
Gerhard Tutz & Gunther Schauberger & Moritz Berger

Response Styles in the Partial Credit Model

Technical Report Number 196, 2016
Department of Statistics
University of Munich

http://www.stat.uni-muenchen.de

http://www.stat.uni-muenchen.de/
http://www.stat.uni-muenchen.de/


Response Styles in the Partial Credit Model

Gerhard Tutz, Gunther Schauberger & Moritz Berger

Ludwig-Maximilians-Universität München

Akademiestraße 1, 80799 München

August 23, 2016

Abstract

In the modelling of ordinal responses in psychological measurement and survey-
based research, response styles that represent specific answering patterns of re-
spondents are typically ignored. One consequence is that estimates of item
parameters can be poor and considerably biased. The focus here is on the mod-
elling of a tendency to extreme or middle categories. An extension of the Partial
Credit Model is proposed that explicitly accounts for this specific response style.
In contrast to existing approaches, which are based on finite mixtures, explicit
person-specific response style parameters are introduced. The resulting model
can be estimated within the framework of generalized mixed linear models. It is
shown that estimates can be seriously biased if the response style is ignored. In
applications it is demonstrated that a tendency to extreme or middle categories
is not uncommon. A software tool is developed that makes the model easy to
apply.

Keywords: Partial credit model; Likert-type scales; Rating scales; Response styles;
Ordinal data; Generalized linear models

1 Introduction

Response styles are an important problem in psychological measurement and survey
data. Various response styles have been identified, for an overview see, for example,
Messick (1991); Baumgartner and Steenkamp (2001). In Likert-type scales, which
represent the level of agreement in the form strongly disagree, moderately disagree,...,
moderately agree, strongly agree a particularly interesting response style is the extreme
response style and its counterpart, the tendency to favor middle categories. The
problem with response styles is that they can affect the validity of scale scores because
estimates of the substantive trait may be biased if the response style is ignored. Models
that explicitly account for response styles are able to reduce the bias. They account
for additional heterogeneity in the population, which in some applications is itself of
interest, in particular if it is linked to explanatory variables.

Various methods for investigating response styles have been proposed in survey
research with a focus on the dependence of the response styles on covariates, for an
overview see Van Vaerenbergh and Thomas (2013). Here, the focus is on the modelling
of response styles in item response models. In item response data respondents rate their
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level of agreement on a series of items and response styles can be considered a consistent
pattern of responses that is independent of the content of a response (Johnson, 2003).
In latent trait theory one can distinguish several approaches to account for response
styles by incorporating it into a psychometric model. One approach uses the nominal
response model proposed by Bock (1972). Bolt and Johnson (2009) and Bolt and
Newton (2011) use the multi-trait model to investigate the presence of a response style
dimension. Johnson (2003) considered a cumulative type model for extreme response
styles. An alternative strategy for measuring response style is the use of mixture
item response theory. For example, Eid and Rauber (2000) considered a mixture of
partial credit models. It is assumed that the whole population can be divided in
disjunctive latent classes. After classes have been identified it is investigated if item
characteristics differ between classes, potentially revealing differing response styles.
Finite mixture models for item response data were also considered by Gollwitzer et al.
(2005) and Maij-de Meij et al. (2008). Related latent class approaches were used by
Moors (2004), Kankaraš and Moors (2009), Moors (2010) and Van Rosmalen et al.
(2010). As Bolt and Johnson (2009) pointed out, in these models response style is
viewed as a discrete qualitative difference in which each respondent is a member of
one class, which might be a disadvantage if response style is viewed as a continuous
trait.

A quite different more recent strategy uses tree methodology to investigate response
styles. Trees, in general, assume a nested structure where first a decision about the
direction of the response and then about the strength is obtained. Models of this type
have been proposed by Suh and Bolt (2010), De Boeck and Partchev (2012), Thissen-
Roe and Thissen (2013), Jeon and De Boeck (2015), Böckenholt (2012), Khorramdel
and von Davier (2014) and Plieninger and Meiser (2014).

The approach proposed here differs from all these strategies. In the proposed
model, for each person an additional parameter is included that indicates if the person
shows a specific tendency to extreme or middle categories. In contrast to mixture
models, the response style is a continuous trait that can take any value. The simulta-
neous estimation of ability parameters and response style parameters shows if there is
some association between the substantive trait and the response style. We explicitly
consider an extension of the partial credit model but the method can also be used to
model response styles in alternative ordinal latent trait models. The basic concept,
explicit modelling of a tendency to middle or extreme categories, has been used before
by Tutz and Berger (2016). However, Tutz and Berger (2016) considered just one item
and modelled the effect of covariates. Therefore, no explicit response style parameter,
which varies in the population, is present and estimation methods are quite different.

