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❆❧❣❡❜r❡♥ ü❜❡r G ❜❡s❝❤r❡✐❜❡♥✳ ❉✐❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❡♥ ✇✐❡❞❡r✉♠ ❧❛ss❡♥ s✐❝❤ ❛✉s
❞❡r ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡ ❞❡r ●r✉♣♣❡ ❛❜❧❡✐t❡♥✳
❊✐♥❡s ❞❡r ❦❧❛ss✐s❝❤❡♥ ❇❡✐s♣✐❡❧❡ ❡✐♥❡r ❡✐♥❢❛❝❤❡♥ ❦♦♠♣❛❦t❡♥ ▲✐❡✲●r✉♣♣❡ ✐st ❞✐❡
s♣❡③✐❡❧❧❡ ✉♥✐tär❡ ●r✉♣♣❡ ❙❯✭✷✮✳
◆❡❜❡♥ ❞❡r ❜❡s♦♥❞❡r❡♥ ❇❡❞❡✉t✉♥❣✱ ✇❡❧❝❤❡ ❞✐❡ ●r✉♣♣❡ ❙❯✭✷✮ ✐♥♥❡r❤❛❧❜ ❞❡r P❤②s✐❦
✭③✳ ❇✳ ✇❡✐st ❞❛s ❤❡✉t✐❣❡ ❙t❛♥❞❛r❞♠♦❞❡❧❧ ❙❯✭✷✮✲❙②♠♠❡tr✐❡♥ ❛✉❢✮ ❡✐♥♥✐♠♠t✱ s✐♥❞
❛✉s ♠❛t❤❡♠❛t✐s❝❤❡r ❙✐❝❤t ✐❤r❡ ❉❛rst❡❧❧✉♥❣❡♥ ❜❡s♦♥❞❡rs ❛♥s❝❤❛✉❧✐❝❤✳
❲✐r ♠ö❝❤t❡♥ ✉♥s ❞❡s❤❛❧❜ ❞❡r ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡ ✉♥❞ s❝❤❧✐❡ÿ❧✐❝❤ ❞❡r ❱❡r❧✐♥❞❡
❆❧❣❡❜r❛ ✐♠ ❋❛❧❧ ❙❯✭✷✮ ❛✉s❢ü❤r❧✐❝❤ ✇✐❞♠❡♥ ✉♥❞ ✈❡rs✉❝❤❡♥ ❞✐❡ ❛❧❣❡❜r❛✐s❝❤❡ ❙tr✉❦t✉r
❞❡r ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛ Vk(❙❯✭✷✮) ❡①♣❧✐③✐t ❞❛r③✉❧❡❣❡♥✳

■♠ ❡rst❡♥ ❑❛♣✐t❡❧ ❧❡❣❡♥ ✇✐r ❡✐♥✐❣❡ ●r✉♥❞❧❛❣❡♥✱ ❞✐❡ ✉♥s ③❡✐❣❡♥✱ ❞❛ss ✇✐r ❙❯✭✷✮
❛❧s ❦♦♠♣❛❦t❡ ▲✐❡✲●r✉♣♣❡ ❜❡❤❛♥❞❡❧♥ ❦ö♥♥❡♥✳ ❉✐❡s❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ♥✉t③❡♥ ✇✐r ✐♠
❢♦❧❣❡♥❞❡♥ ❑❛♣✐t❡❧ ✉♠ ③✉♥ä❝❤st ✐rr❡❞✉③✐❜❧❡ ❉❛rst❡❧❧✉♥❣❡♥ ✈♦♥ ❙❯✭✷✮ ③✉ ❜❡st✐♠✲
♠❡♥✳ ❋ür ❞❡♥ ❇❡✇❡✐s ❞❡r ■rr❡❞✉③✐❜✐❧✐tät ♠üss❡♥ ✇✐r ❡t✇❛s ❛✉s❤♦❧❡♥ ✉♥❞ ③✉♥ä❝❤st

✶❖st❡r✇❛❧❞❡r✲❙❝❤r❛❞❡r✲❆①✐♦♠❛t✐❦✳



■■ ⑤ ❊✐♥❧❡✐t✉♥❣

❡✐♥♠❛❧ ❦❧är❡♥✱ ❞❛ss s✐❝❤ ❉❛rst❡❧❧✉♥❣❡♥ ü❜❡r❤❛✉♣t ✐♥ ✐rr❡❞✉③✐❜❧❡ ❑♦♠♣♦♥❡♥t❡♥ ③❡r✲
❧❡❣❡♥ ❧❛ss❡♥✳ ❉❛③✉ ✇❡r❞❡♥ ✇✐r ❞❛s ❍❛❛r♠❛ÿ ❛✉❢ ❞❡r ●r✉♣♣❡ ❙❯✭✷✮ ❡✐♥❢ü❤r❡♥✳ ■♠
❆♥s❝❤❧✉ss ③❡✐❣❡♥ ✇✐r ❞✐❡ ❊✐♥❞❡✉t✐❣❦❡✐t ❞✐❡s❡r ✐rr❡❞✉③✐❜❧❡♥ ❉❛rst❡❧❧✉♥❣❡♥✳
◆❛❝❤ ❡✐♥✐❣❡♥ ❢♦r♠❛❧❡♥ ❊r✇❡✐t❡r✉♥❣❡♥ ✇❡r❞❡♥ ✇✐r ✐♥ ❑❛♣✐t❡❧ ✸ s❝❤r✐tt✇❡✐s❡ ③❡✐❣❡♥✱
❞❛ss ❞✐❡ ▼❡♥❣❡ ❞❡r ❉❛rst❡❧❧✉♥❣❡♥ ✈♦♥ ❙❯✭✷✮ ❡✐♥❡ ❛❜❡❧s❝❤❡ ●r✉♣♣❡✱ ❡✐♥ ❘✐♥❣ ✉♥❞
❡✐♥ ❢r❡✐❡r Z−▼♦❞✉❧ ✐st✳ ❊♥ts❝❤❡✐❞❡♥❞ ✐st ❞❛❜❡✐ ❞✐❡ ❲❛❤❧ ❡✐♥❡r ❣❡❡✐❣♥❡t❡♥ ❇❛s✐s
(bn)n∈N ♠✐t ❞❡r ✇✐r ❞❛s ❚❡♥s♦r♣r♦❞✉❦t ✐♥ ❡✐♥❡ ❞✐r❡❦t❡ ❙✉♠♠❡ ✉♠s❝❤r❡✐❜❡♥ ❦ö♥✲
♥❡♥✳ ❉✐❡s❡ ❇❛s✐s ❜❡st❡❤t ❣❡r❛❞❡ ❛✉s ❞❡♥ ✐♠ ✈♦r❛♥❣❡❣❛♥❣❡♥❡♥ ❆❜s❝❤♥✐tt ❞❡✜♥✐❡rt❡♥
✐rr❡❞✉③✐❜❧❡♥ ❉❛rst❡❧❧✉♥❣❡♥✳
❆✉s ❞❡♠ ❉❛rst❡❧❧✉♥❣sr✐♥❣ ❘✭❙❯✭✷✮✮ ✉♥❞ ❞❡r s♦ ❣❡❢✉♥❞❡♥❡♥ ❇❛s✐s bn ❧ässt s✐❝❤ ✐♥
❑❛♣✐t❡❧ ✹ ❞✐❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛ ❛❧s ◗✉♦t✐❡♥t ❞❡s ❉❛rst❡❧❧✉♥❣sr✐♥❣s ♥❛❝❤ ❞❡♠ ✈♦♥
❡✐♥❡♠ ❇❛s✐s❡❧❡♠❡♥t ❡r③❡✉❣t❡♥ ■❞❡❛❧ ✲ ❘✭❙❯✭✷✮✮/(bk) ✲ ❞❡✜♥✐❡r❡♥✳ ❆❧s ◗✉♦t✐❡♥t ✐st
❞✐❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛ ❡❜❡♥❢❛❧❧s ❡✐♥ ❘✐♥❣✳
❯♠ ❞❛s Pr♦❞✉❦t ✐♥ ❞❡r ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛ s❝❤❧✐❡ÿ❧✐❝❤ ❛✉s ❞❡♠ Pr♦❞✉❦t ✐♠ ❉❛rst❡❧✲
❧✉♥❣sr✐♥❣ ❛❜❧❡✐t❡♥ ③✉ ❦ö♥♥❡♥✱ ✇❡r❞❡♥ ✇✐r ❞❡♥ ❉❛rst❡❧❧✉♥❣sr✐♥❣ ❘✭❙❯✭✷✮✮ ✐♥ ❞❛s
❍❛✉♣t✐❞❡❛❧ (bk) ✉♥❞ ❡✐♥❡♥ Z−▼♦❞✉❧ ③❡r❧❡❣❡♥✳ ❆❧s ❊r❣❡❜♥✐s ❡r❤❛❧t❡♥ ✇✐r ❡✐♥❡ s❡❤r
❦♦♠♣❛❦t❡ ❉❛rst❡❧❧✉♥❣ ❞❡r ❣❡s✉❝❤t❡♥ ▼✉❧t✐♣❧✐❦❛t✐♦♥✳
❊✐♥ ❦✉r③❡r ❧❡t③t❡r ❆❜s❝❤♥✐tt ❞✐❡♥t ❡✐♥✐❣❡♥ ✇❡✐t❡r ❣❡❤❡♥❞❡♥ ❇❡♠❡r❦✉♥❣❡♥ ③✉ ❊✐❣❡♥✲
s❝❤❛❢t❡♥ ❞❡r ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛✳



1 ❉✐❡ ●r✉♣♣❡ ❙❯✭✷✮

✶✳✶✳ ❋✉♥❞❛♠❡♥t❛❧❡ ❊✐❣❡♥s❝❤❛❢t❡♥

■♥ ❞✐❡s❡♠ ❡rst❡♥ ❑❛♣✐t❡❧ ✇❡r❞❡♥ ✇✐r ❤❛✉♣tsä❝❤❧✐❝❤ ❣r✉♥❞❧❡❣❡♥❞❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r
●r✉♣♣❡ ❙❯✭✷✮ ❛✉✢✐st❡♥✳ ❉❛❜❡✐ s❡t③❡♥ ✇✐r ❡✐♥✐❣❡ ❇❡❣r✐✛❡ ❛✉s ❞❡r ❆❧❣❡❜r❛✱ ❚♦♣♦❧♦✲
❣✐❡ ✉♥❞ ❉✐✛❡r❡♥t✐❛❧❣❡♦♠❡tr✐❡ ✈♦r❛✉s✳ ❉✐❡s❡ ✜♥❞❡♥ s✐❝❤ ③✳ ❇✳ ✐♥ ❇♦s❝❤ ❬✸❪ ✭❆❧❣❡❜r❛✮✱
❏ä♥✐❝❤ ❬✶✺❪ ✭❚♦♣♦❧♦❣✐❡✱ ❙❛t③ ✈♦♥ ❍❡✐♥❡✲❇♦r❡❧✮✱ ❏♦st ❬✶✻❪ ✭❉✐✛❡r❡♥t✐❛❧❣❡♦♠❡tr✐❡✮✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✳ U ∈ ▼n(C) ✐st ✐♥ ❙❯✭✷✮ :⇔ UT =: U∗ = U−1, det(U) = 1✳

❋♦❧❣❡r✉♥❣ ✶✳✶✳✷✳ ❆✉s U∗ = U−1 ❢♦❧❣t ❢ür a, b, c, d ∈ C✿

U =

(
a b
c d

)
∈ ❙❯✭✷✮

⇒ UU∗ =

(
a b
c d

)(
a c

b d

)
=

(
aa+ bb ac+ bd

ac+ bd cc+ dd

)
=

(
1 0
0 1

)

⇒ det(U) = ad− bc = 1

⇒ aa+ bb = 1 ⇒ ada+ bbd = d

⇒ d = a(1 + bc) + b(−ac) = a+ abc− abc = a

⇒ cc+ dd = 1 ⇒ bcc+ dbd = b

⇒ b = (ad− 1)c+ d(−ac) = acd− c− acd = −c

⇒ U =

(
a b

−b a

)
, aa+ bb = 1

❋ür a = x0+ix1, b = x2+ix3, xi ∈ R ∀0 ≤ i ≤ 3 ❢♦❧❣t ❛✉s aa+bb = 1✿
∑3

i=0 x
2
i = 1✳

❙♦♠✐t ✐st x := (x0, x1, x2, x3) ∈ S
3✳ ■♥s❜❡s♦♥❞❡r❡ ✐st

ϕ : ❙❯✭✷✮ → S
3,

(
a b

−b a

)
7→
(
a+ a

2
,
a− a

2i
,
b+ b

2
,
b− b

2i

)



✷ ⑤ ✶✳ ❉✐❡ ●r✉♣♣❡ ❙❯✭✷✮

ϕ−1 : S
3 → ❙❯✭✷✮, (x0, x1, x2, x3) 7→

(
x0 + ix1 x2 + ix3
−x2 + ix3 x0 − ix1

)

❡✐♥ ❉✐✛❡♦♠♦r♣❤✐s♠✉s✱ ❞❛ ❦♦♠♣♦♥❡♥t❡♥✇❡✐s❡ C∞ ✉♥❞ ❧✐♥❡❛r✳

S
3 ✐st ❛❧s ❙♣❤är❡ ❡✐♥❡ ▼❛♥♥✐❣❢❛❧t✐❣❦❡✐t ✉♥❞ ❙❯✭✷✮ ❡✐♥❡ ●r✉♣♣❡✳ ❆✉ÿ❡r❞❡♠ s✐♥❞ ❞✐❡

▼❛tr✐③❡♥♠✉❧t✐♣❧✐❦❛t✐♦♥ ✉♥❞ ■♥✈❡rs✐♦♥ ❞✐✛❡r❡♥③✐❡r❜❛r✱ ❞✳ ❤✳ ❢ür a = x0 + ix1, b =
x2 + ix3, c = y0 + iy1, d = y2 + iy3, xi, yi ∈ R ∀0 ≤ i ≤ 3✿

A :=

(
a b

−b a

)
, B :=

(
c d

−d c

)

⇒ ϕ(AB) = (p0, p1, p2, p3),

✇♦❜❡✐ ❞✐❡ pi P♦❧②♥♦♠❡ ✐♥ x0, x1, x2, x3, y0, y1, y2, y3 s✐♥❞✳ P♦❧②♥♦♠❡ s✐♥❞ ❛❜❡r ❜❡✲
❧✐❡❜✐❣ ♦❢t ❞✐✛❡r❡♥③✐❡r❜❛r ✉♥❞ s♦♠✐t ❛✉❝❤ ϕ(AB)✳ ❊❜❡♥s♦ ❣✐❧t ❢ür ❞✐❡ ■♥✈❡rs✐♦♥

A−1 =

(
a −b
b a

)

⇒ ϕ(A−1) = (x0,−x1,−x2,−x3)

❉✐✛❡r❡♥③✐❡r❜❛r❦❡✐t✳
❉❛♠✐t ❤❛❜❡♥ ✇✐r ❣❡③❡✐❣t✱ ❞❛ss ❙❯✭✷✮ ❡✐♥❡ ▲✐❡✲●r✉♣♣❡ ✐st✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✸✳ ❊✐♥❡ ▲✐❡✲●r✉♣♣❡ ✐st ❡✐♥❡ ❣❧❛tt❡ r❡❡❧❧❡ ♦❞❡r ❦♦♠♣❧❡①❡ ▼❛♥♥✐❣✲
❢❛❧t✐❣❦❡✐t ❛✉❢ ❞❡r s✐❝❤ ❡✐♥❡ ●r✉♣♣❡♥str✉❦t✉r s♦ ❞❡✜♥✐❡r❡♥ ❧ässt✱ ❞❛ss ❞✐❡ ●r✉♣♣❡♥✲
✈❡r❦♥ü♣❢✉♥❣ ✉♥❞ ❞✐❡ ■♥✈❡rs✐♦♥ ❜❡❧✐❡❜✐❣ ♦❢t ❞✐✛❡r❡♥③✐❡r❜❛r s✐♥❞✳

❇❡♠❡r❦✉♥❣ ✶✳✶✳✹✳ ❆✉❢ Sn = {x ∈ R
n+1 : ‖x‖ = 1} ❡①✐st✐❡rt ❡✐♥❡ ❞✐✛❡r❡♥③✐❡r❜❛r❡

❙tr✉❦t✉r✳ ▼❛♥ ❡r❤ä❧t ③✇❡✐ ❑❛rt❡♥ ✭✉♥❞ ❞❛♠✐t ❡✐♥❡♥ ❆t❧❛s✮ ✈✐❛ st❡r❡♦❣r❛♣❤❡r
Pr♦❥❡❦t✐♦♥✳ ❙❡✐ e = (1, 0, . . .)✿

U1 := {x ∈ S
n : x 6= e}

ϕ1 : U1 → R
n

(x1, . . . , xn) →
(

1

1− xn+1

· x1, . . . ,
1

1− xn+1

· xn
)

U2 := {x ∈ S
n : x 6= −e}

ϕ2 : U1 → R
n

(x1, . . . , xn) →
(

1

1 + xn+1

· x1, . . . ,
1

1 + xn+1

· xn
)

ϕ21 = ϕ2 ◦ ϕ−1
1

∣∣
Rn\{0}

: Rn \ {0} → R
n \ {0},

⇒ ϕ1, ϕ2 ❍♦♠ö♦♠♦r♣❤✐s♠❡♥✱ ϕ21 C
∞−❉✐✛❡♦♠♦r♣❤✐s♠✉s✳



✶✳✶✳ ❋✉♥❞❛♠❡♥t❛❧❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ⑤ ✸

❇❡♠❡r❦✉♥❣ ✶✳✶✳✺✳ ❆❧❧❣❡♠❡✐♥❡r s✐♥❞ ❛✉❝❤ ❞✐❡ ●r✉♣♣❡♥ ❙❯✭♥✮✱ ❯✭♥✮✱ ●▲✭♥✮✱ ❖✭♥✮✱
❙❖✭♥✮ ❢ür ❛❧❧❡ n ∈ N ▲✐❡✲●r✉♣♣❡♥✳

❋♦❧❣❡r✉♥❣ ✶✳✶✳✻✳ ❙❯✭✷✮ ✐st ❦♦♠♣❛❦t✱ ❞❡♥♥ S
3 ✐st ❜❡s❝❤rä♥❦t ✉♥❞ ❛❜❣❡s❝❤❧♦ss❡♥

✐♥ R
4 ✲ ❛❜❣❡s❝❤❧♦ss❡♥ ❛❧s ❯r❜✐❧❞ ✈♦♥ 1 ✉♥t❡r ❞❡r st❡t✐❣❡♥ ❆❜❜✐❧❞✉♥❣ ‖ · ‖ : R4 → R✱

❜❡s❝❤rä♥❦t✱ ❞❛ ∀x ∈ S
3 : ‖x‖ = 1 < ∞✳ ◆❛❝❤ ❞❡♠ ❙❛t③ ✈♦♥ ❍❡✐♥❡✲❇♦r❡❧ ✐st S

3

❦♦♠♣❛❦t ✉♥❞ s♦♠✐t ✐st ❙❯✭✷✮ ❛❧s ❇✐❧❞ ❡✐♥❡r ❦♦♠♣❛❦t❡♥ ▼❡♥❣❡ ✉♥t❡r ❞❡r st❡t✐❣❡♥
❆❜❜✐❧❞✉♥❣ ϕ−1 ❡❜❡♥❢❛❧❧s ❦♦♠♣❛❦t✳

❲✐r ❤❛❜❡♥ ❞❛♠✐t ❞❡♥ ❢♦❧❣❡♥❞❡♥ ❙❛t③ ❣❡③❡✐❣t✳

❙❛t③ ✶✳✶✳✼✳ ❙❯✭✷✮ ✐st ❡✐♥❡ ❦♦♠♣❛❦t❡ ▲✐❡✲●r✉♣♣❡✳

❇❡♠❡r❦✉♥❣ ✶✳✶✳✽✳ ❲✐r ❢ü❤r❡♥ ❛♥ ❞✐❡s❡r ❙t❡❧❧❡ ♥♦❝❤ ❡✐♥❡ P❛r❛♠❡t❡r❞❛rst❡❧❧✉♥❣
✈♦♥ S

3 ✉♥❞ s♦♠✐t ✈♦♥ ❙❯✭✷✮ ❡✐♥✱ ❞✐❡ ✇✐r s♣ät❡r ❜❡♥öt✐❣❡♥ ✇❡r❞❡♥✳ ■♠ ❋♦❧❣❡♥❞❡♥
✈❡r✇❡♥❞❡♥ ✇✐r✱ ❞❛ss cos ❛✉❢ [0, π] ✐♥❥❡❦t✐✈ ✐st ✉♥❞ sin ♥✐❝❤t ♥❡❣❛t✐✈ ❛✉❢ ❞❡♠ s❡❧❜❡♥
■♥t❡r✈❛❧❧✳
❉❛ 1 = ‖x‖2 ≥ |x0|2 ⇒ −1 ≤ x0 ≤ 1 ⇒ ∃!0 ≤ θ ≤ π : x0 = cos(θ)✳ ❉❛
1 = ‖x‖ ≥ |x0|2 + |x1|2 = cos2(θ) + x21 ⇒ x21 ≤ 1− cos2(θ) = sin2(θ) ⇒ − sin(θ) ≤
x1 ≤ sin(θ) ⇒ ∃!0 ≤ ψ ≤ π : x1 = sin(θ) cos(ψ)✳✶ ❆♥❛❧♦❣ ❣✐❧t ✇❡✐t❡r 1 =
‖x‖2 = |x0|2 + |x1|2 + |x2|2 + |x3|2 = cos2(θ) + sin2(θ) cos2(ψ) + |x2|2 + |x3|2 ⇒
sin2(θ) = sin2(θ) cos2(ψ) + x22 + x23 ⇒ sin2(θ)(1 − cos2(ψ)) = sin2(θ) sin2(ψ) =
x22 + x23 ⇒ ∃!0 ≤ φ < 2π : x2 = sin(θ) sin(ψ) sin(φ), x3 = sin(θ) sin(ψ) cos(φ)✳✷

❩✉s❛♠♠❡♥❣❡❢❛sst ❡r❤ä❧t ♠❛♥ ❢ür ❥❡❞❡s x ∈ S
3 ❣❡♥❛✉ ❡✐♥ ❚r✐♣❡❧ (θ, ψ, φ) ∈ M :=

[0, π]× [0, π]× [0, 2π[\({0, π}×]0, π]×]0, 2π[∪([0, π] \ {π/2})× {0, π}×]0, 2π[)✿✸




x0
x1
x2
x2


 =




cos(θ)
sin(θ) cos(ψ)

sin(θ) sin(ψ) sin(φ)
sin(θ) sin(ψ) cos(φ)


 .

⇒ ∀U ∈ ❙❯✭✷✮ ∃! (θ, ψ, φ) ∈M ✿

U =

(
cos(θ) + i sin(θ) cos(ψ) sin(θ) sin(ψ)eiφ

− sin(θ) sin(ψ)e−iφ cos(θ)− i sin(θ) cos(ψ)

)
.

