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Abstract

We prove Manin’s conjecture for four singular quartic del Pezzo surfaces over imaginary
quadratic number fields, using the universal torsor method.

1. Introduction

Let K be a number field, S a del Pezzo surface defined over K with only ADE-
singularities, U the open subset obtained by removing the lines from S, and H a height
function on S coming from an anticanonical embedding. If S(K) is Zariski dense in S then
generalizations (e.g. [BT98b]) of Manin’s conjecture [FMT89, BM90] predict an asymp-
totic formula, as B — oo, for the quantity

Ny.n(B) :=|{x e U(K) | H(x) < B},

namely
Ny.u(B) = cs yB(log B)’~' (1 + o(1)),

where p is the rank of the Picard group of a minimal desingularization of S and ¢y y is a
positive real number.

Much progress has been made in recent years in proving Manin’s conjecture for specific
del Pezzo surfaces over Q via the universal torsor method. In [DF13], the authors extended
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this method to imaginary quadratic fields in the case of a quartic del Pezzo surface of type
Aj with five lines.

In this paper, we continue this investigation by proving Manin’s conjecture over imaginary
quadratic fields for quartic del Pezzo surfaces of types A; + A, A4, Dy, and Ds.

For more information about Manin’s conjecture and the universal torsor method, we refer
to the introductory section of [DF13] and the references mentioned therein.

1-1. Results

Let K be an imaginary quadratic field. We define the anticanonically embedded quartic
del Pezzo surfaces S; C P4 over K by the following equations:

So : XoX] — XoX3 = XoX3 + X1x3 + x2x4 = 0 of type A; (5 lines), (1-1)
S XoX3 — XpX4 = XoX| + X1X3 —|—x§ =0 oftype As + Ay, (1-2)
S5 : XoX| — X2X3 = XoX4 + X1Xp + x32 =0 oftype Ay, (1-3)
S3 : XoX3 — X1X4 = XoX| + X1X3 + x% =0 of type Dy, (1-4)
Sy : XoX| — x% = x32 + xox4 + x1x0 =0  of type Ds. (1-5)

All of them are split over K, hence rational over K, and therefore, their rational points over
K are Zariski dense. The Weil height on IP",‘< (K) is defined by

max{l|xollo s - - - s X4l }
H(xg:---:1x4):= s 1-6
s ) GOk + -+ 20) (o
where Ok is the ring of integers in K, ||-||, := | - | is the square of the usual complex

absolute value, and 9ta is the absolute norm of a fractional ideal a.

For Sy, Manin’s conjecture was proved over arbitrary imaginary quadratic fields in
[DF13]. In this article, we prove Manin’s conjecture for S, ..., S; over imaginary quad-
ratic fields:

THEOREM 1. Let K be an imaginary quadratic field. Fori € {1,...,4}, let U; be the
complement of the lines in the del Pezzo surface S; C Py defined by (1-2)~(1-5). Then there
are positive real constants cs, y such that, for B > 3, we have

Ny, 5 (B) = ¢,y B(log B)® + O(B(log B)* loglog B).

Since these quartic del Pezzo surfaces are split, their minimal desingularizations §, have
Picard groups of rank 6, hence Theorem 1 agrees with Manin’s conjecture. The leading
constants are of the shape

(27)°hS,

e = a(S) -
with a rational number a(:S;,-) defined in [Pey95, définition 2-4], [BT9S, definition 2-4-6] (see
[DF13, section 8]), hx the class number, Ag the discriminant and wg the number of units
in the ring of integers of K, the Euler product

9-—]_[1 161+6+1 (1-7)
L M N N2
and a complex integral wq, (§,~). We give oe(g,-) and a)oo(g,-) explicitly in the proof of each
case.
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We note that Manin’s conjecture for S; is implied by [CLT02] over arbitrary number
fields, since S, is an equivariant compactification of Gi. On the other hand, S, ..., S; are
neither toric nor equivariant compactifications of Gﬁ [DL10], so that [BT98a, CLT02] do
not apply. Finally, S; and S; (but not Sy, S», S4) are equivariant compactifications of some
semidirect products G, x G,, [DL12], so similar methods as in [BT98a, CLT02] may apply
to them, but this has been worked out only over QQ and with further restrictions in [TT12].

Over QQ, Manin’s conjecture was proved for Sp,...,S; with main terms of the
shape B P(log B) for suitable polynomials P of degree 5, and with error terms of the
form O(B(log B)*loglog B) for S, [DF13], O(B(log B)*(loglog B)?) for S, [Der09],
O(B(log B)**/7) for S, [BD09] and O (B(log B)?) for S3 [DTO07]. For S,, a power-saving
error term O (B''/127€) was achieved in [BB07]. The error terms for S; and S, could easily
be improved to O (B(log B)*loglog B).

1-2. Methods

The general strategy in our proofs of Theorem 1 for Sy, ..., S; is the one proposed in
[DF13].

In the first step, the rational points S; (K ) are parameterized by integral points on universal
torsors over S;, satisfying certain height conditions and coprimality conditions, following
the strategy from [DF13, section 4]. Since the Cox rings of all minimal desingularizations
§,» have only one relation [Der06], the universal torsors are open subsets of hypersurfaces in
A%, with coordinates (7, . .., n9) and one relation, the torsor equation.

In the second step, we approximate the number of these integral points on universal torsors
subject to height and coprimality conditions by an integral. In all cases 19 appears linearly
in the torsor equation, so it is uniquely defined by 7y, ..., ng. We first count pairs (g, 19)
for given (1, ..., n7) using the method from [DF13, section 5] and then sum the result
over another variable using the results from [DF13, section 6]. The summations over the
remaining variables are handled in all cases by a direct application of the results of [DF13,
section 7].

In the third step, we show that the integrals from the second step satisfy the asymptotic
formulas from Theorem 1. Here, the shape of the effective cone of :i is crucial; after all,
the volume of its dual intersected with a certain hyperplane appears as a(S) in Peyre’s
refinement [Pey95] of Manin’s conjecture.

Though the proofs for Sy, ..., S4 have many features in common, each case has its own
difficulties.

In the case of S, the first step is mostly covered by our general results from [DF13],
whereas the second step requires dichotomies with different orders of summation according
to the relative size of the variables.

The first step in the case of S is mostly covered by the general results as well, but the
second summation in the second step requires additional effort in order to obtain sufficiently
good error terms.

In the case of S,, parts of the first step need to be treated individually, and the second
summation in the second step is more complicated, since ng does not appear linearly in the
torsor equation. Additionally, the second summation requires a dichotomy similarly as in
the case of Sy, in order to handle the error terms.

The case of S is probably the most simple one. Parts of the first step need to be treated
individually, but the summations in the second step go through without additional tricks, so
it just remains to bound the error terms.
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Finally, in the case of S,, parts of the first step need to be treated individually and the
second summation in the second step is slightly more complicated, since ng does not appear
linearly in the torsor equation.

