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2 Supplementary information to The Kepler problem from a differential geometry point of view

Introduction

This document consists of detailed calculations for the proofs in the main paper.

|. Differential Geometry

ll. Symplectic Differential Geometry

lll. The Significance of the Symplectic Form
I\VV. Reduction to a Smaller Dimension

V. The Kepler Problem and First Reduction

(V.5.) Proof.
1
u+1

~ ~ Il ! ! !
p=(u+1)dq=(u+1)[u+1dq+ dq]=udq+dq=p+p-
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VI. Stepwise Reduction

(VL.4.) Proof. (i) According to (I1.4.) we have e.g.

{L,L,}=Y" (%%_%%)
b2 =1\aq; ap;  ap; 34;

= (0)(g3) — (0)(=p3) + (p3)(0) — (0)(0) + (—p2)(—q1) — (q2)(P1)
= q1P2 — 921 = L3.

(ii) Because of the Jacobi identity (IL.11.), we have {{L;, L,}, H} + {{L,, H}, L, } + {{H, L1}, L,} = 0.
Since L, and L, are constants of the motion, {L,, H} = {H,L;} = 0, and so

{Ls,H} ={{L1,L,},H} =0.m

(VL.8.) Proof.

First, remember, for the 2-dimensional Model III:
2 _ 1

H@P) =5~y

L = q1p2 — q2p1-

Then, a few intermediate steps:

oL _

6q1 = P2

6L

apl qZJ

oL _ _

aq; Pv

oL _

op, q1,

Z_Z = a%(n_q_ln) = _( ) ar (241) = ||q||3

o _ 2 (IplPy _ 2o _m

ap;  9p; \ 2u

2u o’

The main result:

dL OH oL OH 0L OH 0L OH
{LHy=222H _OLOoH  OLOH _OLOH
0q, 0p, 0p, 9q1 0q; 9p, 0p2 093

:(pZ)(i) = qZ)(IIqII3)+( pl)( ’) - (‘h)(lquP)Z

Now a few more intermediate results:

a4 _ 1 2y _ llal?-q:? a | -p)°
oq;  lqn T ( )||q||3 (2q0) +5 (pl IPlI%) == * 2 ( P*) = et
o4 _ Lpip,) = 24 4 PiPj

3q; ql( )||q||3( 4j) + u(p‘pf) nar *

04; 1 1 q;jDj

3. = 7 1@ P) + api — ai2po)] = [awp: + qjp; + aipi — a:2p)] = =2

6Ai _ 1

;- ;(iji - 2q;p;).

The main result:
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_0A, OH 0A; OH | 0A; OH  0A; OH
L e v SO N PRI PR SR S PR
q1 0p1 b1 04y qz 0p2 b2 042

42?2 —pzz) (p1) (Clzpz) ( q1 ) (—‘h‘h plpz) (pz) (CIZP1—2‘I1I72)( q> )
= + B + + 2Pz (P2) (2P aPe) (dz
(Ilqll3 u u u llqll® llqll® u u u llqll®

(92%P1 — 914202 — 4192P2 — 92°P1 + 29142D2) + ( p1p2? + p1p2?) = 0.

ullqll3

{AllH} =0.

(A, H} = A, 0H 9A, OH = 8A, 0H 04, 0H
2 — 5. A~ a3 5. S A A 5.

0q, 9p4 0p,1 9qq dq; 9p; 0p, 9q;

_ (—9192 , P1ib2)\ (P21 q1P2—2q2P1 q1 q12 1%\ (P2 q1P1 q>

~ a3 +—=—=)\=) -\ 3 + AU RS ANE
IIqII u u I3 llqll ligll I3 I3 u ligll

1
(—4192P1—01°P2 + 2910201 + 41%D2 — 419201) + ﬁ(%zpz — p1°p,) = 0.

ullqll3
{AZ' H} =0.

dA, = a“l Seday + dqz + dp1 + alp2

- (ﬂ#"‘ 1;2 )d(h (ﬁ + %) dq, + (‘Izﬂpz) dp, + (qul—qupz) dp,

_ Mg eyl O L 0
dA, = 2. dq, + 90, dq, + o, dp, + s dp,

_ (_”‘;1”‘132 plpz) dg, + (”21”23 + —;;12) dq, + (‘h?’%z‘hpi) dp, + (qlpl) dp,. m

(VL.10.) Proof.

First, we'll solve one equation for x5 and the other for x, and then substitute the expression for
X5 into the expression for x4, resulting in x, in terms of x; and x,. One more substitution then
gives us x3 in terms of x; and x,.

dA;(X) = (”q”3 + —I;zz) X, + (—”‘;1”‘;2 + P1ﬂp2) .+ (CI2P2) X3 + (CIZP1—“ZCI1PZ) X4,
dA;(X)=0=

v = g (G 50) o+ (s =) e (P 20) ]
dA,(X)=0=

o [(qlqz plpz) ( 2) (—q1p2+2qu1) ]
Xq = - x; + + Py, 4 (FRRP2TE2PL) o |,
S AT TERTV A RN P TTE 2 o 3

Now we substitute the expression for x; into the expression for x, and use the common
denominator of g, g, p1p>.

2 2 a2 2
U (qlqz P2 _ 42P1P2 )x T ( 917dz2P2 | 92P1 pz) X,

x =
7 qrampiv2 \ gl " 41420102 \ gl "
2
pz q192 P1P2
+ (72 P)xy + + 2q,p,) (1222 — 1f2)
4142P1D2 traapps 0Pz ¥ 20201 TTE 17 q14201p2 (=01P2 + 24211 lql>  w /72
—q2p1+2q1P>
+ 2gypy) (Cm2E)
P~ ————(—q1P2 + 2q2p1) p 4
_u G192°P2  ©2p1P2’ | ©1d2%p2  242°p1 qup2® | 242pipl?
X4 = 3 3 3 X1
41920102 \ liqll u llqll llqll u u

H (_Q12q2p2 42P1°P2 _ 41°42P2 | 91P1P2° 2q1q22p1_2q2p12p2)x
41920102\ llglP3 u llqll? u llqlf3 u 2
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U (qlqulpz—2q12p22—2q22p12+4q1q2p1pz)x
4142P1P2 u v

and collect terms.

Now we can multiply both sides by —qlqulpz

_ 2q142%02-24:%p1 | —q1P23+q;p1p,2
0= ar T p *1

—241%42D2+24142%D1 |, 91P1P22—q2P1°D2
+ lal® + p 2

(—2(‘11172‘;‘12171)2)

+ X4,

Now we divide both sides by 2L = 2(q1p2 — q201),

2 2 _ _ -
0= (Clz + D2 )xl + ( q1492 + p1p2) X, + ( (‘hpz# qul)) X4,

llqll® 2p llqll® 2u
2 2
_ Ii[( qz2 | ) (—CI1CI2 P1p2) ]
X, =525 =2 ) xg + (—2F + 22 ) x|,
7Lz 2u /7t lql® " 2u /72

X4 = Ya1X1 T Var Xz

Now we can substitute this expression for x, into the original expression for xs.

2 2
_u —qz D2 | 41492 P1P2
X3 ( +—) X1 + (”q”3 — )xz

T ap2 \llgl® T g a202 u
- +2 2 —p,? - +2 -
u ( q2P1 Q1p2)E(QZ3 + D2 )xl + Hu ( q2P1 %Pz)ﬁ( Q1Q32+p1pz) Xy,
azp2 u L \llqll 2u qz2D2 u L\ liqll 2u
v, = M [—qzz P2 (—qu1+2q1pz)g(qzz —pzz)]x
37 a2 gl T ok u L\lgl® " 2u /171
I [Q1QZ __ P1P2 (—qu1+2q1pz)g(—q1qz plpz)] X
azp2 LlqI® u u L\llgl® " 2u /J17%
. = M [—sz P2 —qz3p1+2q1q22p2+qu1pzz—2qlpz3]x
37 qpalllg® " on Lllq|I3 2uL 1

K [qlqz_plpz Q1Q22P1—ZQ12¢12P2+‘Q2P12P2+2‘I1P1P22]x
q2p2 Lliql® u LilqlI® 2ul 2

Now we need to multiply a few terms by L = (q,p, — q2p1), in order to get the common
denominators of L||q||® and 2uL.

2
_ B[ 01@2% 24023 p1— 023 p1+24192%P2 | 2q1D2°3 24201022 +42P1P2” —2q102°
X3 + X1

T azp2 Lllql3 2uL
U [qlzquz—qlqz2p1+q1q22p1—2q12quz n —2q1p1p22+2qu12pz—qu12p2+2q1p1p22]x
42p2 Lllql® 2uL 2z
_ i [0192°Dp2 | —q201P2° i [-41%azp2 | +4201%D2
x3 - 3 X1 3 X2,
azpz2 L Lliqll 2uL azp2 L Lllqll 2uL

|
X3 == -
S [T TER

919> p1p2] u [“hz pi°
S TP TERRFY”

X7,

X3 = Y31X1 tV32X2. W

(VL.11.) Proof. Let X,Y be vector fields on A~1(4,). Then we have

w(X,Y) = x1y3 + X2Ya — X3Y1 — X4

wX,Y) = x1(Y31y1 + V32¥2) + x2(Vary1 + Vazy2) — Y1(Va1x1 + ¥32%2) — Y2(Yar X1 + VazX2)
w(X,Y) = (y31 = v30)x1Y1 + (V32 — Var)x1¥2 + (Yar — V32)%2)1 + (Vaz — Va2)X2¥:

wX,Y) = (Va1 — V32) O2y1 — X1¥2)



6 Supplementary information to The Kepler problem from a differential geometry point of view

(IIqII lipll?
llqll® 2p

—H
L
w(X,Y) = ( )(x1y2 —X2¥1) =

w|A7(49) = (57) dq; A dq,. m

) (xX2y1 — x1¥2)

(VL.13.) Proof.

First, some intermediate steps:

ILII* = (gxp) - (gxp) = liqlI*llpll*> — (g - p)?
First, we show how the calculation would be done in 3 dimensions.

_ 4 _pxL
gl w’

q-(pxL) = L-(qxp) = |IL|I%

o lal? q(pr) ||L||
4= llqll = llqll -

ILII? = —M(Q'A = liqlD

The main result:

lqll>  2q-(xL)  (PxL)*

Al =
lqlz wliqll w

2 2 2 ()2

Al = 1 L2 | PP -en?
wliql w

2
lal? = 1+ (B — L) ILI2 (since p - L = 0)
”AHZ 1= 2H||LII?

I,l, )

Now, we repeat the calculations for 2 dimensions.

ILII? = (q1p2 — 4211,

ILII? = q1%p2* — 29142172 + 42717

ILI? = q1%p1* + 41%p2% + @2°p1 % + 2°p2% — 1°pi” — 42°p2” — 291920102,
ILI? = (q:® + q2) (p1°+12%) — (q1p1 + G212)%

LI = llql*lpll* - (q - p)*.

=14+ 2[(q - p)? - lalilpI?]

llall
= llqll - 25
LIz = -4~ .
1412 = 19C + 2 [(q- p)? - IqIPlIpI] + = [(a - )2IpI? - 2(a - 2 IPIP + gl lpll*]

2 2[@p)? _ 2 _ @p?lpl® | lalPlpi*
Al = 1+ 2 [ME- — |q||lp|| — 4P 4 ML,

2 _ IILII2 ILI P11
1l 1+ [II [ 2p ]’
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4]z — 1 = 20
u )

= H0ar-1) _ -(l4i*-1)

2||L|f? 2(q-A-llqlly

(V1.15.) Proof.

OH _ +(IAIP-1)(42-qz/llal) _ —(A:2—q2/llalDH

0q;  2(q1A1+a242-1lalD? (q1A1+q2Ax-llqll)’
- _ (LI oH
G ={q, H} = (#H) 30 because of (VI1.11.),

=(—||L||) (42-a2/llql))
1 1 ) (@1A1+a2A2-llqll)

. LI\ oH
4, ={q, H} = (%) 54 because of (VL11.),

=(+||L||) (A1-q1/llqll)
2 1/ (@141 +az2A2-lqll’

”q” _ 3019114242 _ ( LIl ) ( —|14]| sin ¢ )
llgll uligll/ \1-||All cos @/’

(sing) = cos ¢ ¢,

, q14;—G42A;1  (q1A2+q;A1)q ( [IL]l )
sine) = — = cos @ =
(st 0) = = ia g4l ulqiz) €05
_ e

wliqll?’
dligll _ llqll _ -liqllliAllsin ¢
de ¢ 1-||Al[ cos ¢
dllql| _ +|A|ld(cos @)
llqll 1-||Allcos @’
In|lq|| = —In(1 — ||A|| cos @) + const.=

_ const.
lqll = il cos o

®

VII. Calculation of the Trajectories of H via a Single Reduction

(VIL.2.) Proof.
_a _p<t_ a _pxa®)_ g _a@ppap)
gl w ligll U llqll 7 ’
__a  pap)-qlpl?
llqll u ’
4 ri@p-alpl?
L gl I '
Al (IIqII Ju ) (IIqII U )
142 = llgll®> _ 2q:(pxL) | (pxL)-(pxL)
llqll? pliqll u? ’

2L-(gx 2||L]1%2~(p-L)?
4|2 =1 - (q p)+||pll [ ||2 (p-L)
ullqll I3
_2)iL)? + ipI2ILI®-0 _ 1+ 2|IL|2 (IlpllZ 1 )
2 - ]
uliqll u u 2 iqll

]

Al =1
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2

A4]|2 = 1 + 20
u
L-A=L- (nqn P2)butL-q=q-L=0,andL- (pxL) =p- (LXL) =0,
L-A=0.
L-M= |—L-A=0.
2|H|
For H < 0:
2 2
2 2 - |A 2 — /‘_“ 2 _CH 2 2

2 2 _ 2H||L||? 2 _~H
IM11Z + 12012 = 2 (1 -+ 2250) + 212 = 2%

2 2 _ __
IMII2 + 1L = 52

For H > 0:
2

2
2 _ 2 _ U _ 2 _ (| _ 2 _ M 2 _ 2
w2 = ez = ( [a) =iz = ( [£4) ~ L2 = 2 14l - )2

2 2 _ M 2H||L|| 2 _ M
M2 = IL)2 = & (14 280 g2 = £

+

IMI? = ILI? = —;

{H,L;}is already known from (VI.4.), but here is a calculation:
{H,L;} ={H, q;px — qxP;},
{H,L;} = q;{H,pe} + pe{H, q;} — @ {H.p;} — ;{H, qi},

{H,L;} = q;j (”Zﬁ3) Pk( b ) Ak (”Zﬂa) bj ( pk),

(from the proof of (V1.8.))

{H,L;}=0.

Now for some intermediate results:
Ha}=-3-=-"1

(H,p} = j—j = o [(lql»)™7%] = 5 gl ~*/2q;,
Hp} =

{Hq-p}={Hq-p}=q -{Hp}+p-{H4q}
Hap=a (=) +p (D)

o lal? el
Ha Py ="
1 Il
Hapy ="

{ "llq ||} {H,(lqI»)~/?},

1

(o) = =5 (gl ~/22q - (H, @},
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ﬁﬂﬁﬁ}=-—%Qéﬁ)2q-(—§)

1) _ _ap
{H ’ ||q||} dlal
{H,p-p}=2p-{Hp}
Y .
Hppl=2p 5

H,p-p}= ||q||3

Now for the main result:

_ i, pilgp)-ailpl?
H, 4 } {H llqll + u }’

(H,4} = q; {H, o} + oo (H,q) + 2 {H,q 9} + 22 (H,p} - L (H,p - p} - 22 {H, q),

0= a5 5 ) 2~ )+ ) SC3)-72).

M43 =q (F25) A +1-2) +-Lo (- 1+1)+”‘””” (+1-1),

{H,A;} = 0.
(H,M}=0.m

(VII.4.) Proof.
We begin by showing
qi = liqll cos 6,

by definition (VII.3.),

llgxAll
Al -

q. = liqllsin6 =

_ q(Lx4)
L = wmar

by definition (VII.3.),

1
9= =iy L (@A),

_ 1 g .[axqa_ axexL)
9L = " zman © " Ligl ]
1
A= g L -pl@- L) + L(q - p)],
_ ILlitg-p)
L7 Al
2 .2 _ llgxAl?
lqli? sin? o = 1%,
22 1 q><(p><L)2
lqll? sin? 6 = -0 [,

. 1
llqll? sin?6 = e P L)+ L(q- 1215

lal? sin” 0 = I (q - 2,
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N L4 [CY )
lqllsin6 = £="70,

q, = xllqll sin6.
Main results:

First, we’ll calculate ||q]].
1
q-A=lqll -2 q-(@xL),
1
q-A=llqll =1Ll (gxp),

A= _ ez
q-A=lql - 1L
__q4
~ lqlllAl’
by definition (VII.3.),
T 11
c0s 0 = a1 ~ wallal
1— ||A|| cos 6 = ILIE
ullqll
LI

lall = Zaarcosey

. _ 41 _ q-(LxA)
St 6 = 401 = Taniziar
by definition (VII.3.),
. 1
= —|—IL" X
sin @ = o L (@xA)),

; - _ 1 C[G@xq)  gx@xL)
Sin6 = — o mal [nqu " ]
o 1 . [zplaL)+L(qp)
Sin6 = — o mal [ " ]

LR
Sin6 = = aLiar
LI (r(=lAllcos 6)
sind === ( LIz )

L ILlllising
(@ P) =~ Cicos oy
q, = llqll cos 6,

by definition (VII.3.),

IIL]|? cos 6

N = ua-iancos )’

q. = llqllsin 6,
IIL||% sin @

9L = Ja-jalcos o)

—pa
Pi= Jap

by definition (VII.3.),

_ 1 [pq_p@®xL)
P~ Ty [uqn " ]
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_ 1 1qp L(pxp)
P Ty [nqn " ]
_ap
o Tl ILIINAll sin 6 \ (w(1-]lAll cos )
_ 1/ sin u(1- cos
Pi _||A||( (1—||A||cose>)( R )
_ _ sinf
P ==

Ipl12 = oz (ILI2 + (- p)?),

cf. remark after (VIL.3.),

[ ||2=w(” L + LA sinl o)
p ”L”4 (1 ||A||C059)2

Ip| W[(l — |14l cos 8)* + ||A||1? sin? 6],

Ipll? = ||L||2 [1 - 2llAll cos 6 + ||A||? cos? 0 + ||A||? sin® 6],

|2_

IpII? = £z [1 - 2114ll cos 6 + [142],

_ p(Lx4)
PL = mar

by definition (VII.3.),

_ p(Lxq)  p:(Lx(pxL))
PL= ||L||||A||[ lal ]
__ 1 L-(qXp)_p-(p(L-L)—L(L-p))]
PL =l Il ’
I S {1 L P
P = mman Uil o ]
i1 el
PL=q [uqn P ]

= MLl Tp@-liAllcos6) _ _ 2
L7 a [ (”L”ﬁA” 6)||L||2 (1 —2|All cos 0 + |IAll )]
— u(1-||A|l cos _ 5
PL= ||L||||A||[ B oz (1~ 2llAll cos 6 + || )]
= — 2
pL= |L||||A|| [1A]l cos 6 — ||A]I%],
pL= —m[llz‘lll —cosf]. m
(VIL.5.) Proof.

