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Abstract

We perform dimensional reductions of type IIA and type IIB double field theory in the flux formulation on
Calabi—Yau three-folds and on K3 x T2. In addition to geometric and non-geometric three-index fluxes and
Ramond-Ramond fluxes, we include generalized dilaton fluxes. We relate our results to the scalar potentials
of corresponding four-dimensional gauged supergravity theories, and we verify the expected behavior under
mirror symmetry. For Calabi—Yau three-folds we extend this analysis to the full bosonic action including
kinetic terms.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

One of the important problems in string phenomenology is moduli stabilization. Moduli are
massless scalar fields which arise when compactifying string theory and which are inconsistent
with experimental observations. A way to address this issue is to turn on background fluxes on
the internal manifold (see, e.g. [1-3] for reviews on the topic). At string tree-level, this creates a
scalar potential that can stabilize the moduli parametrizing the vacuum degeneracy. It was, how-
ever, found that successive application of T-duality transformations to backgrounds with fluxes
gives rise to geometrically ill-defined objects [4,5] which play an essential role in obtaining full
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moduli stabilization. Constructing phenomenologically realistic models from flux compactifi-
cations therefore requires suitable frameworks allowing for a mathematical description of such
“non-geometric” backgrounds.

One natural approach is to relax the Calabi—Yau condition and only assume the existence of
a nowhere vanishing spinor on the compactification manifold. As a consequence, Calabi—Yau
manifolds are replaced by more general SU (3) structure manifolds, which had previously been
shown to arise as mirror symmetry duals of Calabi—Yau backgrounds with non-vanishing Neveu—
Schwarz—Neveu-Schwarz (NS—-NS) fluxes [6—8]. Focusing on type II theories and going one step
further, this idea can be generalized by assuming the existence of a pair of non-vanishing spinors,
one for each of the ten-dimensional supercharges. This is the underlying idea of compactifi-
cations on SU (3) x SU(3) structure manifolds. Such compactifications have been extensively
studied in [6—18]. Interestingly, the latter show a natural connection to Hitchin’s generalized
geometry [19,20], where in this picture SU (3) x SU(3) appears as the structure group of the
generalized tangent bundle T M® @ T*M?® of the internal manifold M.

In this paper, we will go another step further and consider compactifications of type II ac-
tions in the framework of double field theory (DFT) [21-25] (see also [26-28] for pedagogical
reviews). In addition to the generalized tangent bundle, in DFT spacetime itself is doubled, al-
lowing for a description of ten-dimensional supergravities in which T-duality becomes a manifest
symmetry. In particular, it has been shown that there exists a “flux formulation” [29] of DFT in
which geometric as well as non-geometric background fluxes arise naturally as constituents of
the action and can locally be described as operators acting on differential forms.

It was found that compactifications and Scherk—Schwarz reductions of DFT yield the scalar
potential of electrically gauged N = 4 supergravity in four dimensions [30-32]. More recently,
a connection between Calabi—Yau compactifications of DFT and the scalar potential of four-
dimensional A" = 2 gauged supergravity was derived explicitly [33]. The purpose of the present
paper is to add to the picture by generalizing the considered setting of [33] to a wider class of
compactification manifolds and non-vanishing dilaton fluxes. We furthermore extend the formal-
ism to dimensional reductions of the full DFT action by including the kinetic terms. This will
eventually enable us to show how in DFT IIA < IIB Mirror Symmetry is restored due to the
simultaneous presence of geometric and non-geometric fluxes.

In this paper we discuss the technical details of our analysis in some length, and therefore
want to briefly summarize the main results of our work. In particular, the paper is organized as
follows:

e In section 2, we provide a brief review on the framework of DFT. The section is concluded
by a short presentation of the flux formulation and related notions which will be important
for this paper.

e In section 3, we compactify the purely internal part of the type IIA and IIB DFT action on
a Calabi—Yau three-fold. In doing so, we mainly rely on the elaborations of [33] although
we slightly generalize this approach. Both results are related to the scalar potential of four-
dimensional N = 2 gauged supergravity constructed in [34], and a first manifestation of
Mirror Symmetry is discussed.

e In section 4, the discussion of section 3 is repeated for the compactification manifold
K3 x T? with the inclusion of dilaton fluxes. The necessary steps to generalize the Calabi—
Yau setting are highlighted, and the special geometric properties of K3 x T2 are discussed
in detail. The resulting four-dimensional scalar potential is related to the framework of [34],
and a set of mirror mappings is constructed. A DFT origin of the N' = 4 gauged super-
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gravity scalar potential has already been elaborated in the previous works [30,31] using
Scherk—Schwarz reductions, however, here we follow a different approach by employing
the formalism of generalized Calabi—Yau geometry [19] and generalized K3 surfaces [35],
giving rise to a scalar potential formulated in the language of A’ = 2 gauged supergravity.
While the result shows characteristic features of its A = 4 counterpart, its relation to those
of [30,31] seems to be nontrivial and will be investigated in future work.

e In section 5, we extend the setting of section 3 by including the kinetic terms. We use a gen-
eralized Kaluza—Klein ansatz [30,31,36] and treat the NS—NS and Ramond-Ramond (R-R)
sectors separately. For the former, we will mostly rely on the results of section 3 and on
the standard literature on Calabi—Yau compactifications of type II theories. The latter is
more involved and gives rise to democratic type II supergravities with all known NS-NS
fluxes (including the non-geometric ones) and R—-R fluxes turned on. We first reduce the
ten-dimensional equations of motion, following a similar pattern as done in [37] for man-
ifolds with SU (3) x SU(3) structure. The resulting four-dimensional equations of motion
can then be shown to originate from the four-dimensional A = 2 gauged supergravity action
constructed in [34], where a subset of the axions appearing in the standard formulation is
dualized to two-forms in order to account for both electric and magnetic charges. This will
finally enable us to once more read off a set of mirror mappings between the full reduced
type IIA and IIB actions.

e Section 6 concludes the discussion by summarizing the results and giving an outlook on open
questions and possible future developments.

Throughout this work, we consider a doubled analogue of the spacetime manifold M0 =
M3 x MO, where M3 denotes a four-dimensional Lorentzian manifold and M° is an arbitrary
Calabi—Yau three-fold or K3 x T'2. Moreover, we will apply the framework of special geometry
in order to describe the complex structure and Kihler class moduli spaces of M®. Due to the
large number of distinct indices used in this paper, we provide an accessible indexing system in
appendix A.

2. Basics of double field theory

This section will provide a brief overview on the notions of DFT, which form the basis of our
upcoming considerations. For more details, we would like to refer the reader to [26-28].

2.1. Doubled spacetime

The basic idea of DFT is to enhance ordinary supergravity theories with additional structures
in a way that T-duality becomes a manifest symmetry. Motivated by the insights from toroidal
compactifications of the bosonic string, one doubles the dimension of the D-dimensional space-
time manifold M by introducing additional winding coordinates x; conjugate to the winding
number p™ (just as the normal spacetime coordinates x"* relate to the momenta p;;) and arrange
them in doubled coordinates

xMz(i,;,,x”l),PMz@"%pﬁ,) with  m=1,..DandM=1,...2D. (2.1)

The corresponding derivatives are denoted by

§ .. 9
= —, M= (2.2)

dx’ 0%
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The spacetime manifold is locally equipped with the generalized tangent bundle
E=TM®T*M (2.3)
and the O (D, D, R) invariant structure
0 &%\ _ in
itk = (3m O”) =1 (2.4)

defining the standard inner product of doubled vectors and taking the same role as the Minkowski
metric in general relativity. The spacetime metric g;; and the Kalb-Ramond field Bj; are
repackaged into the generalized metric

R g _grhﬁé o

”H=< A A 2.5)
MN=X Bapg™  &ii — Binp&” Bys

whose structure is closely related to the Buscher rules for T-duality transformations [38,39].

It defines a function irf (X) of the doubled coordinates and parametrizes the coset space

W%' Similarly to general relativity, indices in DFT are raised and lowered by the

O (D, D, R) invariant metric 7, 5 and nMN | respectively. In particular, one obtains the relation

N =M 5 5O, (2.6)
implying the existence of a generalized vielbein éa iy satisfying

'y SA B

Hign =€ " w€ vSip- 2.7)

Here, M, N denote curved spacetime indices, and A, B are flat tangent space indices. One can
thus choose

ab 0 )
Sin= (S , (2.8)
AB 0 S&ﬁ

where s,; denotes the flat D-dimensional Minkowski metric. Using the vielbein ét s defined by
the relation

A A ~b
Sni =" 75,58 A (2.9)

éa 47 can be parametrized as
gi (& —& By 2.10
M~ 9% : (2.10)

An action for DFT is determined by requiring invariance of the theory under local doubled dif-
feomorphisms

XM — <xmx’”> N (im +E; (XM> Xy gt (XM)) .11

and global O (D, D, R) transformations. In conjunction with the requirement of the algebra of
infinitesimal diffeomorphisms to be closed, the latter give rise to the so-called strong constraint

J=o0, (2.12)
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where both ® and W denote arbitrary fields or gauge parameters. One possible solution is given
by setting 9™ =0, in which case the dual coordinates become unphysical and the theory re-
duces to ordinary supergravity. This also reveals an interpretation of T-duality transformations as
rotations of a “physical section” in doubled spacetime.

2.2. Flux formulation of double field theory

There exist two physically equivalent formulations of DFT, differing only by terms that are
either total derivatives or vanish by the strong constraint. For the purpose of this paper, work-
ing with the so-called flux formulation [30,31,40] (see also [21,22] for early developments) will
be more convenient since it provides a natural (local) description of geometric as well as non-
geometric background fluxes.

2.2.1. NS-NS sector
As starting point for the NS-NS sector, we consider the action [30,31,40]

1 _ e p D 1 ~viy A ~ppr
SNS—NS — 3 /dZOXe 2d I:fMNﬁfM/N s <_HMM nNN nPP _HMM HNN HPP

_ énMM NE, ) - MM’ _7:111”41\?1/)]’ (2.13)

where the generalized dilaton d is defined by the relation

M = \fpe . 2.14)

Employing flat coordinates and using the generalized Weizenbock connection

A A i PN j N

Qs =i (9:€57) e (2.15)
the generalized fluxes F 4 and F; Ap¢ can be written as

A Aé PN i A A

Fi=Q ;1 +2E;70;d and ]:ABC 352[@], (2.16)

where the squared brackets denote the antisymmetrization operator defined in appendix A. It
will be explained in subsection 2.3.1 how these are related to the generalized fluxes with curved
indices. When performing dimensional reduction, an obvious first step is to rewrite the action in
terms of objects representing four-dimensional fields and assume all fields with external legs to be
independent of the internal coordinates. We will do this by applying a generalized Kaluza—Klein
ansatz for DFT [30,31,36], for which we split the coordinates into external and internal parts

xM = (xﬂ,xﬂ Y ) x4 = (fe,xe,yf‘>, 2.17)

where we used the collective notation ¥/ = (ilv., y’Y) and Y4 = (yé, yé> for the latter. In order

to preserve rigid O(6, 6, R) symmetry, we impose the section condition only on the external
coordinates, therefore assuming also independence of all fields and gauge parameters of the ex-
ternal dual coordinates X,,, while leaving the dependence of purely internal fields on the doubled

coordinates Y/, Y4 untouched.
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For the ten-dimensional metric and Kalb—Ramond field, we employ the splitting [30]

R 8uv + glEiAkuAlv Akugié]' A Buy —B,;
. , B =

G = 5 (2.18)
ij

iv

o Ak oy
A 8ij

and arrange the parts with mixed external and internal indices in a generalized Kaluza—Klein
vector

al = B, (2.19)
© AT,

Inserting this ansatz into (2.13), the NS—NS contribution to the action can be reformulated as
[30,31,36]

1 _

SNS-Ns = §/d4xd12Y,/g(4)‘/g(6)e 2¢[
> 1 I
R® +4¢""D,¢D,¢ — Zg“vg"“HijF’up]-"’w

1 ~ o~ 1 .
— —8"8"7 g Hyup Huon + g“”gDuHiiDvH”

12
1 182 7 o K/ 1 v r mr! 1 i rrR!
+‘Fijkfi/j/k/<_EH1[ HJJ HKK +ZH11 77.]./ 77KK _gnll n.]./ 77KK)
L FF T - H”')} (2.20)

where the quantities without hats denote the internal parts and where we defined the field
strengths

Flu=20,Aly = Fjed (AR g oF A7 ALy —2F B,

~ P P Pogi 4R (2.21)
Huvp = 33[&32] — 33&./4 E'AB]I? — 6.7:15.14 [EBE] _‘FIVJVI?'A u A VAR ,
and the covariant derivatives
K L K L
DyHij=0uMij+ A% uF i Hjp + AN uF g Hig
_‘AMIV/HJVI?]: _'A;LJV,HIVIE]: +FiHjg Ay + FjHip A 0, (2.22)

Dyt =0, — Fp AKX ..