1-3. Notation

Throughout this article, we use the notation introduced in [DF13, section 1-4]. In partic-
ular, C denotes a fixed system of integral representatives for the ideal classes of the ring of
integers Ok . Moreover, p always denotes a nonzero prime ideal of O, and products indexed
by p are understood to run over all such prime ideals. We say that x € K is defined (resp.
invertible) modulo an ideal a of O, if v, (x) > 0 (resp. v, (x) = 0) for all p | a, where v, is
the usual p-adic valuation. For x, y defined modulo a, we write x =, y if v, (x —y) = v, (a)
forallp | a.

2. The quartic del Pezzo surface of type Az + A4
2-1. Passage to a universal torsor
Up to a permutation of the indices, we use the notation of [Der06].
For any given C = (Cy, ..., Cs) € C®, we define uc := ‘ﬁ(CSCfl e C;l) and
01 = C5 02 = C4 03 = C0C1_1C4_1C5_1
04 = C1C2_1 05 = C3 06 = C2C3_l
0; :=CCy'ey'cy! Og := CoC; Oy := CoC5 .
Let
of, jefl,...,7),
Oj* = / J { }
O;, Jje{8,9}.
Forn; € Oj, let
Ij = T]]O;l
For B > 0, let R(B) be the set of all (1, ..., ns) € C® with n; + 0 and

Im2n3nansneninglle < B, (2-1)

lnimaminine|| , < B. (2:2)

Imimaniminimens |, < B. (2:3)

|n3nansnems (naningns + mns) |, < B, (2-4)

‘ Mg + Nan3ngnig
m

We observe for future reference that (2-1) and (2-4) imply the condition

B. (2-5)

N

[e¢]

|msmininin3||, < 4B. (2-6)

Let Mc(B) be the set of all
15+, M9) € O X -+ x Oy,

that satisfy the height conditions

(’719 ceey 778) € R(MCB)a
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Fig. 1. Configuration of curves on §1.
the torsor equation
Man3ngns + mns + mne =0 (27)
and the coprimality conditions
I; + I = Ok for all distinct nonadjacent vertices E, Ey in Figure 1. (2-8)
LEMMA 2. We have

1
Ny,.u(B) = — Y |Mc(B)|.
@WK cecs

Proof. We observe that the statement of our lemma is a specialization of [DF13, claim
4-1]. We prove it using the strategy from [DF13, section 4] based on the construction of the
minimal desingularization = : §; — S by the following sequence of blow-ups: Starting
with the curves EY := {yo = 0}, E” := {y; = 0}, ES” := {y, = 0}, ES” := {—yp — y, =
0} in P%, we:

(i) blow up E” N EY, giving E.";

(i) blow up E\" N E, giving ES”;

(iii) blow up E” N EYY, giving EL”;

(iv) blow up E§3) NEY, giving E @,

(v) blow up EY N ESY, giving EY.

With the inverse 7 o p~! : P2 --» S of the projection ¢ = ponx~! : § --» P2,
(xg 1+ :x4) > (x0: X2 : x3) given by
Y (o y1 1Y) = Goyi(o+y2) + =y = i o+2) 1 yiya(o+y2) : yoy2(vo+y2) (2:9)

and the map W from [DF13, claim 4-2] sending (1, ..., 19) to
(M2M30an5M6M778, =10 3303 M6 M3 N33 e N7, M3 NansT6N7M9, T771879)
we can proceed exactly as in the proof of [DF13, lemma 9-1].

2-2. Summations
2.2-1. The first summation over ng with dependent ny
LEMMA 3. Write ' := (1, ...,n7) andY := (I,, ..., I;). For B > 0, C € C® we have

|Mc(B)| = Z Os(1)Vs(N,, ..., NIz; B) + Oc(B(log B)?),

2
|AK| €01 x--xOr,

where

1
V8(t17 ey 175 B) = —

/ dng,
I Jn( a1 05 B

with a complex variable ng, and where
Os (1) := [ ] 5.0 (Jo@)),
p
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388 ULRICH DERENTHAL AND CHRISTOPHER FREI
with J,(0) == {j € {1,...,7} : p| I;} and

1 ifJ =@, {1}, {2}, {7},
1 o
(e )1 T = (LSHOLIL 312, 313, 4114,61(5. 6105,
’ 1= I =0)
0 otherwise.

Proof. By [DF13, lemma 3-2], the set R(y’, ucB) of all ng € C with (y,...,ns) €
R(ucB) has class m, with an absolute constant m. Moreover, by [DF13, lemma 3-4, (1)]
applied to (2-5), this set is contained in the union of at most 2 balls of radius

ROn's ucB) = (ucB [mns'n;"| )" < (B0t ' 1;1)".
We apply [DF13, proposition 5-3] with (A, A,, A3z, Ag) := (4,6,5,7), (By, By) := (2, 8),
(C1, Cp) :==(1,9), D := 3, and ucB instead of B. (Moreover, we choose I1; and I, as in
[DF13, remark 5-2].)

Similarly as in [DF13, lemma 9-2], we see that the resulting main term is the one given in
the lemma. The error term from [DF13, proposition 5-3] is

R(n'; ucB)
< 2wK(13)+wK(13141516) ( +1),
Py T

oo

where, using (2-3) and the definitions of u¢ and the O}, the sum runs over all " with
N(LLII;I3121) < B. (2-10)

Since |Og| < oo, we can sum over the /; instead of the n;, which then run over all nonzero
ideals of Ok with (2-10), so the error term is bounded by

B1/4
< c Z 2wk(13)+wk(13141516) +1

1/4 1/4 1/4
r. 210 NN,
ok () +wx (I 141sl) B 2wk (I3)+ok (B 1:s1s) B
< +
& \ o s LR RN
NI;<B

< B(log B)*.

2-2-2. The second summation over 1.

LEMMA 4. Write n” := (11, ..., n¢). For B > 3, C € C® we have

2 2
m) Z A(GS(I/)’ I7)V7(m11,...,m16; B)
K

7" €0 x Ogs

+0c(B(log B)* loglog B).

|Mc(B)| = (

Here, A(63(X'), I,) is as in [DF13, (2-1)] and, fort,, ..., ts > 1,

with a real variable t; and a complex variable ng.

Downloaded from https://www.cambridge.org/core. UB der LMU Miinchen, on 26 Nov 2018 at 13:47:30, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50305004113000728


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004113000728
https://www.cambridge.org/core

Counting imaginary quadratic points via universal torsors, 11 389

Proof. Following the strategy described in [DF13, section 6] in the case by = 1, we
write

2
1Ak

|Mc(B)| =

Yo ) 9UgMh) + Oc(B(log BY), (2-11)

7" €01, X x Ogy 7€ 074

where v (a) := 65(1y, ..., Is, a) and g(¢t) := Vs(Nly, ..., N, t; B). The conditions (2-2)
and (2-6) imply that g(¢) = O unless

4B i
NENERENIEN < B and 1 <1 = ( — 3) . (2:12)
. ‘ﬁl3‘)”(14‘ﬁ15 ‘ﬁlﬁ

Moreover, applying [DF13, lemma 3-4 (2)] to (2-5), we see that

© < 1 nnB\"?
< — .
& w1, \ N

B B —1/4 B —1/4
TN Nt (mlfw;w;waé) (mgmzjml;‘mlgﬁ) '

In particular, we always have g(¢) € B/(O; - - - Niet).