For g, we have the Hamilton equation:

dtIn OH _ py
— 1 — ) —_—
{q q H} = opy  H

44,49 _ py
de dx u (9(1:)) =

(||L||2) d ( cos 6 )(d@) (—1)
—(— = sin 6.
u / de \1-||A||cos8/ \dt [IL]|

d ( cos 6 )_ —sin6

a0 \1-||Al[cos8) — (1-|/Allcos 6)2

IIL|I?\ (- sin O+||A|| sin Ocos O—||A|| sin Ocos 0)\ (dO -1
— > — = sinf =
u (1-llAll cos 6) dt ]

() (aateosare) (26) = () sin© =

11
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dé _ pu
at LI

(1 — ||A]| cos 6)2.

The other cases are analogous, and produce the same result. We will calculate one of them.

aq. _ _O0H _ps
dt _{ql'H}_apJ__ u =
4q.d9 _ py

de dt  u (H(t))ﬁ

() 5 i) () - () a- o

[IL]|? [cos 8 (1—||A|| cos 8)—sin O (||A|| sin 9)] de

-1
wol (1-||All cos 6)2 a2 = i (1Al = cos 6).

[IL]|? [cos 8—]|A]|| cos? 8—]|A|| sin? 0] dO -1
IME |5 = (114l = cos 6).

uoL (1—||A]| cos 6)2 at LI
ILIZT cos6—|lA] 1d6 -1
ezl 2 =y (Al —cos 6) =
[ @iarcos e2) @ = iy (14l )
a6 _

= = T (1—||A|lcos 6)?. m

(VIL.7.) Proof.

—||A|| +cos 6
1-||A|| cos 6’

by definition (VIL.6.),

cosu =

cosu — ||A|| cosucos 8 = cos 8 — ||A]|,

cos 0 (1 + ||A|| cosu) = cosu + ||A]],

[|A]|+cosu
cos = ————.
1+||A]| cosu
Sinu = JV1-||A||%Zsin 6
= 14|/ cos 6 ’
by definition (VIL.6.),

sinu — ||A]| sinucos 8 =+/1—||A]|2sin0,

sinu(1-||A|| cos 6)

sinf =
1-(lAl12 ’
sinu [|A]|+cosu
= 1— —)
sin 6 \/1—||A||2( 14l 1+||A|| cosu/’

. sinu (1+||A|| cos u—||A||2-l4]| cosu)
sin@ = ,
NEETAE 1+||A|| cosu

11142 si
sinf = 1-||A]| smu.
1+||A|| cos u
(1 —[|All cosw)(1 + || Al cosu) = 1 — ||All?,
_ 1|4l
1-llAllcosu = 1+||A|| cos u’

(VIL.8.) Proof.

[|Al|[+cosu

cosb =
1+||A]| cos v’
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from (VIL7.),

d(cos€) _ —(1—|Al|?) sinun

) = = (T ialcosw? -

d(cos9) — _sing ﬁ’
dt dt

d(cos8) _ M . 2
= qpsin 0 (1 —||A]| cos €)%,

from (VIL5.),
d(cos6) u <\/1—I|Allzsinu)( (1-11A112) )2

dt  ILIB\ 1+|Allcosu ) \1+||A]| cosu

from (VIL7.),

(o) 2050 _ s (IAIR) " sin
dt  — ILIP (+lAllcosw)3
/2
= o _du _ oy (1-a)’
(*) - (**) Su= dt = ||L||3 1+||A||COSU’
n(1-|1A]12)3/2 DR
1 Al si
T u(1-]IA[12)3/2 (u+ ||All sinu). m

VIII. Discussion of the Symmetry and Trajectories of M

(VIIL.1.) Proof.
For convenience, we will repeat a few things here:

q , p(gp)—qllpl?

A=-L yran-ael
Ilqll u
_ a1, pi(gp)—aqlipl?
A =—=+—""",
llqll u
M= |-La,
2|H|
_lei2_ 1
2u liqll”

Then, a few intermediate steps:

o = - 50 = =50 (7)) =~ (3 jar @0 =

llql
0H —q;
GHY = —— =1
i H} = =50 = Tais
oH 3 (lipll? 2pi _ Di
i =5 =5-(00) =3 =14
Op;  0Op; \ 2p 2p

Now for the main results.

0q, 0A; 0qq 0A;
A} =33 (____ )
A} =2y dq; 0p;  9p; 9q;

_ 94, _(1
{q1, A} = o, _(u) (@202 + q3p3).
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_ 24 (1 _
{9244} = a0, —(#) (@201 — 241P2)-
_ 041 _(1 _
{q3,A1} = s —(“) (q3p1 — 2q1p3).

{p, Ay} =33 (%%_%%)__%
’ - i=1 -

dq; 0p;  9p; 0q; 99,

)

1 -1\ 2q; . 1

1A} = — 1= 01 (F) 1o + 2 (9 + s,
1
{r1,A1}= ”qng (—q12—92°—q3%+q,%) + ;(Pzz +p3%),
1

{p1,A1} = W (—a2°=q5*) + - (2" + p3*).

04; _ “1\2q, 1
{pZ' 1} - _ﬁ - ql ( 2 ) ”q”3 u (p1p2)’

1
{p2, A1} = W‘h‘h + u (—p1p2)-

=% o (Z1)24s 1
{p3'A1} - aq - ql ( 2 ) ”q”3 u (p1p3)’

{q. M1} = {CIL\/;A }:

{q1, M} = \E(_?l) |H|3/2{q,, IH}A; + ﬁ{%ﬂ‘ll},

1
5 143+ (~P1ps).

(g, M:3 = = [41HI77 [(qu (DY = g 42

{q1, M} = —\/g |H|~3/2 :i{ql,H}% - iH{ql,Al}], with + sign for H > 0,

_ [p1 A H . .
{q, M} = i\/g |H|~3/2 %71 — (g0, + q3p3)], with + sign for H < 0.

{q., M.} and {q3, M, } are analogous, so we can present a shorter calculation.

{qz2, M1} = {QZ;\/%Al}'

{q,, M} = —\/g |H|~3/2 [-_l-{qz,H}% - iH{qz,Al}], with + sign for H > 0,
A 1 . .
g2, My} = I |H|~ 3/2 PO H (;) (@zp1 — 26[12?2)], with + sign for H < 0.
{g3, M} = {Q3; /ﬁ"ll}'
{q3, M} = —\/g |H|~3/2 [i{Q3,H}% - iH{qg,Al}], with + sign for H > 0,

{q3, M} = f |H|~ 3/2 Bs A1 —H (i) (q3p1 — 2q1p3)], with + sign for H < 0.

{p1, M} = {Pl'\[%l‘h}'
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{p1, M1} = \/— |H|~ 3

{p1, M} = _\/%“'”_3/2
{p1, M} = _\/%“'”_3/2
{p1, M} = i\/%lﬂl—”2

{p1, My} = i\/%lﬂl—”2

/Z{PL lHJ}Al ﬁ{pli‘ql}l

[ A
(o1, LH1} 5 — 1HI(p1, ArY]
_i{Pp H}% - iH{pl,Al}], with + sign for H > 0,

_{pl,H}ﬁ— H{p;,A.}|, with + sign for H < 0,
2 g

- Zq1\AL _ Lo 22 1 2 2
_(Ilqll3) 2 H(nq"a( 42" —q3 )+H(P2 + D3 ))],

with + sign for H < 0.

{p2, M} and {p3, M, } are

{p2, M1} = {Pz:\/ZTHA }:

{p2, M1} = i\/gIHI‘”Z
{p2, M1} = i\/gIHI‘”Z

(s My} = + \fgmrm

(s, My} = + \fgmrw

(VIIL.2.) Proof. We can introduce six new coordinates: q,,p;, (” ”) Li,H,and A;. These six

analogous, so we can present a shorter calculation.

—{pz,H}ﬁ — H{p,, A,}|, with + sign for H < 0,
2 g

[ _ A . .
(i) 2 —H <||q||3 D+ (- p1p2)>]' Wi+ eignforfl <.

:{P3, H}% - H{pg,Al}], with + sign for H < 0,

[EAY N P ith + si
_(”q”3) > —H ("q”3 4193 + ”( p1p3)>],w1th + signforH < 0. m

15

functions are independent, and three of them are constant, namely L;, H,and A;. As a result, we

need to find the differential equations for q,, p; and (

coordinates.

A = B p1(ap)-alpl* _
L7 iqll u

_ q1 p1(q202+q3P3)—
A =—

i ”) as functions of these six new

41, P1(d1p1+d2P2+43pP3)=q1(p1*+p2°+p3?)
~ gl u

1]

CI1(pz +p32)

llall Iz

)

_lpl? 1 _ paP4pet4ps® 1

2u gl 2u

gl

p2” +p3’ 2#(H+|| ”) pi%,

1= ”‘;1” [Pl (q2p2 + q3p3) — 2pqy ( Ia ”) +q1p1 ],
P1(q202 + q3p3) = 21qy (H + ”1”) q1p1% + pA; — ﬁqﬁ,
P1(q2p2 + 43p3) = pA; + 2uqi H + 55 | q” — q1p1°,
42p2 + 3Pz = — [.UAl + 2uqiH + 8 - aip:?.
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, A, H
a1 = {q1, M} = IIHI 32| #—;(quﬁquz)].

a2 [D1A
a1 = i\/g 17 (B = - (s + 2p0,H + = aupi?) |
g (B gyae [Pt _ — aaps
a i\ﬁ”ﬂ P — 5 (41 + 20 + - 2],
r_ 3/2 '& -2
a1 \[ IHI” a) (nqn At Zqu)]

pi = (o1, M1} = \f |H| 732 [ )G H ("q—” (027 ~a) + (P2* + p32)>],
P =+ \E |H|~3/2 _(”‘;}lg)% - (% +§(||p||2—p12))],

Pi = i\E'Hl_g/z (||_«;7|13)% B (qli;”gnz +o (a4 ) - )>]

i\/g /2 :(||ql||3) (_q;Al B H‘hz) —H (nqn + ||q_|| +2H - pui)]

= fr ) () (e 2= ()]

=
o~
I

1) -1
(m) = (—) (||q||3) (29191 + 29295 + 2q393),
1 !
(m) (||q||3) (q1{q1, M1} + q2{q2, M1} + q3{qs, My }),
[ A1(q1P1+q2P2+q3P3)
(L _+\[| |__ Rl . 2 ‘
Il 1 _—;(ChCIsz + q1q3P3 + 42°P1 — 2914202 + q3°P1 — 2q193D3)
[ A191p1 |, A1
L)/=$F|H|_% 1 T+5(quz+q3ps)
3 H )
el 2 el T (‘h(fhpz +q3p3) + (Q22 + Q32)P1 —2q:(qz2p2 + Q3P3))
- A H H
\[I %——HQHZM"‘—%ZM
||¢I|| ||¢1||3 A H ’
+ (Zu + ql) ( ) (uAl + 2uHq, + ”q” — q1P1 )
- A
A (3 +Han) (22) = Zliqli*p,
Tal) = +\/;|H| * (1) @ an?\|
_+( + Hay) ( ) (4, +2Hq, + o P )

() = % 11 () [(3+ 1a0) () G+ 40+ 2002) + (721 m

(VIIL3.) Proof.

{H,L;} = 0, from (VL.2.),
{L;, L;} = Ly, from (V1.4.),
{H,A;} =0, from (VIL.8.).
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{Lu A} = {(@xp)i. Aj} = {a;p — qip). 4j),
{Li A} = ai{pi A +oida), A7) — aidpy A} — pilaw A,
{Li A} =

—qk(”qng)( > = 4*) — 01/ i + pi®) = p; (/1) (qips — 2q;71),

qu%qfq'c q]( pjpk) + Pi ( ) (9ip: + qipi)

{Li,A;} = W (9% + @*qr + ai®)
1
+;(—qujpk + qiPiPk + QkPr? — QkPi® — dkPr’ — QkP;> — 24;D,Pk),
1 1

{L,4;} = W (aicllgll®) + - (apipe + a;pjpic — aipi® — awps?),
{Lud) = ||q||
{Li, A} = A
{Li, A} = {(axp)i, A1} = {a;pr — akpj, Ai},
{Li, A} = qi{pe, Ad+oi{a;, A} — ae{p), Ai} — piar, Aid,

{LiJAi} =

£ 4= (pk(q p) — allpl®,

q; ”q%qiqk +i‘1j(_pipk) + Pk (i) (ajpi — 24ip))

~ax (77) (=909) + 0k (1/0)(=pipy) = p; (/1) (awi = 2aim),
{Li, A} = ”q# (9:9;9% — 9:9;9x)
— qxPiP; + 249:pjPx),

1
+;(_ijipk + q;piPr — 2q9;Pjp, + AUPiPj

{LiJ Al} =0.

Now we need some more intermediate results.

1 [ 9 1\ @ ] 1\ @
) =B B )2 05 ) )
gl ™™ Mm=113gm \llqll apm( i) apm \llqll aqm( )

=201 () () @am) 5 (40 — 0]

At = Zinea | (7)o (40,

1
) (a0 - p + b — 202 + 4,700 — 20:;0; + QPi — 2001

) G
( ) (9:9 P — a:*pi + 4;°pi + a’pi — 24:9 - P + 20:°p;),
) G

(—q:q-p + llqlI*p),

_(1\(taap _ pi
lqll” "t _(u)( llql3 ||q||)'
{q ) p'Ai} = Z%:l[qm{pm'Ai} + pm{leAi}]:
{q-pA}= ”pr (=a/* = a®) + (0% + %)

||q||3 (qlq}) +4 ( plpj)

”q”3 (qiqi) + & ( PiPk)

17
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i Dj
+ 5 (qip; + akpi) + L (400 — 2aip;) + 25 (qupi — 2451,
1
{a-p.A} =15 (-a® - @a® + 4:9;” + @)

+1< qip;* + 4k’ — 4;PiPj — AkPiPk + 4iPiP; )
v\ +qupipr + q;pi0; — 29ip;° + QpiPk — 2qiv>)’

1

{q-p.A1} =-(—@p;* + qipi® + q;Piv; + PPk )
u
1

{q-p.A}= ;(—qillpll2 +p:q° ).

{lipl1%, A} = 2pidpi, A} + 20i{p;, Ai} + 2D {p1. Al

{lipll*, A;} = IIq% [pi(—a;2—ax?)] + % [pi(p;* + pi?)]

+ ”# [pi ()] +~ 2 [pi(=pipy)]

||q||3 [pk(qlqk)] [pk (_pipk)],

2 2
{lipll*, A;} = Tl (—a;°pi—qi*pi + @:9;p; + 9iqxPx) + ;(Pipjz +pip’® — Pip;* — PiPK>)s

2
{lipll?, A;} = PR (—a:*pi—a;*pi—aqi’pi + 9:%pi + 01,0 + G qkpx) + 0,

2
{Ipl* A} = 1= (a:(q - p) — pillqll?),
2 2 _ 2ai(ap) _ 2pi
{IplI* A = =0~ — far

Now back to the main results.
{Ai:Aj} _ {”t;_i” n m(q-p);qillpllz’Aj}’
(40 4} = gy lav ) +acfigp A + 5@ 2.4+ 2oy 4)) = 2l 4)) -2 g, 4)
o 4} = ||q||( Maw; - 24 + . (; )[+|féﬁ'a" ||I:z]||] 2 () [l + pya- ]
+ L[ gy + 2 (—ppy)| - L[N 2 P (33 [ (g, — 2q)]

——(qipjllqll* — 2q;p:ll911* + q:9;9 - » — aipjllqll* + 9:9,q - P — 2q:9;9 - P + 2q;p;lql|*)

Mllqll3

+ (—apillpl + pipja - p — pipja - p — aipj Il + 20;pilIpI1%),

{4, 4} = “"qng((qm, iji)”qllz)+%(_(Qipj_Ciji)”p”2):

{Ai'Aj} ——(Ly) — (Lk“p”z).
|| I
1 ||p||2
Wt} = (nqn Zu)Lk'
{4, 4}) = %Lk.
For H < 0:
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Now we'll prepare some more intermediate results.

o) =3 (Mi 9q;  dq; 3‘11‘):0
{ql'q]} Zm:l 04m OPm  OPm 9qm ’

{Qi' Qj} =0,
{pi, Pj} =0,
{gipi} =1,
{aupi} =0,

{ai L} = {a0 ajpr — akpj} = ai{qu 01} + il a5} — adao v;)} — Pilas aid
= q;(0) + px(0) — g, (0) — p;(0) =0,

{qi L} =0.

{00 Li} = {au akpi — i} = alaw pd + pilas @i} — ailao pid — prlaw a3
{a0 Li} = k(1) + p;(0) — q;(0) — pic(0) = gy,

{901} = .

{pi, Li} = 0.

{pi Li} = o akpi — aoi} = oo pid + piloe i} — ailps i — pelp a3
{pi. Lj} = q,(0) + p;(0) — q;(0) — p(—1) = py,

{q:,L;} = pr-

{Li L} = {ajpx — awpj L} = ai{pe i} + pidas L} — ailpy L} — pi{aw L}
{Li, L;} = q;(—p) + pr(0) — g (0) — p;(—q;) = —q;p; + qip; = Ly,

{Li, L} = Ly.

Now back to the main results.

For H < 0:

(HTM)l (%), ={% £50 7% %} = (Lo L} £ {Lo M} £ (M, L} + 5 (M, M)
(59, (59) = bt 5 [ lboad +5 [Fhan ) +5(G5) (40 4)

(429),, (2) =t d A e [P +2 () e,

(59, (57) f =3 e £ 5 M

(59, (59,1 = (5,

(HT)l ’ (L_T)J =F+ 502 = e ) = Lo M) + 5 (Mo 1) = (M0, M)
(549, (59 J= 11— o) +5 o {au L} -3 (G8) a0 4)

(59, (59 J =30 —2 o+ [ -1 ()

19
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(59, (59 4o

For H > O:

(M M} = (55) (4047} = (55) 57 L = L
{M;, M;} = —Ly.

For H = O:

4,4} ==""1L=0.u

(VIIL.4.) Proof. <<Citation>>

(VIIL5.) Proof. Because of (1.27.) and (I1.8.), we need to calculate the Poisson brackets.
for H # 0:

{Ly,M;} = ﬁ{Li,Aj}: 2|H 2 Ak = My, (VIIL3)

{Li, M;} = M.
{Ll'Ml} - ZlH {Ll'Al} - 0 (VIII 3)
{AliMl} = 2|H| {AliAl}

{(H,M,} = 0, (VIL2.)
{LoMy + L3M3, My} = Ly{My, My} + Mp{L;, My} + L3{M3, M} + M3{L3, M}

{LyM; + L3M3, M} =L 2|H|{A2’ 1} + My(=M3) + L 210 |{A3, 1} + M3 (My),

{LoMy + L3M3, M} = ( L3) — MyM3 + Ly ~— (Lz) + M;M; = 0.

ZIHI u 2|H| u
{L,M, + L3M3, M} = 0.