✶❊✐♥❞❡✉t✐❣❦❡✐t ✈♦♥ ψ ❣✐❧t ♥✐❝❤t ❢ür ❞❡♥ ❋❛❧❧ θ ∈ {0, π}✳ ■♥ ❞✐❡s❡♠ ❋❛❧❧ ✇ä❤❧❡ ♠❛♥ ψ = 0✳
✷❊✐♥❞❡✉t✐❣❦❡✐t ✈♦♥ φ ❣✐❧t ♥✐❝❤t ❢ür ❞✐❡ ❋ä❧❧❡ θ ∈ {0, π} ♦❞❡r ψ ∈ {0, π}✳ ■♥ ❞✐❡s❡♥ ❋ä❧❧❡♥ ✇ä❤❧❡

♠❛♥ φ = 0✳
✸❉✐❡ ▼❡♥❣❡M ❦♦♠♠t ❞❛❞✉r❝❤ ③✉st❛♥❞❡✱ ❞❛ss ❢ür ❞❡♥ ❋❛❧❧ θ ∈ {0, π} ❞✐❡ P❛r❛♠❡t❡r ψ, φ ♥✐❝❤t

❡✐♥❞❡✉t✐❣ ❢❡st❣❡❧❡❣t s✐♥❞ ✉♥❞ ❢ür ψ ∈ {0, π} ❞❡r P❛r❛♠❡t❡r φ ♥✐❝❤t ❡✐♥❞❡✉t✐❣ ❢❡st❣❡❧❡❣t ✐st✳ ❉❛ ✇✐r
❊✐♥❞❡✉t✐❣❦❡✐t s♣ät❡r ♥♦❝❤ ❜❡♥öt✐❣❡♥✱ st❡❧❧❡♥ ✇✐r ❞✐❡s❡ ❞✉r❝❤ ❞✐❡ ❲❛❤❧ ✈♦♥ M s✐❝❤❡r✳ ❚❛tsä❝❤❧✐❝❤
✇✐r❞ ❞❡r ❆♥t❡✐❧✱ ❞❡r ✈♦♥ [0, π]× [0, π]× [0, 2π[ ❛❜❣❡③♦❣❡♥ ✇✐r❞ ❦❡✐♥ ❘♦❧❧❡ ♠❡❤r s♣✐❡❧❡♥✳



2 ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡
✈♦♥ ❙❯✭✷✮

❉❛s ❩✐❡❧ ❞✐❡s❡s ③✇❡✐t❡♥ ❑❛♣✐t❡❧s ✐st ❞✐❡ ❑❧❛ss✐✜❦❛t✐♦♥ ❞❡r ❉❛rst❡❧❧✉♥❣❡♥ ❞❡r ●r✉♣♣❡
❙❯✭✷✮✳
◆❛❝❤❞❡♠ ✇✐r ③✉♥ä❝❤st ❣❡✇✐ss❡ ❉❛rst❡❧❧✉♥❣❡♥ ✈♦♥ ❙❯✭✷✮ ❡✐♥❢ü❤r❡♥ ✭s✐❡❤❡ ❇rö❝❦❡r
✫ t♦♠ ❉✐❡❝❦ ❬✺❪✱ ❙✳✽✹❢ ♦❞❡r ❙❝❤♦tt❡♥❧♦❤❡r ❬✶✽❪✱ ❙✳✶✼✻✛✮ ♠üss❡♥ ✇✐r ✐♠ ③✇❡✐t❡♥
❆❜s❝❤♥✐tt ❛✉❢ ❛❧❧❣❡♠❡✐♥❡r❡ ❆✉ss❛❣❡♥ ❞❡r ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡ ❡✐♥❣❡❤❡♥✱ ✉♠ ❞❡♥
❇❡❣r✐✛ ❞❡r ❩❡r❧❡❣❜❛r❦❡✐t ❡✐♥❡r ❉❛rst❡❧❧✉♥❣✱ ✐♥s❜❡s♦♥❞❡r❡ ❞❡r ■rr❡❞✉③✐❜✐❧✐tät✱ ✈❡r✲
✇❡♥❞❡♥ ③✉ ❦ö♥♥❡♥✳ ❉❛③✉ ✇❡r❞❡♥ ✇✐r ❞❛s ❍❛❛r♠❛ÿ ❛✉❢ ❙❯✭✷✮ ❡✐♥❢ü❤r❡♥✳ ❉✐❡s❡s
✜♥❞❡t ♠❛♥ ❜❡✐ ❇rö❝❦❡r ✫ t♦♠ ❉✐❡❝❦ ❬✺❪✱ ❙✳✹✵✛ ❢ür ▲✐❡✲●r✉♣♣❡♥ ✉♥❞ ❛❧❧❣❡♠❡✐♥❡r
❜❡✐ ❇❛r✉t ✫ ❘→❝③❦❛ ❬✷❪✱ ❙✳✻✼✛✱ ❍✐❧❣❡rt ✫ ❘♦ss ❬✶✷❪✱ ❙✳✷✸✷✛ ✉♥❞ ❍❡✇✐tt ✫ ◆❡❡❜
❬✶✶❪✱ ❙✳✶✽✹✛ ❢ür ❧♦❦❛❧✲❦♦♠♣❛❦t❡ ●r✉♣♣❡♥✳
❉✐❡ ■rr❡❞✉③✐❜✐❧✐tät ❞❡r ❉❛rst❡❧❧✉♥❣❡♥ ❢♦❧❣t s❝❤❧✐❡ÿ❧✐❝❤ ❛✉s ❞❡r ❇❡tr❛❝❤t✉♥❣ äq✉✐✈✲
❛r✐❛♥t❡r ❊♥❞♦♠♦r♣❤✐s♠❡♥❀ ❊♥❞♦♠♦r♣❤✐s♠❡♥✱ ❞✐❡ ♠✐t ❞❡r ❲✐r❦✉♥❣ ❞❡r ●r✉♣♣❡ G
❦♦♠♠✉t✐❡r❡♥✳
❉❡r ❈❤❛r❛❦t❡r ❡✐♥❡r ❉❛rst❡❧❧✉♥❣✱ ❞❡r ✇✐❡ ✇✐r s❡❤❡♥ ✇❡r❞❡♥ ❛❧❧❡ ■♥❢♦r♠❛t✐♦♥❡♥ ü❜❡r
❞❡r❡♥ ■s♦♠♦r♣❤✐❡❦❧❛ss❡ ❡♥t❤ä❧t✱ ✇✐r❞ ♥✐❝❤t ♥✉r ❞✐❡ ❋r❛❣❡ ❞❡r ❊✐♥❞❡✉t✐❣❦❡✐t ❧ös❡♥✱
s♦♥❞❡r♥ ❛✉❝❤ ❜❡✐♠ ❇❡✇❡✐s ❞❡r ❈❧❡❜s❝❤✲●♦r❞♦♥✲❋♦r♠❡❧ ❛♠ ❆♥❢❛♥❣ ❞❡s ♥ä❝❤st❡♥
❑❛♣✐t❡❧s ❱❡r✇❡♥❞✉♥❣ ✜♥❞❡♥✳

✷✳✶✳ ❉❛rst❡❧❧✉♥❣❡♥ ✈♦♥ ❙❯✭✷✮

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❊✐♥❡ ❉❛rst❡❧❧✉♥❣ ❞❡r ▲✐❡✲●r✉♣♣❡ G ❛✉❢ ❡✐♥❡♠ ❡♥❞❧✐❝❤✲
❞✐♠❡♥s✐♦♥❛❧❡♥ ❱❡❦t♦rr❛✉♠ V ✐st ❡✐♥❡ st❡t✐❣❡ ❲✐r❦✉♥❣ ρ : G × V → V ✈♦♥ G
❛✉❢ V s♦❞❛ss ∀g ∈ G ❞✐❡ ❚r❛♥s❧❛t✐♦♥ lg : v 7→ ρ(g, v) ❡✐♥❡ ❧✐♥❡❛r❡ ❆❜❜✐❧❞✉♥❣ ✐st✳
ρ ✐st ❲✐r❦✉♥❣ ✈♦♥ G ❛✉❢ V ⇔ ρ(e, v) = v, ρ(g, ρ(h, v)) = ρ(gh, v) ∀v ∈ V, ∀g, h ∈
G, e ∈ G ♥❡✉tr❛❧❡s ❊❧❡♠❡♥t✳
❱❡r❡✐♥❢❛❝❤t s❝❤r❡✐❜❡♥ ✇✐r ρ(g, v) = gv✳

❇❡♠❡r❦✉♥❣ ✷✳✶✳✷✳ ❲✐r ✇❡r❞❡♥ ✐♠ ❋♦❧❣❡♥❞❡♥ ♥✉r ❡♥❞❧✐❝❤✲❞✐♠❡♥s✐♦♥❛❧❡ ❉❛rst❡❧✲
❧✉♥❣❡♥✱ ❞✳ ❤✳ ❞❡r ③✉❣r✉♥❞❡ ❧✐❡❣❡♥❞❡ ❱❡❦t♦rr❛✉♠ ✐st ❡♥❞❧✐❝❤✲❞✐♠❡♥s✐♦♥❛❧✱ ❜❡tr❛✲



✷✳✶✳ ❉❛rst❡❧❧✉♥❣❡♥ ✈♦♥ ❙❯✭✷✮ ⑤ ✺

❝❤t❡♥✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✸✳ ❙❡✐ V G−▼♦❞✉❧✳ ❊✐♥ G−✐♥✈❛r✐❛♥t❡r ❯♥t❡r✈❡❦t♦rr❛✉♠ U ⊂ V ✱
❞✳ ❤✳ gu ∈ U, ∀g ∈ G, ∀u ∈ U, ❤❡✐ÿt ❯♥t❡r♠♦❞✉❧ ♦❞❡r ❯♥t❡r❞❛rst❡❧❧✉♥❣ ✈♦♥ V ✳
❊✐♥❡ ♥✐❝❤t ❧❡❡r❡ ❉❛rst❡❧❧✉♥❣ V ❤❡✐ÿt ✐rr❡❞✉③✐❜❡❧✱ ✇❡♥♥ ❡s ❛✉ÿ❡r {0} ✉♥❞ V ❦❡✐♥❡♥
✇❡✐t❡r❡♥ ❯♥t❡r♠♦❞✉❧ ❣✐❜t✳

❲✐r ❜❡tr❛❝❤t❡♥ ❞❡♥ C−❱❡❦t♦rr❛✉♠ Vn ❞❡r ❤♦♠♦❣❡♥❡♥ P♦❧②♥♦♠❡ ✐♥ ③✇❡✐ ❱❛r✐❛❜❧❡♥
z1, z2 ✈♦♠ ●r❛❞ n✱ ❞✳ ❤✳ ❛❧❧❡ ▼♦♥♦♠❡ ❡✐♥❡ P♦❧②♥♦♠❡s ✐♥ Vn ❤❛❜❡♥ ❞❡♥ ❣❧❡✐❝❤❡♥
●r❛❞ n✳✶ ❖✛❡♥s✐❝❤t❧✐❝❤ ✐st ❡✐♥❡ ❇❛s✐s ❞✐❡s❡s ❘❛✉♠s ❣❡❣❡❜❡♥ ❞✉r❝❤ Pk(z1, z2) =
zk1z

n−k
2 ❢ür 0 ≤ k ≤ n✳ ❉❛♠✐t ❤❛t Vn ❉✐♠❡♥s✐♦♥ n+ 1✳

▲❡♠♠❛ ✷✳✶✳✹✳ ❉❡✜♥✐❡r❡ ❡✐♥❡ ❲✐r❦✉♥❣ ✈♦♥ G = ❙❯✭✷✮ ❛✉❢ Vn ❞✉r❝❤ (gP )(z) =
P (zg) ∀P ∈ Vn, ∀g ∈ G ✉♥❞ z = (z1, z2)✳ ▼✐t ❞✐❡s❡r ❲✐r❦✉♥❣ ✐st Vn ❡✐♥❡ ❉❛rst❡❧✲
❧✉♥❣ ✐♠ ❙✐♥♥❡ ✈♦♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳

❇❡✇❡✐s✳

❇❡❤❛✉♣t✉♥❣✳ lg : P (z) 7→ (gP )(z) = P (zg) ✐st ❧✐♥❡❛r✳
❋ür α, β ∈ C, P (z1, z2) =

∑n
k=0 akz

k
1z

n−k
2 , Q(z1, z2) =

∑n
k=0 bkz

k
1z

n−k
2 ∈ Vn✿

lg(αP + βQ)(z) = (g(αP + βQ))(z) = (αP + βQ)(zg)

=

(
n∑

k=0

(αak)z
k
1z

n−k
2 +

n∑

k=0

(βbk)z
k
1z

n−k
2

)
((zg)1, (zg)2)

=
n∑

k=0

(αak)(zg)
k
1(zg)

n−k
2 +

n∑

k=0

(βbk)(zg)
k
1(zg)

n−k
2

= α

(
n∑

k=0

akz
k
1z

n−k
2

)
(zg) + β

(
n∑

k=0

bkz
k
1z

n−k
2

)
(zg)

= αlg(P )(z) + βlg(Q)(z)

❇❡❤❛✉♣t✉♥❣✳ Vn ⊂ C[z1, z2] ✐st ❯♥t❡rr❛✉♠✳

❊s ❣✐❧t 0 = 0 · zn1 ∈ Vn✳ ❋ür ❥❡❞❡s λ ∈ C ∀P (z1, z2) =
∑n

k=0 akz
k
1z

n−k
2 ∈ Vn✿

λP =
n∑

k=0

λak︸︷︷︸
=:ck

zk1z
n−k
2 =

n∑

k=0

ckz
k
1z

n−k
2 ∈ Vn.

✶0 ∈ Vn ✇❡❣❡♥ 0 · zn1 = 0 ♦❜✇♦❤❧ deg(0) = −∞✳



✻ ⑤ ✷✳ ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡ ✈♦♥ ❙❯✭✷✮

❙❝❤❧✐❡ÿ❧✐❝❤ ❣✐❧t ❢ür P (z1, z2) =
∑n

k=0 akz
k
1z

n−k
2 , Q(z1, z2) =

∑n
k=0 bkz

k
1z

n−k
2 ∈ Vn✿

P +Q =
n∑

k=0

akz
k
1z

n−k
2 +

n∑

k=0

bkz
k
1z

n−k
2 =

n∑

k=0

(ak + bk)︸ ︷︷ ︸
=:ck

zk1z
n−k
2

=
n∑

k=0

ckz
k
1z

n−k
2 ∈ Vn.

❇❡❤❛✉♣t✉♥❣✳ Vn ⊂ C[z1, z2] ✐st ❙❯✭✷✮−✐♥✈❛r✐❛♥t✳

❙❡✐ P (z1, z2) =
∑n

k=0 akz
k
1z

n−k
2 ∈ Vn✱

g =

(
a b
c d

)
∈ ❙❯✭✷✮,

❞❛♥♥ ❣✐❧t

zg =
(
z1 z2

)(a b
c d

)
=
(
az1 + cz2 bz1 + dz2

)
.

❲✐r ❡r❤❛❧t❡♥

(gP )(z) = P (zg) = P (az1 + cz2, bz1 + dz2)

=
n∑

k=0

ak(az1 + cz2)
k(bz1 + dz2)

n−k

=
n∑

k=0

ak




k∑

i=0

(
k

i

)
aizi1c

k−izk−i
2

︸ ︷︷ ︸
=:vi







n−k∑

i=0

(
n− k

i

)
bizi1d

n−k−izn−k−i
2

︸ ︷︷ ︸
=:wi




=
n∑

k=0

ak

(
k∑

j=0

j∑

i=0

viwj−i

)
✭✷✳✶✳✹✳✶✮

=
n∑

k=0

ak

(
k∑

j=0

j∑

i=0

(
k

i

)(
n− k

j − i

)
aizi1c

k−izk−i
2 bj−izj−i

1 dn−k−j+izn−k−j+i
2

)

=
n∑

k=0

ak

(
k∑

j=0

j∑

i=0

(
k

i

)(
n− k

j − i

)
aick−ibj−idn−k−j+izi+j−i

1 zk−i+n−k−j+i
2

)

=
n∑

k=0

ak

k∑

j=0

(
j∑

i=0

(
k

i

)(
n− k

j − i

)
aick−ibj−idn−k−j+i

)
zj1z

n−j
2 ∈ Vn,



✷✳✷✳ ❩❡r❧❡❣✉♥❣ ✈♦♥ ❉❛rst❡❧❧✉♥❣❡♥ ⑤ ✼

❞❛ deg(zj1z
n−j
2 ) = n ❢ür ❛❧❧❡ 0 ≤ j ≤ n✳ ■♥s❜❡s♦♥❞❡r❡ ❤❛❜❡♥ ✇✐r ❜❡✐ ✭✷✳✶✳✹✳✶✮ ❞❛s

❈❛✉❝❤②♣r♦❞✉❦t ❢ür P♦❧②♥♦♠❡ ✈❡r✇❡♥❞❡t✳
❉❛ (gP )(z) = P (zg) ❛✉❝❤ ❦♦♠♣♦♥❡♥t❡♥✇❡✐s❡ st❡t✐❣ ✐st✱ ✐st Vn ❡✐♥❡ ❉❛rst❡❧❧✉♥❣ ✈♦♥
❙❯✭✷✮✳

❇❡♠❡r❦✉♥❣ ✷✳✶✳✺✳ ✭✐✮ V0 ✐st ❞✐❡ tr✐✈✐❛❧❡ ❉❛rst❡❧❧✉♥❣ ❛✉❢ C✱ ❞❛ P♦❧②♥♦♠❡ ✈♦♥
●r❛❞ ✵ ❣❡r❛❞❡ ❞✐❡ ❊❧❡♠❡♥t❡ ❞❡s ❑ör♣❡rs s✐♥❞✱ G ❛❧s♦ ❛❧s ■❞❡♥t✐tät ✇✐r❦t✳

✭✐✐✮ V1 ✐st ❞✐❡ ❙t❛♥❞❛r❞❞❛rst❡❧❧✉♥❣ ❛✉❢ C2✱ ✇♦❜❡✐ ❞✐❡ ❲✐r❦✉♥❣ ❞✉r❝❤ ▼❛tr✐③❡♥✲
♠✉❧t✐♣❧✐❦❛t✐♦♥ ❣❡❣❡❜❡♥ ✐st✱ ❞✳ ❤✳ ❢ür

g =

(
a b
c d

)
∈ ❙❯✭✷✮, P (z1, z2) = a1z1 + a2z2

⇒ (gP )(z) = P (zg) =
(
z1 z2

)(a b
c d

)(
a1
a2

)
.

✭✐✐✐✮ ❉✐❡ Vn s✐♥❞ ♣❛❛r✇❡✐s❡ ♥✐❝❤t ✐s♦♠♦r♣❤✱ ❞❛ s✐❝❤ ✐❤r❡ ❉✐♠❡♥s✐♦♥❡♥ ✉♥t❡rs❝❤❡✐✲
❞❡♥✱ dim(Vn) = n+ 1✳

✷✳✷✳ ❩❡r❧❡❣✉♥❣ ✈♦♥ ❉❛rst❡❧❧✉♥❣❡♥

▲❡♠♠❛ ✷✳✷✳✶✳ ❙❡✐ G ❡✐♥❡ ❦♦♠♣❛❦t❡ ●r✉♣♣❡ ✉♥❞ s❡✐ U ❡✐♥ G−▼♦❞✉❧ ♠✐t ❯♥t❡r✲
♠♦❞✉❧ V ✳ ❉❛♥♥ ❡①✐st✐❡rt ❡✐♥ ❦♦♠♣❧❡♠❡♥tär❡r ❯♥t❡r♠♦❞✉❧ W ✱ s♦❞❛ss U = V ⊕W
✐st✳ ❲❡✐t❡r ✐st ❥❡❞❡r G−▼♦❞✉❧ ❞✐r❡❦t❡ ❙✉♠♠❡ ✈♦♥ ✐rr❡❞✉③✐❜❧❡♥ ❯♥t❡r♠♦❞✉❧❡♥✳

❇❡♠❡r❦✉♥❣ ✷✳✷✳✷✳ ❉✐❡ ❞✐r❡❦t❡ ❙✉♠♠❡ ✈♦♥ ③✇❡✐ ❉❛rst❡❧❧✉♥❣❡♥ V,W ✐st ♠✐t ❞❡r
❲✐r❦✉♥❣ G × V ⊕ W → V ⊕ W, (g, (v, w)) 7→ (gv, gw) ❡❜❡♥❢❛❧❧s ❡✐♥❡ ❉❛rst❡❧✲
❧✉♥❣✱ ❞❡♥♥ e(v, w) = (ev, ew) = (v, w)✱ g(h(v, w)) = g(hv, hw) = (ghv, ghw) =
(gh)(v, w) ✉♥❞ ▲✐♥❡❛r✐tät ✈♦♥ lV⊕W

g ✉♥❞ ❙t❡t✐❣❦❡✐t ❞❡r ❲✐r❦✉♥❣ ❢♦❧❣❡♥ ❦♦♠♣♦♥❡♥✲
t❡♥✇❡✐s❡✳

❯♠ ▲❡♠♠❛ ✷✳✷✳✶ ③✉ ❜❡✇❡✐s❡♥✱ ✐st ❡s ♥♦t✇❡♥❞✐❣ ❡✐♥ G−✐♥✈❛r✐❛♥t❡s ❙❦❛❧❛r♣r♦❞✉❦t
❛✉❢ U ③✉ ❞❡✜♥✐❡r❡♥✳ ❉✐❡ ❊①✐st❡♥③ ❡✐♥❡s s♦❧❝❤❡♥ ❙❦❛❧❛r♣r♦❞✉❦t❡s ③❡✐❣t ♠❛♥ ♠✐tt❡❧s
❞❡r ❊①✐st❡♥③ ❡✐♥❡s ❍❛❛r♠❛ÿ❡s ❛✉❢ G✳✷ ❲✐r ✇❡r❞❡♥ ✉♥s ❞❛❜❡✐ ❛✉❢ ❞❡♥ ❙♣❡③✐❛❧❢❛❧❧
G = ❙❯✭✷✮ ❜❡s❝❤rä♥❦❡♥✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✸✳ ❊✐♥ ■♥t❡❣r❛❧ ❛✉❢ ❞❡r ▲✐❡✲●r✉♣♣❡ G ❤❡✐ÿt ❧✐♥❦s✲✐♥✈❛r✐❛♥t✱ ✇❡♥♥
❢ür ❛❧❧❡ h ∈ G ❣✐❧t✿

∫

G

f(hg)dg =

∫

G

f(g)dg, ∀f ✐♥t❡❣r✐❡r❜❛r.

✷❋ür ❞✐❡ ❛❧❧❣❡♠❡✐♥❡ ❑♦♥str✉❦t✐♦♥ ❛✉❢ ▲✐❡✲●r✉♣♣❡♥ s✐❡❤❡ ❇rö❝❦❡r ✫ t♦♠ ❉✐❡❝❦ ❬✺❪✱ ❙✳✹✵✛ ♦❞❡r
❢ür ❧♦❦❛❧❦♦♠♣❛❦t❡ t♦♣♦❧♦❣✐s❝❤❡ ●r✉♣♣❡♥ s✐❡❤❡ ❇❛r✉t ✫ ❘→❝③❦❛ ❬✷❪✱ ❙✳✻✼✛✱ ❍✐❧❣❡rt ✫ ◆❡❡❜ ❬✶✷❪✱
❙✳✷✸✷✛ ♦❞❡r ❍❡✇✐tt ✫ ❘♦ss ❬✶✶❪✱ ❙✳✶✽✹✛✳



✽ ⑤ ✷✳ ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡ ✈♦♥ ❙❯✭✷✮

❊✐♥ ■♥t❡❣r❛❧ ✐st ♥♦r♠✐❡rt✱ ✇❡♥♥
∫
G
1dg = 1✳

❊✐♥ ✭❧✐♥❦s✲✮✐♥✈❛r✐❛♥t❡s ♥♦r♠✐❡rt❡s r❡❣✉❧är❡s ❇♦r❡❧♠❛ÿ ❛✉❢ G ❤❡✐ÿt ✭❧✐♥❦❡s✮ ❍❛❛r✲
♠❛ÿ✳

❇❡♠❡r❦✉♥❣ ✷✳✷✳✹✳ ❲✐❡ ❜❡r❡✐ts ❡r✇ä❤♥t ✐st ❡✐♥ ❍❛❛r♠❛ÿ ❜✐s ❛✉❢ ❡✐♥❡♥ ❦♦♥st❛♥t❡♥
❋❛❦t♦r ❡✐♥❞❡✉t✐❣✳ ❆✉❢ ❡✐♥❡r ▲✐❡✲●r✉♣♣❡ ❢♦❧❣t ♠✐t ❞❡r ▲✐♥❦s✲■♥✈❛r✐❛♥③ ❛✉❝❤ s❝❤♦♥
❞✐❡ ❘❡❝❤ts✲■♥✈❛r✐❛♥③✳ ■♠ ❋♦❧❣❡♥❞❡♥ ✇❡r❞❡♥ ♥✉r ❍❛❛r♠❛ÿ❡ ❛✉❢tr❡t❡♥✱ ❞✐❡ s♦✇♦❤❧
❧✐♥❦s✲ ❛❧s ❛✉❝❤ r❡❝❤ts✲✐♥✈❛r✐❛♥t s✐♥❞✳

▲❡♠♠❛ ✷✳✷✳✺✳ ❆✉❢ ❙❯✭✷✮ ❡①✐st✐❡rt ❡✐♥ ♥♦r♠✐❡rt❡s ❍❛❛r♠❛ÿ✳

❇❡✇❡✐s✳ ▼❛♥ ✈❡r✇❡♥❞❡ ❞✐❡ P❛r❛♠❡t❡r❞❛rst❡❧❧✉♥❣ ✈♦♥ ❙❯✭✷✮ ❛✉s ❇❡♠❡r❦✉♥❣ ✶✳✶✳✽✳
❲❡✐t❡r ❞❡✜♥✐❡r❡♥ ✇✐r

dµ =
1

2π2
sin2(θ) sin(ψ)dθdψdφ.

❉✐❡s ✐st ❣❡r❛❞❡ ❞❛s n−❞✐♠❡♥s✐♦♥❛❧❡ ❱♦❧✉♠❡♥♠❛ÿ ❢ür n = 4 ✉♥❞ ❡✐♥❣❡s❝❤rä♥❦t ❛✉❢
❞✐❡ ❙♣❤är❡ S

3 ✲ ❘❛❞✐✉s r = 1 ✲ ♠✐t ❡✐♥❡♠ ③✉sät③❧✐❝❤❡♥ ◆♦r♠✐❡r✉♥❣s❢❛❦t♦r✳
dµ ✐st ❡✐♥ r❡❣✉❧är❡s ❇♦r❡❧♠❛ÿ ❛✉❢ [0, π] × [0, π] × [0, 2π[✱ ❞❛ ❞✐❡ ▲❡❜❡s❣✉❡♠❛ÿ❡
dθ, dψ, dφ r❡❣✉❧är❡ ❇♦r❡❧♠❛ÿ❡ s✐♥❞✳ ❲✐r ③❡✐❣❡♥ ◆♦r♠✐❡rt❤❡✐t✿

∫

G

1dg = ✸

∫

M

1

2π2
sin2(θ) sin(ψ)dθdψdφ

=

∫

[0,π]×[0,π]×[0,2π]

1

2π2
sin2(θ) sin(ψ)dθdψdφ

=

∫ 2π

0

∫ π

0

π

4π2
sin(ψ)dψdφ =

∫ 2π

0

1

2π
dφ = 1

❉✐❡ ▲✐♥❦s♠✉❧t✐♣❧✐❦❛t✐♦♥ g 7→ lh(g) ❢ür xi, yi ∈ R, 0 ≤ i ≤ 3✱

g =

(
x0 + ix1 x2 + ix3
−x2 + ix3 x0 − ix1

)
, h =

(
y0 + iy1 y2 + iy3
−y2 + iy3 y0 − iy1

)

⇒ hg =

(
(y0+iy1)(x0+ix1)+(y2+iy3)(−x2+ix3) (y0+iy1)(x2+ix3)+(y2+iy3)(x0−ix1)

(−y2+iy3)(x0+ix1)+(y0−iy1)(−x2+ix3) (−y2+iy3)(x2+ix3)+(y0−iy1)(x0−ix1)

)

⇒ ϕ(hg)t =




2y0x0+iy1·(2ix1)−2y2x2+iy3·(2ix3)
2

2x0iy1+2ix1y0−2x2iy3+2ix3y2
2i

2y2x0+iy3·(−2ix1)+2y0x2+iy1·(2ix3)
2

2x0iy3−2ix1y2+2x2iy1+2ix3y0
2i




✸▼✐tM := [0, π]×[0, π]×[0, 2π[\({0, π}×]0, π]×]0, 2π[∪([0, π]\{π/2})×{0, π}×]0, 2π[)✱ ✇♦❜❡✐
{0, π}×]0, π]×]0, 2π[∪([0, π] \ {π/2})× {0, π}×]0, 2π[ ▼❛ÿ 0 ❤❛t✳



✷✳✷✳ ❩❡r❧❡❣✉♥❣ ✈♦♥ ❉❛rst❡❧❧✉♥❣❡♥ ⑤ ✾

⇒ ϕ(hg)t =




y0x0 − y1x1 − y2x2 − y3x3
y1x0 + y0x1 − y3x2 + y2x3
y2x0 + y3x1 + y0x2 − y1x3
y3x0 − y2x1 + y1x2 + y0x3


 ,

✐st ❛✉❢ S3 ❣❡❣❡❜❡♥ ❛❧s

x =




x0
x1
x2
x3


 7→ U(y)x =




y0 −y1 −y2 −y3
y1 y0 −y3 y2
y2 y3 y0 −y1
y3 −y2 y1 y0







x0
x1
x2
x3


 .

❋ür U(y) ❣✐❧t ✇❡❣❡♥
∑3

i=0 y
2
i = 1✿

U(y)U t(y) =




y0 −y1 −y2 −y3
y1 y0 −y3 y2
y2 y3 y0 −y1
y3 −y2 y1 y0







y0 y1 y2 y3
−y1 y0 y3 −y2
−y2 −y3 y0 y1
−y3 y2 −y1 y0




=




∑3
i=0 y

2
i y0y1 − y0y1 + y2y3 − y2y3

y1y0 − y0y1 + y2y3 − y3y2
∑3

i=0 y
2
i

y2y0 − y1y3 − y0y2 + y3y1 y1y2 + y0y3 − y0y3 − y1y2
y3y0 + y2y1 + y2y1 − y3y0 y3y1 − y2y0 − y1y3 + y0y2

. . .

