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is to understand the origin of the accelerated expansion of the universe. Euclid will
explore the expansion history of the universe and the evolution of cosmic structures
by measuring shapes and red-shifts of galaxies as well as the distribution of clusters
of galaxies over a large fraction of the sky. Although the main driver for Euclid is the
nature of dark energy, Euclid science covers a vast range of topics, from cosmology
to galaxy evolution to planetary research. In this review we focus on cosmology and
fundamental physics, with a strong emphasis on science beyond the current standard
models. We discuss five broad topics: dark energy and modified gravity, dark matter,
initial conditions, basic assumptions and questions of methodology in the data analysis.
This review has been planned and carried out within Euclid’s Theory Working Group
and is meant to provide a guide to the scientific themes that will underlie the activity

of the group during the preparation of the Euclid mission.
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Introduction

Euclid! (Laureijs et al. 2011; Refregier 2009; Cimatti et al. 2009) is an ESA medium-
class mission selected for the second launch slot (expected for 2020) of the cosmic
vision 2015-2025 program. The main goal of Euclid is to understand the physical
origin of the accelerated expansion of the universe. Euclid is a satellite equipped
with a 1.2m telescope and three imaging and spectroscopic instruments working in
the visible and near-infrared wavelength domains. These instruments will explore the
expansion history of the universe and the evolution of cosmic structures by measuring
shapes and redshifts of galaxies over a large fraction of the sky. The satellite will be
launched by a Soyuz ST-2.1B rocket and transferred to the L2 Lagrange point for a
6-year mission that will cover at least 15,000 square degrees of sky. Euclid plans to
image a billion galaxies and measure nearly 100 million galaxy redshifts.

These impressive numbers will allow Euclid to realize a detailed reconstruction of
the clustering of galaxies out to a redshift 2 and the pattern of light distortion from

1 Continuously updated information on Euclid is available on http://www.euclid-ec.org.
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weak lensing to redshift 3. The two main probes, redshift clustering and weak lensing,
are complemented by a number of additional cosmological probes: cross correlation
between the cosmic microwave background and the large scale structure; abundance
and properties of galaxy clusters and strong lensing and possible luminosity distance
through supernovae Ia. To extract the maximum of information also in the nonlinear
regime of perturbations, these probes will require accurate high-resolution numerical
simulations. Besides cosmology, Euclid will provide an exceptional dataset for galaxy
evolution, galaxy structure, and planetary searches. All Euclid data will be publicly
released after a relatively short proprietary period and will constitute for many years
the ultimate survey database for astrophysics.

A huge enterprise like Euclid requires highly considered planning in terms not only
of technology but also for the scientific exploitation of future data. Many ideas and
models that today seem to be abstract exercises for theorists will in fact finally become
testable with the Euclid surveys. The main science driver of Euclid is clearly the nature
of dark energy, the enigmatic substance that is driving the accelerated expansion of
the universe. As we discuss in detail in Part I, under the label “dark energy” we
include a wide variety of hypotheses, from extradimensional physics to higher-order
gravity, from new fields and new forces to large violations of homogeneity and isotropy.
The simplest explanation, Einstein’s famous cosmological constant, is still currently
acceptable from the observational point of view, but is not the only one, nor necessarily
the most satisfying, as we will argue. Therefore, it is important to identify the main
observables that will help distinguish the cosmological constant from the alternatives
and to forecast Euclid’s performance in testing the various models.

Since clustering and weak lensing also depend on the properties of dark matter,
Euclid is a dark matter probe as well. In Part IT we focus on the models of dark matter
that can be tested with Euclid data, from massive neutrinos to ultra-light scalar fields.
We show that Euclid can measure the neutrino mass to a very high precision, making
it one of the most sensitive neutrino experiments of its time, and it can help identify
new light fields in the cosmic fluid.

The evolution of perturbations depends not only on the fields and forces active
during the cosmic eras, but also on the initial conditions. By reconstructing the initial
conditions we open a window on the inflationary physics that created the perturbations,
and allow ourselves the chance of determining whether a single inflaton drove the
expansion or a mixture of fields. In Part IIT we review the choices of initial conditions
and their impact on Euclid science. In particular we discuss deviations from simple
scale invariance, mixed isocurvature-adiabatic initial conditions, non-Gaussianity, and
the combined forecasts of Euclid and CMB experiments.

Practically all of cosmology is built on the copernican principle, a very fruitful idea
postulating a homogeneous and isotropic background. Although this assumption has
been confirmed time and again since the beginning of modern cosmology, Euclid’s
capabilities can push the test to new levels. In Part IV we challenge some of the
basic cosmological assumptions and predict how well Euclid can constrain them. We
explore the basic relation between luminosity and angular diameter distance that holds
in any metric theory of gravity if the universe is transparent to light, and the existence
of large violations of homogeneity and isotropy, either due to local voids or to the
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cumulative stochastic effects of perturbations, or to intrinsically anisotropic vector
fields or spacetime geometry.

