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Introduction

Much has been written about the theorems of Jordan—H®older and Schreier after
the publication of the original works of Jordan [9; 10, p. 42], Holder [7] and
Schreier [15]. The most famous papers on this subject are those of Zassenhaus
[17] and Ore [13, 14]. More recent notes were written by Hilton and Ledermann
[6], Calenko, Sul’gelfer [2] and Wyler [16]. The aim of this paper is to give a
common basis for these developments and to point out the difference between the
Jordan—Holder Theorem and the Schreier Theorem.

The material in this paper is organized in the following manner: § 1 a general
description of situations, the so called “Jordan—Hblder —Schreier Situations”, in
which it is possible to ask whether the Jordan—H®élder and Schreier Theorems are
valid. Some logical dependences between these two theorems are also mentioned.
It seems hopeless to find a non-trivial necessary and sufficient condition for the
validity of the theorems in general Jordan—H®older—Schreier Situations. Sufficient
conditions with respect to the Jordan—Holder Theorem are given in §2, and much
stronger ones which imply the Schreier Theorem by means of a “Zassenhaus Lemma”
are given in §4.

In this axiomatic approach the difference between the Jordan—Holder Theorem
and the Schreier Theorem lies in the fact that we need a notion of “union”

(cf. section 0.4) in the latter but not in the former case.

As examples for the Jordan—Holder case we obtain in §3 the Jordan—Dedekind
Chain Condition for semimodular lattices and a generalization of the classical case
which needs slightly fewer assumptions than are used in the literature, e.g. [6].

§5 contains examples for the Schreier Theorem, firstly the lattice theoretical case
of Ore [14] again and some derivations from it, secondly a Schreier Theorem for
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semisimplicial sets as an example for a Schreier Theorem in functor categories and
finally the classical case again under assumptions which are slightly weaker than
those of Calenko and Sul’ geifer [2] and Wyler [16].

§ 0. Notational preliminaries

0.0. N, denotes the set of nonnegative integers and [r] the set consisting of O,
and all integers between 0 and r, for all r € Ny.

0.1.If C is a category we denote by
(0.1) 1IC,MC,EC
the subcategories of all isomorphisms, monomorphisms and epimorphisms in C.
0.2. For all morphisms fin a category C we denote by
(0.2) domf codf
the domain and the codomain of f considered as identity morphisms. If NV is a class
of morphisms then “dom N is the class of all objects in C which appear as domain
of an element of NV,
If C has a zero object we denote by
(0.3)  kerf, coker f
the class of kernels and cokernels, respectively.
0.3. If g and h are monomorphisms (epimorphisms) of a category C, then
(04) f=g
means that there isaj € IC with
0.5) fi=g(if=g.
0.4. Unions.

0.4.1. Definition. Let C be a category and g, / a coterminal pair in M C. A union of
gand h, denoted by g U A, is a morphism in M C with
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06) g=(@VUh)gt, h=(gVhnh"
for suitable g*, At € ( satisfying the following universal property:

(0.7)  Iffy, &g, hg € MC are given such that fogy = g, fohy = h then thereisa
JE Cwithfoj=gUh.

We need some facts about these unions which are contained in the following
lemmas.

0.4.2. Lemma. Let C be a category with pullbacks and f, g, h € M C be given such
that

(0.8) domf=codg=codh.

Then g h exists in C iff (fg) U (fh) exists in C. If this happens, the equation
(09) feVh=()V{Fh)

holds.

0.4.3. Lemma. Let C be a category and g, h, k, m € M C be given such that
(0.10) h=km

and

(0.11) codg=codh.

Ifg U h€TIC then g k exists and belongs also to T C.

0.5. Indecomposability. Let C be a category and S a class of morphismsin C.
0.5.1. Definition. f € S is S-indecomposable, if any equation

0.12) f=go8---8&

with g; € S for all i € [r] implies the existence of anj € [r] and morphisms
f', f" € C such that
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©0.13) g;=f'ff",

gogl"’gi—-lfla lf]¢07
f' otherwise,

(0.14) codf= {

fg]+lgr s lf]#r,

.15 ={ ., )
(0.15)  dom f {f otherwise.