. . .

y0y2 − y1y3 − y2y0 + y1y3 y0y3 + y1y2 − y2y1 − y0y3
y1y2 + y0y3 − y0y3 − y1y2 y1y3 − y0y2 − y1y3 + y0y2∑3

i=0 y
2
i y2y3 − y3y2 + y0y1 − y1y0

y3y2 − y2y3 + y1y0 − y0y1
∑3

i=0 y
2
i




=




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




det(U(y)) = ✹ y0 det



y0 −y3 y2
y3 y0 −y1
−y2 y1 y0


− y1 det



−y1 −y2 −y3
y3 y0 −y1
−y2 y1 y0




+y2 det



−y1 −y2 −y3
y0 −y3 y2
−y2 y1 y0


− y3 det



−y1 −y2 −y3
y0 −y3 y2
y3 y0 −y1




= y0

(
y0

(
3∑

i=0

y2i

))
− y1

(
−y1

(
3∑

i=0

y2i

))

+y2

(
y2

(
3∑

i=0

y2i

))
− y3

(
−y3

(
3∑

i=0

y2i

))



✶✵ ⑤ ✷✳ ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡ ✈♦♥ ❙❯✭✷✮

=
3∑

i=0

y2i = 1.

U(y) ❜③✇✳ g 7→ lh(g) ✐st ❛❧s♦ ❡✐♥❡ ❉r❡❤✉♥❣✳ ▼✐t ❞❡r ❘♦t❛t✐♦♥s✐♥✈❛r✐❛♥③ ❞❡s
▲❡❜❡s❣✉❡♠❛ÿ❡s ❢♦❧❣t ♥✉♥ ❞✐❡ ❙❯✭✷✮−■♥✈❛r✐❛♥③ ❞❡s ■♥t❡❣r❛❧s✳
❙♦♠✐t ✐st µ ❡✐♥ ♥♦r♠✐❡rt❡s ❍❛❛r♠❛ÿ✳

❇❡❤❛✉♣t✉♥❣✳ ❆✉❢ ❡✐♥❡r ❉❛rst❡❧❧✉♥❣ V ❡✐♥❡r ❦♦♠♣❛❦t❡♥ ●r✉♣♣❡ G ❧ässt s✐❝❤ ❡✐♥
G−✐♥✈❛r✐❛♥t❡s ❙❦❛❧❛r♣r♦❞✉❦t ❡r❦❧är❡♥✱ ❞✳ ❤✳ ∃V × V → C, (u, v) 7→ 〈u, v〉 :
〈gu, gv〉 = 〈u, v〉 ∀g ∈ G, ∀u, v ∈ V ✳

❇❡✇❡✐s✳ ❲✐r ❜❡s❝❤rä♥❦❡♥ ✉♥s ❛✉❢ ❞❡♥ ❋❛❧❧ G = ❙❯✭✷✮✿ ❙❡✐ b : V × V → C ❡✐♥
❜❡❧✐❡❜✐❣❡s ❙❦❛❧❛r♣r♦❞✉❦t ✉♥❞ ❞❡✜♥✐❡r❡

c(u, v) =

∫

G

b(gu, gv)dg

✇♦❜❡✐ ❞❛s ■♥t❡❣r❛❧ ♥♦r♠✐❡rt ✉♥❞ G−✐♥✈❛r✐❛♥t ✐st ✭s✐❡❤❡ ▲❡♠♠❛ ✷✳✷✳✺✮✳ ❉❛♥♥ ✐st c
❡✐♥ ❙❦❛❧❛r♣r♦❞✉❦t✿

✭✐✮ c ✐st ❧✐♥❡❛r ✐♥ u✱ ❞❛ b ✐♥ u ❧✐♥❡❛r ✐st ✉♥❞ ❞❛s ■♥t❡❣r❛❧ ❡❜❡♥❢❛❧❧s ❧✐♥❡❛r ✐st✳ c
✐st ❦♦♥❥✉❣✐❡rt ❧✐♥❡❛r ✐♥ v✱ ❞❛ b ❞✐❡s❡ ❊✐❣❡♥s❝❤❛❢t ❤❛t ✉♥❞ ❞❛s ■♥t❡❣r❛❧ ❧✐♥❡❛r
✐st✳ ❋♦❧❣❧✐❝❤ ✐st c s❡sq✉✐❧✐♥❡❛r✳

✭✐✐✮ c ✐st ❤❡r♠✐t❡s❝❤✱ ❞❛

c(v, u) =

∫

G

b(gv, gu)dg =

∫

G

b(gv, gu)dg =

∫

G

b(gu, gv)dg = c(u, v).

✭✐✐✐✮ c ✐s ♣♦s✐t✐✈ ❞❡✜♥✐t✿

c(0, 0) =

∫

G

b(g · 0, g · 0)dg =
∫

G

b(0, 0)dg =

∫

G

0 dg = 0.

c(x, x) = ✺

∫

G

b(g · x, g · x)︸ ︷︷ ︸
>0

dg >

∫

G

0 dg = 0, ❢ür x 6= 0.

❙❝❤❧✐❡ÿ❧✐❝❤ ✐st c ❛✉❝❤ G−✐♥✈❛r✐❛♥t✱ ❞❛ ❞❛s ■♥t❡❣r❛❧ G✲✐♥✈❛r✐❛♥t ✐st✱ ❞✳ ❤✳ ∀h ∈ G

c(hu, hv) =

∫

G

b(gh · u, gh · v)dg =
∫

G

b(g · u, g · v)dg = c(u, v).

✹❊♥t✇✐❝❦❧✉♥❣ ♥❛❝❤ ❞❡r ❡rst❡♥ ❙♣❛❧t❡✳
✺lg ✐♥✈❡rt✐❡r❜❛r ✭lg ◦ lg−1(x) = g(g−1x) = (gg−1)x = ex = x✮ ✉♥❞ ❧✐♥❡❛r ⇔ {gx = 0 ⇒ x = 0}✳

❊s ❢♦❧❣t b(gx, gx) = b(0, 0) = 0 ⇔ x = 0✳



✷✳✸✳ ■rr❡❞✉③✐❜✐❧✐tät ❞❡r ❉❛rst❡❧❧✉♥❣❡♥ Vn ⑤ ✶✶

❇❡♠❡r❦✉♥❣ ✷✳✷✳✻✳ ❊✐♥❡ ❉❛rst❡❧❧✉♥❣ V ♠✐t ❡✐♥❡♠ G−✐♥✈❛r✐❛♥t❡♥ ❙❦❛❧❛r♣r♦❞✉❦t
❤❡✐ÿt ❛✉❝❤ ✉♥✐tär❡ ❉❛rst❡❧❧✉♥❣✳ ❉✐❡s❡r ❚❡r♠ ✇✐r❞ ❥❡❞♦❝❤ ③✉♠❡✐st ✈❡r✇❡♥❞❡t✱ ✇❡♥♥
♠❛♥ ❛♥ V ③✉sät③❧✐❝❤ ❞✐❡ ❇❡❞✐♥❣✉♥❣ ❞❡r ❱♦❧❧stä♥❞✐❣❦❡✐t st❡❧❧t✱ ❞✳ ❤✳ V ❍✐❧❜❡r✲
tr❛✉♠ ♠✐t G−✐♥✈❛r✐❛♥t❡♠ ❙❦❛❧❛r♣r♦❞✉❦t✳ ■♠ ❋❛❧❧ ✈♦♥ ✉♥✐tär❡♥ ❉❛rst❡❧❧✉♥❣❡♥
❧✐❡❢❡rt ❞❡r ❜❡❦❛♥♥t❡ ❙❛t③ ✈♦♥ P❡t❡r ✉♥❞ ❲❡②❧ s❝❤♦♥ ❡✐♥❡ ❩❡r❧❡❣✉♥❣ ❥❡❞❡r ✭❛✉❝❤
✉♥❡♥❞❧✐❝❤✲❞✐♠❡♥s✐♦♥❛❧❡r✮ ❉❛rst❡❧❧✉♥❣ ✐♥ ❡♥❞❧✐❝❤✲❞✐♠❡♥s✐♦♥❛❧❡ ✐rr❡❞✉③✐❜❧❡ ❉❛rst❡❧✲
❧✉♥❣❡♥✳ ❊✐♥❡♥ ❇❡✇❡✐s✱ ❞❡r ✉♥s❡r ❱♦r❣❡❤❡♥ ✈❡r❛❧❧❣❡♠❡✐♥❡rt ✜♥❞❡t ♠❛♥ ✐♥ ❇rö❝❦❡r
✫ t♦♠ ❉✐❡❝❦ ❬✺❪✱ ❙✳✶✸✸✛✳ ❊✐♥❡♥ ✇❡✐t❡r❡♥ ❇❡✇❡✐s ❣✐❜t ❙✉❣✐✉r❛ ❬✷✵❪✳ ❉✐❡s❡r ❜❡♥✉t③t
✉♥t❡r ❛♥❞❡r❡♠ ❞✐❡ ❙ät③❡ ✈♦♥ ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s ✉♥❞ ❍✐❧❜❡rt✲❙❝❤♠✐❞t✳

❙❝❤❧✐❡ÿ❧✐❝❤ ❦ö♥♥❡♥ ✇✐r ▲❡♠♠❛ ✷✳✷✳✶ ❢ür ❞❡♥ ❋❛❧❧ G = ❙❯✭✷✮ ③❡✐❣❡♥✳

❇❡✇❡✐s ✈♦♥ ▲❡♠♠❛ ✷✳✷✳✶✳ ▼❛♥ ✇ä❤❧❡ ❡✐♥ G−✐♥✈❛r✐❛♥t❡s ❙❦❛❧❛r♣r♦❞✉❦t c ❛✉❢
U ✉♥❞ s❡✐ W ❞❛s ♦rt❤♦❣♦♥❛❧❡ ❑♦♠♣❧❡♠❡♥t ✈♦♥ V ✐♥ U ✳ ❉❛♥♥ ✐st W ❡✐♥
G−❯♥t❡r♠♦❞✉❧✱ ❞❡♥♥ ❢ür w1, w2 ∈ W, v ∈ V, g ∈ G ❣✐❧t

✭✐✮ c(0, v) = 0 ⇒ 0 ∈ W ✳✻

✭✐✐✮ c(w1 + w2, v) = c(w1, v) + c(w2, v) = 0 ⇒ w1 + w2 ∈ W ✳

✭✐✐✐✮ c(−w1, v) = −c(w1, v) = 0 ⇒ −w1 ∈ W ✳

✭✐✈✮ c(gw1, v) = c(w1, g
−1v︸︷︷︸
∈V

) = 0 ⇒ gw1 ∈ W ✳

❇❡❤❛✉♣t✉♥❣✳ ❏❡❞❡r G−▼♦❞✉❧ ✐st ❞✐r❡❦t❡ ❙✉♠♠❡ ✈♦♥ ✐rr❡❞✉③✐❜❧❡♥ ❯♥t❡r♠♦❞✲
✉❧❡♥✳

❉✐❡s❡ ③✇❡✐t❡ ❆✉ss❛❣❡ ❞❡s ▲❡♠♠❛s ③❡✐❣❡♥ ✇✐r ♠✐tt❡❧s ■♥❞✉❦t✐♦♥ ♥❛❝❤ ❞❡r ❉✐♠❡♥s✐♦♥
✈♦♥ U ✳ ❋ür dimU = 1 ❢♦❧❣t ♠✐t dimU = dimV + dimW ♦❤♥❡ ❇❡s❝❤rä♥❦✉♥❣ ❞❡r
❆❧❧❣❡♠❡✐♥❤❡✐t dimV = 1, dimW = 0 ⇒ W = {0} ⇒ V = U ✳ ❋♦❧❣❧✐❝❤ ✐st U s❝❤♦♥
✐rr❡❞✉③✐❜❡❧✳
❋ür n = dimU ✱ n → n + 1✿ ❲❡♥♥ U ✐rr❡❞✉③✐❜❡❧ ✐st✱ s✐♥❞ ✇✐r ❢❡rt✐❣✳ ❙❡✐ U
r❡❞✉③✐❜❡❧✱ ❞✳ ❤✳ ∃V,W ⊂ U : U = V ⊕W ✱ 0 < dimV, dimW < dimU ✳ ◆❛❝❤
■♥❞✉❦t✐♦♥s✈♦r❛✉ss❡t③✉♥❣ ③❡r❢❛❧❧❡♥ V ✉♥❞ W ✐♥ ✐rr❡❞✉③✐❜❧❡ ❯♥t❡r♠♦❞✉❧❡✳ ❋♦❧❣❧✐❝❤
③❡r❢ä❧❧t ❛✉❝❤ U ✐♥ ✐rr❡❞✉③✐❜❧❡ ❉❛rst❡❧❧✉♥❣❡♥✳

✷✳✸✳ ■rr❡❞✉③✐❜✐❧✐tät ❞❡r ❉❛rst❡❧❧✉♥❣❡♥ Vn

❉❡✜♥✐t✐♦♥ ✷✳✸✳✶✳ ❙❡✐ G ❡✐♥❡ ●r✉♣♣❡✱ X, Y ▼❡♥❣❡♥ ✉♥❞

G×X → X, (g, x) 7→ gx

✻◆❛❝❤ ❉❡✜♥✐t✐♦♥ ✈♦♥ W ❜❡r❡✐ts ❡r❢ü❧❧t✱ ❛❜❡r ③✉r ❱♦❧❧stä♥❞✐❣❦❡✐t ❛♥❣❡❣❡❜❡♥✳



✶✷ ⑤ ✷✳ ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡ ✈♦♥ ❙❯✭✷✮

❡✐♥❡ ❲✐r❦✉♥❣ ✈♦♥ G ❛✉❢ X✳ ❊✐♥❡ ❆❜❜✐❧❞✉♥❣ f : X → Y ❤❡✐ÿt G−äq✉✐✈❛r✐❛♥t✱
✇❡♥♥ ❢ür ❛❧❧❡ g ∈ G, x ∈ X✿ f(gx) = gf(x) ❣✐❧t✳

▲❡♠♠❛ ✷✳✸✳✷✳ ❏❡❞❡r ❙❯✭✷✮−äq✉✐✈❛r✐❛♥t❡ ❊♥❞♦♠♦r♣❤✐s♠✉s ✈♦♥ Vn ✐st λ · id ❢ür
❡✐♥ λ ∈ C✳

❇❡✇❡✐s✳ ❙❡✐ A äq✉✐✈❛r✐❛♥t❡r ❊♥❞♦♠♦r♣❤✐s♠✉s ✉♥❞

ga =

(
a 0
0 a−1

)
∈ ❙❯✭✷✮, a ∈ ❯(1) = {x ∈ C : xx = 1}.

❙❡✐❡♥ Pk(z1, z2) = zk1z
n−k
2 ✱ 0 ≤ k ≤ n ❞✐❡ ❇❛s✐s♣♦❧②♥♦♠❡ ✈♦♥ Vn✱ z = (z1, z2)✱ ❞❛♥♥

❢♦❧❣t

(gaPk)(z) = Pk(zga) = Pk

((
z1 z2

)(a 0
0 a−1

))
= Pk

(
z1a z2a

−1
)

= (z1a)
k(z2a

−1)n−k = ak−(n−k)zk1z
n−k
2 = a2k−nPk(z).

⇒ a2k−n ✐st ❊✐❣❡♥✇❡rt ✈♦♥ ga ③✉♠ ❊✐❣❡♥✈❡❦t♦r Pk✳
▼❛♥ ✇ä❤❧❡ a✱ s♦❞❛ss ❛❧❧❡ a2k−n, 0 ≤ k ≤ n, ♣❛❛r✇❡✐s❡ ✈❡rs❝❤✐❡❞❡♥ s✐♥❞✱ ③✳ ❇✳
a = ei/n✳✼ ❉✐❡ ❊✐❣❡♥rä✉♠❡ ③✉ ❞❡♥ ❊✐❣❡♥✇❡rt❡♥ a2k−n, 0 ≤ k ≤ n, s✐♥❞ ❢♦❧❣❧✐❝❤
1−❞✐♠❡♥s✐♦♥❛❧✳
A äq✉✐✈❛r✐❛♥t ⇒ gaAPk = AgaPk = Aa2k−nPk = a2k−nAPk ⇒ APk ❊✐❣❡♥✈❡❦t♦r
③✉♠ ❊✐❣❡♥✇❡rt a2k−n✳ ❉❛ ❞❡r ❊✐❣❡♥r❛✉♠ ❞✐❡ ❉✐♠❡♥s✐♦♥ ✶ ❤❛t ❡①✐st✐❡rt ck ∈ C :
APk = ckPk✳

❇❡tr❛❝❤t❡ ❡❜❡♥❡ ❉r❡❤♠❛tr✐③❡♥ rt =

(
cos(t) − sin(t)
sin(t) cos(t)

)
∈ ❙❯✭✷✮, t ∈ R✳

ArtPn(z) = A(z1 cos(t) + z2 sin(t), z2 cos(t)− z1 sin(t))

= A(z1 cos(t) + z2 sin(t))
n(z2 cos(t)− z1 sin(t))

0

=
n∑

k=0

(
n

k

)
cosk(t) · sinn−k(t) · Azk1zn−k

2

=
n∑

k=0

(
n

k

)
cosk(t) · sinn−k(t) · ckPk

rtAPn(z) = rtcnPn(z) = cn

n∑

k=0

(
n

k

)
cosk(t) · sinn−k(t) · Pk

=
n∑

k=0

(
n

k

)
cosk(t) · sinn−k(t) · cnPk.

✼−1 ≤ 2k−n
n

= 2k
n

− 1 ≤ 1 ⇒ 2k−n
n

∈ [−1, 1] ⊂ [−π/2, π/2] ✲ ❊✐♥❞❡✉t✐❣❦❡✐t ♠✐t exp(ix)
2π−♣❡r✐♦❞✐s❝❤✳



✷✳✹✳ ❈❤❛r❛❦t❡r❡ ✉♥❞ ❑❧❛ss❡♥❢✉♥❦t✐♦♥❡♥ ⑤ ✶✸

❆✉s ArtPn = rtAPn, ∀t ∈ R ❢♦❧❣t ck = cn, ∀0 ≤ k ≤ n ✉♥❞ A = cn · ✐❞✱ ❞❛ A ❧✐♥❡❛r
✐st ✉♥❞ s♦♠✐t ❢ür ❡✐♥ ❜❡❧✐❡❜✐❣❡s P (z) =

∑n
k=0 akPk(z) ∈ Vn✿

AP (z) = A

(
n∑

k=0

akPk(z)

)
=

n∑

k=0

akAPk(z) =
n∑

k=0

akcnPk(z) = cnP (z).

❙❛t③ ✷✳✸✳✸✳ ❉✐❡ ●r✉♣♣❡ ❞❡r ❤♦♠♦❣❡♥❡♥ P♦❧②♥♦♠❡ ✈♦♠ ●r❛❞ n✱ Vn✱ ✐st ✐rr❡❞✉③✐❜❡❧
❢ür ❛❧❧❡ n ∈ N✳

❇❡✇❡✐s✳ ❆♥❣❡♥♦♠♠❡♥ Vn ✐st r❡❞✉③✐❜❡❧✱ ❞❛♥♥ ❡①✐st✐❡r❡♥ ♥❛❝❤ ▲❡♠♠❛ ✷✳✷✳✶ ❯♥t❡r✲
❞❛rst❡❧❧✉♥❣❡♥ U, W : Vn = U ⊕ W ✳ ❲✐r ❦ö♥♥❡♥ v ∈ Vn ❡✐♥❞❡✉t✐❣ ③❡r❧❡❣❡♥ ✐♥
v = u + w, u ∈ U,w ∈ W ✳ ▼❛♥ ❡r❤ä❧t ❡✐♥❡♥ äq✉✐✈❛r✐❛♥t❡♥ ❊♥❞♦♠♦r♣❤✐s♠✉s f ✱
f(v) := f(u+w) = f(u)+ f(w) = λu+λ′w ❢ür λ, λ′ ∈ C, λ 6= λ′✳ f ✐st t❛tsä❝❤❧✐❝❤
äq✉✐✈❛r✐❛♥t✱ ❞❡♥♥ ∀g ∈ ❙❯✭✷✮ : f(gv) = λgu+ λ′gw = gλu+ gλ′w = gf(v)✳ ❆❜❡r
f ❧ässt s✐❝❤ ♥✐❝❤t ❛❧s µ · id ❢ür ❡✐♥ µ ∈ C s❝❤r❡✐❜❡♥ ✲ ❡✐♥ ❲✐❞❡rs♣r✉❝❤ ③✉ ▲❡♠♠❛
✷✳✸✳✷✳

✷✳✹✳ ❈❤❛r❛❦t❡r❡ ✉♥❞ ❑❧❛ss❡♥❢✉♥❦t✐♦♥❡♥

❇❡♠❡r❦✉♥❣ ✷✳✹✳✶✳ ✭✐✮ ∀A ∈ ❙❯✭✷✮ ❣✐❧t✿

A ∼ e(t) =

(
eit 0
0 e−it

)
,

❞✳ ❤✳ ∃Qt ∈ ●▲(2) : Q−1
t AQt = e(t)✳ ❉❡♥♥ ❢ür A ∈ ❙❯✭✷✮ : AA∗ =

E = A∗A ⇒ A ♥♦r♠❛❧✳ ▼✐t ❞❡♠ ❙♣❡❦tr❛❧s❛t③✽ ❢♦❧❣t ❞✐❡ ❊①✐st❡♥③ ✈♦♥ Ut ∈
❯(2) : U∗

t AUt = ❞✐❛❣(λ1, λ2) =: B, λ1, λ2 ∈ C✳ ❉❛ A, Ut ∈ ❯(2) ⇒ B =
U∗
t AUt ∈ ❯(2)✳ ❆❜❡r det(B) = det(U∗

t AUt) = det(U∗
t ) det(A) det(U) =

det(A) det(E) = 1 ⇒ B ∈ ❙❯✭✷✮✳ ❋♦❧❣❧✐❝❤ ❣✐❧t λjλj = 1, j ∈ {1, 2} ⇒ ∃tj ∈
[−π, π[, j ∈ {1, 2} : λj = eitj ✳ ▼✐t det(B) = 1 ❢♦❧❣t ✇❡✐t❡r eit1eit2 = ei(t1+t2) =
1 ⇒ t := t1 = −t2✳

✭✐✐✮ e(t) ✉♥❞ e(s) s✐♥❞ ❣❡♥❛✉ ❞❛♥♥ ä❤♥❧✐❝❤✱ ✇❡♥♥ s = ±tmod 2π✱ ❞❡♥♥ A =(
a b
c d

)
∈ ●▲(2) ♠✐t

A−1e(s)A = e(t) ⇔ A = e(−s)Ae(t) =
(
ei(t−s)a e−i(s+t)b
ei(s+t)c ei(s−t)d

)

❡①✐st✐❡rt ❣❡♥❛✉ ❞❛♥♥ ✇❡♥♥ s = ±tmod 2π✱ ❞❛ ❢ür s 6= ±tmod 2π : e±i(t±s) 6=
1❀ s♦♠✐t ❣✐❧t e±i(t±s)x = x ⇔ x = 0, ∀x ∈ {a, b, c, d} ✲ ❡✐♥ ❲✐❞❡rs♣r✉❝❤ ③✉
A ∈ ●▲(2)✳

✽s✐❡❤❡ ❇♦s❝❤ ❬✸❪✱ ❙✳ ✷✻✽✳



✶✹ ⑤ ✷✳ ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡ ✈♦♥ ❙❯✭✷✮

❉❡✜♥✐t✐♦♥ ✷✳✹✳✷✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ f : G → C ❤❡✐ÿt ❑❧❛ss❡♥❢✉♥❦t✐♦♥✱ ✇❡♥♥ s✐❡ ❛✉❢
❞❡♥ ❑♦♥❥✉❣❛t✐♦♥s❦❧❛ss❡♥ ❦♦♥st❛♥t ✐st✳

❋♦❧❣❡r✉♥❣ ✷✳✹✳✸✳ f : ❙❯✭✷✮ → C ❑❧❛ss❡♥❢✉♥❦t✐♦♥ ⇒ fe : R → C, t 7→ f(e(t))
✐st ❡✐♥❡ ❣❡r❛❞❡ 2π−♣❡r✐♦❞✐s❝❤❡ ❋✉♥❦t✐♦♥✳ ●❡r❛❞❡ ✇❡✐❧ e(t) ✉♥❞ e(−t) ♥❛❝❤ ❞❡r
✈♦r❛♥❣❡❣❛♥❣❡♥ ❇❡♠❡r❦✉♥❣ ❦♦♥❥✉❣✐❡rt s✐♥❞✱ ❛❧s♦ f(e(t)) = f(e(−t)) ❢ür f ❑❧❛ss❡♥✲
❢✉♥❦t✐♦♥❀ 2π−♣❡r✐♦❞✐s❝❤✱ ❞❛ e(t) ✉♥❞ e(t+ 2π) ❦♦♥❥✉❣✐❡rt s✐♥❞✳
❯♠❣❡❦❡❤rt ✇✐r❞ ❥❡❞❡ ❣❡r❛❞❡ 2π−♣❡r✐♦❞✐s❝❤❡ ❋✉♥❦t✐♦♥ g : R → C ❡✐♥❡ ❑❧❛ss❡♥✲
❢✉♥❦t✐♦♥ g̃ ❛✉❢ ❙❯✭✷✮✱ ✐♥ ❞❡♠ ♠❛♥ ❢ür ❛❧❧❡ A ∈ ❙❯✭✷✮✿ g̃(A) = g̃(e(t)) := g(t) s❡t③t
❢ür e(t) ∼ A✳

❙♦♠✐t ❦❛♥♥ ♠❛♥ ❞❡♥ ❘❛✉♠ ❞❡r st❡t✐❣❡♥ ❣❡r❛❞❡♥ 2π−♣❡r✐♦❞✐s❝❤❡♥ ❋✉♥❦t✐♦♥❡♥ R →
C ✭❜✐❥❡❦t✐✈✮ ♠✐t ❞❡♠ ❘❛✉♠ ❞❡r st❡t✐❣❡♥ ❑❧❛ss❡♥❢✉♥❦t✐♦♥❡♥ ❛✉❢ ❙❯✭✷✮ ✐❞❡♥t✐✜③✐❡r❡♥✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✹✳ ❉❡r ❈❤❛r❛❦t❡r ❡✐♥❡r ❉❛rst❡❧❧✉♥❣ V ✈♦♥ G ✐st ❞✐❡ ❋✉♥❦t✐♦♥

χV : G→ C, g 7→ tr(lg),

✇♦❜❡✐ tr(lg) ❞✐❡ ❙♣✉r ❞❡r ❧✐♥❡❛r❡♥ ❆❜❜✐❧❞✉♥❣ lg : V → V, v 7→ gv ✐st✳
❉❡r ❈❤❛r❛❦t❡r ❡✐♥❡r ✐rr❡❞✉③✐❜❧❡♥ ❉❛rst❡❧❧✉♥❣ ❤❡✐ÿt ✐rr❡❞✉③✐❜❧❡r ❈❤❛r❛❦t❡r✳

❇❡♠❡r❦✉♥❣ ✷✳✹✳✺✳ V ✐st ❡♥❞❧✐❝❤✲❞✐♠❡♥s✐♦♥❛❧ ✉♥❞ lg ♥❛❝❤ ❉❡✜♥✐t✐♦♥ ❡✐♥❡r ❉❛rst❡❧✲
❧✉♥❣ ❧✐♥❡❛r✳ ❊s ❡①✐st✐❡rt ❛❧s♦ ❢ür ❥❡❞❡ ❇❛s✐s (vi)i ✈♦♥ V ❡✐♥❡ ❉❛rst❡❧❧✉♥❣s♠❛tr✐① ✈♦♥
lg✳ ❉❛ ❞✐❡ ❙♣✉r ✉♥❛❜❤ä♥❣✐❣ ✈♦♥ ❞❡r ❲❛❤❧ ❞❡r ❇❛s✐s ✐st✱ ❧ässt s✐❡ s✐❝❤ ❞✐r❡❦t ❛✉s
❥❡❞❡r ❉❛rst❡❧❧✉♥❣s♠❛tr✐① ❛❜❧❡s❡♥✳ ❲❡✐t❡r ✐st χV : G → C st❡t✐❣✱ ❞❛ ❞✐❡ ❲✐r❦✉♥❣
❡✐♥❡r ❉❛rst❡❧❧✉♥❣ ♥❛❝❤ ❉❡✜♥✐t✐♦♥ st❡t✐❣ ✐st ✉♥❞ s♦♠✐t ❞✐❡ ❙♣✉r ❛❧s ❙✉♠♠❡ st❡t✐❣❡r
❑♦♠♣♦♥❡♥t❡♥❢✉♥❦t✐♦♥❡♥ ❡❜❡♥❢❛❧❧s st❡t✐❣ ✐st✳

▲❡♠♠❛ ✷✳✹✳✻✳ ❉❡r ❈❤❛r❛❦t❡r χn ✈♦♥ Vn ♥✐♠♠t ❛♥ ❞❡r ❙t❡❧❧❡ e(t) ❞❡♥ ❲❡rt
χn(e(t)) =

∑n
k=0 cos((n− 2k)t) ❛♥✳

❇❡✇❡✐s✳ ❋ür P (z) =
∑n

k=0 akPk ∈ Vn ❣✐❧t

(e(t)P )(z) = P (ze(t)) = P (z1e
it, z2e

−it) =
n∑

k=0

ake
kit−(n−k)itPk

=
n∑

k=0

ake
(2k−n)itPk.