ForH = 0:

{L2A; + L3A3, A1} = L{Az, A} + Ap{Ly, A} + L3{A3, Ar} + As{Ls, Ay}
{L2A; + L3A3,A1} = L,(0) + A,(—A3) + L3(0) + A3(4;) = 0,

{L,A, 4 L3A3,A;} = 0.

For H < 0:

(Lo + M3%, My} = 2L,{L,, My} + 2M3{M3, M, }

{L,* + M3®, My} = 2L,(—M3) + 2M5(L,) = 0.

{L,* + M5®, My} = 0.

{L3® + M,%, My} = 2L3{Ls, My} + 2M,{M,, M, }

{Ls® + My?, My} = 2L3(My) + 2M,(—L3) = 0.

{Ls* + My,%, My} = 0.
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{M;M3 — LyLg, My} = Mp{M3, M1} + M3{Mp, M1} — Lo{L3, My} — L3{ly, My} =
{MyM3 — LyLg, My} = My(Ly) + M3(—L3) — Lp(M3) — L3(—M3) =0,

{M;M5 — L,L3, My} = 0.

For H > O:

{Ly® — M3? My} = 2L,{Ly, My} — 2M5{M3, M, }

{L,* — M3% My} = 2L,(—Ms3) — 2M5(—L,) = 0.

{L,> — Ms*, My} = 0.

{Ls® = My®, M1} = 2Ls{Ls, M1} — 2M,{M,, My}

{L3® — My*, My} = 2L3(M,) — 2M,(L3) = 0.

{Ls* — My%, My} = 0.

{MyMs + LyLg, My} = My{Ms, M1} + M3{M;, M1} + Lo{L3, My} + L3{Ly, M1} =
{MyM3 + LyLs, My} = My(—Ly) + M3(L3) + L, (M3) + L3(—M3) =0,

{M,M3 + L,Ls,M;} = 0.

For H = O:

{A1,4,} = 0.

{Ay, A} = ‘E—H(—Lg) = 0, (VIIL3.).

{L1, A1} = {q2p3 — Q3P2, A1} = Q2{p3, A1} + p3{q2, A1} — q3{p2, A1} — p2{as, Asd,
1 1 1
L1, A1} = q; [W G193+ (—plps)] + D3 [(;) (q2p1 — 2q1pz)]

1

—q3 [||q||3 1192 + i (_p1p2)] — D2 [(i) (q3p1 — 2611103)]'

1
{L, A} = (W) (419293 — 419293

1
+ (;) [—q2p1P3 + A2P1P3 — 2q10203 + q3P1P2 — q3P1P2 + 241P2p3] = 0,
{LllAl} = 0
(H,A;} =0, (V12.). m

(VIIL.6.) Proof.

(i) For H < 0: Because of (11.8.), we have % =Ly, L, = {L,,M;} = —M3, and so
5 ={Lly, M1} = —Mj,

Mz = {M35,M,} = +L,

(Ly + iM3) = —Ms + iL, = i(L, + iM5)

= L, + iMy = C,e!(57@1)

L, = C;cos(s — ay),

M3z = C; sin(s — aq).
’3 = {L3;M1} = My,

My = {My, M1} = —Ls

21
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(Ls — iMy)' = My + iLg = i(Ls — iMy)
= L; — iM, = C,el5~%2)
Lz = Cycos(s — ay),
M, = —C, sin(s — ay).
(LXM)1 = LyM3 — L3M,,
(LxM); = Cy cos(s — ay)Cy sin(s — ay) — Cy cos(s — ay) (—1)C, sin(s — ay),
(LxM), = (612/2) sin2(s—aqy) + (CZZ/Z) sin 2(s — a,), + sign disagrees with original paper,
(ii) For H > 0:
2 = {Ly, M1} = —Ms,
Mz = {M3, M} = —L,,
(Ly + M3)' = =Mz — Ly = —=(Ly + M3),
Ly + Ms = C3e~(57%3),
(Ly—M3)' = =Mz + L = (L, — M3),
Ly, — M3 = Czet(57%3),

1
L, =Cs (5) [e=(93) + e*(=a3)] = Cycosh(s — as3),

M; = C; (%) [e=(7@3) — e*(5=a3)] = —(Cysinh(s — a3),
3 ={Ls, M1} = My,

M3 = {M3, My} = L3,

(Lz + M) = My + Lz = (L3 + M),

Ly + M, = Cue5=%),

(L3—M3)" = My — L3 = —(L3 — My),

Ly — M, = Cpe™(7%),

1
Ly =C,4 <§) [et(=a8) 4 e=(=ad)] = C,cosh(s — ay),

1
M, =C, (E) [e(s=@4) — e=(~a8)] = C,sinh(s — ay),

(LXM)y = LyM3 — L3M5,
(LXM); = C3cosh(s — a3)(—1)Cssinh(s — a3) — C,cosh(s — ay)Cusinh(s — ay),
(LxM), = —(C32/2) sinh2(s — az) — (C42/2)sinh2(s — ay), - sign disagrees with original
paper,
(iii) Since A5 = {A3,A;} = 0, A5 is constant.
5 =1{L A1} = —As,

L2 = _A3S + CS'
3=1{L3 A1} =4,
L3 = Azs + C6'

(LxA); = LA5 — L3A,,
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(LXA)1 = (=435 + C5)A3 — (Azs + Co)A,,
(LxA); = —(A,% + A3?)s — A3C6 + A3Cs. m

(VIIL7.) Proof.
For H < 0:
am| _ 1 d|m|]? )

ds 2|[M|| ds 2||M|| {”M” Ml}
da|mj|

ds (2||M||) [{M?, M} + (M3, My} + {M5, My}],
da|mj|

as (||M||) [M1{My, My} + Ma{Mz, My} + M3{M3, My}],
a|m|

as (||M||) [M,(—L3) + M3(L2)],
aim|l _ +(LxM),

ds [|M]|
For H > 0:
am| 1 d|M|? )

ds 2|[M|| ds 2||M|| {”M” Ml}
da|M||

ds (2||M||)[{Ml'Ml}+{M2'M1}+{M3,M1}]
d|m

T = () (M (M, My} + Mo (Mg, My} + Ms (M3, My 3],
d|m

= () [M2(La) + M (= L2)],
dlMl| _ ~(xm),

ds M|~

For all H, along A;:

il _ 1 dlLli? _ 1 2
& o s = g UIEN A,

dx”_(anu) [{L3, A1} + {13, As} + {13, A1},

dtlilgll - (||L||)[ 1{L1, A1} + Lo{L3, A1} + Ls{L3, A1 }],
= (i) [L2(=49) + Ly(42)]

dllLll _ —(LxA);

as Ll

For H # 0, along M;:

apLl _ 1 dje? _ 1 2

= (ﬁ) JzTH [{L3, A1} + {13, AL} + {13, A, )],




24 Supplementary information to The Kepler problem from a differential geometry point of view

alzll _ L(_(LXA)l)
ds 2HI\ Ll /”

diiLl _ —(LxM),
ds Iz

(VIIL8.) Proof. Because of (VII.4.), we can express ¢ and p as functions of M, L, and 6. Because of
(VIIL.6.), M and L can be expressed as functions of s. Then the differential equation for 8¢s)
follows from (VIIL.1.). The proof is analogous to (VIL5.). Here, we use the equation for p,
because it is the simplest. We sketch the proof for H # 0:

dpy _ d (—u . ) +u diLl u
— =—|—sinl) =— 9——C059—
ds  as \ILI ILIZ ds LI ds

With (VIIL.7.), we then have:
(%) % = ( ) (LxM),sinf — £ coso =

On the other hand, we have

a d ‘M a M am ‘M dM
ﬂz_(l’ ) do M | b dM_ pM M od
ds M| ds [IM|| ~ M|l ds M| ds

p_aM_ P = (L) (F - "
TR {M,M,}= (”M”) (F(pxL)y) = ( 1 ”q”) (”M”) with the upper sign for H < 0
and the lower sign for H > 0. This implies

dpy _ 4B M_ a TP
= + (4, - 1) (”M”) (LxM),. From (VIIL.1.) we get:

ds ds ||M| — llqll M2

s, M _ _qM U ( -M; aan |, lIplPM; P1p||) N

ds |[M||  2Hllq|]3 2|H| \[IM]lllqll "~ llqll® uliM| u

any _ TP ( ) F Uq1 qM 2 ( +My q14) plpll)
ds (1M L Ml 2Hlql13 2|HI \IM[lliqll ~ liqll u

Now, we use (VII.4.) and (VIL.2.) and the expression

1 .
q1 q" (”M”) 1 + ql(m)(LXM)l, and arrive at

Pn _ My 2 b My 3 [ #2My
cos@[ —] cos 6[ —] cos 9[ ]
¢ % TETTEE 2 Himne) 2H|ILI*

. LZ#(LXM)l 2 u(LxM), u(LxM)4
+sm06059[ ’2|H|—||L||3IIMII ] + sinfcos 6[ TE ]+ [ TAE ]

A comparison of (*) and (**) yields the result. m

(VIIL.9.) Proof. (i) With the help of (VIIL.6.), we can see that the functions in (VIIL.8.) are
continuous and bounded everywhere. Therefore, the existence theorem of Peano (cf. Kamke
[8], page 126) holds.

(ii) In (VIL4.), q and p were expressed as functions of M, L, and 8. In (VIIL.6.), M and L were
expressed as functions of s. Because of (VIII.8.) and (VIIL.9.) (i), the desired function &(s) exists.
With that, we have q and p as functions of the integral curve parameter s. m
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IX. Stereographic Projection and global SO(4) (resp. SO(3,1))
Symmetry

(IX.2.) Proof.
(i) ForH =Hy < 0:

£, = IpII”+2Hou
0

" llpl2-2Ho
y _ IpI2=2Hop-lIplI>=2Hon _ _ —4Hou
0 IplI2—2Hou T pl—2HoK’
£, = 2ok
K lpliz—2Hop
_ “k(llpll*—2Hop)
2/-2Hqu ’
— =Sk —4Hgu
pk - — _ )
2\/=2Hou) \ 1-&
_ fk
_ (lIplI?—2Hou (ap)
Mk = ( 21 )qk - u Pk
[ (ap) H 2u ]
= |n, +
B = e T, P |piz—zmoul

Tk = | Mk + (_JT%) (2 :izou) (‘14_1200”)] (:fl(:))'
@ =+ (222)] ()

i = :(Uk(l—lf_o;:'nofk)] (:Iit;)

(Son) et = &) + Mo,

(ii) For H = Hy > 0:
£ = —2/2Houpi
= 2ok

qk

llpll2—2Hou’
=&(llpll“—2Hou
Pk = k(4HH O)W,
_ ¢k
P = 2Hop T2
llpll2—2H
Ne = _( p o~ ou)qk (qp)p o
_[, _Gp -2
Qe = e =, p"] [nan—ZHou]’

0= e () 77 ()] (52
=l (B

- [ 5,
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1

@i = (357) (1 = &) + o). m

(IX.3.) Proof.

First, we'll get some intermediate results:

Preliminary results for H = H;y # O:

1 _ lIplP=2Heu
1-§p —4Hop ’
4H,
IpII? = 2Hop — T2,
0

2 _ 1-&o—
IpII? = 2Hou (222),

2 _ 1+&,
IpII? = —2Hou (732

_ e 1
Ho = 2 gl
1 el
llgll ~ 2u o
1 1+$o 1-$p
llqll Hy (1 E) Ho(l—fo)’
i_—ZHO
gl 1-&"

lall? = (52"

—2Hou(1+&)—2Hou(1-&,)
||P||2—2Holl= oM 510_60 oM fo,

||P||2 — 2Hou = 4H0# E

—2Hopu(1+&0)+2Hou(1-8p)
1-¢& ’
$o

1-&

=) () = o,

Ipll* + 2Hop =

Ipll? + 2Hou = —4H,p

llpll>+2Hop _
iplP—zHon — 4H°“)(

lIplI?+2Hop _ £
Ipli2—2Hou ~ °°

(i) ForH =Hy < 0:

-J=2H,
Mo ==——"(q"P),

(q'p) = (_\/_l;w)no-
n)— 2
A = ”c;_ln_l_ r1(q p)ﬂqlllpll (VIILL),

_ L_Ilpllz) p1(qp)
L 1(nqn AR

4y —( ZlH)[Th(l §0) + 1M0é4] [_+ 2H, (Hfo)] - (m)( i )( = )770;

1-§p u 1-§o/ \=J/-2Hop
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1-(1+&) &

1-$o 1-$
—$o 1Mo
e R

Ay = [-1180 (1 — &) —noéoé1+E1m0] (

Ay = [n(1=&) +noé4] i

Ay = [n1(1=&) +n0é1] (

=

Ay = [-1180(1 — &) +E1m0 (1 — $o)] (1 _1§0>

Ay = &1mo — Som-

b0 + Sher 6 = (ges) |(IPIZ + 2Hop)? + (=2 =2Hgr) lpl),
S+ Nha 7 = () [ aHow? (£2) + (8How (—2Ho (22)],

&+ Xro1 &’ = [Szo + (1 +&)1 - fo)];
&0’ +Thar & =1

50770"‘21(, 16k = (”pHZHHOM)( 2ok (q- P)>

IplIZ—2Hou
~2,/~2Hou\ (llplI>~2Hop
* (IIPIIZ—ZHou) ( o ) (q-p)
—2y—2Hok) (_ (@P) 2
* (IIPIIZ—ZHO#)( p )Ilpll ,
—y/—2H,
+ <_\/m) ( u )7]
# -J/~2Hon) "°

() () - 50 (o (29)
€oMo + Ti=1 &k =Mo(1 +&o) —no(1 + &),
§oMo + Xi=1 Sk =0

2
—/—2H, —2H
no? + Tcame? = (F2RE) (g py? (2 g

— (20 (1) (g ) + () (- pY2 DI,

2u

mo? + Bheami = (Z2) (Y 4 (—2tig)? (22) ('

—2(=2Ho) (1 Eo) (l) (—zufjou) o* (ul ) ( 2Hou) To”(=2Hok) (1+§0)

no® n0%(1+&p)
1—fo)+ 1-& '

Mo® + Ti=1M” =no> +1 -2 (
1
0% + Xi=1k :1__50(7102—507702 + 18 — 2192 + 1% + &o710”)

Nt + Yo im? =1

27
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(if) For H = Hy > 0:
—./2H
—=k (g p),

No = "

(q-p) = (—J#W) To-

_ a1, pi(gp)-aillpl?
A =g u ’
from (VIIL.1.),

_ i_llpllz) r1(a-p)
1= 1(nqn AR

A = ( ) 71 (1 — &) +1noé4] [ 2o + 2H, Gig)] + (@) (120) (—\/;‘17> No,

—1+(1+fo)_ $1Mo
1-4$o 1-¢

Ay = [n1(1 = &) +1noéil

Ay =1 (1= &) +1noé4l (1 Eofo) - 151_7720
1
Ay =160 (1 — &) +noéoé1—E1M0] (1 — fo)

Ay = [11§0(1 — &) —&1mo(1 — &o)] (1 _1()(0)

Ay =&on1 — $1Mo-

0 = Thr 6% = () [(IPIP + 2Hoi? + (~2y/ZFor) Tipll)

02— Y3_ &2 _(14—;0) [( 4H0,u)2( 0 ) + (—8Hou) (—2Hop) (iﬁj)]

X =i &l =[P+ A +E)A - &),
'foz - Zi%:l sz =1

$oMo — Zk 16k = (”p” +2H0u)( Hor (q- P)>

lpll2—2Hou

+< —2,/2Ho )(IlpII22 ZHOu) q-p)

IplI2—2Hou

22Hoit ) ((aP) 2
+ (o) (92) i,

oMo = Liv=1 Sk —fo< m) (_J;W)ﬂo"‘(_m) (_ £ )770

u 2Hop
)

+<—2 iHo#)( = #)( —Eo)( J—>’70( zyoﬂ)(
EoMo — Za=1 &kt =Mo(L + &) —no(1 + &),
$oMo — Zl3<=1 &knk = 0.

— YoM’ = (@>2 (q-p)?

u

(”P”Z ZHoﬂ) ” ”2
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+2 (||P||22—MZH0M) (i) (q-p)?

~ () @ p?Ipl?,
No® — Ta=1Mi’ = (ZHO#) (#_2) no% — (—2H,)? ( 1 )2 (1—60)2

w2 2Hpp 1-&o —2H,

+2(=2Ho) (1—150) (i) (215:#) Mo* = (%) (zflz#) o™ (=2Hok) Ctz)’

2 _ 3 2_ 2 _4_ (N’ 702 (1+&o)
Mo — Yk=1Mk” =Mo" — 1 2(1_50)"‘ -5,

1
No% — X1k’ :1__50(7702—507702 —1+& — 2np® +mo* + 507702):

N’ —YiciMi=—1.m

(IX.4.) Proof. In each case, the proof consists of a direct application of the definitions and a
lengthy calculation. To reduce the volume, we introduce a parameter o=sign(#), i.e. co=+1 if
H > 0and o=+1ifH < 0.

Intermediate results for H # 0:

4 =0 \fﬁ (cH) ™2 [(5) (A @) + (—Ho) (5) (42p2 + asp)],

from (VIIL.1.),

(

i = = 4 otoy | +(~Ho) (3)
+(=Ho) (3)

because of (IX.2.) and (IX.3.),

NlH

#) o(&on1 — €1Mo) (0\/ 02Hyu 120)
! 0,/02Hyu 120)

(0'2_1-10) (2—&om2 + $2m0) (
( - ) (n3—$om3 + &3M0) (Gm 15350)

02H,

4

R TR

e |

r_ ( 1 )([(50771—51770)(—51)"'(712—50772"'52770)(—52)"'(713_50773"'53770)(—53)])
4 —2H, 1-¢o ’
r_ ( 1 ) —512770+fof1771—52772+5052772—522710—53773"'5053773—532770
4 —2H, 1-$o ’
o ( 1 ) —(512+522+f32)7?0+fo(f17l1+52712+f3713)-(527?2+53773)
4= \Zn, 1-& ’
r_ ( 1 ) —(—0(1—502))770"‘50(0'50770)—(050770—51771)
T = Can, 1-& ’
because of (IX.3.),
r_ 1 0'770—0'502770+0'502770—0'50710+f1711
0= (—2H0)( 1-£, )’

i - () (25252

q1 = (%HO) (Gno + fl_—’g))

s = =0 (4ot (%) U@ + o) (2) (@aps — 2a02)
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from (VIIL.1.),

(ﬁ)c(‘fo’h 1Mo) (Gmfg)

q = —0\/% (oHo)3/?|  +(=Ho) (ﬁ) (201110) (M2=8on2 + §210) (0\/ 20Hou lilfo
1 1 3
|+(=Ho) (3) (=2) (55:) (i =8om + §1m0) (020 Hon 1) |
because of (IX.2.) and (IX.3.),
CIé :( 1 )([(50771 £1M0)(E2)+(12=8oN2+E21m0)(=§1)+(=2) (111 —&oM1+€1710) (= fz)])
—2H, 1-&
qé :( 1 )("‘5052771—5152770—51772+fof1772—5152770+2527I1—2€0€2771+25152770)
—2H, 1-&o '
o 1 =$0é2m1—$1m2+80é1m2+252m
92 = (—ZHO)( 1-&, )’
43 = —0 \E (cHo) ™3/ [(ﬁ) (41)(p3) + (—Ho) (ﬁ) (asp1 — 24103)),
from (VIIL.1.),
(0) o (ov20Hon %)
2 0(8om — $11m0) (04 20Hop 1-%,
q3 = —G\E (oHo) /2| +(=Ho) (l) (20;11) (m3=8om3 + §3M0) (0\/ 20Hou -
| +(=Ho) () (=2 (5o5) (=80 + &amo) (0\/201‘10# f}o) J
because of (IX.2.) and (IX.3.),
q:/)’ :( 1 )([(50771 £1M0) (§3)+(M3—=&oN3+E3M0) (=€) +(=2) (1 =oN1+E17M0) (= 53)])
—2H, 1-$o
Qé =( 1 )(+50537I1-f1f3710-f1713+fof1713—5153710+2537I1-25053771+25153770)
—2H, 1-& ’
r_ 1 —$083N1—8§1M3+&0€1M3+283M1
43 = (—ZHO)( 1-&, )'
l[ (3) U () |
i = =0 [ (cH) 2| +(=H)(-llall* + 0, () |

| +CH) () lplP =2 |

from (VIIL.1.),
(l) o(§om1 — §1m0) (—1) (GZH ) (M1—$om +f1770)( 2H0)3 |
H(=Ho)(=1) (T22) + (—Hy) (27) (—Eom + &mo)? (5 2“")3.