In Section 2 first the Partial Credit Model is briefly considered and then the ex-
tended model which contains explicit response style parameters is introduced. In
Section 3 estimation of parameters is discussed by considering alternative methods.
An illustrative example is given in Section 4. In Section 5 it is investigated how the
estimates suffer from the ignorance of response styles. In Section 6 further applica-
tions that illustrate the method are given. Section 7 concludes the paper, it includes
in particular a short discussion of the advantages of the model over common mixture
models.

2



2 The Extended Partial Credit Model

In this section, before introducing the model that accounts for the response style, the
basic Partial Credit Model is briefly considered.

2.1 The Partial Credit Model

Let Ypi ∈ {0, 1, . . . , k}, p = 1, . . . , P , i = 1, . . . , I denote the ordinal response of person
p on item i. The partial credit model (PCM) assumes for the probabilities

P (Ypi = r) =
exp(

∑r
l=1 θp − δil)∑k

s=0 exp(
∑s

l=1 θp − δil)
, r = 1, . . . , k,

where θp is the person parameter and (δi1, . . . , δik) are the item parameters of item i.
For notational convenience the definition of the model implicitly uses

∑0
k=1 θp−δik = 0.

With this convention an alternative form is given by

P (Ypi = r) =
exp(rθp −

∑r
k=1 δik)∑k

s=0 exp(
∑s

k=1 θp − δik)
.

The PCM was proposed by Masters (1982), see also Masters and Wright (1984).
The defining property of the partial credit model is seen if one considers adjacent

categories. The resulting presentation

log

(
P (Ypi = r)

P (Ypi = r − 1)

)
= θp − δir, r = 1, . . . , k

shows that the model is locally (given response categories r−1, r) a binary Rasch model
with person parameter θp and item difficulty δir. It is immediately seen that for θp = δir
the probabilities of adjacent categories are equal, that is, P (Ypi = r) = P (Ypi = r − 1).
That means item response curves never cross, see also middle column of Figure 1.

The partial credit model inherits from the Rasch model a specific property, namely
that the comparison of items does not depend on the person parameters and the
comparison of persons does not depend on the item parameters. This special property
is often referred to as the specific objectivity of the Rasch model (Rasch, 1966; Rasch,
1977; Irtel, 1995). More precisely, one obtains for the comparison of items i and j

log

(
P (Ypi = r)

P (Ypi = r − 1)

)
− log

(
P (Ypj = r)

P (Ypj = r − 1)

)

= log

(
P (Ypi = r)/P (Ypi = r − 1)

P (Ypj = r)/P (Ypj = r − 1)

)
= −(δir − δjr),

which does not depend on the person parameter θp. Thus, items i and j can be com-
pared in terms of odds ratios with the odds defined for adjacent categories without the
necessity to refer to specific persons. In this sense, it is in accordance with the general
principle of specific objectivity that the results of any comparison of two ”objects”
(items) is independent of the choice of the ”agent” (person).

In the same way, the comparison between person p and person p̃ is obtained by

log

(
P (Ypi = r)

P (Ypi = r − 1)

)
− log

(
P (Xp̃i = r)

P (Xp̃i = r − 1)

)

= log

(
P (Ypi = r)/P (Ypi = r − 1)

P (Xp̃i = r)/P (Xp̃i = r − 1)

)
= θp − θp̃,
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which does not depend on the the item parameters. Thus, the persons p and p̃ can be
compared without reference to the item that is used in the measurement.

We mention specific objectivity because it is a strong property that separates the
measurement from the tool that is used. It will be shown that the extended versions
of the model considered in the following are also measurement tools that share the
”specific objectivity” property.

2.2 Explicit Modelling of Response Styles

Let the categories 0, . . . , k represent graded agree-disagree attitudes with a natural
symmetry like strongly disagree, moderately disagree,..., moderately agree, strongly
agree. There are two possibilities, the number of categories can be odd with a neutral
middle category, or the number of categories can be even so that persons have to
commit themselves to a positive or negative tendency.

Odd Number of Response Categories

Let us start with an odd number of categories, that means k is even, and let m = k/2
denote the middle category. In the partial credit model the predictor, when choosing
between categories r − 1 and r, has the form ηpir = θp − δir. The parameter δir
determines the choice between categories r−1 and r. Response styles that account for
a tendency to extreme categories or a tendency to middle categories are modeled by
modifying the parameter δir. For the disagreement categories 1, . . . ,m an additional
person parameter γp is included in the predictor, for the agreement categories the
person parameter −γp is included. The resulting partial credit model with response
style (PCMRS) has the form

log

(
P (Ypi = r)

P (Ypi = r − 1)

)
= θp + γp − δir = θp − (δir − γp), r = 1, . . . ,m

log

(
P (Ypi = r)

P (Ypi = r − 1)

)
= θp − γp − δir = θp − (δir + γp), r = m+ 1, . . . , k.