0.5.2. Lemma. Let S be contained either in MC or in EC, Then f € S is S-indecom-
posable iff any equation

(0.16) f=gogy---&

with g; €S for all i € [r] implies that all except exactly one of the g;'s are iso-
morphisms.

0.5.3. Notation. If S is a class of morphisms in a category C then we denote by S/
the class of S-indecomposable morphisms in C.

§ 1. Jordan—Hdlder—Schreier Situations
1.1. Definition. A Jordan—Hélder—Schreier Situation (abbreviated JHSS) is a triple
(C, S, ~) such that
(1.1)  Cisa category,
(1.2)  Sisasubclass of C consisting of the socalled “subinvariant’ morphisms,
(1.3)  ~isan equivalence relation on S.

In a JHSS one may ask if the theorems of Jordan—Holder and Schreier are valid
or not. To make this more precise we need some further definitions.
Let a fixed JHSS (C, S, ~) be given.

1.2. Definition. A subinvariant series is a finite sequence
(1.4) g=(g0,g1,...,g,g)

of subinvariant morphisms such that

(1.5) domg;=codg

foralll€ [Ig—l ].lg is called the length of g.
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Later we will also need infinite sequences of this kind: A subinvariant sequence
is an infinite sequence

(16) (5)=(g0,g1,...,g1,...)
of subinvariant morphisms such that (1.6) holds for all/ ENj,.

1.3. Notation. Subinvariant series are denoted by small and sequences by capital
gothic letters, their elements by the corresponding latin letters plus a lower index.
Further we set

(1.7 igi:=g0g1.-.g19
and
for all /€N,

1.4. Definition. The Jordan—Holder Theorem is valid in the JHSS (C, S, ~) if for
any pair (g, §)) of subinvariant series with

(1.9 lgl=1h1

a bijection 7 : [lg] ~ [I[)] exists such that

(1.10) g ~hy

foralll€ [Ig].

In order to formulate the analogous definition for the Schreier Theorem we
need further the notior of refinement.

1.5. Definition. The subinvariant series E is a refinement of the subinvariant series ¢
if there is a strongly increasing map a : [Ig] = [/ g ] such that

(1.11) 8 =808 - - - B>

(1.12)  g141 =8ai)+18(aly+2 - - - &a(1+1) for all 1€ [ly—1],

and

(1.13)  olg) =13.

1.6. Definition. The Schreier Theorem is valid in the JHSS {(C, S, ~), if for any pair

(8, b) of subinvariant series with (1.9) refinements 3, hofgand lj, respectively,
and a bijection 7 : [I§] > [/§] exist such that
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(1.10%) g ~h,
for all 1€ [13].

The two following theorems are some trivial consequences of these definitions.

1.7. Theorem. If the Jordan—Holder Theorem is valid in the JHSS (C, S, ~), then
(i) the Jordan—Holder Theorem is valid in all JHSS (C , S, ~,) with ~, coarser
than~, ie. ~C~,,
(ii) the Schreier Theorem is valid in the JHSS (C, S, ~),
(iii) no finite composition of subinvariant morphisms is subinvariant. This im-
plies the subinvariant morphisms which are not isomorphisms are S-indecompos-
able.

1.8. Theorem. If the Schreier Theorem is valid in the JHSS (C, S, ~), then

(i) (analogous to (i) in Theorem 1.7.),

(ii) the Jordan—Holder Theorem is valid in the JHSS (C, SI, ~) provided that
no S-indecomposable morphism is equivalent to an isomorphism and

(1.14) ifi~f
for all f€ SI and suitablei, j€1C.

§ 2. The validity of the Jordan—Holder Theorem

2.1. Many of the JHSS’s in which the Jordan—H®older Theorem is valid satisfy the
following axioms, the existence axiom (JHE) and the quality axioms (JHQ.1) to
(JHQ.3) or their duals.

- Let (C, S, ~) be a JHSS and let SC denote the subcategory of C, which is
generated by S.

2.2. Axioms.

(JHE) A pullback exists in SC for any coterminal pair g, h € S.
(JHQ.0) ISC-S-ISCCS CMSC.

(HQ.1) If
- 8
Q2.1 hl lh’

g
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is a pullback in SC with g, h€ S and g # h, then g' and h' also belong to
S.* (If these axioms are valid, then SC has pullbacks).
(JHQ.2) ifj ~ fwhenever fE€ S, i, j €1SC and ifj is defined.