Finally, in Part V we review some of the statistical methods that are used to forecast
the performance of probes like Euclid, and we discuss some possible future develop-
ments.

This review has been planned and carried out within Euclid’s Theory Working
Group and is meant to provide a guide to the scientific themes that will underlie the
activity of the group during the preparation of the mission. At the same time, this
review will help us and the community at large to identify the areas that deserve closer
attention, to improve the development of Euclid science and to offer new scientific
challenges and opportunities.

Part I Dark energy
L.1 Introduction

With the discovery of cosmic acceleration at the end of the 1990s, and its possible
explanation in terms of a cosmological constant, cosmology has returned to its roots
in Einstein’s famous 1917 paper that simultaneously inaugurated modern cosmology
and the history of the constant A. Perhaps cosmology is approaching a robust and
all-encompassing standard model, like its cousin, the very successful standard model
of particle physics. In this scenario, the cosmological standard model could essentially
close the search for a broad picture of cosmic evolution, leaving to future generations
only the task of filling in a number of important, but not crucial, details.

The cosmological constant is still in remarkably good agreement with almost all cos-
mological data more than 10 years after the observational discovery of the accelerated
expansion rate of the universe. However, our knowledge of the universe’s evolution is
so incomplete that it would be premature to claim that we are close to understanding
the ingredients of the cosmological standard model. If we ask ourselves what we know
for certain about the expansion rate at redshifts larger than unity, or the growth rate of
matter fluctuations, or about the properties of gravity on large scales and at early times,
or about the influence of extra dimensions (or their absence) on our four dimensional
world, the answer would be surprisingly disappointing.

Our present knowledge can be succinctly summarized as follows: we live in a
universe that is consistent with the presence of a cosmological constant in the field
equations of general relativity, and as of 2016, the value of this constant corresponds to
afractional energy density today of £24 ~ 0.7. However, far from being disheartening,
this current lack of knowledge points to an exciting future. A decade of research on
dark energy has taught many cosmologists that this ignorance can be overcome by
the same tools that revealed it, together with many more that have been developed in
recent years.

Why then is the cosmological constant not the end of the story as far as cosmic
acceleration is concerned? There are at least three reasons. The first is that we have
no simple way to explain its small but non-zero value. In fact, its value is unexpect-
edly small with respect to any physically meaningful scale, except the current horizon
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scale. The second reason is that this value is not only small, but also surprisingly close
to another unrelated quantity, the present matter-energy density. That this happens
just by coincidence is hard to accept, as the matter density is diluted rapidly with the
expansion of space. Why is it that we happen to live at the precise, fleeting epoch
when the energy densities of matter and the cosmological constant are of compara-
ble magnitude? Finally, observations of coherent acoustic oscillations in the cosmic
microwave background (CMB) have turned the notion of accelerated expansion in
the very early universe (inflation) into an integral part of the cosmological standard
model. Yet the simple truth that we exist as observers demonstrates that this early
accelerated expansion was of a finite duration, and hence cannot be ascribable to a
true, constant A; this sheds doubt on the nature of the current accelerated expansion.
The very fact that we know so little about the past dynamics of the universe forces
us to enlarge the theoretical parameter space and to consider phenomenology that a
simple cosmological constant cannot accommodate.

These motivations have led many scientists to challenge one of the most basic tenets
of physics: Einstein’s law of gravity. Einstein’s theory of general relativity (GR) is a
supremely successful theory on scales ranging from the size of our solar system down
to micrometers, the shortest distances at which GR has been probed in the laboratory
so far. Although specific predictions about such diverse phenomena as the gravitational
redshift of light, energy loss from binary pulsars, the rate of precession of the perihelia
of bound orbits, and light deflection by the sun are not unique to GR, it must be regarded
as highly significant that GR is consistent with each of these tests and more. We can
securely state that GR has been tested to high accuracy at these distance scales.

The success of GR on larger scales is less clear. On astrophysical and cosmological
scales, tests of GR are complicated by the existence of invisible components like dark
matter and by the effects of spacetime geometry. We do not know whether the physics
underlying the apparent cosmological constant originates from modifications to GR
(i.e., an extended theory of gravity), or from a new fluid or field in our universe that
we have not yet detected directly. The latter phenomena are generally referred to as
‘dark energy’ models.