The parameter γp can be seen as a shifting of thresholds. If γp is positive one has
for categories 1, . . . ,m a shifting of the thresholds δir to the left yielding the new
thresholds δir − γp, for the agreement categories m + 1, . . . , k one has a shifting to
the right yielding the new thresholds δir + γp. The effect is that categories in the
middle have higher probabilities of being chosen. The extreme case γp → ∞ yields
P (Ypi = m)→ 1. If γp is negative one has the reverse effect; the person has a tendency
to the extreme categories. For γp → −∞ the whole probability mass is in the extreme
categories 0 and k. Therefore,

positive γp means the person has a tendency to middle categories and

negative γp indicates that the person has a tendency to extreme categories.

The predictor, when choosing between categories r − 1 and r, has the closed form

ηpir = θp + sgn(m− r + 0.5)γp − δir, r = 1, . . . , k,

where sgn(·) denotes the sign function with sgn(x) = 1 if x > 0, sgn(x) = −1 if x < 0
and sgn(x) = 0 otherwise. In applications we found a scaled version typically yields
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better fits. Then the predictor is replaced by

ηpir = θp + (m− r + 0.5)γp − δir, r = 1, . . . , k,

or
ηpir = θp − δ̃ir, r = 1, . . . , k,

for the modified thresholds δ̃ir = δir − (m − r + 0.5)γp. The modification of the
thresholds is done in a symmetric way with a centering in the middle of the response
scale. For example, if k = 4, one obtains δ̃i1 = δi1 − 1.5γp, δ̃i2 = δi2 − 0.5γp, δ̃i3 =
δi3 + 0.5γp, δ̃i4 = δi4 + 1.5γp, and the difference between adjacent thresholds changes
by the same value. In general, the scaled version implies that the difference between
the modified thresholds of adjacent categories changes by a constant, that is,

δ̃ir − δ̃i,r−1 = δir − δi,r−1 + γp.

That means that for positive γp the difference becomes larger and smaller for negative
γp. Therefore, for positive γp the probability mass is shifted to the middle categories,
for negative γp it is shifted to the extreme categories. It should be noted that for the
un-scaled version with modified thresholds δ̃ir = δir − sgn(m− r + 0.5)γp the shifting
is un-balanced. For example, if k = 4, one obtains δ̃i1 = δi1 − γp, δ̃i2 = δi2 − γp, δ̃i3 =
δi3 + γp, δ̃i4 = δi4 + γp, and the difference between thresholds linked to categories 2
and 3 is δ̃i3 − δ̃i2 = δi3 − δi2 + 2γp whereas the difference between all other adjacent
thresholds is unchanged by the introduction of γp. Consequently we will use the scaled
version in the following.

For illustration we show in Figure 1 the probabilities of response categories (upper
row) and the cumulative probability functions P (Ypi > r) (lower row) as functions of
the person abilities for varying response style parameter γp. The upper panels show the
case k = 2 (three response categories), the lower show k = 3 (four response categories).
It is immediately seen that for γp = −1.5 the extreme categories have much higher
probabilities than for γp = 0. The inverse is seen for γp = 1.5. It is noteworthy that the
probabilities of adjacent categories are now equal, that is, P (Ypi = r) = P (Ypi = r − 1),
if θp = δ̃ir.

The extended PCMRS model still shows specific objectivity. For the comparison
of items i and j one obtains again

log

(
P (Ypi = r)

P (Ypi = r − 1)

)
− log

(
P (Ypj = r)

P (Ypj = r − 1)

)
= −(δir − δjr),

which does not depend on the person parameter θp or the response style parameter
γp. Therefore, the comparison of item difficulties does not depend on the persons. For
the comparison between person p and person p̃ one obtains

log

(
P (Ypi = r)

P (Ypi = r − 1)

)
− log

(
P (Yp̃i = r)

P (Yp̃i = r − 1)

)
= θp − θp̃ + (m− r + 0.5)(γp − γp̃),

which does not depend on the the item parameters. Therefore, the comparison of
persons is just a function of the person parameters, which now includes the ability
parameters θp, θp̃ and the response style parameters γp, γp̃.

It should be noted that a constraint is needed to obtain identifiable parameters.
One can use, for example, θP = 0, or the symmetric side constraint

∑P
p=1 θp = 0. If

not mentioned otherwise we will use the symmetric side constraint.
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Figure 1: Probabilities P (Ypi = r) and item response curves P (Ypi > r) against θp
for positive, negative γp and γp = 0; in the upper panels the number of categories is

three, in the lower panels it is four.