Now we are able to state our first main theorem.

2.3. Theorem. The Jordan—Holder Theorem is valid in the JHSS (C, S, ~) satis-

fying (JHE) and (JHQ.0) to (JHQ.2) iff JHQ.4) are valid.

(JHQ.3) Either (g~ g and h~h')or (g~ hand g ~ h') whenever (2.1) is a pull-
back over S.

(JHQ.4) S contains no isomorphism.

2.4. Proof. The necessity of (JHQ.3) is trivial, that of (JHQ.4) follows from the
equation

22) ili-l=4-1

for any isomorphism i, namely, i €S would imply iles by means of (JHQ.0), thus
the equation (2.2) would contain only elements of S. But such an equation is im-
possible, if the Jordan— Holder Theorem is valid.

The remainder of the proof of the theorem follows by means of the well known
induction argument from

2.5. Proposition. Given a JHSS (C , S, ~) satisfying (JHE) and (JHQ.0) ro (JHQ.4),
then any equation

(23) &g & =hyh

withr >0, g, €S forall | € [r], hg €S and h € S C implies the existence of a de-
composition of h in the form

(24) h=hjhy... h,

with by, | €S for all 1 € [r—1] and of a bijection 7 : [r] ~ [r] with
(1.10) g ~h,y

foralle [r].

* Our considerations can be done analogously in the case where (JHE) and (JHQ.1) are weaken-
ed to the “‘quadrilateral condition” of Ore [13], but then (JHQ.3) has to be strengthened.
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2.6. Proof. We form the diagram

g g" - &
" / . // i / N //
//( // /// ///
. P P
« ’d W< K
£ £ 'z £3
0= - MO +'g_({+l)
ho-2>// ,,(/—1)/ ,,0)// h<f+12/
(2.5) T e e e
x yd /4/ »
S — S -~ <
e §j-1 §j 8i+1
g(r—2) g(r—l) g(r) g(r+ l)_
wr-2." -0 NEY N Sy
)i ’ X %/
8r-2 T & P

choosing g{ and h(?) step by step, beginning on the left, such that every small
parallelogram is a pullback. Since hy € MSC the square

h

<‘—
{2.6) hol Jidentity
I —

8081 &

is also a pullback. This implies 2" *1) €1SC.
It may be that some other 2()s are also isomorphisms. Let j be the smallest
number such that 4 is an isomorphism. Then we derive from (JHQ.1) and (JHQ.4)

Q7 hy=g, ifji=1,
(28) Wi-D=g_ | ifj-1€[s],
and further g0) € 1C. Then
g if1<i<j

(29)  hyi={ gD(RD)"1g; ifi=j
8 lf] <i<r
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gives the desired morphisms if j <r + 1.In casej=r+ 1(2.10) has to be slightly
modified.
Using (JHQ.3) now it is easy to construct the required bijection m.

§ 3. Examples for the validity of the Jordan—Holder Theorem

3.1. Lattices. Let | be a lattice, considered as a category, S the set of indecompos-
able morphisms in [* and

(3.1) ~:=SXS.

In the JHSS (L, S, ~), the axioms (JHE), (JHQ.0), (JHQ.2) — (JHQ.4) and their
duals automatically hold. (JHQ.1) is exactly the condition of lower semi-modulari-
ty and its dual corresponds to upper semi-modularity [S, p. 120]. The resulting
Jordan—Holder Theorem is known as ““Jordan—Dedekind Chain Condition™ (or
“Dedekindscher Kettensatz™ [3; 5]).

This and the more general case of preordered sets is treated excellently by Ore
in [13] (cf. also [11]). Our approach in § 2 generalizes Ore’s work in considering
arbitrary equivalence relations instead of (3.1).

3.2. The “classical” case

3.2.1. The classical Jordan—Holder Theorem works in a category C with zero object
0 where the subinvariant morphisms belong to the class K of all kernels having co-
kernels and any two such classes are equivalent if they have isomorphic cokernels.

In this section we do not take the K-indecomposable morphisms as subinvariant
since the assumptions which we need in order to prove the corresponding Jordan—
Holder Theorem are strong enough to derive the Schreier Theorem. We therefore
obtain this case by means of Theorem 1.8 from section 5.3.

