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Progress in Automatic Structure Refinement with LEED 
W. Moritz1, H. Over2, G. Kleinle2, and G. Ertl2 
1 Institut für Kristallographie und Mineralogie, Universität München, 
Theresienstr. 41, W-8000 München 2, Fed. Rep. of Germany 

2Fritz-Haber-Institut der Max-Planck-Gesellschaft, 
Faradayweg 4-6, W-1000 Berlin 33, Fed. Rep. of Germany 

I t i s demonstrated t h a t c o n v e n t i o n a l l e a s t Squares o p t i -
m i s a t i o n techniques can be s u c c e s s f u l l y u s e d f o r automa-
t i c s t r u c t u r e r e f i n e m e n t w i t h LEED. Examples a r e g i v e n 
f o r two a d s o r b a t e Sys tems , H / N i ( 1 1 0 ) - ( 1 x 2 ) and 
O / N i ( 1 1 0 ) - ( 2 x 1 ) where r a p i d conve rgence i s r e a c h e d i n a 
s i m u l t a n e o u s o p t i m i s a t i o n of a l l s t r u c t u r a l p a r a m e t e r s 
w i t h i n t h e top t h r e e l a y e r s . 
1 . I n t r o d u c t i o n 
The a p p l i c a t i o n of LEED as a Standard t e c h n i q u e f o r 
s u r f a c e s t r u c t u r e d e t e r m i n a t i o n r e l i e s c r i t i c a l l y on i t s 
c o n v e n i e n t u s e and i t s c a p a b i l i t y t o s o l v e complex s t r u c -
t u r e s . An a u t o m a t i c s t r u c t u r e r e f i n e m e n t t e c h n i q u e , a 
c l e a r r e c i p e t o l o c a l i s e t h e b e s t f i t model and a s t a n d a -
r d i s e d c r i t e r i o n t o j u d g e t h e q u a l i t y of t h e r e s u l t 
would be most u s e f u l t o make t h e method a p p l i c a b l e by 
t h e n o n - s p e c i a l i s t . C l e a r l y , t h i s S i t u a t i o n h a s n o t y e t 
been r e a c h e d and, compared t o X- ray d i f f r a c t i o n , t h e 
method i s s t i l l l i m i t e d . Recen t d e v e l o p m e n t s , however , 
show t h a t c o n s i d e r a b l e improvements a r e p o s s i b l e . The 
c o m p u t a t i o n a l e f f o r t , which i s s t i l l a l i m i t i n g f a c t o r , 
can be r e d u c e d t o a l a r g e e x t e n t [ 1 - 3 ] . F u r t h e r improvem­
e n t s can be made i n t r o d u c i n g o p t i m i s a t i o n t e c h n i q u e s 
i n t o t h e s t r u c t u r e a n a l y s i s . 

S e v e r a l p r o c e d u r e s have been p r o p o s e d f o r an automa­
t i c s t r u c t u r e r e f i n e m e n t i n which a m i n i m i s a t i o n of t h e 
c o n v e n t i o n a l l y u s e d R - f a c t o r s i s o b t a i n e d by g r a d i e n t 
methods o r s e a r c h p r o c e d u r e s [ 4 - 6 ] . The f i r s t a p p r o a c h 
had been p r o p o s e d by Powel l and de Carva lho [4] , who 
a p p l i e d a s e a r c h p r o c e d u r e w i t h an i n d e p e n d e n t o p t i m i s a ­
t i o n of each p a r a m e t e r . The method i s g e n e r a l l y a p p l i c a ­
b l e and does n o t r e q u i r e t h e c a l c u l a t i o n of d e r i v a t i v e s . 
A more s o p h i s t i c a t e d method which a l l o w s t h e s i m u l t a -
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neous r e f i n e m e n t of a l l p a r a m e t e r s h a s been r e c e n t l y 
p roposed by Rous, Van Hove and Somorja i [6] . Th i s method 
i s a g r a d i e n t method which , i n t h e f o r m u l a t i o n u s e d 
t h e r e , a l s o r e q u i r e s R - f a c t o r c a l c u l a t i o n s o n l y and no 
d e r i v a t i v e s . A d i f f e r e n t a p p r o a c h , somewhat r e l a t e d t o 
o p t i m i s a t i o n methods i s t h e d i r e c t method p r o p o s e d by 
Pendry , Heinz and Oed [5] i n which t h e d e v i a t i o n from a 
r e f e r e n c e s t r u c t u r e i s d e t e r m i n e d i n one s t e p . The p r o -
cedure can be i t e r a t e d i f t h e l i n e a r e x p a n s i o n from t h e 
r e f e r e n c e s t r u c t u r e i s n o t s u f f i c i e n t . The c o m b i n a t i o n 
w i t h Tensor LEED t e c h n i q u e s [1] makes t h i s method v e r y 
e f f i c i e n t . 