2.2.2. R-R sector
A similar analysis has been done for the R-R sector in [41-45]. Recalling that the fields
transform as O (10, 10) spinors by construction, we expand
. 1 o IO
G=) 6. 2" e, T 0), (2.23)
n
where 14 denotes the totally antisymmetrized product of n gamma-matrices. The R-R gauge
potentials can be combined into a spinor



390 P. Betzler, E. Plauschinn / Nuclear Physics B 933 (2018) 384—432

4 A
6o ZZZO €2n+ 1 for type ITA theory (2.24)
Y on—0Con for type IIB theory,
which can be used to write
&= G9 + Vé for type IIA theory (2.25)
yC for type IIB theory,
with the generalized fluxed Dirac operator
ia 1 44 1 284 a
_ AP Mo ‘pA4. YRABC A
y=r4Mo, — T F; D Fage (2.26)

2

The zero-form R-R flux Gy in the type IIA case arises as dual of the background field strength
of Cg. A pseudo-action for the R-R sector can be obtained by summing over all relevant compo-
nents of a particular theory,

_l 4. 412 _l’\ ”
SR,R—Z d*xd <Y 2@/\*@5 . 2.27)

Since all fields C,, of a certain theory appear explicitly, this has to be supplemented by duality
constraints. Denoting the ten-dimensional n-form contributions by &,,, these take the form [46]

&, =(Dlil«6,, (2.28)

where the floor operator |-] gives as output the least integer that is greater than or equal to the
argument.

2.3. Fluxes in doubled geometry

This section will focus on the scalar potential component of (2.20) and introduce a DFT
interpretation of the NS—NS fluxes. This has first been investigated in [33], and much of this
section will be based on this work.

2.3.1. Fluxes as fluctuations about the Calabi—Yau background
The main idea is to treat the generalized fluxes (2.16) as manifestations of small deviations
from the Calabi—Yau background, arising from perturbations of the internal vielbeins

i =A —2
ehi=E 48 +0(T), (2.29)

where £4 ; describes the Calabi—Yau background and gl ; the fluctuations. Inserting this expan-
sion into the generalized fluxes (2.16), we can write

o J— —2 o J— —2
fAZfA-I—]:A-}-O(S), fgé(?:fgéé-i-fgéé-i-(?(g). (2.30)
As the notation implies, j—' 4 and .% 1 5~ depend only on 2’ A ; and do not contribute to the scalar

ABC

potential since £4 ; satisfies the DFT equations of motion. By contrast, F 4 and F depend

ABC
linearly on the fluctuations £4 ; and therefore have to be taken into account.
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In the following, we will use the background component ;L' A ; of the vielbein to switch between

flat and curved indices (defining, e.g. ?iik = ;}*iiééjéékfgécv). For the case of constant ex-
pectation values, the three-indexed object F ;i has been shown to encode the known geometric
and non-geometric NS—NS fluxes by

— — y = 4 _Vjvlz Vi

Fin=Hy Fy=Fy Flr=0/% F7=r- 2.31)
Similarly, we define for the trace-terms and generalized dilaton fluxes (cf. the first relation of
(2.16))

Fe=2Vi+ F7 o F =274 0 (2.32)

As was discussed in [47], writing out the generalized metric H in terms of the internal metric
and Kalb—Ramond field gives rise to certain combinations of the latter with the fluxes, for which
it is convenient to use the shorthand notation

j’);;]; = H;]I; + 3Fm[ﬁBrhE] + 3Q[im"Bv V.Bﬁé] + R™PPB. VBVV.BVE],

mj mli=nj=p

gzw = F;;,; + 2Q[;"V1ZB"V1]1; + R'hﬁ;Bv vB.

jk — mlj nE]’
Qi) =i + R By, (2.33)
ik _ pifk

Y; =Y+ Z"B;.

3 =7,

2.3.2. Operator interpretation of fluxes
It will be useful to interpret the geometric and non-geometric fluxes as operators acting on dif-
ferential forms. Employing a local basis (dxl, ... dxﬁ) and the contractions (¢1, ... te) satisfying

ydx] =87, we define [48-50]
HA: QP (CY3) — QPP (CY3)
L dxd dxd ndik
a)l,!—>§ ijk X Ndx’ Ndx /\(1)[,,
Fo: QP (CY3)— QP (CY3)
1 & ¥ ¥
wp > Z—!Fklfjv. dx' Adx?! A L AN wp,
Qe: QP (CY3) — QP71 (CY3)
1 vy N
wp > EQ;.”‘ dx' AL Aig Awp, (2.34)
R.: QP (CY3) — QP73 (KCY3)
1 vy
wp > aR”k AL AL Awp,
YA: QP(CY3) — QP (CYs)

i
wp > Yi dx' Nwp,
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Zv: QP (CY;) — QP71 (CY3)
wp > Z’Y A wp,
the last two of which denote the newly introduced generalized dilaton fluxes first considered in

a non-DFT context in [51,52] (see also [53,54] for a ggneralized-geometry perspective). These
operators can be combined with the exterior derivative d to define the twisted differential

D=d—HA-Fo—Qe—R.—YA—ZV. (2.35)

Notice that the exterior derivative is that of the full ten-dimensional spacetime manifold. In
the following, we will often distinguish between internal and external components, for which
it makes sense to split the exterior derivative as

d=d+dcy, (2.36)

and define a purely internal twisted differential D with respect to dcy, . For later convenience, we
can furthermore define analogous operators for the Fraktur fluxes (2.33), including the Fraktur
twisted differential ©. As shown for a simplified setting in [33], requiring nilpotency D2 =0of
the twisted differential (and similarly for @) gives rise to the Bianchi identities

0:Hv V.iFrhw_gagHv_w,
™) 5

0= g 0 *], (2.37)
Fz]rhﬁ _ R’h[ﬁ]y ZmQ l]]
OZRZI;"V'HYVV _FiihﬁQJ min ZQ th _|_2ZmFt zajzi’

jmn

mi [l/]

0=Q[’""H] e Z’"Hmw]+23

0=6R"™P Hys + Z" Y,
where the derivative terms vanish in the setting discussed in this paper and were included only
for the sake of completeness. This form of the Bianchi identities generalizes the result of [33]
and matches with the relations presented earlier in [29] when taking into account the definitions

(2.32) and assuming independence of the dual coordinates.
Another central role will be played by the generalized primitivity constraints

H{'aéguu =0, F’K;;g““ =0, Q{lmgljé =0, Rzaugg“; =0, (2.38)
which extend the corresponding condition for H arising from supersymmetry considerations in

traditional approaches to flux compactifications. Indeed, the first condition is equivalent to re-
quiring the interior product H ,J of H and the Kidhler form J to vanish. Analogous formulations



P. Betzler, E. Plauschinn / Nuclear Physics B 933 (2018) 384-432 393

are possible for the remaining fluxes by taking the interior product with F_ to be with respect
to the subscript indices and defining analogous contraction-like operators Q7', R for the super-
script indices of the non-geometric fluxes. The primitivity constraints can then be recast in the
coordinate-independent forms

H.J=0, F,J=0, QJ=0 RJ=0. (2.39)

Notice that the interior product of non-geometric fluxes looks very similar to the corresponding
operators defined in (2.34), but contracts only as many indices as there are in the differential form
it acts on. This structure is motivated by that of the Hodge-star operator (A.6), and the relations
(2.39) describe a generalization of the corresponding constraints used in [33]. As we will see in
the next section, this slight relaxation is necessary in order to make the framework applicable to
more general settings of flux compactifications.

2.3.3. Geometric tools

To conclude this section, let us briefly introduce the most essential geometric objects which
will become important in the following discussion. A useful tool to handle the flux operators is
the so-called the Mukai-pairing of two differential forms n and p. It is defined by

. py=MmAx(p)le, (2.40)
where [-]¢ picks the six-form-component and the involution X acts on an n-form p as
x(p)= (=151 p. (241)

The operator [-] denotes the ceiling function, giving as output the greatest integer that is less than
or equal to the argument. Furthermore, we denote the purely external and internal components of
Kalb—Ramond field B by

1 1 ¥ v
B = —By, dx" Adx" and b= —B::dx' ndx/, (2.42)
2! 214

respectively, and define the b-twisted Hodge-star operator , by [55-57]
R N (e_bn> , (2.43)

which allows for a natural extension of the framework to the Fraktur fluxes (2.33).
3. The scalar potential on a Calabi-Yau three-fold

We start our discussion by considering only the purely internal parts of (2.20) and (2.27)
on a Calabi—Yau three-fold CY3. The type IIB setting was already discussed in [33], and here
we generalize this analysis in order to prepare for our discussion in section 4. The aim of this
section is to show that both the type IIA and IIB case correctly give rise to the scalar potential of
four-dimensional A/ = 2 gauged supergravity. We furthermore illustrate how the simultaneous
presence of geometric and non-geometric fluxes allows for preservation of ITA <> IIB Mirror
Symmetry in DFT.

Since we do not have to distinguish between different components of the internal manifold,
we will drop the “checks” above internal indices (i , J ,...— 1, J,...) for the rest of this section.
We furthermore impose the strong constraint on the underlying Calabi—Yau background and the
field fluctuations, assuming independence of the dual coordinates y;. We will, however, not do
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so for the fluxes and only apply the weaker (quadratic) Bianchi identities (2.37), ensuring that
the theory is capable of describing electric and magnetic gaugings and does not merely reduce to
ordinary type II supergravities.

3.1. NS—NS sector

When substituting the expansions (2.30) into the purely internal terms of (2.20), those terms
involving only the objects F; and F ;g describe the Calabi—Yau background and do not con-

tribute to the scalar potential since £4; satisfies the DFT equations of motion. Furthermore,
mixings between background values and fluctuations describe first order terms in the expansion
about the minimum of the scalar potential and can be neglected as well. Considering the action
up to second order in the deviations, we are therefore left with

l — _ _ 1 ’ ’ !
SNS-NS, scalar = 3 f d*xd"?y/¢® Jgcy,e |:-7:IJK~7'—I’J’K’ <_EH” HIT KK

1 !’ ’ !’ 1 ’ !’ !/ _— == ! ’
+ZH” ! KK gnll ! I KK ) +F Fy (nll _yll )} . G0

Inserting the relations (2.31) and (2.32), this can be rewritten in terms of the geometric and
non-geometric fluxes as

1 _
SNS-NS, scalar = 5 / d4Xd12Y g(4)\/ 8Cy;€ 2¢|:
1
12
+30,7% 0,7 K g g g + RIFRTTE gii'gjj’gkk’)

(ﬁijkﬁwj/k’g” g g% 438 i jugive’ g

1 .y . v .y . .
- E(Smnisnmi’g” +Qmmgnml gii’_ﬁmnigi’mng” - Slmnmmm gii’)
— <§mmi + 2@1’) (Sm,m’i/ + 22)1")8”/
= (Qu" +23") (2" + 23’”)g,~,~1, (3.2)

where the topological terms involving only the O (6, 6, R) invariant structure 5’/ " cancel by the
Bianchi identities (2.37). Now a key issue of this action is that the (generally unknown) metric g;;
of CY3 appears explicitly. In traditional Calabi—Yau compactifications, this can be remedied by
applying differential form notation and expanding the fields in terms of the cohomology bases.
While this framework is not readily applicable to the setting of this paper, we can resolve this
problem by employing the operator interpretation (2.34) in order to build a bridge to the special
geometry of the Calabi—Yau moduli spaces. To keep the calculation as general as possible, we
will include cohomologically trivial terms for the first part of this section and set them to zero
only right before performing the dimensional reduction.

3.1.1. Single flux settings

As already demonstrated in [33], it is convenient to first assume vanishing internal B-field
components and consider only one flux turned on at a time. It can then easily be shown that the
constructed reformulation is still applicable in more general settings.
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Pure H-flux

Due to its differential form nature, the discussion of the pure H -flux setting is particu-
larly simple and requires only the tools of standard differential geometry. The corresponding
Lagrangian of (3.2) takes the form

20

il i kk
LNS-NS, scalar, H = THiiji’j’k/g” gl g 3.3)
It is obvious that this can be written as
e 20
*ENS—NS, scalar, H = — TH AxH, 34)

where we the three-form H is related to the first operator of (2.34) by formally defining H :=
H N1cy,.

