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We obtain analytic results for the four-point amplitude, at one loop, of an interacting scalar field theory in
four-dimensional, Euclidean anti—de Sitter space without exerting any conformal field theory knowledge.

For the two-point function, we provide analytic expressions up to two loops. In addition, we argue that the
critical exponents of correlation functions near the conformal boundary of anti—de Sitter space provide the
necessary data for the renormalization conditions, thus replacing the usual on-shell condition.
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Introduction.—QOver the past sixty years, there has been
tremendous progress in the calculation of scattering ampli-
tudes in quantum field theory—in particular, concerning
higher loop amplitudes in Yang-Mills theory and (super)
gravity.

At the same time, we have very few analytic results for
loop amplitudes in curved space-times. More precisely,
while their short-distance expansion and, in particular, the
structure of counterterms they give rise to is rather well
known [1,2], we know little about their dependence on
coordinates beyond that (e.g. Ref. [3] and references
therein). Even in de Sitter (dS) or anti—de Sitter (AdS)
space, which are maximally symmetric, admitting the same
number of isometries as Minkowski space, little is known
about such amplitudes; see Refs. [4—10] for recent progress.
The reason for this is that, while in Minkowski space, the
momentum representation leads to a hierarchy of elementary
integrals; in dS or AdS, this is not the case, and the coordinate
representation generally leads to integral expressions that
are more manageable in (A)dS. Still, except for some
special cases, we lack the technical tools for performing
the integrations completely.

In this Letter we report on some progress considering the
simplest interacting renormalizable field theory. Concretely,
we compute the two- and four-point functions for A¢* theory
[11] to the second order in the coupling 4 on the Poincaré
patch of Euclidean AdS, by explicitly evaluating the
corresponding one- and two-loop integrals in coordinate
representation. Working on AdS, we avoid complications
that arise from IR effects on dS, for instance [3]. It turns out
that even this simplified setting is beyond reach for external
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legs at generic points in AdS, but for insertions on the
conformal boundary we are able to get explicit expressions.

Being able to go beyond the short-distance expansion,
we encounter an interesting complication concerning the
renormalization conditions: For distances that are small
compared to the curvature scale, the problem reduces to
that in flat space, and the physical masses provide the right
boundary conditions for the renormalized propagator, for
instance. At scales of the order of the curvature radius,
however, there is no meaningful definition of the mass of
a scalar field, and one needs to identify a reasonable
renormalization condition. In the present case, we will
find that the critical exponents of correlation functions at
the conformal boundary of AdS provide just that. Indeed,
the bulk amplitudes on AdS with external legs inserted
at the boundary define a crossing symmetric point corre-
lation function of some hitherto unknown primary operator
of a conformal field theory (CFT) on the conformal
boundary by construction, and therefore a consistent
CFT. Of course, we do not know what is the microscopic
realization of this CFT, nor do we need it. What matters is
that a primary operator has a well-defined dimension which
is given by the critical exponent of its correlation function
near the conformal boundary. This is what replaces the
physical mass at large distances (see also Ref. [12]).

Concretely, let us consider a scalar field with classical
action [13]

2 A
s= [an (S0P +Te20) )

on the Poincaré patch of hyperbolic space of radius 1/a
with the metric

1 .
ds* = —— (d* + dx®),

= (2.4) € Re0. R). (2)

There are two admissible boundary conditions for the
classical scalar field corresponding to the asymptotic
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behavior ¢(z, x') ~ z2¢(x') with a?A(A —3) = m?. Here
we will focus on the conformally coupled scalar for which
m? = =2a? and therefore A = 1, 2. For A = 1, there are
further complications due to infrared divergencies. We thus
focus on A = 2 in this case. The scalar propagator is then
given by (cf. Ref. [1] and references therein)

a2K2

AK)=————, 3
(K) 47%(1 - K?) (3)
where K is the invariant bilocal function
2
K=K, = i (4)

with coordinates x* = (z,x’) and y* = (w, y'). Henceforth

we denote x> = x'*. Taking one point to the conformal
boundary, z ~ 0, then

K _ 2
_NK:% ()
Z (x=y) 4w

reduces to the usual bulk-to-boundary propagator [14].
Two-point function.—To order A2, the two-point function
contains the following fundamental constituents:

Q g % (©)