If we only consider observations of the expansion rate of the universe we cannot
discriminate between a theory of modified gravity and a dark-energy model. However,
itis likely that these two alternatives will cause perturbations around the ‘background’
universe to behave differently. Only by improving our knowledge of the growth of
structure in the universe can we hope to progress towards breaking the degeneracy
between dark energy and modified gravity. Part I of this review is dedicated to this
effort. We begin with a review of the background and linear perturbation equations
in a general setting, defining quantities that will be employed throughout. We then
explore the nonlinear effects of dark energy, making use of analytical tools such as the
spherical collapse model, perturbation theory and numerical N-body simulations. We
discuss a number of competing models proposed in literature and demonstrate what
the Euclid survey will be able to tell us about them. For an updated review of present
cosmological constraints on a variety of dark energy and modified gravity models, we
refer to the Planck 2015 analysis (Planck Collaboration 2016¢).
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1.2 Background evolution

Most of the calculations in this review are performed in the Friedmann—Lemaitre—
Robertson—Walker (FLRW) metric

d 2
ds?> = —dr® + a@t)? < rk S +r2do* + r*sin® 0 d¢2) , 1.2.1)
r

1 —

where a(t) is the scale factor (normalized to a = 1 today) and k the spatial curvature.
The usual symbols for the Hubble function H = a/a and the density fractions £2,,
where x stands for the component, are employed. We characterize the components with
the subscript M or m for matter, y or r for radiation, b for baryons, k or K for curvature
and A for the cosmological constant. Whenever necessary for clarity, we append a
subscript 0 to denote the present epoch, e.g., £2)7 0. Sometimes the conformal time
n = [ dt/a and the conformal Hubble function H = a H = da/(adn) are employed.
Unless otherwise stated, we denote with a dot derivatives w.r.t. cosmic time ¢ (and
sometimes we employ the dot for derivatives w.r.t. conformal time 1) while we use a
prime for derivatives with respect to In a.

The energy density due to a cosmological constant with p = — p is obviously
constant over time. This can easily be seen from the covariant conservation equation
T;f; , = 0 for the homogeneous and isotropic FLRW metric,

6+3H(p+ p)=0. 1.2.2)

However, since we also observe radiation with p = p/3 and non-relativistic matter
for which p =~ 0, it is natural to assume that the dark energy is not necessarily limited
to a constant energy density, but that it could be dynamical instead.

One of the simplest models that explicitly realizes such a dynamical dark energy
scenario is described by a minimally-coupled canonical scalar field evolving in a
given potential. For this reason, the very concept of dynamical dark energy is often
associated with this scenario, and in this context it is called ‘quintessence’ (Wetterich
1988; Ratra and Peebles 1988). In the following, the scalar field will be indicated with
¢. Although in this simplest framework the dark energy does not interact with other
species and influences spacetime only through its energy density and pressure, this
is not the only possibility and we will encounter more general models later on. The
homogeneous energy density and pressure of the scalar field ¢ are defined as

¢ _ ¢ _Ps
pp="71V(@). pp="7-V($) wy= 0o (1.2.3)

and wy is called the equation-of-state parameter. Minimally-coupled dark-energy mod-
els can allow for attractor solutions (Copeland et al. 1998; Liddle and Scherrer 1999;
Steinhardt et al. 1999): if an attractor exists, depending on the potential V (¢) in which
dark energy rolls, the trajectory of the scalar field in the present regime converges to
the path given by the attractor, though starting from a wide set of different initial con-
ditions for ¢ and for its first derivative ¢. Inverse power law and exponential potentials
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are typical examples of potential that can lead to attractor solutions. As constraints on
wy become tighter (e.g., Komatsu et al. 2011), the allowed range of initial conditions
to follow into the attractor solution shrinks, so that minimally-coupled quintessence
is actually constrained to have very flat potentials. The flatter the potential, the more
minimally-coupled quintessence mimics a cosmological constant, the more it suffers
from the same fine-tuning and coincidence problems that affect a ACDM scenario
(Matarrese et al. 2004).

However, when GR is modified or when an interaction with other species is active,
dark energy may very well have a non-negligible contribution at early times. There-
fore, it is important, already at the background level, to understand the best way to
characterize the main features of the evolution of quintessence and dark energy in
general, pointing out which parameterizations are more suitable and which ranges
of parameters are of interest to disentangle quintessence or modified gravity from a
cosmological constant scenario.

In the following we briefly discuss how to describe the cosmic expansion rate in
terms of a small number of parameters. This will set the stage for the more detailed
cases discussed in the subsequent sections. Even within specific physical models it is
often convenient to reduce the information to a few phenomenological parameters.

Two important points are left for later: from Eq. (I.2.3) we can easily see that
wy > —1 as long as py > 0, i.e., uncoupled canonical scalar field dark energy never
crosses wy = — 1. However, this is not necessarily the case for non-canonical scalar
fields or for cases where GR is modified. We postpone to Sect. 1.3.3 the discussion of
how to parametrize this ‘phantom crossing’ to avoid singularities, as it also requires
the study of perturbations.

The second deferred part on the background expansion concerns a basic statistical
question: what is a sensible precision target for a measurement of dark energy, e.g.,
of its equation of state? In other words, how close to wy = — 1 should we go before
we can be satisfied and declare that dark energy is the cosmological constant? We will
address this question in Sect. 1.4.

