂuctuations with energy much smaller than M p
are dominated by the scalar. Thus, with a good approximation, we
can neglect quantum gravity contributions and just consider scalar
ﬂuctuations, i.e.




φ(t , x)φ t  , x 



 i

Dφ φ(t , x)φ t  , x e h̄ S [ gBH ;φ] ,

(3)

g BH
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where g BH is the classical BH metric.
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In this case, it has been shown in [5] that, outside the horizon,
the two point correlation functions of φ for t = t − t   β are





− t
φ(t , x)φ t  , x ∼ e β ,

(4)

where β is the inverse temperature of the (evaporating) quantum
black hole.
In other words, the correlation functions of the scalar decay
exponentially in time, so that “information” is lost after a large
time interval ( β ).
A partial resolution to this puzzle was given by Maldacena in
the context of three-dimensional asymptotically Anti DeSitter (AdS)
spacetimes where a BH can stay forever in thermal equilibrium [6].
Maldacena realized that the same boundary conditions for the integration over topologies in the path integral (1) have (at least)
a second (complex) saddle point corresponding to thermal AdS
(TAdS). Thus in calculating correlation functions one should at least
consider, after Wick rotating time,





φ(t , x)φ t  , x 


g BH

 S [ gBH ;φ]

Dφ φ(t , x)φ t  , x e − h̄


+

 S [ gTAdS ;φ]

h̄
Dφ φ(t , x)φ t  , x e −
,

g TAdS

where g TAdS is the thermal AdS metric.
Maldacena then showed that while the correlation functions
calculated on the BH saddle point would decay in time the TAdS
correlations would not. In other words, the thermal AdS solution,
obtained by Wick rotating time t = i τ and then ﬁxing the periodicity to be τ ≡ τ + β , would generate a dominant contribution to
the two-point correlation function at large time interval. However,
although this conﬁguration would restore partially information, in
[5] it has been shown that the only contribution to the path integral coming from TAdS would not be enough to restore the full
information of the pre-BH physics.
Mainly, the failure of obtaining back the full information is due
to the fact that the BH “weight” is exponentially larger than the
TAdS by an entropy factor, i.e. for t = t − t   β

φ(t , x)φ(t  , x) TAdS
∼ e −SBH ,
φ(t , x)φ(t  , x) BH

(5)

where SBH  1 is the Bekenstein–Hawking entropy.
In a subsequent work [7], Hawking conjectured that the sum
over all possible topologically trivial Euclidean saddle points in the
gravity path integral should restore information. Whereas, all saddle points with non-trivial topologies (such as BHs) would produce
exponentially decaying (in time) correlation functions. However,
still the question of whether non-exponentially suppressed (as in
(5)) saddle points exist, has found no answer to date.
More recently Dvali and Gomez, in a series of papers [8], put
forward the idea that a black hole is a Bose–Einstein condensate of
(weakly coupled) gravitons at a quantum critical point. The quantum critical point is deﬁned by some parameters (for example the
radius and mass of a star), such that whenever these are tuned to
certain values (for example whenever the star radius is squeezed
to the Schwarzschild radius) more quantum states suddenly coexist with same energy (for a toy model of this transition see [9]).
Therefore, correlation functions must be calculated by considering
all the degenerate states equally.
This sounds pretty much like the Maldacena (and Hawking)
suggestion, where, contrary to the Maldacena case, it has been
argued in [8] that those co-existing quantum phases are not exponentially suppressed with respect to the classical BH solution.

