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We consider the popular and well-studied push model, which is used to spread information
in a given network with n vertices. Initially, some vertex owns a rumour and passes it to one
of its neighbours, which is chosen randomly. In each of the succeeding rounds, every vertex
that knows the rumour informs a random neighbour. It has been shown on various network
topologies that this algorithm succeeds in spreading the rumour within O(logn) rounds.
However, many studies are quite coarse and involve huge constants that do not allow for a
direct comparison between different network topologies. In this paper, we analyse the push
model on several important families of graphs, and obtain tight runtime estimates. We first
show that, for any almost-regular graph on n vertices with small spectral expansion, rumour
spreading completes after log, n 4 logn 4 o(log n) rounds with high probability. This is the
first result that exhibits a general graph class for which rumour spreading is essentially as
fast as on complete graphs. Moreover, for the random graph G(n, p) with p = clog n/n, where
¢ > 1, we determine the runtime of rumour spreading to be log, n + y(c)logn with high
probability, where y(c) = clog(c/(c — 1)). In particular, this shows that the assumption of
almost regularity in our first result is necessary. Finally, for a hypercube on n = 2¢ vertices,
the runtime is with high probability at least (1 + f8) - (log, n + logn), where f > 0. This
reveals that the push model on hypercubes is slower than on complete graphs, and thus
shows that the assumption of small spectral expansion in our first result is also necessary.
In addition, our results combined with the upper bound of O(logn) for the hypercube
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(see [11]) imply that the push model is faster on hypercubes than on a random graph
G(n,clogn/n), where c is sufficiently close to 1.
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1. Introduction

Randomized broadcasting is one of the most important communication primitives in
large networks. A classical and well-studied protocol is the following algorithm, which is
known in the literature as the push model or randomized rumour spreading. Initially, some
rumour is placed on one of the n vertices of a given network G. Then, in succeeding
rounds, every vertex that knows the rumour selects one of its neighbours uniformly at
random, and passes the information to it. The crucial question is: How many rounds are
needed until every vertex becomes informed ?

The push model has been studied in many works, and its performance on several
different families of graphs is well understood. In one of the first papers dealing with
this topic, Frieze and Grimmett [15] proved that if the underlying graph is the complete
graph with n vertices, then asymptotically almost surely (a.a.s.) (with probability tending
to 1 as n — oo0) the broadcast is completed within (1 + o(1))(log, n + log n) rounds, where
logn will denote the natural logarithm. The problem has been subsequently studied on a
number of graph classes, such as hypercubes, bounded-degree graphs, and Erd6s—Rényi
random graphs: see, e.g., [11, 21]. In particular, for hypercubes and Erdés-Rényi random
graphs G(n,p) with p = clogn/n, ¢ > 1, a runtime bound of O(logn) was shown in [11].
In [9], the authors proved a lower bound of log, n + logn — o(log n) which holds for any
regular graph. Neglecting low-order terms, this implies that complete graphs have the
fastest broadcast time among regular graphs.

Most of the existing bounds for the performance of the push model on general graphs
show that a.a.s. the number of rounds needed is O(f(G) polylog(n)), where f(G) is some
graph parameter. In particular, Giakkoupis and Sauerwald [18] showed that f(G) can be
chosen as the inverse vertex expansion of G. Moreover, Giakkoupis [17] and Chierichetti,
Lattanzi and Panconesi [5] proved, among other things, that f(G) < c,¢~!, where ¢ is
the conductance of G and ¢, is a quantity depending on the ratio o of the maximum and
minimum degree (see also [26] for a result for regular graphs). All the above results imply
that if the parameter in question is within reasonable bounds, then we obtain a guaranteed
logarithmic broadcast time. However, almost no work addresses the issue of how exactly
the network topology affects the performance of the push model. In other words, we are
interested in the structural properties that may have a favourable or a disadvantageous
effect on the broadcast time. Resolving such questions is a fundamental issue in network
design, and for practical applications, it is important to study the constants that are
hidden in the O(-)-notation. Unfortunately, many theoretical analyses are rough, so the
constants involved are typically huge.

In this context, a precise analysis of the push model was performed by Fountoulakis,
Huber and Panagiotou [13], who studied the case where G is an Erdds—Rényi random
graph. We will denote by G(n, p) a graph on n vertices that is obtained by including each
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possible edge independently with probability p. Among other results, they showed that if
the average degree is w(logn), then a.a.s. the broadcast time coincides asymptotically with
the broadcast time on the complete graph. So, the performance of the push model remains
essentially unaffected by the fact that most edges are missing. Moreover, Fountoulakis
and Panagiotou studied in [12] the case where G(n,d) is a random d-regular graph,
where d = O(1), and determined the exact effect of d on the broadcast time.

Our results. In this paper we perform a precise analysis of the push protocol on several
graphs. Our first result addresses the broadcast time of the push model on expander
graphs, which have found numerous applications in computer science and mathematics:
see the survey [19]. The crucial property of an expander graph is that every set of vertices
is connected to the rest of the graph by a large number of edges. Here we focus on
a spectral characterization of such graphs, which is related to the spectral gap of their
adjacency matrices.

Let G be a connected graph with n vertices that has minimum degree equal to ¢ and
maximum degree equal to A. Let 41 > A, > --- > A, be the eigenvalues of the adjacency
matrix of G, and set 4 = maxygi<n |4i|. We will say that G is an (n,0,A, A)-graph. Our
statements about G should be interpreted in the context of a sequence of graphs indexed
by n, where A, 6 and A are functions of n. We are interested in asymptotic results as n
tends to infinity. Our main result about expander graphs states that the broadcast time
of the push model is asymptotically the same as on the complete graph. In other words,
expander graphs belong to the same “universality class” with respect to the performance
of the push model. Henceforth we will let T(G) denote the (random) broadcast time if
the underlying graph is G, and the rumour is placed initially on the vertex with label 1
(or equivalently, the rumour is placed on a vertex chosen uniformly at random).

Theorem 1.1. Let G be an (n,d, A, A)-graph, where A/é =1+ o(1) and /. = o(A), as n — co.
Then, a.a.s.

|T(G)— (log, n + logn)| = o(logn).