Even Number of Response Categories

If k is odd, that means the number of categories is even one has a split into agreement
categories at category m = [k/2] + 1. The corresponding model with an additional
person parameter that allows to model the tendency to middle or extreme categories
is given by

log

(
P (Ypi = r)

P (Ypi = r − 1)

)
= θp + γp − δir = θp − (δir − γp), r = 1, . . . ,m− 1

log

(
P (Ypi = r)

P (Ypi = r − 1)

)
= θp − δir, r = m

log

(
P (Ypi = r)

P (Ypi = r − 1)

)
= θp − γp − δir = θp − (δir + γp), r = m+ 1, . . . , k.
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In closed form the predictor, when choosing between categories r − 1 and r, is given
by

ηpir = θp + sgn(m− r)γp − δir, r = 1, . . . , k

where sgn(m−r) is again the sign function. In the model, thresholds for low categories
are shifted to the left, others to the right. For the extreme case γp → ∞ one obtains
P (Ypi = m − 1) + P (Ypi = m) → 1, therefore a tendency to middle categories. For
γp → −∞ one obtains P (Ypi = m−1)+P (Ypi = m)→ 0, and, therefore, a tendency to
extreme categories. In the scaled version, which is considered here, one uses (m− r)γp
instead of sgn(m− r)γp.

3 Estimation

Joint Maximum Likelihood Estimation

As the PCM, also the PCMRS can be embedded into the framework of (multivariate)
generalized linear models (GLMs). Then estimates can be obtained by using program
packages that fit multivariate GLMs. This joint likelihood approach yields estimates
for all the parameters.

The embedding into the framework of GLMs is obtained in the following way.
Let the parameters be collected in the vectors θT = (θ1, . . . , θP−1), δ

T
i = (δi1, . . . , δik),

γT = (γ1, . . . , γP−1). With 1(q)
m denoting a unit vector of length q with a 1 in component

m one has

log
P (Ypi = r)

P (Ypi = r − 1)
= (1(P−1)

p )Tθ − (1(k)
r )Tδi + (m− r + 0.5)(1(P )

p )Tγ.

Therefore, by appropriate specifications of the model components joint ML estimates
can in principle be obtained by using the R package VGAM (Yee, 2010; Yee, 2014).

Marginal Likelihood Estimation

A disadvantage of the joint likelihood estimation is that many parameters have to be
estimated, which makes estimates unstable. Moreover, estimates typically are asymp-
totically biased since the increase of the number of persons also increases the number
of parameters to be estimated. An alternative method, which works much better,
is marginal likelihood estimation. In order to reduce the number of parameters one
assumes that the response style parameters are drawn from a normal distribution
N(0, σ2). The corresponding marginal likelihood with δT = (δT1 , . . . , δ

T
I ) is

L(θ, δ, σ2) =
P∏

p=1

∫
P ({Yp1, . . . , YpI})f(γp)dγp,

where f(γp) is the density N(0, σ2) of the random effects. The corresponding log-
likelihood simplifies to

l(θ, δ, σ2) =

P∑

p=1

log

(∫ I∏

i=1

k∏

r=1

{ exp(
∑r

l=1 θp + sgn(r −m)γp − δil)∑k
s=0 exp(

∑s
l=1 θp + sgn(r −m)γp − δil)

}ypirf(γp)dγp

)
,
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where ypir = 1 if Ypi = r and ypir = 0 otherwise.
Maximization of the marginal log-likelihood can be obtained by integration tech-

niques.
Typically on first wants to obtain good estimates of the item parameters and esti-

mate person parameters later for the validated test tool. Therefore, one also assumes
a distribution for the person effects, which yields the marginal likelihood

L(δ,Σ ) =
P∏

p=1

∫
P ({Yp1, . . . , YpI})f(γp, θp)dγp dθp,

where f(γp, θp) now denotes the two-dimensional density of the person parameters,
N(0,Σ). The diagonals of the matrix Σ contain the variance of the response style
parameters σ2

γ and the variance of the person effects, σ2
θ , the off diagonals are the

covariances between response style and location effects, covγθ.
The corresponding log-likelihood is

l(δ,Σ ) =

P∑

p=1

log

(∫ I∏

i=1

k∏

r=1

{ exp(
∑r

l=1 θp + sgn(r −m)γp − δil)∑k
s=0 exp(

∑s
l=1 θp + sgn(r −m)γp − δil)

}ypirf(γp, θp)dγp dθp

)
.