= —GI(GHO) 3/2
|[+(—Ho)( =) (~2How) (122) + (=Ho) (3) (=1) (0y/o2ZHou 2 )2J|
because of (IX.2.) and (IX.3.),

(o1 — &E1m0) (M1—&om1 + £170)
pi = — (S |+ (D~ £0)” + (m=Soms + Eam0)? |,
+(A+ &) — &) — 08 % (1 — &)
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[—€1mom1 + Eoé1mon — &% + Eom? — &°m? + E&mom — 1]

pl = — ("\/ZGHoM) +28 — &o” + m? + &o’m? + &7 0o’
! (=50 —2&gm 2 + 280y — 2&6E4mony + 1 — 28, + &°
+& — 287+ &%+ 0('512 - '50'512)
p1 = (0(12(:03 ) [E1m0m1 — Eom? + & — 287 + M2 + &% + 087 - 050512]-
= o [5ot)2[(3) A(-02) () + CHod 192 () + (o) () Cip)]
from (VIIL.1.),
3
[ (1) o(&on1 — &1mo) (1) (GZH ) (m2—$om2 + $21m0) ( ZHO) ]
| 3]
= _G\f (oHo) /% +(— Ho)( )(771 —$om1 + §1Mo) (GZH )(772—3(0772 + §210) (1_1;2) |'
| +(— HO)( ) (~1) (0y/o2Hou 516 ) (0,/02H0yf€o) |
because of (IX.2.) and (IX.3.),
r_ (0\/201‘10#) [(§om1 — §1m0) (M2—S0M2 + §210) + (M1 —om1 + §11m0) (M2—S0m2 + fz’?o)]
P2 (1-5)? +0&18,(1 - &) '
[ —=&mony + &oé&imonz — E1&2m0% + Eonanz — E0°mny + &o&amom
P2 =— (0(12_2150311) +71m2 — EoMmina + ExMoMy — Sz + & Mimz — Eo&amom + Exmomz |
—&oé1Monz + &1&2m0% + (818, — §66182)
Pz =— (G(lz_; ) [+m11m2 + Emomy — Eominz + 0618, — 061&2]

- —o\f(cH) 3/2 (A1) (—q3) (” ”3) (=Ho)(q193) (”#)H—HO) (i) (—plpg)],
from (VIIL1.),

[ (@) oteom — a0 () (a—6oms + &) (222)” ]

P = =0 [£GHD) |+ (=Ho) () (s + £11m0) () Cra—fos + Esm0) (222) 3i

| +(=Ho) (2) (~1) (052 Hagi 122 (oyfo2Hon 1) J

because of (IX.2.) and (IX.3.),

r_ (0\/20110#) [ (=1D)o(&on1 — €1m0) M3—E0m3 + E3M0) ]
3 (1=%02* J [+ (m1—&om1 + E1m0) (M3 —EoM3 + €3M0) + 0&183(1 — &)
[—&1m0m3 + Eo&amons — E1&3m0? + Eomims — Eo°mims + Eoéamom

1113 — oMMz + EaMoM — EoMans + §0°N1Ns — Eo€anom
+&mon3 — Eoéinonsz + E1&3M0% + 0(&183 — €0é183)

p3 = (G(lz_(; ) [+1113 + E3m0m1 — S0z + 06183 — 06081631,

p

=
w

r_ (()‘JZO‘HOﬂ)
N (1-§0)3

31
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1(q'p) 1
——c\/E(GH) 3/2 st (4P + (Ho) (2 — )
2 0 2 2
+(=Ho) () G lIPI2 = pallpII?)
from (VIIL.1.),

(3) o(Eoms — &1m0) ( 2H0)3 (m"—w) o

') — 3/2 2H\3 [ -u
®-p) I(GHO) +(—= Ho)( )(771 $on1 + €17M0) (1_50) (JW) No |
+(— HO)( 2H°) (—o,/GZHO,u 120)
because of (IX.2.) and (IX.3.),
) — —517702+fo770771+7707I1—507707I1+f17702—0(51—5051))
(p p ) - ZHOH( (1_50)3 ’
Lol — 0(§1=$08)+M0M1
(p-p") =2ZHon =" 5
p) = —g ¥ -3/2 [( AL _ 1 2 _ Ne- .
(@-p)=-o \f (oH) /2 [(572) + (=Ho) (%) (@ullpll®) + (=Ho) (3) (=) (a - P)],
from (VIIL.1.),
(_—1) o(§om1 — 51770)( ZHO) ]
1 1
(q-p) = —0\/% (oH,)~3/2|+(=Ho) (;) (ZGH ) (M1—$om + &1mo) (— ZHOM)( +€0)‘
= & -
+(=Ho) (;) (_G 62Hou 1—{0) (,/GZHO )T’O
because of (I1X.2.) and (IX.3.),
( . /) — _( ou )( E1Mo+Eon1+n1+&om1—Son1— fo N1+&1Mo+&0€1M0— 51770)
ap Vv 20Hou (1-$0)
Y — ou (507714'771—502711"'50517]0—517]0)
(q p )= (\/201‘10!1) (1-¢o) )
(1 2
— ) (ADIIPII*> + (—Ho) () (p1)(q - p)
@ q) = —o [E(Ho) ) oo 0o s
2 +(=Ho) (2) (=a)lIplI? '
o)\ 1
from (VIIL.1.),
1 1
(Z) o(&om — $1mo) (— ZHO#)( +€O) }
! — 2 '3 —
(p q ) = _0\/5 (GHO) 3/2 +(_H0) (_) (G\/ GZHO.U 1 150) (\/%) No b
2 1
_+(—Ho) (;) (GZH ) (=1 (m1—=Eon1 + &1m0) (=2Hop) ( +E0)
because of (IX.2.) and (IX.3.),
(p-q)= ( ou )[(50771—51770)(1+fo)+251770—2(771—50771*'51770)(1‘*'50)]
P )=\ Taoton (1-%) '
A — ok (=271+8on1=§110) (1+80)—28170
P-q)= (\/ZUHO#)( (1-%0) )'
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(p-q)= _( ou )(—2771—250771+fo771+fo2771—51770—5051770"'251770)
J20Hou (1-¢0) ’

(p-q)= _( ou )(—2771—50711"'502771"'51710—5051710)
J20Hou (1-¢0) '

Main results for H < 0:

’ J20Hyu
10 =—< — )(q p' +p-q") from (IX.1),
77’ — 0'(50771"'771 fo N1+&0€1M0—§1M0—211— forl1+fo N1+&1M0— 5051770)
0 (1-&)
from above,
r_ N1 _MNi—=$oMitéons _ $oM1
Mo =0, =0 1-&, =0n;+07 1-& = ony + $oNo-

n = (52) AIplI? = 2How) (@D + (52) 2 - P (4)

+() 1@ PP + @ @)D + (@ PED],
from (IX.1.),

= (G) 4o () (5) (omo + 322

(§1—§oé)+
(76 (2Hou) ot (10_;)3170”1 (0‘2H ) (M1—&om1 + €1M0)

=
=~

O'

()
0=

(50771"'771 fo N1+&0€1M0— 51770)
(x/ZGHo ) (1-%0) (ov/o2Hon

—2771—50771"'502711"'51710—5051770
O2Hyu
J2oHok )( (1-¢9) ) (ov/o2Hon - )
- —0./20Hy1
+ (2) (\/ﬁ) Mo ( (1_50);? ) [51770771 —&omZ+ & — 28" +mi+ &+ 0(512 - 50512)]:

u

from above, (IX.2.), (IX.3.), and (IX.3.) proof,

o (0770 51711) (1 —=&p)* + (081 — 68pé1 + non1) (M1 —Eon1 + €110)

. =ﬁ +0(forl1+rl1—fo M+ &oéamo — &Emo)&1 (1 — &) ,
° +o(-2n, — Eom+E0°ny + Exmo — Eoé1m0)é1 (1 — &)
| +(770)(f1710771 —&om2+& — 28" +mPi+ &% + o8 — 050512) J
[10(1 = §0)% + 0(§1m1) (1 = &) + (081 — 680é71 + Mon1) 1 —Eom1 + €1M0)
n = ﬁ +0(—11)¢1(1 = &) ,
—M0)(&xmons — Eom? + & — 287 +m2+ &% + 08 — 050512)

Mo — 2&oMo + &0°M0 + 0811y — 6&e&imy + 0&m; — 0&o&4my + 0& %1 — 0&eErmy

-1

m = (1-50)3 +0&02&1m1 — 001 o +n0m % — Eomomi? + E1Mo®M1 — 0811 + 0&0&any — Emo®a |,
+Eonomi® — &omo + 2&6° M0 — Nom1? — &0°No — 081710 + 001N
7 -1
M =43 [0 — 3&om0 + 3&0%m0 — &0°Mo + 0&1m1 — 2085111 + 0807 Em |,
7 -1
M = e [10(1 = 38 + 36" — &%) + 06umi (1 - 260 + &%),
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nm= (- 5)3[ no(1— 50)3_051771(1 fo)]

;
= —no — T = —Mo + &l

ns = (52) IplI2 = 2How)(a3) + (32) 2P P (@2)

+(9) 1@ PP + @ a2 + @ PP,
from (IX.1.),

’ 1 —&0éan1—§1M2+80é1M2+285M1
Nz = ( )(_ How) (1 EO) (—ZHO)( ! 111—50 ! ! )
+ (_7) (2Hou) (051—:'_0;1;710171) (Gle ) (m2—&om2 + &2m0)
o -0 (fo 1+M1— fo 1+&0€1M0—¢1 0) &
+ (Z) (ﬁ) B v ) S (“V 0ZHon 1—50)
o —C =21, =011 +& N1 +EM0—EoéaTo &
+ (Z) (X/ﬁ) ( S +(1—775;)r ! - ) (GV 02Hop 1—50)
+ (E) (Jc?ﬂ) Mo (_?1_2;:;:#) [M112 + &EMon1 — Somnz + 06185 — 060162,
from above, (IX.2.), (IX.3.), and (IX.3.) proof,
0(—¢o&am1—&1m2+80é1n2 + 282m) (1 — &) ]
+(081 — 0&0&1 + non) (M2—Eon2 + $210) |
Ny = (1__;0)3 +0(Eom + 11— &o° M + Eoéamo — Em0)E2 (1 — &) |
+o(—2n, — Eom+&0°ny + E1mo — Eoé1mp)&2(1 — &) |
L —(M0) (1m2 + §2mom1 — EoMmiNz + 0818 — 08€182)
0(—0&2m1—81m2+$0é1m2 + 28,m) (1 — &)
b = -1 +(0é1 — 0&0é1 + nom1) (M2—Eom2 + §270)
27 (-5 +o(—11)&(1 — &) '
L—(1M0) (112 + E2MoM1 — Sominz + 0§18, — 06081 &2)

—0§0$2M1—081M2+08811, + 208,14
+0&0° &M +0EEum, — 6802 E1m, — 26808,y
_ +0é1m2 — 0§0§1m2 + 0815210
Ny = [CETAE] —0&o&amy + 680281, —0E0E1Exmg )
+1onimz — EoMoMiNz + €2M0° M
—0§3M1 + 08062
[—10m1 M2 — 210N + EoMoMiNz — 081€210 + 0E0¢1€204

Nz = ﬁ [+GS{2U1 — 20§p$m + 050252771],

Ny = ﬁ [052771(1 —2& + 8(02)]:

mp = <22 = Eym,

ns = (52) Upl? = 2How (@) + (32) 22 ) (45)
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+(9) 1@ pH)@s) + @) P3) + (@ PP,
from (IX.1.),
1 = (5) ot () (i) (mtatnn)
+ (_70) (2How) (Gfl_gf_f:;nom) (021H0) (m3=3$om3 + &§3M0)
" (g) (J%) (50711"'7]1—50(2171_15"('5051770—51770) (0\/(’2—110#15_350)
(0 () () ()

+ (E) (J%w) Mo (_?1_2;)I;§”> (7113 + &3mon1 — Sominz + 06183 — 0§06183],

u

from above, (IX.2.), (IX.3.), and (IX.3.) proof,

0(—$o€3n1—§1m3+E€0é1ms + 283m1) (1 — &) ]
+(0&1 — 0&0&1 + Mon1) (M3—Eom3 + €3M0) |

-1
|

ng = TEAE +o(&omy + 1y — &0’ m + &oéamo — &110)&3(1 — &)

+o(—2n, — Eom+& My + E1mo — o&1m0)E3(1 — &)
L —(1M0)(M1n3 + E3Mom1 — €Nz + 08183 — 08061 &3)

0(—$0&3m1—$1m3+E0é1ms + 2&3m1) (1 — &p) ]
r__ -1 +(081 — 08081 + 1011) (M3 —Eo73 + E370)

= agy +o(—11)&5(1 — &) I
L—(10) (11713 + E3MoN1 — $oMins + 081&5 — 08(08(18(3)J

—080$3M1—081M3+080¢1 M3 + 20831,
+0&0°E3m1+0&0E1m3 — 6802 E1m3 — 2060834
B +081M3 — 0808173 + 0818310
ns = [CETAE] —0&o&1ms + 6802 E1m3—080E1 &3m0
+1oM173 — EoMoMiNs + €370 M
—0é3M1 + 0§0é3M

L —1on1M3 — E3M0°N1 + EoNonanz — 0&1&3M0 + 6&0&1 €310

<

’ -1

M3 = Gpos [H08am — 20803m1 + 080" Eama],

ms = oo logam (1 - 26 + &)

! —0&37M:

n3 = 1-¢, = &31p.
£ = 20p)  _ 2(pp))(lpl*+2Hop) _ 2(pp')(=4Hou)
O 7 lIplI2—2Hou (IplIZ=2Hop)? (IlplI2=2How)?’
from (IX.1.),

I _ (0&1-0&o&1+10m1) [ 1-5 )
£ = (—4Hop) (4Hop) CEIZETN) (220 )

from above and (IX.3.) proof,

El — (=0§1+080§1-M0M1)
0 (1-&) ’
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§o = =01 — 1Mo (171}0) = —0¢&; + oo

& = (—2y2oHou)(lIpl1? — 2How) TV (01) + (—2y/20Hou) (1) (lIpII? — 2Ho)“22(p - p) (p1),
from (IX.1.),

2
(o g (1% —0\/201‘10#) E1Mot — €om1” + &0 — 2&o
- ( 2 ZGHOM) (_4H°”)( a=82° J{+n,2 + 503 + 0512 - 0'50'512

1-%o (0§1—080€1—MoN1) $1
+(—24/20Hop)(—1) (_4H0u) 2(2H, M)T(G,/zofloul_%),
from above and (IX.3.) proof,
, -1
§1 = e [§umom — §om® + 0 = 260" + 1% + &0° — 061" + 06081” + (061 — 08081 — Mom)éa],

&= _1 <51770771 —&om?+ & — 28 +mi+ & —o&’ + 050512>
1= — )
(1-¢0)? +0&,° — 0661 % — Emem

, -1
$1 = m(‘fe’hz +& —285°+m?+ 503)'

3

[N

, -1
$1 = m(""hz —Emi+ & & — &+ 503);

é-/ — —7712—50"'502
L 1-§o ’

2
§1 ==& — 17]_150 = —&o + on1Mo.

& = (=2 2cHou)(lIplI> — 2How) TV (p3) + (—2y/20Hopu) (= 1) (|IplI? — 2Hew) "22(p - p") (p2),
from (IX.1.),

$2 =

N~

= ( 2,/20Hyu ) ( 4Hou) (_?1_2;:;3#) [+1112 + EMon1 — SoMinz + 061&5 — 060&182]
1-¢ (6§1=08081=10M1) 3
+(—24/20Hou) (- 1)( Ou) Z(ZHO‘U)#(O}/ZGHO - 2{ )

from above and (IX.3.) proof,

§ = - 5 )2 [+m1m2 + E2mom1 — EoMinz + 0618, — 080&1&, — (0&1 — 08pé1 + MoN1)$2],
& = (1__?(4'711772 + &amon1 — SNz + 0818, — 080€18, — 0&182 + 080€182 — $amomn),
§ = (1-%, )2( MmNz — $oM1M2),

§ =0k = g,

&5 = (=2y/=2Hou)(lIpl1? — 2How) "V (%) + (—2/=2How) (=D (IIplI? — 2How) =22(p - p') (p3),
from (IX.1.),

& = (=2y~2Hou) ( 2 u) ((1 2:§3> [+7113 + $3m0m1 — §oMinz — $183 + 08183l
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1-§, \? ~&oé1—
+(—2/=2Hou) (- 1) (T}i;l) 2(—2H0y)(51(§1"_€+)2‘m1)(0,/02H0u1§3§0),
from above and (IX.3.) proof,

-1

§3 = a2 [+m1m3 + &3m0m1 — Eominz — §1€3 + 806183 + (&1 — $0é1 — MoM1)E3),
§3 = ﬁ(*"h’k + &3mom1 — SoMiNz — €183 + &0é185 + §183 — §081€3 — E3Mom),

) -1
3= G2 (+1113 = §om173),

Eé _ —N1M3

=g, s7o-M

(IX.5.) Proof. The formulas for ;, n; are the solutions of the differential equations given in
(IX.4.), and the additional conditions on the integration constants follow from the additional
conditions in (IX.3.).

(i) For H < 0:

First, we observe

[§o + &1 +i(no + inD] =[S0 + &y + ing —m]’

= &1 — oMo — i§o — MMo + iny + io7o + Mo — §170
= [§o + 1§ + ing — n1](1 — o).

Then we check to see if the solution holds
Be~sei(Mo+®) — Be~iS[cos(n, + a) + isin(ny + a)],
[Be—isei(n0+a)]'

= —[Be " Seimo+a) + l-Be—isei(n0+a)n6

= —i[Be~BSeiM*@]| (1 — nf).