Note that the above theorem, together with some well-known facts about random
graphs (see [16, 27]), also implies (up to the magnitude of the error term) the main result
in [13], where the same bounds on the broadcast time were shown for the special case
that G = G(n,p) and p = w(logn/n). Moreover, Theorem 1.1 also applies to random d-
regular graphs, where d can be any increasing function of »n such that d = 0(\/5), as for
this range of d, /. = O(\/;i) was shown in Broder, Frieze, Suen and Upfal [4].

We now demonstrate that the two conditions in Theorem 1.1 are best possible in the
sense that if we replace any of two o(.) terms in the statement by O(.), then there are
graphs that do not satisfy the conclusion. For instance, consider a random d-regular graph
with constant d. It trivially satisfies the first condition, but satisfies only 4 < 3\/5 [4]. Since
G is a constant-degree, regular graph, it follows by Theorem 1 and Lemma 1 of [9] that
T(G(n,d)) = log, n+ logn + Q(logn), a.a.s. Let us now address the condition on A/J. It
is well known ([16, 27]; see Lemmas A.l and 3.2) that a random graph G(n,p) with
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Table 1. Overview of the previous and our new results concerning the push model

Graph Asymptotic broadcast time Reference
complete graph log, n+logn [15]
G(n,p), p = w(logn)/n log, n +logn [13]
G(n,d), d = 0(1) logyi—1/qyn + log(]_l/d),d n [12]
d-reg. graph, 2 = 0(J/d), d = o(/n) logy n+logn [12]
hypercube O(logn) [11]
G(n,p), p=clogn/n,c > 1 log, n+ y(c)logn,y(c) > 1 Theorem 1.2
G(n,d), d = w(1) log, n +logn Theorem 1.1
graph with A/0 =1+ o(1), 2 = o(A) log, n+logn Theorem 1.1
hypercube log, n + logn + Q(logn) Theorem 1.3

p = (clogn)/n for ¢ > 1 satisfies 1 = o(A) and A/6 = ©O(1). However, the next theorem
implies that T(G(n, p)) = log, n+ logn + Q(logn) a.a.s.

Theorem 1.2. Let ¢ > 1 be any constant and p = (clogn)/n. Set y(c) = clog(c/(c — 1)) >
1. Then, a.a.s.

[T(G(n,p)) — (logy n +y(c) logn)| = o(logn).

Moreover, this result settles an important question that was left open by the previous
results by extending the analysis of the performance of the push model to sparser random
graphs with p = (clogn)/n for a constant ¢ > 1 (see [11, 13] and Table 1). In particular, it
shows that the broadcast time for a constant ¢ > 1 is larger than for ¢ = w(1). Moreover,
if ¢ < 1, then G(n, p) is a.a.s. not connected: see, e.g., [20]. So, a complete broadcast is not
possible in this case. Observe that y(c) — 1 when ¢ — oo, which nicely matches the result
of Theorem 1.1. On the other hand, y(c) — oo when ¢ — 1.

Our final result addresses the performance of the push model on hypercubes, which
constitute popular topologies for the analysis of algorithms in distributed systems. We
show that the push model on the hypercube is slower than on the complete graph, but
faster than on a random graph G(n, p) with p = clogn/n where c is sufficiently close to 1.
In other words, the regular degree distribution of the hypercube seems to be of more help
for rumour spreading than the higher expansion of a random graph. Interestingly, our
analysis reveals that on random graphs, the number of informed vertices nearly doubles in
each round, as long as their number is o(n). In contrast to that, the growth is significantly
smaller on the hypercube for the same range. However, to inform the remaining vertices,
the random graph suffers from its heterogeneous structure, that is, there are too many
vertices of small degree that are connected to higher-degree vertices.

Theorem 1.3. Let H, be a hypercube with n vertices, where n is a power of 2. Then there
is a constant § > 0 such that a.a.s. T(H,) > (1 4 f) - (log, n + logn).

Our results, together with some earlier bounds, are summarized in Table 1.

Downloaded from https://www.cambridge.org/core. UB der LMU Miinchen, on 27 Nov 2018 at 15:19:47, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50963548314000194


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0963548314000194
https://www.cambridge.org/core

Randomized Rumour Spreading: The Effect of the Network Topology 461

Techniques and methods. One of the most fundamental results in spectral graph theory
is the famous expander mixing lemma: see [1]. Let G be an n-vertex d-regular graph such
that the adjacency matrix has eigenvalues 4; > A, > --- > A,. Then, roughly speaking,
the expander mixing lemma guarantees that the number of edges between any two
subsets of the vertices is close to what one would expect in a random d-regular graph,
if 1 = maxsgicy |4i] is not too large. Unfortunately, we cannot apply this lemma directly
to support us in the proof of Theorem 1.1, as the relevant graphs are only close to
being regular. In order to overcome this limitation, we prove in Section 2 a general
statement, which provides similarly sharp bounds for almost regular graphs. Based on
this, we perform a tight analysis of the push model by separating the evolution of the set
of informed vertices into phases, and controlling the growth in each phase individually.

In Section 3 we prove Theorem 1.2. The proof is based mainly on techniques from
the theory of random graphs, which allow us to prove various facts about the degree
sequence and the distribution of the edges in certain structures. The most challenging
aspect in this proof is that G(n, p), for the range of parameters considered here, is quite
far from being a regular graph. This introduces a significant bias in the actual evolution
of the set of informed vertices. However, also in this case it is possible to perform a tight
analysis of the push model, by using our knowledge of the degree sequence and from the
fact that a.a.s. all vertices have the property that most of their neighbours have degree
close to average. We hope that similar methods might be useful for studying randomized
broadcasting on other classes of random graphs with stronger fluctuations in their degree
sequences.

Finally, a further important ingredient in our proofs is a general-purpose technique
that we use for obtaining lower bounds for the broadcast time in terms of random walks.
While the relation between random walks and rumour spreading has been studied before
(e.g., [3, 10, 26]), all the obtained relations are of asymptotic nature. Our new approach
establishes a direct link between rumour spreading and the transition probabilities of
random walks, which is described in more detail in Section 4. Theorem 1.3 is a consequence
of this general principle.