Pure F-flux
The NS-NS scalar potential Lagrangian in the pure F-flux scenario reads

£NS—NS, scalar, F
e_2¢ . v il Kk L. ey
T4 (FlikFl jw i g +2F" i Fypirg" +4F™ i F" i 8" ) '
While the three-form interpretation of H does not apply to F, we can construct a similar object
by letting the operator Fo act on the Kéhler form J of CY3. We then obtain

(3.5)

—%(FOJ)/\*(FOJ)

1 ’ PRV 1 ’ - . et (36)
= |:ZFmiij i’j’gmm’g” g’ - EFmiij i’j’I] ml? g j| *1cy,
and find that only the first terms of (3.5) and (3.6) match, while the second term
1 / ./ . L.
=S FR E g e g” a7

= (FeurFlac + F* 5F ac = FeapF'ae = F 5F7ac) g

comes with reversed signs for the last two components. To see how this can be compensated for,
notice that appropriate contraction of indices in the second Bianchi identity of (2.37) yields (for
vanishing Q-flux) the relation

F* s Fbar + F* - FP o+ Fra, FP =0, (3.8)

Multiplying this by g%, we find after taking into account the corresponding primitivity constraint
of (2.38)

F€ 5 Facg"® = Flap FPazg™ (3.9)
Using this, adding the expression
1 _ _ R _ _
S@AFo ) Ax(@AFol)==2 [FcabFCﬂ;gcggaagbb — 2Fcabe;l5g”“] «1cy,
(3.10)
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involving the holomorphic three-form 2 of CY3 gives the correct second term of (3.6), but also
comes with an additional contribution that has to be canceled. We once more resolve this by
adding

1 _ i o
—5 (Fo@) nx (FoQ)= |:2Fca;,FCabgc5g“”gbb + EmeiF"’m,'/g” } *1lcy,.  (3.11)

Finally, the missing trace-term can be obtained by substituting the primitivity constraint (cf.
(2.38)) into the only remaining non-trivial expression related the Calabi—Yau structure forms,

1 1 1 1 "
—E <FO E.Iz) /\*(FO §J2> = [Emeimei/g” } *ICY3’ (312)
and we find in total
* ENS—NS, scalar, F
T FonasFont(Folr Folp
——T ( (¢] )/\*( (¢] )+ OE N\ * OE (3'13)

+(FoQ)A*(Fo§)—(QAFoJ)M(ﬁ/\FoJ)].

Notice that this poses a slight generalization of the corresponding expression found in [33] due
to the presence of additional trace-terms of F'. In particular, the reformulation only works when
employing only the relaxed primitivity constraints (2.38), (2.39).

Pure Q-flux

The analysis of the pure Q-flux setting follows a very similar pattern as for the F-flux, and we
will only sketch the basic idea here. By proceeding completely analogously to the F-flux case,
one can show that the Lagrangian can be reformulated as

* ENS—NS, scalar, Q

e 2 1, 1, 1, 1,

re) 1 2 re) 1 2
+(Q.Q)/\*(Q.Q)—<Q/\QO§J)/\*(Q/\QOEJ) ,

where the only nontrivial step is to take into account the relation

0" 057 + 0" 05 + Q™ 05 =0 (3.15)

obtained by appropriately contracting the fourth Bianchi identity of (2.37), which can eventually
be recast in the form

2aa Q5% 0™ = 842 0p*° Q% (3.16)

and used to identify certain contributions arising from the first and third term of (3.14). Again, the
result describes a slight generalization of the one found in [33], and matching for the trace-terms
requires one to use the relaxes primitivity constraints (2.38), (2.39).
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Pure R-flux

Similarly to the symmetry between the pure F- and Q-flux settings, the reformulation of
pure R-flux case shows a strong resemblance of the pure H-flux setting, and it seems natural to
consider the term R. % J3. This expression can be handled best by exploiting the relation

1 /
—]32*1 8CYs

3 cvs = Te,-l,‘jﬁdxil A Adx'e, (3.17)

to show that
1 [8CYs

RL<§J3> — —%le"gi,k,mndxl Adx™ A dx". (3.18)

Inserting the relation (A.2) for D =3 and p = 3, we then find
C el Y (RS (3.19)
* ] = —— — * —J" . .
NS-NS, scalar, R ) L 31 L 31

Pure Y- and Z-flux

While the nature of the generalized dilaton fluxes Y and Z differs from that of their (three-
indexed) geometric and non-geometric counterparts, including them into the framework pre-
sented here requires only minor modifications. The idea is again to consider all possible com-
binations of flux operators with the holomorphic three-form €2 or powers of the Kihler-form J.
Direct computation of the corresponding expressions then shows that the Lagrangian (3.2) for
the (combined) pure Y- and Z-flux settings can be rewritten as

e~

*LNS-NS, scalar, ¥ = — [(Y Aey) A*(Y Adey) + (Y AT A*(Y AT)

+ <Y/\ %Jz) /\*(Y/\%.ﬂ) +(Y/\Q)/\*(Y/\§)}
(3.20)
and
672‘7’

*L:NS—NS, scalar, Z = — T

[ (273°) ne(2v3)
VD A*ZVD) + 2V ) Ax( 2V 2d

+(ZV x1cy) Ax(ZV xleyy) + (Y AQQ) Ax (Y /\5)],
(3.21)

respectively. Notice that, although there do exist corresponding non-trivial expressions, we did
not include any mixings between J and 2. The reason for this discrepancy will become clear
when considering more general settings in the next subsection.

3.1.2. Generalization
H-, F-, Q- and R-fluxes

Before turning to the most general setting, it makes sense to first consider the case of all
three-indexed fluxes H, F, O, R being present and vanishing one-indexed fluxes Y and Z. It was
shown in [33] that the Lagrangian (3.2) can then be written as
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_ 1 1 _
*LNS-NS, scalar, HFQR = —€ 2¢[§X A*Y + E\lf/\*\y

1 - _ 1 _ —
_Z(Q/\X)A*(Q/\X)_Z(QAX)A*(Q/\X)}
(3.22)

where
X :Dei‘], \Il:DQ (323)

and the twisted differential D defined in (2.35) (with vanishing Y- and Z-components). Taking
into account the generalized primitivity constraints (2.38), it is easy to check that this formula
correctly reproduces the single flux settings. Concerning the mixings between different fluxes, a
minimal requirement for matching with the original Lagrangian (3.2) is that all mixings between
different fluxes except for the H Q- and F' R-combinations vanish. Since the only nontrivial con-
tributions of (3.22) to the integral over CY3 are the ones proportional to its volume form x1cy;,
the relevant combinations of differential forms to check are those where both constituents share
the same degree. This in particular excludes all components of the poly-form W. Furthermore,
those terms arising from quadratic combinations of x involving precisely one even and one odd
power of i J cancel due to the complex conjugation operator reversing the signs only for imagi-
nary differential forms. A simple computation shows that the remaining terms of (3.22) are the
desired H Q- and F R-combinations, which read

1 — 1
THQ=—H/\*<QQEJ2> +Re(QAH)A*<QAQ.§JZ),
| 1 (3.24)
TFR=—FoJ/\*<RL§]3>+Re(QAFoJ)A*(§A RL§J3).

To show that these correctly reproduce the mixing terms of (3.2), one can again follow a similar
pattern as in the single flux settings, and we refer the reader to the original work [33] for detailed
calculations. The most important step here is to once more make use of the second and fourth
Bianchi identities of (2.37) in order to relate the above expressions to the original action, which
will in particular offset additional contributions arising from modifications of the relations (3.8)
and (3.15) we used in the pure F'- and Q-flux settings.

Including the Y - and Z-fluxes
When trying to incorporate the generalized dilaton fluxes Y and Z into the framework, one
immediate problem is that the relation (3.22) does not even hold for the single flux settings. This
is due to the appearance of additional mixings between ¢!/ and Q arising from the expressions
in the second line, which cancel half of the desired terms and leave an overall mismatch by a
factor of % We resolve this by slightly modifying the expression in such a way that only the Y-
and Z- terms are affected: Using the Mukai-pairing defined in (2.40), we find the more general
Lagrangian
1
5|

1 — 1 1 —
LNS-NS, scalar = —e |: (X0 + 2 H(\Il, *\II)” 4 lIx, Q)”2 4 ”(X1 Q>H2:| ’

(3.25)

where the norm ||-|| is with respect to the scalar product (A.7) and x and W are defined as
in (3.23), the twisted differential taking its general form (2.35). It is easy to check by direct
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computation and use of the primitivity constraints (2.38) that (3.25) reduces to the previously
described special cases when setting the corresponding subsets of fluxes to zero. Of the newly
appearing mixing terms, the non-vanishing ones are precisely the F'Y- and QZ-combinations,
which correctly give rise to the trace-dilaton-mixings found in the last two lines of (3.2).

Notice that this formulation of the scalar potential shows a stronger resemblance of its gen-
eralized geometry counterpart found in [37] for compactifications of type II supergravities on
manifolds with general SU (3) x SU (3) structures.

3.1.3. Including the Kalb—Ramond field

In a final step, the above results are once more generalized to the setting of a non-vanishing
internal Kalb—Ramond field b. As can be inferred from the structure of the Lagrangian (3.2), this
can be achieved by simply replacing

H—-9 F—->3% 00— R->NR Y-, Z-3 (3.26)
and, thus, for the twisted differential
D>D=d—HA—-Fo—-Qe—R.—YPA—-3V. (3.27)

Mathematically, the Kéhler and complex structures of Calabi—Yau manifolds with non-vanishing
b-field are described by the modified poly-forms

eV — bt Q— . (3.28)

At a later point, it will be convenient to absorb the factor ¢” into the twisted differential. We
therefore consider the relation [33]

1 . .
D=eDe -2 (D/""andx’ 4 m’m"Bm,,L,-) , (3.29)

which can be derived by direct computation and using closure of b. Imposing primitivity con-
straints analogous to (2.38) for the Fraktur fluxes and the modified Calabi—Yau structure forms
(3.28),

0Q7'3=0, R1F=0,
we furthermore obtain the relations

Qimann + iRmanim an + RmanimBnp = O:

(3.30)
R™P By, +iR"" J,, =0,
showing that the terms in the brackets of (3.29) vanish and, in fact,
D =e"Del. (3.31)
We thus find for the NS—NS scalar potential in the most general case
_ 1 _ 1 — 1 1 — 2
LNs NS, scatar = —€ 20 | S 10020+ 5 (9, +9) | = < 11 17 = < [[(x. 2)|
2 2 4 4
(3.32)

with

x=e "Dt Ww=etD (ebQ) . (3.33)
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3.2. R—R sector

Reformulating the scalar potential contribution of the R—R action (2.27) is more straightfor-
ward as one encounters only differential form terms. We will do this separately for the type IIA
and IIB cases.

3.2.1. Type IIA theory
Starting from the purely internal component of (2.27) and substituting the definitions (2.25)
and (2.24), we find for the internal components of the poly-form &4

Q5<HA) Gop—QeC; —RLC3—3VC(Cy,
BV =G, —BAG)—FoCi—QeC3—R.Cs—PAC|—3VC3,

1
e = G—B/\G2~|—2BZAG0—5§/\C1 FoC3—NeCs—YAC3—3VCs

6™ =Go—BAG L2 _ Ll — —
4—{—23 A Go B°ANGy—HANC3—FoCs —YACs,

3!
(3.34)
immediately revealing that the Lagrangian takes the form
1

*LoR = — S ARG, (3.35)
Here, &1 denotes the purely internal part of "4 given by

By — e—bg(IIA) +e D (ebc(IIA)) (3.36)
with

C"™ =C1 4+ C3+Cs5+C7+ Co, (337)

G"™ =Go+ Gy + G4+ Gg

comprising the purely internal components of the C2,41-fields (including those which become
massive in the process of compactification) and the background R-R fluxes G2,. Notice that
the former are to be understood as fluctuations Cy, 41, and one can equivalently write (3.36)

as 1Y = Gy + ¢ D |:eb <(E'(HA> + E(IIA>):|. The former formulation will, however, be more

convenient since it allows one to treat all R—R fluxes on equal footing and obtain the same
structure for the type IIA and IIB settings.

3.2.2. Type IIB theory
The analysis of the type IIB setting is completely analogous to the type IIA case, and one
eventually arrives at

*ﬁglsl){ _ _%6(IIB) A %050 (3.38)
with
@B _ e—bg(IIB) + e D (ebC(IIB)) (3.39)

and
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G¢"™ =G|+ G3+Gs,

3.40
C"™ = Cy+ Cp + C4+ Co + Cs. G40

3.3. Dimensional reduction

The reformulated scalar potential described in (3.32), (3.35) and (3.38) depends only on the
Kihler form and the holomorphic three-form of CY3 and can be evaluated by utilizing the frame-
work of special geometry for the Calabi—Yau moduli spaces.

3.3.1. Special geometry of Calabi—Yau three-folds

Since we are interested only in those fields which do not acquire mass in the course of the
compactification, we would like to follow the standard procedure of Calabi—Yau compactifica-
tions and expand the appearing fields in terms of the cohomology bases of CY3. In the setting
discussed here, this additionally requires a way to describe the action of the flux operators (2.34)
on the field expansions. We therefore start by reviewing the topological properties of Calabi—Yau
manifolds and proceed by constructing a framework that incorporates the flux operators of DFT.