We p r o p o s e h e r e an a l t e r n a t i v e approach which c l o s e l y 
r e s e m b l e s t h e methods c o n v e n t i o n a l l y a p p l i e d i n x - r a y 
c r y s t a l l o g r a p h y [ 7 , 8 ] . Both methods a r e d i f f r a c t i o n 
t e c h n i q u e s and t h e s t r u c t u r e i s u s u a l l y d e t e r m i n e d by 
f i t t i n g model c a l c u l a t i o n s t o e x p e r i m e n t a l d a t a . The 
only d i f f e r e n c e i n t h e two t e c h n i q u e s i s g i v e n by t h e 
way t h e e x p e r i m e n t a l and t h e o r e t i c a l d a t a a r e compared, 
and, of c o u r s e , i n X- ray d i f f r a c t i o n , f u r t h e r methods 
a r e a p p l i c a b l e which canno t be a p p l i e d w i t h LEED. Us ihg 
X- rays a s e t of d i f f r a c t e d i n t e n s i t i e s i s measured a t 
c o n s t a n t w a v e l e n g t h , w h i l e w i t h LEED füll s p e c t r a a r e 
measured and f i t t e d t o t h e o r e t i c a l c u r v e s . The f i t i s 
u s u a l l y done by a d j u s t i n g t h e p o s i t i o n of maxima and 
minima i n t h e s p e c t r a . 

The re i s a - p r i o r i no obv ious r e a s o n why t h e s i m p l e 
compar i son of r e l a t i v e i n t e n s i t i e s , which works w e l l i n 
t h e c a s e of X - r a y s , s h o u l d n o t work i n t h e c a s e of LEED. 
I t s h o u l d be n o t e d t h a t t h e p o s i t i o n of maxima and m i n i ­
ma i n t h e s p e c t r a i s n o t d i r e c t l y u s e d . Measur ing t h e 
d i s t a n c e be tween e x p e r i m e n t a l and c a l c u l a t e d s p e c t r a by 
t h e l i n e a r o r q u a d r a t i c d e v i a t i o n h a s t h e a d v a n t a g e t h a t 
w e l l d e v e l o p e d o p t i m i s a t i o n t e c h n i q u e s can be u s e d . With 
t h e c o n v e n t i o n a l R - f a c t o r s , such a s d e f i n e d by Zanazz i 
and J o n a [9] and Pendry [10] t h e f i t - f u n c t i o n becomes 
f a i r l y c o m p l i c a t e d . A s i m p l e r R - f a c t o r t h e r e f o r e seems 
t o be a d v a n t a g e o u s and i t h a s i n d e e d been shown t h a t an 
R - f a c t o r b a s e d on t h e mean Square d e v i a t i o n i s w e l l a p ­
p l i c a b l e and l e a d s t o r e l i a b l e r e s u l t s . A füll d e s c r i p -
t i o n of t h i s method and t h e o p t i m i s a t i o n p r o c e d u r e h a s 
b e e n p u b l i s h e d r e c e n t l y [ 7 , 8 ] . We t h e r e f o r e g i v e h e r e a 
s h o r t r e v i e w of t h e n o v e l s t r u c t u r e r e f i n e m e n t t e c h n i q u e 
and d i s c u s s some c a l c u l a t i o n a l improvements i n d e t a i l . 
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2. O p t i m i s a t i o n p r o c e d u r e 
The R - f a c t o r s u sed i n X- ray c r y s t a l l o g r a p h y a r e e i t h e r 
t h e l i n e a r o r t h e mean Square d e v i a t i o n be tween o b s e r v e d 
and c a l c u l a t e d i n t e n s i t i e s a t a f i x e d e n e r g y . The a n a l o -
gous approach i n LEED h a s been p r o p o s e d p r e v i o u s l y a s 
t h e I ( g ) method [11] . The s h o r t c o m i n g s of t h a t method 
a r e t h a t a s u p e r s t r u c t u r e p r o d u c i n g o n l y weak e x t r a 
s p o t s , such as a hydrogen s u p e r s t r u c t u r e , c a n n o t be w e l l 
d e t e r m i n e d b e c a u s e t h e I ( E ) spec t rum of t h e s u p e r s t r u c t u -
r e s p o t i s n o t p r o p e r l y w e i g h t e d . T h i s p rob l em c a n be 
overcome by e v a l u a t i n g each beam w i t h a s e p a r a t e w e i g h t 
f a c t o r . The R - f a c t o r i s d e f i n e d f o r d i s c r e t e e n e r g i e s 
and i s g i v e n by 

