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We obtain analytic results for the four-point amplitude, at one loop, of an interacting scalar field theory in
four-dimensional, Euclidean anti–de Sitter space without exerting any conformal field theory knowledge.
For the two-point function, we provide analytic expressions up to two loops. In addition, we argue that the
critical exponents of correlation functions near the conformal boundary of anti–de Sitter space provide the
necessary data for the renormalization conditions, thus replacing the usual on-shell condition.

DOI: 10.1103/PhysRevLett.121.101601

Introduction.—Over the past sixty years, there has been
tremendous progress in the calculation of scattering ampli-
tudes in quantum field theory—in particular, concerning
higher loop amplitudes in Yang-Mills theory and (super)
gravity.
At the same time, we have very few analytic results for

loop amplitudes in curved space-times. More precisely,
while their short-distance expansion and, in particular, the
structure of counterterms they give rise to is rather well
known [1,2], we know little about their dependence on
coordinates beyond that (e.g. Ref. [3] and references
therein). Even in de Sitter (dS) or anti–de Sitter (AdS)
space, which are maximally symmetric, admitting the same
number of isometries as Minkowski space, little is known
about such amplitudes; see Refs. [4–10] for recent progress.
The reason for this is that, while in Minkowski space, the
momentum representation leads to a hierarchy of elementary
integrals; in dS orAdS, this is not the case, and the coordinate
representation generally leads to integral expressions that
are more manageable in (A)dS. Still, except for some
special cases, we lack the technical tools for performing
the integrations completely.
In this Letter we report on some progress considering the

simplest interacting renormalizable field theory. Concretely,
we compute the two- and four-point functions for λϕ4 theory
[11] to the second order in the coupling λ on the Poincaré
patch of Euclidean AdS4 by explicitly evaluating the
corresponding one- and two-loop integrals in coordinate
representation. Working on AdS, we avoid complications
that arise from IR effects on dS, for instance [3]. It turns out
that even this simplified setting is beyond reach for external

legs at generic points in AdS, but for insertions on the
conformal boundary we are able to get explicit expressions.
Being able to go beyond the short-distance expansion,

we encounter an interesting complication concerning the
renormalization conditions: For distances that are small
compared to the curvature scale, the problem reduces to
that in flat space, and the physical masses provide the right
boundary conditions for the renormalized propagator, for
instance. At scales of the order of the curvature radius,
however, there is no meaningful definition of the mass of
a scalar field, and one needs to identify a reasonable
renormalization condition. In the present case, we will
find that the critical exponents of correlation functions at
the conformal boundary of AdS provide just that. Indeed,
the bulk amplitudes on AdS with external legs inserted
at the boundary define a crossing symmetric point corre-
lation function of some hitherto unknown primary operator
of a conformal field theory (CFT) on the conformal
boundary by construction, and therefore a consistent
CFT. Of course, we do not know what is the microscopic
realization of this CFT, nor do we need it. What matters is
that a primary operator has a well-defined dimension which
is given by the critical exponent of its correlation function
near the conformal boundary. This is what replaces the
physical mass at large distances (see also Ref. [12]).
Concretely, let us consider a scalar field with classical

action [13]

S ¼ −
Z

dμx

�
1

2
ð∂ϕÞ2 þm2

2
ϕ2 þ λ

4!
ϕ4

�
ð1Þ

on the Poincaré patch of hyperbolic space of radius 1=a
with the metric

ds2 ¼ 1

a2z2
ðdz2 þ dxi2Þ; ðz; xiÞ ∈ ðR≥0;R3Þ: ð2Þ

There are two admissible boundary conditions for the
classical scalar field corresponding to the asymptotic

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW LETTERS 121, 101601 (2018)

0031-9007=18=121(10)=101601(6) 101601-1 Published by the American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.121.101601&domain=pdf&date_stamp=2018-09-04
https://doi.org/10.1103/PhysRevLett.121.101601
https://doi.org/10.1103/PhysRevLett.121.101601
https://doi.org/10.1103/PhysRevLett.121.101601
https://doi.org/10.1103/PhysRevLett.121.101601
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


behavior ϕðz; xiÞ ∼ zΔφðxiÞ with a2ΔðΔ − 3Þ ¼ m2. Here
we will focus on the conformally coupled scalar for which
m2 ¼ −2a2 and therefore Δ ¼ 1, 2. For Δ ¼ 1, there are
further complications due to infrared divergencies. We thus
focus on Δ ¼ 2 in this case. The scalar propagator is then
given by (cf. Ref. [1] and references therein)