Notation. In order to avoid ambiguities we will introduce some notation that will be used
throughout the paper. Let G = (V, E) be a graph, v a vertex of G, and U, W two subsets of
its vertices. We will write Ng(v) for the set of neighbours of v in G, and degg(v) = |[Ng(v)|
for its degree. For any vertex set S, let N(S) = U,es N(v). Moreover, we will write Eg(U, W)
for the set of edges with one endpoint in U and one in W, and eg(U, W) = |Eg(U, W))|.
We will abbreviate Eg(U, U) = Eg(U). Finally, we will omit the subscript if the graph in
question is clear from the context. For any round ¢, we denote by I, the set of informed
vertices at the end of round t. Similarly, U, := V \ I, is the set of uninformed vertices.
Recall that log x denotes the logarithm of x to the base e.

2. Rumour spreading on expander graphs

Throughout this section, let d = 2|E|/n be the average degree of G. Our main goal here
is to prove Theorem 1.1.
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2.1. Expansion lemmas

The first ingredient in our proofs addresses the structure of regular graphs. The following
statement is a strengthened version of the famous expander mixing lemma, where in
comparison to the bound below, the factors (1 — |U|/n)(1 — |W|/n) do not occur.

Lemma 2.1 ([22, Theorem 2.11]). Let G = (V,E) be an (n,d,d, 2)-graph. Then for any
two subsets U, W < V', we have

0.0~ 49 < o (1-12) (- 221,

Remark. An inspection of the proof of Theorem 2.11 in [22] shows that the statement
continues to hold for graphs (possibly with loops) that correspond to adjacency matrices
A where each row sum equals d, but the diagonal elements 4;; can be any non-negative
integer, provided that the sets U and W are disjoint.

Let us now turn our attention to non-regular graphs.

Lemma 2.2 ([22]). Let G = (V,E) be any graph with average degree d and spectral ex-
pansion A < d. Then, for any subsets U,W < V we have

v, w)— LW g,

We prove the following generalization of Lemma 2.1 to almost regular graphs.

Lemma 2.3. Let G= (V,E) be an (n,0,A, A)-graph. Then, for any two disjoint subsets
U, W <V, we have

(U, W) — AWW‘ < (;~+(A—5))\/U||W|<1 - “}f) <1— 'W'>_

n

Proof. Define a matrix B := A + D, where D is the diagonal matrix defined by D;; = A —
deg(i), and A is the adjacency matrix of G. The eigenvalues of D are ¢; > & > -+ > ¢,. The
matrix B is an integer-valued, symmetric matrix with eigenvalues A= f; > f, > -+ = f,.
This allows us to apply Lemma A.2, which yields A, < fa <Ay +eand 4, < B, < A, + &1
(as all eigenvalues of D are positive). Therefore, with f := max,¢i<, |fi], we have

B = max{|fal, B}
< max{|Za| + B2 — Zal, [Zu| + |Bn — Zal}
< max{|daf, [ 4]} + &1 < A+ (A —9).
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Since every row (and column) sum of B equals A, we can apply Lemma 2.1 to the graph
induced by the matrix B to conclude that

eﬂMWW—NﬂWW<B¢WHV(L-T)@_'Z)
< (A+(A—5)>\/|U||W<1 _ U') (1 _ 'W'>.
n n

As U and W are disjoint, we have eg(U, W) = e(U, W), which proves the claim. U]

Corollary 2.4. Let G = (V,E) be an (n,0,A, A)-graph satisfying the preconditions of The-
orem 1.1. Then, for any subset U = V of size 1 < |U| < n/2, it holds that

U,V \U)—

A|U(”|U)’ )+ U, (2.1)

2.2. Analysis of the algorithm (upper bound)
Lemma 2.5. Let G be a graph that satisfies the preconditions of Theorem 1.1. Then all the
following statements are a.a.s. true.

(I) Suppose 1 < |I;] < n/logn. Then there exists T = log, n+ o(logn) such that |I,.| >
n/logn.

(IT) Suppose n/logn < |I;| < n—n/logn. Then there exists T = o(logn) such that |I,;.| >
n—n/logn.

(IIT) Suppose |I;| > n—n/logn. Then there exists T = logn + o(logn) such that |I,.| = n.

Proof. (I) |I;| € [1,n/logn]. By Corollary 2.4, we know that

All — I 1
e, v\ 1) » AT ayg > (1 L o(l))Au. (2.2)
n logn

Define

~ A 1

L= = .

d + logn

Let

A={veNUI)\I : INw)NI,| =24V 7).
Then, by definition of A4,
e(A,1,) > |A] - 2dV/7.

By Lemma 2.2, we have

dAIL] dANL
ety < I i < AN g A
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Thus

I I
Al - 247 < d‘A”I‘erA AL — 2Vi— 't :/;:

which implies that

2 2
~ n
Al <7211, < ) <zz~|1|~<~>
"\ \f 1| t Znﬂ—n/logn
. 1 2
<)2~1|~(~> <AL
t 247 —1/logn '

Define B = (N(I;) \ I;) \ A. Using (2.2), we can bound e(I;, B) by
e(l, B)=e(I;,V \ 1) —e(I;, A)
diA[IL] o~
2 (1= o)A — — — — day/|A|lL]
A 1
> (ot —d(§ + o i
= (1 —o(1))A[L].

With the above estimate at hand, we compute the expected value of |I,.; N B|. Note that
for any v € B, the probability that it gets informed is at least

1
11— 1] ——).
ueN(v)NI;

We have

E[|l,4+1 N B[] > Z[l - 11 (1 — )] doi- (1 — 1)N(Uwr|.

vEB ueN ()N, vEB

Using the inequality that (1 — x)" < 1 — nx + n’x?, we get

2
E[[I;41 N B[] > Zl—(l— )Amz|+|N(u)A?zr|>
vEB
— ‘N(U)mlz‘ \N(v)ﬂ]z\ 2d\/j e(I[,B)
"L (1= B = (1257 %

Since the last expression is at least

(- 2y

A

z (1 = o)1 = o(I)] = (1 =o)L,

we obtain

Elli1 \1el] = E[[i41 0 B[] = (1 —o())IL].
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Since 1,41 \ I;] < |I;], it follows by using Markov’s inequality (applied to |I;| — |I;41 \ I;])
that

Pllira] = 2 = fm)I]] = 1 —g(n),

where f(n) and g(n) are both functions that tend to zero. Hence the time to reach
II;| > n/logn can be upper-bounded by the sum of log, g, n independent, identically
distributed geometric random variables with expectation at most 1+ o(1) each. Using
the Chernoff bound from Theorem A.4 yields for t :=log,n+ o(logn) that P[|I,.| >
n/logn] =1—o(1).