The embedding into the framework of generalized mixed models allows to use methods
that have been developed for this class of models. One strategy is to use joint maxi-
mization of a penalized log-likelihood with respect to parameters and random effects
appended by estimation of the variance of random effects, see Breslow and Clayton
(1993), Wolfinger (1993) and McCulloch and Searle (2001). However, joint maximiza-
tion algorithms tend to underestimate the variances and, therefore, the true values
of the random effects. An alternative strategy, which is used here, is numerical inte-
gration by Gauss-Hermite integration methods. Early versions for univariate random
effects date back to Hinde (1982) and Anderson and Aitkin (1985). For an overview
on estimation methods for generalized mixed model see McCulloch and Searle (2001)
and Tutz (2012).

4 An Illustrative Example

As an example, we consider data from the ALLBUS, the general survey of social
science carried out by the German institute GESIS. They are available from http:

//www.gesis.org/allbus. We use data containing the answers of 2535 respondents
from the questionnaire in 2012. One part of the survey, comprising 8 questions, asks
for the degree of confidence in public institutions and organizations. Examples are the
federal constitutional court, the justice or the political parties. The answers are all
measured on a scale from 1 (no confidence at all) to 7 (excessive confidence).

We fitted a simple PCM and the extended PCMRS using scaled shifting of thresh-
olds. In both cases, marginal estimation is applied assuming normally distributed
person parameters for the PCM and two-dimensional normally distributed person and
response style parameters for the PCMRS. The estimated variance of the person pa-
rameters when fitting the PCM is σ̂2 = 0.682. When fitting the PCMRS one obtains
the estimated covariance matrix between person and response style parameters:
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Figure 2: Estimates of item parameters (ALLBUS). Solid (red) line represents esti-

mates for PCMRS, dashed (black) line represents estimates for PCM.

Σ̂ =

(
σ̂2
θ ˆcovγθ

ˆcovγθ σ̂2
γ

)
=

(
0.772 0.023
0.023 0.245

)
.

In this application the correlation between the ability parameters and the response
style parameters is rather small (ρ̂γθ = 0.052). However, the standard deviation of the
response style parameters (σ̂γ = 0.495) indicates that response styles should not be
neglected when analysing the data. The estimates of the item parameters are shown
in Figure 2, separately for each item. With seven response categories, there are six
thresholds each. The red, solid lines correspond to the estimates for the extended
PCMRS and the black, dashed lines correspond to the estimates for the simple PCM.
It is striking that the estimates for the first and the last threshold strongly differ for
all items, while the middle thresholds are fairly equal. If the presence of response style
parameters is ignored in particular the parameters of extreme categories seem to be
attenuated. As will be shown later, ignoring the response style has also consequences
for the estimation of person parameters.

Although, many estimates of the item parameters coincide, there are still big differ-
ences between both models due to the presence of the response styles. For illustration,
the item response curves for the item “justice” are given in Figure 3. The curves are
plotted against person parameters, which are chosen between the 10% and the 90%
quantile of the person parameters according to its estimated one-dimensional normal
distribution θ̂ ∼ N(0, 0.772). Again, the solid lines show the estimates for the ex-
tended PCMRS and the black lines show the estimates for the simple PCM. The first
row corresponds to the curves for category 1, the second row to the curves for category
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Figure 3: Response curves for item “justice” (ALLBUS) along person parameter θ

(between 10% and 90% quantile) for category 1 (upper panel), category 4 (middle

panel) and category 7 (lower panel). Columns represent different response styles:

tendency to the middle (left), no response style (middle) tendency to the extremes

(right). Solid (red) lines represent estimates for PCMRS, dashed (black) lines represent

estimates for PCM.

4, and the third row shows the curves for category 7. The middle panel represents per-
sons without response style (γp = 0), the left panel represents persons with a tendency
to the middle (γp = σγ) and the right panel represents persons with a tendency to the
extremes (γp = −σγ). With values γp = −σ̂γ and γp = σ̂γ, the left and the right figures
represent the extremes of a continuum containing 68% of the population. Obviously
the curves obtained by the PCM are the same in each case. There are only minor
differences between the two models for persons without response styles. However, for
persons with γp = σγ the probability for the extreme categories decreases while the
probability for category 4 strongly increases when fitting the extended PCMRS. For
persons with γp = −σγ the effect is the opposite.

5 Ignoring the Response Style

The illustrative example showed that there are notable differences between the fits of
the simple PCM and the extended PCMRS if response styles are present. In partic-
ular the item parameters of the extreme categories were attenuated in the PCM. In
the following simulations it is demonstrated that this is the result of strongly biased
estimates of the δ-parameters, which are the parameters of interest in most studies.