3.2.2. Let E be a class of objects in C, S the class of all kernels having a cokernel
whose codomain belongs to £ and S, the class of all cokernels having a kernel in S.

Then (JHQ.0) and (JHQ.2) hold automatically. (JHE) is valid iff a composition
gh has a kernel wheneverg €S and h € S;(JHQ.4) is equivalent to

32) 0¢E

Further we have, assuming (3.2),

* f: A — Bisindecomposable iff B covers 4 (cf. |5, p. 115]).
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3.2.3. Lemma. If gh is either zero or a cokernel whenever g €S and h € S, then
(JHQ.1) and (JHQ.3) also hold.

Proof. Let a pullback of the form (2.1) be given and let g, # be cokernels of g and
h, respectively, with codomain in E. The only nontrivial point to show is that
gh=0iff hg=0.

Let us assume gh = 0. Then there is an epimorphism f such that

(3.3) g=sn.

If hg # 0, then by assumption Ag would be a cokernel. Therefore
(34 f(he)=¢ge

would be also an epimorphism. But this gives

(3.5) codg =0,

in contradiction to (3.2).

3.2.4. Corollary. The Jordan—Holder Theorem is valid in the JHSS (C, S ~) if
(3.2) holds and gh either is zero or belongs to S wheneverg €Sand hE S.

More familiar conditions are obtained if £ is the class of simple objects.

3.2.5. Definition. An object in C is simple if it is neither a zero nor a codomain of
a nonisomorphic element of K.

3.2.6. Now let E be the class of all simple objects and K the class of all cokernels
having kernels. Then the condition

(3.6)  Any composition gh with & € K and h €K can be decomposed into a
composition h'g, withh" €K andg' €K

implies the hypotheses in Lemma 3.2.3 and Corollary 3.2 4.

Condition (3.6) seems to be quite natural for generalizations of the notion of
abelian categories which include the category of groups. It may be found for
example in [2, p. 46—47; 6; 8; 16].

In [6] the following axioms are assumed.

(D). Every epi has a kernel, every mono a cokernel.
(I1). Every f€ C may be expressed as f = gh with g mono and h epi.

(I11). (Our condition (3.6)).

Our development shows that (II) is completely superfluous and that (I) is too strong
if one deals with ““simple” objects as the cokernels of subinvariants. Also a weaker
condition than (I) (cf. (5.8)) is sufficient to imply the Schreier Theorem and the
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case of “indecomposables” mentioned above. The proof of the Jordan—Hblder
Theorem in [6] uses “unions” of which the existence is established by means
of (1), but which are not intrinsic to this theorem.

3.2.7. From 3.2.6 we can derive the Jordan—Holder Theorem for the category of
groups and its dual. We should remark that the notion “simple’” and the condition
(3.6) are self-dual. As MacLane [12] has already pointed out, the group theoretical
Jordan—Holder Theorem has nothing to do with the fact that the category of
groups fails to be self-dual.

A further example is the category of pointed sets where the two-point sets are
simple. For more examples see [16, §2].

8§ 4. The validity of the Schreier Theorem

4.1. For the validity of Schreier’s Refinement Theorem, we assume the following
existence axioms (SE.1) to (SE.3) and the quality axioms (SQ.0) to (SQ.3) (or
their duals). These axioms contain nothing about the equivalence relation, but we
shall show that there is a canonical one such that the Schreier Theorem is true.
Thus in view of Theorem 1.8 (i), we obtain sufficient conditions for the validity
of the Schreier Theorem.

Let C be a category and S a class of morphisms in C. Without loss of generality
we may assume for the remainder of §4 that C is generated by S. For the applica-
tions later on we have to replace C by SC in the following axioms.

4.2. Axioms.

(SQ.0) codSCSCMC (=C=MO).

If g and & belong to S and are coterminal, then

(SE.1) a pullback for g and h existsin C .

(SQ.1) If(2.1)is a pullback in C, then g’ and h' also belong to S.
(SE.2) gUhexistsin C.

(SQ.2) gUhbelongstoS.