❉❛s ❤❡✐ÿt✱ ❞❛ss ❞❡r ▲✐♥❦s♠✉❧t✐♣❧✐❦❛t✐♦♥ ♠✐t e(t) ❜③❣❧✳ ❞❡r ❇❛s✐s Pk ❣❡r❛❞❡ ❞✐❡
❢♦❧❣❡♥❞❡ ▼❛tr✐① ❡♥ts♣r✐❝❤t




e−int 0 . . . 0
0 e−i(n−2)t 0
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 . . . eint






✷✳✹✳ ❈❤❛r❛❦t❡r❡ ✉♥❞ ❑❧❛ss❡♥❢✉♥❦t✐♦♥❡♥ ⑤ ✶✺

❉✐❡ ❙♣✉r ❞✐❡s❡r ▼❛tr✐① ✐st χn(e(t)) =
∑n

k=0 e
i(n−2k)t =

∑n
k=0(cos((n − 2k)t) +

i sin((n − 2k)t)) =
∑n

k=0 cos((n − 2k)t)✱ ❞❛
∑n

k=0 sin(n − 2k)t = sin(−n) + . . . +
sin(n) = 0✱ ✇❡❣❡♥ sin(−x) = − sin(x), ∀x ∈ R ✉♥❞ sin(0) = 0✳

❋♦❧❣❡r✉♥❣ ✷✳✹✳✼✳ ▼✐t cos(x) = cos(−x), ∀x ∈ R ❦❛♥♥ ♠❛♥ ✇❡✐t❡r ✈❡r❡✐♥❢❛❝❤❡♥
③✉

χn(e(t)) =

{
2 cos(nt) + . . .+ 2 cos(2t) + 1 ❢ür n ❣❡r❛❞❡
2 cos(nt) + . . .+ 2 cos(t) ❢ür n ✉♥❣❡r❛❞❡.

■♥s❜❡s♦♥❞❡r❡ ✐st ❞❡r ✈♦♥ ❞❡♥ χk, 0 ≤ k ≤ n ❡r③❡✉❣t❡ C−❱❡❦t♦rr❛✉♠ ❣❡♥❛✉ ❞❡r
❱❡❦t♦rr❛✉♠✱ ❞❡r ✈♦♥ 1, cos(t), . . . , cos(nt) ❡r③❡✉❣t ✇✐r❞✳

❙❛t③ ✷✳✹✳✽✳ ❉❡r ✈♦♥ cos(nt), n ∈ N ❡r③❡✉❣t❡ C−❱❡❦t♦rr❛✉♠W ❧✐❡❣t ✭❣❧❡✐❝❤♠äÿ✐❣✮
❞✐❝❤t ✐♠ ❘❛✉♠ ❞❡r ❣❡r❛❞❡♥ 2π−♣❡r✐♦❞✐s❝❤❡♥ ❋✉♥❦t✐♦♥❡♥ V ✳

❇❡✇❡✐s✳ ❲✐r ✇❡r❞❡♥ ❞❡♥ ❇❡✇❡✐s ❞✐❡s❡s ▲❡♠♠❛s ❛✉❢ ❞❡♥ ❜❡❦❛♥♥t❡♥ ❙❛t③ ✈♦♥ ❲❡✐❡r✲
str❛ÿ ③✉rü❝❦❢ü❤r❡♥✳ ❊✐♥❡♥ ❇❡✇❡✐s ❞❛③✉ ✜♥❞❡t s✐❝❤ ③✳ ❇✳ ✐♥ ❘❡❡❞ ✫ ❙✐♠♦♥ ❬✶✼❪✱
❙✳✶✵✷✛✳

❙❛t③ ✈♦♥ ✭❙t♦♥❡✲✮❲❡✐❡rstr❛ÿ ✷✳✹✳✾✳ ❙❡✐ K ⊂ R
n, n ∈ N ❦♦♠♣❛❦t✳ ❉❛♥♥ ❧✐❡❣❡♥

❞✐❡ P♦❧②♥♦♠❡ ❞✐❝❤t ❜③❣❧✳ ‖ · ‖∞ ✐♥ CR(K)✳

▼❛♥ ❛ss♦③✐✐❡r❡ ❥❡❞❡ ❋✉♥❦t✐♦♥ f̃ ✐♥ V ❡✐♥❞❡✉t✐❣ ♠✐t ❡✐♥❡r ❋✉♥❦t✐♦♥ f : [0, π] → R

✈✐❛ f := f̃ |[0,π]✳✾ ❉❛ arccos : [−1, 1] → [0, π] ❜✐❥❡❦t✐✈ ✉♥❞ st❡t✐❣ ✐st✱ ❡①✐st✐❡rt
∀f ∈ CR([0, π]) ∃!g ∈ CR([−1, 1]) : g = f ◦ arccos ❜③✇✳ g ◦ cos = f ✳
❉✐❡ ❇❛s✐s cos(nt), n ∈ N ✈♦♥W tr❛♥s❢♦r♠✐❡rt s✐❝❤ ❛✉❢❣r✉♥❞ ❞❡r ❆❞❞✐t✐♦♥st❤❡♦r❡♠❡
✇✐❡ ❢♦❧❣t✿✶✵

cos(n arccos(x)) =

⌈n/2⌉∑

j=0

(−1)j
(
n

2j

)
(sin(arccos(x)))2j(cos(arccos(x)))n−2j

=

⌈n/2⌉∑

j=0

(−1)j
(
n

2j

)(√
1− x2

)2j
xn−2j

=

⌈n/2⌉∑

j=0

(
n

2j

)(
x2 − 1

)j
xn−2j,

✇♦❜❡✐ ✇✐r sin(arccos(x)) =
√
1− x2 ✇❡❣❡♥ sin(x) =

√
1− cos2(x) ❣❡♥✉t③t ❤❛❜❡♥✳

cos(n arccos(x)) ✐st s♦♠✐t ❡✐♥ P♦❧②♥♦♠ ✈♦♠ ●r❛❞

deg(cos(n arccos(x))) = deg
((
x2 − 1

)j)
+ deg

(
xn−2j

)
= 2j + n− 2j = n.

✾❉❛ f̃ ❣❡r❛❞❡ ✐st✱ ❣✐❜t ❡s ❣❡♥❛✉ ❡✐♥❡ ❣❡r❛❞❡ ❋♦rts❡t③✉♥❣ ✈♦♥ f ❛✉❢ [−π, π] ✉♥❞ ✇❡❣❡♥ P❡r✐✲
♦❞✐③✐tät ❣❡♥❛✉ ❡✐♥❡ ❡✐♥❞❡✉t✐❣❡ ❣❡r❛❞❡ 2π−♣❡r✐♦❞✐s❝❤❡ ❋♦rts❡t③✉♥❣ ❛✉❢ ❣❛♥③ R✳

✶✵s✐❡❤❡ ❇r♦♥t❡✐♥ ✉✳ ❛✳ ❬✻❪✱ ❙❡✐t❡ ✽✶✳



✶✻ ⑤ ✷✳ ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡ ✈♦♥ ❙❯✭✷✮

❙♦♠✐t s✐♥❞ ❞✐❡ cos(n arccos(x)), n ∈ N ♣❛❛r✇❡✐s❡ ❧✐♥❡❛r ✉♥❛❜❤ä♥❣✐❣ ✉♥❞ ❞❛♠✐t
❇❛s✐s ❞❡s ❱❡❦t♦rr❛✉♠s ❞❡r P♦❧②♥♦♠❡ ❛✉❢ [−1, 1]✳ ❉✐❡s❡ ❧✐❡❣❡♥ ♥❛❝❤ ❞❡♠ ❙❛t③ ✈♦♥
✭❙t♦♥❡✲✮❲❡✐❡rstr❛ÿ ❞✐❝❤t ✐♥ CR([−1, 1])✳ ❋♦❧❣❧✐❝❤ ❡①✐st✐❡rt ❢ür ❥❡❞❡s
g ∈ CR([−1, 1]) ❡✐♥❡ ❋♦❧❣❡ (an)n∈N ∈ R

N✱ s♦❞❛ss ∀x ∈ [−1, 1] : g(x) =
∑∞

k=0

ak (cos(k arccos(x)))✳ ❉❛ ❢ür ❥❡❞❡s f ∈ CR([0, π]) ∃!g ∈ CR([−1, 1])✱ x ∈ [0, π]✿

f(x) = g ◦ cos(x) =
∞∑

k=0

ak (cos(k arccos(cos(x)))) =
∞∑

k=0

ak cos(kx),

❧✐❡❣t W ❞✐❝❤t ✐♥ V ✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✶✵✳ ❩✇❡✐ ❉❛rst❡❧❧✉♥❣❡♥ ❤❡✐ÿ❡♥ ✐s♦♠♦r♣❤✱ ✇❡♥♥ ❡s ❡✐♥❡ äq✉✐✈❛r✐✲
❛♥t❡✱ ❜✐❥❡❦t✐✈❡✱ ❧✐♥❡❛r❡ ❆❜❜✐❧❞✉♥❣ f : V → W ❣✐❜t✳

▲❡♠♠❛ ✷✳✹✳✶✶✳ ❙✐♥❞ V, W ✐s♦♠♦r♣❤❡ ❉❛rst❡❧❧✉♥❣❡♥✱ ❞❛♥♥ ❣✐❧t χV = χW ✳

❇❡✇❡✐s✳ ❙❡✐ f : V → W ■s♦♠♦r♣❤✐s♠✉s ✐♠ ❙✐♥♥❡ ❞❡r ✈♦r❛✉s❣❡❣❛♥❣❡♥❡♥ ❉❡✜♥✐t✐♦♥✳
❉❛♥♥ ❣✐❧t lWg f(v) = gf(v) = f(gv) = flVg (v)✱ ✇♦❜❡✐ l

V
g : V → V, v 7→ gv, lWg : W →

W,w 7→ gw✳ ❊s ❢♦❧❣t ❞✐❡ ❆✉ss❛❣❡ ♠✐t

χV (g) = tr(lVg ) = tr(f−1lWg f) = tr(f−1gf) = tr(gff−1) = tr(lWg ) = χW (g).

❉❡✜♥✐t✐♦♥ ✷✳✹✳✶✷✳ ❉❛s ❚❡♥s♦r♣r♦❞✉❦t ③✇❡✐❡r ❉❛rst❡❧❧✉♥❣❡♥ V ✉♥❞ W ❡r❣✐❜t
s✐❝❤ ❛✉s ❞❡♠ ❚❡♥s♦r♣r♦❞✉❦t ❞❡r ❱❡❦t♦rrä✉♠❡✳ ❉✐❡s❡s ✐st ❣❡❣❡❜❡♥ ❛❧s ◗✉♦✲
t✐❡♥t C

V×W/N ✱ ✇♦❜❡✐ C
V×W ❞✐❡ ▼❡♥❣❡ ❞❡r ❢♦r♠❛❧❡♥ ▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥❡♥∑

cv,w(v, w), v ∈ V, w ∈ W ✉♥❞ N ⊂ C
V×W ❞❡r ✈♦♥ (v, w1 + w2) − (v, w1) −

(v, w2), (v1 + v2, w)− (v1, w)− (v2, w), (λv, w)− λ(v, w), (v, λw)− λ(v, w) ❡r③❡✉❣t❡
❯♥t❡rr❛✉♠ ✐st✳ ❙❡✐ ϕ : CV×W → V ⊗W ❞✐❡ ❦❛♥♦♥✐s❝❤❡ ❆❜❜✐❧❞✉♥❣✱ ❞❛♥♥ ❞❡✜♥✐❡r❡
♠❛♥ ❞❛s ❚❡♥s♦r♣r♦❞✉❦t ❛❧s ❊✐♥s❝❤rä♥❦✉♥❣ V ×W → V ⊗W : v⊗w = ϕ|V×W (v, w)✳
■♥s❜❡s♦♥❞❡r❡ ❡r❣❡❜❡♥ s✐❝❤ ❛✉s ❞❡r ➘q✉✐✈❛❧❡♥③r❡❧❛t✐♦♥ ❛✉❢ V ⊗ W ❞✐❡ ❢♦❧❣❡♥❞❡♥
❘❡❣❡❧♥ ❢ür v, v1, v2 ∈ V, w, w1, w2 ∈ W,λ ∈ C✿

✭✐✮ v ⊗ (w1 + w2) = v ⊗ w1 + v ⊗ w2✱

✭✐✐✮ (v1 + v2)⊗ w = v1 ⊗ w + v2 ⊗ w✱

✭✐✐✐✮ (λv)⊗ w = v ⊗ (λw) = λ(v ⊗ w)✳

❑♦♠♠❡♥ ✇✐r ♥✉♥ ③✉ ❉❛rst❡❧❧✉♥❣❡♥✿ ❋ür V ✱W ❉❛rst❡❧❧✉♥❣❡♥ ♠✐t ρV : G×V → V ✱
ρW : G ×W → W ✳ ❉❛♥♥ ✐st ❞✉r❝❤ ρV⊗W : G × (V ⊗W ) → (V ⊗W ), (g, v ⊗
w) → ρV (g, v) ⊗ ρW (g, w) ❡✐♥❡ ❉❛rst❡❧❧✉♥❣ ❣❡❣❡❜❡♥✿ ρV⊗W ❛❧s ❑♦♠❜✐♥❛t✐♦♥
st❡t✐❣❡r ❆❜❜✐❧❞✉♥❣❡♥ st❡t✐❣ ✉♥❞ lV⊗W

g ♠✐t ❞❡r ▲✐♥❡❛r✐tät ❞❡s ❚❡♥s♦r♣r♦❞✉❦ts
❡❜❡♥❢❛❧❧s ❧✐♥❡❛r✳ ❲❡✐t❡r ❣✐❧t ρV⊗W (e, v ⊗ w) = ρV (e, v) ⊗ ρW (e, w) = v ⊗ w✱
ρV⊗W (g, ρV⊗W (h, v ⊗ w)) = ρV⊗W (g, ρV (h, v) ⊗ ρW (h, w)) = ρV (g, ρV (h, v)) ⊗
ρW (g, ρW (h, w)) = ρV (gh, v)⊗ ρW (gh, w) = ρV⊗W (gh, v ⊗ w)✳



✷✳✹✳ ❈❤❛r❛❦t❡r❡ ✉♥❞ ❑❧❛ss❡♥❢✉♥❦t✐♦♥❡♥ ⑤ ✶✼

▲❡♠♠❛ ✷✳✹✳✶✸✳ ❙❡✐❡♥ V ✉♥❞ W ❉❛rst❡❧❧✉♥❣❡♥✳

✭✐✮ χV⊕W = χV + χW ✉♥❞ χV⊗W = χV χW ✳

✭✐✐✮ χV ∗(g) = χV (g
−1)✳

❇❡✇❡✐s✳ ✭✐✮ ❉✐❡s❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❢♦❧❣❡♥ ✉♥♠✐tt❡❧❜❛r ❛✉s ❞❡♥ ❡♥ts♣r❡❝❤❡♥❞❡♥
❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ❙♣✉r✿ ❉✐❡ ❉❛rst❡❧❧✉♥❣s♠❛tr✐① ✈♦♥ g ❤❛t ❜③❣❧✳ ❞❡r ❇❛s✐s
(vi, wj) 1≤i≤n=dimV

1≤j≤m=dimW
✈♦♥ V ⊕W ✲ (vi)i ❇❛s✐s ✈♦♥ V ✱ (wi)i ❇❛s✐s ✈♦♥W ✲ ❇❧♦❝❦✲

❞✐❛❣♦♥❛❧❣❡st❛❧t ♠✐t ③✇❡✐ ❇❧ö❝❦❡♥✱ ❡✐♥❡♠ ❢ür V ✉♥❞ ❡✐♥❡♠ ❢ür W ✳ ❉✐❡ ❙♣✉r
✈♦♥ g ✐st s♦♠✐t ❣❡r❛❞❡ ❞✐❡ ❙✉♠♠❡ ❞❡r ❇❧ö❝❦❡✿ tr(lV⊕W

g ) = tr(lVg ) + tr(lWg )✳
❙❡✐ lVg (vj) =

∑n
i=1 aijvi, l

W
g (wl) =

∑m
k=1 bklwk✱ ✐♥s❜❡s♦♥❞❡r❡

A = (aij)1≤i,j≤n ❜③✇✳ B = (bij)1≤i,j≤m ❞❛rst❡❧❧❡♥❞❡ ▼❛tr✐① ✈♦♥ lVg ❜③✇✳ lWg ✳
❉❛♥♥ ❢♦❧❣t ♠✐t ❞❡r ▲✐♥❡❛r✐tät ❞❡s ❚❡♥s♦r♣r♦❞✉❦ts

lV⊗W
g (vj ⊗ wl) = lVg (vj)⊗ lWg (wl) =

(
n∑

i=1

aijvi

)
⊗
(

m∑

k=1

bklwk

)

=
n∑

i=1

m∑

k=1

aijbkl(vi ⊗ wk)

❉✐❡ ❑♦❡✣③✐❡♥t❡♥ ❞❡r ❉❛rst❡❧❧✉♥❣s♠❛tr✐① ✈♦♥ lV⊗W
g (vj⊗wl) s✐♥❞ aijbkl✱ ✇♦❜❡✐

❛✉❢ ❞❡r ❉✐❛❣♦♥❛❧❡ ❣❡r❛❞❡ ❞✐❡ ❑♦❡✣③✐❡♥t❡♥ ❧✐❡❣❡♥ ❢ür ❞✐❡ i = j ✉♥❞ l = k ❣✐❧t✿

tr
(
lV⊗W
g

)
=

n∑

i=1

m∑

k=1

aiibkk =

(
n∑

i=1

aii

)
·
(

m∑

k=1

bkk

)
= tr(lVg ) tr(l

W
g ).

✭✐✐✮ G ✇✐r❦t ❛✉❢ Hom(V,W ) ♠✐t (gf)v := gfg−1v ❢ür f ∈ Hom(V,W )✱ ❞❛
(1 · f)(v) = f(v), (g · (h · f))(v) = (g · (hfh−1))(v) = ghfh−1g−1(v) =
ghf((gh)−1)(v) = (gh) · f(v)✳
❋ür W = K ✐st W ❡✐♥❡ ❉❛rst❡❧❧✉♥❣ ♠✐t ❞❡r tr✐✈✐❛❧❡♥ ❲✐r❦✉♥❣✱ ❞✳ ❤✳
G × K → K, gv = v✳ ❉✐❡s ✐st t❛tsä❝❤❧✐❝❤ ❡✐♥❡ ❉❛rst❡❧❧✉♥❣✳ ❉❛♠✐t ❡r❣✐❜t
s✐❝❤ ❢ür ❞✐❡ ❚r❛♥s❧❛t✐♦♥ lg ❛✉❢ V ∗ = Hom(V,K)✿ lV

∗

g (f)(v) = (gf)(v) =
gfg−1(v) = f(g−1v) = f(lVg−1v) ❢ür f ∈ V ∗✳
❊s ❣✐❧t s♦♠✐t lV

∗

g = (lVg−1)
∗✱ ✇♦❜❡✐ (lVg−1)

∗ ❞✐❡ ❞✉❛❧❡ ❆❜❜✐❧❞✉♥❣✶✶ ③✉ lVg−1 ✐st✱
❞✳ ❤✳ (lVg−1)

∗
(f) = f(lVg−1)✳ ❉✐❡ ❙♣✉r ✐st ❥❡❞♦❝❤ ✐♥✈❛r✐❛♥t ✉♥t❡r ❞❡♠ ❲❡❝❤s❡❧

③✉r ❞✉❛❧❡♥ ❆❜❜✐❧❞✉♥❣✱ ❞❛ tr(f ∗v) = tr(vf) = tr(fv)✳ ❊s ❡r❣✐❜t s✐❝❤

tr(lV
∗

g ) = tr((lVg−1)
∗
) = tr(lVg−1).

❋♦❧❣❧✐❝❤ χV ∗(g) = tr(lV
∗

g ) = tr(lVg−1) = χV (g
−1)✳

✶✶◆❛❝❤ ❉❡✜♥✐t✐♦♥ ❣✐❧t ❢ür ❞✐❡ ❞✉❛❧❡ ❆❜❜✐❧❞✉♥❣ f∗ :W ∗ → V ∗ ❞❡r ❧✐♥❡❛r❡♥ ❆❜❜✐❧❞✉♥❣ f : V →
W ✿ f∗(w∗) = w∗ ◦ f ✱ ∀w∗ ∈W ∗ ✲ V, W ❡♥❞❧✐❝❤✲❞✐♠❡♥s✐♦♥❛❧❡ ❱❡❦t♦rrä✉♠❡✳



✶✽ ⑤ ✷✳ ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡ ✈♦♥ ❙❯✭✷✮

▲❡♠♠❛ ✷✳✹✳✶✹✳ ❋ür V ✉♥❞ W ❡♥❞❧✐❝❤✲❞✐♠❡♥s✐♦♥❛❧ ❣✐❧t Hom(V,W ) ≃ V ∗ ⊗W
♠✐t ❞❡♠ ❦❛♥♦♥✐s❝❤❡♥ ■s♦♠♦r♣❤✐s♠✉s ϕ : v∗ ⊗ w → (u 7→ v∗(u)w)✳

❇❡✇❡✐s✳ ▲✐♥❡❛r✐tät ❢♦❧❣t ✉♥♠✐tt❡❧❜❛r ❛✉s ❞❡r ❉❡✜♥✐t✐♦♥ ✈♦♥ ϕ✳ ❋ür W ❡♥❞❧✐❝❤✲
❞✐♠❡♥s✐♦♥❛❧✱ ❞✳ ❤✳ (wi)1≤i≤n=dimW ❇❛s✐s ✈♦♥ W ♠✐t ❞✉❛❧❡r ❇❛s✐s (w∗

i )1≤i≤n ✈♦♥
W ∗ ❞❡✜♥✐❡r❡ ♠❛♥

ϕ′ : Hom(V,W ) → V ∗ ⊗W, f 7→
n∑

i=1

(w∗
i ◦ f)⊗ wi.

ϕ′ ✐st ♦✛❡♥s✐❝❤t❧✐❝❤ ❛✉❝❤ ❧✐♥❡❛r✳ ❆✉ÿ❡r❞❡♠ ✐st ϕ ✐♥✈❡rs ③✉ ϕ′✿ ▼✐t w =∑n
i=1w

∗
i (w)wi ❢♦❧❣t

ϕ′(ϕ(v∗ ⊗ w)) =
n∑

i=1

(w∗
i ◦ (u 7→ v∗(u)w))⊗ wi =

n∑

i=1

(u 7→ v∗(u)w∗
i (w))⊗ wi

= v∗ ⊗
n∑

i=1

w∗
i (w)wi = v∗ ⊗ w.

ϕ(ϕ′(f)) = ϕ

(
n∑

i=1

(w∗
i ◦ f)⊗ wi

)
=

n∑

i=1

(u 7→ w∗
i (f(u))wi)

=

(
u 7→

n∑

i=1

w∗
j (f(u))wi

)
= (u 7→ f(u)) = f.