By [DF13, lemma 5-4, lemma 2-2], ¥ satisfies the condition [DF13, (6-1)] with C = 0
and ¢y = 20Urlsle)

Let t; := (log B)'*. A straightforward application of [DF13, proposition 6-1] would not
yield sufficiently good error terms, so, using a strategy as in the proof of [DF13, proposition
7-2], we split the sum over 77 into the two cases ;7 < f; and N7 > .

Let us start with the second case. We may assume that #, > #;. Using [DF13, proposition
6-1] with the upper bound g(¢t) € B/, - - - MNigt), we see that

E (I) ( I)— A( ( ) O )/ () (0 —(1”.46) -1/2

'ls 7 Jt 7 y—— 'ls a), a, t dl + .
cO g VlAK| K g m11m16 !
’37117>71‘T 120

When summing the error term over the remaining variables, we may sum over all I” with
MI; < B, so the error term is

_1 ok (h-1ale) B - . A
<1 ; ETRTTA < (log B)"B(log B)'' = B(log B)*.

Now let us consider the sum over all n; with 91/; < #;. Since 0 < ¥ (/;) < 1, we obtain an
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upper bound

o) v

7" €O X xOgy N7€O7,
NhLH<y

-

* s (s ()
<
= Ny - NN \NERENRLNIEN NLNIINIINIINI?
(2:12) with r=01,

NhL<H

=

<

= NN \NLNLERIENINIT
2900y 7

(212) with =15

NhL<h

< B(log B)*logt; < B(log B)*loglog B.

<
Z NLNGNLNIN T,
L., 1y, Ig, I

‘JII.,- <B, M<K

Our proof is finished once we see that
n
> A@®@, a)/ g(1)dt < B(log B)*loglog B.
"/,EOI*X”'XOG* 1

This follows from an analogous computation as above with the integral over ¢ instead of the
sum over I7, and using that 0 < A(P¥(a), a) < 1.

LEMMA 5. If 1" runs over all six-tuples (I, ..., Is) of nonzero ideals of Ok then we

have

2 2
ﬁ) 2 AG, 1), I)VaRs, .., N B)
K 7

+ O(B(log B)*loglog B).
Proof. This is entirely analogous to [DF13, lemma 9-4].

Ny, .u(B) = (

2-2-3. The remaining summations
LEMMA 6. We have

2 \® /he\®
NU,,H<B)=( m) (ﬁ) 6,Vo(B) + O(B(log B)* loglog B),

where 0, is as in (1-7) and

1
Vo(B) := / ———dny -+ - dns,
711l

(1,...,n8) ER(B)
171 lls0s s 17l =1

with complex variables n,, . . ., ng.

Proof. By [DF13, lemma 3-4, (6)], applied to (2-5), we have

B> B B \ "
Vati, ... t6; B) < = ( ) .
PP Tt \ R
We apply [DF13, proposition 7-3] with » = 5 and use polar coordinates, similarly to [DF13,
lemma 9-5, lemma 9-9].
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2-3. Proof of Theorem 1 for S,

Let oz(Sl) = m and
12
Woo(S)) 1= / dzodz; dzs.
T Jllzoz1 Go+2) oo |23 || o (|23 Go+22) || o -1 22 RoF+22) o 1022 (R0 F+22) oo K 1
We will use the conditions
|nimanine| ., < B. 2-13)
lnim3mine| , < Band |n7"ny " ninsng| . < B. (2-14)

LEMMA 7. Let R(B) be as in (2-1)—(2-5) and define

1
Vy(B) := / (1oeorn8) ER(B) ———dn; - -~ dns,
11 oo 2 o, H'I4||oo)||ns||oo dnello=1 111 Moo

with complex variables 1y, . .., ng. Then
7%a(8)) s (S1) B(log B)® = 4V/(B). (2-15)

Proof. We use the following substitutions on wy (§1) Let 0y, 12, 04, 15, N € C ~ {0}
and B > 0. Let 13, 7, ng be complex variables. With [ := (B ”’71772774775776 | )2 we
apply the coordinate transformation zo = [~3n, - ng, z1 = [7Y3nmanansne - 13, 20 =

1713 (=2 - ns — naning - n7), of Jacobi determmant

Imin2nansnelle 1

) (2-16)
B 1711l oo
and obtain
~ 12 1
0o (5)) = 2 Wmmness f ——— dns dy; drgs. 2:17)
T B (M1,...,n3) €ER(B) ”771 ”
The negative curves [E], ..., [E7] generate the effective cone of 3‘1. We have [-K5,] =

[2E1 + 2E2 + 3E'; + 2E4 + E6] and [E7] = [El + E2 + E3 — 2E5 — E6] HCHCG, [DF13,
lemma 8-1] (with the roles of 13 and n¢ exchanged) gives
~ 1 dn;dn, dnadnsd
(5 (log BYS = s / n1 dna iy dns dng. (2.18)

md 17112141576 |l oo
71 lls0s 2 lloc s 174 ll oo s 15 oo s 16 Ml o0 21
(2-14)

The lemma follows by substituting (2-17) and (2-18) in (2-15).

To finish our proof, we compare V,(B) from Lemma 6 with Vj(B) defined in Lemma 7.

Let
Do(B) :=={(m1,...,m3) € RB) | IMillss > ---» M7l = 1},
Di(B) :={(m1,....n8) € R(B) | IMillogs---» 1Ml =1, (2-13)},
Dy(B) :=={(m1,...,m8) € R(B) | IMillgo»---» 1M1l = 1, (2-14)},
Ds(B) :=={(m, ..., m3) € R(B) | IMillos---» Imslles = 1, (2-14)},

Dy(B) :={(m, ..., m3) € R(B) | Il lImllcc s 1Malloo s 105 lloe 5 M6l oo = 1, (2-14)}.

Moreover, let
dn;--- dng
Vi(B) := / =
D;(B) 1711 0
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Then V,(B) is as in Lemma 6 and V4(B) = Vj(B). We show that, for 1 <i < 4, V;(B) —
Vi_1(B) = O(B(log B)*). This holds for i = 1, since, by (2-2) and ||n3||0O > 1, we have
Dy(B) = Do(B).
Moreover, using [DF13, lemma 3-4 (2)] and (2-5) to bound the integral over ng, we have

B2
Va(B) = Vi(B) < ﬁ<mm ..... mlle<s ——p75 dn1 -+ dny < B(log B)*.
”’71 " 'l4775716|| >B ”771772777”
(2+6)
Moreover,
B2
V3(B) — Va(B) < f Wd - dn; < B(log B)
1M217

71 llo0s -+ 176 lloo 21
7lleo <1, (2:2), (2-14)

Finally, using [DF13, lemma 3-4 (4)] and (2-5) to bound the integral over 17, ng, we have

B2/3
Vi(B) ~ Vi(B) < / B dn - dng < Blog BY"
L [ rim2naning H
sl <1, 21

Using Lemma 6 and Lemma 7, this shows Theorem 1 for S;.