Even cohomology
The nontrivial even cohomology groups are precisely H"” (CY3) withn =0, 1,2, 3. We de-
note the corresponding bases by

Pw}EHQ%CHL

{wye H' (CY3),
@'} e H*?(CY3),

{ié?ﬁ*ﬁQ}eHiﬁcny

withi=1,...h"! (3.41)

where K is the volume of CYj3. For later convenience, it makes sense to set wy = x1© and
@ =1 allowing us to use the collective notation

o =(wo, i),
with 1 =0, ...A"%! (3.42)

@ =(a ¥).

This structure is motivated by the action of the involution operator (2.41). We choose the two
bases such that the normalization condition

/ﬂmA5J=&J (3.43)
CY3

holds. For the Kihler form J of CY3 and the Kalb—Ramond field B, we use the expansions
J=vw, and B=B+b=B+bw, (3.44)

where B denotes the external component of B living in M3 and b its internal counterpart. The
internal expansion coefficients b' can be combined with v' to define the complexified Kdhler form

I=(B'+iv) o=t (3.45)
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We furthermore introduce the shorthand notation

’Cijk = / Wi N\ wj N\ w,
CY3
Kij= / wi ANojANJ = ’Cijkvk,

CYs
(3.46)

KKi= / wi/\J/\leCijkvjvk,

CY;3

1 1 .-
K= g / IANINT = glCijkv'v'vk,

CY3

where the Kij, Kjj and K; are called intersection numbers. Using this, one can eventually expand
the first poly-form of (3.33) in terms of the complexified Kéhler class moduli
. ~ . 1 S 1 -
B+iJ ~0 ~k k
el =l =@ + t'a)i + 5 (Kijktll‘]) w" + 5 (Kijkl‘ll‘ll‘ )a)(), (3.47)
where all powers of order > 4 vanish on CY3.
0dd cohomology

The nontrivial odd cohomology groups are given by H30(CY3), H>! (CY3), H"? (CY3) and
HO%3 (CY3). For these we introduce the collective basis

{aa, B} € H (CY3) withA=0,...h"2, (3.48)

which can be normalized to satisfy

/ an A BB =54B. (3.49)
CY3
The complex structure moduli are encoded by the holomorphic three-form €2 of CY3, which we
expand in terms of the periods X” and Fj as
Q = X ap — FaB". (3.50)

Notice that there is a minus sign in front of the ”. Throughout this paper, we will apply this
convention to all odd cohomology expansions of fields, while the signs are exchanged for field
strengths. The periods Fj are functions of X and can be determined from a holomorphic pre-

potential F by Fa = ;% Defining Fag = g%, one can write the period matrix Mag as
— Im (Fac) X®Im (Fgp) X°
Mpg=F 2 , 3.51
AB = Fag +2i XEIm (Fer) X° (3.51)

which is related to the cohomology bases (3.48) by

f op A *ag = — [(Im./\/l) + (ReM) (ImM)~! (ReM)]AB,

CY3

f oaa A BB =— [(ReM) (ImM)_l]AB, (3.52)

Y3
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AB
/ BA A BB = — [Im/\/l_l] .
CY3
Gauge coupling matrices

Denoting some arbitrary poly-form field A which can be expanded in terms of the nontrivial
cohomology bases of CY3 by

A=Aw + A& + APas — ApBP, (3.53)
one can define a collective notation by
Al=(A, A)"  and At =(4r —-aa)". (3.54)

Again, notice that we will use reversed signs for the third cohomology group in case of field
strengths. Similarly, we define the collective cohomology bases

Y= ((,z)|, @ ) and Ba= (O[A, ﬂA ) (3.55)
and the matrix
— (A, xpoB)  (ota, x5 B5)
Mg = , 3.56
As / ( (BA *xpos)  —(BA *bﬁB>) (3:20)

CY3

which can be expressed in terms of the period matrix (3.52) as

1 —ReM ([ ImM 0 1 0
M:(o 1 )( 0 ImM—1><—ReM 1)' 3:57)

For later convenience, we parametrize the even cohomology analogue

~J
NH=/ ((wl,*wa) (wl,*bw>) (3.58)

i <CZ)I, *ba)J) <CZ)I,*bCZ)J>

1 —ReN\ [ ImN 0 1 0
NZ(O 1 >< 0 Im./\/'_l><—Re/\/' ]1)’ (3.59)

where My denotes the corresponding period matrix of the special Kihler manifold spanned by
the complexified Kihler class moduli. A detailed discussion of its structure can be found in [58].

Using the notation (3.42), one can also see that the Mukai-pairing (2.40) induces a symplectic
structure by

as

0 1
/ (21, Zg) = Seven)s = (_1 0) esp (20" +2.R) (3.60)
CYs
and
= = 0 1
/ (Ba, EB) = (Sodd)AB = <—]l 0) €Sp (2hl'2 +2, R) . (3.61)
CYs

For simplicity, we will omit the subscripts “even” and “odd” from now on. The dimension can,
however, easily be inferred from the context or read off from the indices when using component
notation.
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3.3.2. Fluxes and cohomology bases

In the previous subsections we treated the fluxes as operators in a local coordinate basis, but
for our subsequent analysis we need to relate these operators to actions on the cohomology basis
elements (3.41) and (3.48). For toroidal compactification this transition from the coordinate basis
to the cohomology is straightforward to derive, but for more general manifolds this is still an open
question. However, as in [18], we can propose an action of the fluxes on the cohomology and
check whether it leads to the expected results. For the three-index fluxes in the present context
this has been done in [33], but for the Y- and Z-fluxes it is not clear how to interpret them on a
Calabi—Yau three-fold. We therefore set Y and Z to zero for the remainder of this section.

Let us now become more concrete and note that the H-flux can be expanded in the basis (3.48)
as

H = —h"ap+ hap? (3.62)

and that it acts as a wedge product with a three-form. While there is no such obvious relation for
the remaining fluxes, one can extract useful structures by letting them act on the basis elements.
Following [18], we consider the following action of the twisted differential D on the cohomology
of the Calabi—Yau three-fold

Dap = Oplw) + Ond', Dp* = PNy + PM@, (3.63)
Doy = —P*iap + Oap?, D' = PMap — 04'B%, .
where we used the collective notation (3.42) to set
Opo =ra, PPy =7,
po=rA Y (3.64)

Similarly to the previous sections, one can arrange the flux coefficients in a collective notation
that will greatly simplify calculations at a later point. We define the matrices

T s I 51 _ (0T (BTYA
OH_( On —OA'>’ OA—<(0T)IA A ) (3.65)

such that the action of the twisted differential on the cohomology bases can be expressed in the
shorthand notation

DENHI=ONH*ED L,  DEHA=O)IE) (3.66)
They can be related by
O=-510T7s. (3.67)

Nilpotency of the twisted differential furthermore implies that the relations

D*(=T)r=0 and D*EN4=0 (3.68)
have to be satisfied, giving rise to the constraints

Ol 0% =0, 00" =0, (3.69)

which take the role of a cohomology version of (2.37) and will be important in section 5.
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3.3.3. Integrating over the internal space — NS—NS sector

Proceeding in the same manner as for ordinary type II supergravity theories, we now expand
the fields of the scalar potential in the cohomology bases (3.42) and (3.48) in order to filter out
those terms which become massive in four dimensions. For the NS-NS poly-forms, we utilize
the expansions (3.47) and (3.50) to arrange coefficients in vectors

vi= ( lICi,-kt‘tjt", i1, lICijkt‘tj )T

3 2 (3.70)
wh=(x~ —Fa)

of dimension (2h!:! 4 2) and (2h":2 4 2), respectively, enabling us to use the shorthand notation

P = oyl Q=g Wt (3.71)

Using the flux matrices (3.65) and the relations (3.66), the poly-forms x and W can now be
expressed as

X = eibEAOAHVH,
V= e_bE]]@‘HAWA.

When integrating the NS—NS action (3.32) over CY3, the first two terms of (3.72) combine to the
matrices (3.56) and (3.58), and one eventually obtains for the scalar potential

(3.72)

Vicalar, NS_Ns = €~ 2% [VH(OT)HAMABOBJ vig WA(éT)AHNHJZ)JEWB
1 (3.73)

—A N | —D

T SapOP; (vﬂv +V vJ) O SHepW ]

3.3.4. Integrating over the internal space — R-R sector
Following the same pattern for the R-R sector, we start by discarding the cohomologically
trivial C-fields and expand

eBC(11A> — C(3)A01A _ C(3)A,BA,

B — €50 4 Pl + D65 4+ C©0%,. (3.74)
The expansion coefficients are again arranged in vectors
Ch=(CHA cOA type IIA theory),
0= ) (typ y) (3.75)

Co=(Cc©0, @ cOy cH@) (type IIB theory),

where the subscript index “0” denotes the number of external components and is introduced for
consistency with section 5. Similarly, we write for the non-trivial R-R fluxes

G =G0 + Gy + GP @'+ GO0y,
g(IIB) _ —G(3)Aa G(S) A (3'76)

= A+ aB",

and

Ghux = (GO0, G GOy G@)  (type A theory),
Ghux = (GPA, GPy) (type IIB th G7

flux — ’ A ype theory),

allowing us to reformulate the poly-forms (3.36) and (3.39) as
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flux

@(IIA) — e_bE]I (GH + (’5HAC§) ,
3.78

B) _ ,—bm A A_AI ( )
B =e""Ep (G + O1C) ) -

Integrating (3.35) and (3.38) over CY3 and once more utilizing the relations (3.56) and (3.58),
we eventually arrive at

1 1 AL ~A J A B
Vs(gal?;.r, R-R — 5 (Gﬂux +0 AC() ) N]LH (Gﬂux + OJ]BC()) s 379)

1 A Al B B_~J '
ngﬁ;r, R-R = 5 (Gﬂux +0 ]IC()> Map (Gﬂux + 0O ,]]Co> .

3.3.5. Mirror symmetry

Since DFT incorporates all fluxes of the T-duality chain presented in [4,5], it is to be expected
that IIA < IIB Mirror Symmetry is restored in this setting. Indeed, comparing the results (3.79)
for the type IIA and IIB cases, it is easy to verify that the theories are related to each other as

MABQNM, /’ll’l (—)hl’z,
vie wh, Sty <> SaB
cl < cA Gl < Gh (380
0 ’ flux flux >
0O* < 0.

These transformations strongly resemble those appearing in traditional Calabi—Yau compactifica-
tions of supergravity theories [59,60]: The first two lines resemble an exchange of roles between
the Kéhler class and complex structure moduli spaces, while line three describes an obvious re-
placement of the theory-specific R-R fields. The last line encodes mappings between the fluxes,
which in particular contain exchanges between the geometric and non-geometric ones, once more
illustrating how the latter are required for preservation of ITA <> IIB Mirror Symmetry. Taken as
a whole, this implies that type IIA DFT compactified on a Calabi—Yau three-fold CY3 is phys-
ically equivalent to its type IIB analogue compactified on a mirror Calabi—Yau three-fold CY3,
with the Hodge-diamonds of the two manifolds being related by a reflection along their diagonal
axes.

Note that the relations involving the expansion coefficients can be lifted to ten dimensions,
allowing for a more compact notation

x < U, GBI o GIB (3.81)

of the mirror mappings as an exchange of the poly-forms (3.33), (3.36) and (3.39) we used to
reformulate the DFT action. Similarly to component notation, we see that they precisely cor-
respond to an exchange of the terms encoding the complexified Kihler-class (x) and complex
structure () moduli, besides a mapping between the IIA and IIB R-R objects. In particular, the
structure of the theory remains invariant under Mirror Symmetry.

4. The scalar potential on K3 x T2

We next repeat the process of dimensional reduction for DFT on K3 x T2 and thereby show
how the framework presented in the previous section can straightforwardly be generalized to
more complex cases of flux compactifications. Much of the following discussion is completely
analogous to the Calabi—Yau setting, and we will therefore focus on the specific features of
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K3 x T? instead. We will furthermore simplify computations by setting cohomologically trivial
terms to zero right at the beginning of the calculation from now on.

In order to distinguish between K 3 and T2 indices, we split the “checked” indices 1,J,...into
I,J,...labeling K3 coordinates and R, S ... labeling T? coordinates. Their complex-geometric
(undoubled) analogues are denoted by a, a, b, b and g,8,h, h, respectively. For convenience, we
accordingly split the flux operators (2.34) into their distinct cohomologically nontrivial compo-
nents,

HA: QP<K3XT2>—>QP+3(K3XT2)
1 . .
wp > EHijr dx' Ndx) Ndx" A wp,
Fo: QP (K3><T2)—>QP+‘ (K3><T2)
1 r i J j i r
wp EFijdx ANdx? AN+ Flypdx Adx" A | Awp,
Qe: QF (K3><T2)—>szl’—1 (K3><T2)
1 ljd r er i
wp EQr XA AL+ QO X AL AL ) ANwp, “4.1)
R.: QP (K3><T2>—>QP*3 (K3><T2)
1 ..
wp §Rl]rti/\tj/\tr/\wp,
YA: QP (K3><T2)—>QP+1 (K3><T2)
wp =Y, dx" Awp,
Zv:. QF (K3><T2)—>QP—‘ (K3><T2>

r
wp > 272" 4y Nwp.