1.2.1 Parametrization of the background evolution

If one wants to parametrize the equation of state of dark energy, two general approaches
are possible. The first is to start from a set of dark-energy models given by the theory
and to find parameters describing their wy as accurately as possible. Only later one
can try and include as many theoretical models as possible in a single parametrization.
In the context of scalar-field dark-energy models (to be discussed in Sect. 1.5.1),
Crittenden et al. (2007) parametrize the case of slow-rolling fields, Scherrer and Sen
(2008) study thawing quintessence, Hrycyna and Szydlowski (2007) and Chiba et al.
(2010) include non-minimally coupled fields, Setare and Saridakis (2009) quintom
quintessence, Dutta and Scherrer (2008) parametrize hilltop quintessence, Chiba et al.
(2009) extend the quintessence parametrization to a class of k-essence models, Huang
et al. (2011) study a common parametrization for quintessence and phantom fields.
Another convenient way to parametrize the presence of a non-negligible homogeneous
dark energy component at early times (usually labeled as EDE) was presented in
Wetterich (2004). We recall it here because we will refer to this example in Sect. 1.6.1.1.
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In this case the equation of state is parametrized as:

wo
= 1.2.4
x@ = a1 o (24
where b is a constant related to the amount of dark energy at early times, i.e.,
3
b=—— = (1.2.5)
]n $2¢ + ln -Qm,OY

Here the subscripts ‘0’ and ‘e’ refer to quantities calculated today or early times,
respectively. With regard to the latter parametrization, we note that concrete theoretical
and realistic models involving a non-negligible energy component at early times are
often accompanied by further important modifications (as in the case of interacting
dark energy), not always included in a parametrization of the sole equation of state
such as (1.2.4) (for further details see Sect. 1.6 on nonlinear aspects of dark energy and
modified gravity).

The second approach is to start from a simple expression of w without assuming any
specific dark-energy model (but still checking afterwards whether known theoretical
dark-energy models can be represented). This is what has been done by Huterer and
Turner (2001), Maor et al. (2001), Weller and Albrecht (2001) (linear and logarithmic
parametrization in z), Chevallier and Polarski (2001), Linder (2003) (linear and power
law parametrization in a), Douspis et al. (2006), Bassett et al. (2004) (rapidly varying
equation of state).

The most common parametrization, widely employed in this review, is the linear
equation of state (Chevallier and Polarski 2001; Linder 2003)

wx (a) = wo + we(1 —a), (1.2.6)

where the subscript X refers to the generic dark-energy constituent. While this
parametrization is useful as a toy model in comparing the forecasts for different dark-
energy projects, it should not be taken as all-encompassing. In general, a dark-energy
model can introduce further significant terms in the effective wy (z) that cannot be
mapped onto the simple form of Eq. (1.2.6).

An alternative to model-independent constraints is measuring the dark-energy den-
sity px (z) (or the expansion history H (z)) as a free function of cosmic time (Wang and
Garnavich 2001; Tegmark 2002; Daly and Djorgovski 2003). Measuring px(z) has
advantages over measuring the dark-energy equation of state wy (z) as a free function;
px(z) is more closely related to observables, hence is more tightly constrained for
the same number of redshift bins used (Wang and Garnavich 2001; Wang and Freese
2006). Note that px (z) is related to wy (z) as follows (Wang and Garnavich 2001):

px(z) exp {/Z dz’ M} (1.2.7)
0

px(0) 142
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Hence, parametrizing dark energy with wy (z) implicitly assumes that py (z) does not
change sign in cosmic time. This precludes whole classes of dark-energy models in
which px(z) becomes negative in the future (“Big crunch” models, see Wang et al.
2004 for an example) (Wang and Tegmark 2004).

Note that the measurement of px (z) is straightforward once H (z) is measured from
baryon acoustic oscillations, and £2,, is constrained tightly by the combined data from
galaxy clustering, weak lensing, and cosmic microwave background data—although
strictly speaking this requires a choice of perturbation evolution for the dark energy
as well, and in addition one that is not degenerate with the evolution of dark matter
perturbations; see Kunz (2009).

Another useful possibility is to adopt the principal component approach (Huterer
and Starkman 2003), which avoids any assumption about the form of w and assumes it
to be constant or linear in redshift bins, then derives which combination of parameters
is best constrained by each experiment.

For a cross-check of the results using more complicated parameterizations, one can
use simple polynomial parameterizations of w and ppg(z)/ppg(0) (Wang 2008b).

1.3 Perturbations

This section is devoted to a discussion of linear perturbation theory in dark-energy
models. Since we will discuss a number of non-standard models in later sections,
we present here the main equations in a general form that can be adapted to various
contexts. This section will identify which perturbation functions the Euclid survey
(Laureijs et al. 2011) will try to measure and how they can help us to characterize the
nature of dark energy and the properties of gravity.

1.3.1 Cosmological perturbation theory
Here we provide the perturbation equations in a dark-energy dominated universe for
a general fluid, focusing on scalar perturbations.