Another interesting fact comes from noticing that the critical
point, describing a BH, is also unstable. The instability is such that
gravitons are continuously lost so to decrease the mass and such
that the black hole move from one critical point to another. For
large black holes, the number of graviton lost is far smaller than
the number present in the condensate and therefore an almost
thermal spectrum is generated (Hawking radiation). This scenario
might also unveil the nature of the Bekenstein black hole entropy [10]. Here, the entropy would just be the counting of the
Bogoliubov modes, i.e. of the quantum ﬂuctuations on the condensate. The number of Bogoliubov modes, and in turn the magnitude
of the Bekenstein entropy, are however inversely proportional to
h̄ so that in the limit h̄ → 0 their number diverges. This conclusion implies that the Bekenstein entropy must be of pure quantum
origin. Finally, in this scenario, the black hole singularity is also replaced by the condensate and so, the black hole interior is very far
from being classical.
All these ideas, clearly suggest that the information loss for
“black holes” is due to the wrong assumption of considering, in
the gravity path integral, only the classical (real) saddle point, i.e.
the BH geometry.
Here, we indeed show that a two-dimensional semiclassical BH
is described as a statistical system where two (quantum) states
co-exist.
Note that we will use the name BH to mean the semiclassical
system probed by an observer inside the region delimited by a
horizon. However, we ask the reader not to be mislead by this.
A semiclassical BH, as probed by a semiclassical observer, will be
very far from the “classical” BH solution.
Note in addition that, in our speciﬁc case, the BH solution will
be already found at one loop level, in a gravity-CFT system (that
is why we quoted “classical”). Thus, for us, semiclassical will really
mean beyond the one loop approximation of the gravity matter
system.
2. Semiclassical two-dimensional black hole
Let us consider a two dimensional theory of gravity coupled to
a conformal ﬁeld theory (CFT). We will follow the set up of [11].
The action of this system is

S=

1



2

√

d2 x − g ( R − 2Λ) + S CFT .

(6)

The two dimensional metric can be gauge ﬁxed in the light-cone
coordinates (ξ + , ξ − ) to be

ds2 = −e 2ρ dξ + dξ − ,

(7)

where ρ is a function of the light-cone coordinates.
Standard text book calculations [12] show that the stress tensor of the CFT, at one loop (i.e. in the “semiclassical” limit), is
restricted to satisfy the following equations for a given state |Ψ

T ±± = −

h̄γ

12π
T μν = Λ g μν
T = h̄

γ
24π

R,



2 −ρ
e ρ ∂±
e
+ t± ξ ±



(8)

where O ≡ Ψ | O |Ψ and t ± = : T ±± : (the normal ordering of
the energy–momentum tensor of the CFT) characterizes the state
|Ψ . The factor γ is related to the central charge of the ﬁeld theory
and counts, with appropriate sign, the total number of degrees of
freedom. Explicitly, in the metric (7) with e 2ρ > 0, we have that
γ = 1 − n0 − n1/2 [13] where the 1 corresponds to the degree of
freedom of the two dimensional “graviton” and ni are the number
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of degrees of freedom of the CFT. Finally, the last of the equations
(8) is called Liouville equation.
The system (8) deﬁnes spacetimes with constant curvature
R = 48γπ Λ . We will seek for asymptotically Anti-DeSitter spaces
(i.e. with constant negative curvature), therefore we shall take
Λ
γ < 0. This choice is very useful to be able to re-describe our system holographically via AdS3 /CFT2 as in [14]. At the same time,
it considerably simpliﬁes the system as the BH can be in thermal equilibrium, at least semiclassically. Finally, we will deﬁne
− 24γπ Λ ≡ −2 .
Let us ﬁx the vacuum to the Hartle–Hawking’s [15]. This vacuum has the important property that the propagator of a free ﬁeld
in a BH spacetime can be obtained as an analytic continuation
of the Euclidean Green function and that the n-point correlations
functions of interacting ﬁelds correspond, in Lorentzian signature,
to thermal correlation functions [16]. The Hartle–Hawking vacuum
h̄γ
is obtained by ﬁxing t ± (ξ ± ) = 48π q = const. [14]. We will also
assume q to be positive in order to obtain real solutions of the
system (8). Moreover, a posterior, one can show that for a black
hole solution of the system (8), the BH temperature is positively
deﬁned only for q > 0 [14].1
There are two solutions for the system (8) in the Hartle–
Hawking vacuum, representing the choice of the “time” direction

e 2ρ =

⎧
⎪
⎨

h̄q2
√
sinh2 [ 12 (ξ + −ξ − ) q]

⎪
⎩−

2

h̄q
√
cosh2 [ 12 (ξ + −ξ − ) q]

for (ξ + − ξ − ) space-like
for (ξ + − ξ − ) time-like.