S | J 6 X - c J t h | 
RnT7 = S W 1 1 , 8 S - 1 , 8 ; (1) 

DE g g s j ex 
i i , g 

c - 2 J ? / S J . ; W - n / En . (2) 
g l i , g i , g g g g g 

ng i s t h e number of p o i n t s p e r beam g. T h i s R - f a c t o r can 
be compared w i t h t h e u s u a l R - f a c t o r i n x - r a y d i f f r a c ­
t i o n . The q u a n t i t y which i s a c t u a l l y m i n i m i s e d i n t h e 
o p t i m i s a t i o n p r o c e d u r e i s , however , t h e mean s q u a r e 
d e v i a t i o n R2. RßE i s u s e d f o r compar i son w i t h x - r a y 
d i f f r a c t i o n where t h e unweigh ted l i n e a r d e v i a t i o n i s a 
S t a n d a r d R - f a c t o r . 

To save Computing t ime i t i s a d v a n t a g e o u s t o choose a 
s t e p w i d t h on t h e ene rgy s c a l e which i s a s l a r g e a s 
p o s s i b l e . We have e x t e n s i v e l y t e s t e d which s t e p w i d t h 
can be chosen w i t h o u t l o s i n g p r e c i s i o n of t h e r e s u l t . A 
s t e p w i d t h up t o 15 - 20 eV c o r r e s p o n d i n g t o a b o u t 10 
-15 d a t a p o i n t s p e r spec t rum seems t o b e c o m p l e t e l y 
s u f f i c i e n t [ 9 , 1 0 ] . The upper l i m i t of t h e s t e p w i d t h 
a p p e a r s t o be s e t by t h e r e q u i r e m e n t t h a t enough p o i n t s 
p e r beam r e m a i n . 

Having d e f i n e d t h e f i t - f u n c t i o n an a u t o m a t i c min imi -
s a t i o n p r o c e d u r e can be i n t r o d u c e d . A v e r y e f f i c i e n t met ­
hod h a s been d e v e l o p e d by Marquard t [ 1 2 ] . His method 
combines t h e a d v a n t a g e s of t h e g r a d i e n t method and of 
t h e e x p a n s i o n method. I n t h e g r a d i e n t method t h e s t e e -
p e s t d e c e n t of t h e R - f a c t o r i n t h e p a r a m e t e r s p a c e i s 
d e t e r m i n e d from i t s p a r t i a l d e r i v a t i v e s w i t h r e s p e c t t o 130 



a l l v a r i a b l e p a r a m e t e r s . The method works w e l l f a r away 
from t h e mimimum b u t c o n v e r g e s on ly s l o w l y n e a r t h e 
minimum where t h e d e r i v a t i v e s become v e r y s m a l l . The 
e x p a n s i o n method , on t h e o t h e r hand , works w e l l n e a r t h e 
minimum and may l e a d t o s e r i o u s e r r o r s f a r away from t h e 
minimum. 