ΛðKÞ ¼ a2K2

4π2ð1 − K2Þ ; ð3Þ

where K is the invariant bilocal function

K ≡ Kx;y ¼
2zw

ðxi − yiÞ2 þ z2 þ w2
ð4Þ

with coordinates xμ ¼ ðz; xiÞ and yμ ¼ ðw; yiÞ. Henceforth
we denote x2 ≡ xi2. Taking one point to the conformal
boundary, z ∼ 0, then

K
z
∼ K̄ ¼ 2w

ðx − yÞ2 þ w2
ð5Þ

reduces to the usual bulk-to-boundary propagator [14].
Two-point function.—To order λ2, the two-point function

contains the following fundamental constituents:

ð6Þ

where the first diagram is just a mass shift which will,
however, play a prominent role in the following. It
corresponds to the elementary integral (here K ¼ Kx1;x2)

I2 ¼
Z

dμxΛðx1; xÞΛðx2; xÞ

¼ −
K

8π2ð1 − K2Þ
�
log

1 − K
1þ K

þ K log
4K2

1 − K2

�
: ð7Þ

The one-loop tadpole diagram

H2 ¼
Z

dμxΛðx; x1ÞΛðx; x2ÞΛðx; xÞ ð8Þ

requires regularization at short distances,K→1. We choose

K →
K

1þ ϵ
; ð9Þ

which cuts out a small ϵ-ball around the pole in the
propagator and rescales it by 1=ð1þ ϵÞ. With this, the
tadpole diagram reduces to a mass counterterm as expected:

H2 ¼
a2

8π2

�
1

ϵ
−
9

2

�
I2 þOðϵÞ: ð10Þ

For the two-loop tadpole diagram

L2 ¼
Z

dμx;yΛðx1; xÞΛðx2; xÞΛðx; yÞ2Λðy; yÞ; ð11Þ

we adopt the same regularization as above. It is then
possible to show that for z ≠ 0, the y integral is well defined
and is independent of x. Consequently, the nested integral
(11) factorizes as

L2 ¼
a2

ð4π2Þ3
1

ϵð2þ ϵÞð1þ ϵÞ4M2 × I2; ð12Þ

where I2 is again the mass shift. Using translation
invariance to set x ¼ ð1; 0Þ, we find

M2 ¼ 8

Z
∞

−∞
d4y

½y2 þ ðwþ 1Þ2 þ ϵQ�−2
½y2 þ ðw − 1Þ2 þ ϵQ�2 ;

with Q ¼ y2 þ w2 þ 1. This integral is most easily com-
puted using Schwinger parameters. For small ϵ, we then
end up with

L2 ¼
a2π2

2ð4π2Þ3
�
14þ 13 log ϵ

2

2
−
1þ log ϵ

2

ϵ

�
I2 þOðϵÞ:

Finally, we consider the sunset diagram

K2 ¼
Z

dμx;yΛðx1; xÞΛðx; yÞ3Λðx2; yÞ: ð13Þ

Let us first consider the subdiagram with only one external
leg attached:

J 2 ¼
Z

dμyΛðx; yÞ3Λðx2; yÞ: ð14Þ

If we denote the restriction of J 2 to the conformal
boundary by J2, we have

J2 ¼
27a4z22z

006

ð4π2Þ4ð1þ ϵÞ4
Z

∞

−∞
d4y

w4½Qþ 2z00wþ ϵQ�−3
½Q − 2z00wþ ϵQ�3 ;

where Q ¼ y2 þ z002 þ w2. Here we use translation invari-
ance, as above, to set x02 ¼ ð0; 0Þ, followed by an inversion
with z00 ¼ z0=ðx02 þ z02Þ [15]. This integral is again evalu-
ated using Schwinger, leading to

J2 ¼
a4π2

4ð4π2Þ4 K
2
x;x2

�
1

ϵ
þ 3 log

ϵ

2
−
1

2

�
; ð15Þ

where we use the fact that 2z00 ¼ K̄x;x2 to recover the
covariant form. The full sunset diagram can now be
obtained by attaching the remaining leg to J2. This yields
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K2 ¼
a2π2