This gives us

§o =3[0 +i6) + G + 18],

& = %[Be‘iscos(no + a) + Becos(n, + @)].
& =[G +ig) -G+ i)

& = %[Be“'scos(no +a) — Be®Scos(ny + @)].
no = 3 [(no + in1) + (o + 1)),

No = %[Be‘issin(no + a) + Besin(n, + @)

M = 5[0 + iny) + Tro + m1)],

m = %[Be‘issin(no +a) — Be'Ssin(n, + @)

Now we observe

(&2 +inz)" = =g +i&m = i(E2 + inx)no,
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Then we check to see if the solution holds

(2 + in2)' = Bylcos(ng + az) + i sin(no + az)]’
(G2 +in2)' = [Bzei(n°+a2)]’ = iBye U0ty

(&2 +inz)" = (&2 + in)no-

(é5 + in3) is analogous.

§2 = Bycos(no + az).

$3 = Bzcos(ng + az).

N2 = Bysin(no + az).

N3 = Bssin(no + az).

1=&"+&6%+862+ 8%
from (IX.3.),
1= (§ +i6)( — i§) + &% + &7,
1 = Be Scos(ny + a)Becos(ny + @) + By%cos?(ny + ay) + B3*cos?(no + a3).
1 = BBcos(ng + a)cos(o + @) + By%cos?(ny + ay) + Bscos?(ny + as3).

1=n% +m% + 1% +n3%,
from (1X.3.),
1= (o +in) (Mo — iny) + 1% + 3%,
1 = Be sin(ny + a)Besin(ny + @) + B,%sin?>(ny + ;) + B3*sin?(ny + a3).
1 = BBsin(ng + a)sin(no + @) + B,*sin?(n + ;) + B3*sin?(n + a3).

2 = BB[cos(ny + a)cos(ny + @) + sin(ny + a)sin(ng + @)]
+B,%[cos?(ng + az) + sin® (1o + a3)] + Bs*[cos?(ng + a3) + sin®(no + a3)],
2 = BB cos(ng + a — o — @) + B,* + B3,
because cosxcosy + sinxsiny = cos(x — y) and cos?x + sin’x = 1,
2 = BB cos(ny + a — o — @) + B,* + B3,
2 = ||B||?cosh(2Ima) + B,* + B2,

because cos(ix) = cosh(x) for real x.

0 =Sono +$1m1 + 8212 + 8313

0= %[Be“'scos(no +a) + BeScos(ny + @)] % [Be~Ssin(ny + @) + Be'Ssin(n, + @)]
+zii[Be_iScos(no +a) — Be*cos(ng + @)] zlz [Be~sin(ny + a) — Besin(ny + @)]
+B,cos(ny + a3)B, sin(ng + a,) + Bycos(ng + az)Bzsin(ny + a3),

0= iBZe‘Zis sin(ny + a)cos(ny + a) + iBEsin(nO + @)cos(ny + a)



Supplementary information to The Kepler problem from a differential geometry point of view 39

+%Bl§sin(n0 + a)cos(ng + @) + %Ezez"ssin(no + @)cos(ny + @)

—%Bze_m sin(ny + a)cos(ny + a) + %Bgsin(no + @)cos(ny + a)

+%Bl§sin(no + a)cos(ny + @) — %EZeZissin(no + @)cos(ng + @)
+B,2 sin(ng + az)cos(ny + az) + B3? sin(ng + az)cos(y + as),
0= %Bﬁsin(no + @)cos(ny + a) + %Bﬁsin(no + a)cos(ny + @)

+B,? sin(ng + az)cos(ng + ) + B3 sin(ny + az)cos(ny + az),
0= @sin(z% + 2Rea) + BTZZSin(ZnO +2a,) + BTE‘Zsin(ZnO + 2a3),
because sin(2a) = 2sin(a)cos(a) and sin(a + b) = sin(a)cos(b) + cos(a)sin(b).
Multiplying by 2 and taking the square, we get:
(*): 0 = ||B||* sin?(2ny + 2Rea) + B,* sin?(2no + 2a;) + B3* sin?(2n, + 2a3)
+2||B|I?B,2sin(2n, + 2Rea) sin(2n, + 2a,) +2||B||*B32sin(2n, + 2Rea) sin(2n, + 2a3)
+2B,%B3? sin(2n, + 2a) sin(2ng + 2a3).

Now we’ll save this equation for the moment, and create another equation for zero by
subtracting the two expressions for one from each other:

0 = ||B|I*[cos(ny + a)cos(ng + @) — sin(ny + a)sin(ny + @)]
+B,[cos? (o + az) — sin® (o + az)] + B3*[cos® (o + a3) — sin®(no + a3)],

0 = ||B||?cos(2ny + 2Rea) + B,%cos(2nq + 2a,) + Bs*cos(2n, + 2a3),
because cos(a + b) = cos(a)cos(b) — sin(a)sin(b) and cos(2a) = cos?(a) — sin?(a).

By taking the square, we get:

(*%): 0 = ||B||*cos?(2ny + 2Rea)+B,*cos?(2ny + 2a,)+B3*cos?(2n, + 2a3)
+2||B|I?B,2%cos(2n + 2Rea) cos(2ny + 2a,) +2||B||*B3cos(2ng + 2Rea) cos(2n, + 2a3)
+2B,%B3% cos(2ny + 2a,) cos(2ng + 2a3).

Now we can add the expressions (*) and (**) and use the identity sin?(a) + cos?(a) = 1 to get:

0=BlI* +B,*+B5*
+2||B||I?B,2[sin(2n, + 2Rea) sin(2n, + 2a,) + cos(2n, + 2Rea) cos(2n, + 2a;)]
+2||B||I?B3?[sin(2n, + 2Rea) sin(2n, + 2a3) + cos(2n, + 2Rea) cos(2n, + 2a3)]
+2B,%B3%[sin(2ng + 2a) sin(2ny + 2a3) + cos(2n, + 2a,) cos(2ny + 2a3)].

0 =||IB||* + B,* + B3*+2||B||?B,%[cos(2Rea — 2a,)]+2||B||>Bs%[cos(2Rea — 2a3)]
+2B,%B3%[cos(2a, — 2a3)],

because cos(a — b) = cos(a)cos(b) + sin(a)sin(b).

A1 =& Mo — N1,
from (IX.3.),

A = %[Be‘iscos(no +a) — Be®cos(ny + @)] % [Be~sin(ny + a) + Be*Ssin(n, + @)]
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—%[Be“'scos(r]o +a) + Be®cos(ng + @)| % [Be~"sin(ny + a) — BeSsin(n, + @),
A = %[ZBe‘iScos(no + a)Be"sin(ny + @) — 2Be~“sin(ny + a)Be™cos(ny + @)),
1 ps . _
Ay = —[BBsin(no + @ — 1o — a)],
because sinxcosy — cosxsiny = sin(x —y),

A, = %[Bésin(—iZIma)],

A; = = |IB||%sinh(2Ima),

because sin(ix) = isinh(x) for real x.

(ii) For H > 0:

First, we observe

[§o + &1+ 10 +m] ==& +momo — &6 +n1Mo — 01 + EoMo — Mo + €170
[0 + &+ 1m0 +11]" = (o + & + 10 + 1) (=1 +1p).

Then we check to see if the solution holds

[0 + &1 + 10 + 11l = Boe $[cosh(ng + ap) + sinh(ny + ap)],

[Eo+ & +no+mi] = [Boe_se(n°+a°)]';

[E0 + & + 1 + 1] = —Bpe Se(Mot®) 4 Be=SeMotaolyl

[Eo + &+ 10 +11] = (o + & + 10 +11) (=1 +ng).

Then we observe

[0+ &1 — (Mo + 1] = =& +n0m0 — &6 +11m0 + 11— EoMo + M0 — €170
[Eo+ & — (Mo + 1] = (o + &1 — 10 — 1) (=1 —np).

Then we check to see if the solution holds

[§o + &1 — (o + 1)) = Boe $[cosh(ny + ap) — sinh(ny + ap)],
[So+&—(Mmo+n)] = [Boe_se_(n°+a°)]',

[£0 + & — (Mo +11)] = —Bpe Se™(Mo+%) — B e~Se~(Motao)pt,

[Eo + & — (Mo + 1] = (o + &1 — 10 — 1) (=1 —np).

Then we observe

[E0 — &1+ 1m0 =M1l = =& +1momo + o —Mmmo — M1 + oMo + Mo — €110
[Eo =& + 10— 1] = (o — & + 10 — 1) (1 +1p).

Then we check to see if the solution holds

[0 — &1 + 1o —m]" = Bye*S[cosh(ng + a;) + sinh(ny + ay)],
[fo—S1+mo—ml = [31€+S€(n°+a1)]',

[Eo — & + 10 — M) = ByetSelota) 4 B e¥seotanyt,

[Eo— & + 10— 11l = (o — & + 10 — 1) (1 +1p).

Then we observe

(€0 — &1 — (Mo —n)]" = =& +nomo + o — M1Mo + 11 — EoMo — Mo + €170,
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(o =& — (o —m)] = (fo —&— (o — 771))(1—776)-

Then we check to see if the solution holds

[0 — &1 — (Mo — )]’ = Bre™[cosh(ny + a;) — sinh(ny + ay)],

(o =& — (Mo —n)]' = [B1€+S€_(n°+a1)]';
[E0— & — (no — n1)]" = Bye™Se~ota) — p e*se=(motanipl,
[So—& — (Mo —n)] = (fo & — (Mo — 771))(1—776)-

This gives us

fo=51G+&) + & — &),

& %[Boe Scosh(ny + ag) + Bietcosh(ny + ay)].

& =510+ &) — (- &)

& %[Boe Scosh(ny + ay) — Bietcosh(ny + ay)].
o =500 +n1) + (o =m0,

no = 5 [Boe*sinh(ny + o) + Bre*Ssinh(no + a1)].
L =3[0+ 1) — (o — 1))

m1 = 5 [Boe~Ssinh(1o + ao) — Bie*Ssinh(no + ).

Then we observe

[£2 +12]" = n2m0 + $2m0,

[€2 + 2] = (& + 12)np.

Then we check to see if the solution holds

[§2 +n2]" = Balcosh(ng + az) + sinh(no + a3)]’,
[&2 + 2] [B e(n°+a2)]

[£; +1,]" = Byelota2)ng,

[€2 + 2] = (& + 12)np.

Then we observe

(&2 — 121" =n2mo — &2m0,

[E2 —12]" = — (&2 — n2)np.

Then we check to see if the solution holds

[£2 —n2]’ = By[cosh(ng + ay) — sinh(ng + a3)]’,
[ ]’ [Bze—(no"'“z)]

[£, —n,]" = —Bye~(ota2)ps,

[E2 —n2]" = — (&2 — n2)np.

&5 and n; are analogous.

&, = Bycosh(ny + ay).

&3 = Bgcosh(ny + a3).

41
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N, = Bysinh(ny + a3).
13 = Bzsinh(n, + a3).

1= 502 - 512 - 522 - 532;
from (IX.3.),
1=G+&)E -&) - & - &%
1 = Bye Scosh(ng + ay)BreScosh(ny + ay) — By2cosh?(ny + ay) — Bs2cosh?(ny + as),
1 = ByB;cosh(ng + ag)cosh(ng + 1) — By2cosh?(g + a,) — B3*cosh?(ng + a3),

—1=n9% —m*—n2% —n3?,
from (1X.3.),
—1= (o + 1Mo — 1) —12° — 137,
—1 = Bye Ssinh(no + ag)BieSsinh(ny + ay) — By2sinh?(g + ay) — B3*sinh?(no + a3)
1 = —ByB;sinh(ng + ag)sinh(ny + ;) + By2sinh?(g + a,) + B3*sinh?(ny + a3)

2 = ByB;[cosh(ny + ag)cosh(ng + a;) — sinh(ny + ay)sinh(ny + a;)]
—BZZ[COShZ (Mo + az) — sinhz(no +ay)] - B32[005h2(770 + ajz) — Sinhz(ﬂo +az)],
2= BoBICOSh(ao - 0(1) - BZZ - B32,

because coshxcoshy — sinhxsinhy = cosh(x — y) and cosh?x — sinh?x = 1.

0 =3$omo — §1m1 — 22 — $313,
from (IX.3.),

0= %[Boe‘scosh(no + ay) + ByetScosh(ng + ay)]
*

[Bye~Ssinh(ng + ag) + BieSsinh(ny + a;)]

[Boe Scosh(ng + ay) — Bie*Scosh(ny + ay)]

| = N R N | =

*

> [Boe™*sinh(no + ao) — Be*Ssinh(ng + aq)]
—Bjycosh(ng + a3)B,sinh(ng + a,) — Bzcosh(ny + a3)Bszsinh(ng + as3),
0= %Boze_zssinh(no + ag)cosh(ny + ag)
+iBlzezssinh(n0 + ay)cosh(ny + a;)
+iBOB1 [sinh(ng + a1)cosh(ng + @) + sinh(ny + ag)cosh(ng + a1)]
—B,2sinh(ny + ay)cosh(ny + ay) — B3*sinh(ny + as)cosh(ny + as),
—%Boze_zssinh(no + ag)cosh(ny + ag)

—iBlzezssinh(no + ay)cosh(ny + ay)
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+%BOB1 [sinh(ng + a1)cosh(ny + ap) + sinh(ng + ag)cosh(ng + a4)],

0= %BOBl [sinh(ny + a;)cosh(ny + ay) + sinh(ny + ay)cosh(ny + aq)]
2
—iBz sinh(ny + ay)cosh(ny + ay) — %stinh(no + a3)cosh(ny + a3),
0= %BOBlsinh(ZnO +ay+a) — %Bzzsinh(ZnO + 2a;) — %B3zsinh(2n0 + 2a3),
because sinh(a + b) = sinh(a)cosh(b) + sinh(b)cosh(a)and sinh(2a) = 2sinh(a)cosh(a),
Multiplying by 2 and taking the square, we get:
(*):0 = BBy 2sinh?(2ng + ay + ay) + By*sinh?(2ny + 2a,) + B3 *sinh?(2n, + 2a3)
—2By B, B,%sinh(2ny + ag + a;)sinh(2n, + 2a3)
—2ByB;B3%sinh(2ny + ag + a;)sinh(2n, + 2a3)
+2B,2B3%sinh(2ny + 2a,)sinh(2ny + 2a3),

Now we'll save this equation for the moment, and create another equation for zero by
subtracting the two expressions for one from each other:

0 = ByBy[cosh(ny + ag)cosh(ng + a;) + sinh(ng + ay)sinh(ny + a4)]
—B,%[cosh?(ny + ay) + sinh?(ny + a,)] — Bs2[cosh?(ny + a3) + sinh?(no + a3)],
0 = ByBycosh(2ny + ag + ;) — By2cosh(2ny + 2a,) — By%cosh(2ny + 2a),
because cosh(a + b) = cosh(a)cosh(b) + sinh(a)sinh(b)
and cosh(2a) = cosh?(a) + sinh?(a).
By taking the square, we get:
(*%):0 = By*B;*cosh?(2ny + ag + @) + By*cosh?(2ng + 2a,) + B3*cosh?(2n, + 2a3)
—2ByB;B,%cosh(2ny + ay + a;)cosh(2ny + 2a,)
—2ByB;B3%cosh(2n, + ag + ay)cosh(2ny + 2a3)
—2B,*B3*cosh(2ng + 2a;)cosh(2ng + 2a3).
Now we can subtract the expression (*) from (**) to get:
0 = By®B,*[—sinh?(2ny + ag + a;) + cosh?(2no + ay + a;)]
+B,*[—sinh?(2n, + 2a,) + cosh?(2n, + 2a,)]
+B3*[—sinh?(2n, + 2a3) + cosh?(2n + 2a3)]
—2By B, B,%[—sinh(2ny + ag + a;)sinh(2ng + 2a3)]
—2ByB;B,%[cosh(2ny + ag + a;)cosh(2ng + 2a,)]
—2ByB;B3%[—sinh(2ny + ay + a;)sinh(2ng + 2a3)]
—2ByB;B3%[cosh(2ny + ag + a;)cosh(2ng + 2a3)]
+2B,%B32[—sinh(2ny + 2a,)sinh(2n, + 2a3) + cosh(2n, + 2a,)cosh(2n, + 2a3)],
0 = By®B;* + B,* + B3*—2ByB, B, %cosh(ag + a; — 2a;)—2BoB;B3*cosh(ay + ay — 2a3)
+2B,%B3%cosh(2a, — 2a3),
because cosh?(a) — sinh?(a) = 1 and cosh(a — b) = cosh(a)cosh(b) — sinh(a)sinh(b).
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A1 =Eon1 — &1Mo,

from (IX.3.),
A, = %[Boe_scosh(no + agy) + ByetScosh(ng + ay)]
* % [Boe Ssinh(ng + ay) — Bre™sinh(ny + a4)]
1

[Boe Scosh(ng + ay) — Bie™Scosh(ng + a;)]

*

[Boe Ssinh(ng + ay) + Bre™sinh(ny + a4)],

= NIRP O

Ay =1 BoB; [—2cosh(ng + ag)e™ sinh(ny + a1) + 2cosh(ny + a;)e*Ssinh(ny + ay)l,
A= %sinh((xo —ay),

because sinhxcoshy — sinhycoshx = sinh(x —y). m

Remark. Because of &, > 1 and &2 — §2 > 1, we have &, + & = 0. Then (IX.5.) (ii) leads to B, =
0Oand B, = 0.

(IX.6.) Proof.
For H < 0, the equation is:
no = (1/2)[Be™* sin(n, + @) + Be** sin(no + @)].

For fixed s, we will search for the intersection of the two functions that are on the left and the
right of the equality sign. The left side is the straight line through zero with a slope of +1, and
the right side is a periodic, bounded function of n7,. Therefore, there is at least one intersection.
The uniqueness stems from the fact that the slope of the function on the right side is always < 1.
If we denote this slope with S, the we have:

S = (1/2)[Be ™ cos(ny + @) + Be** cos(n, + a)] =

1BlI>cos(ng + a)cos(ng + @) + [|Bl[>cos(ng + @cos(no + a)
+B?e~?5cos%(n, + a) + B%e*%Scos?(n, + @)

5% = (1/D)[2(o + i§1) (o — &) + o + i8> + (o — 6] = &5 < 1.

(ii) For H > 0, the equation is:

no = (1/2)[Bye~S sinh(ny + ay) + Bie™ sinh(ny + ay)].

$2=(1/4)

This time, the right side is a function that behaves like
et (resp.-e ") forny > 0 (resp.ny < 0), since By = 0 and B; = 0.

As aresult, there is at least one intersection. The uniqueness stems from the fact that the slope
of the function on the right side is always = 1. If we denote this slope with S, the we have:

S = (1/2)[Bye~S cosh(ng + ay) + Bie™s cosh(ny + ay)].

B3e~25cosh?(ny + ag) + B2et?cosh?(ny + a;)
+2ByB; cosh(ny + ay) cosh(ng + a4)

§%=1/D[E +E)*+ o —&)*+ 2 + &G — )] =& = 1.