1) |I;] € [n/logn,n —n/logn]. We further divide this phase into the two cases
|I,| € [n/logn,n/2] and |I;| € [n/2,n—n/logn].

We start with the first case, |I;| € [n/logn,n/2]. By Lemma 2.3, we have

e(l, V\I) >

n

LIV A L
n

1
> 50— DIL| > JolL,

| =

where in the last inequality we used the assumptions that A = o(A) and A/o =1+ o(1).
Similar to the analysis of phase (I), we can lower-bound the expected number of vertices
that become informed in round ¢ + 1:

B[l \ 1> S [1— I (1—i>]> S 1w

ueNI )\, veNu)NI, ueN(I)\I;
[N(u) N 1| e(I,, V\1I) 0
> = > O A I B
~ Z 2A 2A 8A‘ |
ueN(I,)\I,

where the third inequality used the fact that e < 1 — x/2 for any x € (0, 1).

Since |I,11| < 2|I;|, we obtain as long as |I;| < n/2 that there are constants o, f > 0 so
that P[|I;41] > (1 + o)|I|]] > . Hence the time to reach |I;| > n/2 can be upper-bounded by
the sum of log; ,(logn) independent, identically distributed geometric random variables
with expectation at most 1/ each. Using a Chernoff bound for the sum of geometric
random variables (see Theorem A.4) yields that with probability 1 —o(1), we reach
|I;| > n/2 within at most o(logn) additional rounds.

Consider now the case |I;| € [n/2,n —n/logn]. To analyse this case, we examine the
shrinking of U, := V' \ I,. Again, as |U;| < n/2, by Lemma 2.3 we have

1
e(U, 1) > 15‘U1‘~
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Let us now compute the expected number of uninformed vertices after one additional
round:

E(Uall =) ] ( deg(v))<ze|mu>m[m

ueU; veN( u)ﬁI ueU,

mt| B B 5
<) 1= |Uz|—8A|Uz|—<1—SA Uil

ueU;

A simple inductive argument yields for any integer 7 > 1 that

5 T
E[|Ups) < ( SA) U,

7 :=2loglogn/ 10g<1/<1 — 5)) = o(logn)

so for

8A

we have

E[|Ups.l] < |Uil/log” n = o(n/ log n).
Hence, by Markov’s inequality, P[|U,.| > n/logn] = o(1).

(IIl) |I,| € [n—n/logn,n]. Again, we analyse the shrinking of the set U,. Recall from
(2.2) that e(I;,U;) = (1 — f(n)) - A- |U,|, where f(n) is any function with f(n) = o(1). Let
A < U, be the set of vertices v € U, for which [N(v) N I,| < (1 — /f(n)/2) - A. We assume
for a contradiction that |4] > 2,/f(n) - |U,| and conclude

eI, U) = > INw)N LI+ Y INw)NI|

ved veU\A4
<AL (L= V/f)/2)- A+ U\ Al A
= Uil - A~ 4] /T (n) - A2
<(I—=f(n) AU,
which yields the desired contradiction. Now define B := U, \ 4 so that for each u € B,
INW)NI| > (1—+/f(n)/2)-A and |B| > (1 —2/f(n) - |Ul.

Using linearity of expectations,

E[Uisil] €Y Plo ¢ Lial + Y Plo & Iy

veB veA
1\ V@]
<Y(i-3)  +X
veB veEA

Using the inequality (1 — 1/A) < e VA, we get

E[Upsl] < D _e MO 4 4]

veB

< (7 - eT™2) - Bl 4+ 2/(n) - U]
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< (e (T+eV/f(n)/2)) - IBl+2/f(n) - U]
< ( _1+3\/f(7l) [U¢l,

where the third inequality used the fact that e¥ < 1 4e - x for any x € [0, 1]. By induction,
it follows that for any round 7 > ¢,

E[U: < (¢7' +3V7 )™ UMl
We choose
Ti=t+ log671+3m(n) =t +logn+ o(logn)

and obtain that

1
E[U[] < — - Ui

N

Since by assumption |U;| < n/logn, this implies E[|U,..|] < 1/logn, so that

PUis<| =2 1] S E[|Ui<|] < 1/logn. O

2.3. Analysis of the algorithm (lower bound)

We first note that if the graph G is regular, then the lower bound follows directly from
Theorem 1 and Lemma 1 of [9]. If the graph G is not regular, then it must hold that
0 = w(1). For the proof of the lower bound, observe that after ¢t := log, n — 1 rounds we
have |I;| < n/2. For a lower bound on the running time of the algorithm, we may assume
that each vertex u € U; may get the rumour from any of its neighbours at any time. So we
can forget about who actually knows the rumour but consider the model in which at each
round each vertex in V picks a neighbour. We want a lower bound on the probability
that some vertex in U, never gets selected in

—3/4
A

7 := (logn — h(n)) - = logn — o(logn)

rounds, where h(n) is any slow growing function satisfying h(n) = o(logn) and h(n) = w(1).
For each u € U,, let E, denote the event that u is never selected within those rounds. We
compute

1 T 1 At , , 1
PIE.] = | I - At/(6—3/4) —logn+w(1)

veN(u)

where we used the fact that (1 — 1/x)*3/4 > e~! for any x > 2. Summing over all vertices
in U,, we obtain

> PIE] > n/2 e Emel) o,

ueU;

By construction, the events {E, : u € U,} are negatively correlated in the sense that, for
any set of different vertices u,uy, -+ ,u; € Uy, we have that P[E, | E,, A+ A E,] < P[E,].
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Therefore,

IED[/\ E} < T PIEA < e e PlET = (1),
ueU, ueU,;
To conclude, we have shown that P[T(G) > log,n+ logn — o(logn)] > 1 —o(1). This
lower bound together with the upper bound obtained in Lemma 2.5 immediately yields
Theorem 1.1.