In the simulation study we consider exemplarily several settings with P = 500
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Figure 4: MSEs of all item parameters for the simulations with ordered item param-

eters, the correlation is ργθ = 0 (left) and ργθ = 0.3 (right).
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Figure 5: MSEs of all item parameters for the simulations with non-ordered item

parameters, the correlation is ργθ = 0 (left) and ργθ = 0.3 (right).

persons and I = 10 items composed of 7 categories (k = 6). The data generat-
ing model is the PCMRS with k-dimensional normally distributed item parameters,
δi ∼ Nk(0, I). The person parameters are drawn from a two-dimensional normal distri-
bution (θp, γp) ∼ N2(0,Σ), where σ2

θ = 1. In each setting the variance of the response
style parameters varies: σ2

γ ∈ {0, . . . , 0.4}. For σ2
γ = 0 the data generating model cor-

responds to the simple PCM. We consider simulations with and without correlation be-
tween the ability parameters and the response style parameters (ργθ = 0 or ργθ = 0.3).
In many applications the item parameters are ordered, that is, δi1 ≤ · · · ≤ δik, but
that is not necessarily the case. Therefore, we distinguish between ordered (ascending)
and non-ordered item parameters. To obtain ordered item parameters, they are first
drawn from the multivariate normal distribution and subsequently ordered by size. In
each setting 100 data sets were generated.

Figure 4 shows the boxplots of the mean squared errors (MSEs) summarized over
all item parameters, computed by 1

60
(
∑10

i=1

∑6
r=1(δ̂ir − δir)2), for the two settings with

ordered item parameters. For each value of σ2
γ the results of the PCMRS are given

on the left (not coloured) and the results of the PCM are given on the right (gray
coloured). In both settings (with and without correlation) it is seen that the MSEs
are very similar for very small values of σ2

γ, but for large values of σ2
γ the MSEs are

much larger if the response style is ignored. The picture is very similar in the case of
non-ordered item parameters (Figure 5) but the increase of the MSEs with growing
σ2
γ is slightly weaker.

The poor estimation accuracy of the PCM is mainly caused by the bias, which is
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Figure 6: Bias of the item parameters of the first item for the simulation with ordered

item parameters (left) and non-ordered item parameters (right) and ργθ = 0.

illustrated for one item in Figure 6. The figure shows the bias of the item parameters
δ1r, r = 1, . . . , 6 for the setting with ordered item parameters (left panel) and for the
setting with non-ordered item parameters (right panel) without correlation (ργθ = 0).
One obtains strongly biased estimates even for moderate values of σ2

γ when fitting the
PCM (solid lines). Conspicuously, in the ordered case mainly the parameters of the
extreme categories 1 and 6 are affected. The positive bias for parameter δ11 = −1.25
and the negative bias for parameter δ16 = 1.71 both indicate that the parameter
sizes are strongly underestimated. These effects were already seen in the illustrative
example.

In the non-ordered case one observes biased results for all categories and the bias is
less systematic. Again a positive bias for the parameter δ11 = −0.84 corresponds to an
attenuation of the effect, but, for example, the positive bias for parameter δ15 = 1.71
indicates an overestimation of the effect. These findings are very similar for the settings
with correlation ργθ = 0.3 (not shown).

The estimates of the components of the covariance matrix Σ of the person param-
eters (θp, γp) are given in Figure 7. It shows the results for the settings with ordered
item parameters, without correlation (left panel) and with correlation (right panel).
The true values are marked by red crosses. Both models yield estimates of the vari-
ance of the ability parameters σ2

θ (given in the first row), whereas only the extended
PCMRS yields estimates of the variance of the response style parameters σ2

γ and the
covariance covγθ. It is seen that both components are estimated with sufficient accu-
racy in both settings also for high values of σ2

γ. In the setting with correlation the
covariance (given in the third row) increases with increasing σ2

γ. The variance of the
ability parameters is slightly underestimated by both models, for the simple PCM
the bias is a bit stronger. In summary, the structure parameters contained in the
covariance matrix are estimated rather well.

Effect on Estimated Person Parameters

If the response style is ignored, estimates of the item parameters can be strongly
biased. Consequently also the estimated person parameters will be affected. Posterior
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Figure 7: Estimates of the variance components for the simulations with ordered

item parameters and ργθ = 0 (left) and ργθ = 0.3 (right). The true values are marked

by red crosses.
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Figure 8: MSEs of person parameters for the simulations with ordered item param-

eters, the correlation is ργθ = 0 (left) and ργθ = 0.3 (right).

mean estimates of person parameters αp = (θmp , γ
m
p )T can be obtained as

αmp = E(αp|Y p.) =

∫
αpfP (αp|Y p., δ̂, Σ̂)dαp

where Y T
p. = (Yp1, . . . , YpI), δ̂

T
= (δ̂11, . . . , δ̂Ik), and

fP (αp|Y p., δ,Σ ) =
P (Y p.|αp, δ)f(αp|Σ)∫
P (Y p.|αp, )f(αp|δ,Σ)dαp

,

P (Y p.|αp, δ) =
I∏

i=1

P (Ypi|αp, δ).
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Figure 9: Estimates of item parameters for items on emotional reactivity (FCC),

separately for each item. Solid (red) line represents estimates for PCMRS, dashed

(black) line represents estimates for PCM.