For simplicity, we consider a flat universe containing only (cold dark) matter and
dark energy, so that the Hubble parameter is given by

1da\? - a1+ wa)
H? = (ZE) = H [Qmoa 3+ (1 — 2my) exp (—3[1 Tda)].
(L3.1)

We will consider linear perturbations on a spatially-flat background model, defined
by the line of element

ds? = a? [— (1+2A) dn? +2B; dydx’ + ((1 + 2HL) 8;j + 2Hrij) dx; dxf] ,
(13.2)
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where A is the scalar potential; B; a vector shift; Hy, is the scalar perturbation to the
spatial curvature; HIT] is the trace-free distortion to the spatial metric; dn = dt/a is
the conformal time.

We will assume that the universe is filled with perfect fluids only, so that the energy
momentum tensor takes the simple form

™ = (p+ p)uru’ + p g™’ + O™, (1.3.3)

where p and p are the density and the pressure of the fluid respectively, u’* is the
four-velocity and IT*" is the anisotropic-stress perturbation tensor that represents the
traceless component of the T]’

The components of the perturbed energy momentum tensor can be written as:

1) = — (5 + 8p) (1.3.4)
T) =6+ p) (vj — B)) (13.5)
Ty = (p+p)v' (13.6)
Ti = (p+06p) 8 + p ITh. (13.7)

Here p and p are the energy density and pressure of the homogeneous and isotropic
background universe, §p is the density perturbation, §p is the pressure perturbation,
v! is the velocity vector. Here we want to investigate only the scalar modes of the
perturbation equations. So far the treatment of the matter and metric is fully general
and applies to any form of matter and metric. We now choose the Newtonian gauge
(also known as the longitudinal or Poisson gauge), characterized by zero non-diagonal
metric terms (the shift vector B; = 0 and H; = 0) and by two scalar potentials ¥
and @; the metric Eq. (I.3.2) then becomes

ds? = a2 [—(1 £2W) di? + (1 — 20) du; dx"]. (13.8)

The advantage of using the Newtonian gauge is that the metric tensor g, is diagonal
and this simplifies the calculations. This choice not only simplifies the calculations
but is also the most intuitive one as the observers are attached to the points in the
unperturbed frame; as a consequence, they will detect a velocity field of particles falling
into the clumps of matter and will measure their gravitational potential, represented
directly by ¥'; @ corresponds to the perturbation to the spatial curvature. Moreover, as
we will see later, the Newtonian gauge is the best choice for observational tests (i.e.,
for perturbations smaller than the horizon).

In the conformal Newtonian gauge, and in Fourier space, the first-order perturbed
Einstein equations give (see Ma and Bertschinger 1995, for more details):

o+ 32 (qS + gw) = —47Ga® " puda, (1.3.9)
o

K (qi + Zw) =47Ga*> ) (pu + po)la (1.3.10)
o
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a i a? k2

; . . 5

S+ (¥ +20)+ <2— — —2> W+ —(®— W) =47Ga* Y bp,. (13.11)
a a a 3 =

k(@ — W) = 121 Ga? Z (Pa + Pa) T (1.3.12)
o

where a dot denotes d/dn, 84 = 8pu/Pu, the index « indicates a sum over all matter
components in the universe and 7 is related to 17;. through:

o . -
p+pm=-— <k,‘kj — §6U) H; (I.3.13)

The energy—momentum tensor components in the Newtonian gauge become:

1) = — (5 + 8p) (L3.14)
ikiTi = —ikiT? = (p + p) 6 (1.3.15)
T = (p+8p) & + pIT; (1.3.16)

where we have defined the variable 0 = ik; v/ that represents the divergence of the
velocity field.

Perturbation equations for a single fluid are obtained taking the covariant derivative
of the perturbed energy momentum tensor, i.e., TV“ "= 0. We have

. . 1 (6
8:—(1+w)(9—3q§)—3g<—f)—w8> for v=0 (13.17)
a\p
o 5
6=-—21=3w6— 0+ 122PP 2y K for =i (13.18)
a 1+w 14+w

The equations above are valid for any fluid. The evolution of the perturbations depends
on the characteristics of the fluids considered, i.e., we need to specify the equation
of state parameter w, the pressure perturbation dp and the anisotropic stress 7. For
instance, if we want to study how matter perturbations evolve, we simply substi-
tute w = §p = m = 0 (matter is pressureless) in the above equations. However,
Egs. (I.3.17) and (1.3.18) depend on the gravitational potentials ¥ and @, which in
turn depend on the evolution of the perturbations of the other fluids. For instance, if
we assume that the universe is filled by dark matter and dark energy then we need to
specify §p and m for the dark energy.

The problem here is not only to parameterize the pressure perturbation and the
anisotropic stress for the dark energy (there is not a unique way to do it, see below,
especially Sect. 1.3.3 for what to do when w crosses — 1) but rather that we need to
run the perturbation equations for each model we assume, making predictions and
compare the results with observations. Clearly, this approach takes too much time. In
the following Sect. 1.3.2 we show a general approach to understanding the observed
late-time accelerated expansion of the universe through the evolution of the matter
density contrast.
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In the following, whenever there is no risk of confusion, we remove the overbars
from the background quantities.

