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1. Introduction

Many supersymmetric AdS vacua of 10- and 11-dimensional
SUGRA are known and play a crucial role in the AdS/CFT corre-
spondence. Yet, we do not currently have a systematic geomet-
ric understanding of such vacua. Unlike fluxless supersymmetric
Minkowski vacua, which are described by integrable G-structures
and thus special holonomy manifolds, supersymmetric AdS vacua
require non-vanishing fluxes and thus are not described by inte-
grable G-structures in Riemannian geometry. However, recently a
description of supersymmetric AdS vacua in terms of generalised
G-structures has appeared using Exceptional Field Theory (EXFT)
[1-4], focusing on the case of half-maximal supersymmetry [5-7],
and Exceptional Generalised Geometry (EGG) [8,9], focusing on
1/4-maximal supersymmetry [10-12] and more general analyses
[13,14]." EXFT and EGG provide a unified description of metric and
flux degrees of freedom of 10-/11-dimensional SUGRA by using en-
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1 [15] pointed out that there may be supersymmetric AdS vacua in even dimen-
sions that are not described by generalised G-structures. However, these AdS vacua
are unlikely to be complete and regular.
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larged geometric structures called generalised tangent bundles. It
is on these enlarged bundles that the generalised G-structures can
be defined.

This reformulation of SUGRA has already been successfully used
to study flux vacua. For example, it has led to maximally super-
symmetric consistent truncations [16-18] which uplift several in-
teresting lower-dimensional gauged supergravities and their vacua
to 10-/11-dimensional SUGRA [19-27]. Recently, [5,7] showed how
to generalise this procedure to construct consistent truncations of
10-/11-dimensional SUGRA which break half the supersymmetry.
Furthermore, [7] proved that for each warped half-maximally su-
persymmetric AdSp vacuum of 10-/11-dimensional SUGRA, there
exists a consistent truncation to D-dimensional half-maximal
gSUGRA containing only the graviton supermultiplet, thereby prov-
ing the half-maximal case of the conjecture [28]. Such consistent
truncations are particularly useful for the AdS/CFT correspondence
where they allow us to study AdS vacua of 10-/11-dimensional
SUGRA using lower-dimensional gauged SUGRAs. This can be used
to study deformations of the AdS vacua, e.g. finding domain-wall
solutions which are holographically dual to RG flow.

In this letter, we will show that generalised G-structures can
be used to efficiently construct supersymmetric AdS vacua of
10-/11-dimensional SUGRA. We will focus on AdS; vacua of mas-
sive IIA and AdSg vacua of IIB SUGRA. A family of infinitely many
such solutions have recently been found [29-34], parameterised by
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a cubic function in one variable in the case of AdS; and two holo-
morphic functions for AdSg.> We will show how these solutions
can easily be constructed in terms of a universal half-maximal
structure underlying them.

A further benefit of our approach is that, as shown in [7], once
we have described a supersymmetric AdSp vacuum by generalised
G-structures, we immediately obtain a consistent truncation of the
higher-dimensional SUGRA around the AdS vacuum to the min-
imal D-dimensional gauged SUGRA containing only the graviton
supermultiplet. Thus, we will rederive the consistent truncation
around the AdS; vacua of [31] and construct the minimal consis-
tent truncation around the AdSg vacua. The fact that these vacua
are described by a universal half-maximal structure explains the
universality of their truncation Ansatz, which takes the same form
for the entire family of solutions.

The outline of the letter is as follows. In section 2, we review
the description of half-maximally supersymmetric AdS vacua us-
ing generalised G-structures [7], and how to construct the minimal
consistent truncations of these vacua. Next, we show how to calcu-
late the generalised metric, which encode the SUGRA fields, from
the half-maximal structures in section 3. We then show how to
construct the family of infinitely-many AdS; vacua of mlIA and
AdSg vacua of IIB using this method in sections 4 and 5. Finally,
in section 6, we derive the minimal consistent truncation around
these vacua. A more detailed version of these results including
consistent truncations with additional matter multiplets will ap-
pear in [37].

Note added While finalising this manuscript, the paper [38] ap-
peared which also constructs the minimal consistent truncation
around supersymmetric AdSg vacua that we derive in section 6.2.

2. Half-maximal AdS vacua from EXFT

Supersymmetric AdS vacua can be naturally described in EXFT
using the language of generalised G-structures, analogous to the
description of special holonomy spaces in Riemannian geometry.
In particular, as was shown in [5-7], flux geometries of type II
or 11-dimensional SUGRA admitting a half-maximal set of spinors
can be described by a set of generalised tensors satisfying cer-
tain algebraic conditions. Here we will consider 10/11-dimensional
geometries consisting of warped products Mp x My, where Mp
denotes the external spacetime, Mj,; is the internal space and we
will focus on D =6, 7.

In order for Mp to be a half-maximal AdS vacuum, Mj,; must
admit a set of nowhere-vanishing d — 1 generalised vector fields
Ju€T'(Ry1), whered=11—-D and u=1,...,d — 1, as well as a
generalised tensor field K eT (Rp_a) satisfying

1 .
Jqu—d—ISquwAJW=O, JuAJUAK >0,

K®K|g, =0.

(2.1)

Here R; are different generalised vector bundles whose fibre is
the R; representation of Ey(g), listed in Table 1, where also the
representation R. is given. The A products map
ANRi®Rj— Ritj wheni+ j<D -2, 22)
AN:Ri®Rp_a2i—> S, '
where S denotes the space of scalar densities of weight 1 un-
der generalised diffeomorphisms. The explicit expressions of A in

2 Previous attempts at constructing these general classes of solutions include [35,
36].

Table 1
Different representations of the exceptional groups relevant to half-maximal struc-
tures.