For the computation numerical integration techniques are needed, for details, see, for
example, Fahrmeir and Tutz (1997).

For illustration, Figure 8 shows the mean squared errors (MSEs) summarized over
all person parameters for the two simulation settings with ordered item parameters.
Again, for each value of σ2

γ the results for the PCMRS are given on the left (not
coloured) and the results for the PCM are given on the right (gray coloured). The
effect on the person parameters is similar to the effect on the item parameters, the
MSEs are very similar for very small values of σ2

γ, but for large values of σ2
γ the MSEs

are much larger if the response style is ignored. The picture is very similar in the case
of non-ordered item parameters (not given).

6 Applications

Although the model was introduced for symmetric response categories a response style
as a tendency to middle or extreme categories is often also found for non-symmetric
responses. In the following we will consider response categories that represent the
frequency of complaints ranging from ”never” to ”almost every day”.

In our applications we use data from the standardiziation sample of the Freiburg
Complaint Checklist (FCC) (Fahrenberg, 2010; ZPID, 2013). The FCC is a ques-
tionnaire that is used to assess physical complaints of adults. The revised version of
the FCC contains 71 items that can measure complaints on 9 different scales, as for
example the scales general condition, tenseness or emotional reactivity. The primary
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Figure 10: Response curves for item “Eyes well up with tears” (FCC) along person

parameter θ (between 10% and 90% quantile) for category 1 (upper panel), category

3 (middle panel) and category 5 (lower panel). Columns represent different response

styles: tendency to the middle (left), no response style (middle) tendency to the ex-

tremes (right). Solid (red) lines represent estimates for PCMRS, dashed (black) lines

represent estimates for PCM.

data of the standardization sample contains data on 2070 participants (2032 complete
cases). Each of the 71 items is measured on a 5-point response scale that refers to
the frequency of the complaint: “never”, “about 2 times a year”, “about 2 times a
month”, “approximately 3 times a week” or “almost every day”.

6.1 Emotional Reactivity

First, the PCMRS and, for comparison, also the simple PCM is applied to the items
referring to the scale emotional reactivity. When fitting a simple PCM one obtains
σ̂2
θ = 0.785, for the extended PCMRS one obtains the covariance matrix:

Σ̂ =

(
σ̂2
θ ˆcovγθ

ˆcovγθ σ̂2
γ

)
=

(
0.896 0.260
0.260 0.559

)
.

The estimated standard deviation of the response style parameters (σ̂γ = 0.747) is
quite high and, therefore, response styles are definitely present. Figure 9 shows the
estimates for the item parameters, separately for each item. The solid (red) lines
represent estimates for the PCMRS and the dashed (black) lines represent estimates
for the PCM.
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Figure 11: Estimates of item parameters for items on tenseness (FCC), separately

for each item. Solid (red) line represents estimates for PCMRS, dashed (black) line

represents estimates for PCM.

It can be seen that the estimates for the first category differ strongly while the
estimates for the other categories mostly coincide. Except for the item “Urge to
defecate in excitement”, all items show ascending category-specific parameters.

To further illustrate the differences between both models due to the presence of the
response style parameters in the PCMRS, Figure 10 shows the item response curves for
the second item “Eyes well up with tears” for categories 1, 3 and 5 (rows). In analogy to
Figure 3 the curves are plotted along different values of the person parameters, which
are chosen between the 10% and the 90% quantile of the person parameters according
to its estimated uni-dimensional normal distribution θ̂ ∼ N(0, 0.896). The middle
panel represents persons without response style (γp = 0), the left panel represents
persons with a tendency to the middle (γp = σγ) and the right panel represents persons
with a tendency to the extremes (γp = −σγ).

For γp = 0, small differences only show up for lower values of the person parameter
θp. However huge differences appear for γp = −σ̂γ and γp = σ̂γ. While for γp = −σ̂γ
the highest category becomes quite dominant, for γp = σ̂γ the middle category is the
most probable category along the whole range of θ-values.

6.2 Tenseness

In a second analysis, the items corresponding to the scale tenseness are considered.
The estimated variance of the person parameters in the PCM is σ̂2 = 0.546 while
the estimated covariance matrix between person and response style parameters for the
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Figure 12: Response curves for item “Clammy hands” (FCC) along person parameter

θ (between 10% and 90% quantile) for category 1 (upper panel), category 4 (middle

panel) and category 7 (lower panel). Columns represent different response styles:

tendency to the middle (left), no response style (middle) tendency to the extremes

(right). Solid (red) lines represent estimates for PCMRS, dashed (black) lines represent

estimates for PCM.