In both cases, the slope can only have a value of 1 at isolated points, since the function is
analytical. m

S2 = (1/4)
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(IX.8.) Proof.
For H < O:

?:ox?—[("q"”p”z osy + / (q- p)smtIJ [/ lqllp cosy + ( o (";’)” smw]

3 2 _ [llal®lipl* — 2llqlllpl? 2
Lot =] e 1+ (Z5) qIPIIpII? | cosy

p2
— 2(q- .
+2 ﬂ[llqllllpll (gp) (qp)+(q-p) - llqllllpl*(q p)] cossiny
" M h
—2H 2 _2(gp)* | (@p)*lIpl*] . 2
+ (55 (@ pr? + 1 - TR + SEEE  siny,
from (1X.7.),

ox? =[(50) NaliPlipll? + 1+ (Z7) llgli? Pl ] cos?y
+[E) @ p 1+ () @ p?]siny,

from the definition of H,
3 ox? =cos*P + sin*y,

3 .2 _
i=oXi =1.

oxiyi = [(M cosy + \/7(q p)szn¢] [(q p)cosyp — (llqll lipll? 1) simp]

K u

[ [ allp cosp -+ (585~ 922) s | [ (1%~ 22) cosy — lalp) sin]

lallipI? (g p) lallipl* ()
Loxiyi = [MHEEIE — (g p) + (g p) — PP cos?y

\/;(nqnl!puz 1)2 (g p)Z] .
cosysin
- [ lalP I + F ("Z" '

+ - IIqIIIIplIl (a:p) +(q'p)-(q-p)+ IIqIIIIpill G p)]s in?y,

liqlliplI? 2 2
; /_ZH( . -1) + (q p) _
Yi—oXiyi = . J cosysiny,
- 4 @
/ lqliZlpI? + / (”q|| “Pr)
’L _llalilel* | 2liqlliipll® _2(gp)* | (@p)lpll®
—ZH( u? + 2 1+1 liglip + u? )

= ((qa »)* - llal*llpl®)

3 —
YizoXiYi =

|
Jl cosysiny,
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_ ﬁ((%) lalZlpl? - (22) (g p) )]
o Xy = |c051/)sm1/)
(g p)? - lallpl®) |

Loxe =[ [ Qlailpli? - (@9 + [ ((q - p)? - llgl2llpl®)| coswsin,

Z?:o x;y; =0.

3y = [(q p)cosi — \/7 ||q||||1p||2 smq;]
+[ [ (% = 22) cosyp ~ gl simp]z,

3 y2= [(q p)? + ( ZH) (1 _ 2(gp)? n (q-p)zllpllz)] cos?P

2

llqllp u?
[ £ (lqlllpl?(q-p) ) .y lalllipli®(g-p) .
+ E_Z‘/E(T_(q p)+(q-p) — )] cosysiny
B 2 4 2 2 )
+ (%) (IIQIIuIZIPII _ IIQIlllllpll + 1) n ”‘I”2”P”2] szlp

Lov? =[@ p?+(25) (1+ (5) @ p?)| cos?y

+[(5) CL gl 1wl + 1) + gl pI?] siny,

ot =| (5] cosw + ()| stmtw,

N
lOY1 T o

For H > 0:

2
2 2H )
x5 —Y3  xf = [(—”q”ﬂp” - 1) coshy — /T(q . p)smhtp]

2
_| (32 q _ (@pp) .
[ e costp + (14— 222 sinny]

lall?lipll* _ 2lalllipl® 2H
x§ — Sy xf = [P 2T 41— (20) l1q11?IpI|? | cosh?y

. 2 }
+2\/2f[ ||Q||||pﬂz(qp)+(q_p)_(q.p)+w] coshsinhy

2H\ 2 4o 2@p)?  @pilpl?] o2
+ () @ 92 - 14 50 - S sinity,

from (IX.7.),
- i x? = [(50) alPipli? + 1 - (37) llqI?1pIi? | cosh?y
+ (&) @ p?-1-(3) (@ p?|sinh?y,

from the definition of H,
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x3 — Y3 x? =cosh® — sinh?y,

x3—-Y3  x?=1.

royo = Zieax = [(MH2E 1) coshy - 2 (g pysiniy]
[(q p)coshy) — LH (—”q”jpllz - 1) sinhlp]

_| (21 94 _ (@pp) .
[\/:qulpcoshtp+(”q” — )smhl/)]

[ (B (i~ 422 costup — Clalp) sinku|,

llall

lallipl(ap) P RCED
Xo¥o — Xi=1 XiYi = [% (@ p) + (q-p) — HELER cosh?y

|- () gy P qiipl + B (58 - 922 coshupsinky

2 . N
N [+ lallel* @) _ 0. ) + (q-p) M] sinh?,

u
\/7(||q||l|lp||2 1)2 (q p)z]

XoYo — D=y XiVi = 0 @mn? |cosh1,l)5inh1,[),
2 4 A _9PP
+ [l J;(llqll e’
L( llqll*Ilpi* _|_2II¢1II||pII2 141— 2(q-p)? n (q'p)zllpllz)
5 2H 2 I llqllx u? ,
XoYo — Xi=1 XiYi = coshysinhy,

2H
~ (=(q- p)* + liqll*lipll®) |

[ (= () naitol + () @ p7?)

2H
~ (q p)? +lql*lpll®) |

XoYo = Xi=1 XiVi = coshsinhip,

Yoyo = Zieaxin = [ [l Wbl + a9 + [ —(a- ) + Il pl)| costapsiniy,

Xo0Yo — Z?=1 xy; =0.

2

233 g2 [(q p)coshy — \/7 ||q||||p||2 smhlp]

_|o [ (4 _Gpr _ )
[ \/;(Hq” " )COShl/) (lqllp) smth],
2(gp)? )2 2
v -3i.vi=[@-p?- (&) (1- ﬁm +(qu2||p|| )] costi

u (llqllipli*(a-p) . . _liqlllipll*(g-p) ,
+ [—2\/% (T —(q-p)+(q-p) — )] coshysinhy

n [(%) (IIqII;ng4 B 2“q|;|1”p"2 4 1) _ ”q”z"p”z] sinh?y,
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y3 - ¥yt =(a-p)? - ( )(1+( )(q p)? )]coshzll}
+[(2H)( lallpI2 + 1) = llgli?llpl?] sinh?,
b = (@) eosse + [(4) s

3 2
-y yi=—L.m
Zl—l}ll 2H

(IX.9.) Proof. This is largely analogous to (IX.4.), but there are two significant differences. First,
we have no inverse to the mapping, so we will not express gand pin terms of {and 7, and,
second, the differences between H<0and H>0are more than just signs, so we will not use the
variable oin the proof.

(i) Along an integral curve of M;:
Intermediate results for H < 0:

A = 9 P1(gP)-aslpl?
L7 all u

from (VIIL.1.),

)

9 = \E(—Horwz G2) D0 + (=Ho) (3) (@22 + asp3)]

from (VIIL.1.),

g = \g(—HO)‘3/2 (2) (i + 20l ) 4 (i) () (@ 2) - @apa)]

llqll I

r = B (=H,)3/2 (@11 p1’(@p) _ aipalipl®> _ Holqp) N HOQlPi]
2 0 [2ulq]l 2p2 2p2 u w v

r 2 2 2
P e —3/2[aip1 | p1°(@p)  qipilipll Ho(q'p) |, q1p1 (lipll 1
q1 = [=(—=H,) / + 7 y +— =]
2 L2llqll 2u 2u u u 2u llqll

_ r 2( . 2 H, . 2
, =\/§(—Ho) 3/2 [apa | p2@p) _ awpalipl? _ Ho@w) | dipalipl _qlpl]

L2]|q]| 2p? 2u? I 2u? wlqlll’
[ 2
r_ K -3/2 qa1p1 , p1°(qp) _ Holqp)
= |=(—H, — + — ,
T \/;( 0) L 2uliqll 2u? "

= JH ) [(2) Ae) + (-Ho) () @ - 20102)]
from (VIIL.1.),

4 = \E(—Ho)*ﬂ (%) (i 4 a2l ) 1 (—1g) (2) (@201 - 20202

_ [ (g'p) 2 j 2H,
' :\g(—Ho) 3/2 [[91P2 | Pap2(gP) _ qipalipll® 092P1 thpz]’

L2ullqll 2p? 2p? u U

| —3/2 [ @12 | Pip2(g@P)  @1p2lpl>  Hoazp: |, 2q1p2 (lPI* 1
@ = [H(-Hoy#/2 [k, 22ean) _ aupelpl_ Hotops . Zuupe (10l _ L)
2 L2ullqll 2p 2p 2 u 2p gl

1= [E(—Hy)"3/2 [ a1p2 | Pip2(@p) _ aip2llpl*  Hogzpy N ap2lpl* ZQ1P2]
2 0 [2]lq]] 2u? 2u? u u? plall ¥
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s = [+ [
s = [+ [
s = [+ [

s = [L [

3q1p2 | P1p2(qp) | @ip2lpl _ Ho‘lzlh]
2ulqll 2u? 2u? w r

3q1p2 | P1p2(qp) | aip2lpl _ Q1P2 | 1Pz Ho‘lzlh]
2ullqll 2u? 2u? pllgll  wullqll T

q1p2 |, P1p2(qp) |, Hodib2 Ho‘hlh]
2ullql| 2u? u TR

q1P3 plpg(q-p) Hoqma_Hoqspl]
Zullqll 2u? U T

analogous to the last case,

<

b1 = I( Hy)~ 3/2

from (VIIL.1.),

p1 = Jé (—Ho)~*/?

P = J%(—Ho)*/z:
P = J%(—Ho)*/z:
P = J%(—Ho)*/z:
pi = \/g(—Ho)‘m_

= Je )

from (VIIL.1.),

~

from (VIIL.1.),

p2 = \/g(_Ho)_S/2|

[ ()@ (Ilqll3)

+(—H) Nl + a:%) ()|
| +CH) () Aipl? =2 |

.|

(2) (u‘ﬁ + pl(qp)ﬂ—ql'm”z) (=a.) (||q||3)]
+(—H) (Nl + 0,2 (7s) |
+=H) (3) Ul =p® |

41> aipi(@p) | a:’lpl? i_Hoqlz_Hollpllz_l_Hoplz]
2llql*  2uliqli® 2ullgl* gl llqli® © w I

)

a:®>  api(gp) | aPlpl®  ai* | @a® | Ho  Hoqi®  Hollpll?

2llqli*  2uliql® 2ullql®  liqli* ~ lqll* * liqll  liqli® U

a1 @pi(@p) | Hoa:® | ai® | Ho _ Hoqi®  Hollpl® +H0P12

2llqli*  2uliql® llql® ~ liqli* ~ llall  liqll® u u

2

41> aipi(@p) | Ho _ Hollpl? Hoplz]
2lql*  2uliql®  llqll 2 T ¢

() A (=a2) ”q”3 ‘

+(— Ho)(ChQZ) ”q”3

+(= Ho) ( P1P2)J

[G) (”t;_l” n pl(q-p)l:qlllpllz) (—qy) (||q1||3)]
+(—Hy)(q192) (||q||3) g
| +(=Ho) () (=p1p2) |
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)= [hn) |

)= [H )

)= [H )

p) = \/g(—Ho)*/ dl
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= [

= [ty

= [ty

G192 492p1(q'P) 9142111 _ %14z | 9192 _ Hod1q>
2llql* 2uliqli® 2ullql® llqli* * lqll* llqll®

[ @192 4201(qP) |, Hoq192 _ Ho414z Hopﬂ’z]

2]|q]1* 2uliqli® llqll® llqli® v r

[ 4192 4201(qp) Hopﬂ?z]

2]|q]1* 2uliqli® ’

_ By N-3/2[ 9193 _ 4sp1(gP)
= H
\ﬁ (=Ho) [2||q||4 2ulal®

analogous to the last case.

) = [F(—pg 372 A
p) = [ [
from (VIIL.1.),

_(2||¢11||3)

)= B

Gai*

+(=Ho) (
+(=Ho) (3) @ulIpI = prllpll®) |

_ai(qp) _ pi(gp)?

H0P1P3]
)

lqll® llqll

) — 2
p1(g'p)—q4lpll )(—q-p)

u

q1(qp) &)
llql*  llqll '

a1(gp)llpll* _ Hyq:(q'p)

Hopy

2lqll*

)= [rr) |

2ullqll®

_a1(gp) _ pi(gp)?

2uliqll® llqll®

a1 (@plpl®> _ ai(ap)

llall

Hop1p2
u

]

q1(q'p) _ Hoq1(q-p)

|

(=g p) + (=Hy) (BER - ZL) 1 (o) (3) (alipI2 -~ pallplI®)],

Ay

from (VIIL.1.),

() G +
+(=Ho) (2) (@ lpl®) |
| +(H) (2) (0@ P) |

2llqll*  2pliqll® 2uliqli® llqll* llqll*
p) = E(—H )-3/2 [a1(a'p) _ p1(@p)® | Hod1(q'P) _ Hoq1(qap) 4 Hops
2 0 L 2llqll*  2pliqll® llqll® llqll® lqll I
p) = [E(—pg)-3/2[1@P) _piap)?® | Hops
p ) - o (_ O) 4 3 i
2 L 2|lqll 2uliqll llqll

pl(q'p)—qlllpllz)]
u

_ |u 32 @ p1(ap) |, aillpl*>  Hoqilpll® | Hopi(g-p)
P = [EH) -8 - : - ,
2 L 2]lqll 2ullqll 2ullqll u u
_ |u 32 @ p1(ap) |, aillpl*>  Hoqilpll® | Hopi(g-p)
P = [EH) -8 - : - ,
2 L 2]lqll 2ullqll 2ullqll u u

L 2llqll?

2ullqll

llqll®

(G5) + (=Ho) (3) (@allpl1®) + (=Ho) () (=P (@ )],

2ullgll liqll® * liqli? u

a1 pilgp) | adpl*  ax 1 _Hoq1IIp|I2+Hop1(q-p)]

u
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) = | -3/2[_ a1 _ pa(ap) Hoq: _ Hoqallpll> |, Hopi(qp)
@-p) \ﬁ( Ho) [znqnz 2ullall gl e T4 ]

P-q)= \/%(—Horm (5) ADIPIP + (=Ho) (2) @) (a - P) + (=Ho) (2) (=av) IpII?]
from (VIIL.1.),

(2) (i + apalelRy 2

@)= [ s (D ena |
+(=Ho) (2) (=anlIpII?

N |H —3/2 [alpl® | pi(@plpl®>  ailipll*  2Hopi(q'p) |, 2Hoq:llpll?
P-q9)= |5(=Hy)™¥ a2 + )
2 L 2ullqll 2u 2u u u

(p-

q) = |E(=Hy) 32 [a:llpl® | paG@Plipl*  adllpl* | adllpl®  allpll*  2Hopi(q-p) n 2Hoq4|IpII?
2~ 0 [ 2llqll 2u? 20> plgll pligl u p

N |H —3/2[_aidpll®* | pil@®lpll>  Hoqallpll®?  2Hopi(qp) | 2Hoq:llpll
-q) = |5(=Hy)¥/? |- 2 - + :
2 2pliqll 2u u u u

[ aalpl® | pi@plpl® _ pil@p) | pi(@p)

oy — P y-3/2]  2uldll 2p? eliqll eliqll
= H, ,
®-q) \E (=Ho) _ Hoalpl _ 2Hopi(ap) | 2Hoas ol
I " "
oy — B gy =372 [ adipl®> _ Hopi(a:p) | pi(ap) | Hodallpll?
= H _
®-q) \ﬁ( O 2al W el T ow )

oy B y=3/2 [ @l g 91 Hopi(gp) |, p1(@p) | Hod:llpIl?
= H - -
®-q) \ﬁ( e e A PTER P W Coulal T }

oy [Be_ g y-3/2[_Hodr 41 _ Hopi(@p) , pi(qp) | Hodillpl?
= H
®-4) \ﬁ( )= el T Tai? PR TR ]

(@-p) =@ p)+@® q)

a1 pi(gp) | Hoq: _ Hodllpll? + Hyp,1(q-p)
v 5 yoage | 21a T zadial T al p p
= H
@-p) \/;( o) _Hoqs a1 Hopi(@p) | pi(@p) | Hoqalipl®|
llall  llqll? u wliqll u
n) — [B_pgN-3/2[__4a pl(q-p)]
= H .
@-p \/;( ™|~ 21ar + 2wl

- 1
—)(41)(q " p)
(a-q9")= \/E(—Ho)‘”2 (2“) A
2 Hy
|~ (7) (919202 + 919202 + 429201 — 2419202 + 43G3P1 — 2G193P3)

from (VIIL.1.),

- ( 1 ) ( )( )
A1)(q-p)
q-9) = \g(_Ho)_yz H, 2k )
] (H ) (—4192p2 — 4193P3 + 929201 + q393P1)

|

)
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. (5:) 4@ »

@)= [sHye|
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H )
(7“) (=q191P1 — 419202 — 9193P3 + 419171 + 9292P1 + q393P1)

Cony = g y-3/2 (L) (9, pr@p)-aalipl? oy (Ho\ ) 2
(@40 = [+ () (i + 2020 (g ) — (2) (=g (q - ) + llalPp0)
oy — |E_py-3/2[0@p) | pa@p)? _ a@pipl® | Hoai(ap) _ Hollal*ps
@ q) \/;( Ho) L 2uliqll 2p? 2p? + © © ]
oy — g y-3/2 [0@r) | p@p)? _ a@plpl® | @) (lIpl? _ 1Y _ Hollal’p:
@1 \/;( Ho) L 2ullqll 2p? 2p? + 7 (Zu IIqII) JZ ]
oy — g y-3/2[_a@p) | pa(ep)? _ Hollalps
@-q) \ﬁ( o)™ 1= utan T 22 !
r_ _ (1 1 / _(qq)
lal’ = V@@ = (3) (=) 2a- a0 = 422
, 3/2 _a@p) | piap)?® _ Hollgllps
lqll” = \f( Ho)™ 2ullal? T 2u2lql p |
—2H ,
V'= =@ p)
/ 3/2 _41_ pi@p)
V= \/7( 2lql2 " zullql ¥
_ 1 a1 p1(q-p)
¥’ = (=Ho)” [ 2llqlI2 zmmn]'

Main results for H < 0:

x = (2) gl 112 + lall )@ - plcosy

+ / 0 [(q - p)'lsinyp

= (q-p)eosp(),

xa=<ﬁ>J%(—Ho>-%[—z;ﬁrzﬁz LA S ) cos
()l 5o B e s o
2H° (q-p)(—Ho)~ 1[ W+%‘|’mcas¢
(M 1) (- 0)1[ s+ BB iy
[ s [+ ] s,
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2 2 2 2
-= - H,
( HO) [ CI1((IP)||P2|| pl(qu) Ipll ollqllp4llpll ] cosi
2ullqll 2u?||qll 12

n (E) \/E (_HO)—g [fh(lI'p) _ p1(g-p)* + H0p1] cosyp
u 2

2llql®>  2pliqll?

ql(qp) p1(q-p)?
\/—#Ho[ 2llqII2 2u||q||]w$¢

. 2 . . 2 .
—(=Hy)™? [_ qallqll |Iz;|| pi(q p)zllqll lipll 41 _— pi(q p)] sin
2uliqll 2p|lqll 2l\qll 2uliqll

-1 @ p1(qp)
+(—Ho) [ 21aZ T 2l | ST

_ai(@plpl* |, pilgp)lpl* _ Hopallgllipll?