(9)

As we look for a static (or more precisely in thermal equilibrium)
BH we will consider, outside the BH, the choice (ξ + − ξ − ) to be
ξ + −ξ −

ξ + +ξ −

space-like. By deﬁning z ≡
and t ≡
as “time”, we
2
2
have that the real solution of the Liouville equation is for

e 2ρout =

h̄q2

√ ,

(10)

sinh2 [ z q]

where h̄ has been kept to explicitly show that this metric is nontrivial only quantum mechanically. However, from now on, we will
ﬁx units such that h̄ = 1. The solution (10) follows from the Liouville equation

˜ ρout = 1 e 2ρout ,

2

(11)

where the auxiliary metric d s̃2 = −dt 2 + dz2 has been used.
We can now ﬁnd a set of coordinates such that the conformal
metric (7) can be written in the following standard Schwarzschild
form

ds2 = − f (x)dt 2 +

2

dx

f (x)

(12)

.

x2

We ﬁnd f (x) = 2 ± 2μ x − 1, where x =
1

√

2

q
√
tanh( z q)

±  μ and μ ≡

q − 2 , implying in turn that q  2 .
The metric (12) can also be extended to the whole space of x,
in particular in the region in which f (x) < 0 (inner horizon). Additionally, the metric (12) represents a BH geometry only in the
case in which a boundary in x = 0 is inserted. This is possible by
exploiting the double deﬁnition sign choice of μ. In particular we
will then consider

f (x) =

1

x2

2

− 2μ |x| − 1.

Note the different sign conventions used in [14].

In this case, the mass μ > 0 is a physical mass inserted at x = 0.
The two metrics (13) and (7), with ρ real, are obviously equal
only in the chart f (x) > 0, limiting the range of x > xh where xh =
√
2 ( q + μ) is the “horizon” of the metric (12) and it is reached by
z → ∞.
The extension of f (x) for negative values corresponds to the
second choice of (9). The interior of the BH is thus described by a
complex ρ (note the shift in the coordinate z)

q 2

e 2ρin = −

(14)
√ ,
cosh2 [( z0 + | z|) q]
√
√
where now |x| = q2 tanh(( z0 + | z|) q) + 2 μ  xh and z0 =
μ
−
1
1
− √q tanh ( √q ) corresponds to x = 0, i.e. the center of the BH.
The two metrics in (9) are matched at z → ∞.
The complex Liouville ﬁeld (14) can nevertheless be mapped
into a real solution of another Liouville theory by shifting ρin =
ρ̃in + i π2 so that

e 2ρ̃in =

q 2

(13)

√ .

(15)

cosh2 [( z0 + | z|) q]

Moreover, with this complex rotation,

ρ̃in is a real solution of

˜ ρ̃in = − 1 e 2ρ̃in + 2μδ( z),

2

(16)

where the boundary is, as it should, proportional to the BH
mass μ.
One can easily see that ρ̃in and ρout are glued together at the
point at inﬁnity ρin,out → −∞. Although, (16) come from an analytical rotation of the Liouville ﬁeld ρ in the complex plane, the
theories (11) and (16), called respectively timelike and spacelike
Liouville ﬁeld theories, behave surprisingly different once quantum
mechanically probed by operator insertions [17].
The action describing (16) is (now and in the rest of the paper
we drop the tildes)


dzdτ ∂μ ρin ∂ μ ρin −

Sc =

1

2

e 2ρin + 2μδ( z)ρin .