4ð4π2Þ3
�
1

ϵ
þ 3 log

ϵ

2
−
1

2

�
I2; ð16Þ

where I2 is the mass shift (7), and where we use the
symmetry of K2 under permutation of the external legs to
construct the unique extension of the above correlator in
the bulk.
In conclusion, all diagrams that contribute to the two-

point function, up to the second order in the coupling
constant, reduce to the mass shift diagram which relates the
Lagrangian mass to the conformal dimension of a primary
operator, O, when evaluated at the boundary. This suggests
replacing the renormalization condition defining the physi-
cal mass, which itself is not well defined in AdS, with a
renormalization condition on the conformal dimension of
O. Our choice sets Δ to 2 at all orders in the perturbation.
Below, we will see that this is consistent with the four-point
function.
Four-point function.—Up to second order in λ, the one-

particle irreducible diagrams contributing to the four-point
function are

ð17Þ

The tree-level contribution of the quartic vertex to the four-
point function, given by

I4 ¼
Z

dμxΛðx1; xÞΛðx2; xÞΛðx3; xÞΛðx4; xÞ; ð18Þ

has already been calculated for external legs inserted on the
boundary. Here we just quote the result [16]:

I4¼
42a4ðΠ4

i¼1ziÞ2
ð4π2Þ3ðηζΠi<jrijÞ43

×
Z

∞

0

dz2F1

�
2;2;4;1−

�
ηþζ

ηζ

�
2

−
4sinh2z

ηζ

�
; ð19Þ

where we introduce rij ¼ jxi − xjj and the conformal
cross ratios of the coordinates on the boundary η ¼
r14r23=r12r34, ζ ¼ r14r23=r13r24.
Let us calculate the one-loop correction given by the

double integral

K4 ¼
Z

dμx;yΛðx1; xÞΛðx2; xÞΛðx; yÞ2Λðx3; yÞΛðx4; yÞ;

considering again first the simpler integral

J 4 ¼
Z

dμyΛðx; yÞ2Λðx3; yÞΛðx4; yÞ: ð20Þ

By sending x3 and x4 to the boundary, it takes the form

J4 ¼
a8ðz3z4Þ2

ð4π2Þ4ð1þ ϵÞ8
Z

dμy
K̄2

x3;yK̄
2
x4;yð1þ Kx;y þ ϵÞ−2

K−4
x;yð1 − Kx;y þ ϵÞ2 :

We may safely set ϵ ¼ 0 in the prefactor, since the integral
diverges logarithmically. As before, we translate the points
x; x3; x4 by ð0;−xi4Þ, which gives x04 ¼ ð0; 0Þ, and we
perform an inversion with the inverted points denoted by
double primes so that

J4 ¼
a4z004ðz3z4Þ2
2−7ð4π2Þ4r434

Z
∞

−∞

d4y
w−4

½ðQ− þ ϵQÞðQþ þ ϵQÞ�−2
½ðx003 − x00 − yÞ2 þ w2�2 ;

where Q� ¼ y2 þ ðz00 � wÞ2 and Q ¼ y2 þ z002 þ w2.
Integrating yields

J4 ¼
a4π2

ð4π2Þ4K
2
x;x3K

2
x;x4

�
log

α2 þ 1

2ϵ
− 2

�
; ð21Þ

where

4

α2 þ 1
≡ r234K̄x;x3K̄x;x4 ¼

4z002

ðx003 − x00Þ2 þ z002
: ð22Þ

Finally, we attach the remaining two external legs to
(20). Sending all xi to the boundary, we have

K4 ¼
44a4ðΠ4

i¼1ziÞ2π2
2ð4π2Þ6

Z
∞

−∞
d4x

z4ðlog α2þ1
2ϵ − 2Þ

Π4
i¼1½ðxi − xÞ2 þ z2�2 :

We then repeat the by-now-familiar procedure by trans-
lating xk, k ¼ 1;…; 4 by ð0;−xi4Þ (denoted by primes),
inverting all points (denoted by double primes), and then
making the substitution ðz00; x00iÞ ¼ ðz; xi þ x003

iÞ. The inte-
gration is then performed in the usual fashion, leading to

K4 ¼
1

16π2

�
−I4

�
11

3
þ log

ϵ

8

�
þ L4

�
; ð23Þ

where

L4 ¼
3 × 42a4ðΠ4

i¼1ziÞ2
2ð4π2Þ3ðηζΠi<jrijÞ43

×
Z

∞

0

ds
Z

1

0

dr
½srð1 − rÞ� logð1þ sÞ

ð1þ sÞ2½srð1−rÞ
η2

þ r
ζ2
þ 1 − r�2

:

This is the main result of this Letter. To continue, L4 can be
evaluated numerically or, alternatively, order by order in
an expansion in 1 − ζ−2 and η−1. Then the expansion
coefficients of (23) contain important physical information,
which can be extracted by comparing them with the
operator product expansion (OPE) in CFT.
Comparison to conformal field theory.—In flat space,

loop corrections to the tree-level amplitudes contain
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information about the coupling dependence of the masses
of resonances, for instance. In AdS, where there is no
scattering, the role of physical masses is taken by the
dimensions of operators of some CFT dual [14,17,18].
For a scalar field ϕ in AdS, this CFT is characterized by the
existence of a scalar operator O dual to ϕ. Our renorm-
alization scheme fixes its two-point function to

ð24Þ

where Nϕ ¼ a2ð2z1z2Þ2=4π2. To continue, we take zi ¼
z ∼ 0 for all external legs. Then, expanding the holographic
four-point function in the variables η−1 and Y ¼ 1 − ζ−2

yields

ð25Þ

where each Flm can be derived from the results of the
previous sections. Note that the factor “3” in the diagrams
merely indicates that there are three diagrams of this type
that contribute to the correlator. Here we furthermore
introduce the renormalized coupling constant by a non-
minimal subtraction of the form

λ ¼ λR þ λ2R
32π2

�
5þ 3 log

ϵ

8

�
þOðλ3RÞ: ð26Þ

At this point, we should emphasize that a nonvanishing beta
function of the bulk theory does not spoil the conformal
symmetry on the boundary, since scale transformations on
the boundary correspond to translations in AdS.
Let us now consider a general four-point function of

identical scalar operators O of conformal dimension ν in a
three-dimensional CFT. Its decomposition in conformal
blocks (CBs) Gνs

s is [19]

hOðx1ÞOðx2ÞOðx3ÞOðx4Þi ¼
X
s;νs

Cνs
s ×Gνs

s ðη; YÞ
ðr12r34Þ4ηνs−s

; ð27Þ

where the only unknowns are the spectrum of the CFT—i.e.,
the spin s and conformal dimension νs of all primary
operators, as well as the associated OPE coefficients Cνs

s .
These can, in turn, be determined by comparison with (25).
Our recipe is the following:we first computeFlm and identify
the set of possibly contributing CBs at that order in η and Y.
Afterwards, we expand (27) in the conformal dimensions

νs ¼ ν̄s þ λRγ
ν̄sð1Þ
s þ λ2Rγ

ν̄sð2Þ
s þOðλ3RÞ andOPE coefficients

Cνs
s ¼ Cν̄sð0Þ

s þ λRC
ν̄sð1Þ
s þ λ2RC

ν̄sð2Þ
s þOðλ3RÞ. This allows

for a direct comparison with Flm at different orders in λR.
For brevity, in this Letter we will focus on the terms with

ðl; mÞ ¼ ð0; 0Þ; ð1; 0Þ; ð0; 1Þ; ð0; 2Þ. The CBs which con-
tribute at these orders are

Gν0
0 ¼ 1þ ν0

4
Y þ ν30ðν0 þ 1Þ−1

8ð2ν0 − 1Þη2 þ
ν0ðν0 þ 2Þ2
32ðν0 þ 1Þ Y

2;

Gν1
1 ¼ −

1

2
Y −

ν1 þ 1

8
Y2;

Gν2
2 ¼ −

1

2η2
þ 3

8
Y2:

Note that the identity operator 1 appears in (25) in the form
of the s-channel disconnected diagram, as its CB reads
G0

0 ¼ 1. Thus, C0
0 ¼ N2

ϕ.
For ðl; mÞ ¼ ð0; 0Þ, one finds

F00 ¼ 2þ λR
48π2

ð−1þ 6 log ηÞ

þ λ2R
3 × 28π4

ð5 − 11 log ηþ 3ðlog ηÞ2Þ:

The only contribution comes from the primary operator
∶O2∶ having conformal dimension ν̄0 ¼ 4. Then, compar-
ing the corresponding CB expansion with F00 at lowest

order in the coupling constant yields C4ð0Þ
0 ¼ 2N2

ϕ. At first
order in λR, we get

γ4ð1Þ0 ¼ −
1

16π2
; C4ð1Þ

0 ¼ −
N2

ϕ

48π2
;

whereas at second order in λR, we find

γ4ð1Þ0 ¼ � 1

16π2
; γ4ð2Þ0 ¼ 5

3 × 28π4
;