' 1 32 2ullql1? 2u2|qll I
xo = |—(—Hy) 2 cos
o Zu( o) 01(ap) _ p1@p)? | 2Hops | Hoa1(@p) _ Hopa(@p)’ v
llqll® uliqll? 1 llqll? eliqll
—(=Hy)™t [_ alpll> | pil@plpl> | a1 pilap) iny
0 2ullqll 2u? gz ullql
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analogous to the last case.
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1 270 2|iqlI* 2ullqll® llgli® " llqli* ~ lgll gl u w I

B 2 2 2
r_ U -3/2[ @1 qa1p1(qp) | Ho _ Hollpll Hopy
P1=— _(HO) / 2 3 + - + )
2 2]|ql| 2ullqll llqll u u

P, = \f (Ho)™2|(3) (4 (=a2) (7o) + (—Ho) (4142) (7o) + (=Ho) (5) (=p1p2)|

from (VIIL.1.),

p = = (L)

[G) (”c;_ln N pl(q'p);qlllpllz) (—=q,) (”ql”3)]
+(—H) (@19 (775)
[ +(—Ho) (;) (=p1p2) J

~
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R CORG

= - ey

= - ey

@19z 92p1@P) | @1420PI* 4192 | 9192 Ho4142 Hopﬂ’z]
2llqll* 2pliqll® 2ullql® llqli* * lqll* llqll® v r
[ @192 4201(qP) |, Hoq192 _ Ho414z Hopﬂ’z]
2]lql1*  2uliqli® llqll® llqli® v r
[ 4192 4201(qp) Hopﬂ?z]
2]lql1*  2uliql® w r
91935 _ 93P1(q'p) H0P1P3]
2ullql® w o P

- _\/% (Ho) ™% [znqn4

analogous to the last case.

) == [4 )
from (VIIL.1.),

) == L

) = - [ |
) == [
) == [4 )

) == [4 )

) == [A )

from (VIIL.1.),

) == [A )

) = - [
) = - [

p) = —\/% (Ho) ™3|

o
2llqll®

_(2||¢11||3) (ﬁ *

lqll® llqll

) — 2
p1(g'p)—q4lpll )(—q-p)

u

_ 91(qp) _ P12
+( HO)( ||q||) '

lqll®

+(=Ho) (3) @ulIpI = prllpll®) |

(=g p) + (=Hy) (BER - ZL) 1 (o) (3) (alipI2 -~ pallplI®)],

Ay

(T«;M) (”% N pl(q'p);qlllpllz)]
+(=Ho) (2) (@ lpl®) |
| +(H) (2) (0@ P) |

(G5) + (=Ho) (3) (@allpl1®) + (=Ho) () (=P (@ )],

_ a1 pilgp) | ailpl* _ Hoaqsllpll? n Hopl(q-p)]
L 2llql12  2pliqll  2uligll I w o r
_ a1 pilgp) | ailpl* _ Hoasllpll? n Hopl(q-p)]
L 2llql12  2pliqll  2uligll I w o r

L 2llqli> 2wl 2ullgll liqll® C liqli?

a1 pilgp) | adpl*  ax 1 _Hoq1IIp|I2+Hop1(q-p)]

I I

_a1(gp) _pi(@p)? | a1(@D)lIpl* _ Hoqi(qap) Hopl]
2||qll* 2ullql® 2ullqli® llqli® liqll ¥

_ai(@p) _ pi@p)® | ail@plipl® _ a1(qp) |, 91(qp) _ Hoqi(qp) |, Hopy
2||qll* 2ullql® 2ullqli® llgll* llqll* llqll® lqll I’

[a1(a'p) _ p1(@p)® | Hod1(q'P) _ Hoq1(qap) 4 Hops

L 2[qll* 2ullqli® llqli® llqll® llall I’

[91(qp) _ p1(qp)? Hopl]

L 2[qll* 2ullqli® llqll I’
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) — _ M -3/2[_ a1 _ pa(ap) Hoq: _ Hoqallpll> |, Hopi(qp)
@-p) L(HO) [znqnz 2ullall * Tal e T b

P-q)=- \/% (=H) 2| (52) UIpI? + (=Ho) () () (@ P) + (=Ho) () (=anlIplI?]
from (VIIL.1.),
(L) (& N pl(q-p)—qlllpllz) ”pllzl
2u

ligll U
@-a)=- L | +ca (D@ |
+(=Ho) (2) (=anlIpII?

"N o_ 1 —3/2 [alpl® | pi(@plpl®>  ailipll*  2Hopi(q'p) |, 2Hoq:llpll?
(p-q')=— |5(Hy)™¥ a2 + )
2 L 2ullqll 2u 2u u u

r-q)=-

K (Hy)™3/? [a:llpl® | paG@Plipl*  adllpl* | adllpl®  allpll*  2Hopi(q-p) n 2Hoq1||p||2]
2+ 0 [ 2llqll 2u? 20> plgll pligl u wo I

"N o_ © —3/2[_aidpll®* | pil@®lpll>  Hoqallpll®?  2Hopi(qp) | 2Hoq:llpll
P-q)=— |5(H) |- 2 - + :
2 2pliqll 2u u u u

_ailpl? | pi@plpl® _ pil@p) | pi(@p)

TN -3/2 | 2wlqll 2u? ulqll ulqll
= H ,
»-q) \/;( o) _Hoqlllpllz_2H01Dl(q'p)_|_2Hoql||1ﬂII2
" n n
TN —3/2 [_ aallpll*> _ Hopi(gp) | pi(@p) | Hodalpl?
= H -
@-q) \ﬁ( OB ey w T ulal T J

- q) = — [“(H,) 32 [ alpl® , a1 a1 Hopi(ap) | pilgp) HOQi”pllz]
2+ 2ullgll gl liqll? I3 wliqll U ’

Loy B —3/2[_Hoq1s _ 41 _ Hopi(qp) |, pi(qp) Hoq4llpll*
- / H Body _ 4
-q) 2 Ho) ™ | =T ~ Ta PR TR J

(@-p) =@ p)+@® q)

[ a1 pi(@p) | Hoqs _ Hoqllpll? + Hyp,1(q-p)

CY — _ [B —3/2 | 2llqll*  2uliqll llqll u u

@-p) \/;(HO) _Hoqs a1 Hopi(@p) | pi(@p) | Hoqalipl®|
llall  llqll? u wliqll u

.n) — — [H -3/2[__@ p1(q'p)

@-p \E(HO) |~ 2a% ¥ Zulal |
1
) (q192P2 + q192P2 + 929201 — 291G2D2 + q393P1 — 24193P3)

from (VIIL.1.),

q-q I(H )" 3/2 (A1)(q p) — (;) (—919202 — 9193D3 + 429201 + ‘I3CI3P1)]:
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[ 1
=4 .
(q-q)=—\/E(Ho)‘3/2 (2”)( Dap
H ’
’ - (—“) (=4191P1 — 419202 — 4193P3 + 4191P1 + 424201 + 4393P1)
[ a1, pigp)-ailpl? )
(q-q)=‘\/E(Ho)‘3/2 ( )(”"”+ “ )(q P)
2
| - (%) i@ p) + llalizpy)
Cay — K —3/2 [0a@@p) |, pi@p)® _ as@plpll® | Hoai(ap) _ Hollal*ps
(@) \ﬁ Ho) ™ ouian ¥~ 22 2142 P P )
Cay — K —3/2 [0a@@p) | pi@p)® _ as@plpl® | ai@p) (P> _ 1 _ Hollal*py
(49 \/;(HO) [ 2ullq 2u2 2u2 u (Zu IIqII) u ]’
Caly — B —3/2[_a1@p) | pil@p)* _ Hollqll*py
@-q) \E(HO) " zullal T 22 !
' _ (1 (a:q')
lall =V @) = (3) (72=) 2a - a0 = 422
r_ 3/2 lh(q p) p1(‘1‘p)2 __ Hollqllps
lqll” = I(HO) ~2ullal? T 2e2lql u |
2H, ,
v'= 7@ ),
2H, 3/2 q1 p1(q'p)
V= \/ = 1)\[(%) " 2lalz * 2ulal )
- _ -1 _ 4 p1(q-p)
= ~(Ho) [ 2llqlI2 zmmn]'

Main results for H > 0:

% = (3) llallipl1? + all ) @ - p)]coshy
+ [(Ilqllﬂpll2 _ 1)] sinhp (")

\[27" (- p)'Jsinhy

=2(q- p)coshp@"),

X! = _ai(gp) pl(q-p)z _ Hollqllpy 2
xh = ( DI(HO) 2ullal? + 2u2llql p [ 111> coshu
2 a4y [ -2Tail@p) _ pi(gp)* | Hopy
+(u) lqliC l)ﬁ(ﬂ(’) 2[z||q||4 2ullalP ||q||]c"5h¢
ZHO (q-P)(—1)(Hp)~ 1[— a1 pl(q'p)] coshy
0 2llqlz * 2ullql
lgll-lpl? 1[__d1 pl(trp) :
+( r 1) D)™ 2ial? + 2ulqr) STV
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_ 2o 4y |E —3/2[__91_ P1@p)
\ ( Dﬂ (Ho) [ 2llqI2 Zullqll] sinhip,

' 1 =21, a@plipl® _ pi(ap)?iipll® | Hollglipllpll?
xoz(;)\/g(l_lo) 2[+ 1@plipl” _ pilap)7lipll” oqﬂlp ]coshtp

2ullq|l? 2u?|lqll

N2
\/‘(HO)__ q1(q'p) p1(qp) _Holpl] coshy

2|iq13 thllqll2

f q1(q p) p1(g-p)?
cosh
uHo[ 2|Iq||2 2ullqll v
2 . . 2 .
+(H)"1 [+q1IIpll _ palgpliglllipl® a4 +p1(qp) sinh
(Ho) 2uliqll 2u?|iqll 2llqll? -~ 2ullqll i

H -11_ q1 pl(q-p) . h ,
+(Ho) [ 21al T Zalqn ) STV

a1 (@plIpl> _ pi(@p)?lpl* | Hopalgllpl®> _ ai(gp)

+
1 32 2ullql1? 2u2|ql| I llqll3
xy = [—(Hy) 2 cosh
o Zu( o) p1(gp)*  2Hops _ Hoqi(q'P) |, Hopi(qp)® v
ullqll? 1 llqll? uliqll
- lpll?  pi(@plpl> a1 |, pilap)] ..
+(H 1[+q1 - - + ]smh ,
(Ho) 2ullqll 2u? gz * wulqll ¥
(+ a(qp) _ pl(q-p)z) (Ilpll2 _ L)
- llqll? uliqll 2u llqll
Xy = /— Hy) 2 cosh
0 ZM( o) + Hop4llqlllpll*  2Hops _ Hoq1(qp) Hops(q-p)* v
u 1 llqll? ullqll
- @)\ (lpl*> 1
+(H, 1[(+£——p1 )( )] sinh
(Ho) lqll u 2u gl i
1 =31, Hoq1(@p) Hopi(g@p)* | Hopallqllpl>  2Hops  Hoqa(@p) , Hopi(qp)?
xh = |[—(H 2[ g - - - ] cosh
0 \/ Zu( o) Z|+ llqll2 gl u 1 gz T alal ¥

+(Hy)™t [+ % - —H"pl’fq'p)] sinhy,

=
o~

— i -3/2 H0P1||¢1||||P||2 _ 2Hopy -1 M _ Hop1(g'P)] _.
= \/;(Ho) [+ . " ] coshy + (Hy) [+ — ]smhlp,

llqll
_ ,i p1llqlllipll? _ﬁ] [&_ pl(q-p)] .
Xg = e [—Zu T coshy + TR sinhy,

~

r |2 [pallqll 1Y _ P 91 pi(gp)] _;

Xo = #Ho[ n (HO + ”q”) 1] coshy + [”q” p ]smhlp,
! @p)] .;

Xo = / P1||¢I|| coshy + [”q” %] sinhy,

Xy = Xq.

v = [ llallp: + llgllps Jcoshp
+ [ llalp Jsinkp o)

_pilgp)  (@ppi];
+[||q||+q1( )(nqnz)” == " ]S‘"h‘l’

+ [ - B coshy (v,

llall
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2
X, = ﬂl[ = 1)\/— (Ho)__ Z;ﬁﬁ;ﬁz pzllngl:I)H _Honznpl)pl ]lcosth
g l+||CI||(—1)\/%(HO)"E ﬁn‘k_%Jr%_Hotpu H0P1 J

[t 000 [+ ] s
||q|| i 1 )\f (Ho) _Zﬁqln plzgp)_%f'p))
| oG e —Z;ﬁri;ﬁ3+iié’;f;17—*"’"Z”’“) s

2t —=(_ a1 P1(¢H’)
( DI( 0) 2 ~ 2llql2 Zullqll)

. . 2 2
_(‘II’L_P) (_1)\[% (HO)_E 6I1 __ 41pa(qp) +ﬂ_ Hollpl| + Hopy )

2llqll*  2pllql® llqll U u

[ q1 P1(q I’)] q1 p1(q-p)
+ = 1(H, - + coshy,
llql| (=D (Ho)™ 2llqliz " 2puliqll ¥
a1p1(qP) _ pi*(@p)* | Hollglps®  a1* | aapa(gp) _ Ho
r_ -1 2ullql|? 2u?|lql| U 2|lqll3 2ullqll? 1
x1 = (Hy) ) ) ) _ ) 2. 2| COShY
+Ho||q||IIp|| _ Hollgllpy 91 q1pa(qg'p)  qir1(ap) |, p1°(q'p)
U U 2|lqlI3 2ullqll? 2ullqll? 2u?|qll

2H0

1, @p1 _ pi*@p)] .
(Hoy ™ [+ 35 — P sinip

aip1_ pi*(gp) | Ho(@p) _ a:*(qp) | aap1(@p)*  Hollqllasps  q1ps

n g(HO)_g/Z 2ullqliz  2u?lqll uliqll 2uliqll* 2p?||q||® ullqll? Zullqul2 sinhy
2 pi2(@p) | 4:.°(@p)  a1p1(@p)* | Ho(gp)  Holap)lpl? | Ho(gp)ps
+ 2 P EITPTES - 2 + 2
2u?|qll 2ullqll 2u?|qll eliqll u u

2
x) = (Hy)™? [_ﬂ+Ho||ql|l|||P|| ]COShl/)

1

2Ho 1[, @1 p*@P)] .
(Hoy ™ [+ 33 — P siniep

u _3/2 2Hy(qp) _ Hollqllaips _ Ho(ap)lipll? | Holgp)ps’]| .
+ |5 (H + - - + sinhiy,
\/;( o) wlql ulqli? u2 u? ¥

x| = [ 1_}_Ilqllllpllz] coshi

ZHO 1 a1p1 _ p1(qp)
(o)™ [+ 555 = P2 sinhy

© -3/2 2Ho(qP) _ Hodq1py _ Ho(gPllpI? Ho(‘l'p)mz] .
H hy,
+\£ (Ho) [+ uligl”— wllal T | S

v _ [lalllpl® 47 [ 4101 pi2(gp) , (@p) aip1  (g@D)lpl? (q-p)piz] .
= (lallipi® _ 4 _ _
SE Jeoshb+ Ja\ Y 2iai ™ 2w el zial T oz T 2w | ST
' [llgllllpl? ] 2 (a@p)  @plpl*] .
— (lgmipli® _ 4 /_ (ap) _ (@plpll”
=, | coshy + TR [+ lal » ] sinhy,
) . -
X1 = _Ilqlllllpll — 1| coshy — ’_2;10 (q ' p) siny,
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% = [ 1lalp, + llalp: leoshy
+ [ lqlip,Jsinkopp)

_ r_p2l@p)’  @pz] ..
+[nqu q2( )(nqnz) lql p ]S‘"h‘l’

u
n [”cil_z”_ pz(q-p)] coshyp ("),

20 alap) zol(q-p)2 _ Hollqllps
, 2H, - 1)I(H°) 2ulal? T 2a2lql w )pz
X = | A coshy
_ H - 611612 _ 92p19P oP1P2
| +llaliC DL(HO) * (it~ 5+ ) |
2H, 1 q1 p1(q-p)
+ [22 lqllp,) (~1) (Ho)~ [ o+ B sinhy
_ - q1P2 P1p2(‘I‘P) Hodq1P2 _ Hoq2D1
||q||( )\[( D T P e u )
_ _ 14 -=(_41(qp) p1(q-p)* __ Hollqllps
+4a( 1) ||q||2 ( 1)\/;“10) 2\ 2uaie ¥ 2lal u ) .
+ . @) sinhy
_ b2, © —(__11 p1iqp
u 1)\£(H°) * (-~ e+ )
_Gp) u 2 aia, _ 4201(q'p) | HopiD:
7 ( 1)\/;(H0) 2(2||q||4 2uliql® + Iz )
[ a2 _pz(qp) 1[__ @& p1(q-p)
* ital (GG Zlal? zmmn]wSh‘/"
a1P2(qp) _ p1p2(@p)* | Hollqllpip2  q142 | 92p1(q'p)
' - z 2p?|Iqll Iz 2llqli® * 2uliqll?
— (H)~1 2uliqll u h
%2 = (Ho) _ HopiP2iql , 9192 42p1(qP) _ a1p2(q'p) | P1p2(q'p)? coshyp
U 2llqli®  2pliqll? 2ullql1? 2p?||qll

ZHo 1[4 P2 pap2(@P)] :
(Hoy ™ [+ g — 25| sinhp

aiP2_ P1p2(qP) _ HodiP2 | HodzP1 _ 4142(q'P) | 42p1(qp)*

_|_
- 2 2 2u? 2 4 2u?|lql3 ,
+ E(Ho) 3/2 ulall ©2lqll ulall tlall llall , u2lqll sinhi,
2 __Hodzp: @iz | P1p2(@P) |, 9192(4'P) _ 9201(q'P)” | Hop1P2(q-p)

pliqll 2ullqll? 2u?|lqll 2ullql* 2u?|lqll® u?