1.3.2 Modified growth parameters

Even if the expansion history, H (z), of the FLRW background has been measured (at
least up to redshifts ~ 1 by supernova data, i.e., via the luminosity distance), it is not
possible yet to identify the physics causing the recent acceleration of the expansion of
the universe. Information on the growth of structure at different scales and different
redshifts is needed to discriminate between models of dark energy (DE) and modified
gravity (MG). A definition of what we mean by DE and MG will be postponed to
Sect. LS.

An alternative to testing predictions of specific theories is to parameterize the pos-
sible departures from a fiducial model. Two conceptually-different approaches are
widely discussed in the literature:

e Model parameters capture the degrees of freedom of DE/MG and modify the
evolution equations of the energy—momentum content of the fiducial model. They
can be associated with physical meanings and have uniquely-predicted behavior
in specific theories of DE and MG.

e Trigger relations are derived directly from observations and only hold in the fidu-
cial model. They are constructed to break down if the fiducial model does not
describe the growth of structure correctly.

As the current observations favor concordance cosmology, the fiducial model is typi-
cally taken to be spatially flat FLRW in GR with cold dark matter and a cosmological
constant, hereafter referred to as ACDM.

For a large-scale structure and weak lensing survey the crucial quantities are the
matter-density contrast and the gravitational potentials and we therefore focus on
scalar perturbations in the Newtonian gauge with the metric (1.3.8).

We describe the matter perturbations using the gauge-invariant comoving density
contrast Ay = 8y + 3aHOy/ k? where & m and 0y are the matter density contrast
and the divergence of the fluid velocity for matter, respectively. The discussion can be
generalized to include multiple fluids.

In ACDM, after radiation-matter equality there is no anisotropic stress present and
the Einstein constraint equations become

—k*® = 47Gd’py Ay, D =W (1.3.19)

These can be used to reduce the energy—momentum conservation of matter simply to
the second-order growth equation

3
Ay + 2+ (n 1) ] Ay = SQu(@Au, (13.20)

Primes denote derivatives with respect to In a and we define the time-dependent frac-
tional matter density as 2y/(a) = 87t Gpy(a)/(3H 2). Notice that the evolution of
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Ay is driven by 2 (a) and is scale-independent throughout (valid on sub- and super-
Hubble scales after radiation-matter equality). We define the growth factor G(a) as
A = ApG(a). This is very well approximated by the expression

G(a) ~ exp {/ di, [2um (a’)y]} (1.3.21)
1 a
and dloe G
— og ~ Y
fe= dloga 2um(a) (1.3.22)

defines the growth rate and the growth index y that is found to be y4 ~ 0.545 for
the ACDM solution (see Wang and Steinhardt 1998; Linder 2005; Huterer and Linder
2007; Ferreira and Skordis 2010).

Clearly, if the actual theory of structure growth is not the ACDM scenario, the
constraints (I.3.19) will be modified, the growth Eq. (I.3.20) will be different, and
finally the growth factor (I.3.21) is changed, i.e., the growth index is different from
y4 and may become time and scale dependent. Therefore, the inconsistency of these
three points of view can be used to test the ACDM paradigm.

1.3.2.1 Two new degrees of freedom

Any generic modification of the dynamics of scalar perturbations with respect to the
simple scenario of a smooth dark-energy component that only alters the background
evolution of ACDM can be represented by introducing two new degrees of freedom
in the Einstein constraint equations. We do this by replacing (1.3.19) with

— k@ =47GQ(a, k)a’pyu Ay, @ = n(a, k)W. (1.3.23)

Non-trivial behavior of the two functions Q and n can be due to a clustering dark-
energy component or some modification to GR. In MG models the function Q(a, k)
represents a mass screening effect due to local modifications of gravity and effectively
modifies Newton’s constant. In dynamical DE models Q represents the additional
clustering due to the perturbations in the DE. On the other hand, the function n(a, k)
parameterizes the effective anisotropic stress introduced by MG or DE, which is absent
in ACDM.

Given an MG or DE theory, the scale- and time-dependence of the functions QO
and 7 can be derived and predictions projected into the (Q, n) plane. This is also
true for interacting dark sector models, although in this case the identification of the
total matter density contrast (DM plus baryonic matter) and the galaxy bias become
somewhat contrived (see, e.g., Song et al. 2010, for an overview of predictions for
different MG/DE models).

Using the above-defined modified constraint Eq. (1.3.23), the conservation equa-
tions of matter perturbations can be expressed in the following form (see Pogosian
et al. 2010)
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o _Un—t+moy9 x5 —3(nH)'/Q gy
M= X2+ 20 pteMaEM = 2 420 aH
[ 2°%4M xQ 784M

3
0l = —Ou — zaHszMgA,v,, (1.3.24)
n

where we define xp = k/(aH /0). Remember 2y = 2y (a) as defined above.
Notice that it is Q/n that modifies the source term of the 6y, equation and therefore
also the growth of A ;. Together with the modified Einstein constraints (I1.3.23) these
evolution equations form a closed system for (A, 7, @, ¥) which can be solved
for given (Q, n).

