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ABSTRACT: The mass of the graviton can be generated using a Brout-Englert-Higgs mech-

anism with four scalar fields. We show that when one of these fields is costrained as in

mimetic gravity, the massive gravity obtained is ghost free and consistent. The mass term

is not of the Fierz-Pauli type. There are only five degrees of freedom and the sixth degree of

freedom associated with the Boulware-Deser ghost is constrained and replaced by mimetic

matter to all orders. The van Dam-Veltman-Zakharov discontinuity is also absent.
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In [1] we have proposed an alternative formulation of gravity explicitly isolating the scale
factor in the physical metric g,, by rewriting it as

9 = G (970002 (1)

where g, is some auxiliary metric and ¢ is a scalar field. It follows from (1) that ¢ must
obey the constraint

9" 0,00,¢ = 1. (2)

Considering g,,, as a fundamental variable in the Einstein-Hilbert action we find that
Einstein equations are modified to

G,u,z/ - T,u,z/ - (G - T>a,u,¢au¢ =0, (3)

where G, and T},,, are, respectively, the Einstein tensor and the energy-momentum tensor
for matter. We use the units in which 87G = 1. The trace part of equation (3) vanishes
identically as a consequence of scale invariance g, — wag for the auxiliary metric g, in
equation (2). As a result the modified Einstein equations (2) and (3) have an extra solution
even in the absence of matter which could mimic cold dark matter in our Universe. As
it was noticed in [2] this mimetic gravity is fully equivalent to Einstein gravity with the
extra constraint (2) implemented in the action using a Lagrange multiplier. The field ¢ can
be taken in the synchronous coordinate system, solving constraint (2), as time coordinate.
It becomes dynamical only when combined with the longitudinal mode of gravity. The
proposed model does not only give a plausible explanation for the origin of dark matter but
also provides a new approach to resolve singularities in General Relativity [3, 4]. Moreover,
the appearance of the constrained field ¢ has found a justification in the noncommutative
approach to the quanta of geometry [5, 6].

In this letter we will consider the theory of mimetic massive gravity and show that this
theory is ghost free to all orders and describes the massive graviton with five degrees of
freedom which are completely decoupled from mimetic matter in the linear approximation.

The simplest way of giving mass to the graviton without explicitly spoiling diffeomor-
phism invariance, reflecting the freedom in the choice of coordinate system, is by employ-
ing the Brout-Englert-Higgs mechanism with four scalar fields ¢4, A = 0,1,2,3 [7-9]. In
Minkowski space-time the broken symmetry phase,

<¢A> = 5,’?x“ = 4, (4)

is degenerate with respect to a vacuum choice up to Poincare transformations. For small
perturbations of the fields
¢A _ I’A + XA7 (5)

the three scalars x’ are absorbed to give mass to the graviton, while the fourth field y°
leads to a ghost, unless the mass term in the Lagrangian is taken to be of the Fierz-
Pauli form [10] where this ghost is not excited at the linear level. However, generically, it
reappears as a nonlinear Boulware-Deser ghost on non-trivial backgrounds [11]. The idea
we put forward in this letter, is to use as one of the four fields, needed for providing mass



to the graviton, the mimetic field ¢ = ¢°. Because this field is constrained to be always

in the broken symmetry phase the dangerous degree of freedom is thus replaced by dark

matter and the ghost is avoided to any order in perturbation theory. As we show below

the mass term in this case must be necessarily taken to be different from Fierz-Pauli type.
In massive gravity a central role is played by the induced metric perturbations

hB = g 9,¢48,¢" — 5, (6)

the components of which are scalars under diffeomorphism transformations. We will
raise and lower capital indices with the help of the auxiliary Minkowski metric n*B =
(1,—1,—1,—1), so that, for example, h = Bﬁ = nah?B.

We consider the theory with action

m2

I= /d%ﬁ (—;R +3 (;BQ - BABBAB> + X (9" 0,90, 4" — 1)) ; (7)

where the last term accounts for the mimetic origin of ¢° and the mass term has relative
coefficient % between h? and h4Bh 5 in distinction from Fierz-Pauli term where this co-
efficient is 1. The reason for this choice will become clear later. The equations of motion
are obtained, first by varying with respect to dg"":

Gnw=— m —h? — h4Bh + A (28 (;50(9 gbo)
pv S 9 AB | Guv “w v
+7m —h@qb@gb —h 8¢8¢ (8)
9 9 uPAOy ABOy v 3

and next with respect to d¢4:
m 2 (15 7 B 0
\Y m ihau¢14 — hA38“¢ + 4)‘60A8H¢ =0. (9)
Varying with respect to d\ gives:
h% = 0. (10)

Let us consider small perturbations around Minkowski background, g,, = 7., + hy, and
¢4 = 24 + x4, and linearize the above equations in hy and 2 keeping in mind that X is
of first order in perturbations. In equation (10) we first set A = 0 to get

2 _ 1 -
o\ — mj (aﬂhpo - 260h> =0, (11)
and then A = k to obtain .
m? <0p}_ka — 28}.j1> = 0. (12)

The linearized Einstein tensor in h,, is equal to
1
Guv (hpe) = — 3 (82hW — 0,0hy, — 0,0 hyy, + 8M8Vh)