I n t h e e x p a n s i o n method a l i n e a r a p p r o x i m a t i o n of t h e 
i n t e n s i t y f u n c t i o n i s u s e d 

k t h 
I t h (£o^ £ ) - I t h ( £ o ) + 2 C ^ - ^ } ] Ap + . . . (3) 

j = l j 
where j>0 = (p]_, . . . Pk) d e n o t e s t h e s e t of s t r u c t u r a l , p a r a ­
m e t e r s and I e x , I " 1 a r e t h e n o r m a l i z e d i n t e n s i t i e s . 
Eq. (3) i s i n s e r t e d i n t o t h e minimum c o n d i t i o n 

dR/3pj - 0 , ( j = l , . . . k ) (4) 
leading to a set of l i n e a r equations 

_, r Tex Tth/ N „ i o A i 1 0 _ / c . 

. V i ' h ~W.— A p j > — ä F ~ " = ( ) 

1=1 j - i j m 

which i s solved by matrix inversion 

Ap = ß • a " 1 , (6) 

1=1 rm 

«. _ £ C a i ! h ( P o ) • 3 l t! (Po)3 • (8) jm . = 1 3 p . 3pm 

The method of Marqua rd t r e p l a c e s ocjm by 
a ! - a . ( 1+5 . - A) (9) 

jm jm jm 

5 j m i s t h e Kronecker symbol . I f A i s l a r g e t h e n t h e d i a ­
g o n a l t e r m s domina te and t h e r e s u l t i s s i m i l i a r t o t h e 
g r a d i e n t method , i f A i s s m a l l t h e e x p a n s i o n method i s 
r e c o v e r e d . A i s d y n a m i c a l l y a d j u s t e d by 

131 



k ß? . 
A = c 2 ( - i - ) (10) 

i-1 a i i R2 
The speed of t h e o p t i m i s a t i o n can be i n f l u e n c e d by t h e 
p a r a m e t e r c . 

3. C a l c u l a t i o n of d e r i v a t i v e s 
The c a l c u l a t i o n a l e f f o r t i n t h e p r o c e d u r e d e s c r i b e d 
above i n c r e a s e s l i n e a r l y w i t h t h e number of f r e e P a r a ­
m e t e r s b e c a u s e t h e n u m e r i c a l c a l c u l a t i o n of each d e r i v a ­
t i v e r e q u i r e s an a d d i t i o n a l füll dynamica l c a l c u l a t i o n 
p e r p a r a m e t e r a t a l l e n e r g i e s . Th i s c a l c u l a t i o n c o u l d be 
done v e r y e f f i c i e n t l y by a p p l y i n g t h e Tensor LEED t e c h n i ­
que [1] . However, an app rox ima te c a l c u l a t i o n of d e r i v a t i ­
ve s seemed t o be e a s i e r t o implement i n t h e e x i s t i n g 
program and t u r n s o u t t o be q u i t e e f f i c i e n t . A l i n e a r a p -
p r o x i m a t i o n i n c a l c u l a t i n g d e r i v a t i v e s can be u s e d . 

The l a y e r s c a t t e r i n g m a t r i c e s a r e app rox ima ted b y : 
3M ( 2 o) 

M , - M , (Eo) + 2 — |s Ap. + . . . (11) 

gg ' gg' *° J 3p *J 
j 

where 3Mgg'/<9pj can be o b t a i n e d from a l i n e a r e x p a n s i o n 
of t h e i n v e r s e of t h e p r o p a g a t o r m a t r i x . The d e f i n i t i o n 
of t h e p r o p a g a t o r m a t r i x and t h e l a y e r s c a t t e r i n g 
m a t r i c e s i s g i v e n i n r e f . 13. I n a l i n e a r e x p a n s i o n 

(l-Xteo+AE))" 1- [ l-X( E o)]" 1+ ( l-Xteo)]" 1. 