3. Rumour spreading on G (n, p)

In this section we analyse the push protocol on the classical Erdés—Rényi random
graphs, and prove Theorem 1.2. We let G(n,p) denote the random graph on vertex set
V ={l1,...,n} where each edge is selected independently with probability p. Throughout
this section, we will write f(n) ~ g(n) if lim,_,, f(n)/g(n) = 1.

3.1. Properties of G(n, p)

In this subsection we collect some basic facts about G(n,p), which will be useful in
the forthcoming proofs. We begin by computing tight bounds for the degree sequence
of G(n,p), where p = ®(logn/n). The next two lemmas provide us with the required
information.

Lemma 3.1. Let x; > xo >0 and ¢ > 1 be constants, and let p ~ clogn/n. Fix V' =V
with |V'| =n—o(n) (Where V' =V is allowed). Let N; be the number of vertices in V'
with degree i in G(n, p). Then, uniformly for all i € [xologn, x;logn] we have that E[N;] =
nsli/logmto) \yhore g(x) = x(1 4 log(c/x)) — ¢ + 1. Moreover, the variance satisfies

VIN]] < o(E[Ni]*) +E[N}].

Proof. The degree deg(v) of any given vertex v € V' is distributed as Bin(n — 1, p). Then,
Stirling’s formula implies that

E[Ni] = [V'|P[deg(v) = i]

= (n— o(n)) ("

>p1(1 _ p)nflfi

i
— pl—o) (i”) pi(l _p)n—l—i'
Hence, writing x = i/ logn, we get

ec +o(1)

E[Nl] — nlo(l)(
X

)lepnin(l) _ ploglec/x))—c+1Lo(l) _ pg(x)Eo(1)

Next, we estimate the probability that two different vertices v and w in V' have the same
degree i. To compute that, we take into account whether or not v and w share a common
edge, which occurs with probability p, and then rearrange the expression obtained in
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terms of P[deg(v) = i]:
P[deg(v) = iNdeg(w) = 1]

-2\’ 2i— 2m—2-2i n—2\° 2i 2n—4-2i
= 1_1 P (1 —p) td=p{ , Jr(d—p)

(n—1—1i? e o
(o 1 1) Pt = 0~ Pl =

Finally, we have

VIN;] = |V'|P[deg(v) = il + |V'|(|]V'| — 1)P[deg(v) = i N deg(w) = i] — E[N;]?
=E[N;] + (1 + o(1))E[N;]* — E[N;]?
o(E[Ni]?) + E[N{]. O

Lemma 3.2. Let ¢ > 1 be any constant and p = clogn/n. Let é and A be the minimum and
maximum degrees of G(n,p). Then there exist constants cy,c; with 0 <cp<c—1<c <c¢
such that a.a.s.

(I—o(1))cologn <0 <A< (14 0o(1))cy logn.

Proof. Define
o= — c—1 and ¢ =— c—1
0 YT T Wi(—e (e — /ey

Wo(—e~!(c —1)/c)
where W, and W are respectively the lower and upper branch of the Lambert W function
on [—e~1,0] (recall that each branch of the Lambert W function satisfies W (y)e" ) = y).
Let g(x) be defined as in the statement of Lemma 3.1. By direct substitution and easy
computations, we can check that g(co) = g(c;) =0, g(¢c — 1) > 0 and g(c) > 0. Moreover,
by looking at the derivative g'(x) = log(c/x) we see that g(x) is increasing in (0,¢) and
decreasing in (c,o0). Thus we can conclude that the only positive solutions of g(x) = 0 are
precisely x = ¢y and x = ¢y, and moreover 0 < ¢y <c—1<c¢ <.
Given any constant ¢ > 0, for each vertex v we have

|(co—¢)logn| n—1 A A
Pldeg(v) < (co —#)logn] = ( . )pf(l—m”“
g 0 g > ;

=0
= O(P[deg(v) = [(co — &) logn]]),

since the ratio between any two consecutive terms in the above sum is at most ¢p/c < 1.
Similarly,

n—1
P[deg(v) = (c1 +¢)logn] = Z <n B 1)pj(1 _pyt

j=T(c1+¢)logn]
= O(P[deg(v) = [(c1 + &) logn]])
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since the corresponding ratio is at least ¢; /¢ > 1. In view of these facts and by Lemma 3.1,
the expected number of vertices of degree at most (co — ¢)logn is

0 (n - P[deg(v) = |(co — &) logn]]) = n# @) = o(1),

since g(co —e¢) < 0. A totally analogous argument shows that the expected number of
vertices of degree at least (c; + ¢)logn is o(1). Since the choice of ¢ was arbitrary, we
conclude that the required bounds on ¢ and A hold a.a.s. ]

We will also use the following property of G(n,p), which essentially says that the
neighbourhood of all vertices contains many vertices with actual degree close to the
expected degree.

Lemma 3.3. Let ¢ > 1 be any constant and p = clogn/n. For each vertex u in G(n,p),
define

N(u) = {v € N(u) : |[N(v)| — pn| < log** n}. (3.1)

Then, a.a.s. for every vertex u we have |N(u)\ N(u)| < log¥*n.

Proof. In view of Lemma 3.2, there is a constant x; > ¢ such that a.a.s. A < x;logn.
We call this event E, and restrict our analysis to that case. Let us fix a vertex u € V. Put
N = N(u) and N’ = N(u) \ N(u). To prove the lemma, it suffices to show that IE”[(|N’| >
log**n)N E] = 0o(1/n), and then apply a union bound over all the vertices u € V.