❇❡♠❡r❦✉♥❣ ✷✳✹✳✶✺✳ ❋ür ❡✐♥❡♥ ✉♥❡♥❞❧✐❝❤✲❞✐♠❡♥s✐♦♥❛❧❡♥ ❱❡❦t♦rr❛✉♠ ❧ässt s✐❝❤
✐♠ ❆❧❧❣❡♠❡✐♥❡♥ ❦❡✐♥❡ ❞✉❛❧❡ ❇❛s✐s ❦♦♥str✉✐❡r❡♥✳

❙❛t③ ✷✳✹✳✶✻✳ ❙❡✐❡♥ V ✉♥❞ W ❡♥❞❧✐❝❤❡ ❉❛rst❡❧❧✉♥❣❡♥✳

✭✐✮
∫
χV (g)dg = dimV G ❢ür V G = {v ∈ V : gv = v ∀g ∈ G}✳

✭✐✐✮ 〈χV , χW 〉 :=
∫
χV (g)χW (g)dg = dimHomG(V,W ) ♠✐t HomG(V,W ) = {f ∈

Hom(V,W ) : f äq✉✐✈❛r✐❛♥t}✳

✭✐✐✐✮ ❋ür V ✉♥❞ W ✐rr❡❞✉③✐❜❡❧✿
∫
χV χW dg =

{
1 ❢ür V ≃ W,
0 s♦♥st.

❇❡✇❡✐s✳ ✭✐✮ ❉❡✜♥✐❡r❡ p : V → V G, v 7→
∫
gv dg✳ ❉✐❡s❡ ❆❜❜✐❧❞✉♥❣ ✐st

✇♦❤❧❞❡✜♥✐❡rt✱ ❞✳ ❤✳ ∀h ∈ G : hp(v) =
∫
hgv dg =

∫
gv dg = p(v)✱ ✇❡❣❡♥

❞❡♥ G−■♥✈❛r✐❛♥③ ❞❡s ■♥t❡❣r❛❧❡s✳ ❲❡✐t❡r ❣✐❧t ❢ür ṽ ∈ V G : p(ṽ) =
∫
gṽdg =∫

ṽ dg = ṽ
∫
dg = ṽ ✇❡❣❡♥ ◆♦r♠✐❡rt❤❡✐t ❞❡s ■♥t❡❣r❛❧❡s✳ p ✐st s♦♠✐t ❡✐♥❡



✷✳✹✳ ❈❤❛r❛❦t❡r❡ ✉♥❞ ❑❧❛ss❡♥❢✉♥❦t✐♦♥❡♥ ⑤ ✶✾

Pr♦❥❡❦t✐♦♥ ✈♦♥ V ❛✉❢ V G✳ ▼❛♥ ❡r✇❡✐t❡r❡ ❡✐♥❡ ❇❛s✐s (ei)1≤i≤d, d = dimV G

③✉ ❡✐♥❡r ❇❛s✐s ✈♦♥ V ✳ ❉❛♠✐t ✐st ❞✐❡ ❞❛rst❡❧❧❡♥❞❡ ▼❛tr✐① ✈♦♥ p ❛✉❢❣❡❢❛sst
❛❧s ❆❜❜❞✐❧❞✉♥❣ V → V ❜③❣❧✳ ❞✐❡s❡r ❇❛s✐s ✈♦♥ V ❡✐♥❡ ❇❧♦❝❦♠❛tr✐① ♠✐t ③✇❡✐
❉✐❛❣♦♥❛❧❜❧ö❝❦❡♥ ✲ E ✉♥❞ 0✳ ❋♦❧❣❧✐❝❤ tr(p) = dimV G✳

⇒ dimV G = tr(p) = tr

(∫
lgdg

)
=

∫
tr(lg)dg =

∫
χV (g)dg,

❞❛ tr ❧✐♥❡❛r ✐st ✉♥❞ s♦♠✐t ♠✐t ❞❡♠ ■♥t❡❣r❛❧ ❦♦♠♠✉t✐❡rt✳ ❉✐❡s ③❡✐❣t ✭✐✮✳

✭✐✐✮ ❊s ❣✐❧t HomG(V,W ) = HomG(V,W )✱ ❞❡♥♥ ♠✐t ❞❡r ❲✐r❦✉♥❣ ❛✉s ❞❡♠ ❇❡✲
✇❡✐s ③✉♠ ▲❡♠♠❛ ✷✳✹✳✶✸ ❣✐❧t ❢ür f ∈ HomG(V,W ) : (gf)(v) = gfg−1(v) =
fgg−1(v) = f(v) ✉♥❞ ❢ür f ∈ HomG(V,W ) : f(gv) = (gf)(gv) =
gf(g−1gv) = gf(v)✳ ▼✐t ❚❡✐❧ ✭✐✮✿

dimHomG(V,W ) =

∫
χHom(V,W )(g)dg.

▼✐t ▲❡♠♠❛ ✷✳✹✳✶✸ ❢♦❧❣t ♥✉♥

dimHomG(V,W ) =

∫
χHom(V,W )(g)dg =

∫
χV ∗⊗Wdg

=

∫
χV (g

−1)χW (g)dg =

∫
χV (g)χW (g)dg,

✇♦❜❡✐ ✇✐r ✐♠ ❧❡t③t❡♥ ❙❝❤r✐tt ✈❡r✇❡♥❞❡t ❤❛❜❡♥✱ ❞❛ss V ≃ V ∗ ♠✐t ■s♦♠♦r♣❤✐s✲
♠✉s v 7→ 〈 · , v〉 ✉♥s ▲❡♠♠❛ ✷✳✹✳✶✶ ❛♥✇❡♥❞❡♥ ❧ässt✳ ❍✐❡r❜❡✐ ❡♥tst❡❤t V ✐♥❞❡♠
♠❛♥ ❞✐❡ ❙❦❛❧❛r♠✉❧t✐♣❧✐❦❛t✐♦♥ ❛✉❢ V ✱ ❞✳ ❤✳ C × V → V, (z, v) 7→ zv✱ ♥❛❝❤
C× V → V, (z, v) 7→ zv ❛❜ä♥❞❡rt✳ V ❤❡✐ÿt ❦♦♥❥✉❣✐❡rt❡ ❉❛rst❡❧❧✉♥❣ ✈♦♥ V ✳✶✷

✭✐✐✐✮ ❋ür ❞❡♥ ❧❡t③t❡♥ ❚❡✐❧ ✈❡r✇❡♥❞❡ ♠❛♥ ❞❛s ▲❡♠♠❛ ✈♦♥ ❙❝❤✉r ✉♥t❡♥✳ ❚❡✐❧ ✭✐✐✮
✈♦♥ ❙❛t③ ✷✳✹✳✶✻ ✉♥❞ ❚❡✐❧ ✭✐✐✐✮ ❞❡s ▲❡♠♠❛✬s ✈♦♥ ❙❝❤✉r ③❡✐❣❡♥ ♥✉♥ ❞✐❡ ❆✉ss❛❣❡✳

▲❡♠♠❛ ✈♦♥ ❙❝❤✉r ✷✳✹✳✶✼✳ ❙❡✐ G ❡✐♥❡ ●r✉♣♣❡✱ V ✉♥❞ W ✐rr❡❞✉③✐❜❧❡ ❉❛rst❡❧✲
❧✉♥❣❡♥✳ ❉❛♥♥ ❣✐❧t✿

✭✐✮ ❊✐♥❡ ❧✐♥❡❛r❡ äq✉✐✈❛r✐❛♥t❡ ❆❜❜✐❧❞✉♥❣ f : V → W ✐st ❡♥t✇❡❞❡r 0 ♦❞❡r ❡✐♥
■s♦♠♦r♣❤✐s♠✉s✳

✭✐✐✮ ❏❡❞❡ ❧✐♥❡❛r❡ äq✉✐✈❛r✐❛♥t❡ ❆❜❜✐❧❞✉♥❣ f : V → V ❤❛t ❞✐❡ ❋♦r♠ f(v) = λv ❢ür
❡✐♥ λ ∈ C✳

✶✷v 7→ 〈 · , v〉 ✐st t❛tsä❝❤❧✐❝❤ ❧✐♥❡❛r✱ ❞❛ ❞❛s ❙❦❛❧❛r♣r♦❞✉❦t ✐♠ ③✇❡✐t❡♥ ❆r❣✉♠❡♥t s❡♠✐❧✐♥❡❛r ✐st✱

❛❧s♦ λ · v 7→ 〈 · , λv〉 = λ〈 · , v〉 = λ〈 · , v〉✳



✷✵ ⑤ ✷✳ ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡ ✈♦♥ ❙❯✭✷✮

✭✐✐✐✮ dimHomG(V,W ) = 1 ❢ür V ≃ W ✱ dimHomG(V,W ) = 0 ❢ür V 6≃ W ✳

❇❡✇❡✐s✳ ❊✐♥❡♥ ❇❡✇❡✐s ❢ür ❞✐❡s❡s ❣r✉♥❞❧❡❣❡♥❞❡ ▲❡♠♠❛ ❞❡r ❉❛rst❡❧❧✉♥❣st❤❡♦r✐❡
✜♥❞❡t s✐❝❤ ③✳ ❇✳ ✐♥ ❇rö❝❦❡r ✫ t♦♠ ❉✐❡❝❦ ❬✺❪✱ ❙✳✻✾✱ ❏❛♠❡s ✫ ▲✐❡❜❡❝❦ ❬✶✹❪✱ ❙✳✼✽✛✳

❇❡♠❡r❦✉♥❣ ✷✳✹✳✶✽✳ ❆❧❧❣❡♠❡✐♥ ❦❛♥♥ ♠❛♥ 〈 · , · 〉 ❛❧s ❆❜❜✐❧❞✉♥❣ C(G,C) ×
C(G,C) → C ❞❡✜♥✐❡r❡♥✱ ✇♦❜❡✐ C(G,C) ❞✐❡ ▼❡♥❣❡ ❞❡r st❡t✐❣❡♥ ❆❜❜✐❧❞✉♥❣❡♥ ✈♦♥
G ♥❛❝❤ C ✐st✳ ❉❛♠✐t ✐st 〈 · , · 〉 s❡sq✉✐❧✐♥❡❛r ✭χ, ψ, ζ ∈ C(G,C)✱ λ ∈ C✮✿

〈λ(χ+ ψ), ζ〉 =

∫
λ(χ+ ψ)(g)ζ(g)dg

= λ

∫
χ(g)ζ(g) + λ

∫
ψ(g)ζ(g)dg

= λ〈χ, ζ〉+ λ〈ψ, ζ〉

〈χ, λ(ψ + ζ)〉 =

∫
χ(g)λ(ψ + ζ)(g)dg

= λ

∫
χ(g)ψ(g) + λ

∫
χ(g)ζ(g)dg

= λ〈χ, ψ〉+ λ〈χ, ζ〉.

〈 · , · 〉 ✐st ❛✉❝❤ ❤❡r♠✐t❡s❝❤✿

〈χ, ψ〉 =
∫
χ(g)ψ(g)dg =

∫
χ(g)ψ(g)dg =

∫
χ(g)ψ(g)dg = 〈ψ, χ〉.

❙❝❤❧✐❡ÿ❧✐❝❤ ✐st 〈 · , · 〉 ❛✉❝❤ ♣♦s✐t✐✈ s❡♠✐❞❡✜♥✐t✱ ❞❡♥♥
∫
χ(g)χ(g)dg

=
∫
|χ(g)|2︸ ︷︷ ︸

≥0

dg ≥ 0✳

❙❛t③ ✷✳✹✳✶✾✳ ❊✐♥❡ ❉❛rst❡❧❧✉♥❣ ✐st ❞✉r❝❤ ✐❤r❡♥ ❈❤❛r❛❦t❡r ❡✐♥❞❡✉t✐❣ ❢❡st❣❡❧❡❣t✳

❇❡✇❡✐s✳ ❙❡✐ V =
⊕

j ajṼj, aj ∈ N ❡✐♥❡ ❩❡r❧❡❣✉♥❣ ✈♦♥ V ✐♥ ♣❛❛r✇❡✐s❡ ♥✐❝❤t ✐s♦♠♦r✲

♣❤❡ ✐rr❡❞✉③✐❜❧❡ ❉❛rst❡❧❧✉♥❣❡♥ Ṽj✳ ❉❛♥♥ ❣✐❧t ♠✐t ▲❡♠♠❛ ✷✳✹✳✶✸ χV =
∑

j ajχṼj

✉♥❞ aj = 〈χV , χṼj
〉✳ ❉✐❡s ✇✐r❞ ❞❡✉t❧✐❝❤✱ ✇❡♥♥ ♠❛♥ ajṼj = Ṽj ⊕ . . .⊕ Ṽj︸ ︷︷ ︸

aj−♠❛❧

⇒

〈χaj Ṽj
, χṼi

〉 = 〈χṼj
+ . . .+ χṼj

, χṼi
〉 = aj〈χṼj

, χṼi
〉 = ajδij s❝❤r❡✐❜t✳

❇❡♠❡r❦✉♥❣ ✷✳✹✳✷✵✳ ❏❡❞❡r ❈❤❛r❛❦t❡r ✐st ❡✐♥❡ ❑❧❛ss❡♥❢✉♥❦t✐♦♥✱ ❞❛ χ(ghg−1) =
tr(ghg−1) = tr(g−1gh) = tr(h) = χ(h)✳

❙❛t③ ✷✳✹✳✷✶✳ ❏❡❞❡ ✐rr❡❞✉③✐❜❧❡ ❉❛rst❡❧❧✉♥❣ ✈♦♥ ❙❯✭✷✮ ✐st ✐s♦♠♦r♣❤ ③✉ ❡✐♥❡♠ ❞❡r
Vn✳

❇❡✇❡✐s✳ ❆♥❣❡♥♦♠♠❡♥ ❡s ❡①✐st✐❡rt ❡✐♥❡ ❉❛rst❡❧❧✉♥❣ ♠✐t ❈❤❛r❛❦t❡r χ✱ ❞✐❡ ♥✐❝❤t ✐s♦✲
♠♦r♣❤ ③✉ ❡✐♥❡♠ ❞❡r Vn, n ∈ N ✐st✱ ❞✳ ❤✳ ✐♥s❜❡s♦♥❞❡r❡ 〈χ, χn〉 = 0 ∀n ∈ N0✱



✷✳✹✳ ❈❤❛r❛❦t❡r❡ ✉♥❞ ❑❧❛ss❡♥❢✉♥❦t✐♦♥❡♥ ⑤ ✷✶

〈χ, χ〉 = 1 ♥❛❝❤ ❙❛t③ ✷✳✹✳✶✻ ✭✐✐✐✮✳ ❙❡✐ ♥✉♥ (fn)n∈N ❡✐♥❡ ❋♦❧❣❡ ❞✐❡ χ ❣❧❡✐❝❤♠äÿ✐❣ ❛♣✲
♣r♦①✐♠✐❡rt✱ fn : ❙❯✭✷✮ → C, fn(A) := fn(e(t)) = f̃n(t), f̃n ∈ W := 〈(cos(nt))n∈N〉
♠✐t ❞❡r ❇✐❥❡❦t✐♦♥ ❛✉s ❋♦❧❣❡r✉♥❣ ✷✳✹✳✸✳ ❉✐❡s❡ ❡①✐st✐❡rt✱ ❞❛ ❥❡❞❡r ❈❤❛r❛❦t❡r ♥❛❝❤
❇❡♠❡r❦✉♥❣ ✷✳✹✳✷✵ ❑❧❛ss❡♥❢✉♥❦t✐♦♥ ✐st ✉♥❞ ♠❛♥ ❥❡❞❡ st❡t✐❣❡ ❑❧❛ss❡♥❢✉♥❦t✐♦♥ ♥❛❝❤
❋♦❧❣❡r✉♥❣ ✷✳✹✳✸ ♠✐t ❡✐♥❡r st❡t✐❣❡♥ ❣❡r❛❞❡♥ 2π−♣❡r✐♦❞✐s❝❤❡ ❋✉♥❦t✐♦♥ R → C ✐❞❡♥✲
t✐✜③✐❡r❡♥ ❦❛♥♥✳ W ❧✐❡❣t ♥❛❝❤ ❙❛t③ ✷✳✹✳✽ ❥❡❞♦❝❤ ❞✐❝❤t ✐♠ ❘❛✉♠ ❞❡r st❡t✐❣❡♥ ❣❡r❛❞❡♥
2π−♣❡r✐♦❞✐s❝❤❡♥ ❋✉♥❦t✐♦♥❡♥✳

⇒ ∀n ∈ N : fn =
kn∑

i=0

λni
χi, kn ∈ N, λni

∈ C, ∀n, i ∈ N

⇒ ∀n ∈ N : 〈χ, fn〉 = 〈χ,
kn∑

i=0

λni
χi〉 =

kn∑

i=0

λni
〈χ, χi〉 = 0.

❲✐r ③❡✐❣❡♥✱ ❞❛ss 〈χ, ·〉 st❡t✐❣ ❜③❣❧✳ ❙✉♣r❡♠✉♠s♥♦r♠ ✐st✳ ❉✐❡ ❆✉ss❛❣❡ ❢♦❧❣t ❞❛♥♥
❛✉s ❞❡♠ ❲✐❞❡rs♣r✉❝❤

〈χ, χ〉 = 1 6= 0 = lim
n→∞

〈χ, fn〉 = 〈χ, lim
n→∞

fn〉 = 〈χ, χ〉.

❙❡✐ fn → χ̃ ❣❧❡✐❝❤♠äÿ✐❣✳

⇒ |〈χ, χ̃〉 − 〈χ, fn〉| = |〈χ, χ̃− fn〉| ≤ ✶✸

√
|〈χ, χ〉|︸ ︷︷ ︸

=1

√
|〈χ̃− fn, χ̃− fn〉|

=

√∫
|(χ− fn)(g)|2dg

❲❡❣❡♥ ❣❧❡✐❝❤♠äÿ✐❣❡r ❑♦♥✈❡r❣❡♥③ ❣✐❧t✿ ∀ε > 0 ∃n0 ∈ N ∀n ≥ n0 : |(χ̃− fn)(g)| < ε
∀g ∈ ❙❯✭✷✮✳

⇒
∫

❙❯✭✷✮

|(χ− fn)(g)|2dg <
∫

❙❯✭✷✮

ε2dg = ε2
∫

❙❯✭✷✮

dg = ε2

⇒ |〈χ, χ̃〉 − 〈χ, fn〉| < ε→ 0, ❢ür ε→ 0.

✶✸❱❡r✇❡♥❞❡ ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ✈♦♥ ❈❛✉❝❤②✲❙❝❤✇❛r③✳ ❉❛ ✇✐r ♥✐❝❤t ❣❡③❡✐❣t ❤❛❜❡♥✱ ❞❛ss 〈·, ·〉
❡✐♥ ❙❦❛❧❛r♣r♦❞✉❦t ✐st✱ ✇❡r❞❡♥ ✇✐r ❞✐❡s❡ ❯♥❣❧❡✐❝❤✉♥❣ ③❡✐❣❡♥✳ ∀λ ∈ C✱ χ, ψ ❈❤❛r❛❦t❡r❡✱ ❛❧s♦
✐♥s❜❡s♦♥❞❡r❡ 〈ψ,ψ〉 6= 0✿

0 ≤ 〈χ− λψ, χ− λψ〉 = 〈χ, χ〉 − 〈χ, λψ〉 − 〈λψ, χ〉+ 〈λψ, λψ〉
≤ 〈χ, χ〉 − λ〈χ, ψ〉 − λ〈ψ, χ〉+ λλ〈ψ,ψ〉.

▼❛♥ ✇ä❤❧❡ ♥✉♥ λ = 〈χ,ψ〉
〈ψ,ψ〉 ✳ ❊s ❡r❣✐❜t s✐❝❤

0 ≤ 〈χ, χ〉 − 〈χ, ψ〉〈ψ, χ〉
〈ψ, ψ〉 ⇒ |〈χ, ψ〉|2 ≤ |〈χ, χ〉||〈ψ,ψ〉|.



3 ❉❡r ❉❛rst❡❧❧✉♥❣sr✐♥❣
✈♦♥ ❙❯✭✷✮

■♥ ❞✐❡s❡♠ ❞r✐tt❡♥ ❑❛♣✐t❡❧ ❜❡s❝❤ä❢t✐❣❡♥ ✇✐r ✉♥s ♠✐t ❞❡r ❙tr✉❦t✉r ❞❡s ❉❛rst❡❧✲
❧✉♥❣sr✐♥❣s ❘✭❙❯✭✷✮✮✱ ✇❡❧❝❤❡r ❡✐♥❡ ❢♦r♠❛❧❡ ❊r✇❡✐t❡r✉♥❣ ❞❡r ▼❡♥❣❡ ❞❡r ■s♦♠♦r✲
♣❤✐❡❦❧❛ss❡♥ ✐rr❡❞✉③✐❜❧❡r ❉❛rst❡❧❧✉♥❣❡♥ ❞❛rst❡❧❧t✳ ❉✐❡s ✐st ❜❡s♦♥❞❡rs ❞❡s❤❛❧❜
❧♦❤♥❡♥s✇❡rt✱ ❞❛ ✇✐r ✐♠ ❢♦❧❣❡♥❞❡♥ ❑❛♣✐t❡❧ ❞❛r❛✉s ❞✐❡ ❙tr✉❦t✉r ❞❡r ❱❡r❧✐♥❞❡ ❆❧✲
❣❡❜r❛ ❛❜❧❡✐t❡♥ ❦ö♥♥❡♥✳
❉✐❡ ❈❧❡❜s❝❤✲●♦r❞♦♥✲❋♦r♠❡❧ ✇❡r❞❡♥ ✇✐r✱ ✇✐❡ s❝❤♦♥ ❛♠ ❆♥❢❛♥❣ ✈♦♥ ❑❛♣✐t❡❧ ✷
❡r✇ä❤♥t✱ ♠✐t ❍✐❧❢❡ ✈♦♥ ❈❤❛r❛❦t❡r❡♥ ✉♥❞ ♠✐t ❍✐❧❢❡ ❞❡r ❣❡♦♠❡tr✐s❝❤❡♥ ❘❡✐❤❡ ❜❡✲
✇❡✐s❡♥✳ ❙✐❡ ✇✐r❞ ❞✐❡ ●r✉♥❞❧❛❣❡ ❢ür ❞✐❡ ❡①♣❧✐③✐t❡ ❇❡s❝❤r❡✐❜✉♥❣ ❞❡s ❚❡♥s♦r♣r♦❞✉❦ts
✐♥ ❘✭❙❯✭✷✮✮ ❧❡❣❡♥✳ ❩✉✈♦r ❥❡❞♦❝❤ ❦❛♥♥ ❛✉❢ ❘✭❙❯✭✷✮✮ ❡✐♥❡ ❛❜❡❧s❝❤❡ ●r✉♣♣❡♥str✉❦t✉r
s♦✇✐❡ ❡✐♥❡ Z−▼♦❞✉❧str✉❦t✉r ✉♥❞ ✐♥s❜❡s♦♥❞❡r❡ ❛✉❝❤ ❡✐♥❡ ❇❛s✐s ❡r❦❧ärt ✇❡r❞❡♥✳✶

✸✳✶✳ ❉✐❡ ●r✉♣♣❡ ❘✭❙❯✭✷✮✮

▲❡♠♠❛✿ ❈❧❡❜s❝❤✲●♦r❞♦♥✲❋♦r♠❡❧ ✸✳✶✳✶✳

Vk ⊗ Vl =
m⊕

j=0

Vk+l−2j, m = min{k, l}.

❇❡✇❡✐s✳ ❊s ❣❡♥ü❣t s✐❝❤ ❛✉❢ ❈❤❛r❛❦t❡r❡ ③✉ ❜❡s❝❤rä♥❦❡♥ ✭s✐❡❤❡ ❙❛t③ ✷✳✹✳✶✾✮✳ ❉❛ ❞✐❡
❈❤❛r❛❦t❡r❡ ✈♦♥ ❙❯✭✷✮ ❜❡r❡✐ts ❞✉r❝❤ ✐❤r❡ ❲❡rt❡ ❛✉❢ e(t) ❡✐♥❞❡✉t✐❣ ❜❡st✐♠♠t s✐♥❞✷

r❡✐❝❤t ❡s ❛✉s ❞✐❡ ■❞❡♥t✐tät
(

k∑

i=0

xk−2i

)(
l∑

j=0

xl−2j

)
=

m∑

j=0

(
k+l−2j∑

i=0

xk+l−2j−2i

)

✶❩✉♠❡✐st ✇✐r❞ ✐♥ ❞❡r ▲✐t❡r❛t✉r ❞❡r ❉❛rst❡❧❧✉♥❣sr✐♥❣ ❛❧s s♦❧❝❤❡r ♥✐❝❤t ❡①♣❧✐③✐t ❜❡s❝❤r✐❡❜❡♥✱
✐♥s❜❡s♦♥❞❡r❡ ♥✐❝❤t ❢ür ❞❡♥ ❙♣❡③✐❛❧❢❛❧❧ ❙❯✭✷✮ ♠✐t ③✉sät③❧✐❝❤❡r Z−▼♦❞✉❧str✉❦t✉r✳ ❲✐r ✇❡r❞❡♥
❞❡s❤❛❧❜ ✐♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ❛✉❢ ✇❡✐t❡r❡ ◗✉❡❧❧❡♥❛♥❣❛❜❡♥ ✈❡r③✐❝❤t❡♥✳

✷s✐❡❤❡ ❋♦❧❣❡r✉♥❣ ✷✳✹✳✸✳



✸✳✶✳ ❉✐❡ ●r✉♣♣❡ ❘✭❙❯✭✷✮✮ ⑤ ✷✸

❢ür x = eit ③✉ ③❡✐❣❡♥✳ ❉❛❜❡✐ ❤❛❜❡♥ ✇✐r ❞✐❡ ✐♠ ❇❡✇❡✐s ✈♦♥ ▲❡♠♠❛ ✷✳✹✳✻ ❤❡r❣❡❧❡✐t❡t❡
❋♦r♠❡❧ χn(e(t)) =

∑n
k=0 e

i(n−2k)t =
∑n

k=0 cos((n−2k)t) ❢ür ❞❡♥ ❈❤❛r❛❦t❡r ✈❡r✇❡♥✲
❞❡t✳ ■♠ ❋♦❧❣❡♥❞❡♥ ♥✉t③❡ ♠❛♥ ✉♥t❡r ❛♥❞❡r❡♠✱ ❞❛ss x 6= 0 ❢ür x = eit, t ∈ R✳ ▼✐t
❞❡r ❣❡♦♠❡tr✐s❝❤❡♥ ❘❡✐❤❡ ✉♥❞ ♦✳ ❇✳ ❞✳ ❆✳ k ≤ l✱ ❛❧s♦ m = k✿

(∑k
i=0 x

k−2i
)

= xk
(∑k

i=0 (x
−2)

i
)

= xk
(
(x−2)

k+1
−1

x−2−1

)

= xk
(

x−2k−2−1
x−2−1

)

(∑l
i=0 x

l−2i
)

= xl
(∑l

i=0 (x
−2)

i
)

= xl
(
(x−2)

l+1
−1

x−2−1

)

= xl
(

x−2l−2−1
x−2−1

)

⇒
(∑k

i=0 x
k−2i
)

·
(∑l

j=0 x
l−2j
)

=
xk+l(x−2(k+l)−4−x−2k−2−x−2l−2+1)

(x−2−1)2

❊❜❡♥s♦ ❡r❤❛❧t❡♥ ✇✐r

k+l−2j∑

i=0

xk+l−2j−2i = xk+l−2j

(
k+l−2j∑

i=0

(
x−2
)i
)

=
xk+l−2j

(
x−2(k+l−2j+1) − 1

)

x−2 − 1

⇒
k∑

j=0

xk+l−2j

x−2 − 1

(
x−2k−2l+4j−2 − 1

)

=
x−k−l−2

x−2 − 1

k∑

j=0

x2j − xk+l

x−2 − 1

k∑

j=0

x−2j

=
x−k−l−2

(x−2 − 1)2
(
(−x−2)(x2(k+1) − 1)

)
− xk+l

(x−2 − 1)2
(
x−2(k+1) − 1

)

=
xk+l

(x−2 − 1)2
(
x−2k−2l−4(1− x2(k+1))

)
− xk+l

(x−2 − 1)2
(
x−2k−2 − 1

)

=
xk+l

(x−2 − 1)2
(
x−2k−2l−4(1− x2(k+1))− x−2k−2 + 1

)

=
xk+l

(x−2 − 1)2
(
x−2(k+l)−4 − x−2l−2 − x−2k−2 + 1

)

⇒
(

k∑

i=0

xk−2i

)(
l∑

j=0

xl−2j

)
=

m∑

j=0

(
k+l−2j∑

i=0

xk+l−2j−2i

)
.