[ X ( £ 0 + A 2 ) - X ( 2 o ) ] • [ l - X ( 2 o ) ] ~ l (12) 

and o n l y m a t r i x m u l t i p l i c a t i o n s a r e r e q u i r e d . The i n v e r ­
se of [ 1 - X ( e 0 ) ] h a s been a l r e a d y c a l c u l a t e d f o r t h e 
r e f e r e n c e s t r u c t u r e and can be r e u s e d a g a i n . Next an 
app rox ima te c a l c u l a t i o n of t h e l a t t i c e sum i s d e s i r a b l e . 
The sum over s c a t t e r e d waves from a l l atoms i n t h e l a y e r 
w i t h i n a l i m i t i n g r a d i u s of abou t 10 - 15 i n t e r a t o m i c 
d i s t a n c e s r e q u i r e s a good p a r t of t h e Computing t i m e and 
i t i s wor th w h i l e c o n s i d e r i n g s i m p l i f i c a t i o n s . The l a t t i ­
ce sum of s c a t t e r i n g p a t h s be tween p l a n e s v and v' i s 
132 



g i v e n by [13] 

im P+p - p ' (13) 
The s p e r i c a l ha rmon ics Y^m(Op+pv-pv#) do n o t change much 
by i n c r e a s i n g p^, by A p v and f o r t h e Hankel f u n c t i o n s t h e 
a s y m p t o t i c b e h a v i o u r a t l a r g e P can be used t o c a l o u l a t e 
t h e d e r i v a t i v e s f o r v a l u e s P > P m i n . Pmin c a n ke s e t t o 
3-4 i n t e r a t o m i c d i s t a n c e s w i t h o u t l o s i n g p r e c i s i o n . 

i h ^ ( z ) + e 2 4 (14) 
The l a t t i c e sum i s t h e r e f o r e s p l i t up i n t o two p a r t s 
where on ly one p a r t c o n t a i n i n g t h e n e a r ne ighborhood of 
an atom needs t o be r e c a l c u l a t e d . The minimum d i s t a n c e 
^min c a n ^ e chosen t o abou t t h r e e i n t e r a t o m i c d i s t a n c e s . 
The c a l c u l a t i o n a l e f f o r t f o r t h e l a t t i c e sum i s r e d u c e d 
by a f a c t o r of 15 by t h i s a p p r o x i m a t i o n . The compar i son 
of an app rox ima te c a l c u l a t i o n of d e r i v a t i v e s w i t h t h e 
füll dynamic c a l c u l a t i o n i s shown i n f i g . 1 . 

The app rox ima te c a l c u l a t i o n of d e r i v a t i v e s t u r n s o u t 
t o be c o m p l e t e l y s u f f i c i e n t f o r a l l t y p e s of p a r a m e t e r s . 

-Ar—^~^\/'^ 

(10) beam 
Ni (110) (2x1)0 

}• BU 

D34 

100 200 300 

ENERGY (eV) 

F i g . l . Comparison of app rox ima te (dashed l i n e ) and 
füll dynamica l ( s o l i d l i n e ) c a l c u l a t i o n of d e r i v a t i v e s . 
The s t r u c t u r e p a r a m e t e r s a r e d i s p l a y e d i n f i g . 2 . 
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The i n c r e a s e of t h e speed of t h e c a l c u l a t i o n d e p e n d s , 
however , on t h e number of v a r i a b l e p a r a m e t e r s and t h e 
number of p h a s e s h i f t s u s e d . I n t h e examples shown be low 
w i t h 6 and 8 v a r i a b l e p a r a m e t e r s a f a c t o r of 2 . 5 f o r t h e 
whole c a l c u l a t i o n i s g a i n e d . F u r t h e r improvements a r e 
p o s s i b l e . A l i n e a r e x p a n s i o n s i m i l a r t o t h a t d e s c r i b e d 
i n eq . (12) can be u s e d f o r t h e m a t r i c e s t o be i n v e r t e d 
i n t h e l a y e r d o u b l i n g method. 

4 . A p p l i c a t i o n t o H / N i ( 1 1 0 ) - ( 1 x 2 ) and O/Ni(110) - (2x1) 
To i l l u s t r a t e t h e c a p a b i l i t y of t h e method t h e r e s u l t s 
of two a d s o r b a t e Systems w i l l be p r e s e n t e d . Füll s t r u c t u ­
r a l r e s u l t s have b e e n p u b l i s h e d r e c e n t l y [ 7 , 1 4 , 1 5 ] , we 
p r e s e n t h e r e o n l y t h e r e s u l t s of t h e f i t - p r o c e d u r e u s i n g 
t h e b u l k v a l u e s of Ni w i t h a s l i g h t b u c k l i n g i n t h e 
t h i r d l a y e r as s t a r t p a r a m e t e r s . 