3. The quartic del Pezzo surface of type A,
3.1. Passage to a universal torsor

We use the notation of [Der06], except that we swap ng and 79.
For any given C = (Cy, ..., Cs) € C° we define uc := M(CIC;"---C5') and

O, := C;C;! O, := C4C5" 0;:=CoC'cs'ey!
O, :=C,C;! Os = Cs Os:=C,
O; :=CoC;'Cy! Oy == CyCy'! 0y :=CiCcy'cy'cst.
Let
0, = gf‘) j efl,....,7},
i jels,9).
Forn; € O, let
I; = r]jOj_'.
For B > 0, let R(B) be the set of all (1, ..., ns) € C® with ns + 0 and
lminsminininel ., < B, 3-1)
Immansnaneninsll < B, (3-2)
Intmm3nansns|| , < B, (3-3)
Immamninsnens |, < B. (3-4)
”nnnvnéJrnsninén% <B 35)
ns 00

and let Mc(B) be the set of all
(M1, ...,m9) € Oy X -+ x Oy,
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Fig. 2. Configuration of curves on §2.
that satisfy the height conditions
(7717 ey 778) € R(MCB)a

the torsor equation
n3mieny + mng + nsno = 0 (3:6)
and the coprimality conditions
I; + I = Ok for all distinct nonadjacent vertices E, Ey in Figure 2. 37
LEMMA 8. We have

Ny, (B) = Z |Mc(B)].

K cect

Proof. This is a specialization of [DF13, claim 4-1] and we prove it using the strategy
from [DF13, section 4] with the data supplied in [Der06]. Starting with the curves E;O) =
(o = 0}, B = {yy = 0}, B = [y, = 0}, E := {—ypy2 — ¥? = 0} in P}, we prove
[DF13, claim 4-2] for the following sequence of blow-ups:

(i) blow up EY” N E N E, giving E\";
(ii) blow up E(l) N E(l) NEY, giving E( ),
(iii) blow up Eéz) N Eéz), giving ES;
(iv) blow up EYY N EY, giving ELY;

(v) blow up E{¥ N ESY, giving E_.

The inverse w o p~!' : P --» S, of the projection ¢ = pom ™ : 8 --» P4, (xg : -+ :

X4) = (Xg @ X2 : x3) is given by

(o 2 12 y2) = (35 2 Yoyiya = ¥ovi = ¥ova : =2 (V7 + Yoy2)), (3-8)
and the map W appearing in [DF13, claim 4-2] sends (11, ..., 19) to

(M3 MANIMaNe, MMN3NaNeMI s, MMIN3N4N5 N8, MTIN3NGNSNN75 N77]o)-

As in the proof of [DF13, lemma 9-1], we see that the hypotheses of [DF13, lemma 4-3] are
satisfied, so [DF13, claim 4-2] holds in our situation for i = 0.

Note that [DF13, lemma 4-4] applies in steps (3), (4), (5) of the above chain of blow-ups.
In steps (1), (2), we are in the situation of [DF13, remark 4-5], so that we must derive some
coprimality conditions using the torsor equation. We use the notation of [DF13, lemma 4-4,
remark 4-5].

For (1), we start with the parameterization provided by [DF13, lemma 4-3], consisting of
(5, 5, ng, ny) satisfying certain coprimality conditions and other conditions. Since 1} = 0,
there is a unique C; € C such that [} + I; + I]] = [Cfl]. We choose 1] € C, such that
I = I} + I + I§; this is unique up to multiplication by Og. We define 0y := n3/nf, ng =
ns/ny, ny = ng/n{ and ny := n;. To show that (n{, n, n7, ng, ng) lies in the set described
in [DF13, claim 4-2] for i = 1, everything is provided by the proof of [DF13, lemma 4-4]
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except the coprimality conditions involving 7/, n}, ng, ng. Considering the configuration of
Elm, E;”, Eé'), E(f,l), these are I} + I{ = Ok (which holds because I} + I + I = Ok by
construction and because of the relatlon miny + ning® +ny = 0) and '+ I} +1f = Ok
(which holds because otherwise the relation would give non-triviality of I '+ Ié/ +1J+ L1
contradicting the previous condition or the condition 1" + I; = Ok provided by the proof
of [DF13, lemma 4-4]).

For (2), we replace ” by ' in the result of the previous step. We choose C, € C such that
I+ I} + ;] = [C; '] and nj € Cy = O} such that I} = I] + I} + I;. It remains to check
the pairwise coprimality of I, I, 1. By construction, I{ + I + 1 = Ok; considering the
torsor equation n3n5 + n/{ngz + ng = 0shows I{" + I} = Ok directly, I + Ij = Ok using
I + I = Ok, and I + I = Ok using I} + I” (’)K.

Since steps (3), (4), (5) are covered by [DF13, lemma 4-4], this shows [DF13, claim 4-2].
We deduce [DF13, claim 4-1] in the same way as in [DF13, lemma 9-1].

3-2. Summations
3.2-1. The first summation over ng with dependent ny

Let n' := (n,....n7) and I' := (L1, ..., Iy). Let 6o(I') := [], 00, (Jp(I)), where
J,@):={jef{l,....,7} : p|I;}and

I if J =@, {1}, {2}, {3}, {4}, {5}, {6}, {7},
Oop(J) = or J ={1,2},{2, 3}, {2, 5}, {3, 4}, {4, 6}, {6, 7},

0 otherwise.

Then 6o(I') = 1 if and only if I, ..., I; satisfy the coprimality conditions from (3-7), and
6o(I') = 0 otherwise.

We apply [DF13, proposition 5-3] with (A;, A,, A3, Ag) = (3,4,6,7), (By, By) =
(1, 8), (Cy1, Cy) :==(5,9), and D := 2. For given n,, n5, we write

msnimem = () = LT3,

where I1;, I1, are chosen as follows: Let 2 = 2(n,, ns) be a prime ideal not dividing

I, 15 such that A0, '0g = ACC5 1C§ lisa principal fractional ideal tOg, for a suitable

t = t(n2,n5) € K*. Then we define I, = T15(12, 7s5) := net and Iy := I1,(n2, 15) :=
2 -2

n3NyNeN7t ™"

LEMMA 9. We have

2
|Mc(B)| = —— s(n', C)Vs(MU,, ..., NIy; B) + Oc(B(log B)?),
| Ak ﬂ/EOI;'XOM
where
Vs(ti, ..., t3; B) 1=—/ dns.
(W11, i/17,18) ER(B)
Moreover;

€
65, €)= ) “;(E Sk Y1

| p mod €. Is
b+ L=0k pOk+t Is=0g
PzEecIS nen7 A
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with
Ox (I 13141¢)

Gs (1, €) := G (1) X207
st = 0D e 1)

Here, A := —mni/(t (12, 15)*n1) and nen7 A is invertible modulo € Is whenever 6,(I') = 0.