✷✹ ⑤ ✸✳ ❉❡r ❉❛rst❡❧❧✉♥❣sr✐♥❣ ✈♦♥ ❙❯✭✷✮

❇❡♠❡r❦✉♥❣ ✸✳✶✳✷✳ ❙❡t③t ♠❛♥ V (k/2) := Vk s♦ ❧✐❡st s✐❝❤ ❞✐❡ ❈❧❡❜s❝❤✲●♦r❞♦♥✲
❋♦r♠❡❧ ✐♥ ❞❡r s②♠♠❡tr✐s❝❤❡♥ ❋♦r♠

V (k)⊗ V (l) = V2k ⊗ V2l =
2m⊕

j=0

V2k+2l−2j, m = min{k, l}

= V (k + l)⊕ V (k + l − 1)⊕ . . .⊕ V (|k − l|).✸

❉✐❡s❡ ◆♦t❛t✐♦♥ ✐st ✐♥ ❞❡r ▲✐t❡r❛t✉r ❡❜❡♥❢❛❧❧s ❣❡❜rä✉❝❤❧✐❝❤✱ ✇✐r❞ ✈♦♥ ✉♥s ❛❜❡r ♥✐❝❤t
✇❡✐t❡r ❜❡♥öt✐❣t✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✸✳ ❙❡✐ ❘✭❙❯✭✷✮✮ ❞✐❡ ▼❡♥❣❡ ❞❡r ❢♦r♠❛❧❡♥ ❉✐✛❡r❡♥③❡♥ [V ]− [W ] ✈♦♥
■s♦♠♦r♣❤✐❡❦❧❛ss❡♥ ❡♥❞❧✐❝❤✲❞✐♠❡♥s✐♦♥❛❧❡r ❉❛rst❡❧❧✉♥❣❡♥ V ✉♥❞ W ♠✐t ❞❡r ❢♦❧❣❡♥✲
❞❡♥ ➘q✉✐✈❛❧❡♥③r❡❧❛t✐♦♥✿ [V ]− [W ] ∼ [Ṽ ]− [W̃ ] ⇔ V ⊕ W̃ ⊕ Z ≃ Ṽ ⊕W ⊕ Z ❢ür
❡✐♥❡ ✇❡✐t❡r❡ ❉❛rst❡❧❧✉♥❣ Z✳
❉✐❡ ■s♦♠♦r♣❤✐❡❦❧❛ss❡ ❡✐♥❡r ❉❛rst❡❧❧✉♥❣ V ❜❡③❡✐❝❤♥❡♥ ✇✐r ✐♠ ❲❡✐t❡r❡♥ ♠✐t [V ]✳

❲✐r ③❡✐❣❡♥ ③✉♥ä❝❤st✱ ❞❛ss ❞✐❡s t❛tsä❝❤❧✐❝❤ ❡✐♥❡ ➘q✉✐✈❛❧❡♥③r❡❧❛t✐♦♥ ✐st✳ ❉❛❜❡✐ ❣❡❧t❡♥
❘❡✢❡①✐✈✐tät ✉♥❞ ❙②♠♠❡tr✐❡ ♥❛❝❤ ❉❡✜♥✐t✐♦♥✳ ❚r❛♥s✐t✐✈✐tät ❡r❣✐❜t s✐❝❤ ✇✐❡ ❢♦❧❣t✿
❙❡✐ [V ] − [W ] ∼ [Ṽ ] − [W̃ ], [Ṽ ] − [W̃ ] ∼ [V̂ ] − [Ŵ ]✱ ❞✳ ❤✳ ❡s ❣✐❜t ❉❛rst❡❧❧✉♥❣❡♥
Z, Ẑ ♠✐t V ⊕ W̃ ⊕ Z ≃ Ṽ ⊕W ⊕ Z ✉♥❞ Ṽ ⊕ Ŵ ⊕ Ẑ ≃ V̂ ⊕ W̃ ⊕ Ẑ✳ ❉❛♥♥ ❣✐❧t
V ⊕ Ŵ ⊕ Z̃ ≃ V̂ ⊕W ⊕ Z̃ ❢ür Z̃ = Ṽ ⊕Z ⊕ Ẑ ♦❞❡r ❛✉❝❤ ❢ür Z̃ = W̃ ⊕Z ⊕ Ẑ✳ ❲✐r
❡r❤❛❧t❡♥ [V ]− [W ] ∼ [V̂ ]− [Ŵ ]✳

▲❡♠♠❛ ✸✳✶✳✹✳ ❘✭❙❯✭✷✮✮ := ❘✭❙❯✭✷✮✮/∼ ✐st ♠✐t ❞❡r ❱❡r❦♥ü♣❢✉♥❣

+ : ❘✭❙❯✭✷✮✮× ❘✭❙❯✭✷✮✮ → ❘✭❙❯✭✷✮✮,

([V ]− [W ], [Ṽ ]− [W̃ ]) 7→ [V ⊕ Ṽ ])− ([W ⊕ W̃ ]

❡✐♥❡ ❛❜❡❧s❝❤❡ ●r✉♣♣❡✳

❇❡✇❡✐s✳ ✭✐✮ ❉✐❡ ❆❞❞✐t✐♦♥ ✐st ✇♦❤❧❞❡✜♥✐❡rt✱ ❞❛ ♠✐t V, Ṽ ❜③✇✳ W, W̃ ❛✉❝❤ V ⊕ Ṽ
❜③✇✳ W ⊕ W̃ ❉❛rst❡❧❧✉♥❣❡♥ s✐♥❞ ✉♥❞ ❢ür [V ] − [W ] ∼ [V ′] − [W ′] ⇒ V ⊕
W ′⊕Z ≃ V ′⊕W ⊕Z✱ [Ṽ ]− [W̃ ] ∼ [Ṽ ′]− [W̃ ′] ⇒ Ṽ ⊕W̃ ′⊕ Z̃ ≃ Ṽ ′⊕W̃ ⊕ Z̃✿

V ⊕ Ṽ ⊕W ′ ⊕ W̃ ′ ⊕ Z ⊕ Z̃ ≃ V ⊕W ′ ⊕ Z ⊕ Ṽ ⊕ W̃ ′ ⊕ Z̃

≃ V ′ ⊕W ⊕ Z ⊕ Ṽ ′ ⊕ W̃ ⊕ Z̃

≃ V ′ ⊕ Ṽ ′ ⊕W ⊕ W̃ ⊕ Z ⊕ Z̃

❊s ❢♦❧❣t [V ⊕ Ṽ ]− [W ⊕ W̃ ] ∼ [V ′ ⊕ Ṽ ′]− [W ′ ⊕ W̃ ′]✳

✸❆✉❝❤ ❞✐❡s❡ ❞✐r❡❦t❡ ❙✉♠♠❡ s♦❧❧ ♥✉r ❛❧s ❙✉♠♠❡ ü❜❡r 2(min{k, l}+1) ❙✉♠♠❛♥❞❡♥ ✈❡rst❛♥❞❡♥
✇❡r❞❡♥✳



✸✳✷✳ ❇❛s✐s✱ Z−▼♦❞✉❧✲ ✉♥❞ ❘✐♥❣str✉❦t✉r ⑤ ✷✺

✭✐✐✮ ❉✐❡ ❱❡r❦♥ü♣❢✉♥❣ ✐st ❛ss♦③✐❛t✐✈✱ ❞❛ ❢ür [V ] − [W ], [Ṽ ] − [W̃ ], [V̂ ] − [Ŵ ] ∈
❘✭❙❯✭✷✮✮✿

([V ]− [W ]) + (([Ṽ ]− [W̃ ]) + ([V̂ ]− [Ŵ ]))

= ([V ]− [W ]) + ([Ṽ ⊕ V̂ ]− [W̃ ⊕ Ŵ ])

= [V ⊕ Ṽ ⊕ V̂ ]− [W ⊕ W̃ ⊕ Ŵ ]

= ([V ⊕ Ṽ ]− [W ⊕ W̃ ]) + ([V̂ ]− [Ŵ ])

= (([V ]− [W ]) + ([Ṽ ]− [W̃ ])) + ([V̂ ]− [Ŵ ]).

✭✐✐✐✮ + ✐st ❦♦♠♠✉t❛t✐✈✿

([V ]− [W ]) + ([Ṽ ]− [W̃ ]) = ([V ⊕ Ṽ ])− ([W ⊕ W̃ ])

= ✹([Ṽ ⊕ V ])− ([W̃ ⊕W ])

= ([Ṽ ]− [W̃ ]) + ([V ]− [W ]).

✭✐✈✮ [0]− [0] ✐s ♥❡✉tr❛❧❡s ❊❧❡♠❡♥t✿✺

([V ]− [W ]) + ([0]− [0]) = [V ⊕ 0]− [W ⊕ 0] = [V ]− [W ]

✭✈✮ ∀[V ]− [W ] ∈ ❘✭❙❯✭✷✮✮ ∃[Ṽ ]− [W̃ ] ∈ ❘✭❙❯✭✷✮✮✿

([V ]− [W ]) + ([Ṽ ]− [W̃ ]) = ([V ⊕ Ṽ ])− ([W ⊕ W̃ ]) = [0]− [0]

❲ä❤❧❡ Ṽ = W, W̃ = V : V ⊕W ⊕0 ≃ W ⊕V ⊕0 ⇒ ([V ⊕ Ṽ ])−([W ⊕W̃ ]) =
[0]− [0] ✐♥ ❘✭❙❯✭✷✮✮✳✺

✸✳✷✳ ❇❛s✐s✱ Z−▼♦❞✉❧✲ ✉♥❞ ❘✐♥❣str✉❦t✉r

▲❡♠♠❛ ✸✳✷✳✶✳ ❘✭❙❯✭✷✮✮ ✐st ❡✐♥ Z−▼♦❞✉❧✱ ✇♦❜❡✐ ❞✐❡ ❙❦❛❧❛r♠✉❧t✐♣❧✐❦❛t✐♦♥ ❞✉r❝❤

· : Z× ❘✭❙❯✭✷✮✮ → ❘✭❙❯✭✷✮✮

(z, [V ]− [W ]) 7→
|z|∑

i=1

ϕz([V ]− [W ])

❣❡❣❡❜❡♥ ✐st✳ ❍✐❡r❜❡✐ ❞❡✜♥✐❡r❡♥ ✇✐r ϕz = sign(z) id ❢ür z ∈ Z✱ ❞✳❤ ∀[V ] − [W ] ∈
❘✭❙❯✭✷✮✮, z < 0 : ϕz([V ]− [W ]) = [W ]− [V ];ϕ0 = 0 ✉♥❞ ❢ür z > 0 : ϕz = id✳
❋ür ❞✐❡ ❧❡❡r❡ ❙✉♠♠❡ ❡r❤ä❧t ♠❛♥✿

∑0
i=1([V ]− [W ]) = [0]− [0]✳

✹❱❡r✇❡♥❞❡ V ⊕ Ṽ ≃ Ṽ ⊕ V ⇒ [V ⊕ Ṽ ] = [Ṽ ⊕ V ]✳
✺▼✐t ❑♦♠♠✉t❛t✐✈✐tät ❢♦❧❣t ❛✉s ❧✐♥❦s♥❡✉tr❛❧✴❧✐♥❦s✐♥✈❡rs s❝❤♦♥ r❡❝❤ts♥❡✉tr❛❧✴r❡❝❤ts✐♥✈❡rs✳



✷✻ ⑤ ✸✳ ❉❡r ❉❛rst❡❧❧✉♥❣sr✐♥❣ ✈♦♥ ❙❯✭✷✮

❇❡✇❡✐s✳ ❋ür ϕz ❣✐❧t ϕz1z2 = ϕz1ϕz2 , ∀z1, z2 ∈ Z✳ ❆✉ÿ❡r❞❡♠ ✐st ϕz ❛❧s ❱✐❡❧❢❛❝❤❡s
❞❡r ■❞❡♥t✐tät ❤♦♠♦♠♦r♣❤✳

✭✐✮ ✒·✏ ✐st ✇♦❤❧❞❡✜♥✐❡rt✱ ❞❡♥♥ ✇❡❣❡♥ ❞❡r ❑♦♠♠✉t❛t✐✈✐tät ❞❡r ❆❞❞✐t✐♦♥ ✐st ❞✐❡s
❣❡r❛❞❡ ❞✐❡ ❆❞❞✐t✐♦♥ ✈♦♥ ❚❡r♠❡♥ [V ]− [W ]✱ [W ]− [V ] ✉♥❞ [0]− [0]✳

✭✐✐✮ ❆ss♦③✐❛t✐✈✐tät✿

z1 · (z2 · [V ]− [W ]) = z1 ·




|z2|∑

i=1

ϕz2([V ]− [W ])




=

|z1|∑

i=1

ϕz1




|z2|∑

j=1

ϕz2([V ]− [W ])




=

|z1||z2|∑

i=1

ϕz1ϕz2([V ]− [W ])

=

|z1z2|∑

i=1

ϕz1z2([V ]− [W ])

= (z1z2) · ([V ]− [W ]).

✭✐✐✐✮ ❉✐str✐❜✉t✐✈✐tät✿

z · (([V ]− [W ]) + ([Ṽ ]− [W̃ ])) = z ·
(
[V ⊕ Ṽ ]− [W ⊕ W̃ ]

)

= ✻




|z|⊕

i=1

(V ⊕ Ṽ )


−




|z|⊕

i=1

(W ⊕ W̃ )




=




|z|⊕

i=1

V ⊕
|z|⊕

i=1

Ṽ


−




|z|⊕

i=1

W ⊕
|z|⊕

i=1

W̃




=






|z|⊕

i=1

V


−




|z|⊕

i=1

W




+






|z|⊕

i=1

Ṽ


−




|z|⊕

i=1

W̃






=

|z|∑

i=1

ϕz([V ]− [W ]) +

|z|∑

i=1

ϕz([Ṽ ]− [W̃ ])

= z · ([V ]− [W ]) + z · ([Ṽ ]− [W̃ ]).

▼❛♥ ❜❡❛❝❤t❡ ✇❡✐t❡r✱ ❞❛ss |z1+ z2| = sign(z1+ z2)(sign(z1)|z1|+sign(z2)|z2|)
✻❋ür z < 0 ✈❡rt❛✉s❝❤❡ ❛❜ ❞✐❡s❡r ❙t❡❧❧❡ V ↔W ✱ Ṽ ↔ W̃ ✳ ❉❡r ❋❛❧❧ z = 0 ✐st tr✐✈✐❛❧✳



✸✳✷✳ ❇❛s✐s✱ Z−▼♦❞✉❧✲ ✉♥❞ ❘✐♥❣str✉❦t✉r ⑤ ✷✼

❢ür z1, z2 ∈ Z✳ ❲✐r ❡r❤❛❧t❡♥

(z1 + z2) · ([V ]− [W ]) =

|z1+z2|∑

i=1

ϕz1+z2([V ]− [W ])

= sign(z1 + z2) sign(z1)

|z1|∑

i=1

ϕz1+z2([V ]− [W ])

+ sign(z1 + z2) sign(z2)

|z2|∑

i=1

ϕz1+z2([V ]− [W ])

=

|z1|∑

i=1

ϕz1([V ]− [W ]) +

|z2|∑

i=1

ϕz2([V ]− [W ])

= z1 · ([V ]− [W ]) + z2 · ([V ]− [W ]).

❙♦♠✐t ✐st ❘✭❙❯✭✷✮✮ ❡✐♥ Z−▼♦❞✉❧✳

▲❡♠♠❛ ✸✳✷✳✷✳ bn = [Vn] − [0], n ∈ N ❜✐❧❞❡♥ ❡✐♥❡ ❇❛s✐s ❞❡s Z−▼♦❞✉❧ ❘✭❙❯✭✷✮✮✳
❘✭❙❯✭✷✮✮ ✇✐r❞ s♦ ③✉ ❡✐♥❡♠ ❢r❡✐❡♥ Z−▼♦❞✉❧✳

❇❡✇❡✐s✳ ❉✐❡ (bn)n∈N ❜✐❧❞❡♥ ❡✐♥ ❧✐♥❡❛r ✉♥❛❜❤ä♥❣✐❣❡s ❙②st❡♠✱ ❞❛ Vn ♣❛❛r✇❡✐s❡ ♥✐❝❤t
✐s♦♠♦r♣❤ s✐♥❞✳ ●❡♥❛✉❡r

∑k
i=1 aibji = 0, ai ∈ Z ❢ür ji ∈ N ❣❡♥❛✉ ❞❛♥♥ ✇❡♥♥ ai = 0✳

❯♠ ❞✐❡s ③✉ ③❡✐❣❡♥ ❞❡✜♥✐❡r❡ ♠❛♥ ❞✐❡ ❉✐♠❡♥s✐♦♥ ❡✐♥❡s ❊❧❡♠❡♥t❡s [V ] − [W ] ∈
❘✭❙❯✭✷✮✮ ❛❧s ❉✐✛❡r❡♥③ ❞❡r ❉✐♠❡♥s✐♦♥❡♥ ✈♦♥ V ✉♥❞ W ✲ dim[ ]([V ] − [W ]) :=

| dimV − dimW | ✲✱ ✐♥s❜❡s♦♥❞❡r❡ dim[ ] bn = dimVn✳✼ ❙♦♠✐t dim[ ]

(∑k
i=1 aibji

)
=

dim
(⊕k

i=1 aiVji

)
=
∑k

i=1 ai dim (Vji) = dim[ ]([0] − [0]) = 0✳ ❲❡❣❡♥ dim (Vji) =

ji + 1 > 0 ♠✉ss ❛❧s♦ ai = 0, ∀i ∈ N ❣❡❧t❡♥✳
❲❡❣❡♥ ▲❡♠♠❛ ✷✳✷✳✶ ✇✐ss❡♥ ✇✐r✱ ❞❛ss ❥❡❞❡ ❉❛rst❡❧❧✉♥❣ V ✈♦♥ ❙❯✭✷✮ ❞✐r❡❦t❡ ❙✉♠♠❡
✐rr❡❞✉③✐❜❧❡r ❉❛rst❡❧❧✉♥❣❡♥ ✐st✱ ❛❧s♦ ❞✐r❡❦t❡ ❙✉♠♠❡ ✈♦♥ Vn✳
❊s ❣✐❧t ❢ür [V ]− [W ] ∈ ❘✭❙❯✭✷✮✮ ✉♥❞ ♦✳ ❇✳ ❞✳ ❆✳ k ≥ m✿✽

[V ]− [W ] =

[
k⊕

i=1

Ṽji

]
−
[

m⊕

i=1

W̃ji

]
=

k∑

i=1

([Ṽji ]− [W̃ji ]),

✼dim[ ] ✐st ✇♦❤❧❞❡✜♥✐❡rt✱ ❞❡♥♥ ❢ür [V ] − [W ] ∼ [Ṽ ] − [W̃ ] ⇔ V ⊕ W̃ ≃ Ṽ ⊕W ⇒ dim(V ) +

dim(W̃ ) = dim(Ṽ ) + dim(W ) ⇒ dim(V )− dim(W ) = dim(Ṽ )− dim(W̃ )✳
✽❙❡t③❡ W̃i = 0 ❢ür m + 1 ≤ i ≤ k✿

⊕k

i=1 W̃ji =
⊕m

i=1 W̃ji ⊕
⊕k−m

i=1 (0) ≃
⊕m

i=1 W̃ji ⇒[⊕k

i=1 W̃ji

]
=
[⊕m

i=1 W̃ji

]
✳



✷✽ ⑤ ✸✳ ❉❡r ❉❛rst❡❧❧✉♥❣sr✐♥❣ ✈♦♥ ❙❯✭✷✮

Ṽji , W̃ji ✐rr❡❞✉③✐❜❡❧ ✉♥❞ ♥❛❝❤ ❙❛t③ ✷✳✹✳✷✶ ❢ür ❣❡✇✐ss❡ ♥✐❝❤t ♥♦t✇❡♥❞✐❣❡r✇❡✐s❡ ✈❡r✲
s❝❤✐❡❞❡♥❡ ji, li, mi ∈ N ∪ {−1}✿✾

[V ]− [W ] =
k∑

i=1

([Ṽji ]− [W̃ji ]) =
k∑

i=1

([Vji ]− [Vli ])

=
k∑

i=1

([Vji ]− [0]) + ([0]− [Vli ]) =
k∑

i=1

(bji + (−1) · bli)

=
2k∑

i=1

aibmi
, ai ∈ Z.

❉✐❡s ③❡✐❣t✱ ❞❛ss (bn)n∈N ❘✭❙❯✭✷✮✮ ❡r③❡✉❣t✳
❆❧s ❧✐♥❡❛r ✉♥❛❜❤ä♥❣✐❣❡s ❊r③❡✉❣❡♥❞❡♥s②st❡♠ ✐st (bn)n∈N ❡✐♥❡ ❇❛s✐s✳

▲❡♠♠❛ ✸✳✷✳✸✳ ❘✭❙❯✭✷✮✮ ✐st ♠✐t ❞❡♠ ❚❡♥s♦r♣r♦❞✉❦t

× : ❘✭❙❯✭✷✮✮× ❘✭❙❯✭✷✮✮ → ❘✭❙❯✭✷✮✮

([V ]− [W ], [V ′]− [W ′]) 7→ [V ⊗ V ′]− [W ⊗W ′]

❡✐♥ ❦♦♠♠✉t❛t✐✈❡r ❘✐♥❣✳

❇❡✇❡✐s✳ ❖✛❡♥s✐❝❤t❧✐❝❤ ✐st [0⊗ 0] = [0]✱ ❞❛ s❝❤♦♥ 0× 0 ≃ 0✳ ❉✐❡ ❈❧❡❜s❝❤✲●♦r❞♦♥✲
❋♦r♠❡❧ ü❜❡rträ❣t s✐❝❤ ✈♦♥ ❞❡♥ (Vn)n∈N ❛✉❢ ❞✐❡ ❇❛s✐s (bn)n∈N

bk × bl = ([Vk]− [0])⊗ ([Vl]− [0]) = [Vk ⊗ Vl]− [0]

=



min{k,l}⊕

j=0

Vk+l−2j


− [0] =

min{k,l}∑

j=0

([Vk+l−2j]− [0]) =

min{k,l}∑

j=0

bk+l−2j

▼✐t ❞❡♥ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✹✳✶✷ ❜❡s❝❤r✐❡❜❡♥❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ✭✐✮ ✉♥❞ ✭✐✐✮ ❡r❤ä❧t ♠❛♥
❉✐str✐❜✉t✐✈✐tät ③✇✐s❝❤❡♥ ❆❞❞✐t✐♦♥ ✉♥❞ ▼✉❧t✐♣❧✐❦❛t✐♦♥✳ ❩✉s❛♠♠❡♥ ♠✐t ❞❡r ❉✐s✲
tr✐❜✉t✐✈✐tät ❞❡r ❙❦❛❧❛r♠✉❧t✐♣❧✐❦❛t✐♦♥ ❧ässt s✐❝❤ ❞✐❡ ❙tr✉❦t✉r ✈♦♥ ❞❡r ❇❛s✐s ❛✉❢ ❣❛♥③
❘✭❙❯✭✷✮✮ ❢♦rts❡t③❡♥✱ ❞✳ ❤✳ ❢ür [V ]− [W ], [V ′]− [W ′] ∈ ❘✭❙❯✭✷✮✮✿

([V ]− [W ])× ([V ′]− [W ′]) =

(
k∑

i=0

ami
bmi

)
×
(

l∑

j=0

cnj
bnj

)

=
k∑

i=0

l∑

j=0

ami
cnj

(
bmi

× bnj

)

✾❯♠ ❞✐❡ ◆♦t❛t✐♦♥ ③✉ ❡r❧❡✐❝❤t❡r♥ s❡t③❡ ♠❛♥ V−1 := 0✱ b−1 := [0]− [0]✳



✸✳✷✳ ❇❛s✐s✱ Z−▼♦❞✉❧✲ ✉♥❞ ❘✐♥❣str✉❦t✉r ⑤ ✷✾

=
k∑

i=0

l∑

j=0

ami
cnj

min{mi,nj}∑

r=0

bmi+nj−2r

=
k∑

i=0

l∑

j=0

min{mi,nj}∑

r=0

ami
cnj
bmi+nj−2r,

❢ür ❣❡✇✐ss❡ k, l ∈ N, mi, nj ∈ N ✉♥❞ ami
, cnj

∈ Z✳

✭✐✮ ❉❛r❛✉s ❢♦❧❣t ✉♥♠✐tt❡❧❜❛r ❞✐❡ ❑♦♠♠✉t❛t✐✈✐tät✿

([V ′]− [W ′])× ([V ]− [W ]) =

(
l∑

j=0

cnj
bnj

)
×
(

k∑

i=0

ami
bmi

)

=
k∑

i=0

l∑

j=0

ami
cnj

(
bnj

× bmi

)

=
k∑

i=0

l∑

j=0

ami
cnj

min{mi,nj}∑

r=0

bmi+nj−2r

= ([V ]− [W ])× ([V ′]− [W ′]).