(17)

Before going to the next section we will deﬁne the Euclidean coordinates used in the quantization procedure.
First of all, we will Wick rotate time t → i τ where the periodicity τ ≡ τ + 2π is imposed. It is then useful to use the complex coordinate ζ = 2( z + i τ ) so that the auxiliary metric reads
d s̃2 = dζ dζ̄ and the interior and exterior Liouville equations read

∂ζ ∂ζ̄ ρin = −

4

e 2ρin + 8μδ(ζ + ζ̄ ),

2

∂ζ ∂ζ̄ ρout = +

2

1

95

4

2

e 2ρout .

(18)

3. Liouville theory description of black holes
In Euclidean coordinates (ζ, ζ̄ ), the system (8) may be recast
into the Liouville theory [18] (see for example [19] for a review)

S±
L =±

1



d2 ζ

4π


±

 

g̃ ∂μ ρ̄± ∂ μ ρ̄± + Q ± R̃ ρ̄± ± 4π λe 2bρ̄±



Γ

Q±

K
2π

ρ̄± dθ,

(19)

∂Γ

where Q ± ≡ (b−1 ± b). The choice ± respectively describes a
spacelike and a timelike Liouville theory [17], Γ is the region
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where the theory lives with boundary ∂Γ and b is a coupling constant parameterizing the “quantumness” of the system. Finally, K
is the extrinsic curvature and θ is the adapted coordinate to the
boundary.
The Euclidean metric g̃ α β is an auxiliary metric that can be set
to be ﬂat (up to boundaries) after variation.
The central charge of the theory (19), related with the semiclas2

ρ̄

sical γ , is c = 1 ± 6Q 2 . The factor e Q is the (quantum) conformal
factor of the physical metric g α β .
The theory (19) is invariant, up to a c-number anomaly, under
the following conformal transformations

ζ  = w (ζ )




ρ̄  ζ  , ζ̄  = ρ̄± (ζ, ζ̄ ) −

Q±
2



 ∂ w 2
 .
∂ζ 

ln

(20)

The semiclassical equations (8) are obtained in the limit b → 0
with ρ = bρ̄ = 0 and limb→0 4π λb2 = 12 .
Note that this limit is by no means classical as the system is not
weakly coupled here. The classical limit is indeed only obtained for
b → 0 but, conversely from before, λb → 0 and bρ̄ → 0. This is the
reason why the limit b → 0 is called semiclassical.
The boundary for the interior (the exterior has no boundary) is
matched for

lim b Q − K = lim K = μ,

b→0

b→0

(21)

as expected the BH mass corresponds to the extrinsic curvature of
the boundary.
We will now consider the quantization of (19) via the Euclidean
path integral


Z=

Dρ̄ e

−S L

.

(22)

The primary operators (or ﬁelds) of the conformal ﬁeld theory (19)
are V α ≡ e 2α ρ̄ where α are called the Liouville momenta [20]. The
theory can then be characterized by studying the n-points correlation functions (“measures”) V α1 . . . V αn .
The operators V α are labelled as “heavy” (or semiclassical) if
αh = ηb , where η is kept constant when b → 0. Heavy operators
modify the saddle points of the path integral (22) and correspond
to “semiclassical” observables. In other words, in the semiclassical
limit, an insertion of a heavy operator at the point ζ = ζi would
locally modify the Liouville equation by introducing a boundary
term

ρ± = ±2π λb2 e 2ρ± − 4πηδ 2 (ζ − ζi ).