+ %n,w (0°h — 070 h,s) (13)



where 6% = 949, = O and h = n*’hy,,. To first order in perturbations
RAB = 500 n + 07X + 0P XA, (14)

where hHY = gt — n*. Because ¢g"’g,, = 6L it follows that in linear order h*’ =
—n"’n"Phs,. Now keeping in mind that capital indices are moved with Minkowski met-
ric nap and replacing them by Greek indices from (14) we find that

huy = _B;u/ + 8},LXV + aVXM' (15)

Substituting (15) in (13) we find that all x terms cancel and hence G (hpe) = =G (hpo),
that is the linearized Einstein tensor can be expressed entirely in terms of gauge invariant
variables h,, as it must be. Then taking into account that hgy = 0 due to constraint (10)
the linearized Einstein equations take the form

2

Goo (—Bpg) 2) + mT}_L (16)
_ 2

GOi (_hpa) = ﬂ; h()za (17)
_ 2 /_ 1 -

Gij (~hpo) = _% <hij - 2%’1) ; (18)

where GW(—BPU) are given in (13) with h,, replaced by —Epa. It is easy to see that
equations (11) and (12) follow from the ten equations (16), (17), (18) as a consequence
of Bianchi identities 0*G,,, = 0. Ten equations are enough to determine all ten unknown
variables \, hg; and ﬁij (recall that hgo = 0 due to mimetic constraint). Let us start with
i — j equations and first simplify G;;(—hy). Using equation (12) we find that

aiapﬁpk + 3k8phm' = Qakﬁ, (19)

and .
4\

070°hpe = 0° (0P hyo) + OF (0Phyr) = %8271 3 (20)

where we have used (11) to express 9”hy in terms of h and A and dot denotes time
derivative. Taking this into account the i — j equations (18) become

- 4\ - 1 -
aZhij - nij ( th — Tn2> = —m2 <hij — Qnijh) . (21)
It immediately follows from (21) that the traceless part of spatial metric components
_ _ 1 -
hg = hij - gnijhv (22)

satisfy the wave equation
(O+m?) hj; =0, (23)

which describes the massive graviton with five degrees of freedom. The 0 — 0 equa-
tion (16) gives

_ . m2
Ah+0"0hij =4\ + 7h, (24)



where A = —9%0;, when combined with (22) allows us to express h just in terms of A

and 713;.
6 el 713; — 4\ o
a 3m2 —4AN | (25)

Substituting this expression into the trace of equation (21),

(O+m?) h— %X =0, (26)
and taking into account that ﬁg; satisfy (23) we obtain the equation which describes mimetic
matter )

X+ mT)\ = 0. (27)

Finally to determine hg; we need 0 — i Einstein equations. To simplify them we use
equation (11) to express 9;0°h,o in (13) in terms of h and A. As a result equation (17)
takes the form

_ _ 4 1. _
Ahg; + 808khk:z + 9y0; (2)\ — h> = mzhol‘, (28)
m 2
from which, using (25) and (22), one gets
o doO*hL, 000, olomnl 16000; A
T2 A T m2— A \3m2—4A m?2 (3m? — 4A)’

(29)

Thus we have found that massive mimetic gravity describes a massive graviton char-
acterized by the traceless part of h}, obeying equation (23) and mimetic matter described
by A, which satisfies (27). The remaining variables h and hg; are entirely expressed in
terms of hl, and A (see (25) and (29)). Mimetic matter is modified and instead of being
imitating dust behaves like particles at rest (with zero momentum) of mass equal to half
of the graviton mass. In the models of massive gravity usually considered with Fierz-Pauli
mass term, corresponding to a combination of h? — h*Bh,p, Bianchi identities enforce
the vanishing of the perturbations of the scalar curvature dR = 0. In turn this leads to
vDVZ discontinuity [12, 13], which is resolved only after taking into account the nonlinear
corrections [14]. In our case the Bianchi identities impose conditions (11) and (12) which
are similar to the harmonic gauge choice, although here these equations are gauge invari-
ant and do not depend on a coordinate system. Therefore, vDVZ discontinuity is already
absent at the linear level. In other models considered before, the mass term we used leads
to a ghost mode, which is manifested by the dynamics of the hgy metric component in
the linear theory. In our theory this mode is constrained and replaced by mimetic matter,
which can also explain the observed dark matter in the universe. This guarantees that
mimetic massive gravity is fully ghost free to all orders [15]. Moreover, in linear order the
mimetic matter is completely decoupled from the graviton.

To consider the massless limit it is convenient to decompose Bgi in irreducible pieces
with respect to the rotation group SO (3)

_ 1 _
hgz = <8k61 + 3?7]%'A) S + 8}€VZ + &Vk + hziT, (30)



where V; is transverse 0'V; = 0 and B@T is not only traceless but also transverse 8%{? =0.
Thus, the five degrees of freedom of massive graviton are represented by one scalar mode
S, two vector modes V; and two tensor modes h1I. In [15] we study the dynamics of these
modes separately and by considering quantum fluctuations show that nonlinear corrections
for the scalar and vector modes become important at the energy scale of order m!/2. At
this scale, they get in strongly coupled regime and decouple from two transverse degrees
of freedom of the graviton which become strongly coupled only at the Planck scale. Thus,
at energies above m!/2 the graviton has only two propagating degrees of freedom.
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