First, we expose the neighbours of u, and condition upon the particular N obtained.
We use a subscript star to denote probabilities in the conditional space. We assume that
IN| < x1logn (as implied by event E). Then we expose all internal edges in N, and let
X be the number of them. Since there are at most |N|* < (x;logn)* possible pairs of
internal edges, we have that

P.[X > 2] < (xqlogn)*p? = n=2+o0), (3.2)

Next we expose the edge set E(N, Vp), where Vo = V' \ (N U {u}). For each v € N, consider
the number X, = [N(v) N V| of neighbours of v which lie in V;. Note that each X,
is distributed as Bin(| V|, p), so a version of the Chernoff bounds (see, e.g., Alon and
Spencer [2, Theorems A.1.11 and A.1.13]) yields

P.[|X, — pn| > log*n —2] = ¢ eg"*n

Let B be the event that there are more than log®* n vertices v € N for which | X, — pn| >
log¥*n —2 holds. Note that by definition, the random variables {X,:veN(@u)} are
mutually independent. Hence,

IN|
[og™* n]
Since the bounds in (3.2) and (3.3) hold uniformly for all N satisfying |[N| < x; logn, we
deduce that

P.[B] < |N| ( ) exp(—Q(log!/? n)[log** n]) = e~log™ ), (3.3)

P[((X = 2)UB)N(IN| < xilogn)| < n M = o(1/n).
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Note that if X < 2 then X, < deg(v) < X, + 1 for each v € N. We conclude the proof by
observing that the event (|N'| > log3/4 n) N E implies ((X > 2) U B)N(|N] < x;logn) by
construction, and thus we get the desired bound P[(|N'| > log**n) N E] = o(1/n). O

The lemma below bounds the number of edges contained in small subsets of the
vertices. The first statement follows immediately from Lemma 5.3 in [7], while the second
statement is from [6, Property 3].

Lemma 3.4. Let ¢ > 1 be any constant and p = clogn/n. A.a.s. for every subset S < V of
G(n,p) of size |S| = O(n/logn) we have that e(S) = o(|S|logn). Moreover, for any set S
with 1 < |S| < n/2, e(S,V \ S) = Q(|S|np).

Finally, we include a lemma that addresses the typical structure of the neighbourhoods
of small sets.

Lemma 3.5. Let ¢ > 1 be any constant and p = clogn/n. There is a function f(n) = o(1)
such that the following is a.a.s. true. For every set S of vertices of G(n,p) such that |S| <
n/logn, there are at most f(n)|S| vertices outside of S that have more than f(n)logn
neighbours in S.

Proof. We will show the claim for f(n) = (loglogn)~'/3. Let H be a fixed subset of the
vertex set of G(n, p), and let v € V' \ H. Then, if |H| < n/logn,

|H| [£(n)logn]
P[[N(v)WH| > f(n)logn] < <[f(n)logn]>p e

o ( en clogn
S \fm)log?n n

Hence, the probability that there are at least f(n)s vertices v in V' \ H with [N(v)N H| >
f(n)logn (i.e., set H contradicts the claim in the statement) is at most

— jQ(oglog n)?/3)

) [f(n)logn]

/s . = Q(loglogm)f(ms _ ,~(loglogm>?)-f(m)s

By linearity of expectation, the expected number of subsets of G(n, p) with 1 < s < n/logn
vertices having the property above is at most

nsn—Q((loglogn)2/3)'f(n)s — 0(1/}’1),
and the proof is completed by summing for all s and applying Markov’s inequality. [
3.2. Analysis of the algorithm

We first analyse the evolution of I; as long as 1 < |I,| < n — n/log? n. The following lemma
proves that as long as |I,| is not too large, |I;| almost doubles in each round.

Lemma 3.6. Let ¢ > 1 be any constant and set p = clogn/n. Then there is some t =
log, n + o(logn) such that we have a.a.s. that |I;| > n—n/ log? n.
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Proof. Before we proceed with the actual proof, let us recall some basic properties of
G(n, p). First, by applying Lemma 3.2 we infer that there are constants 0 < ¢y < ¢; such
that a.a.s. the minimum degree ¢ of G, satisfies 0 = (1 — o(1))co logn and the maximum
degree satisfies A = (1 + o(1))c; log n. Moreover, let f(n) = o(1) be the function guaranteed
to exist by Lemma 3.5. Set

A:={veNI)\I:|Nv)NI]| > f(n)logn}.

Then, a.a.s. we may assume that [4] < f(n)|l].

Let us first consider the case where 1 < |I,| < n/logn. By applying Lemma 3.4 we infer
that a.a.s. the set I, spans o(|I;|logn) edges, that is, e(I;) = o(|I;|logn). From now on we
will assume that G(n, p) has all these properties without further reference.

Let B := (N(I;)\ I;) \ A. Define for any vertex u € I, an indicator random variable X,
which is one if u sends the rumour to a vertex v € B and no other vertex sends a rumour
to v. We have

PX,=1]= Z}P’[u is the only vertex that informs v]

vEB
1 1 f(n)logn B
> deg(u) (1 B 5) = —0(1))%.
v€BNN(u) g g
Let X := 3", . X,. By linearity of expectation,
deg(u) — INwu)NI;| —|[Nu)n A4
CS R 3 (1= o1y Y B IN®O L INW A
deg(u)
uel; uel,
>(1—o 1))(|Iz ;\N )N | — 5 ;\N(u ﬂA)

Note that Zue], IN(u) N I;| = 2e(I;) = o(|I;|logn). Moreover, a simple double-counting
argument implies Zue,t IN(u) NA| < |A|A. As |A] < f(n)|I;| and 0,A = O(logn) we infer
that E[X] > (1 —o(1))|I;], and we infer that E[|I,1]| | |I;] < n/logn] > (2—0(1))|I;|. As
in Lemma 2.5, we can prove that for t = log, n + o(logn) a.a.s. |I;| > n/logn.

Now consider the case where n/logn < |I,| < n—n/log® n. We can do exactly the same
analysis as in Lemma 2.5 and use the fact that the ratio A/J is a constant. Here, the
second statement of Lemma 3.4 provides a sufficiently large lower bound on the expansion.
Therefore, after T := O(loglogn) additional rounds a.a.s. |I,4.| > n —n/log?n. ]

The next proposition analyses the last stages of the rumour spreading algorithm when
|I,| is large. Its conclusion, combined with Lemma 3.6, provides us with an upper bound
on the broadcast time for G(n, p).

Proposition 3.7 (upper bound). Let ¢ >0, ¢ > 1 be any constants, and p = clogn/n. Let
t be such that |I,| > n—n/log?n. Then, all the remaining vertices will a.a.s. get informed
within additional [(y + ¢)logn]| rounds, where

v—y(e)—clog< "1)
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Proof. Recall from Lemma 3.2 that there exist constants x; > xo > 0 such that a.a.s.
xologn < d < A < xylogn. Call this event E;. Let V; denote the set of vertices of degree i.
By Markov’s inequality, the event |V;| > log? n E[|V;]] has probability at most 1/log .
Therefore, we can apply a union bound and also Lemma 3.1 to deduce that a.a.s. all
degrees i € [xologn, x| logn] satisfy |Vi| < log? nE[|V;]] < ng@/logm+e(l) Cal] this event E,.
Let E; be the event that [N(u) \ N(u)| < log**n for every vertex u, where N(u) is defined
as in (3.1). By Lemma 3.3, E; holds a.a.s.