The influence of the Hubble scale is modified by Q, such that now the size of x¢
determines the behavior of Ajs; on “sub-Hubble” scales, xp > 1, we find

Ay +[2+nH)]4), = %QM(Q)%AM (1.3.25)

and 0y = —aH A’),. The growth equation is only modified by the factor O/ on the
RHS with respect to ACDM (1.3.20). On “super-Hubble” scales, xg < 1, we have

/ , 2 (nH) 1
AM:—[l/n—1+(an)]AM+m o o™
0

3
0l = —Ou — > Qm aH;AM. (1.3.26)

QO and 1 now create an additional drag term in the Ay equation, except if n > 1
when the drag term could flip sign. Pogosian et al. (2010) also showed that the metric
potentials evolve independently and scale-invariantly on super-Hubble scales as long
as xg — 0 for k — 0. This is needed for the comoving curvature perturbation, ¢, to
be constant on super-Hubble scales.

Many different names and combinations of the above defined functions (Q, n) have
been used in the literature, some of which are more closely related to actual observables
and are less correlated than others in certain situations (see, .g., Amendola et al. 2008b;
Mota et al. 2007; Song et al. 2010; Pogosian et al. 2010; Daniel et al. 2010; Daniel
and Linder 2010; Ferreira and Skordis 2010).

For instance, as observed above, the combination Q/n modifies the source term
in the growth equation. Moreover, peculiar velocities are following gradients of the
Newtonian potential, ¥, and therefore the comparison of peculiar velocities with the
density field is also sensitive to Q/n. So we define

w=0/n= —k>W = 4xGa’u(a, k) pyAy. (1.3.27)

Weak lensing and the integrated Sachs—Wolfe (ISW) effect, on the other hand, are
measuring (¢ + ¥)/2, which is related to the density field via

1 1
=500 +1/m=Jum+1) = —k> (@ + W) =81Ga’ X (a, k) pmAu.

(1.3.28)
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A summary of different other variables used was given by Daniel et al. (2010). For
instance, the gravitational slip parameter introduced by Caldwell et al. (2007) and
widely used is related through @ = 1/n — 1. Recently, Daniel and Linder (2010) used
{G= X, u=Q, V= u}, while (Bean and Tangmatitham 2010) defined R = 1/n.
All these variables reflect the same two degrees of freedom additional to the linear
growth of structure in ACDM.

Any combination of two variables out of {Q, n, i, X, ...} is a valid alternative to
(Q, n). It turns out that the pair (u, X') is particularly well suited when CMB, WL
and LSS data are combined as it is less correlated than others (see Zhao et al. 2010;
Daniel and Linder 2010; Axelsson et al. 2014).

1.3.2.2 Parameterizations and non-parametric approaches

So far we have defined two free functions that can encode any departure of the growth
of linear perturbations from ACDM. However, these free functions are not measurable,
but have to be inferred via their impact on the observables. Therefore, one needs to
specify a parameterization of, e.g., (Q, n) such that departures from ACDM can be
quantified. Alternatively, one can use non-parametric approaches to infer the time and
scale-dependence of the modified growth functions from the observations.

Ideally, such a parameterization should be able to capture all relevant physics with
the least number of parameters. Useful parameterizations can be motivated by predic-
tions for specific theories of MG/DE (see Song et al. 2010) and/or by pure simplicity
and measurability (see Amendola et al. 2008b). For instance, Zhao et al. (2010) and
Daniel et al. (2010) use scale-independent parameterizations that model one or two
smooth transitions of the modified growth parameters as a function of redshift. Bean
and Tangmatitham (2010) also adds a scale dependence to the parameterization, while
keeping the time-dependence a simple power law:

0. k) = 1+ [Qoe ™5 + 0 (1= e7k) — 1] @,

n(a, k)~ =1+ [Roe_k/k“‘ T Reo (1 - e—"/kv) - 1] @, (1.3.29)

with constant Qp, O, Ry, Reo, s and k.. Generally, the problem with any kind of
parameterization is that it is difficult—if not impossible—for it to be flexible enough
to describe all possible modifications.

Daniel et al. (2010) and Daniel and Linder (2010) investigate the modified growth
parameters binned in z and k. The functions are taken constant in each bin. This
approach is simple and only mildly dependent on the size and number of the bins.
However, the bins can be correlated and therefore the data might not be used in
the most efficient way with fixed bins. Slightly more sophisticated than simple bin-
ning is a principal component analysis (PCA) of the binned (or pixelized) modified
growth functions. In PCA uncorrelated linear combinations of the original pixels are
constructed. In the limit of a large number of pixels the model dependence disap-
pears. At the moment however, computational cost limits the number of pixels to
only a few. Zhao et al. (2009a, 2010) employ a PCA in the (u, ) plane and find
that the observables are more strongly sensitive to the scale-variation of the modified
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growth parameters rather than the time-dependence and their average values. This
suggests that simple, monotonically or mildly-varying parameterizations as well as
only time-dependent parameterizations are poorly suited to detect departures from
ACDM.