✭✐✐✮ ❉❛s ❊✐♥s❡❧❡♠❡♥t ✐st b0✱ ❞❡♥♥ b0 × ([V ] − [W ]) =
∑k

i=0 ami
(b0 × bmi

) =∑k
i=0 ami

bmi
= [V ]− [W ]✳

✭✐✐✐✮ ❲✐r ③❡✐❣❡♥ ❆ss♦③✐❛t✐✈✐tät ③✉♥ä❝❤st ❛✉❢ ❞❡r ❇❛s✐s✳ ❉❛③✉ ✐♥❞✉③✐❡r❡ ♠❛♥ ♥❛❝❤
n✱ ✇♦❜❡✐ n ❞❡r ❣röÿt❡ ■♥❞❡① ❡✐♥❡s bi ✐st✳ ❉❡r ■♥❞✉❦t✐♦♥s❛♥❢❛♥❣✱ n = 0 ❡r❣✐❜t
s✐❝❤ ③✉ (b0 × b0) × b0 = b0 × b0 = b0 × (b0 × b0)✳ ❋ür ❞❡♥ ■♥❞✉❦t✐♦♥ss❝❤r✐tt
n→ n+ 1 ✈❡r✇❡♥❞❡ ♠❛♥ bn+1 = bn × b1 − bn−1✳ ❋ür 0 ≤ l, k ≤ n ❡r❣✐❜t s✐❝❤
s♦♠✐t✿

(bl × bn+1)× bk = (bl × (bn × b1 − bn−1))× bk

= (bl × (bn × b1))× bk + (bl × (−bn−1))× bk

=IV bl × ((bn × b1)× bk) + bl × ((−bn−1)× bk)

= bl × ((bn × b1 − bn−1)× bk)

= bl × (bn+1 × bk).

❋ür ❞✐❡ ❋ä❧❧❡ l = n + 1 ♦❞❡r k = n + 1 ❦❛♥♥ ♠❛♥ ❡❜❡♥s♦ ③❡r❧❡❣❡♥ ✉♥❞
❞✐❡ ❉✐str✐❜✉t✐✈❣❡s❡t③❡ ❛✉s♥✉t③❡♥✳ ❙♦♠✐t ❣✐❧t ❢ür ❛❧❧❡ 0 ≤ j, k, l ≤ n + 1✿
(bl × bj) × bk = bl × (bj × bk)✳ ❉❛♠✐t ✐st ❞✐❡ ■♥❞✉❦t✐♦♥ ❛❜❣❡s❝❤❧♦ss❡♥ ✉♥❞
❞✐❡ ❱❡r❦♥ü♣❢✉♥❣ s♦♠✐t ❛ss♦③✐❛t✐✈✱ ❞❛ s✐❝❤ ❞✐❡s❡ ❊✐❣❡♥s❝❤❛❢t ✈♦♥ ❞❡r ❇❛s✐s ❛✉❢



✸✵ ⑤ ✸✳ ❉❡r ❉❛rst❡❧❧✉♥❣sr✐♥❣ ✈♦♥ ❙❯✭✷✮

❣❛♥③ ❘✭❙❯✭✷✮✮ ü❜❡rträ❣t✱ ❞✳ ❤✳ ❢ür [V ]−[W ], [V ′]−[W ′], [Ṽ ]−[W̃ ] ∈ ❘✭❙❯✭✷✮✮
✉♥❞ ❣❡✇✐ss❡ ami

cnj
dpt ∈ Z, mi, nj, pt ∈ Z, k, l, q ∈ N✿

(([V ]− [W ])× ([V ′]− [W ′]))× [Ṽ ]− [W̃ ]

=

(
k∑

i=0

l∑

j=0

ami
cnj

(bmi
× bnj

)

)
×
(

q∑

t=0

dptbpt

)

=
k∑

i=0

l∑

j=0

q∑

t=0

ami
cnj
dpt((bmi

× bnj
)× bpt)

=
k∑

i=0

l∑

j=0

q∑

t=0

ami
cnj
dpt(bmi

× (bnj
× bpt))

=

(
k∑

i=0

ami
bmi

)
×
(

l∑

j=0

q∑

t=0

cnj
dpt(bnj

× bpt)

)

= ([V ]− [W ])× (([V ′]− [W ′])× [Ṽ ]− [W̃ ])

❇❡♠❡r❦✉♥❣ ✸✳✷✳✹✳ ❊✐♥ ❘✐♥❣ ❞❡r ❣❧❡✐❝❤③❡✐t✐❣ Z−▼♦❞✉❧ ✐st✱ ✇✐r❞ ❛✉❝❤
Z−❆❧❣❡❜r❛ ❣❡♥❛♥♥t✳
❚❛tsä❝❤❧✐❝❤ ❦❛♥♥ ♠❛♥ ❞❡♥ ❘✐♥❣ ✉♥❞ ❞✐❡ Z−❆❧❣❡❜r❛ ❘✭❙❯✭✷✮✮ ③✉ ❡✐♥❡r
C−❆❧❣❡❜r❛ ❘✭❙❯✭✷✮✮ ⊗Z C ❡r✇❡✐t❡r♥✳ ❲✐r ❦ö♥♥❡♥ ❘✭❙❯✭✷✮✮ ⊗Z C ❛❧s ▼❡♥❣❡
❞❡r ❢♦r♠❛❧❡♥ C✲▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥❡♥ ✈♦♥ ❊❧❡♠❡♥t❡♥ ✐♥ ❘✭❙❯✭✷✮✮ ❛✉✛❛ss❡♥✱ ✇♦❜❡✐
❞✐❡ C✲❙❦❛❧❛r♠✉❧t✐♣❧✐❦❛t✐♦♥ ✒∗✏ ❞✐❡ ❙❦❛❧❛r♠✉❧t✐♣❧✐❦❛t✐♦♥ ❛✉s ▲❡♠♠❛ ✸✳✷✳✶ ❛✉❢ ❞❡♠
Z−▼♦❞✉❧ ❘✭❙❯✭✷✮✮ ❡r✇❡✐t❡rt✱ ❞✳ ❤✳ z ∗ ([V ]− [W ]) = z · ([V ]− [W ]) ❢ür z ∈ Z✳
■♥s❜❡s♦♥❞❡r❡ ✐st (bn)n∈N ❡✐♥❡ ❇❛s✐s ❞❡r C−❆❧❣❡❜r❛✳



4 ❉✐❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛

❉❡♥ ❡♥ts❝❤❡✐❞❡♥❞❡♥ ❙❝❤r✐tt ❛✉❢ ❞❡♠ ❲❡❣ ③✉r ❡①♣❧✐③✐t❡♥ ❇❡s❝❤r❡✐❜✉♥❣ ❞❡s Pr♦✲
❞✉❦ts ✐♥ ❞❡♥ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❡♥ ü❜❡r ❙❯✭✷✮ ✇✐r❞ ✐♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ❞❡r ❙❛t③ ✹✳✶✳✸
❞❛rst❡❧❧❡♥✱ ❞❡r ✉♥s ❡✐♥❡ ❩❡r❧❡❣✉♥❣ ❞❡s ❉❛rst❡❧❧✉♥❣sr✐♥❣s ✐♥ ❡✐♥ Z−❯♥t❡r♠♦❞✉❧ ✉♥❞
❡✐♥ ■❞❡❛❧ ❡r♠ö❣❧✐❝❤t✳ ▲❡✐❞❡r ❧✐❡❣t ♠✐r ❦❡✐♥ ❇❡✇❡✐s ③✉ ❞✐❡s❡r ❆✉ss❛❣❡ ✈♦r✱ ✇❡❧❝❤❡
❥❡❞♦❝❤ ③✳ ❇✳ ✈♦♥ ❆♥❞r❛s ❙③❡♥❡s ❜❡✇✐❡s❡♥ ✇♦r❞❡♥ s❡✐♥ s♦❧❧✳✶

❉❡s❤❛❧❜ ✇❡r❞❡♥ ✇✐r ✈❡rs✉❝❤❡♥ ❞✐❡s❡ ❩❡r❧❡❣✉♥❣ ❡❧❡♠❡♥t❛r ③✉ ❜❡✇❡✐s❡♥✳ ❉✐❡s❡r ❙❛t③
❧✐❡❢❡rt ✉♥s ♠✐t ❞❡r ✐♠ ❇❡✇❡✐s ✈♦♥ ❙❛t③ ✹✳✷✳✸ ❣❡③❡✐❣t❡♥ ❇❡❤❛✉♣t✉♥❣ s❝❤❧✐❡ÿ❧✐❝❤ ❡✐♥❡
❡①♣❧✐③✐t❡ ❇❡s❝❤r❡✐❜✉♥❣ ❞❡r ♠✉❧t✐♣❧✐❦❛t✐✈❡♥ ❱❡r❦♥ü♣❢✉♥❣ ✐♥ ❞❡♥ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❡♥
ü❜❡r ❙❯✭✷✮✳ ❉✐❡ ❜❡✐❞❡♥ ✈❡r✇❡♥❞❡t❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ✭❙❛t③ ✹✳✶✳✸ ✉♥❞ ❞✐❡ ❣❡♥❛♥♥t❡
❇❡❤❛✉♣t✉♥❣✮ ❦ö♥♥❡♥ ❛✉❢ ❛♥❞❡r❡♠ ❲❡❣❡ ❛✉❝❤ ❛✉s Ü❜❡r❧❡❣✉♥❣❡♥ ❞❡r K−❚❤❡♦r✐❡
❛❜❣❡❧❡✐t❡t ✇❡r❞❡♥✱ ✇✐❡ ✐♥ ✒❇❛s✐❝ ❇✉♥❞❧❡ ❚❤❡♦r② ❛♥❞ K−❈♦❤♦♠♦❧♦❣② ■♥✈❛r✐❛♥ts✏✱
❙❡✐t❡ ✷✼✵ ❣❡③❡✐❣t ✇✐r❞✳ ❉✐❡ ❡①♣❧✐③✐t❡ Pr♦❞✉❦t❞❛rst❡❧❧✉♥❣ ✜♥❞❡t s✐❝❤ ❜❡✐ ❙❝❤♦tt❡♥✲
❧♦❤❡r ❬✶✾❪✱ ❙✳ ✷✸✶✳

✹✳✶✳ ❩❡r❧❡❣✉♥❣ ✈♦♥ ❘✭❙❯✭✷✮✮

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳ ❉❡r ◗✉♦t✐❡♥t❡♥r✐♥❣ Vk := Vk(❙❯✭✷✮) = ❘✭❙❯✭✷✮✮/(bk+1) ❤❡✐ÿt
k−t❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛✳ ❍✐❡r❜❡✐ ❜❡③❡✐❝❤♥❡t (bk), k ∈ N ❞❛s ✈♦♥ bk ❡r③❡✉❣t❡ ■❞❡❛❧
✐♥ ❘✭❙❯✭✷✮✮✳

❇❡♠❡r❦✉♥❣ ✹✳✶✳✷✳ ❏❡❞❡r ◗✉♦t✐❡♥t❡♥r✐♥❣ R/I = {a+ I : a ∈ R} ✭❜③✇✳ ❋❛❦t♦r✲
r✐♥❣ ❜③✇✳ ❘❡st❦❧❛ss❡♥r✐♥❣✮ ✐st ♠✐t

+ : R/I ×R/I → R/I
(a+ I, b+ I) 7→ (a+ b) + I,

· : R/I ×R/I → R/I
(a+ I, b+ I) 7→ (ab) + I,

✶s✐❡❤❡ ❇♦tt ❬✹❪✱ ❙✳✽✾✳



✸✷ ⑤ ✹✳ ❉✐❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛

❡✐♥ ❘✐♥❣✳ ■♠ ❋❛❧❧❡ ❡✐♥❡s ❦♦♠♠✉t❛t✐✈❡♥ ❘✐♥❣❡s R ✐st ❛✉❝❤ ❞❡r ◗✉♦t✐❡♥t❡♥r✐♥❣
❦♦♠♠✉t❛t✐✈✳✷

❙❛t③ ✹✳✶✳✸✳

❘✭❙❯✭✷✮✮ = (bk+1)⊕ 〈b0, . . . , bk〉, k ≥ 0

✇♦❜❡✐ 〈b0, . . . , bk〉 ❞❡r ✈♦♥ ❞❡♥ b0, . . . , bk ❡r③❡✉❣t❡ Z−❯♥t❡r♠♦❞✉❧ ✐st✳

❲✐r ③❡r❧❡❣❡♥ ❞❡♥ ❇❡✇❡✐s ✈♦♥ ✹✳✶✳✸ ✐♥ ❡✐♥✐❣❡ ❍✐❧❢s❧❡♠♠❛t❛✳ ▼❛♥ ❜❡❛❝❤t❡ ③✉♥ä❝❤st✱
❞❛ss ❢ür ❡✐♥ V ∈ ❘✭❙❯✭✷✮✮ ✉♥❞ ai ∈ Z, ∀1 ≤ i ≤ m ∈ N

bn × bk =
n∑

j=0

bn+k−2j, ❢ür n < k,

bn × bk =
k∑

j=0

bn+k−2j, ❢ür n ≥ k,

⇒ V × bk =

(
m∑

n=0

anbn

)
× bk =

k−1∑

n=0

an

n∑

j=0

bn+k−2j +
m∑

n=k

an

k∑

j=0

bn+k−2j,

⇒ (bk) =

{
k−1∑

n=0

an

n∑

j=0

bn+k−2j +
m∑

n=k

an

k∑

j=0

bn+k−2j : an ∈ Z

}
,

❣✐❧t✳

▲❡♠♠❛ ✹✳✶✳✹✳ bi /∈ (bk) ❢ür 0 ≤ i < k✳

❇❡✇❡✐s✳ ❆♥❣❡♥♦♠♠❡♥ bi ∈ (bk) ❢ür i < k✱ ❞❛♥♥ ❡①✐st✐❡r❡♥ ai ∈ Z ∀1 ≤ i ≤ m ∈ N✱
s♦❞❛ss

bi =
k−1∑

n=0

an

n∑

j=0

bn+k−2j +
m∑

n=k

an

k∑

j=0

bn+k−2j ✭✹✳✶✳✹✳✶✮

❲✐r ❜❡tr❛❝❤t❡♥ ③✉♥ä❝❤st ❡✐♥❡♥ ❙♣❡③✐❛❧❢❛❧❧ ✭k = 2✮✳✸ ❉❡r ❛❧❧❣❡♠❡✐♥❡ ❇❡✇❡✐s ✈❡r❧ä✉❢t
❞❛♥♥ ❛♥❛❧♦❣✳ ❉✐❡ ❇❡✇❡✐s✐❞❡❡ ❧✐❡❣t ❞❛r✐♥✱ ❞❛ss ✇✐r ✈❡rs✉❝❤❡♥ ●❧❡✐❝❤✉♥❣ ✹✳✶✳✹✳✶ ③✉
❡r❢ü❧❧❡♥ ✉♥❞ ❞❛❜❡✐ s❝❤r✐tt✇❡✐s❡ ❞✐❡ ai ❢❡st❧❡❣❡♥✱ ❡s ❛❜❡r ✐♠♠❡r ❡✐♥ bj, j 6= i ❛✉❢ ❞❡r
r❡❝❤t❡♥ ❙❡✐t❡ ✈♦♥ ●❧❡✐❝❤✉♥❣ ✹✳✶✳✹✳✶ ❣✐❜t✱ ❞❛s ♥✐❝❤t ✈❡rs❝❤✇✐♥❞❡t✳

✷❉✐❡s❡ ❆✉ss❛❣❡ ✜♥❞❡t s✐❝❤ ✐♥ ❞❡♥ ♠❡✐st❡♥ ❆❧❣❡❜r❛❜ü❝❤❡r♥✱ ③✳ ❇✳ ❇♦s❝❤ ❬✸❪✳
✸❋ür k = 1 ❣❡❤t ♠❛♥ ❡❜❡♥s♦ ✈♦r✳



✹✳✶✳ ❩❡r❧❡❣✉♥❣ ✈♦♥ ❘✭❙❯✭✷✮✮ ⑤ ✸✸

✭✐✮ ❆♥❣❡♥♦♠♠❡♥ b0 ∈ (b2)✱ ❞❛♥♥ ❧ässt s✐❝❤ b0 ✇✐❡ ❢♦❧❣t ❞❛rst❡❧❧❡♥✿

b0 = a0b2 + a1(b1 + b3) +
m∑

n=2

an(bn+2 + bn + bn−2)

❊s ♠✉ss a2 = 1 ❣❡❧t❡♥✱ ❞❛ ♥✉r ❢ür n = 2✱ bn+2 + bn + bn−2 ❞❡♥ ❙✉♠♠❛♥❞❡♥
b0 ❡♥t❤ä❧t✳ ❙♦♠✐t ❡①✐st✐❡r❡♥ ❛✉❢ ❞❡r r❡❝❤t❡♥ ❙❡✐t❡ ❞❡r ●❧❡✐❝❤✉♥❣ ❛✉❝❤ ❞❡r
❆✉s❞r✉❝❦ b4 + b2✳ ❉❛ ✇✐r a0 ❜❡❧✐❡❜✐❣ ✇ä❤❧❡♥ ❦ö♥♥❡♥✱ ❢ä❧❧t ❞❡r ❚❡r♠ b2
✇❡❣✳ ❉❛♠✐t b4 ♥✐❝❤t ❧ä♥❣❡r ❛✉❢t❛✉❝❤t✱ ♠üss❡♥ ✇✐r a4 ✉♥❞ a6 s♦ ✇ä❤❧❡♥✱ ❞❛ss
a4 + a6 = −1✳ ❙♦♠✐t ✈❡rs❝❤✇✐♥❞❡t b4✱ ❥❡❞♦❝❤ ❡r❤❛❧t❡♥ ✇✐r ❡✐♥❡♥ ♥❡✉❡♥ ❚❡r♠
✲ −b6✳

⇒ a8 = 1 ⇒ a10 = −1 ⇒ a12 = 0 ⇒ a14 = 1 ⇒ a16 = −1 ⇒ . . .

⇒ a6t = −1, a6t+2 = 1, a8t+4 = 0, ∀t ≥ 1.

❉❛ ✇✐r ❥❡❞♦❝❤ ♥✉r ❡♥❞❧✐❝❤❡ ▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥❡♥ ❜❡tr❛❝❤t❡♥ (m < ∞) ✉♥❞
♦✛❡♥s✐❝❤t❧✐❝❤ limi→∞ ai 6= 0✱ ❡r❤❛❧t❡♥ ✇✐r ❡✐♥❡♥ ❲✐❞❡rs♣r✉❝❤✳ ❋♦❧❣❧✐❝❤ ❦❛♥♥
b0 ♥✐❝❤t ✐♥ (b2) s❡✐♥✳
❆♥❛❧♦❣ ❢♦❧❣t ❞❡r ❋❛❧❧ ❢ür b1✿ ❙❡✐ ♥✉♥ b1 ∈ (b2)

b1 = a0b2 + a1(b1 + b3) +
m∑

n=2

an(bn+2 + bn + bn−2)

⇒ a1 + a3 = 1 ⇒ a5 = −1 ⇒ a7 + a9 = 1 ⇒ a11 = −1 ⇒ . . .

⇒ a6t+1 + a6t+3 = −1, a6t+5 = −1, t ≥ 0.

❆✉❝❤ ❤✐❡r ❡r❣✐❜t s✐❝❤ ❡✐♥ ❲✐❞❡rs♣r✉❝❤ ③✉r ❊♥❞❧✐❝❤❦❡✐t ❞❡r ▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥
✲ b1 /∈ (b2)✳

✭✐✐✮ ❑♦♠♠❡♥ ✇✐r ♥✉♥ ③✉♠ ❛❧❧❣❡♠❡✐♥❡♥ ❋❛❧❧ k ≥ 0✳ ❆♥❣❡♥♦♠♠❡♥ bi ∈ (bk) ❢ür
❡✐♥ i ∈ {0, . . . , k − 1}✳ ❉❛♥♥ ❣✐❧t

bi =
k−1∑

n=0

an

n∑

j=0

bn+k−2j +
m∑

n=k

an

k∑

j=0

bn+k−2j. ✭✹✳✶✳✹✳✷✮

❢ür ❣❡✇✐ss❡ an ∈ Z✳
❙❡✐

A1 = {an : bi ❙✉♠♠❛♥❞ ✈♦♥
n∑

j=0

bn+k−2j +
k∑

j=0

bn+k−2j}

= {an| ∃j ∈ {0, . . . ,max{n, k}} : n+ k − 2j = i},
B1 = {n ∈ N : an ∈ A1}



✸✹ ⑤ ✹✳ ❉✐❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛

⇒
∑

n∈B1

an = 1.

❙❡✐

c(1) := max{n ∈ B1 : an 6= 0},
a(1) := ac(1),

b(1) := bc(1)+k.

❉❛♥♥ ✐st a(1)b(1) ❣❡r❛❞❡ ❞❡r ❛♠ ❤ö❝❤st❡♥ ✐♥❞✐③✐❡rt❡ ♥✐❝❤t ✈❡rs❝❤✇✐♥❞❡♥❞❡
❙✉♠♠❛♥❞ ✐♥ ❞❡r ❙✉♠♠❡

∑

n∈B1
n<k

an

n∑

j=0

bn+k−2j +
∑

n∈B1
n≥k

an

k∑

j=0

bn+k−2j.

❊r ✈❡rs❝❤✇✐♥❞❡t ♥✐❝❤t✱ ❞❛ a(1) 6= 0 ✭♥❛❝❤ ❉❡✜♥✐t✐♦♥ ✈♦♥ a(1)✮ ✉♥❞ b(1) ❦❡✐♥
❙✉♠♠❛♥❞ ✐♥

∑

n∈B1\{c(1)}
n<k

an

n∑

j=0

bn+k−2j +
∑

n∈B1\{c(1)}
n≥k

an

k∑

j=0

bn+k−2j

✐st ✉♥❞ s♦♠✐t ✇❡❣❡♥ ❞❡r ❧✐♥❡❛r❡♥ ❯♥❛❜❤ä♥❣✐❣❦❡✐t ❞❡r bn ♥✐❝❤t ✈❡rs❝❤✇✐♥❞❡♥
❦❛♥♥✳ ■♥s❜❡s♦♥❞❡r❡ ❣✐❧t c(1) + k ≥ k > i✳✹

❉❡✜♥✐❡r❡ ♥✉♥ r❡❦✉rs✐✈ ❢ür l ≥ 2

Al = {an|∃j ∈ {0, . . . ,max{n, k}} : n+ k − 2j = c(l − 1) + k},
Bl = {n ∈ N : an ∈ Al}
⇒

∑

n∈Bl\c(l−1)

an = −a(l − 1).

c(l) := max{n ∈ Bl : an 6= 0},
a(l) := ac(l),

b(l) := bc(l)+k.

❊s ✐st ❥❡✇❡✐❧s a(l)b(l) ❞❡r ❤ö❝❤st❡♥ ✐♥❞✐③✐❡rt❡ ♥✐❝❤t ✈❡rs❝❤✇✐♥❞❡♥❞❡ ❙✉♠♠❛♥❞
✐♥ ❞❡r ❙✉♠♠❡

∑
n∈Bl
n<k

an
∑n

j=0 bn+k−2j +
∑

n∈Bl
n≥k

an
∑k

j=0 bn+k−2j✳

❲❡❣❡♥ min{n : n ∈ Bl} ≥ c(l − 1) ✉♥❞ c(l − 1) ❞✉r❝❤ ❞❡♥ ✈♦r❛♥❣❡❣❛♥❣❡♥❡♥
❙❝❤r✐tt ❜❡r❡✐ts ❢❡st✱ ♠✉ss ❡s ✉♠ ❞❡♥ ❚❡r♠ a(l − 1)b(l − 1) ❛✉s③✉❣❧❡✐❝❤❡♥ ❡✐♥
n ∈ Bl, n > c(l − 1) ❣❡❜❡♥✱ ♠✐t an 6= 0✳ ■♥s❜❡s♦♥❞❡r❡ c(l) > c(l − 1)✳ ❊s

✹❉✐❡s❡ ❆✉ss❛❣❡ ✉♥t❡rs❝❤❡✐❞❡t ❞✐❡ ❋ä❧❧❡ i < k ✉♥❞ i ≥ k❀ s✐❡❤❡ ❛✉❝❤ ❇❡♠❡r❦✉♥❣ ✹✳✶✳✺✳
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❡①✐st✐❡rt s♦♠✐t ❡✐♥❡ ❚❡✐❧❢♦❧❣❡ (ac(l))l∈N ✈♦♥ (an)n∈N ♠✐t ac(l) 6= 0, ∀l ∈ N✳ ❉❛
✇✐r bi ❛❜❡r ♥✉r ❛❧s ❡♥❞❧✐❝❤❡ ▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥ s❝❤r❡✐❜❡♥ ❞ür❢❡♥ (m < ∞)
❡r❣✐❜t s✐❝❤ ❡✐♥ ❲✐❞❡rs♣r✉❝❤ ③✉ bi ∈ (bk)✳

❇❡♠❡r❦✉♥❣ ✹✳✶✳✺✳ ❋ür i ≥ k ❦❛♥♥ ❞✉r❝❤❛✉s bi ∈ (bk) ❣❡❧t❡♥✱ s♦❣❛r ❢ür i > k✳ ❊✐♥
❇❡✐s♣✐❡❧ ❞❛❢ür ✐st ③✳ ❇✳ b5 ∈ (b2) ✇❡✐❧ b5 = b5 + b3 + b1 − b3 − b1 = b3 × b2 − b1 × b2✳
❚❛tsä❝❤❧✐❝❤ ❣✐❜t ❡s ❞❛♠✐t s❝❤♦♥ ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ bi ∈ (b2)✱ ❞❡♥♥ ✐♥❞✉❦t✐✈ ❡r❤ä❧t ♠❛♥
b6j−1 ∈ (b2), ∀j ≥ 1✳
❉❡r ❇❡✇❡✐s ✈♦♥ ▲❡♠♠❛ ✹✳✶✳✹ s❝❤❡✐t❡rt ❛♥ ❞❡r ❙t❡❧❧❡✱ ❛♥ ❞❡r ✇✐r ❛♥♥❡❤♠❡♥✱ ❞❛ss
✇✐r ❞❡♥ ❆♥t❡✐❧ b(1) ✈❡rs❝❤✇✐♥❞❡♥ ❧❛ss❡♥ ♠üss❡♥✱ ❞❡♥♥ ✐st i > k✱ s♦ ❦❛♥♥ b(1) = bi
s❡✐♥ ✉♥❞ bi ❜❡♥öt✐❣❡♥ ✇✐r ❢ür ❞✐❡ ●❧❡✐❝❤❤❡✐t ✐♥ ●❧❡✐❝❤✉♥❣ ✹✳✶✳✹✳✷ ✲ bi ❧✐❡ÿ❡ s✐❝❤ ✐♥
❞✐❡s❡♠ ❋❛❧❧ ❛❧s♦ ❧✐♥❡❛r ❦♦♠❜✐♥✐❡r❡♥✳

❋♦❧❣❡r✉♥❣ ✹✳✶✳✻✳ V ∈ 〈b0, . . . , bk−1〉 \ {0} /∈ (bk)✳

❇❡✇❡✐s✳ ❉✐❡ ❆r❣✉♠❡♥t❛t✐♦♥ ✈❡r❧ä✉❢t ❛♥❛❧♦❣ ③✉ ❞❡r ✐♠ ❇❡✇❡✐s ③✉ ▲❡♠♠❛ ✹✳✶✳✹✳
❆♥❣❡♥♦♠♠❡♥ V =

∑k−1
i=1 cibi ∈ (bk), ci ∈ Z✳ ❉❛♥♥ ❣✐❧t

k−1∑

i=1

cibi =
k−1∑

n=0

an

n∑

j=0

bn+k−2j +
m∑

n=k

an

k∑

j=0

bn+k−2j.