Let us write I = I, and U = U, for simplicity, and note that the internal edges of U
were not exposed during the rumour spreading, so each one still occurs independently
with probability p. For any vertex u in U, using the inequality (’,f) < (em/k)¥, we obtain

logn
ogn loglogn
PlNw AUl > logn] < ( Ul )pr;gﬁ,gn] < (ecloglogn> Rt

loglogn 101§)§>Zn log®n

Thus taking the union bound over all vertices in U, we obtain that a.a.s. each vertex in U
has at most logn/loglogn neighbours in U. Call this event E4.

Henceforth, assume that E, E,, E; and E4 hold together. We can partition U into the
sets U; = UNV;, for i € [xologn,xlogn], which must satisfy |U;| < |Vj| < n8/logn+o(l)
(since E; and E; hold). Pick an i in that range and a vertex u € U;. Set x =i/logn.
Define N; = N(u)nI and N, = (N(u) \ N(u)) NI, and observe that events E3 and E4
imply |Ni| ~i= xlogn and |N;,| = o(logn). We can upper-bound the probability that u
does not receive the rumour in [(y + ¢)logn] rounds from any vertex in I by

[(74¢)logn] y+e)logn y+e)logn
T (1) € I8 T <o
veNu)NI ‘N(U)‘ VEN] vEN,

and therefore the expected number of vertices in U; not being informed in that time is
at most p8™-0+ex/cto(l) Standard analysis shows that the function cg(x)/x maximizes at
x = c—1 and takes the value y. Therefore, g(x) < yx/c, and the expectation above is at
most

nfzx/(rntn( 1) < nfs:xo/cho(l).

Hence taking a union bound over all degrees i € [x¢logn, x; logn], we obtain that a.a.s.
all vertices get informed. U]

Finally, we bound from below the time it takes to inform the last uninformed vertices
of the graph, when |I;| is not too large. This will be used to obtain a lower bound on the
broadcast time for G(n, p).

Proposition 3.8 (lower bound). Let ¢ > 1 and p = clogn/n. Let us assume that t is such
that |I,| < n/log®n. Then, given any ¢ > 0, a.a.s. after [(y —¢)logn] rounds there are still
some uninformed vertices in G(n, p), where

C
=0 = clog( 5 ).
c—1
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Proof. Let us write I = I; for brevity. In view of Lemma 3.2, we assume that all vertices
in I have degree at most x;logn, for some constant x; > ¢, and in particular |[N(I)| <
x1n/logn. We define U = V \ I and U’ = U \ N(I), which must satisfy |[U| > n —n/log’ n
and |U’| > n— xyn/logn. Moreover, observe that the internal edges of U have not been
exposed yet by the rumour spreading algorithm.

Let i = [(¢c — 1)logn], and let U; be the set of vertices in U’ with exactly i neighbours.
We wish to estimate the size of U;. Since there are no crossing edges between U’ and I,
henceforth we confine our attention only to G(n, p) restricted to U, which can be regarded

G(|U|, p). We apply Lemma 3.1 to G(|U|, p) and to the subset U’, and infer that

E[Ui[] = nf D=0 5 oo and /V[|Ui[] E[IU:N),

so as a consequence of Chebyshev’s inequality we deduce that a.as. |Uj| > nsle!

Summarizing, we obtained a.a.s. a set U; of at least n#“~D=°() yninformed vertices with
degree i. In view of Lemma 3.3, for every vertex u € U; we have |[N(u) \ N(u)| < log**n,
where N(u) is defined as in (3.1). We may assume for our lower bound on the running time
of the algorithm that each vertex u € U; may get the rumour from any of its neighbours
at any time. So we can forget about who actually knows the rumour at a given time but
consider the model in which in each round each vertex in U picks a neighbour. We want a
lower bound on the probability that some vertex in U; never gets selected in [(y — ¢) logn]
rounds. For each u € U; let E, denote the event that u is never selected within those
rounds. We compute

[(y—e)logn] (y—¢)logn (1)
P[E,] = > [ e
(Ed] H < [N (v)] )
EN(u vEN(u)

(7—e) I (r—e)l
_ H o It —o(h) e o o) 5 = Gae=)/e—o(l),

veN(u) veNu)\N(u)

)—o(1)

and summing over all vertices in Uj,
Z HD[Eu] > ng((’fl)7(776,‘)(071)/(‘70(1) — né:((ffl)/(ffl)(l) - o0,
ueU;

As in Section 2.3, we arrive at

IP)[/\ E} < JIPIED < e 2eu ™00 = o(1),

ueU; ueU;

and in particular we will a.a.s. have some uninformed vertices after [(y —¢&)logn]
rounds. L]

At this stage, we have all the ingredients we need to prove Theorem 1.2. The upper
bound on T(G(n,p)) follows immediately from Lemma 3.6 and Proposition 3.7. For the
lower bound, we simply observe that after t = [log,(n/log® n)| = log, n — o(log n) rounds
we still have |I,| < n/log?n, and combine this fact with Proposition 3.8.
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4. Lower-bounding rumour spreading time by random walks

In this section, we develop a new technique for lower-bounding the rumour spreading
time in terms of random walk matrices. We consider (lazy) random walks on G based
on the transition matrix P := % -(I4+D7'A), where D is the (n x n)-diagonal matrix with
deg(u) at entry (u,u). Note that in each step, the random walk stays at the current vertex
with probability 1/2 and otherwise moves to a neighbour chosen uniformly at random.

We first derive a general lemma that relates the probability of informing a vertex to
the corresponding entry of the transition matrix P. Then we apply this lemma to the
hypercube and show that after log, n rounds, less than 5n°°logn nodes are informed.
Once we have established this, the lower bound of log, n + logn + Q(logn) is almost
immediate.