(23)

Finally, “light” operators are deﬁned by the αl = σ b where, again,
σ is kept ﬁxed in the b → 0 limit. Light operators do not modify
the saddle points of (22) and thus they can be thought of as purely
“quantum”.
In this paper we will only consider heavy operators as we
only wish to characterize a BH semiclassically, i.e. by deﬁning it
in terms of saddle points of (22). The study of light operators is
postponed for a future work and it is probably related with the
thermodynamical properties of the BH, which are not fully exploited in this work.
3.1. A semiclassical black hole is a system with inﬁnite central charge
In the previous section, we showed that the semiclassical BH
is described by two regions delimited by a horizon. The outer region is described by a spacelike Liouville theory, whereas, the inner

region by a timelike Liouville theory. The two regions are then connected at the point at “inﬁnity” (the horizon).
The key assumption of this work is that not only at the semiclassical level, but at the full quantum level, a two-dimensional BH
is deﬁned by “gluing” together a time-like and a space-like Liouville theory. Later on we shall give the exact meaning of “gluing
together” these two theories at the full quantum level.
We will be only interested in the semiclassical limit b → 0 of
(19). The full quantum description of this limit has been exhaustively studied in [17], so we will use the results of [17] without
re-deriving them here.
In order for the Liouville ﬁeld to be non singular at inﬁnity with
respect to the conformal transformation (20) one needs that

ρ̄± ∼ −2Q ± ln r , for |ζ | ≡ r → ∞.

(24)

Thus, in order to match the two Liouville theories in the semiclassical limit at spatial inﬁnity, i.e.

lim

r →∞

ρ̄− = lim ρ̄+ ,

(25)

r →∞

one needs

Q − ≈ Q +,

(26)

which is exactly what happens in the b → 0 limit, where Q ± → ∞,
or in the limit of an inﬁnite number of degrees of freedom.
Of course, as it happens in four-dimensions, the full quantum
description of a BH replaces the BH horizon, which is a surface
located at inﬁnite physical distance from any point in the outer
region, to a “quantum” surface at some ﬁnite distance. This would
in turn requires that

Q − = Q + + O (b),

(27)

i.e. the BH would not be constructed out of an inﬁnite amount of
states, but large. We can have a feeling about the perturbation of
a ﬁnite b in the following way: the central charge of a CFT counts
the number of degrees of freedom N of the system. As discussed
before (for b → 0) c ∼ Q 2 ∼ b−2 . Thus in the small b limit b ∼
N −1/2 . We then found that



1

Q− = Q+ + O √

N



,

(28)

which is the typical correction related to BH thermodynamics in
the exterior [8].
It is interesting to √
consider the Cardy entropy of the system.
This is deﬁned as S = c E where E is a generic energy eigenvalue
of the Liouville ﬁeld theory. A standard result is that E > O (1) × c
[21], thus S > O (1) × c. Therefore, for a semiclassical BH (where
c + → ∞) E ∼ c and

S BH ∼ c + → ∞,

(29)

where S BH is the BH entropy. The fact that a two-dimensional
semiclassical BH (described by some CFT) has an entropy proportional to the central charge (S BH ∼ c CFT ), has been also found by
[22] in a different set-up.
A couple of notes are in order. It would seem strange that the
matching condition of the interior with the exterior of the BH does
not involve the mass μ, but only the global charges Q ± . However,
conversely to the four-dimensional case, two-dimensional gravity
does not have propagating gravitons thus, locally, the geometry is
AdS2 and therefore, geometrically, only “global” matchings are required. Nevertheless, in the quantum case b > 0, the matching of
the extrinsic curvature with the mass would not follow the semiclassical identity K = μ, thus deforming the interior and exterior
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geometries. In other words, the quantum match of the two Liouville theories would then depend on μ. This dependence is presumably related to the Hawking ﬂux across the horizon as shown,
holographically, in [14]. We leave however the full discussion of
this quantum phase for future work.
3.2. Saddle points of the quantum black hole
We will now attempt to semiclassically characterize the two dimensional BH discussed before. In order to do that, we will “probe”
it by studying correlation functions of semiclassical (heavy) operators inside the horizon. To make our point we will only need to
consider two heavy operators.
Up to three heavy operators, the general correlation function
(the DOZZ formula2 ) has been found in [23]. In the case of two
heavy operators we have