❢ür ❣❡✇✐ss❡ an ∈ Z✳ ❊s ❡①✐st✐❡rt ❡✐♥ an 6= 0✱ ❞❛ V 6= 0✳ ❆♥st❛tt ❡✐♥❡r ▼❡♥❣❡ A1

✇ä❤❧❡♥ ✇✐r ♥✉♥ k ▼❡♥❣❡♥✱ 0 ≤ i ≤ k − 1

Ai
1 := {an| ∃j ∈ {0, . . . ,max{n, k}} : n+ k − 2j = i},

B1 := {n ∈ N : ∃i ∈ {0, . . . , k − 1} : an ∈ Ai
1},

c(1) := max{n ∈ B1 : an 6= 0}.

■♥s❜❡s♦♥❞❡r❡ ❣✐❧t c(1) + k ≥ k✳
◆❛❝❤ ❞✐❡s❡♥ ❧❡✐❝❤t❡♥ ▼♦❞✐✜❦❛t✐♦♥❡♥ ❦❛♥♥ ❞❡r ❇❡✇❡✐s ✈♦♥ ▲❡♠♠❛ ✹✳✶✳✹ ü❜❡r♥♦♠✲
♠❡♥ ✇❡r❞❡♥✳

❋♦❧❣❡r✉♥❣ ✹✳✶✳✼✳ ❋♦❧❣❡r✉♥❣ ✹✳✶✳✻ ③❡✐❣t ❛✉❝❤ 〈b0, . . . , bk−1〉 ∩ (bk) = {0}, k ≥ 1✱
❞❛ 0 ♦✛❡♥s✐❝❤t❧✐❝❤ ✐♥ ❜❡✐❞❡♥ ▼❡♥❣❡♥ ❧✐❡❣t✳

▲❡♠♠❛ ✹✳✶✳✽✳ ❏❡❞❡s ❊❧❡♠❡♥t ✐♥ ❘✭❙❯✭✷✮✮ ❧ässt s✐❝❤ ❛❧s ❙✉♠♠❡ ✈♦♥ ❊❧❡♠❡♥t❡♥
❛✉s 〈b0, . . . , bk−1〉 ✉♥❞ (bk) ❢ür k ≥ 1 s❝❤r❡✐❜❡♥✳

❇❡✇❡✐s✳ ❉❛ (bn)n∈N ❇❛s✐s ✈♦♥ ❘✭❙❯✭✷✮✮ ❣❡♥ü❣t ❡s ③✉ ③❡✐❣❡♥✱ ❞❛ss s✐❝❤ ❥❡❞❡s ❇❛✲
s✐s❡❧❡♠❡♥t ❛❧s ❙✉♠♠❡ ✈♦♥ ❊❧❡♠❡♥t❡♥ ❛✉s 〈b0, . . . , bk−1〉 ✉♥❞ (bk) s❝❤r❡✐❜❡♥ ❧ässt✳
❋ür 0 ≤ j ≤ k − 1 ❧❛ss❡♥ s✐❝❤ ❞✐❡ bj ❞✐r❡❦t ❛✉s 〈b0, . . . , bk−1〉 ✇ä❤❧❡♥✳ bk ❧✐❡❣t



✸✻ ⑤ ✹✳ ❉✐❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛

✐♥ (bk)✳ ❋ür j > k ✐♥❞✉③✐❡r❡ ♠❛♥ ♥❛❝❤ j✱ ✇♦❜❡✐ ✇✐r ❛❧s ■♥❞✉❦t✐♦♥s❛♥❢❛♥❣ ❜❡r❡✐ts
b0, . . . , bk ∈ 〈b0, . . . , bk−1〉+ (bk) ❣❡③❡✐❣t ❤❛❜❡♥✳ ❩❡✐❣❡ j − 1 → j = k + i, i ≥ 1✿

bk × bi =

min{i,k}∑

l=0

bk+i−2l

⇒ bk+i = bk × bi︸ ︷︷ ︸
∈(bk)

+

min{i,k}∑

l=1

(−bk+i−2l)

︸ ︷︷ ︸
s✐❡❤❡ ■❱

∈ 〈b0, . . . , bk−1〉+ (bk).

❇❡✇❡✐s ✈♦♥ ✹✳✶✳✸✳ ❋♦❧❣❡r✉♥❣ ✹✳✶✳✼ ✉♥❞ ▲❡♠♠❛ ✹✳✶✳✽ ③❡✐❣❡♥ ❙❛t③ ✹✳✶✳✸✳

✹✳✷✳ ❆❞❞✐t✐♦♥ ✉♥❞ ▼✉❧t✐♣❧✐❦❛t✐♦♥ ❛✉❢ Vk

❊✐♥❡ ❞✐r❡❦t❡ ❋♦❧❣❡r✉♥❣ ❛✉s ❞❡♠ ✈♦r❛♥❣❡❣❛♥❣❡♥❡♥ ❙❛t③ ✹✳✶✳✸ ✐st✿

❙❛t③ ✹✳✷✳✶✳ ❉✐❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛ Vk ✐st ❛❧s Z−▼♦❞✉❧ ❦❛♥♦♥✐s❝❤ ✐s♦♠♦r♣❤ ③✉
〈b0, . . . , bk〉✳ ❏❡❞❡s V ∈ Vk ❧ässt s✐❝❤ ❞❛rst❡❧❧❡♥ ❛❧s V = W + (bk+1) =

∑k
j=0 ajbj +

(bk+1), W =
∑k

j=0 ajbj ∈ 〈b0, . . . , bk〉✳

❋♦❧❣❡r✉♥❣ ✹✳✷✳✷✳ ❉✐❡ ❙✉♠♠❡ ❛✉❢ Vk ✐st ❞✐❡ ♥❛tür❧✐❝❤❡ ❛❞❞✐t✐✈❡ ❆❜❜✐❧❞✉♥❣ ❛✉❢
❡✐♥❡♠ ◗✉♦t✐❡♥t❡♥r✐♥❣✱ ✇✐❡ ✇✐r s✐❡ ✐♥ ❇❡♠❡r❦✉♥❣ ✹✳✶✳✷ ❡✐♥❣❡❢ü❤rt ❤❛❜❡♥✳

❙❛t③ ✹✳✷✳✸✳ ❉✐❡ ▼✉❧t✐♣❧✐❦❛t✐♦♥ ❛✉❢ Vk ✐st ❞✐❡ ♠✉❧t✐♣❧✐❦❛t✐✈❡ ❆❜❜✐❧❞✉♥❣ ❛✉❢ ❡✐♥❡♠
◗✉♦t✐❡♥t❡♥r✐♥❣ ✭✈❣❧✳ ❇❡♠❡r❦✉♥❣ ✹✳✶✳✷✮✳
❉❛♠✐t ❣✐❧t ❢ür m, p ∈ N, m+ p ≤ k, bm+p, bp ∈ Vk✿✺

(bm+p + (bk+1))× (bm + (bk+1)) =
✻

m∑

j=0

b2m+p−2j + (bk+1),

❢ür 2m+ p ≤ k ✉♥❞

(bm+p + (bk+1))× (bm + (bk+1)) =
m∑

j=2m+p−k

b2m+p−2j + (bk+1),

❢ür 2m+ p > k✳
✺❉❛ ❛❧❧❡ ✇❡✐t❡r❡♥ bi, i > k ♥✐❝❤t ✐♥ 〈b0, . . . , bk〉 ❧✐❡❣❡♥✱ ❦ö♥♥❡♥ ✇✐r ✉♥s ❛✉❢ m + p ≤ k

❜❡s❝❤rä♥❦❡♥✳
✻❲❡❣❡♥ ❑♦♠♠✉t❛t✐✈✐tät ❞❡r bk ❧ässt s✐❝❤ ❥❡❞❡s Pr♦❞✉❦t bn × bq ❛❧s bm+p × bm s❝❤r❡✐❜❡♥ ♠✐t

m = min{n, q}, p = |n− q|✳



✹✳✷✳ ❆❞❞✐t✐♦♥ ✉♥❞ ▼✉❧t✐♣❧✐❦❛t✐♦♥ ❛✉❢ Vk ⑤ ✸✼

❇❡✇❡✐s✳ ❋ür 2m + p ≤ k ✐st ❞❛s Pr♦❞✉❦t✱ ❞❛s ❜❡r❡✐ts ❜❡❦❛♥♥t❡ Pr♦❞✉❦t ❛✉s
❘✭❙❯✭✷✮✮✱ ❞❛ ❞❛s Pr♦❞✉❦t ✐♥ 〈b0, . . . , bk〉 ❧✐❡❣t✳ ❋ür 2m+p > k ③❡✐❣❡♥ ✇✐r ③✉♥ä❝❤st✿

❇❡❤❛✉♣t✉♥❣✳ ❋ür 1 ≤ n ≤ k✿ bk−n + bk+n ∈ (bk)✳

✭✐✮ ❙❡✐ n = 2m, m ∈ N✳ ❲✐r ❢ü❤r❡♥ ❡✐♥❡ ■♥❞✉❦t✐♦♥ ♥❛❝❤m♠✐t ■♥❞✉❦t✐♦♥s❛♥❢❛♥❣
m = 1✿ bk+2 + bk−2 = bk+2 + bk + bk−2 − bk = b2 × bk − bk ∈ (bk)✳ ❉❡r
■♥❞✉❦t✐♦♥ss❝❤r✐tt ❡r❣✐❜t s✐❝❤ ③✉ m→ m+ 1 ≤ k/2✿

bk−2(m+1) + bk+2(m+1) = b2(m+1) × bk︸ ︷︷ ︸
∈(bk)

−
m∑

j=1

(bk+2j + bk−2j)

︸ ︷︷ ︸
s✐❡❤❡

✼

− bk︸︷︷︸
∈(bk)

∈ (bk).

✭✐✐✮ ❙❡✐ n = 2m + 1, m ∈ N✳ ▼✐t ■♥❞✉❦t✐♦♥ ♥❛❝❤ m✱ ■♥❞✉❦t✐♦♥s❛♥❢❛♥❣ m = 0✿
bk+1 + bk−1 = b1 × bk ∈ (bk)✳ ❆♥❛❧♦❣ ③✉♠ ❋❛❧❧ ③✉✈♦r ❡r❤❛❧t❡♥ ✇✐r ❞❡♥
■♥❞✉❦t✐♦♥ss❝❤r✐tt m→ m+ 1 ≤ k/2✿

bk−2(m+1)−1 + bk+2(m+1)+1

= b2(m+1)+1 × bk︸ ︷︷ ︸
∈(bk)

−
m∑

j=0

(bk+2j+1 + bk−2j−1)

︸ ︷︷ ︸
s✐❡❤❡ ■❱

∈ (bk).

■♥ ❘✭❙❯✭✷✮✮ ❣✐❧t ♠✐t q =
⌊
2m+p−k+1

2

⌋

bm+p × bm

=
m∑

j=0

b2m+p−2j

=
m∑

j=q

b2m+p−2j +

q−1∑

j=0

b2m+p−2j

=
m∑

j=q

b2m+p−2j +

q−1∑

j=0

b2m+p−2j−(k+1)+(k+1)

=
m∑

j=q

b2m+p−2j +

q−1∑

j=0

(z(k+1)+(k+1)−2m−p+2j − b(k+1)+(k+1)−2m−p+2j)

✼◆❛❝❤ ■♥❞✉❦t✐♦♥s✈♦r❛✉ss❡t③✉♥❣ ✐♥ (bk)✳



✸✽ ⑤ ✹✳ ❉✐❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛

=
m∑

j=q

b2m+p−2j −
q−1∑

j=0

b2(k+1)−2m−p+2j +

q−1∑

j=0

z2(k+1)−2m−p+2j,

✇♦❜❡✐ ✇✐r z2(k+1)−2m−p+2j := b2(k+1)−2m−p+2j+b2m+p−2j ∈ (bk+1) ❣❡s❡t③t ❤❛❜❡♥✱ ✉♠
❞✐❡ ✈♦r❛♥❣❡❣❛♥❣❡♥❡ ❇❡❤❛✉♣t✉♥❣ ❛♥✇❡♥❞❡♥ ③✉ ❦ö♥♥❡♥✳
❆❜❡r ❢ür 2m+ p− k + 1 ❣❡r❛❞❡✿

m∑

j=q

b2m+p−2j −
q−1∑

j=0

b2(k+1)−2m−p+2j

=
(
b2m+p−(2m+p−k+1) + . . .+ bp

)

−
(
b2(k+1)−2m−p + . . .+ b2(k+1)−2m−p+(2m+p−k−1)

)

= (bk−1 + . . .+ bp)−
(
b2(k+1)−2m−p + . . .+ bk+1

)

= ✽ (bp + . . .+ b2k−2m−p) +
(
b2(k+1)−2m−p + . . .+ bk−1

)

−
(
b2(k+1)−2m−p + . . .+ bk−1

)
+ bk+1

= (bp + . . .+ b2k−2m−p) + bk+1

=
m∑

j=2m+p−k

b2m+p−2j + bk+1.

❉❛♠✐t ❡r❤ä❧t ♠❛♥

bm+p × bm =
m∑

j=2m+p−k

b2m+p−2j + bk+1 +

q−1∑

j=0

z2(k+1)−2m−p+2j

︸ ︷︷ ︸
∈(bk+1)

⇒ (bm+p + (bk+1))× (bm + (bk+1)) =
m∑

j=2m+p−k

b2m+p−2j + (bk+1).

❋ür 2m+ p− k + 1 ✉♥❣❡r❛❞❡ ⇒ q = 2m+p−k
2

✿

m∑

j=q

b2m+p−2j −
q−1∑

j=0

b2(k+1)−2m−p+2j

=
(
b2m+p−(2m+p−k) + . . .+ bp

)

−
(
b2(k+1)−2m−p + . . .+ b2(k+1)−2m−p+(2m+p−k−2)

)

= (bk + . . .+ bp)−
(
b2(k+1)−2m−p + . . .+ bk

)

= ✾ bp + . . .+ b2k−2m−p =
m∑

j=2m+p−k

b2m+p−2j.

✽❇❡❛❝❤t❡ k ≥ p+m⇒ k −m ≥ p⇒ 2k − 2m ≥ 2p⇒ 2k − 2m− p ≥ p✳
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❲✐❡ ③✉✈♦r ❡r❤ä❧t ♠❛♥

bm+p × bm =
m∑

j=2m+p−k

b2m+p−2j +

q−1∑

j=0

z2(k+1)−2m−p+2j

︸ ︷︷ ︸
∈(b1)

⇒ (bm+p + (bk+1))× (bm + (bk+1)) =
m∑

j=2m+p−k

b2m+p−2j + (bk+1).

❉✐❡s s❝❤❧✐❡ÿt ❞❡♥ ❇❡✇❡✐s ✈♦♥ ❙❛t③ ✹✳✷✳✸ ❛❜✳

❋♦❧❣❡r✉♥❣ ✹✳✷✳✹✳ ❉❛s Pr♦❞✉❦t ❦❛♥♥ s♦♠✐t ❡①♣❧✐③✐t ✐♥ ❞❡r ❋♦r♠

bi × bj + (bk+1) =
k∑

l=0

N l
ijbm + (bk+1), N l

ij ∈ {0, 1},

❞❛r❣❡st❡❧❧t ✇❡r❞❡♥✱ ✇♦❜❡✐ ❞✐❡ N l
ij ❞✉r❝❤ ❙❛t③ ✹✳✷✳✸ ❢❡st❣❡❧❡❣t ✇❡r❞❡♥✳

✾m+ p ≤ k ⇒ 2m+ 2p < 2(k + 1) ⇒ p < 2(k + 1)− 2m− p✳



5 ❆✉s❜❧✐❝❦

❆❞❞✐t✐♦♥ ✉♥❞ ▼✉❧t✐♣❧✐❦❛t✐♦♥ ✐♥ ❞❡r ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛ ❤❛❜❡♥ ✇✐r ✐♠ ✈♦r❛♥❣❡✲
❣❛♥❣❡♥❡♥ ❑❛♣✐t❡❧ ❛✉s❢ü❤r❧✐❝❤ ❜❡s❝❤r✐❡❜❡♥✳ ❩✉♠ ❆❜s❝❤❧✉ss s❝❤❡✐♥❡♥ ♠✐r ♥♦❝❤
❡✐♥✐❣❡ ✇❡✐t❡r ❣❡❤❡♥❞❡ ❆♥♠❡r❦✉♥❣❡♥ ❛♥❣❡❜r❛❝❤t✱ ❞✐❡ ❞❡♠ ✐♥t❡r❡ss✐❡rt❡♥ ▲❡s❡r ❞✐❡
▼ö❣❧✐❝❤❦❡✐t ❜✐❡t❡♥ s♦❧❧❡♥ s✐❝❤ ♠✐t ✇❡✐t❡r❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ✉♥❞ ❛❦t✉❡❧❧❡♥ ❊♥t✇✐❝❦✲
❧✉♥❣❡♥ ❛✉s❡✐♥❛♥❞❡r ③✉s❡t③❡♥✳
◆❛❝❤ ❞❡♠ ❊rs❝❤❡✐♥❡♥ ❞❡s ❆rt✐❦❡❧s ✈♦♥ ❊✳ ❱❡r❧✐♥❞❡ ❬✷✸❪ ❣❛❧t ❞✐❡ ❆✉❢♠❡r❦s❛♠❦❡✐t
③✉♥ä❝❤st ❞❡r ✈♦♥ ❱❡r❧✐♥❞❡ ❛✉❢❣❡st❡❧❧t❡♥ ✉♥❞ ❡❜❡♥❢❛❧❧s ♥❛❝❤ ✐❤♠ ❜❡♥❛♥♥t❡♥ ❱❡r✲
❧✐♥❞❡ ❋♦r♠❡❧✱ ❞✐❡ ❡r s❡❧❜st ✉♥❜❡✇✐❡s❡♥ ❧✐❡s✳ ■♥ ❞❡♥ ❢♦❧❣❡♥❞❡♥ s❡❝❤s ❏❛❤r❡♥ ✇✉r❞❡♥
✈❡rs❝❤✐❡❞❡♥❡ ♣❤②s✐❦❛❧✐s❝❤❡ ✉♥❞ ♠❛t❤❡♠❛t✐s❝❤❡ ❇❡✇❡✐s❡ ❞✐❡s❡r ❋♦r♠❡❧ ❣❡❣❡❜❡♥✱ ❞✐❡
♠✐t ❋❛❧t✐♥❣s ❬✼❪ ❡✐♥❡♥ ✉♠❢❛ss❡♥❞❡♥ ❆❜s❝❤❧✉ss ❢❛♥❞❡♥✳ ▼✐t ❍✐❧❢❡ ❞❡r ❱❡r❧✐♥❞❡❢♦r♠❡❧
❧❛ss❡♥ s✐❝❤ ❞✐❡ ❉✐♠❡♥s✐♦♥❡♥ ❞❡r ❘ä✉♠❡ ❦♦♥❢♦r♠❡r ❇❧ö❝❦❡ ❜③✇✳ ❞✐❡ ❉✐♠❡♥s✐♦✲
♥❡♥ ❞❡r ❘ä✉♠❡ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡r ❚❤❡t❛❢✉♥❦t✐♦♥❡♥ ❜❡r❡❝❤♥❡♥ ✭s✐❡❤❡ ❋❛❧t✐♥❣s ❬✽❪✮✳
◆❡❜❡♥ ❞❡♥ ❜❡✐❞❡♥ ❜❡r❡✐ts ❣❡♥❛♥♥t❡♥ ◗✉❡❧❧❡♥ ✜♥❞❡t ♠❛♥ ❡✐♥❡ ❣❡♥❛✉❡ ❇❡s❝❤r❡✐✲
❜✉♥❣ ❞❡r ❱❡r❧✐♥❞❡❢♦r♠❡❧ ❛✉❝❤ ✐♥ ✒❇❛s✐❝ ❇✉♥❞❧❡ ❚❤❡♦r② ❛♥❞ K✲❈♦❤♦♠♦❧♦❣② ■♥✈❛r✐✲
❛♥ts✏ ❬✶✸❪✱ s♦✇✐❡ ❙③❡♥❡s ❬✷✶❪ ✉♥❞ ❙❝❤♦tt❡♥❧♦❤❡r ❬✶✾❪✳ ■♥ ❛❧❧❡♥ ❞r❡✐ ❲❡r❦❡♥ ✇✐r❞ ✐♠
❇❡s♦♥❞❡r❡♥ ❛✉❝❤ ❛✉❢ ❞❡♥ ❙♣❡③✐❛❧❢❛❧❧ ❙❯✭✷✮ ❡✐♥❣❡❣❛♥❣❡♥✳
❇❡tr❛❝❤t❡t ♠❛♥ ❞✐❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛ ❛❧s C−❆❧❣❡❜r❛ ✭✈❣❧✳ ❇❡♠❡r❦✉♥❣ ✸✳✷✳✹✮ s♦
✐st s✐❡ ❛✉❝❤ ❡✐♥❡ ❋✉s✐♦♥s❛❧❣❡❜r❛✶✳ ❊❜❡♥s♦ ❦❛♥♥ ❣❡③❡✐❣t ✇❡r❞❡♥✱ ❞❛ss ❞✐❡ ❱❡r❧✐♥❞❡
❆❧❣❡❜r❛ ❡✐♥❡ ❋r♦❜❡♥✐✉s❛❧❣❡❜r❛✷ ✐st✳
❲✐❡ s❝❤♦♥ ✐♥ ❞❡r ❊✐♥❧❡✐t✉♥❣ ❡r✇ä❤♥t✱ ❡r❣✐❜t s✐❝❤ ❞✐❡ ❱❡r❧✐♥❞❡ ❆❧❣❡❜r❛ ♥✐❝❤t ♥✉r
❛✉s ❇❡tr❛❝❤t✉♥❣❡♥ ❞❡r ❦♦♥❢♦r♠❡♥ ❋❡❧❞t❤❡♦r✐❡✱ s♦♥❞❡r♥ ❦❛♥♥ ❛✉❝❤ ♠✐t K−❚❤❡♦r✐❡
❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✳ ❉✐❡s❡r ❆♥s❛t③ ✐st ❛✉❢ ❋r❡❡❞✱ ❍♦♣❦✐♥s ✉♥❞ ❚❡❧❡♠❛♥ ③✉rü❝❦✲
③✉❢ü❤r❡♥✱ ❞✐❡ ✈❡rs❝❤✐❡❞❡♥❡ ❆r❜❡✐t❡♥ ③✉ ❞✐❡s❡♠ ❚❤❡♠❛ ✈❡rö✛❡♥t❧✐❝❤t ❤❛❜❡♥ ✭s✐❡❤❡ ③✳
❇✳ ❬✾❪✱ ❬✶✵❪✱ ❬✷✷❪✮✳ ■♥ ✒❇❛s✐❝ ❇✉♥❞❧❡ ❚❤❡♦r② ❛♥❞ K−❈♦❤♦♠♦❧♦❣② ■♥✈❛r✐❛♥ts✏ ❬✶✸❪
✜♥❞❡t ♠❛♥ ♥❡❜❡♥ ❞❡r ❛❧❧❣❡♠❡✐♥❡♥ ❇❡tr❛❝❤t✉♥❣ ❛✉❝❤ ❞❡♥ ❙♣❡③✐❛❧❢❛❧❧ ❙❯✭✷✮ ❛✉s✲
❢ü❤r❧✐❝❤ ❜❡s❝❤r✐❡❜❡♥✳

✶s✐❡❤❡ ❙❝❤♦tt❡♥❧♦❤❡r ❬✶✾❪✱ ❙✳ ✷✷✽ ❢ür ❡✐♥❡ ❉❡✜♥✐t✐♦♥✳
✷s✐❡❤❡ ❆♥❞❡rs♦♥ ✫ ❋✉❧❧❡r ❬✶❪✱ ❙✳ ✷✻✶ ❢ür ❡✐♥❡ ❉❡✜♥✐t✐♦♥✳
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❬✸❪ ❙✐❡❣❢r✐❡❞ ❇♦s❝❤✱ ❆❧❣❡❜r❛✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✷✵✵✻✳

❬✹❪ ❘❛♦✉❧ ❇♦tt✱ ❖♥ ❊✳ ❱❡r❧✐♥❞❡✬s ❋♦r♠✉❧❛ ✐♥ t❤❡ ❈♦♥t❡①t ♦❢ ❙t❛❜❧❡ ❇✉♥❞❧❡s✱ ❚r✐❡st❡ ❈♦♥❢❡r❡♥❝❡
♦♥ ❚♦♣♦❧♦❣✐❝❛❧ ▼❡t❤♦❞s ✐♥ ◗✉❛♥t✉♠ ❋✐❡❧❞ ❚❤❡♦r✐❡s ✭✶✾✾✶✮✱ ✽✹✲✾✺✳
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❇❡r❧✐♥✱ ✷✵✵✸✳
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❉▼❱ ✶✶✵ ✭✷✵✵✽✮✱ ✸✲✶✽✳

❬✾❪ ❉❛♥✐❡❧ ❋r❡❡❞✱ ❚❤❡ ❱❡r❧✐♥❞❡ ❛❧❣❡❜r❛ ✐s t✇✐st❡❞ ❡q✉✐✈❛r✐❛♥t ❑✲t❤❡♦r②✱ ❚✉r❦✐s❤ ❏✳ ▼❛t❤✳ ✷✺
✭✷✵✵✶✮✱ ✶✺✾✲✶✻✼✳

❬✶✵❪ ❉❛♥✐❡❧ ❋r❡❡❞✱ ▼✐❝❤❛❡❧ ❍♦♣❦✐♥s✱ ❈♦♥st❛♥t✐♥ ❚❡❧❡♠❛♥✱ ▲♦♦♣ ●r♦✉♣s ❛♥❞ t✇✐st❡❞ ❑✲t❤❡♦r② ■■■
✷✻ ✭✷✵✶✸✮✱ ✺✾✺✲✻✹✹✳
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