Proof. ltis clear that 65(’, C) = 6, (') from [DF13, proposition 5-3], and a simple argu-
ment as in the proof of [DF13, lemma 9-2] shows that Vo(01y, ..., NI;; B) = Vi(¥', ucB).
Hence, the main term is correct and it remains to bound the error term arising from [DF13,
proposition 5-3].

Similarly as in [DF13, lemma 9-2], we see that the set R(y’, B) of all ng with
(71, ...,1n8) € R(ucB) is of bounded class and (using [DF13, lemma 3-5, (1)] on (3-5))
contained in two balls of radius R(y'; ucB) < c(BMIsNI, NI )14,

The error term is

R(n'; ucB)
< 2wK(12)+wK(12131416)+wl((1215) ( +1),
2 AT

where, using (3-4), the sum runs over all " € Oy, x - -+ x Oz, with
N L IGITIZL) < B. (3-9)

Since |Og| < 0o, we can sum over the /; instead of the 1;, which then run over all nonzero
ideals of Ok with (3-9), and obtain

Bl/4
<c 2w1<(12)+w1<(12131416)+a)1<(1215) +1
) ST

ok () +wk (bl lls)+ok (hls) B 2wk (h)+wk (bl lls) ok (hs) B )

< -
IIZ,G <fn1, NL NG MLNIENRENIENINIG

.....

< B(log B)*.
For the further summations, we define

12 U /’LK(EC) ~ /
)= > Os (I, £o)
|l Nt

. +11 =0k

and distinguish between two cases: Similarly to [BD09], let M((:86)(B) be the main term in
Lemma 9 with the additional condition 9t/g > 91/; on the #’, and let Mé87) (B) be the main
term with the additional condition 9t/s < 911;. Moreover, we define

1
Nuo(B) = — ) M (B)
K ceco
and Ng;(B) analogously, so
Nu,.11(B) = Nss(B) + Ng;(B) + O(B(log B)*). (3-10)
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3.2.2. The second summation over 1e in M((:%)(B)

LEMMA 10. Writew” := (01, ..., ns5,n7) and O" := O, X -+ X Osy X O7,. We have

2 2
M3 (B =( ) AL, Ig) Veg(N,, ..., Ns, NI; B
¢ (B) Jiad "§ (O3 (X), 1) Ve (I, s, N7, B)

+ Oc(B(log B)"),

where, fort, ... ts,t; > 1,
T
Veo(t1, ..., ts,t7; B) := - dts dns,
5
(V1 e/, 18) ER(B)

te>17

with a real variable t4 and a complex variable ng.

Proof. We follow the strategy described in [DF13, section 6] in the case by > 2. We write

2 (E)
MEB = L L

el e\
e+ =0k

where

L= ) 09Uy ), gOUp),

16€ Opx p mod €15
Nle>Nly pOx+E Is=Ox

=, 15N6N7 A

with 9 () := 65(I, €.) and g(¢) :== Vs, ..., Nis, t, Niy; B).
By [DF13, lemma 5-5, lemma 2-2], the function ¢ satisfies [DF13, (6-1)] with
C:=0, cy:=20x(h5I) By (3.4), we have g(t) = O whenever t > t, = B'Y?/
N PRLNLRINI NI, and, by Lemma [DF13, lemma 3.5, (2)] applied to (3-5),
we have g(1) < 31/2/(9111‘/20115‘/2911;/2). Using [DF13, proposition 6-1], we obtain
5 = 2 bt (b ds) A (a), . b ]s) (1)dr
= 7 cls a),a, t.ls g
NI >N
( sox(LihLls) gl/2 Bl/4m{?i/2’ﬁ151/4
+ 1/2 1/2 1/2 1/4 1/2 1/2 1/2 1/4
ot PP \ oo P o, o,

+ N(e.Is) log B)) .

Using [DF13, lemma 6-3] we see that the main term in the lemma is correct.

For the error term, we may sum over £. and over the ideals /; instead of the »;, since
|Ogl < oo. By (3-1) and our condition 9l > II; it suffices to sum over £, and all
(Iy, ..., Is, I) satisfying

NENLRENIENENT, < B. (3-11)
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Thus, the total error is bounded by
Z 2wk (b)+wx (I L 115) g3/4 2wk (h)+ox (Iih1s) pl/2 log B
+
PP e s P

Ii,..., Is,1I7
@3-

Q@K (D)+ok (1112 1315) B 20K (B)+ox(hihh1s) B log B
+
AR A R VA TR A TR R

< B(log B)*.

LEMMA 11. If 1" runs over all six-tuples (I, ..., Is, I7) of nonzero ideals of Ok then
we have

) 7
Vl KI 1

Proof. This is analogous to [DF13, lemma 9-4].

Ngs(B) = (

3.2:3. The remaining summations for Ng¢(B)
LEMMA 12. We have

8 6
Ngg(B) = n° (%) (Z—K> 0o Vseo(B) + O(B(log B)*loglog B),
K K

where 0 is as in (1-7) and

Vseo(B) := / Vso(t1, ..., ts, t7; B)dty - - - dts dty,
t,eents,t7 221

with real variables ti, . . ., ts, t7.
Proof. By [DF13, lemma 3-5 (5)], applied to (3-5), we have, for#; > 1,

Vi (1 5.t B) < — 2 B\
s6\l1s -« -5 15, 175 < .
ty - tst; \E15t51212

Furthermore, using (3-1) to bound #s and (3-3) to bound |[ns]|,, We see that

Vi (1 t7; B) < ! b b 5 5
s6l1, ..., 15, 17, < = = .
s \to536 ) \tptut? ty - tst; \ 15151243

We apply [DF13, proposition 7-3] with » = 5.

3.2-4. The second summation over 17 in Mé87) (B)

LEMMA 13. Write n" := (1, ..., n¢). We have

2
— AOy(X), I) Vs (NI, ..., Ne; B)
|AK|) ﬂ’/Eol*XX':"XOm '

+ Oc(B(log B)"),

Mé87)(B) _ <

where, fort, ..., tg > 1,
T
Vi (t1, ..., t6; B) := - dz7 dng,
5
(W, 4/17,18)ER(B)

17 216

with a real variable t; and a complex variable ng.
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Proof. Again, we apply the strategy described in [DF13, section 6] in the case by > 2.
However, this time we must examine the arithmetic function more carefully, since a straight-
forward application as in Lemma 10 would not yield sufficiently good error terms. We write

2 I’LK(EC)
ME (B) = Z Z z, (3-12)
1Ak 7"€0 1, x+x Oy tc | Nt
.+ =0k
where
= ) 99U ), gy, (3-13)
7€ 07, p mod € .15
NI >N, pOg+t.Is=0k

pZEEcI5r167]7A

with 9 () := 65(I, €.) and g(¢) := Vs, ..., N, 1: B).
The key observation is that, as in [BD09], we can replace ¢ (I;) by the function

¢k (L 131416)
¢x (I +tls)’
where 6 encodes all coprimality conditions that are encoded by 6, except for allowing

Is + I; # Ok. For the representation 6 = ]—[’D 9(’)43(Jp (I')) as a product of local factors, this
amounts to

V' (I7) == 0,T')

1 if6o,(J)=1orJ = {57}

6, (J):=
O’p( ) 0 otherwise.