V η (ζ1 , ζ̄1 ) V η (ζ2 , ζ̄2 ) = δ(0)

2π

G (η)

b |ζ12 |(1−2η)/b2

,

(30)

where ζi j ≡ ζi − ζ j . In the limit b → 0 one ﬁnds, for the time-like
Liouville theory [17]

 2π i (1−2η)
b2

G (η) ≈ e



 
1
− 1 exp 2 (1 − 2η) ln 42
b




+ 2 (1 − 2η) ln(1 − 2η) − (1 − 2η) .
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ρn = 4π i n + 2 ln 42 − 4 ln κ


2η

− 4 ln |ζ − ζ1 | |ζ − ζ2 |

2η


|ζ − ζ1 |2−2η |ζ − ζ2 |2−2η
,
+
κ 2 (1 − 2η)2 |ζ12 |2
(35)

where κ is an arbitrary complex number that, after integration
in (32) will disappear. Thus, the path integral integration over κ
would generate a δ(0) as in (30). Finally n is an integer labeling
the different complex solutions.
Substituting (35) into (33), one ﬁnds that the DOZZ formula
(30) is matched as in (32) by a sum over the n = 0 and n = 1 saddle points of the timelike Liouville theory. In other words, the BH
path integral is dominated by two distinct saddle points. It turns
out that the same happens for three-point correlation functions of
heavy operators, while for light operators the structure of saddle
points is somehow more complicated [17].
A clariﬁcation: The two-dimensional semiclassical “Black Hole”
studied here is deﬁned as the system matching two CFTs, a timelike and a spacelike Liouville theory. Thus, the above calculation of
the n-point correlation functions, corresponds to the n-point correlation functions behind the horizon. Of course, the results used
above are only valid in the limit c → ∞ which, in comparison with
the four-dimensional case, corresponds to an inﬁnitely large BH.
Therefore, the BH in this limit is not globally distorted by the insertion of heavy operators (although locally it is).

(31)
4. Interpretation

In the semiclassical limit, the path integral (22) is expected to be
dominated by the saddle points of the action [17]. In other words,
one would expect

G (η) =







exp − A (ρn ) ,

(32)

n

where the Liouville action A, after the insertion of heavy operators,
is



b2 A =

d2 x S −
L −


η 2
δ (ζ − ζ1 ) + δ 2 (ζ − ζ2 ) ρ
π

(33)

As discussed in the introduction, the manifestation of the information loss paradox for BHs is that correlation functions of matter
ﬁelds are not dominated by the classical BH solution in the path
integral, i.e., even in the semiclassical limit h̄ → 0

O1O2 = O1O2

(36)

BH .

One thus expects that other (quantum) conﬁgurations should contribute to restore information, i.e.

O1O2 = O1O2

BH

+



O1O2

g,

(37)

g

and ﬁnally ρn correspond to the dominant saddle points of the
action A. Note that the integral (33) must be regularized for the
matching (32). We invite the interested reader to consult [17] for
details.
Note however, that these saddle points might not only be related to the real (“classical”) solutions of the equation of motion
for the Liouville ﬁeld. Indeed, in the timelike Liouville theory, it
turns out that some complex saddle points (i.e. complex solutions
of the Liouville ﬁeld equation) contribute equally to the classical
saddle point in the path integral generating the DOZZ formula (30).
This has been shown in [17] and so while using the results of this
paper we invite the interested reader to see the details there.
The insertion of a heavy operator at a point ζ = ζi in the Liouville theory, is equivalent to insert a source term at the same point
into the classical equation of motion (cf. (23)). Around this source,
the Liouville ﬁeld behaves like3

where g are some other “gravity” saddle points with large entropy but same boundary conditions as in the BH conﬁguration.
The requirement of large entropy is essential to avoid exponential
suppressions of the g contributions in (37). In other words, the g
conﬁgurations must be macroscopic.
A simple possibility is that a BH is a condensate with coexisting degenerate quantum states, i.e. a condensate at a quantum
critical point, as suggested in [8]. We will show that in our twodimensional case this is indeed the most natural interpretation.
First of all, a CFT with negative central charge, as in the timelike Liouville theory (the BH interior), is non-unitary. The only
physical explanation of this fact is that the Liouville ﬁeld, describing the interior of the BH, cannot be fundamental.
The c-theorem [24] states that a ﬂow of unitary CFTs can only
satisfy the inequality