Ts Ho £2 ’CQ

where the first diagram is just a mass shift which will,
however, play a prominent role in the following. It
corresponds to the elementary integral (here K = K, )

z:/wmmmem

= K og =K kiog 2K (7)
TR0 -k \ BTk 8-k

The one-loop tadpole diagram

7u=/wmmmmw@mwm (8)

requires regularization at short distances, K — 1. We choose

K
_) s
1+e¢

©)

which cuts out a small e-ball around the pole in the
propagator and rescales it by 1/(1 +¢). With this, the
tadpole diagram reduces to a mass counterterm as expected:

2

H, “—(1—§>Iz+0(6). (10)

872 \e

For the two-loop tadpole diagram

@:/@mAmwmmwmww%uw,<n>

we adopt the same regularization as above. It is then
possible to show that for z # 0, the y integral is well defined
and is independent of x. Consequently, the nested integral
(11) factorizes as

a? 1
(47*)3e(2+€)(1 + e)*

Ly = My x 1, (12)

where 7, is again the mass shift. Using translation
invariance to set x = (1,0), we find

o [+ w+1)*+eQ]?
_ 4
““2‘8/;dy[ﬁ+ww—1V+e@2’

with Q = y* +w? + 1. This integral is most easily com-

puted using Schwinger parameters. For small ¢, we then
end up with

£2:

a’n® (14 +13log§ 1+ log$
- Z, + O(e).
2(4;:2)3( 2 e ) 2+ 0)

Finally, we consider the sunset diagram
€= [ duy A 0A 3P A ). (13)

Let us first consider the subdiagram with only one external
leg attached:

@:/@ﬁmWme. (14)

If we denote the restriction of 7, to the conformal
boundary by J,, we have

12:

’

27(142%2”6 /oo . W4[Q+2Z”W+€Q}_3
(4r)* (1 +e)* ) [0 —27"w +€eQ)?

where Q = y? + 7> + w?. Here we use translation invari-
ance, as above, to set x, = (0,0), followed by an inversion
with z” = 7/ /(x> + z/?) [15]. This integral is again evalu-
ated using Schwinger, leading to

a*n? 1 e 1
Jy=—5K2, [+ 3log=—=], 15
2 4(47[2)4 X, X <€ + 0g2 2) ( )

where we use the fact that 27" = K, to recover the
covariant form. The full sunset diagram can now be
obtained by attaching the remaining leg to J,. This yields
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a’n? 1 e 1
Ky = 2 43logs -2 )7, 16
27 442y <e+ 085 2) 2 (16)

where 7, is the mass shift (7), and where we use the
symmetry of I, under permutation of the external legs to
construct the unique extension of the above correlator in
the bulk.

In conclusion, all diagrams that contribute to the two-
point function, up to the second order in the coupling
constant, reduce to the mass shift diagram which relates the
Lagrangian mass to the conformal dimension of a primary
operator, O, when evaluated at the boundary. This suggests
replacing the renormalization condition defining the physi-
cal mass, which itself is not well defined in AdS, with a
renormalization condition on the conformal dimension of
O. Our choice sets A to 2 at all orders in the perturbation.
Below, we will see that this is consistent with the four-point
function.

Four-point function.—Up to second order in A, the one-
particle irreducible diagrams contributing to the four-point

function are
X XX )

Zy K4

The tree-level contribution of the quartic vertex to the four-
point function, given by

7, = / A AGxr. 1) A Gy, DA Gy, DA (e x). (1)

has already been calculated for external legs inserted on the
boundary. Here we just quote the result [16]:

42 4(1-[4 Z_)Z
(47%)* (n¢M; i)
4sinh?

n+{\? 4sinhz
dz,F{]2,2;4;1— -
XA 2 1[ ( né) nt

where we introduce r;; = [x; —x;| and the conformal
cross ratios of the coordmates on the boundary 5 =
r14r23/r1ar3a, § = riaras/ri3r.