Finally, we again impose the strong constraint only for the background and the field fluctuations,
while applying the Bianchi identities (2.37) for the fluxes.

4.1. Reformulating the action

The toolbox we used to reformulate the internal NS-NS action on CY3 builds upon on the
mathematical framework of generalized Calabi—Yau structures [19] and can be straightforwardly
extended to arbitrary manifolds admitting such a one. For the case of K3 x T2, this can be done
by utilizing the features of generalized K3 surfaces [35] and formally viewing 72 as a complex
torus with a generalized Calabi—Yau structure. We therefore exploit the product structure of K3 x
T2 and consider the Kihler class and complex structure forms

T Gbr3tiIks 5 Gbratilpa, N (ebK3 A ka) A (esz A Qﬂ) . (42)

respectively. The reformulation of the scalar potential part of the NS-NS sector (2.20) then fol-
lows a very similar pattern as in the Calabi—Yau case. As an instructive example, one can easily
check that the only non-trivial contribution of the pure H-flux setting is given by
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e sif e ’
*LNS-NS, scalar, H = THieri’j’r’g” g7 8" * sy r2, (4.3)
which can again be written as
e 2
*LNS-NS, scalar, H = — TH AxH, 4.4

with H now defined as in (4.1). The F-flux allows for different nontrivial components and is
therefore slightly more involved. From the initial action (2.20), we obtain

e 20

LNS-NS, scalar, F = Y

(F " F g g g+ 2F j FT jriging? g
+2ananmr’grr/ +4merFM/m’r/grr/ +4FrmiFmri’gii/>,
4.5)

Denoting the first and second component of Fo by Fjo respectively Fro (based on the split
employed in (4.1)), the first term can be rewritten similarly to the H-flux contribution as

e~
4

’ P
FlijF g g gup % 1gs, g2
2

o (4.6)
=—— [F1o(#1xk3 Alp2)| Ax[Fio(slk3 Alp2)],

while a calculation analogous to the pure F-flux case in the Calabi—Yau setting yields for the
next three terms

e~20
4

<2FijrFi/j’r/gii/gjj,g”/ + 2ananmr/grr’ + 4merFm,m’r/g”,) *gs,r2

—2¢
__°¢ . {[Fz o (iJk3 A1p2)| Ax[Fro(iJks Algp2)]

+ [Fz o (*1[(3 A sz)] A * [F2 o (*1[(3 A 1T2)]
+ [F2 o (QKg A QTz)] A % [F2 o (§K3 A §T2)]
— [(QK?, A QTz) ANFpyo (i][(3 A 1T2)] A * [(51{3 /\§T2) F>o (i][(3 A 1T2)]
.7
and the final one

_ Y]
—e 2¢FrmiFmri’g” *1K3><T2

= —e_2¢{[F1 o (1K3 A iJTz)] A *[Fz o (iJK3 A 172)]

—[(Qk3 A Qp2) A Fro (ks Aidp2) | Ax[(Qk3 A Qp2) Fao (iJks A sz)]},
(4.8)

showing that the F-contribution to the scalar potential takes the form (3.13) already known from
the Calabi—Yau setting. The discussion of the non-geometric and generalized dilaton fluxes as
well as the R-R sector is analogous. For the most general setting, we eventually arrive at the
familiar expressions (3.32), (3.35) and (3.38), with the fluxes adjusted according to (4.1) and etd
and 2 as in (4.2).
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4.2. Dimensional reduction

We next proceed as usual by expanding the fields and fluxes in terms of the cohomology bases
of K3 x T? before integrating over the internal manifold.

4.2.1. Special geometry of K3 x T*?

As in the Calabi—Yau case, it is convenient to treat the even and odd cohomology groups of the
compactification manifolds separately in order to allow for a description of the Kéhler class and
complex structure moduli spaces as well as Mirror Symmetry. Since all nontrivial cohomology
groups of K3 are of even degree, the property of a cohomologically nontrivial differential form
on K3 x T? being even or odd depends purely on its 7> component.

Even cohomology
The even cohomology bases of T2 are precisely the identity 172 for the zero-forms and x172
for the two-forms (the latter of which coincides with the normalized Kihler form),

{1} e °(72),

{\//CE*ITZ} eH2<T2),

T2

4.9)

and we denote them by vg respectively vs from now on. The bases of the K3 de Rham cohomol-
ogy groups are given by

{1k3) € HO(K3),
{ou) € H* (K 3) withu=1,...22 (4.10)

[ 1| e 1 (K3),

and we define o9 = 1g3 and 023 = x1g3, enabling us to arrange the K3 bases in a collective
notation

ouz(o’o oy 023). “4.11)

We furthermore define 1y, to be the intersection metric

nuv:/cru A Oy. (4.12)
K3

Its signature (3, 19) resembles the fact that there are three antiselfdual two-forms (the Kihler
form, the holomorphic two-form and its antiholomorphic counterpart) and 19 selfdual ones. This
metric can serve as a building block of a matrix

0 0 -1 0 0 -1
Liw=| 0 nw 0 |, tY=10 v o], (4.13)
-1 0 0 -1 0 0

which we use to lower and raise cohomological K3 indices,

V=1%o, (.14)
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Putting all of the above objects together, we can define a collective basis for the even de Rham
cohomology groups of K3 x T? by

wr—(wo Wy a&3)—(voA00 Vo N\ Oy voAUB),

~| ~u 23 ) 0

4.15
15 —(5)0 w ( )

( V3 A0 1)3/\0'u v3/\023),

where the labeling I, J, ... was chosen to make it distinguishable from its odd counterpart. The
basis elements satisfy the normalization condition

-1 0 0
fw|Ac~oJ= 0 &Y 0 |. (4.16)
0 0 -1

K3xT?

We again use the collective notation

Si=(w @). (4.17)
Analogously to the Calabi—Yau case, this basis defines a symplectic structure by
/ (1. Bp) = (Seven)ts = (_01 g) €Sp (8. R). (4.18)
K3xT?

In order to describe the Kihler class moduli space of K3 x T2, we combine the Kihler form J
and the internal part b of the B-field to the complexified Kihler form

J=b+iJ = (bp2 +iJp) + (bks +iJg3) = p@° + t'wy, (4.19)

where the latter splitting can be applied due to the vanishing ﬁrst Betti number of K3. The com-
plex parameter p = b% + iw® encodes the volume modulus w® of 72 as well as the component
b0 of B living purely in 72. Analogously, the ¥ denote the moduli w" of Jx3 and b" spanning
the complexified Kéhler cone of K 3. In the upcoming discussion, we will mainly encounter the
poly-form e, which we will expand as ¢¥ = £1V! with

Vi= (1 o M, ™, ot )" (4.20)

0dd cohomology
A basis for the odd cohomology groups can be constructed in a similar manner by replacing
the even basis elements of 72 by two one-form basis elements

{vi, v} € H! (TZ) with /vl Avr=1 4.21)
T2
and defining
op = (Olo oy Ol23) =(U1 ANO) VI Aoy Vi /\0'23),
A 0 23 0 23 (422)
B =(ﬁ B ,3*)2(1)2/\(7 wAcY vmAc )
They satisfy the normalization condition
-1 0 O
/ aanBr=] 0 8Y 0 (4.23)
0o o0 -1

K3xT?2
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and can be arranged in a collective basis

Ea=(an B*) (4.24)

to define a symplectic structure by

0 1
[ @ =can=( 0 §)espusm. (4.25)
K3xT?

Notice that we again incorporated a relative minus sign into the expansions in terms of the even
and odd cohomology bases for later convenience. More specifically, we expand an arbitrary poly-
form field A as

A=A+ AYEp = Alw + 4@ + APaa — AapP. (4.26)

Similarly to the Kihler class case, the complex structure moduli space of K3 x T2 can be de-
scribed by its holomorphic three-form €2, which on its part can be split into a holomorphic
one-form 272 living in T2 and a holomorphic two-form Q3 living in K3. Viewing T2 as a
one-dimensional complex torus, the former encodes the modular (complex structure) parameter
T by

Qr2=v; — TV2, 4.27)

where

T= / Q2 A vl (4.28)
T2

Similarly, the latter can be expanded as
Qk3="T"ou, (4.29)

allowing us to expand the complete holomorphic three-form €2 in the basis (4.22). In the fol-
lowing, we will be mainly concerned with the expression ¢’$2, which can be expanded as
e’Q = Z, WA with
Wh=(0, TY T %nw, tTub™, T, 0)'. (4.30)
Gauge coupling matrices
As in the Calabi—Yau setting, we again define a gauge coupling matrix

— (oa, *xpas) (oA, x5 8°)
Mg = , 4.31
a= | ( (% was) (" 6% ) 30

K3xT?
which can be written as
1 |t |2 NAB RGTNAB
RerNAB NAB ' 32

<UU7 *meV) <UU’ *bi(soV)

NABZ/(<UU’*I’K3GV> <UU’*bK30V> ) (4.33)
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is the K3 analogue of (3.58) (recall that the indices A, B, ..., I,J,... and U, V, ... run over the
same values). Similarly, we define for the even cohomology groups

~J
Ny = / <<w',’*bwd) (w,"*bw)>, (4.34)

5 R (67) , *},a)J) <67) y *bcT)J>
K3xT

which can be reformulated as
1 ( 1PNy RepNy )

= - ~ 4.35
Imp \ RepN', NV (4.35)

Ny

with NM taking the same form as (4.33).

4.2.2. Fluxes and cohomology bases

To relate the flux operators (4.1) to the gaugings of four-dimensional supergravity, we once
more proceed analogously to the Calabi—Yau setting. The action of the twisted differential (2.35)
on the cohomology bases can be summarized by the relations

DEN =ON*ENL,  DEDHA =0 (=), (4.36)
where the charge matrices
_P'A ﬁAI ~ (OT)IA (f)T)IA
oh | ) o :< P 4.37
I ( On —Oh AT 0T (BT)A (*37)

comprise the flux expansion coefficients. Their components read

i F+»% 4% 0
PA = h' (f + % q"23 ,
0 W8y (f+ )P
) 0 VOU (q 4 Z)023
PAI — ruO (q + Z) uu fu 23 ,
+7)230 23u 0
(g+2) f 4.38)
0 hou (f +¥)o23
OAI = huO (f + y)uu qu23 ,
(f +¥)230 q23u 0
(@+20°  fo 0
OAI = ruo (g + )" fu23 >
0 ra3! (g +2)3%
once more satisfying the relation
O=-5107s. (4.39)

The notation was chosen such that the small letters in the charge matrices indicate the fluxes
they descend from. While their origin should be clear for most cases, there are some caveats for
the F- and Q-fluxes: Here, the coefficients with unequal indices arise from the flux components
with two sub- respectively superscript K3 indices, while the coefficients with matching indices
originate from the components with one sub- and one superscript index in K 3.
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4.2.3. Integrating over the internal space

With everything formulated in the same framework as the Calabi—Yau setting, it is now an easy
exercise to integrate over the internal manifold. Similar considerations as in subsection 3.3.3 and
3.3.4 eventually lead to the results

- ~ ~7 —B
Vocalar, Ns xs =€ [VH(OT)HAMABO% Vi wAO)a Ny Ols W

1 o _
- RWASAE(’)BH (VHVJ + VHVJ) (OT)JC(ST)CDWD} (4.40)

1 ~ ~
+5 (Gl + 040l ) Niy (G, + O'5CE)
for the type IIA case and

_ ~ ~7 —B
Vs(cuzﬁ;r, NsNs =€ ¢ [VH(OT)HAMAIBOBJI VI wAOT) AN O W

1 o _
- RWASAB(’)BH (vﬂvJI n vﬂvﬂ) ((’)T)J(C(ST)@DWD} (4.41)

1
+ 5 (G + 0*108) Mas (GFi + 0%1))

for the type IIB case. Comparing the results reveals the same set of Mirror Transformations (3.80)
already known from the Calabi—Yau setting (including a self-reflection of the Hodge diamond.
One can furthermore see from the structure of the K3 x T2 gauge coupling matrices (4.32) and
(4.35) that the mappings Miyp <> Ny can be realized by

T < p. (4.42)

In the bases employed above, the explicit mirror mapping between the moduli fields is not ob-
vious. However, for 72 mirror symmetry acts as (4.42) — whereas for the K 3-part there are 19
complex-structure moduli plus a complex scalar consisting of the (2, 0)- and (0, 2)-components
of the B-field, which are interchanged with the 20 complexified Kihler moduli.

5. Obtaining the full action of N = 2 gauged supergravity

We next show how the framework can be extended to the kinetic terms by deriving the full
four-dimensional action of A" = 2 gauged supergravity from the Calabi—Yau setting. In doing so,
we again set cohomologically trivial terms to zero at the beginning of the calculation. A more
thorough analysis similar to section 3 and dimensional reductions on K 3 x T2 are more involved
due to the appearance of additional Kaluza—Klein-like terms and will be saved for future work.