- H H
xé — (HO) 1 [+ 0||qlﬂp1p2 _ 0%52”‘1”] COShlI)

2Hy _1[ M_pﬂ?z(qp)
@ (o)™ 4o = g | Sinhy

3/2 __Hoq1p> Hoplpz(q-p) .
f (Ho)™ ullal 22| sinhyp,

—(H 1Pz plpz(qp) _ P2 plpz(qp)
x5 = (Hy)~1[0]coshy + /ZﬂHO[ Il ]smht/)+ Z#HO[ al ]smht/;

x5 = 0.
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x5 =0,

analogous to the last case.

vo = [(q-p)']coshy
+(q - p)sinhyp (")

\/; s 'lpl? ||q||(2>(vp )] sinhy
\/;0[ (lal et IpI —1)] cosp(y"),

3 .
— _\/g(HO)—E [_ q1 +p1(qp)] COShll)

2llqll> ~ 2uliql

) i o

+a D) |- m*iifﬁq'ﬂ sinhip

-= (qp) (gp)? H .
-[EE e \f (Ho) 3 [~ 402) 4 DGR _ Holll] 12 iy
— |+ (L _1) B —3/2[01(@p) _ pi@p)? | Hopa] ..
/ZHO(#)Z”‘I”( 1) £ o [ O ]y,

Yo = +\/7 (Ho) 2 [+ pl(q'p)] coshy

2liqli?  2pliqll

© —1[ ailpl? | pilgp)lipll? q1 p1(q'p)
—(H, [— — cosh
+ ZHO( 0) 2ulal T 2w T zialP T 2ulal ¥

1, algp)  pi(@p)?] .
+(Ho) [+ 20l zullql | ST

-3 (gplpl? pl(q-lﬂ)zllpll2 Hollqllp4llpl*] .
H h - h
\/ZH I( 0) 2 [ 2ullqll? 2012 ql p | sinh

2191(¢p) _ pi(gp)? 2Hop1
\/ZH \[( 0 M = B + S sinte,

3 2 2
= (gp) aillpll p1(gp)lipll q1 p1(q'p)
)=+ [E(H z[+ B PidP + + — cosh
Yo 2( o) 2liqliz  2ullqll 2ullqll 2u? 2liqliz  2ullqll i

1, algp)  pi(@p)?] .
+(Ho) [+ 20z~ zullql | STV

+1(HO)—2 [_ a1 (@plpl® | pi@p)?lpl® _ Hollgllpallpl® | q1(gp) _ pi(gp)? n 2H0P1] sinhi,

2ullqll? 2p?|lqll © llqll® eliqll? 1
, 1 20 (Il 1 pigp) (Pl 1
=+ [“H [—— Ipl® 1Y 4 ea@e) (vl ] h
Yo +\/;( 0) 2 ||q||(2u ”q”)+ p (Zu ||q||) coshyp

1], a1Gap) _ pil@p)?] .
+(Ho)” [+ 20z~ zullql | STV

1 - a:(gp) (Ipl*? 1 pi(@p)? (lpl? 1 Hollqllp1llpl> | 2Hop1] .
L) [~ SR (B Ly | pian? (1ol 1y +201] iy,
2( o) llqll? 2u llqll eliqll 2u llqll u 1 i

yo_ f( 0)——[ Ho‘ll Hopl(qp)] COShl,l)

llqll
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1, algp)  pi@p)?] .
HH T [+ 2lqlz  2ulql | ST
_2[_ Hoai(@'p) , Hopi(qp)* _ Hollglpalpll® | Hopa] .
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1 |2 [, a1 _ pi(gp)] _ ;
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( )—— __a1py plz(q-p)_Ho(q-p)) ]
0 2ulal? T 22l ulal
U —= q:12(qp)  @1p1(@P)? | Hoq1p1
+ |5 (Ho) 2 (+ - + )
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V= |— . coshy
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+

2uliql> ~ zp2liqll eliqll 2pllqll* 2p?|lqll® pligll - 2pliqll?
y1= ”( Hy)™? 2 2 2 5 2 | coshy
_pi°(@p) _ a1°(qp) | 9101(gp)®  Holgp) | HolgPllPll*  Ho(q:p)ps
2p2llqll 2pllql* 2p?|lqlI® llqllp u? u?
2
- q1P1 , P1~(q'p)
H 1[—— —] cosh
+(Ho) 2lal T 2w v
_ai® | aipi(@p) | aapi(@p)  pif@p)?*  aipi(@p) | pi(gp)?
H(Hy)? 2llqli® ~ 2ullqll? 2ullqll? 2u?|iqll 2ullqll? 2M2||2¢I|| sinhy
_ Hollgllp1® n a,° _qlpl(q-p)+ﬂ_Ho|IqIIIIpIIZ+Hollqllp1
3 2
u 2l\qll 2ullqll 1 u u

2
’ u -2 2Ho(q'p) , Hoq1p1 , HolgD)IplI> Ho(ap)p:
=-(H [— — cosh
L (Ho) wlqll uliqll u2 u? ¥

+(Hy)™t [— ‘ZIlll—Zﬁ +2 2(;:1 P) coshy

M -1 [ Ho _ Hollgllipl?] .
211 (Ho) [+ . P ]Slnhl/),

_ 1| @p) | aips (q-p)llpllz_(q-p)plz]
y1 = (Ho) lal " 2lal T 2u 2 |cosm¥

- 2(q-p)
+(Hy) ™t [—Zﬁ—:’ﬁ + B 9P 2;”’ ] coshy

’ZHO [+1 IIQIIIIPIIZ] sinhy,
' o v-1 [@P) _ @plipll? [ [y _ lalipi?] .
y1 = (Hyp) [”q” 2 ] oshy + 2te [1 p ]Slnhl/),
2
—(q ' p) coshy + fﬁ [1 — —”q”:lp” ] sinhi,

Y1 = Yo-

r_ _ r_p2(gp) _ (qP)ps
Y2 = \/ZH [nqn q2( )(nqnz) lqll " " ]COSW’

<
BN
Il



Supplementary information to The Kepler problem from a differential geometry point of view

ap)
\/;o[nqn 2| sinhp ')

—[p:llqll’ + llqllp;Isinhip
—[llqlipz]coship ("),

- a1 )\f o)™ (= g + P o e - S
I () 0.t (HO)'i S k|
° ~B ) (B0 (- i+ B2
| -enfeoi(Em-tmpese)

_ z(qp) 1 q1 p1(qP)] _;
\/21‘10[”‘1” " ( D(Ho)™ [ 2lal? * Zulqn | ST

-=(_a1(qp) p1(‘1‘P)2 __ Hollqllps
[pZ( 1)\[ o) " 2ullalz T Ze2lql p )Linh y
_ © - (hQZ _ 4201(q'p) | HoP1D2
| +ll4liC 1)\£(H°) *GllglF ™ zula® T & )]

- (gp)
~[llqllp2] (~1) (Ho) ™ |~ 5 + 2 4% coshy,

> —

E(H )—% (_ q1P2 P1P2(q'p) , Hoq1P2 Ho‘lzlh)_
0 2ullqli> * 2u2lq] uliqll wliqll

3 . .
+ [E(H) 2 (+ 4192(qp) _ q201(q'p)? HOQZPl)

2 2ullql* 2u?|lqll® uliqll
yy = |- coshy
2 2H, 3
0 u -2 q1P2 p102(qp)
+ [E(Hy) 2 (+ - — 2
2 2ullqll 2u?|lql|

3 2
u -2 q1492(q'p) | a2r1(qP) Ho(q'P)D1D2
+ |Z(Hy) z(— + -
\ﬁ (Ho) ( 2ullql* " 2u2lql® u? )

+(Hy) L [— ;1'—5'2' + —plp;ftq P) coshy

. . )2
(Ho) 1 [_ q1q23 92p01(q f) q102(q f) _ plpzz(q ) ]sinhlp
2]iqll 2uliqll 2uliqll 2p2|qll

Eeq, )—3 (_ ap2(ap) | pivaap)? _ Hollqllplpz)
270 2ullql2 2u2||q]| u

14 -3/2 91492 _ q42r1(qp) | Hollqllp1ip2
H
| Tz Ho) (+znq||3 2alalz T u )J

_ @1p2, p1p2(@P) | HoGiPz _ Ho4zp1 | 4192(q'P) _ 42p1(q'p)?

sinhy,

P _ U —2 2ullq]l? 2u?|lqll uliqll uliqll 2ullql* 2p?||qll®
2 = (Ho) _ ) . . coshy
Hoqp1 41Dz p102(qP)  49192(q¢'P) | q201(qP) Ho(q'P)D1P2
+ 2 2 - P 2MaN3 2
pliqll 2ullqll 2u?|qll 2ullqll 2u?|qll u

—1[_ a1pz |, P1pP2(q-P)
+(H,) [ 2lql + > coshy
_ 192 | 9201(@P) | a1p2(qP) _ pip2(@P)® _ d1p2(qap)
- 2|lqlI3 2 2 2 2 2u? 2 2 .
L(H) 1 llgll , ullall ullqll L lqll ullqll nhip,
p102(q:p)” _ Hollqllp1p, 4 2122 _ @2p1(q'p) | Hollqllpip,
2p2||ql| u 2llql®  2uliqll? I
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r_ -1[, @1P2 _ @P)P1p>
vz = (Ho) [+ullqll e [ cost

_ (g'p)
+(Hy) ™t [— Zﬁ—:’ﬁ + —plp;#q P ] coshy

+ 2“70 (Hy)~1[0]sinhy,

yy = 0.

y3 =0,

analogous to the last case.

(ii) Along an integral curve of L;:
Intermediate results for H # 0:
Ly = q2p3 — q3D2-

) 3 aql 6L1 aql aLl aLl
) = (et dmoky ok
9 =0 L = 21 (5o 5p ~ i oa) Tom =V

q: = 0.

= (a2 L) =50 = -
qz qz, L1 ap, qs3,
q2 = —qs3.

, oL
q3 = {q3, L1} = ﬁ =dq2

q3 = qa.

A = —% =
p1 = {p1, L1} 94, 0,
p1 = 0.

aL,

p2 = {p2 L1} = o4, = —Dps,
b2 = —P3-

o _ 0Ly _
p3 = {03, L1} = 9as D2,

D3 = P2-

(pP) = —p2p3 + P23 =0,
(»-p)=0.

(q-P) = —qzp5 + q3p>.
(p- q') = {q2P3 — q3DP2-

(@p)=0@p)+@®4q9)=0,
(g-p) =0.
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(@-9) = —q2q95 + q2q3 = 0,

(q-9)=0
r_ (ad)
llqll" = =0
llqll" =0
Y = | =2 (g p) =0,forH <0,
Y = 0.
Y = 2HO( .p)' =0,forH >0,
Y = 0.

Main results for H < 0:

xt = (2) gl 112 + lall )@ - plcosy
[ 1] 1)simpp

+/ 2Mo [(q - p)']siny

+ |[=2(q - p)cosp@"),
x = (2) L) lpI2 + g2 (O)cosy

+ f% [(0)]siny

—2(q" p)(0)cosy,

!

x0:0.

x| = /‘2 °[llqll'p1 + llqllp: Tcosp
/ 2Ho [l qllpy] (—1)sinp (")

_ ,_pl(qp) (app1]
+[||q||+q1( )(nqnz)” I " ]S”“/’

+ [ - B cosyp (),

llall
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x| = / 2Ho [(0)py + llqll(0)]costp
/ 2Ho [11qllp,] (= 1) (0)siny
(0) 1(0)  (q'p)(0)
[||O||+q1(_ )<||q||2) (0) _%_ ‘“L : ]S‘"‘/’
+ [”(2—1” - _m(:-p)] (0)cosy,
x; = 0.
xp = / 2% [11qll'p, + liqllp, lcosy
/ 2o [11qlip,](—Dsinp (")
+[|| ||+q2( )(nqnz) llqll” = pZ(Z.p)I _(qlz)pé]smlp
+ [th_z”_pz(;rp)] cosp("),
Xy = / 2o [(0)py + llqll(—=p3)]cosy
/ 2o [11qllp,1(=1)(0)siny
(-qs) 2(0)  (@p)(-p3)] _:
+[ ||:|| + (-1 )(nan) (0) P22 - qpu * ]Sl"‘l’
+ [”‘2—2” - —pZ(Z'p)] (0)cosy,
t = [ lgl-po)lcosy + [ G2~ P iy,
Xy = —Xs3.

X = / Mo [llqlI'ps + llqllps'Tcosy
/ 2o 11 qllps] (= Dsinp (")

_ ps(qp) _(@pp3] .
+[||q||+Q3( )(||q||2)” "= " ]S””l’
93 p3(qp) ,
+[||q|| P ]C"Slp(lp ),

X = / Mo [(0)ps + llqll(p2)]cosy

/ 2% 111 qllps](—1) (0)simp

# [l 4+ 45(-1 () © - ORNCLIRY
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3@p)
+ [uqn m] (0)cosy,

X3 = \/THO llqll(p2)]cosy + [” ” %@Z)]Simp,

vo = [(q-p)]cosy + (q - p)(=D)simp(y")

1 2 ol
, [llqll’ llpll n llqll(2)(p-p )] simp
—2Ho L n u

u (IIqII-IIpII2 _ 1)] cosp(y"),

—2Hp L u

yo = [(0)]cosy + (q - p) (=D sin(0)

’ u [Olpl* | llqll(2)(0)] .
Y + P ]smlp
_ , llgll-lpll*

Y ( p 1)] cosy(0),

yo = 0.

qy’ r_pilgp)  (@p)pi
17 "em, 2H [nqn (||q||2) lall” ===, " ]C"Slp
pl(qp)
\/—ZHO [nqn " ( Dsimp(")

—[pillqll’ + llqllps']siny
—[llqllp1lcosyp@"),

\/:[m 7:(=1) (u ||2) (0)_%@_@]”5#’
\/jflo[nqn “L”’W Dsinp(0)

—[p1(0) + lIqlI(0)]siny
—[llqllp1]cos(0),
y1 = 0.

1 r 2@ @pp;
TS [nqn (||q||2) lqll " " ]C‘m/’
pz(qp)
\/—zao [nqn " ( Dsimp(")

—[p2llqll’ + llqllp;Isiny
—[llqllpzlcosp@"),

r_ 2 (—qg) p2(0) _ (gp)(=ps)
Y2 = |2t Ullal 92(= 1)(nqnz)() " " ]COSII’
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o )
\/—ZHO [nqn - Zp (=Dsinp(0)

—[p2(0) + llqll(=p3)]siny
—[llqllpz2]cosy(0),

v = |G- WRC | oy — liqli(—ps)lsiny,

llall

Y2 = —Ys.

qs’ ,_pa(qp) (gp)p3
37 ("2 2H [||q||+q3 ||q||2) lql P ]C"Sl/’
P3(qp)
+ | [ - B (—ysimyp (')

~[psliqll’ + llqllps']siny
—[llqllpslcos ("),

(qz) _ p3(0) _ (g-p)(p2)
TS 2H i T 93D ||q||2)() u . |cosv
pg(qp)
\/—ZHO [nqn u ( Dsinp(0)

—[p3(0) + llqll(p2)]siny
—[llqllps]cosy(0),

vi = [l — B2 | cosy ~ llall o) lsimp,

llall

!

Y3 =Y.
Main results for H > 0:
X0 = (ﬁ) [igqll'lipll? + liqll(2) (@ - p)]cosh
lqll-llpll® , ,
+ [ (12— )] simhup )

\/ZT’" ((q - p)'Isinky

=[5 @ p)coshyp"),
x6 = () [OlIpII? + llqll(2) (0)]coshyp
+ [(IIqII'PILIPII2 _ 1)] (0)sinhi

—\/@ [(0)]sinhy

=2(q" p)(O)cosy,
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5= [ lallp: + llgllps Jcoshy
+ [ llqlp Jsinkupp')

_ r_pi@p)’  @pi].;
[uqn 7 )(nqnz) lql p ]S‘"h‘l’

u
L pilap)
+[nqqu - Zp] coshp("),

x; = \/7 [(©)ps + lgll(©)]coshy

\/ZT") [lqllp:](0)sinky

©) B 20 @»©
+[||q||+q1( )(nqnz)(o) " " ]S‘"h‘l’

491 pa(gp)
+[||q|| i ](O)Cosw'

x1 = 0.

I} 2H
Xy = / —Tliqll'p; + liqllp;'lcoshy

\[27" (lqlipslsinhyp(p")

_ pz(qp) _Gapp3] .
+[||q||+q2( )(nqnz)ll "= P ]Sl"h‘p
492 p2(qp) '
+[||q|| " ]Cosw’(w ),

Xy = F [(0)p + lqll(~ps)]coship

+ [ lallp, ) st

(=g3) _ 2(0) (qp)( p3)
+[ il T a2( )(uquz)( ) - ]Smh‘/’

+ [q—z - —pZ(Z'p)] (0)coshy,

llqll
' 2H, - ) (= i
vt = [ lgl-polcoshy + [GL2 - LR gy,

x2 = _X3.

Xy = /2”° [Iqll'ps + llqlipslcoshy

\[27" [lqlipslsinhp(p")
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»_ps(ep) _ (@Pp3] .
+[jai + 45D () o | sintep

u
3 3() !
+ [ - B2 cosp(y,

Xy = F [()ps + llqll(pz)]coshy

+ [ lallps) st

+ [n T (=D (n ||2) (0) - pgT(O) - (q'p;(pZ)]Si"hl/’

+ [q—3 — @] (0)cosy,

llqll
’ 2H, . .
= [ liglolcoshp + [~ 4222 sinpy,
X3 = X,

vo = [(q - p)']coshy
+(q - p)sinp(Y')

\/;[nqn lIplI? ||q||(z)(pp )] sinhip
\/;[uqnnpn Coshlp(l,[))

yo = [(0)]coshy
+(q - p)siny(0)

’ (O)IIPII2 llgll(2)(0)

2H, [ 124 ] nhl/)
IICIII IIPII2

/ZHO [ COShl/)(O)

yo = 0.

pi(gp) _ (gp)pi
\/2H [nqn (||q||2)”q” B " ]C"Sh‘/’
pl(qp)
\/2Ho[||q|| p [ simhp

—[p1llqll" + llgllps Tsinhyp
—[llqllp:lcoshyp ("),

_ © IPNE! @ @O
= \/zH [||q||+‘h( 1)("q||2)(0) " " ]COSW’

p1(qp) p)
\/ZHO [nqn " smh‘p(o)

—[p:(0) + liqlI(0)]sinhy
—[llqllp:]cosy(0),
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y; = 0.
, (L r_p2(ap)’ _ (@pps
= /2H [22 4+ g2 (=) () gl = 222 222 | coshyp
pz(qp)
\/2Ho [nqn p mth(zp)
—[p.llqll’ + liqllp,']sinhy
~[llqllpzlcosyp ("),
P e (—Q3) _ _p200)  (g'p)(-p3)
Y2 =~ 2, L Tal 72( )(nqnz) 0)-=, " ]COS}”/’
pz(qp)
\/21'10 [nqn p Slnh‘l’(o)
—[p2(0) + lIql|(—p3)]sinhy
—[llqllpzlcosy(0),
v = = [ [Se) - DR | o — [l (—ps)sink,
Y2 = —Vs.
, / pg(qp) _ (gp)ps
Y3 = \/21'10 [||q||+Q3( (nan) llqll” - p ]COSW’
ps(qp)
\/21'10 [nqn p thq’(w)
—[psllqll’ + llqllps']lsinhyp
—[llqllps]cosyp ("),
’ (QZ) _ _ p3(0) _ (qp)(p2)
Y3 \/ZHO ian T 93( )(nqnz) 0)-=, " ]COS}"/’

p3(q-p) p)
~\2 [nqn p Smhw(o)

—[p3(0) + llqll(p2)]sinhy
—[llqllps]coshyp(0),

r @) _ (@p)(p2) _ .
vi == [an e = 4572 | cosh = llgl )lsinku,

Y3 =Y. |

X. Concluding Remarks
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