ρ = −8ηi ln |ζ − ζi | + O(1) as ζ → ζi .

c UV  c IR ,

(34)

Having this in mind, it is relatively straightforward to ﬁnd the
complex solutions ρn of the timelike version of (23), once two
heavy operators are inserted. These are [17]

2
3

This stands for Dorn, Otto, Zamolodchikov, Zamolodchikov.
Note that our ρ corresponds to φc /2 in [17].

(38)

in other words the number of degrees of freedom of the system
must always increase at higher and higher energies, if the theory
is Wilsonian.
The c-theorem, extended to non-unitary CFT, would imply that
for the effective central charges

c eff = c − 24min ,

(39)
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semi-classicality, i.e. the case of a black hole with appreciable
exterior–interior interactions.

where min is the lowest conformal weight in the theory,
UV
IR
c eff
 c eff
.

(40)

Unfortunately, generically this extension is false [25].
However, in the case in which the IR CFT describe ﬂuctuations
on a Bose–Einstein condensate of the UV CFT, this extension is
most probably correct. In this case indeed, the number of the effective degrees of freedom of the condensate can only be less than
of the microscopic degrees of freedom forming the condensate. Let
us apply this discussion to the BH.
The exterior of the BH is a unitary CFT and thus +
=0
min
corresponding to the conformal vacuum. The interior has instead
negative conformal weights and thus represents a non-unitary
CFT. The conformal weights in the timelike Liouville theory are
−
 = α ( Q − − α ) [17] and thus we have that c eff
= 13 + “light” operators contribution (in the b → 0 limit). This implies that
+
−
c eff
 c eff
,

for b → 0.

(41)

As we match the two CFTs at the horizon, we see that the exterior
CFT must be the UV part of the “extended” c-theorem. This seemly
paradoxical result can only be accepted, as discussed above, if the
interior CFT is an effective description of some collective excitations on a system with a non-trivial background. The idea here
is that the theory describing the BH interior is only an effective
description of a condensate generated on the (fundamental and
unitary) exterior theory. In this sense, the full system is unitary.
We would like to remark here again that the time-like and spacelike Liouville ﬁeld theories (19), differ only when probed by some
additional operators.
+
−
One may even reverse the argument. Since c eff
 c eff
and since
the two CFTs must ﬂow one to the other, the non-unitary Liouville
theory can only describe here ﬂuctuations of a condensate of the
unitary theory. Thus again, uncovering the fact that the theory is
fundamentally unitary.
There is indeed a precise mapping of a two-dimensional
CFT with large negative charge (as in our case) and two twodimensional interacting quasi-condensates deﬁned by two degenerate quantum states [26]. The CFT correlation functions are then
mapped to the distribution function of the fringe amplitudes due
to the interference of the two condensates. In [26] it has been
shown that the parameter b of our CFT is related to the Luttinger
parameter K (b = (2K)−1 ), describing the interaction strength of
the two condensates. In particular, large K implies weak coupling,
which match our deﬁnition of semi-classicality.
Of course, the fact that the interior should be a condensate of a
unitary theory described by the spacelike Liouville theory of the
bulk (the exterior) is only an approximation, strictly valid only
in the un-physical b = 0 case, where the horizon is at “spatial
inﬁnity”.
In the b > 0 case, as discussed before, we expect the “horizon”
to live at some ﬁnite point in space, dependent upon μ (the BH
mass) and b. In this case, the central charges of the two CFTs, describing the interior and exterior of the BH, will no longer diverge
(|c ± | < ∞).
In the quantum (b > 0) case we thus expect a transition region ﬂowing the UV central charge (the exterior, or bulk) to the IR
one (the interior). This transition must involve a ﬂux of degrees
of freedom at the “horizon” that should match the usual thermodynamical properties of quantum BHs with ﬁnite entropy and
temperature, at least for large enough |c ± |.
In this case, we expect that the unitary theory will only be
approximately described at “inﬁnity” by the space-like Liouville
theory of the “b ∼ 0” exterior. We leave for future work the investigation of the unitary theory describing the black hole far from