Let us calculate the one-loop correction given by the
double integral

4=

4
3

[ 9

o= [ ey A A G 3)A G 2)PA s, )AL ),

considering again first the simpler integral

Ti= / di A Gy A G Y)A G y). (20)

By sending x; and x, to the boundary, it takes the form

a®(2324)°

2
Jy = /d va;y X4y(1+va+€)

Kx,y(l Kx.y + 6)

We may safely set € = 0 in the prefactor, since the integral
diverges logarithmically. As before, we translate the points
x,x3,%; by (0,—x}), which gives x}, = (0,0), and we
perform an inversion with the inverted points denoted by
double primes so that

; 042//4(Z3Z4>2 /co
fT T,

&'y [(Q +¢0)(Q. +€Q)]-

|
oW (= =) W]

where Q. =y>+ ("+w)? and Q= y*+ 7" +w

Integrating yields

a‘*n® o>+ 1
Jy = K)2cx3K)2cx4 (1 og _2)7 (21)

(4r%)* 2e
where
4 _ _ 4Z//2
=K Ky, =5 (22
a2 +1 P34 B By (x/3/ _ x//)z + Z//2 ( )

Finally, we attach the remaining two external legs to
(20). Sending all x; to the boundary, we have

44aTTE 2 )22 [ log “ -2
Ky = -4 ( ,:21261) i / d'x 7 llog®y )2 2
2(4n°%) —o I [(x —X) +2°]

We then repeat the by-now-familiar procedure by trans-
lating x;, k=1,...,4 by (0,—x}) (denoted by primes),
inverting all points (denoted by double primes) and then
making the substitution (z”,x"") = (z,x" + x'). The inte-
gration is then performed in the usual fashion, leading to

1 11
Ki=——|-14 1 L 2
4 16”2{ <3+0g8>+ 4] (23)

where

3 X42 4(1-[4 \Zi )2
( ) nml<1 1})‘_31

S

This is the main result of this Letter. To continue, L, can be
evaluated numerically or, alternatively, order by order in
an expansion in 1 —¢2 and #~!. Then the expansion
coefficients of (23) contain important physical information,
which can be extracted by comparing them with the
operator product expansion (OPE) in CFT.

Comparison to conformal field theory.—In flat space,
loop corrections to the tree-level amplitudes contain

srl—r)]log( s)
Srlr —|—1—r}
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information about the coupling dependence of the masses
of resonances, for instance. In AdS, where there is no
scattering, the role of physical masses is taken by the
dimensions of operators of some CFT dual [14,17,18].
For a scalar field ¢ in AdS, this CFT is characterized by the
existence of a scalar operator O dual to ¢. Our renorm-
alization scheme fixes its two-point function to

OO0 —{Y=2¢. @)

T'12

where N, = a?(2z,2,)?/4x*. To continue, we take z; =
z ~ 0 for all external legs. Then, expanding the holographic
four-point function in the variables ™! and ¥ = 1 — ({72
yields

=3 x +/\® +/\;(3x@)+0()\3)

Nq% 1 s m
= 1+ — Fim(logn, Ar) ;
(r1ar34)? 4 l,;o " n?

(25)

where each F, can be derived from the results of the
previous sections. Note that the factor “3” in the diagrams
merely indicates that there are three diagrams of this type
that contribute to the correlator. Here we furthermore
introduce the renormalized coupling constant by a non-
minimal subtraction of the form

2

2
1= R
RT3

(5 +3 log%> YO, (26)

At this point, we should emphasize that a nonvanishing beta
function of the bulk theory does not spoil the conformal
symmetry on the boundary, since scale transformations on
the boundary correspond to translations in AdS.

Let us now consider a general four-point function of
identical scalar operators O of conformal dimension v in a
three-dimensional CFT. Its decomposition in conformal
blocks (CBs) G is [19]

Cy xGy(n,Y)

vg—s

(0(x1)0(x,) O(x3)O(xy)) = >

27
0y (riarsa)*n 27)
where the only unknowns are the spectrum of the CFT—i.e.,
the spin s and conformal dimension v, of all primary
operators, as well as the associated OPE coefficients Cy’.
These can, in turn, be determined by comparison with (25).
Our recipe is the following: we first compute F';,,, and identify
the set of possibly contributing CBs at that order in 7 and Y.
Afterwards, we expand (27) in the conformal dimensions

vy =Dy + ﬂRy?“(l) + /1%}/_':“'(2) + O(23) and OPE coefficients
s = 0O 4 2,V 4 205 + O(3). This allows
for a direct comparison with F,, at different orders in 1.

For brevity, in this Letter we will focus on the terms with
(I,m) = (0,0),(1,0),(0,1),(0,2). The CBs which con-
tribute at these orders are

vy +2)? y2
32(1/0 + 1) ’

3 -1
1 1) Db(y0+1)
G =1+-Y
0 + 4 * 8(2uy — )i

1 U1+1
G =—=Y————Y2
! 2 8
1 3
sz___ _Y2
2 2n2+8

Note that the identity operator 1 appears in (25) in the form
of the s-channel disconnected diagram, as its CB reads
G} = 1. Thus, C) = Né.