Replacing ¥ by ¢’ in (3-13) does not change ¥ for any 5” € Oy, X - -+ x Og, and &, as in
(3-12), since the sum over p is zero whenever Is+1; &= Og. Indeed, we know from Lemma 9
that nen7 A is invertible modulo &, /s whenever €, is as in (3-12) and 6,(I') & 0. This implies
that v, (n6AO7) = 0 for any fixed ", & asin (3-12) with ¥ & 0 and any p | £ /5. Therefore,
if p | Is + I then the second and third condition under the sum over p in (3-13) contradict
each other.

Since ®#'(I;) = ©(I;) whenever Is + I; = Ok, we have A (a),a,t. ) =
A (a), a, €.1s)).

Moreover, we obtain immediately from the definition that ' € ®(I111514, 1,1, 1) (see
[DF13, definition 2-1]). Hence, by [DF13, lemma 2-2], the function ¢’ satisfies [DF13, (6-1)]
with ¢y := 20xUihBly € .=,

By (3-4), g(t) = 0 whenever t > 1, := B/(MLNIENIFNIINISNIZ), and, by [DF13,
lemma 3-5 (2)] applied to (3-5), g(r) < B2/ (N1,*N1,’%) - =172, With [DF13, proposition
6-1], we obtain

2w

Y = (e 1) A (a), a, b1 t)de
md),(( A (a), a, E.15) t>mg()

2wk (b1 gl/2 Ne. I
+ < (\/m(écls) log B + —<> log(Mis + 2))) .

w1 Pl "I

As in Lemma 10, the main term in the lemma is correct, and for the error term we may sum
over the ideals €. and I; instead of the n;. By (3-1), (3-4), and our condition 9t/; > 9/, it
suffices to sum over &, and the (1, ..., I¢) satisfying (3-1) and

3 6 5 4 4 4 2
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Thus, the total error is bounded by

Z 20x(h)tox(hhlil) B1/2jog B Dok (h)tex (LIl 151/2 B'?log B)
_|_

1/2 1/2 1/2
I, o N, NI N
(3-14)
2wk (b)tox(hhil) g IOg B 2wk (b)+ox(ihil) g lOg B
< +
Vo MMLPREIR LR, S NG PRENE RN
NI;<B NI <B

< B(log B)*.

LEMMA 14. If 1" runs over all six-tuples (I, ..., Is) of nonzero ideals of Ok then we
have

2 2
W) > AGX), )V (N, ..., Ng; B) + O(B(log BYY).
K T

Proof. This is analogous to [DF13, lemma 9-4].

Ng7(B) = (

3.2-5. The remaining summations for Ng;(B)

LEMMA 15. We have

8 6
h
) (—K> 60 Vs0(B) + O(B(log B)* loglog B),

)¢

2
Ng;(B) = 6(
g7(B)=m i

where 6y is given in (1-7) and

Ver0(B) := / Va(ti, ..., t6; B)dty - - - dis,
1 te=>1

..... P>

with real variables t,, . . ., ts.

Proof. By [DF13, lemma 3-5 (6)], applied to (3-5), we have

3/4 3/4 —1/4
Ver(ti, ... 163 B) < — - 1/2B1/4 115/2 34 = ( 2.4 fz 3 ) :
15 | A P Iy -l \ITL 31,151

Furthermore, using (3-3) and (3-4) to bound |75, and #7, respectively, we see that

Vi (t te; B) < : 5 b 5 b
8715 - - -5 165 < = : .
ts \ 125031412 ) \n3tititst? fte \BLBEE

We apply [DF13, proposition 7-3] with » = 5.

3.2.6. Combining the summations
LEMMA 16. We have
2\ [k \°
Ny, y(B) = (ﬁ) (w—) 6o Vo(B) + O(B(log B)*loglog B),
K K

where 0y is given in (1-7) and

1
Vo(B) := [ dn --- dng,
175l 0

1,-.-,m8) €R(B)
M1 llsos s 17 Ml 21
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Proof. This follows from (3-10), Lemma 12 and Lemma 15, using polar coordinates,
similarly to [DF13, lemma 9-9].

3-3. Proof of Theorem 1 for S,

Leta(gz) = ﬁ and
~ 12
W (Sy) 1= —/ dzp dz; dzo.
T Izl o Nz0223 00 [l 2822 | oo 11823 [l - 123 B 2020 || <1
We use the conditions
Ininaninine|| , < B, (3-15)
| min3minsnel ., < Band |y ny*mins ng (3:16)
LEMMA 17. Let R(B) be as in (3-1)—(3-5). Define
Vo(B) = / ,,,,, n dns,
11l 172 ||n4||w sl dnglost sl
where 1, ..., ng are complex variables. Then
7%a(8y) oo (S) B(log B)® = 4V/(B). (3:17)

Proof. The proof is analogous to the proof of Lemma 7. Let 1y, 2, 4, 5,16 € C, B >
0, and let [ := (B |mn3naning| )"/ Let 03, m7, ns be complex variables. Applying the

coordinate transformation zo = I~ nim3nanine-ms, za = 17" mumans ng, 23 = 17 nang -
to W (S2), We obtain
~ 12 [[mnanansns |l 1
Woo(82) = ——m/ ——— dn3 dn; dns. (3-18)
T B o erd) 15l
The negative curves [E],...,[E7] generate the effective cone of §1. Because of

[~ K51 =[2E| +4E,+3E3+2Ey +3Es + Egl and [E7] = [E| +2E, + E3 +2E5 — Eq],
[DF13, lemma 8-1] implies
dny dma dny dns dne

- 1
S>))(log B’ = — . 3-19
«(52)(log B) 373 HﬂlHoc»||'12||oe~,H’I(‘t;\\cl,oé)llﬂs||:x>v||'76||oo>1 17112140576 || oo (3-19)

The lemma follows by substituting (3-18) and (3-19) in (3-17).

To finish our proof, we compare V(B) from Lemma 16 with V;(B) defined in Lemma

17. Let
Do(B) :={(m15---,m3) € R(B) | IMilloo»---5 1M1l = 1},
Di(B) :={(m1,...,n8) € R(B) | INilloos---» Ml =1, (3-15)},
Dy(B) :={(m1,-.-,m8) € RB) | IMllgo»---» IM7llo = 1, (3-16)},
Dy(B) :={(m1,....n8) € R(B) | IMllogs---» M6l = 1, (3-16)},

Dy(B) :={(n, ..., m8) € R(B) | Imlloo - IMm2llcc s 1Malle > 115 ]l 61l 0o = 1, (3-16)}.