1.3.2.3 Trigger relations

A useful and widely popular trigger relation is the value of the growth index y in
ACDM. It turns out that the value of y can also be fitted also for simple DE models
and sub-Hubble evolution in some MG models (see, e.g., Linder 2005, 2009; Huterer
and Linder 2007; Linder and Cahn 2007; Nunes and Mota 2006; Ferreira and Skordis
2010). For example, for a non-clustering perfect fluid DE model with equation of state
w(z) the growth factor G(a) given in (I1.3.21) with the fitting formula

y =0.5540.05[1 +w(z=1)] (1.3.30)

is accurate to the 1073 level compared with the actual solution of the growth Eq.
(1.3.20). Generally, for a given solution of the growth equation the growth index can
simply be computed using

In (AM) —InAy

vl =—ron@

1.3.31)

The other way round, the modified gravity function u can be computed for a given y
(Pogosian et al. 2010)

2 y—1 v ’ ’
uw= §QM (a) [.QM(a)—l—2~|—(lnH) -3y +vy lny]. (1.3.32)

The fact that the value of y is quite stable in most DE models but strongly differs
in MG scenarios means that a large deviation from y 4 signifies the breakdown of GR,
a substantial DE clustering or a breakdown of another fundamental hypothesis like
near-homogeneity. Furthermore, using the growth factor to describe the evolution of
linear structure is a very simple and computationally cheap way to carry out forecasts
and compare theory with data. However, several drawbacks of this approach can be
identified:

e As only one additional parameter is introduced, a second parameter, such as n, is
needed to close the system and be general enough to capture all possible modifi-
cations.

e The growth factor is a solution of the growth equation on sub-Hubble scales and,
therefore, is not general enough to be consistent on all scales.

e The framework is designed to describe the evolution of the matter density contrast
and is not easily extended to describe all other energy—momentum components
and integrated into a CMB-Boltzmann code.
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1.3.3 Phantom crossing

In this section, we pay attention to the evolution of the perturbations of a general
dark-energy fluid with an evolving equation of state parameter w. Current limits on
the equation of state parameter w = p/p of the dark energy indicate that p ~ —p, and
so do not exclude p < —p, aregion of parameter space often called phantom energy.
Even though the region for which w < — 1 may be unphysical at the quantum level,
it is still important to probe it, not least to test for coupled dark energy and alternative
theories of gravity or higher dimensional models that can give rise to an effective or
apparent phantom energy.

Although there is no problem in considering w < — 1 for the background evolution,
there are apparent divergences appearing in the perturbations when a model tries to
cross the limit w = — 1. This is a potential headache for experiments like Euclid that
directly probe the perturbations through measurements of the galaxy clustering and
weak lensing. To analyze the Euclid data, we need to be able to consider models that
cross the phantom divide w = — 1 at the level of first-order perturbations (since the
only dark-energy model that has no perturbations at all is the cosmological constant).

However, at the level of cosmological first-order perturbation theory, there is no
fundamental limitation that prevents an effective fluid from crossing the phantom
divide.

As w — —1 the terms in Egs. (I.3.17) and (I.3.18) containing 1/(1 + w) will
generally diverge. This can be avoided by replacing 6 with a new variable V defined
via V = p (1 + w) 6. This corresponds to rewriting the 0-i component of the energy
momentum tensor as ik ; Toj = V, which avoids problems if TOJ # 0 when p = — p.
Replacing the time derivatives by a derivative with respect to the logarithm of the scale
factor In a (denoted by a prime), we obtain (Ma and Bertschinger 1995; Hu 2004; Kunz
and Sapone 2006):

% 5
§ =31 +w)d — — —3 (—_p - w8> (1.3.33)
Ha 0
, k> 8p k?
V= —(1=3w)V+—L 4 (1+w)— (¥ —7). (1.3.34)
Ha p Ha

In order to solve Eqgs. (I.3.33) and (1.3.34) we still need to specify the expressions for
dp and mr, quantities that characterize the physical, intrinsic nature of the dark-energy
fluid at first order in perturbation theory. While in general the anisotropic stress plays
an important role as it gives a measure of how the gravitational potentials @ and ¥
differ, we will set it in this section to zero, 7 = (. Therefore, we will focus on the form
of the pressure perturbation. There are two important special cases: barotropic fluids,?
which have no internal degrees of freedom and for which the pressure perturbation is
fixed by the evolution of the average pressure, and non-adiabatic fluids like, e.g., scalar
fields for which internal degrees of freedom can change the pressure perturbation.

2 As pointed out in Vikman (2005), barotropic fluids where the energy conservation equation defines the
evolution can in any case not cross w = — 1 as this is a fixed point of the evolution.
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1.3.3.1 Parameterizing the pressure perturbation
Bar