C4ð2Þ
0 ¼ 5N2

ϕ

3 × 28π4
:

Note that γ4ð1Þ0 agrees at different orders in λR. This provides
an important consitency test for the AdS=CFT duality
beyond tree level in the bulk. In previous work, this
property was taken as part of the definition of loop
diagrams in the bulk (e.g., Refs. [5–7]). It is reassuring
to see that it is indeed compatible with an actual bulk
calculation. Put differently, this supports the argument that
CFT does indeed describe the structure underlying ampli-
tudes of QFT in AdS rather than acting merely as a
definition of some bulk theory specified by its correlation
functions.
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For ðl; mÞ ¼ ð0; 1Þ, F01 reads

F01 ¼ 2þ λR
96π2

ð−5þ 12 log ηÞ

þ λ2R
12 × 28π4

ð31 − 50 log ηþ 12ðlog ηÞ2Þ:

In addition to ∶O2∶, there might be a contribution of a
vector operator of dimension ν̄1 ¼ 5. However, by compar-
ing F01 with the expansions of the CBs, one can infer that
the vector operator does not appear in the OPE. This agrees
with our expectation based on general CFT arguments.
The term satisfying ðl; mÞ ¼ ð0; 2Þ reads

F02 ¼ 3þ 9λR
80π2

�
−
11

20
þ log η

�

þ λ2R
500 × 28π4

ð1408 − 1965 log ηþ 450ðlog ηÞ2Þ:

Bearing in mind that the vector operator of dimension 5
does not appear, the only new operator which contributes is
the spin-2 primary of the schematic form ∶O∂i∂jO∶ with
ν̄2 ¼ 6. It follows that

C6ð0Þ
2 ¼ 16N2

ϕ

5
; γ6ð1Þ2 ¼ C6ð1Þ

2 ¼ 0;

γ6ð2Þ2 ¼ −
1

20 × 28π4
; C6ð2Þ

2 ¼ −
11N2

ϕ

375 × 28π4
:

Also, here γ6ð1Þ2 agrees at both orders in λR. An interesting
observation is that the spin-2 primary, in spite of not being
conserved, does not acquire an anomalous dimension at
first order in the coupling λR. However, it does get modified
at second order.
The last term we consider here corresponds to ðl; mÞ ¼

ð1; 0Þ with

F10 ¼
λR

120π2

�
17

5
þ 12 log η

�

þ λ2R
150 × 28π4

�
−
491

5
− 584 log ηþ 120ðlog ηÞ2

�
;

which requires a new scalar operator ∶O∇2O∶ of con-
formal dimension ν̄0 ¼ 6 and

C6ð0Þ
0 ¼ 8N2

ϕ

7
; γ6ð1Þ0 ¼−

1

16π2
; C6ð1Þ

0 ¼ 239N2
ϕ

14×420π2
;

γ6ð2Þ0 ¼ 23

15×27π4
; C6ð2Þ

0 ¼−
1637N2

ϕ

5×26×1029
:

Again, there is an agreement of γ6ð1Þ0 at different orders in
λR. Eventually, this gives a complete characterization of all
operators of spin s ≤ 2 entering the OPE.

Conclusions.—In this Letter, we computed quantum
corrections to the two- and four-point correlation functions
up to second order in the coupling constant for the simplest
scalar field theory in AdS4. The obtained results for the
two- and four-point functions are mutually consistent.
Furthermore, the holographic four-point function can
systematically be expanded in the conformal invariants
to reveal the OPE structure of the dual CFT, along with the
corrections to both the OPE coefficients and conformal
dimensions of primary operators. This was carried out here
at low orders, disclosing a mathematically consistent dual
CFT. In particular, the absence of the stress tensor and of
any conserved current becomes explicit.
To summarize, the conformally coupled bulk λϕ4 theory

describes a one-parameter family of dual conformal field
theories whose OPE coefficients and dimensions are para-
metrized by the renormalized coupling λR. Generalization
of the result presented here to boundary conditions with
Δ ¼ 1 is possible, although with some extra complications
concerning infrared divergencies for the tadpole and sunset
diagrams. Formassless spin-1 and spin-1

2
particles inAdS, the

propagator is again given by (3) modulo parallel transport of
the polarization vectors. This means that spin-1 and spin-1

2

fields lead to similar integrals to those computed here, and
hence QED and scalar QED in AdS can be quantized in the
same way.
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