If
- &
\\mA'
4.1 & h'
/e
<
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is a commutative diagram over S such that the lefthand square is a pullback and
g U h an isomorphism, then

(SE.3) (gk')Vhexistsin C,

(SQ.3) (gk') U h belongs to S and the induced square

g

(4.2) (gkHunh k'

is a pullback.
Now we give immediate consequences of these axioms.

4.3.Lemma.(i). ICCS, IC-S-ICCS.
(ii). g€ Sand gh €S impliesh € S.
(iii). C has pullbacks.
(iv). feVh)=fg U fh forall f, g, h € C with

(4.3) domf=codg=codh,

such that either gU h or fg U fh exists.
Next we define the canonical equivalence relation.

4.4. Definition. & is (strongly) perspective to h* along g, ifg€ C (g€ S8),gUh
exists and belongs to 1C and A#* is a pullback of & alongg. A is (strongly)
perspective to h* if there is a g such that A is (strongly) perspective to A* along
g

Thus perspectivity is a reflexive and transitive relation on C generated by the
reflexive relation of strong perspectivity. These relations generate an equivalence
relation of which the restriction to S is the canonical equivalence relation which
we shall use in the following. It is denoted by ~ ..

Using these notions we may express (SE.3) and (SQ.3) in another form.

4.5. Lemma. If h €S is strongly perspective to k'm' along g with k' € S, then there
are k, m €S with
(44) h=km

such that k is strongly perspective to k' along g and m is strongly perspective to m'
along the pullback of g along k.
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Proof. By means of (SE.3) we define

(45) k:=(gk')Uh.

Let m and n be the inclusions of 4 and (gk'), respectively in k. The desired pull-

back properties then follow from (SQ.3). It remains to show that g U k € TCand

nUm € IC. From Lemma 4.3 we obtain the existence of n U m and

(46) k(nUm)=(gkYUh=k,

which gives n U m € ] since is monic. Since

4.7y gUh=(gVUkm)

is an isomorphism we find by means of Lemma 0.4.3 that g U k is also an isomorphism.
[t is clear that we may replace (SE.3) and (SQ.3) by the statement of this lemma

if the other axioms are valid. Further, a simple induction argument shows

4.6. Lemma. The statement following from Lemma 4.5 by cancelling the word
“strongly” is also true.

The key for the validity of the Schreier Theorem in the JHSS (C, S, ~) is
4.7. Lemma. Let & be a subinvariant sequence and h € S with
(48) codh=codg, .

Then there is a (necessarily unique up to isomorphisms) subinvariant sequence
with

(4.9) |G, Uh=8,|

for all 1€ Ny If & is such a subinvariant sequence then k, is perspective to
g Y KD for all natural numbers | where h) denotes the pullback of h along
CNINEE

Proof. We construct & inductive by such that the inclusion mD of hin | S?l | is
perspective to £ *1) along the inclusion n) of | &, | in | ®; | . Taking

(4.10) ky=gyUh
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we obtain the diagram

80
<

4.11) h| \m h'

and
(4.12) ko(n, Um') Ego Uh =k0,

from which n' U m' € TC. Thus we can start the induction.
In order to perform the induction step from / to / + 1 we use the abbreviation

(4.13) k*=g; ., URI*D

and denote by m* and 117+ | the inclusions of AU+1) and & +1, respectively in k*.
Then we have the following diagram (full lines):

N0+

\?l'#a.ﬁ_ *
(4.15) » "\»’7«”1““‘“‘*;; ------- b Wi +2)
\ / ien |
Il n -y
T & a T % T &4 ‘

Now Lemma 4.6 gives (dotted lines) k;,; perspective to k* and m**1) perspective
to m* along n*. Since m* is strongly perspective to h/(*2) along nj,, we get m(*D
perspective to A/ +2) along

I+1) . = p*,*
4.16) n+D:.=p ny,q -
Finally we have

(417) IR 1=i®, 1D UMDYy =1 G ), U

Rearranging the morphisms in this proof we obtain the essential part of the familiar
butterfly diagram which occurs in'the Zassenhaus lemma.
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y

ke

T -

Thus we can perform the proof of the Schreier Theorem in the Zassenhaus way and
obtain

(4.18) k*

4.8. Theorem. The Schreier Theorem is valid in the JHSS (C, S, ~_), if (SQ.0) to
(SQ.3) and (SE.1) to (SE.3) are satisfied.