Moreover, let

Vi(B) .:/ A - - dng
l D;(B) 1751l oo
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Then clearly Vy(B) is as in Lemma 16 and V4(B) = V;(B). We show that, for 1 <i < 4,
Vi;(B) — Vi_1(B) = O(B(log B)*). This holds fori = 1, since R, = R,. Moreover, using
[DF13, lemma 3.5, (4)] and (3-5) to bound the integral over n; and ng, we have
B3/4
V2(B) — Vi(B) < / Il Il >t ——— i dm e dng < Blog B)".
lmmnininsn|| . < ”771773774775776 ”

77" 03 wins*ng || > B
Using [DF13, lemma 3-5 (2)] and the (3-5) to bound the integral over ng, we obtain
B2
Vy(B) — Va(B) < / i dm < Bllog B
In1msm711.5

171 llogs--s 1Ml =1
Imllee<1, (31, (3-16)

Finally, using [DF13, lemma 3-5 (4)] and (3-5) to bound the integral over n; and ng, we have

B3/
Va(B) — V3(B) < / —|/4 dn, - -- dns < B(log B)*.

nin3ngnsn
HfllHoc,||712||ocv||fl4||oo-H’ISHSQ)C»”%”oo?] [minsninsng]

Im3lle<1, (31

Using Lemma 16 and Lemma 17, this implies Theorem 1 for S,.

4. The quartic del Pezzo surface of type Dy
4-1. Passage to a universal torsor

We use the notation from [Der06].
For any given C = (Cy, . .., Cs) € C°, we define uc := M(CC; "' --- C5') and

O, := C,C5! 0, :=C,C;! 0;:=CCy'cy'cs!
04 = C3C4_1 05 = C5 06 = C4
O, 1= CC;! Oy := C,C5'! Oy :=Cycr'cy'cy'c .

Let
O®  je{l,...,6}
Oj* = J ] { }
O;, je{1,89}.
Forn; € O, let
Ij = T)jOJ_l

For B > 0, let R(B) be the set of all (1, ..., ng) € C® with n4ns + 0 and

|ninaninansns|| . < B, 1)
lnimminining| . < B. 4.2)
||’71’72'73774?75776'77||oo < B, (4-3)
H niman3nanins + 7)%’7%’73’74”3”OQ < B, (4-4)
myw%ﬂs B (4-5)

N4Ng o

and let Mc(B) be the set of all

(M1, ...,1m9) € Opye X -+ x Oy,
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Fig. 3. Configuration of curves on §3.

that satisfy the height conditions

(1, ..., n8) € R(ucB),
the forsor equation
nan3 + 130308 + Nangno = 0 (4-6)
and the coprimality conditions
I; 4 I = Ok for all distinct nonadjacent vertices E;, Ey in Figure 3. 47
LEMMA 18. We have

1
Nuyn(B) = —= 3 IMc(B)|

K cecs

Proof. Again, the lemma is a specialization of [DF13, claim 4-1], and we prove it in an
analogous way as Lemma 8. Let E(O) = {y; = 0}, E(O) ={y» =0} E (0) = {yo = 0},
Eg R {=yoy1 — y3 = 0} in P%.. We prove [DF13, claim 4-2] for the followmg sequence of
blow-ups:

(i) blow up E” N EY” N EY, giving E{";
(ii) blow up E(l) N E(l) NE, giving E?;
(iii) blow up E; el N Eéz), giving E f);
(iv) blow up E f) NEY, giving ES”;

(v) blow up ES¥ N EY, giving EY.

The inverse o p~' : P% --» S of the projection p ot~ : 83 —=» P%, (xg : -+ : xq) >

(xo : x1 1 xp) is given by

(o = y1 2 y2) > oyt ¥ 2 yiye t =yt 4+ ¥3) : —yo(yoy1 + ).
With the map ¥ from [DF13, claim 4-2] sending (9, ..., 19) to

(7T 23 nam3ns, MMM N3Ne, 13 NaNs 67, MIN23 N3 Ne N9, NsMo)
we see that the assumptions of [DF13, lemma 4-3] are satisfied, so [DF13, claim 4-2] holds
fori = 0.

In the first two steps of the above chain of blow-ups, we are in the situation of [DF13,
remark 4-5], so certain coprimality conditions need to be checked by hand. However, up to
changing some indices, our situation in steps (1) and (2) is exactly the same as in Lemma 8,
so the arguments given there apply to our lemma as well. Steps (3), (4), (5) are again covered
by [DF13, lemma 4-4], which proves [DF13, claim 4-2]. From this, we deduce [DF13, claim
4.1] as in [DF13, lemma 9-1].
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4.2. Summations

4.2-1. The first summation over ng with dependent ny

LEMMA 19. Lety' :== (1, ..., n7) andl .= (I, ..., I7). Then

2
Mc(B)| = —— Os(X)Vs(NU,...., Niz; B) + Oc(B(log B)?),
|AK| n/EO];XOM
where
1
Vs(ti, ..., 135 B) = dng

and

Os(1) == [ [ 61 (S @)).
p

Here, J,(I') :={j e{l,...,7} : p|I;} and

1 ifJ =, {5}, {6}, {7},
1= mLp if J =12}, {3}, {4}, {1, 2}, {1, 3}, {1, 4}, {2, 7}, {3, 5}, {4, 6},
L T S
MNp ’
0 otherwise.

Proof. We apply [DF13, proposition 5-3] with (A, A¢) = 2,7), (By, B2, By) =
(3,5,8), (C1,C,,Cp) := (4,6,9), D := 1, ucB instead of B, and I1;, I1, as suggested
in [DF13, remark 5-2].

As in Lemma 3, we see that the main term arising from [DF13, proposition 5-3] is the
main term in the lemma, so it remains to deal with the error term.

For given ' and B, the set of all ng € C with (1, ..., ng) € R(ucB) is contained in the
union of two balls of radius

(BN(LIZL, ' I if g #0,

R ucB) <
s ueh) <C{(B/m(1121213214152))1/2 if 17 = 0.

Indeed, this follows from [DF13, lemma 3-4 (1)], applied to (4-5), if n; & 0 and from (4-1)
ifn; =0.
Hence, the error term is

R(n'; ucB)
< 2wk (1) ok (I I 13) (_ +1),
, (4'8;(4’9) N1 12)'?

where, using (4-2), (4-3), the sum runs over all ’ with
NG ILIER) < B and (4-8)
NI L IsIsT;) < B. (4-9)
Let us first estimate the sum over all ’ with n; & 0. We may sum over the /; instead of the
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n; and obtain

Bl/2
<c 2w1<(7114)+wl<(11 h13) (_ + ])
Z N(L 1)1

T, (4-8), (49)
ok (hl)+wk () p ok (hl)+ox(hih ) B
< Z 2 3/2 3/2 3/2 + 3 2 2 2
oIk ‘ﬂll‘ﬁlz ‘)"(13 ‘ﬁ14 NIs NI, m11m12m13m14m15m17
NI <B

< B(log B)>.