The s t r u c t u r e of t h e H/Ni(110) - (1x2) i s shown i n 
f i g . 2; t h e hydrogen atoms a r e i g n o r e d i n t h e c a l c u l a ­
t i o n . The f i n a l s t r u c t u r a l p a r a m e t e r s a s w e l l a s t h e 
r e s u l t of two c a l c u l a t i o n s w i t h d i f f e r e n t s t a r t p a r a ­
m e t e r s a r e g i v e n i n t a b l e 1 . The c h o i c e of t h e b u l k 
s t r u c t u r e a s s t a r t p a r a m e t e r i s n o t p o s s i b l e i n t h i s 
c a s e . The b u l k s t r u c t u r e does n o t p roduce s u p e r s t r u c t u r e 
beams and t h e d e r i v a t i v e s w i t h r e s p e c t t o t h e s u p e r s t r u c -
t u r e p a r a m e t e r s LS and BU v a n i s h . The d e r i v a t i v e v a n i s -
h e s b e c a u s e a t a h i g h l y symmetry p o i n t two c h o i c e s of 
t h e d e r i v a t i v e a r e s y m m e t r i c a l l y e q u i v a l e n t . I t i s t h e r e ­
f o r e n e c e s s a r y t o s h i f t a t l e a s t one atom o f f i t s b u l k 
l a t t i c e p o s i t i o n . 

A second example i s O / N i ( 1 1 0 ) - ( 2 x 1 ) . The s t r u c t u r a l 
model i s shown i n f i g . 3 . Here 6 i n d e p e n d e n t p a r a m e t e r s 
w i t h i n t h e t op t h r e e l a y e r s had t o be r e f i n e d , a s suming 

LS, LS, 

LS3 LS3 

F i g . 2 . Model of t h e (1x2) s t r u c t u r e of H / N i ( 1 1 0 ) . 
Hydrogen atoms a r e n o t shown. 
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Table 1. R e s u l t of a s i m u l t a n e o u s f i t of 8 s t r u c t u r a l 
p a r a m e t e r s . The f i n a l s t r u c t u r e was r e a c h e d a f t e r 
10 i t e r a t i o n s , Rj)g = 0 . 3 

Pa rame te r S t a r t Value F i n a l Value [Ä] 
D 1 2 1 246 1 223 
D23 1 246 1 331 
D 3 4 1 246 1 272 
D 4 5 1 246 1 220 
LS! 0 0 30 
LS 3 0 0 12 
BU2 0 1 0 25 
BU4 0 0 02 

Tab le 2 . R e s u l t of a s i m u l t a n e o u s f i t of 6 
p a r a m e t e r s , t h e minimum R - f a c t o r was r e a c h e d a f t e r 7 
i t e r a t i o n s , Rj)g = 0 .24 
P a r a m e t e r S t a r t Value F i n a l Value [Ä] 

7 0 3 0 .224 
D 1 2 1 246 1 293 
D23 1 246 1 246. 
LS 2 0 0 011 
BU4 0 0 052 

t h a t oxygen s i t s i n t h e Symmetrie p o s i t i o n . R e s u l t s a r e 
shown i n t a b l e 2 . 15 eV s t e p s were u s e d i n t h e e n e r g y 
ränge b e t w e e n 40 and 340 eV, c o r r e s p o n d i n g t o 106 d a t a 
p o i n t s i n 8 I /V s p e c t r a . 

I n t h e above c a l c u l a t i o n s oxygen was f i x e d i n t h e Sym­
m e t r i e s i t e . A d e t a i l e d s t u d y showed t h a t a s l i g h t p r e f e -
r e n c e was found f o r an a sysmmet r i c s i t e [14] . The s e a r c h 
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fo r an asymmetr ic s i t e was s t i m u l a t e d by a HREELS s t u d y 
[16] which showed an a d d i t i o n a l oxygen mode n o t c o m p a t i -
b l e w i t h t h e a s s u m p t i o n of a Symmetrie oxygen p o s i t i o n . 
Th i s asymmetry h a s been n e g l e c t e d h e r e , b e c a u s e i t i s 
f e i t t h a t from t h e LEED d a t a a t normal i n c i d e n c e a l o n e 
t h i s asymmetry c a n n o t be d e f i n i t e l y c o n c l u d e d [ 1 4 ] . The 
i n f l u e n c e of a l a t e r a l s h i f t of t h e oxygen atom on t h e 
o t h e r s t r u c t u r a l p a r a m e t e r s can be n e g l e c t e d . 