Since the canonical equivalence relation satisfies the conditions in Theorem
1.8 (ii), we obtain the validity of the Jordan—Hblder theorem in the JHSS (C, S, ~,).
But this is nothing new since we may derive the axioms (JHE) and (JHQ.0) to
(JHQ.4) in this situation.

In concrete situations it is an interesting problem to give other characterizations
of the canonical equivalence relation or a coarser one, that is to say “invariants”
of the equivalence classes generated by the perspectivity. We list some results of
this kind in our examples.

4.9. Remark. The original proof of Schreier [15] uses (SQ.0), (SE.1), (SE.2),
(SQ.1), (SQ.2) and the following facts which are valid in an given JHSS (C, S, ~).
(S.1) If (2.1) is a pullback such that g Uh € 1C, theng ~gand h' ~ h.
(S2) Ifh~h and W' =k'm’ with h, ', k', m' €S then there are k, m € S with

k' ~k m' ~mandh=km.
Clearly (S.1) and (S.2) follow for the canonical equivalence relation in the presence
of (SE.3) and (SQ.3). But (S.2) can become wrong if we replace the canonical‘equi-
valence relation by a coarser one. This clarifies the difference between Schreier’s
and Zassenhaus’ method for proving the Refinement Theorem.
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8§ 5. Examples for the validity of the Schreier Theorem
5.1. Lattices

5.1.1. Let [ be a lattice, considered as a category, and
(5.1) S:=L.

Then all our axioms and their duals except the second part of (SQ.3) hold auto-
matically. (SQ.3) is equivalent now to (using lattice theoretical notation)

(52) an®Ud=b

whenever (¢ N ¢) € b C a. But this is exactly the condition of modularity which can
be written in the self-dual form

(53) an@®uUc)=bU(@nc)

whenever b Ca.
An invariant of an equivalence class is the “quotient” of its morphisms (cf. [5,
p. 118]).

5.1.2. If C is any category and
(54) S=MC,

then the axioms in 4.2 are satisfied iff the subobjects of any object in C form a
modular lattice. This is true for example for a topos, but not for arbitrary exact
categories in the sense of Barr [1]. The latter follows from the fact that any pre-
ordered set can be considered as an exact category.

5.2. Semisimplicial sets

5.2.1. Let C be a category and S a subclass of C satisfying the axioms in 4.2; take
for example, for C the category of sets and the class of injective maps. Let 0 be
another category. We consider the functor category cDandin P the class P of
all natural transformations F - F' such that FA - FA' belongs to S for all objects
A in D. Then SD satisfies also the axioms in 4.2.

5.2.2. In particular, we consider the category of semisimplicial sets, i.e., C the cate-
gory of sets, D the category of finite ordinals. Let S be the class of injective maps,
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then SD is the class of semisimplicial monomorphisms. If #, ' € § D are canonically
equivalent, then they have isomorphic quotients.

A more interesting case is the canonical equivalence of SD-indecomposable
morphisms. A eslis indecemposable iff there is a pushout diagram (cf. [4] for
the notations)

XY

(55) Ch

A[n]<—3———A[n]

The epic part of the semisimplicial map ¢, is an invariant of the equivalence class
of an indecomposable semisimplicial monomorphism A.

5.2.3. Since the category of sets also satisfies the duals of the axioms in 4.2, we

have a canonical equivalence relation and a Schreier Theorem as well if we take

the semisimplicial epimorphisms as subinvariants. We restrict our attention again
to the indecomposables. A semisimplicial epimorphism % is indecomposable, iff

there is a diagram

. C h
(5.6) A[n] — Aln] —2X—7Y,

where the left-hand part is an equalizer and the right-hand part is a coequalizer.
The nonnegative integer n then is an invariant of the equivalence class of 4.

5.3. The “classical ’case (notations as in 3.2)

5.3.1. If we take

5.7 S:=K

then (SQ.0) automatically holds and_(SE.l) as well as (SQ.1) are valid iff a compo-
sition gh has a kernel whenever g €K and # € K. For example, this is satisfied if

(3.6) is valid. But (3.6) is not enough to assure the existence of the desired unions.