5.1. NS—NS sector

Due to the vanishing first and fifth Betti numbers of Calabi—Yau three-folds, there do not exist
any non-trivial one- or five-cycles on CY3. It follows that all fields with effectively one or five
free internal indices acquire mass in four dimensions and can be ignored in the low-energy limit.
One immediate effect is that all components of the metric and the Kalb—-Ramond field with mixed
indices can be discarded, which drastically simplifies the expressions (2.21) and (2.22) building
up the NS-NS contribution (2.20) to the action,
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j:—[/u) — 0, ﬂlwp - 8[&32], D/LHI.] g a/,LH[J’ Fr—0, 5.D

leaving us with

1 _
SNS-NS = §/d4xd12Y\/8(4)\/8CY3e 2¢[

1 1
R® +4g’w3/,,¢8u¢ — Eg“”g""g”a[ﬁBﬁ]a[EB@] + gg“”aﬂ’HuavH”

1 ’ ’ ’ 1 ’ ’ ’ 1 ’ ’ ’
+ FrxFrrg (_EHII 1!y KK 4 ZHII n’J nKK _ 8nu n’ ' nKK )]

(5.2)

The first three terms are known from normal type II supergravities, while the last two lines were
shown to correctly give rise to the scalar potential of ' = 2 gauged supergravity in section 3. It is
therefore to be expected that the remaining term % g oty d,H"” gives rise to the kinetic terms
of the Kihler class and complex structure moduli. Indeed, inserting (2.5) and using antisymmetry
of the Kalb—Ramond field, one obtains

1 1 S
gg“”%?-luau“rl” =78 (%gijaug” _glkg]laubijavbkl>« (5.3)

The first term encodes the dynamics of the internal metric, which is fully described by its fluctua-
tions. Similarly to Calabi—Yau compactifications of supergravity theories, these can be expanded
in terms of the Kéhler class and complex structure moduli. For the Kalb—Ramond field, one
can proceed analogously by using the expansion (3.44), which combines with the Kihler class
moduli to form the complexified Kéhler moduli.

Using this as a starting point, the rest of the dimensional reduction follows the same principles
as in Calabi—Yau compactifications of type II supergravities. A review of the topic in general can
be found in chapter two of [58], a similar discussion concerning manifolds with SU(3) x SU (3)
structure in [37,57]. After switching to Einstein frame via Weyl-rescaling

gy (5.4)

of the external metric, one eventually arrives at

guv—> e

1 1 o -

SNSNS, kin = / ER(“)*I(‘D—d¢>/\*d¢>—Ee_4¢dB/\*dB—giidt'/\*dt‘—gagdza/\*dzb,
M3

(5.5)

where we switched to differential form notation for the sake of clarity. The expansion coefficients
t' (cf. (3.45)) parametrize the Kihler class moduli space Mgc with metric gjj, and z? the complex
structure moduli space Mcs with metric g,z.

5.2. R-R sector

The most obvious way to proceed for the R-R sector would be to evaluate the correspond-
ing action of (2.27) in four dimensions and then implement the duality relations (2.28) in order
to recover the action of A" = 2 gauged supergravity. Since handling these duality relations in
four dimensions turns out rather demanding, we will, however, pursue a different approach and
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consider the reduced equations of motion instead. Notice that this has been done for compact-
ifications on SU(3) x SU(3) structure manifolds in [37], and many of the following technical
steps are close to the ones employed in this work.

5.2.1. Type IIA setting
Relation to democratic type IIA supergravity

Starting from (2.27), a first step is to write down the pseudo-action explicitly in terms of poly-
form fields and obtain a form similar to (3.35). In doing so, we again neglect all cohomologically
trivial expressions and, thus, take into account only those components with zero, two, three, four
or six internal indices. Applying the methods presented in section 4 of [47] to evaluate the ex-
pressions found in (2.27) and arranging the (now ten-dimensional) C-fields and R-R fluxes in
poly-forms

A = él + 63 + 65 + 67 + 69,

(5.6)

G"™ =Go+ G2+ Ga+ Gg,
we can define

Gy — e—ég(nA) 4 D — e—ég(nA) i e—éf) (eéé(IIA)) (5.7)
with the ten-dimensional twisted differential of the general form

D=d—HA—-Fo—Qe—RL, (5.8)
to write the complete type IIA R—R pseudo-Lagrangian (2.27) as

1A N
*LR R = —EQﬁmA) A xS, (5.9)

Notice that this resembles the R—R sector of democratic type IIA supergravity [46], up to an
exchange of signs in the exponential factors and the inclusion of additional background fluxes.
Since the action depends on all R-R potentials explicitly, their duality relations (2.28) have to be
imposed by hand. For the type IIA case, these are equivalent to

GUA — <*é(IIA)> ’ (5.10)

where A denotes the involution operator defined in (2.41). Varying the corresponding action of
(5.9) with respect to the R-R fields, one obtains the poly-form equation

<a—dé/\+5’J/\+So+ﬂo+fﬁL)*(’3(HA) —0. (5.11)

Employing the duality relations (5.10), these can be recast to take the form of the Bianchi iden-
tities

e BD (ﬁé“"*)) —0, (5.12)

where the prefactor of e~% was included for later convenience. They are automatically satisfied
when imposing nilpotency of the twisted differential by hand, and the nontrivial equations of
motion in four dimensions can be obtained by implementation of the duality constraints (5.10).
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Reduced equations of motion

In order to evaluate the equations of motion in four dimensions, we next express the appearing
objects in a way that the framework of special geometry presented in subsection 3.3.1 can be
applied. This can be achieved by switching to the so-called “A-basis”! introduced in [46], for
which we define

B = (Cl +Ch) wr + (Ch + Ch +C}) aa — (Coa +Caa + Can) BA + (11 + Ca) @
(5.13)

and

Go=Gnux0®’. G2=Gp,wi, G4=GCnuxid, Ge =Gy 0. (5.14)
where the objects C,, now denote differential n-forms living in four dimensional spacetime. The
R-R poly-form (5.7) can then be expressed as

é(nA) _ e—éé(uA) —B (G(IIA) + G(IIA) + G(IIA) + G(IIA) + G(IIA) + G(IIA)) . (5.15)
Using the flux matrices (3.65) and the relations (3.66), the appearing poly-forms can be expanded
in terms four-dimensional differential form fields,

Gy = Go 05)0

G = Gp @ + G,

Gy =G 0@” + Gh A wi — G Aaa+GiaABA+ Goid,
GiM =Gy Awi—Gi Aaa+G3aABr+Goi AT +GY A wo,
G(”A) =G4i AN +G(2)/\a)o,

G =G A wo,

(5.16)

with the expansion coefficients given by

G = Ghye + OTaCH,
Gi' =dC{ + 0*(CH,
Gh =dcl + 0',ch, (5.17)
G4 =dCy + 04Cl,
G} =dc} + Ol ch.
This expansion can be used as a starting point to compute the reduced equations of motion

descending from (5.12). Substituting the definition (5.15) into (5.12), one obtains in A-basis
notation

DG — 0, (5.18)

After separating different components and integrating over CY3, this gives rise to the four-
dimensional equations of motion

1 The naming was chosen based on the notation used in the original work [46] and will not play any role in the
upcoming discussion.
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041G§ =0,
G — 0", G =0,
dGi — 044G =0, (5.19)

dGh — 0'4G4 =0,
dGs — 0*G) =o.
Since the Kalb—Ramond field couples with the C-fields, one furthermore has to take into account

the (non-trivial) equation of motion obtained by varying the complete ten-dimensional action
with respect to B, which yields an eight-form equation

11~ R
d(e7wdB) + 5 [6™ Ab™] =o0. (5.20)

Reduced duality constraints
Our aim is now to implement the duality constraints (5.10) into the equations of motion (5.19)
and (5.20) in an appropriate way in order to recover the D = 4 N = 2 gauged supergravity
action found in formula (35) of [34]. In particular, we want the funda}mental (but not necessarily
propagating) degrees of freedom to be given by? 2h!2 4+ 2 scalars Z*, h"! 4 1 one-forms A,
2412 4 2 two-forms B* and the external Kalb—-Ramond field B.
Up to conventions, the reduced duality constraints can be obtained completely analogous to
[37]. Inserting the expansion
e PG = ¢ (Kl + Ki@ + LAup — Lap?) (5.21)
into (5.10), one obtains
K'o 4+ K&+ Lhaa — Lap* = — « 1 (K") xp @) — %A (K)) %3 &' — x4 (LP) % ata 5.22)
+ i (L) % . '

Applying the operators [, (@', p-) and Jers (B, *p-) to both sides of the equation and using
(3.57)—(3.59), one can separate different internal components and obtain the reduced duality

constraints
Ky = —ImNiy » & (K”) + ReNiyK?, (5.23)
La=—-ImMpg* A (LB) +ReMagL®. |

The K- and L-poly-forms still contain four-dimension differential forms of different degrees.
Separating components by hand and performing a Weyl-rescaling (5.4) according to (5.4), we
eventually arrive at

Goi — BGoi =ImNjy» (G — B AG)) +ReNyy (G — BAGY),
1 -
GE—B/\G%+§BzG%:—e4¢ (S 1>HNJKGE)K*1(4), (5.24)
A A 2¢ ( o—1 AB C
GE—BAGh=e (S ) Mg * GE.

2 We preliminarily adopt the notation of [34] and identify the correct definitions in the course of the following discus-
sion.
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Evaluating the equations of motion — constraints on fluxes

Before implementing the duality constraints, it makes sense to take a closer look at the first
line of (5.19). Unlike the remaining equations of motion, the left hand side does not vanish
trivially when imposing the nilpotency conditions (3.69). Instead, we are left with an additional
constraint, which after integration over C Y3 via f cYs (2, -) reads

oMGE =0 (5.25)

flux —

and resembles the conditions found in (37) of [34]. Notice that these arise automatically from the
DFT framework and do not have to be imposed by hand.

Evaluating the equations of motion — C'1

The simplest equation of motion to derive are those of the one-forms A', which we will be
able to identify with the fields C'1 at the end of this subsection. In order to get some intuition for
the way of proceeding, we will treat this example in more detail. The underlying idea can then
easily be transferred to the remaining degrees of freedom.

Many of the technical steps in the following discussion are again very close to the ones em-
ployed in [37]. The essential difference is that in the present setting, the expressions (5.17) are
completely determined by the DFT action, whereas in the case of SU (3) x SU (3) manifolds,
their structure is governed only by the equations of motion (5.19). This leads to slight redefi-
nitions of the encountered objects, and we will in particular go without additional assumptions
regarding the flux matrices (3.65) and the existence of corresponding operators.

Before presenting explicit calculations, it is helpful to motivate our ansatz to derive the desired
equations of motion for CI1~ For this purpose, we take a look at the corresponding expression
obtained by varying the action found in [34] with respect to the A,

d (ImA/.J «FJ + ReNVyFS — e 4 B — c.B) = 0. (5.26)

The first two terms strongly resemble the first line of (5.24), and since Gg| contains only ex-
pressions which we expect to appear in the four-dimensional action, a viable ansatz might be to
replace G in one of the equations of motion (5.19). Reverting to the expected structure (5.26)
of the final equation of motion once more, we see that the most obvious way to do this is by
considering the lower-index components of the fourth equation of motion of (5.19). Applying
the nilpotency constraint (3.69) of D and integrating over C Y3 similarly to the previous case, this
can be written as

dGy| — Oy 4dCh = 0. (5.27)
Using the first line of (5.24) to substitute Gy yields

d (1mAy * F} + ReNyF) — By 4C4 + B A Goy) =0, (5.28)
where

Fh =G — B AG). (5.29)

This can be further simplified by pulling out a factor of BA from the definition (5.13) of C%. We
do this by employing the alternative expansion
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w,C(IIA) (Cl + C3) |
(Cé+C§+64A)aA — (60A+62A+64A) ,BA (5.30)
+(Cr1i+Ca)d,
from which we infer the relation
Cy=C5+ BACY, (5.31)

while the other fields appearing in (5.28) remain unaffected. Inserting the definitions (5.17) for
the Gg |, we are left with

Fh=dC| + O'4,C) — B A Gl (5.32)
and the equations of motion
d (ImMJ «FJ + ReNyF) — 01 4C4 + B A G.ﬂux) —0, (5.33)

which, up to sign convention for B, take precisely the form of the corresponding ones obtained
from the action of [34] when identifying A} = C|, BA = Cf, e1p = O and ¢ = G fux.