PCMRS is

Σ̂ =

(
σ̂2
θ ˆcovγθ

ˆcovγθ σ̂2
γ

)
=

(
0.449 0.263
0.263 1.172

)
.

In contrast to the previous example, the variance (i.e. magnitude) of the response style
effects is much higher now. Figure 11 shows the estimates for the item parameters.
Again, the solid (red) lines represent estimates for the PCMRS and the dashed (black)
lines represent estimates for the PCM.

In contrast to Figure 9, here the parameters are not ascending along the categories.
In fact, the parameters for the PCM all have the same tendency with category 2 lower
than 1, category 3 higher than 2 and category 4 lower than category 3. The estimates
for the PCMRS are more stable across the categories.

Looking into a single item now gives also somewhat different results than for
the previous example. Figure 12 shows the response curves, exemplary for the item
“Clammy hands”, for three different response style parameters (columns) along the
person parameter θp. Overall, the last category has very high probabilities, whereas
the first category has very low probabilities. In particular, for a person with a rather
high tendency to the extremes (γp = −σ̂γ), the probability for the last (fifth) category
is above 0.6 throughout the whole range of person parameters.
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7 Concluding Remarks

We explicitly considered a partial credit model that accounts for response styles. How-
ever, the basic concept can also be used to model response styles in alternative ordinal
latent trait models like the graded response model (Samejima, 1997). The only com-
plication in graded response models is that it is based on a threshold concept with
thresholds that have to be ordered. The ordering has to hold also after incorporating
response style parameters.

The proposed PCMRS model has several advantages, in particular in comparison to
mixture models. Mixture models assume that respondents come from different latent
classes. Different item response models are fitted within different classes, some may
represent the substantive trait, some may represent response style behaviour. One of
the problems with mixture models is always the number of classes, which is unknown.
Typically one gets quite different models if one fits, for example, two or three classes,
since all the parameters change when considering one more class. If one has chosen
a number of classes it is still difficult to interpret the difference between classes and
explain what feature is represented by a class, it might be a response style or some
other dimension that is involved when responding to items. Since the classes are not
pre-specified, for example, by explicitly modelling response style behaviour, there is
much uncertainty involved and the interpretation of the model within classes often
tends to be vague. In contrast, in the PCMRS model the explicit modelling of the
response style allows to decide if it is present, and if, how strong it is.

The other problem with mixture models is that it is viewed as a discrete trait, re-
spondents are classified into multiple classes representing different response behaviour
(Bolt and Johnson, 2009). If one considers response style as a continuous trait, as is
quite common in parts of the literature, alternative models have to be used. The mod-
els proposed by Bolt and Johnson (2009) and Bolt and Newton (2011) are constructed
as continuous response style models as is the PCMRS. Instead of using a mixture they
use a multi-trait model. However, similar problems as in mixture models arise. One
has to decide how many latent dimensions are needed and how the results have to be
interpreted. Moreover, the basic model is a model for nominal categories.

One final remark concerns the use of partial credit models in achievement tests.
The partial credit model is well suited for attitude test. Nevertheless, it is also used
in achievement tests. The original motivation was based on the consideration of steps
in the process of solving an item (Masters, 1982). However, the step metaphor is not
an appropriate description of the model, see Verhelst and Verstralen (2008) and, more
recently, Andrich (2015), it has not been used in later representations of the model
(Masters and Wright, 1997). If one wants to model steps an appropriate model is the
sequential model or step model outlined in Tutz (1989) and Verhelst et al. (1997).

In attitude tests with categories that are not symmetric the response style consid-
ered here reflects a tendency of persons to middle or extreme categories, which can
be considered as a personality trait. If the ordinal response is used in achievement
tests the interpretation of the γp-parameters is slightly different. If it is present it may
represent a way of working on items. While θp represents the ability to solve items, γp
reflects the way items are solved. Two persons may have the same ability but differ
in the way they have obtained it. If γp is large (tendency to the middle) the person
has obtained its overall score by working on many items with average success, if γp
is small (tendency to extreme categories) the person may have obtained it by solving
some of the items with maximal score and others not at all or very low score. Thus,
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for achievement tests it is more a working style than a response style.
The proposed method has been implemented in R (R Core Team, 2015), it is

available on request from the authors and will be available from CRAN soon. For the
joint normal distribution of the person parameters and the response style parameters
two-dimensional Gauss-Hermite integration is used. For faster performance it is (in
a parallel manner) implemented in C++ and integrated into R by using the package
Rcpp (Eddelbuettel et al., 2011; Eddelbuettel, 2013). Optimization of the marginal
likelihood is done numerically by using the algorithm L-BFGS-B, see Byrd et al. (1995).
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