4.1. Two dimensional black hole in AdS/CFT
There is an intriguing similarity with the AdS/CFT analysis of
[14] that we like to point out here.
In the Randall–Sundrum set-up [30] where “the Universe” is a
( D − 1)-brane embedded in an AdS D spacetime, it has been shown,
for the D = 4 case, that a static brane BH do not exist [31]. A BH
solution might however only exist if extra-energy is supplemented
in form of a non-vanishing brane Ricci scalar. Interestingly, this
supplemental energy, for a given asymptotic mass, exactly matches
the trace anomaly of a quantum BH. In [32] (and then in [33]) it
has then put forward the idea that brane BH are holographically
dual to quantum (semiclassical) BHs.
In two dimensions, this duality has been checked in [14] where
a string (D1-brane) conﬁguration, reproducing (12) in a BTZ [34]
bulk, has been constructed (note that, as discussed before, the
metric (12) is semiclassical).4
In other words, in [14], the semiclassical Black Hole described
in this paper, has been shown to be holographically dual to the
gravitational system produced gluing together, along two intersecting strings, two copies of a BTZ BH.
The physics of the two intersecting strings, identifying the
boundary CFTs, is then dual to the physics of our two-dimensional
quantum Black Hole, in the spirit of AdS/CFT [35]. Thus, it seems
natural to state that the two saddle points needed to study quantum mechanically the Liouville theory are dual boundary descriptions of the gravitational background described by two intersecting
strings in a BTZ bulk.
One would be in principle puzzled by the fact that the boundary theory is non-unitary. This is however not new in holographic
correspondences inside a horizon, e.g. in dS/CFT [27] and, more
generically, in FRW/CFT [28]. In particular, it has been argued in
[29] that the CFT in the FRW/CFT is not UV completable. This of
course very well match with the idea that the CFT describing the
interior of a horizon is only an effective theory of quantum ﬂuctuations on a condensate. From the gravity point of view the lost of
unitarity is obviously related to the use of a classical saddle point:
the BTZ black hole.
5. Conclusions
In this paper we have argued that a two dimensional (quantum) BH is well described by matching two CFTs at the “horizon”.
In particular, in the semiclassical limit, where the horizon is at “inﬁnity” the two theories are a spacelike (BH exterior) and a timelike
(BH interior) Liouville ﬁeld theories.
The BH interior is characterized by two degenerate saddle
points of the Liouville theory. This has an immediate correspondence in AdS/CFT as the conﬁguration obtained by intersecting two
strings in a three-dimensional BTZ BH.
At least in the semiclassical limit, as the timelike Liouville theory is not unitary, physically, it can only describe some collective
excitations on a non-trivial background. This is the typical case of a
condensate and indeed, following [26], we mapped our BH interior
to a system of interacting one-dimensional Bose liquids.
We have not answered the question of what the condensate
is, or more concretely, how does the condensate dynamically form

4
As an extra non-trivial check of the duality, it was then shown that the thermodynamical properties of the BH solution (12) are, using the AdS/CFT dictionary
of [35], matched with the thermodynamical properties of the bulk BTZ BH.
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from the spacelike Liouville ﬁeld theory, and we leave this important question for future work.
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