Now we assume that n; = 0 and sum over the remaining variables. We obtain the upper
bound

B2
<c Z 2cu;<(1114)+w1<(111213) +1

1/2
Lo ds, (48) ‘ﬁ]l‘ﬁlz ‘III3‘III4‘IKIS‘III6

2001((1114)+w1<(11 13)B3/4 IOg B 2&)1((11 14)+wK(1113)Bl/2 IOg B
<
ngh NENL N * REPRE NG NN,
< B¥*log B.

4.2.2. The second summation over 1,

LEMMA 20. Writew” := (11, ..., ne). We have

2 2
Mc(B)| = —— A@6s@), IHV-(NI, ..., N B
|Mc(B)| <m> ”OZO (Os(1), I) Va(M, ;)

+ Oc(B(log B)?),
where, fort, ..., te 2 1,
b4
Vi(ty, ..., ts; B) := — d[7d7]8,
1l J (... ) €R(B)

with a positive variable t; and a complex variable ng.

Proof. We apply [DF13, proposition 6-1] as suggested in [DF13, section 6] in the case
by = 1. We have

|Mc(B)| = Y. Y 9N + Oc(B(log B)), (4-10)

7" €01 XX O 17€07

2
1AKk|

where ¢ (I;) := 63(I') and g(¢) := Vg, ..., MU, t; B).

By [DF13, lemma 5-4, lemma 2-2], the function ¢ satisfies [DF13, (6-1)] with C := 0
and ¢, 1= 20k Uilsle)

By (4-3), we have g(t) = 0 whenever 1 > t, := B/(MINIFNIZNIFNIsNI6), and by
[DF13, lemma 3-4 (2)] applied to (4-5), we obtain

1 (MLMNIZB)'/? B!/
. = = C,.
NLNEZ MLND'2 PP, °
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By [DF13, proposition 6-1], the sum over n; in (4-10) is just

2r
9((0)g(0) + m«%‘/‘(ﬂ), a, Og) - g(r)dr

2&)1(([113'--16)B1/2 Bl/2
0 : :
NLPNL NN, N PRLNLNLNL 0

Due to (4-2), 9 ((0))g(0) and fol g(t) dt are dominated by the error term, so the main term
in the lemma is correct.

Let us consider the error term. Both the sum and the integral are zero whenever 5” violates
(4-2). We may sum over the (11, ..., Is) satisfying (4-8) instead of the 5", so the error term

is
B
< Z pwk (Ii13-+16) ( . )
2 3/20 13/203 13/ 2v3 13/2
V', NI;<B NI NN N, NN
< BlogB.
LEMMA 21. If1” runs over all six-tuples (I, ..., Is) of nonzero ideals of Ok then we

have

2 2
Ny, n(B) = <—| — |) > A@ M), I)V+(Ry, ..., Ng; B) + O(B(log B)?).
VIRk %

Proof. This is analogous to [DF13, lemma 9-4].

4.2.3. The remaining summations
LEMMA 22. We have
2\ (hg\°
Ny, u(B) = (ﬁ) (w_> 6o Vo(B) + O(B(log B)*loglog B),
K K

where 0 is as in (1-7) and

1
Vo(B) = / ————dpy -+ dng,
Inang]

(115 m8) ER(B)
Mmlloos-ws M6 lloo 21

with complex variables 1y, . .., ns.

Proof. By [DF13, lemma 3-4 (5)] applied to (4-5), we have

B3 B B i

Vi(ty, ..., t6; B) < = < ) .
’ > o 1/2,1/4 174 1/2 1/2 4.2.3.,3.2,2
N S T AN N e

We apply [DF13, proposition 7-3] with » = 5 and use polar coordinates.

4.3. Proof of Theorem 1 for Sz

Leta(§3) = ﬁ and
~ 12
W (83) 1= — dzodz; dz;.
T Jlzozi [l o NIzt ll oo Nzt |l o e oz +2D) || o 2o ozit2) || <
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LEMMA 23. Let R(B) be as in (4-1)—(4-5). Define

, 1
Vo(B) := / (s €R(B) s dnp - dngg,
11l msl el >1 || M4mE ]|
[[nin3minin||  <B
where 1y, . .., ng are complex variables. Then
7%a(S3)wa (S3) B(log B)® = 4V/(B). (4-11)

Proof. Let 01, 2, n4, 15,16 € C, B > 0, and define [ := (B|n?naninsnelle)'/*. Let
13, 7, Ng be complex variables. After the coordinate transformation zg = [='/3ns - ng, z; =

17 B3ninaminsng - n3, 2o = 172 mimanane - n7, we have

~ 12 {|mim2mansnsll s 1
W($3) = —— 7 dnz dn7 dns. (4-12)
0 B (1.-..18) ER(B) || N4Mg ||oo
Since the negative curves [E1], ..., [Es] generate the effective cone of §3, and [-K3, ] =

[4E1 + 2E2 + 3E3 + 3E4 + 2E5 + 2E6], [DFIS, lemma 81] gives
dny dna dna dns dne

N lloc 12 oo 1141l 06 1715 ll o 176 ll oo 21

The lemma follows by substituting (4-12) and (4-13) in (4-11).

a(S3)(log B)® = L/ (4-13)
375 I

To finish our proof, we compare V,(B) from Lemma 22 with V;(B) defined in Lemma
23. We show that, starting from V,(B), we can add the condition [|[n{n3nin2nill- < B and
remove ||73]l., = 1 with negligible error. First, we note that (4-2), together with ||73]|, = 1
implies the condition [|n{n3ninZn2lle < B, so we can add it to the domain of integration for
Vo(B) without changing the result.

Using [DF13, lemma 3-4 (3)] applied to (4-5) to bound the integral over 17, g, we see
that an upper bound for V;(B) — V,(B) is given by

B3/4
<

M1 lloo Im2Mlo0s 1714 log > 115 1l oo, 1716 [l g 21

3 I dn, - -- dne < B(log B)*.
et [ttt <5 | mamsnamsng |

Using Lemma 22 and Lemma 23, this implies Theorem 1 for S;.

5. The quartic del Pezzo surface of type Ds

The surface Sy defined by (1-5) is an equivariant compactification of G? (as remarked in
[BB07]; see [DL10, Lemma 6] for details), hence Manin’s conjecture for S; over arbitrary
number fields is a special case of [CLTO02]. Alternatively, our methods lead to Manin’s
conjecture for S4 over imaginary quadratic fields as stated in Theorem 1 with

~ 1
S4) = d
«(54) = 375600 "
~ 12
a)oo(S4) = ; dZ() le de.

161 202 lloce 1521 | l12d22 ] Ml03 421 [l <1

We remark that the parameterization of rational points is as in [DF13, claim 4-1], and that
the order of summations can be chosen as in [BB07, section 5]. The details can be found in
the first preprint arXiv:1304 .3352v1 of this article, but upon the referee’s suggestion,
we omit them here.
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