Evaluating the equations of motion — EZA

A similar analysis for the fields B% in [34] implies that a viable strategy is to use lines one
and three of the duality constraints (5.24) in order to eliminate the expressions OAHC]II and Gy
from the third equation of motion of (5.19). This can be done by first left-multiplying line three
of (5.24) with O, 4, yielding

O14dCs — B Ad(014CH) =™ Oy (S‘I)AE Mic * GE. (5.34)
Employing the expansion (5.30) and solving for O*1C!, we obtain

04l = —04 (AN (*d(c% 5CE) + OypCE « dB + e2¢(OT)JEMBCdC§) . (5.35)
with

Ay =2 (OT) A Map0®,. (5.36)
Starting from line three of (5.19), we separate desired and undesired components to get

d(O*ch) — a0t cl) — 0 0'5CE — 0*'Gy = 0. (5.37)
The first term can be substituted by (5.35), the third term by the relation

—8,040'5CE = (EAOA'&E +3IA dim@HE) cE (5.38)

derived from (3.69), and the fourth term by the line two of (5.24). Integration over CY3 then
yields after left-multiplication with Sap,

0=—d [((~9T)A|(A_1)'J (xd(@usCh) + DyuCh *dB + e2¢(OT)JEMBCng>]
N _ o (5.39)
—d(@")1C} + OT)' (ImAfy» FJ + ReALF] + B A G — O16C5 )

revealing that we can identify 75 = COA.
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Evaluating the equations of motion — C(‘?

Following the same procedure once more, we implement lines two and three of (5.24) into the
fifth equation of motion of (5.19). Simplifying via equations of motion one and three, we obtain
after integrating over CY3

d [ (57 Mpc # GF | +dB A G +e*0% (57 NGl 419 =0, (540)
Substituting (5.35) and lowering symplectic indices with Sy, we arrive at
0=—d [ZAB «dCB — 2,5 OB (A~1)W (d(@ cC5)+ 0, @cgdB)]

—dB A [SupdC§ — @T)ai(a™H"

. (*d(@még) + D0 xdB + (0T, CMcp dogﬂ)] (5.41)
+e* (O INyy (Ggux + @JIBCISB) 1@,
where
Rip = (Maz — *Mac O™ (A~ (©7),"Mps) . (5.42)

Evaluating the equations of motion — B

The equations of motion (5.20) of B are already non-trivial and only need to be reformulated
in a way that the undesired degrees of freedom disappear. We here consider only the relevant part
with two external and six internal indices. Using the expansion (5.21) and manually inserting
involution operators (2.41), we can use (3.57) and (3.59) to integrate over CY3, and after another
Weyl-rescaling according to (5.4), we arrive at

1
5d (e—4¢*d3) — GhG21+GoIGy +GiaAGh=0. (5.43)

Substituting the corresponding expressions from (5.17), we eventually find
1 1
0=2d (7 % dB) — Ghyy (I % FJ + ReAUF) + GiusF) + 54C} $45dC]

—d [COA(g)T)M(A”)” (*d((% 5CE) — OypCE «dB + e2¢(OT)JEMBCng)] .
(5.44)

Reconstructing the action of D =4 N = 2 gauged supergravity
Taking into account conventions and field identifications, we expect the complete four-
dimensional action to take the form

| 4 o -
Sia = / 5R<4) * 1@ — dg A xdpp — erB A*dB — gjdr' A xdt! — gapdz® A *dz°

M3
1 1 1~
+ EIm/\/UF'2 A#FS + 5Re/\/.JF'2 AF+ EAABdCOA A *dCE

1 ~ o~ ~ ~ o~ ~
n E(A’l)“ (d(c’). 485 + 0, ACOAdB) Ax (d(OJBch) + 0, BCEdB)

+ (d(@. ACH + 0, AC§dB) A <e2¢(A_l)'J(OT)JBME@ng)
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1
—5dB A CiSppdC?

o 1o ~p |
- (o. ACA — G.ﬂuxB) A (dc'l + 50585 - 5G'ﬂuxB) F Vit # 19, (5.45)

with

Vscalar = VNSNS + VRR
e 1T A T S WP S g
:+TV (O N "MupO~yV +TW (O)a NyO'gW
—2¢ . . . (5.46)
- Z—KWASACOCH (VHVJ n VHVJ> OT);PSpp W
et I AL ~A J A ~B
t (Gﬁux +0 ACO>NH (Gﬂux +0 BCO)‘

One can now verify by direct calculation and use of the relations (3.67) and (5.25) that one
indeed obtains the previously derived equations of motion when varying with respect to the cor-
responding fields. Up to different conventions and additional terms from the remaining sectors,
this replicates the structure of (35) from [34].

A similar result was derived for SU (3) x SU (3) structure manifolds in [37], where the main
difference is that the authors used projectors to render the fields O, Aé‘ﬁ* rather than EZA the
fundamental degrees of freedom. This was done in accordance with the fact that 6‘} appears as
propagating degree of freedom only in conjunction with the fluxes (or charges). Although this
is certainly a desirable feature, we intentionally abstain from making any further assumptions
regarding C Y3 and the flux matrices (3.65). While this comes with the drawback that EZA appears
explicitly as a fundamental degree of freedom of the action (5.45), an obvious advantage is that
one can directly read off the ten-dimensional origin of the four-dimensional fields.

To conclude the discussion of the type IIA setting, let us briefly illustrate how this result
relates to the standard formulation of D =4 N =2 gauged supergravity. As we have remarked
at the beginning of this paper, the action constructed in [34] poses an alternative formulation of
gauged supergravity in which a subset of the axions is dualized to two-forms. More precisely,
the four-dimensional component B of the Kalb—Ramond field appears explicitly, in addition to
different combinations of the NS—-NS fluxes with the two-form fields EZA. It was shown in [34]
that under the assumption that 11! < 112, the expressions (7)| A@ arise as duals of a subset of
axions containing 2'*! + 1 of the corresponding 4'> + 1 scalars of the original formulation. It
is precisely the presence of the flux coefficients ga', g*' that prevents this dualization procedure
from being reversible. Similarly, in the context of [6—8] it was found that the dualization of B to
an axion a using Lagrange multipliers does not work out as straightforward when non-vanishing
R-R fluxes are considered.

Before attempting to reconstruct the standard formulation of gauged supergravity, it is impor-
tant to bear in mind that we did not perform any a posteriori dualizations of four-dimensional
fields to obtain (5.45). Instead, the two-forms 69 descended naturally from the ten-dimensional

field 6’5 dual to the “parent” 6‘3 of the C§ as well as B A 6‘3. In order to obtain a dual formulation,
it therefore makes sense to again consider the ten-dimensional equations of motion and assume
vanishing coefficients ga', g*'. This is equivalent to setting

oA =0, Oy =0, (5.47)
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and most of the undesired degrees of freedom found in (5.17) to vanish immediately. One can
then proceed differently from the general case by substituting lines one and three of (5.24) into
the lower-index components of the fourth equation of motion of (5.19). After integrating over
CY3, this yields the non-trivial equation of motion

d (ImAy * F} + ReAjyF3) + (G| fux + O, A06A> dB
(5.48)
+ 2 (OT)AMyp * (dc:oA + 0%'1) —0

with
Fy=dC| — B AG},,. (5.49)

The first steps for line five of (5.19) and the equation of motion (5.20) of B are analogous to
the general case. There is no need for a reformulation of the duality constraints in this simplified
setting, and they can be evaluated in the forms found in (5.40) and (5.43), respectively. After
inserting the duality relations (5.24) once more, it is easy to check that these equations of motion
descend from the action
low, 1@ e i j =b
Sia = / §R< ) 1@ — dg A xdgp — TdB A*dB — gidt' Axdt! — g pdz? A dZ
M3
1 [ g 1 [ J ﬁ A B

+ 2Im./\/uF2 A*F5 + ZRE:J\/UF2 ANFy + > MagDCy A *DC

- %dB ~[chsasDCE + (261 + Disch) 1| - %G.ﬂuxe'ﬂuxB AB
+ Vicalar ¥ 19, (5.50)
where Vicalar takes the same form as in (5.46) and we defined the covariant derivative D by
DCh =dch + 04 cl, (5.51)

such that the corresponding expression DC(;A matches with the field strength G%. Notice that
the second term does not appear in (5.45). This is closely related to the dualization procedure
described in [34], where the original action contained additional scalars e|AZ ! orthogonal to the
ZA, the former of which were then dualized in order to obtain the two-form fields needed to
account for the case of non-vanishing geometric and non-geometric fluxes.

From (3.63) and (3.64), we can infer that this setting corresponds to dimensional reduction
of type ITA supergravity on CY3 with non-vanishing F'- and R-flux as well as R-R fluxes. The
appearance of the non-geometric R-flux is due to the conventions we used for the collective
notation (3.42), and one can obtain an analogous expression for non-vanishing F- and H -fluxes
by exchanging the roles of the identity 1©® and the volume form 1. Again, a similar result
was found in [37] and identified as the effective action of compactifications on SU (3) structure
manifolds.

Parts of the action (5.50) already resemble the standard formulation of D =4 N =2 gauged
supergravity. In a final step, we would like to dualize the four-dimensional Kalb—Ramond field
B to an axion a. However, since the presence of non-vanishing R—R fluxes gives rise to a mass
term for B, the simple recipe for dualization via Lagrange multipliers does not apply. This was
already discussed in the context of [6—8] for simpler settings, and we will spare the details here.
For the purpose of this paper, it is sufficient to just consider the case
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Gh, =0. (5.52)

Implementing the axion a as Lagrange multiplier, the standard procedure for dualization (see,
e.g. [6] for explicit calculations) then brings us to

1 . , i
SiA = / §R<4> * 1@ — dp A xdp — gijdr' A xdr) — gapdz® A xdZ°

M1,3
1 | g, 1 | ﬁ A B

+ 2Im_/\/UF2 A*Fy + 2Re/\/]JF2 ANFy+ 5 MugDCy A xDCy (5.53)
e* A B A B

-5 (Da+C}$48DCF) Ax(Da+Cf SkzDCE)

+ Vscalar * 1(4) s

where the covariant derivative of the axion reads
Da = da — (2G.ﬁux +0 ACOA) cl. (5.54)

This strongly resembles the well-known form of D = 4 N = 2 supergravity, with additional
gaugings descending from the non-vanishing NS-NS fluxes. When setting the remaining fluxes
to zero, the contributions of Gjqux as well as the matrices O and O vanish, and one obtains
ungauged D =4 N = 2 supergravity as expected.

5.2.2. Type IIB setting
The discussion for the type IIB case follows a very similar pattern, and we will only sketch
the most important steps here.

Relation to democratic type IIB supergravity
Our ansatz is again to reformulate the type IIB R—R pseudo-action (2.27) in poly-form nota-
tion. The computations are mostly analogous to the type IIA case, and we obtain

1~ ~
*E;len}) _ _§®(IIB) A xBUB (5.55)
with
BUB) _ e—ég(HB) L DeB _ e—ég(IIB) + e BD (eéé(IIB)> i (5.56)
and
g™ =Gs,
(5.57)

C™ =Cy+ Cy+ Cy+ Cs + Cs.

Notice that we consider only the three-form R-R flux since the one- and five-forms appear only

in cohomologically trivial expressions on CY3. The factor ¢~ in front of G thus has no effect
and is included only for later convenience. The duality constraints (2.28) for the type IIB case
can be written as

GUB) — _, (*é(IIB)> ’ (5.58)

and varying the action with respect to the C-field components yields the equations of motion
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(4=dBA+HA+Fo+Qe+0 )+ B =0, (5.59)
which are equivalent to the Bianchi identities
e BD (eé 65““”) —0. (5.60)

Reduced equations of motion and duality constraints
In order to employ the framework of special geometry, we again rewrite the above expressions
in A-basis notation. We define

eBom — (Co+Ch +CY)  + (C} +C5) aa — (C1a+C3a) B + (Co1 + Cay + Ca) &

(5.61)
and
G3 = —Gfy @A + GiuxaB”, (5.62)
which can be utilized to reformulate the type IIB R-R poly-form (5.56) as
GUB) _ e—éé‘(nB) _ e—é (é(lum + é(}uB) G(llB) + G(IIB) é(gIIB)). (5.63)

Notice that this strongly resembles the corresponding expressions of the type IIA case (cf. (5.13),
(5.14) and (5.15)) with exchanged roles of the even and odd cohomology components. We once
more employ a shorthand notation

GI"™ =G,
GS™ = G302° + Glwi — G§ A aa+Goa A B,
G =Gy Aw — Gy Aaa+Goa A B +Grd, (5.64)

GI™ = G Aaa+Gaa A A +G3i AT +G) Ay,
Go™ =GI A wo,

where the expansmn coefficients

Gh ﬂux + O*Cl,
G]{ =dc) + 0,
Gh = dc;* + OMCL, (5.65)

GL =dcl + Ol ch,

G =dCy + O*iCy
can be derived by using the flux matrix relations (3.65)—(3.66). The equations of motion (5.60)
reduce to

DG =0 (5.66)
in A-basis notation, giving rise to the set of four-dimensional equations
O',Gh =0,
— 046Gh =0,
dGl — O",Gh =0, (5.67)

dGy — OMG) =0,
dG} — 046G =0
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after applying the same methods we already used to derive (5.19). The equation of motion for B
reads after Weyl-rescaling according to (5.4),

1ra ~
d (e*4¢ « dB) +3 [@“B) A *e5<"3>]8 —0. (5.68)
For the duality constraints (5.58), we follow the same pattern as for (5.10) and obtain
Goa — BGoa = ImMag + (G5 — B AGE) +ReMag (G5 — BAGY),
1
Gy —BAGH+ EBzGoA =—e (57]> A MG * 1, (5.69)

1J
G, —BAG)=e* (S_l) Ny » GF.