For (I,m) = (0,0), one finds

R

Foo=2 —1+61

00 +18 2( + Og’//)
+i(5 111logn + 3(logn)?)
3 x 2874 X gn)-

The only contribution comes from the primary operator
:O?: having conformal dimension 7, = 4. Then, compar-
ing the corresponding CB expansion with F, at lowest
order in the coupling constant yields Cg(o) = 2N§). At first
order in Ag, we get

2
PO o __ Ny
0 162>’ 0 487>°
whereas at second order in Ag, we find
ay _ 1 ) _ 9
G
2
o _ Ny
0 3x 2874
Note that yg(l) agrees at different orders in Ag. This provides

an important consitency test for the AdS/CFT duality
beyond tree level in the bulk. In previous work, this
property was taken as part of the definition of loop
diagrams in the bulk (e.g., Refs. [5-7]). It is reassuring
to see that it is indeed compatible with an actual bulk
calculation. Put differently, this supports the argument that
CFT does indeed describe the structure underlying ampli-
tudes of QFT in AdS rather than acting merely as a
definition of some bulk theory specified by its correlation
functions.
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For (I,m) = (0,1), Fy, reads

AR
Fo =2+ 2R (_5412]
01 +96”2( 5+ 12logn)
+L(31—5010 +12(log7)?)
12 x 2574 X SONE

In addition to :(?:, there might be a contribution of a

vector operator of dimension 7; = 5. However, by compar-

ing F(; with the expansions of the CBs, one can infer that

the vector operator does not appear in the OPE. This agrees

with our expectation based on general CFT arguments.
The term satisfying (I, m) = (0,2) reads

9, [ 11
Fop = |
02 3+ 71'2 ( 20+ Ogl’]>

Ak

——— (1408 — 19651 450(1 2).

Bearing in mind that the vector operator of dimension 5
does not appear, the only new operator which contributes is
the spin-2 primary of the schematic form : 09’0’0 with
U, = 6. It follows that

16N2
50 j ¢ /S0 — 8 _ g,
2
NON. oo _ N
2 20 x 2874 2 375 x 2874°

Also, here yg(l) agrees at both orders in Az. An interesting
observation is that the spin-2 primary, in spite of not being
conserved, does not acquire an anomalous dimension at
first order in the coupling 1z. However, it does get modified
at second order.

The last term we consider here corresponds to (I, m) =
(1,0) with

A (17
Fio=—% (21112
10 1207:2(5 N 0g”>
2 < 491

R (L sg4 120(logn)? ) .
T150x 22\ 5 ogn+ (Og”)>

which requires a new scalar operator :OV?Q: of con-
formal dimension 7, = 6 and

2 2
50) _ 8N VO 61) _ 239N,
0 7 70 1672 7 ° 14 x 4207%°
o) _ 23 50 _ 1637N
oo Tlsx2ig 0 5% 26%1029°

Again, there is an agreement of y(6)<1) at different orders in
Ag- Eventually, this gives a complete characterization of all
operators of spin s < 2 entering the OPE.

Conclusions.—In this Letter, we computed quantum
corrections to the two- and four-point correlation functions
up to second order in the coupling constant for the simplest
scalar field theory in AdS,. The obtained results for the
two- and four-point functions are mutually consistent.
Furthermore, the holographic four-point function can
systematically be expanded in the conformal invariants
to reveal the OPE structure of the dual CFT, along with the
corrections to both the OPE coefficients and conformal
dimensions of primary operators. This was carried out here
at low orders, disclosing a mathematically consistent dual
CFT. In particular, the absence of the stress tensor and of
any conserved current becomes explicit.

To summarize, the conformally coupled bulk A¢* theory
describes a one-parameter family of dual conformal field
theories whose OPE coefficients and dimensions are para-
metrized by the renormalized coupling Az. Generalization
of the result presented here to boundary conditions with
A =1 is possible, although with some extra complications
concerning infrared divergencies for the tadpole and sunset
diagrams. For massless spin-1 and spin—% particlesin AdS, the
propagator is again given by (3) modulo parallel transport of
the polarization vectors. This means that spin-1 and spin-
fields lead to similar integrals to those computed here, and
hence QED and scalar QED in AdS can be quantized in the
same way.
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