5.3.2. Lemma. (SE.2) and (SQ.2) are valid if (3.6) and
(5.8)  any composition h'"'g has a kernel in K whenever k", g €K
hold.
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Proof. We define g U & to be the kernel of #"g where g is a cokernel of gand 2" a
cokernel of the 4" which arises in the factorization of gh by means of (3.6).

In order to prove the union property for this g U & we have to consider a com-
mutative diagram of the following form (full lines)

A\
A

-~ +
Ve
/s .

/’/X

/

&~

/ il

— _—1gl

wheref, g and ! are subinvariant series and to construct aj € K (dotted line) such
that

(5.100 gUA=1|]lj.

Since Lemma 4.3 (ii) is trivial in this situation, we can assume

The remainder follows by induction on [ {, showing moreover that the desired ; is
the kernel of & 8 g, (notation analogous to above), i.e.

(5.12) j=gyu hy .
Thus we can assume
(5.13) 1il=fy.

Then the proof of the existence of is easy (see e.g. [6, Theorem 3.3]).
Thus it remains to show

(5.14) hygyi=0.
This will be done in 5.3.4. We need the following

5.3.3. Lemma. (First Noether Isomorphism Theorem). If (3.6) and (5.8) hold and
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the outer square in the diagram

’

- &

h+
(5.15) & \ "
+
4,,,N
I'4

is a pullback over K then any cokernel g’ of g can be decomposed into h* followed
by a cokernelg* of g*.

Proof. We decompose g (g U k) according to (3.6) into a cokernel of g* and a kernel
# €K. 1" turns out to be a cokernel of /1 . This proves the lemma.

5.3.4. In order to show (5.14) we observe first

(5.16) &g jg* =0.

Therefore we get a j* satisfying

(5.17) j"g*=¢g5j .

Using Lemma 5.3.3 we find that (5.14) is equivalent to
(5.18) hyj'g'=0,

which follows from the equation

(5.19) hyj"g'=hggqhg .

This completes the proof of Lemma 5.3.2. For (SE.3) and (SQ.3) we need no
further axioms.

5.3.5. Lemma. If (3.6) and (5.8) hold, then (SE.3) and (SQ.3) are also valid.

Proof. We consider a diagram of the form (4.1) and with the same properties. First
we obtain

(5.20) gh Ecokerg', hg € coker i’

for all cokernels g and 7 of g and 4, respectively. Using (3.6) we decompose (hg)k’
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into a cokernel 7" of m' followed by a kernel k" € K. Let k" be a cokernel of k"
and k a kernel of & &, which we obtain by means of (5.8).
Since k" (hg) is a cokernel of k', the induced square

« &
(5.21) « k'

I —
g

turns out to be a pullback and g'is a kernel of gk. Since g U k is an isomorphism
gk is also a cokernel of g. Now take m € K such that

(5.22) km=h.

Then we have gU m € 1C and therefore

(5.23) k=k(gUm)=(gk')Uh.

This gives the existence of (gk’) U # with the desired properties.

5.3.6. It is clear that the isomorphism classes of the codomains of the cokernels of
elements of K are invariants with respect to the canonical equivalence.
Therefore we have the following

5.3.7. Theorem. If (3.6) and (5.8) hold, then the Schreier Theorem holds in the
JHSS (C, K, ~), where C is a category with zero and K the class of kernels having
cokernels, any two of these classes being equivalent if they have cokernels with
common codomain.

5.3.8. Examples for the applicability of Theorem 5.3.7 are: The category of groups,
the category of pointed sets, all categories satisfying the assumptions of [16]
(where further examples are given).

Finally we mention that it is easy to construct a category with zero satisfying
(3.6) but not (5.8). Then we have a Jordan—Holder Theorem in the sense of 3.2
but not a Schreier Theorem as described here. But our construction gives a very
artificial example and it may be void.
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5.4. Normal and principal series. The theorems developed in 3.2 and 5.3 are
generalizations of the classical theorems for subinvariant series (see e.g. [5]). One
may ask if it is possible to generalize these theorems to include the case of principal
and normal series in the sense of [5]. Without being precise we want to say that in
both cases this needs a further axiom, viz. the dual of (5.8). This is not astonishing
since in the category of groups one can consider principal series and composition
series as being dual to each other [12].
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