Reconstructing the action
As the structural analogies between the two settings suggest, the equations of motion can be
evaluated by following the same pattern as in the type IIA case, eventually leading to the effective
four-dimensional action
1 e~ : : c
S = / ER<4> * 1@ — dep A xdgp — TdB A*dB — gidt' Axdt! — gapdz? A #dZ°
MmL3

1 1 1~
+ S ImMagF} AXFS + SReMagFS A F + EAMdC% A*dC)

1 ~ -
+5@he (4018 + OAICHdB) A x (d(Os 1)) + O 1CyB)

- ~ 1
+ (d((’)AHCHz) +On HC%dB) A (e2¢(A—1)AB(OT)BJNJKdC%<) + 5B A CfSiydC;

~ 1 o~y 1
- (OAHCH2 - GAﬂuxB) A (dc’f + EOAJcﬂ — EG.QUXB> + Veealwr 19 (5.70)

with

Vscalar = VNSNS + VRR
e 1T A B o3 €0 A =T I ] B
=+TV (O NH1 MO *3V +TW (O )a NyO'gW
26 L _
— Z—KWASACOCH (VHVJ + VHVJ> O PSppW'
et A A Al B B ~J
+7(Gﬁux+o 1Ch) Ma (GF, + 0°5C))

Comparing this to (5.45), one can again construct a set of mirror mappings by extending (3.80)
to

(5.71)

A gi < Lap

Map < Ny, bl o pl2,

vl o uﬁ, Sﬂg -~ S,XE (5.72)
I

C}x g Q}ﬁ’ Gﬂux g Gﬂux’

O I < O A

once more confirming preservation of IIA <> IIB Mirror Symmetry in the presence of both geo-
metric and non-geometric fluxes.
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6. Conclusion

Let us summarize the results obtain in this work. In section 2 we derived the scalar potential of
four-dimensional A/ = 2 gauged supergravity from dimensional reduction of the purely internal
type IIA and IIB DFT action on a Calabi—Yau three-fold CY3. Building upon the elaborations
of [33], we extended the discussed setting by relaxing the primitivity constraints and revealing a
more general structure of the reformulated DFT action which strongly resembles that of type II
supergravities on SU(3) x SU (3) structure manifolds (cf. [37]).

It was then exemplified through K 3 x T2 (cf. section 3) how the framework can be generalized
beyond the Calabi—Yau setting. This was done by utilizing the features of generalized Calabi—Yau
and K3 structures [19,35] to allow for a special geometric description of the K3 x T2 moduli
space, eventually leading to a scalar potential term resembling that of N = 4 gauged supergravity
formulated in the N = 2 formalism first discussed in [34]. The essential idea here was to exploit
the Calabi—Yau property of K3 and 7 to formally construct K3 x T2 analogues of the structure
forms of CY3,

ehertiders o pbk3tiJks /\ebrz+ilrz’

6.1
LS CIN Qcy, <— (e”“ A QK3> A (e”rz A QTz), D

where J denotes the Kahler form of the respective manifold and €2 its holomorphic one-, two- or
three-form. While the constructed scalar potential shows characteristic features of V' = 4 gauged
supergravity, relating the result to its standard formulation explicitly turned out to be a nontrivial
task and will therefore be saved for future work. We expect that the discussion for arbitrary
manifolds allowing for a generalized Calabi—Yau structure in the sense of [19,35] follows the
same pattern.

Another novel feature of the setting discussed in this paper is its capability of describing
generalized dilaton fluxes and non-vanishing trace-terms of the geometric and non-geometric
fluxes. While the additional fluxes in the Calabi—Yau setting are set to zero, (cf. section 3.3.2),
it is to be expected that they serve as a ten-dimensional origin of the non-unimodular gaugings
of N =4 gauged supergravity [51,52] in the K3 x T2 setting (see also section 4.2.3 of [30]
for a brief discussion in the DFT context). Integrating the dilaton flux operators into the twisted
differential of DFT did not require including a rescaling charge operator as done in [51], which
is in accordance with the result of [37] for SU (3) x SU (3) structure manifolds.

Finally, in both the CY3 and the K3 x T2 setting, a set of mirror mappings relating the results
for type IIA and IIB DFT could be read off and featured the characteristic exchange of roles
between the Kihler class and complex structure moduli spaces in the former and between the
two modular parameters of 72 in the latter.

In section 5 we reconstructed the full bosonic part of the four-dimensional A" = 2 gauged su-
pergravity action by including the kinetic terms into the Calabi—Yau setting. Our results replicate
the findings of [34] and once more illustrate how simultaneous treatment of all NS-NS and R-R
fluxes not only gives rise to gaugings in the effective four-dimensional theory, but also requires
a dualization of a subset of the axions in order to account for all fluxes. Turning off half of the
fluxes correctly led to the standard formulation of A" = 2 gauged supergravity, which could be
further reduced to its ungauged version when setting the remaining fluxes to zero. The ITA < IIB
mirror mappings constructed in the context of the scalar potential discussion could be straight-
forwardly generalized to the full action.



P. Betzler, E. Plauschinn / Nuclear Physics B 933 (2018) 384-432 427

Our analysis of the R-R sector strongly resembles that of [37] for SU (3) x SU (3) manifolds,
where the essential difference is that in the discussion of the present paper the field strengths
are determined by the DFT action. This leads to a slightly altered formulation of the action in
which the ten-dimensional origin of the four-dimensional fields becomes evident. In particular,
rather than only the actual propagating fields, the reduced action contains fundamental degrees
of freedom which appear in the equations of motion only in conjunction with the flux charges.

It would be interesting to use the procedure elaborated here to derive the remaining four-
dimensional gauged supergravities. The next step is to see how the framework can be applied to
the full action compactified on K3 x 7. Since dimensional reduction on Calabi—Yau three-folds
leads to a partially dualized formulation of gauged A/ = 2 supergravity, an important question in
this context is whether the action of half-maximal supersymmetric gauged supergravity obtained
via K3 x T? shows similar properties in the case of non-vanishing non-geometric fluxes. We
plan to address these questions in future work by extending the discussion to manifolds with
SU (2) structure [61-63]. Other possible directions include extensions of the orientifold setting
discussed in [33] or dimensional reduction of heterotic DFT.
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Appendix A. Notation and conventions
A.l. Spacetime geometry and indices

Throughout this paper we make use of various kinds of indices, which are structured as fol-
lows:

e We distinguish between serif letters A, a, ... denoting spacetime indices and sanserif letters
A, a, ... labeling the coordinates of moduli spaces. We furthermore introduce blackboard
typeface capital letters A, B, ..., I J,... for collective notation summarizing several de
Rham cohomology bases, which are specified in subsection 3.3.1 and 4.2.1.

e For spacetime indices, capital letters denote doubled coordinates, and small letters denote
normal coordinates.

e For spacetime indices, ten-dimensional indices (including doubled ones) are labeled with
a hat symbol, external indices are denoted by small Greek letters and internal indices by
checked or normal Latin letters as specified below.

Using this as a guideline, we define the following indices:

e Hatted Latin capital letters M , N ,...and A, l§, ... label the curved respectively tangent
coordinates of twenty-dimensional doubled spacetime.

e Small hatted letters 71, 71, ... and &, b, . . . label the curved respectively tangent coordinates
of ten-dimensional spacetime.

e Small Greek letters w, v, ... and small Latin letters e, f, ... label the curved respectively
tangent coordinates of four-dimensional external spacetime.
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e Checked capital Latin letters I,J,...and A, B, ... label the curved respectively tangent
coordinates of a general twelve-dimensional doubled internal space.

e Checked small Latin letters i ], ...and &, b, ... label the curved respectively tangent coor-
dinates of a general six- dlmenswnal internal space.

e Coordinates of specific internal manifolds or their components (e.g. CY3, K3 and T?) are
denoted by normal Latin letters specified in the corresponding sections of this paper.

e On CY3, small Latin letters a,a,b, b... denote complex curved coordinates of six-
dimensional internal spacetime. It will be clear from the context whether the letters a, b, .
without bars denote holomorphic curved coordinates or normal tangent coordinates. On
K3 x T? a,a,b,b...denote complex curved coordinates of K3 and g, g, h, i ... those of
T2

e Moduli space or cohomological indices are specified in the sections where the bases are
defined.

A.2. Tensor formalism and differential forms

For general tensors, differential forms and related operators, we apply the following conven-
tions:

e The antisymmetrization of a tensor A is defined by

A[Mu-mn = Z( l)slgn(n)A ()7 2) () (A.1)

neS,,

where S, denotes the set of permutations of {1,2,...n}.

e The Levi-Civita tensor ™10 in D dimensions is defined as the totally antisymmetric
tensor with ¢212-(P—D = | (Lorentzian signature) or g123--D — | (Euclidean signature). It
satisfies the relations

23 mp]l

YO 7N [} SR 7:) B PO 7
e Ehy.ip = D.Sﬁl "'Sﬁp = Bﬁl-nﬁD
A~ A A [ p+1 l’;lD] l’h I’;l
.. phtp ] ..00p N | | _ 181D (AL2)
€ Efty..aiphpyr..ip = P+ (D —p)! 8ﬁ1+1 -~-8;,D —p~8ﬁp+1“_;,D
& al DS,;”“_,;ID =D!.
e The components of a differential p-form are defined as
1 ; ;
bp = ;a),;,l__,;,pdxm‘ Ao Andx™re. (A.3)

e The exterior product of a p-form @, and a g-form ¥, is given by

A QP (M) x Q1 (M) — QPT (M)

(p+9)!
W‘U[mnﬁ Xy ... ]dx . (A4
oAdx ™ Adx™ AL Adxla,

(@p, %q) > Op AN@g =

n factors

In this context, we choose the notation (&,)" = &, A &p A ... A @), for exterior products of
a p-form w, with itself.
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e The exterior derivative d is given by

d: QP (M) — QP (M)

1 00, i, - 4 5 N (A.5)
op > ddop = — —— 2 gut A dx A LA dxr
p! ox"
e The Hodge star operator * is defined by
x: QP (M) — QPP (M)
1 P P

A P L gt Gipip . qD=p,.

Wp = *Wp \/EP! (D _ p)!gml...mpmpﬂ...m[)g 8 wnl...np X

(A.6)

In particular, one can define a scalar product of two p-forms @, and X, by taking the volume
form component of

~

~ - g SR poh
p A Rp = @iy T 8 .8 dPx (A7)

On D-dimensional Lorentzian manifolds, * satisfies the bijectivity condition

*x Gy = (—1PA=nTlg (A.8)
Using this, one can show that the b-twisted Hodge star operator (2.43) squares to —1,

*pxp = —1. (A.9)
When splitting a differential p-form &, =n,_, A py living in M 10" into two forms 7 p—n €
QP (MI'S) and p, € Q" (Mé), the Hodge-star operator splits as

*@p = (—1)"P7 x ),y A Xy (A.10)

As a consequence, one obtains for the involution operator (2.41)

A (@p) = %A (Np—n) A%\ (On). (A.11)

e For differential poly-forms, we define the projectors [-],, to give as output the n-form com-
ponents of the argument.

Appendix B. Complex and Kihler geometry

This appendix provides an overview on geometric properties of Calabi—Yau 3-folds and
K3 x T? used for the calculations of section 3 and section 4, respectively. Most of the tech-
nical steps are based on the notions complex and Kihler geometry, which shall be discussed
here.

Both CY3 and K3 x T? are complex manifolds, allowing for a standard complex structure 1
satisfying

1% =i8%, 19 =—is%,
’ ’ (B.1)
19 =0, 1%, =0.

Being also Kihler and, thus, Hermitian manifolds, the only non-vanishing components of their
metric g are g, ; = 8, They are related to the Kéhler form J by
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Jp =185 Jab=—igap (B.2)

and, in real coordinates,

J,-j=gimlmj. (B.3)
For the holomorphic three-form of CY3, we employ the normalization

-QA*Q_lﬁ (B.4)

8 3!

leading to the relations
Qube25:8 = 8 (8aagp — 8up8ba) -
Qb 508" 8 = 168aa; (B.5)
Qabcgabcgaagbbgcc —48.

The same normalization is applied to holomorphic form 2 := Qg3 x Q72 of K3 x T2 (with
J := Jk3 + Jr2), and one obtains similarly

anbﬁgaﬁggg =38 (gaﬁgbl; - gal;gb[z) s
anbﬁ___ bb = 8gg§ga&, (B 6)
anbgzgabgaagbb = 16ggg7

anbQ ggggaagbb 16.
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