Lemma 4.1. For any round t and any pair of vertices u,v, we have

Pvel, | Io={u}] <2"-P!

up*

Proof. Consider the matrix M := I+ D™ 'A. Clearly, M =2-P. Fix a vertex u€ V,
which originates the rumour. We now prove the statement by induction on t. To this
end, let p° be the unit-vector with p? = 1 and p? = 0 for any v # u. Define p’ := p'~' - M.
Clearly, p' = p°M’, and for any vertex v,
p£ = ZP% 'va,u = Mft,b"
weV

Hence it suffices to prove that for any step ¢, Plv € I, | Ip = {u}] < p.. This holds for
t = 0 by definition. For the induction step,

Plv € Iy | Iy = {u}]
< Z P[w sends rumour to v in round t + 1 | Iy = {u}] +Plv € I, | Io = {u}]

weN(v)
1
< Pwel, | Ip= . i
> Pl el 1 To= {ul] g
WEN(v)
1
< t. L=Tp M =t‘+1’
>, dogomy TP = ML=
weN(v)
where the last two inequalities hold due to the induction hypothesis. Ul

We now use the above lemma to prove Theorem 1.3.

Proof of Theorem 1.3. Assume that the rumour starts at the vertex 0 = (0), where
d :=logyn. Our aim is to use Lemma 4.1, so we have to analyse P! . Recall that a
random walk according to the matrix P stays at the current vertex with probability 1/2
or moves to a randomly chosen neighbour. This is equivalent to saying that in each step
the random walk chooses a coordinate {1,...,d} uniformly at random and flips the bit

with probability 1/2. Our aim is to prove that for ¢ := d = log, n, the random walk is
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unlikely to reach a vertex which has approximately (1/2)d or more ones in its binary
representation. To this end, we let C; denote the number of coordinates that are chosen at
least once within the first ¢ steps of the random walk. Moreover, F; denotes the number
of coordinates that are set to 1 at step ¢. Then, F; has distribution Bin(C;, 1/2). The
idea is now to prove that C, can be approximated by Bin(d, 1 — 1/¢), which implies that
F,; ~ Bin(d, p), where p := (1 — 1/¢)/2.

To make this more formal, let us first consider C,. Note that C, can be seen as the
number of non-empty bins when throwing ¢ =d balls into d bins, where each bin is
chosen independently and uniformly at random (we refer to [25, Chapter 5] for more
on balls-into-bins). Now consider a setting where the number of balls in each bin is an
independent Poisson random variable with expected value 1. Then, if Y is the number of
non-empty bins in this setting, Y has distribution Bin(d, 1 — 1/e). From [25, Theorem 5.10]
we know that for any 0 < k < d,

P[C, > k] <2-P[Y > k] =2 P[Bin(d, 1 — 1/e) > kI.

Since P[Bin(i, 1/2) > r] is increasing in i, we apply [14, Lemma A.1] to conclude that
d
P[F, > r] = P[C, = i] - P[Bin(i,1/2) > r]
i=0

d

<> 2-P[Bin(d, 1 - 1/e) = i] - P[Bin(i, 1/2) > r]
i=0

=2-P[Bin(d, p) > r],

so that P[F; > r] < 2 - P[Bin(d, p) > r]. By the Chernoff bound,
. e’ pd
P, > (14 o) < 2+ FlBintdop) > 1+ 0] < 2 5575 )

Denoting by |v|; the number of ones in the binary representation of a vertex v € {0, 1},
we can now upper-bound the expected number of informed nodes after t = log, n rounds
with the help of Lemma 4.1 as follows:

E[l] <1+ Y min{l,2"-Pj,}

vel\{0}
<1+ ) 1+ ) 2P,
veV\{0} vel\{0}
ol <(1+6)pd [ol>(1+6)pd

(149)pd d d dp
<1 200 [ ————
p> (k) * ((1 +6)1+°>

H((148)p) e’ w
P .
<l+n +2n <(1 5)1+é> ,

where H(x) is the binary entropy of x € (0,1). By choosing 6 = 0.315, we infer that the
last expression is at most 3n%%. Using Markov’s inequality, P[|I,| > logn - E[|I,]]] = o(1).
But if |I,| < 3n°%®logn, we need at least additional 0.021og, n — o(logn) rounds to reach
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a step T =t + 0.021og, n — o(logn) with |I,| € [n/4,n/2], since |I;| can at most double in
each round.

It only remains to prove that the probability that all the |U,| > n/2 uninformed nodes
become informed within logn — o(logn) additional rounds goes to 0. This follows from
the argument in [9, Proof of Theorem 1] setting p = 1/logn and A = log, n (see also the
end of the proof of Proposition 3.8). This completes the proof. L]

Appendix: Auxiliary lemmas

Lemma A.1 ([16, 27]). Let A be the adjacency matrix of G(n,p), where O < p < 1/2. Then
with probability 1 — o(1), for every 2 < i < n, we have || = O(\/[Tn).

Lemma A.2 ([24, Example 7.5.2, p.551]). Let A and E be the two n X n, symmetric and
real-valued matrices, and let B := A+ E. Let /1 > Ay > - > A, be the n eigenvalues of
A, let e > & >+ > ¢, be the n eigenvalues of E and let f1 > > -+ > B, be the n
eigenvalues of B. Then, for every i, the following double inequality holds:

Aiter =i = Ai+en

The following concentration inequalities are used to analyse the evolution of the
informed nodes over time.

Theorem A.3 (method of bounded differences [23, Lemma 1.2]). Let X, X>,...,X, be
independent random variables, with X; taking values in a set A; for each i. Suppose that the
Sunction f : [, Ai — R satisfies |f(x) — f(x')| < ¢, whenever the vectors x and x' differ
only in the kth coordinate. Let Y = f(X1,X>,...,Xy). Then, for any p > 0,

MW—EWH>M<2ew(4ﬁ/2)O.
k=1

We note the following standard Chernoff bound for sum of geometric random variables
which can be easily derived by using a Chernoff bound for a sum of Bernoulli random
variables.

Theorem A.4 ([8]). Suppose that Xi,...,X, are independent geometric random variables
on N with parameter 6, so E[X;] = 1/ for each i. Let

n
X =) Xi u=E[X]=n/s.
i=1
Then, for any ¢ > 0,
PIX > (1+ e)u] < e "0+,
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