5 . D i s c u s s i o n 
A c e n t r a l p o i n t i n any o p t i m i s a t i o n scheme i s of c o u r s e 
t h e r a d i u s of conve rgence w i t h i n which a minimum w i l l be 
l o c a l i s e d . Tha t t h e minimum may be a l o c a l mimimum h a s 
been a l r e a d y p o i n t e d o u t . Loca l minima can be a v o i d e d 
on ly by c h o o s i n g s t a r t s t r u e t u r e s on a wide g r i d i n t h e 
p a r a m e t e r s p a c e . The r a d i u s of conve rgence t h e r e f o r e 
d e t e r m i n e s t h e g r i d s i z e which must be a p p l i e d t o e x c l u -
de l o c a l minima. T h i s same prob lem o c c u r s , by t h e way, 
i n t h e c o n v e n t i o n a l R - f a c t o r a n a l y s i s . The a v e r a g e d i s -
t a n c e be tween l o c a l minima i n t h e R - f a c t o r h y p e r f a c e may 
be e s t i m a t e d t o be a b o u t 0 . 5 Ä. Th i s r e s u l t s from t h e 
s imp le c o n s i d e r a t i o n t h a t w i t h an a v e r a g e w a v e l e n g t h of 
1.0 Ä an i n t e r f e r e n c e maximum of backward and fo rward 
s c a t t e r i n g be tween two atoms o c c u r s a g a i n a f t e r a s h i f t 
of 0 .5 Ä. I t f o l l o w s t h a t r o u g h l y a d e v i a t i o n of 0 . 2 -
0 . 3 Ä can be t o l e r a t e d i n t h e s t a r t p a r a m e t e r s . T h i s i s 
a rough e s t i m a t e , of c o u r s e , and a p p l i e s t o p a r a m e t e r s 
p a r a l l e l t o Ak. Sma l l e r d i s t a n c e s be tween l o c a l minima 
may a l s o occu r due t o domain a v e r a g i n g [ 6 ] . 

To check t h e r a d i u s of conve rgence we pe r fo rmed s e v e r -
a l r u n s w i t h d i f f e r e n t s t a r t v a l u e s f o r two p a r a m e t e r s 
i n t h e 0 /N i (110) - (2x1) s t r u c t u r e , Z o x and D ; l 2 , k e e p i n g 
a l l o t h e r p a r a m e t e r s a t t h e i r optimum v a l u e . The r e s u l t s 
a r e shown i n t a b l e 3 . 

I t may be c o n c l u d e d t h a t t h e r a d i u s of c o n v e r g e n c e i s 
abou t 0 . 2 Ä i n agreement w i t h t h e e s t i m a t e c o n s i d e r e d 
above . I n t e s t r u n s w i t h a s i m u l t a n e o u s f i t of a l l p a r a ­
m e t e r s t h e same r a d i u s of conve rgence was found which 
i n d i c a t e s t h a t t h e p a r a m e t e r s a r e o n l y weakly c o r r e l a -
t e d . 

The convergence depends a l s o on t h e p a r a m e t e r c i n 
eq . 10 , t h i s h a s been chosen a s 0 .2 i n t h e above exam-
p l e s . A l a r g e r v a l u e d e c r e a s e s t h e speed of t h e c a l c u l a -
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Table 3 Check of t h e r a d i u s of convergence f o r two 
p a r a m e t e r s . 

s t a r t f i n a l R^E No. of i t e r a t i o n s 
^ox 0. .5 0, .83 0. .43 6 
7 

^ox 0. .4 0. .22 0. .243 4 
D 1 2 1. .5 1. .58 0. .73 1 
D 1 2 1. .4 1. .31 0. .242 3 

tion and has b e e n found sometimes t o increase t h e radius 
of conve rgence because t h e large Steps in t h e beginning 
of t h e i t e r a t i o n p r o c e s s are damped. 
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