D Ed() 3 Ry R3 R4 Rc
7 SL(5) 10 5 5 10
6 Spin(5, 5) 16 10 16 N/R 1

terms of Egq invariant is given in [7] and summarised in Ap-
pendix A. It is worth noting that generalised tensor fields are al-
ways a formal sum of differential forms and, in the case of R also
a vector field. We use the notation A because the product (2.2)
reduces to the usual wedge-product of differential forms (and a
contraction between vector fields and differential forms).?

Throughout, we will raise and lower the u,v=1...,d —1 in-
dices using §,,. A set of generalised tensors ( J,, K) as above are
called a half-maximal structure and are stabilised by a Gpaf =
SO(d — 1) subgroup of the exceptional group Eg). The maximal
commutant of SO(d —1) C Ey(g) is SO(d — 1) and rotates the d — 1
Ju's amongst each other.

From the half-maximal structure one can also define the fol-
lowing generalised tensors that will be useful in the following:

Jun Jv =38k, K/\R:KD_Zv Ju=JunkK, (2.3)

where K € I' (R3), k is a scalar density of weight ﬁ and ]u S
I' (Rp—3). The explicit expressions for the above equations (2.1)
and (2.3) in terms of Eg(g)-invariants can be found in [7].

Furthermore, the BPS equations for the AdSp vacuum are equiv-
alent to the following differential equations

E]ujv:_AuvaW,

[:juf(=0,
2.4
i ﬁe“"wAuva, whenD =7, (24)
S€uwwx AV %, whenD =6,

where Ayyw = Apvw] are completely antisymmetric, £ denotes
the generalised Lie derivative of EXFT [2,8,3] and d: T (Rp—4) —>
I'(Rp—s) is a certain nilpotent operator as defined in [5,7] and
which also appears in studies of the tensor hierarchy of EXFT
[39-41]. We will give its explicit expression in Appendix A. We
use the notation d because this operator is nothing but the exte-
rior derivative of differential forms. Given that generalised tensors
in R;, for 1 <i <d— 2 which are the only ones relevant for us
here, are a formal sum of differential forms, d acts as the exterior
derivative on each differential form.*

The differential conditions (2.4) encode the BPS conditions for
the supersymmetric AdSp vacuum in a geometric language. As
we will see the algebraic and differential conditions (2.1) and
(2.4) can easily be solved in a variety of different cases, provid-
ing an efficient way of constructing supersymmetric AdS vacua
of 10/11-dimensional supergravity. Moreover, once we have the
half-maximal structure for an AdS vacuum, we can immediately
construct a consistent truncation around the AdS vacuum to the
D-dimensional half-maximal gauged SUGRA containing only the
graviton supermultiplet [5,7], as we review in section 2.1. We will

3 Later in this paper, we will also use A to denote the usual wedge-product be-
tween differential forms. We do not anticipate any confusion: when A acts between
generalised tensors it is the operator (2.2), acting as explained here and explicitly in
[7] and Appendix A; when A acts between differential forms it is the usual wedge-
product.

4 In this paper, we will also use d to denote the exterior derivative acting on
differential forms. It will always be clear from the object that d is acting which
differential operator is meant.
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use this method to find the minimal consistent truncations around
supersymmetric AdSg vacua of IIB SUGRA, as well as derive the
consistent truncations around supersymmetric AdS; vacua of mas-
sive IIA SUGRA, where our expressions agree with [31].

The half-maximal structure encodes the 11-dimensional/type II
supergravity fields, just like a complex and Kahler structure en-
code the metric. In EXFT, the supergravity fields parameterise the
generalised metric My which lives in the coset space My €
E;fl—f’, where Hy is the maximal compact subgroup of Egq). As we
will show in section 3, the generalised metric My can be ex-
pressed in terms of an SO(d — 1)g-invariant combination of the
half-maximal structure J, and K.

Before we proceed to discuss the AdSe 7 cases in detail, we will
first make some general observations about the differential condi-
tions (2.4) and what they imply for J, and K. We see that the
generalised Lie derivative of the J,’s generates an SO(d — 1)g ro-
tation under which the J,’s transform in the vector representation
while K is invariant. However, as mentioned above, the gener-
alised metric and hence the SUGRA fields are constructed from
SO(d — 1)g-invariant combinations of the J,’s and K. Therefore
Lj, Mun =0, and the J, are generalised Killing vector fields.
Generalised vector fields are a formal sum of spacetime vector
fields plus certain differential forms. Therefore, for J, to be gener-
alised Killing, implies that either they consist of non-zero space-
time Killing vector fields with accompanying gauge transforma-
tions such that the gauge potentials are left invariant, or they have
an identically vanishing spacetime vector field part and consist of
trivial gauge transformations, i.e. exact differential forms. For such
a “trivial” generalised Killing vector field V we would have Ly =0
acting on any tensor. We will make use of this general insight in
sections 4 and 5 when constructing the AdS vacua.

2.1. Minimal consistent truncation

Once we have constructed the half-maximal structure J, and
K corresponding to a half-maximal AdSp vacuum, we can imme-
diately construct a consistent truncation around this vacuum to a
minimal half-maximal D-dimensional SUGRA [7]. That such a con-
sistent truncation should always exist for any warped supersym-
metric AdS vacuum of 10-/11-dimensional SUGRA was conjectured
in [28] and proven in the half-maximal case for D >4 in [7].

The truncation Ansatz is linear on the half-maximal structure
and given as follows. We denote by YM the internal coordinates on
Min: and by x* the external coordinates on Mp. Then, the trunca-
tion Ansatz (of the scalar sector) is given by [5,7]

Jux V) =XT®) Ju(Y), K@ Y)=X2x)K(Y), (2.5)

where X(x) is the scalar field of the D-dimensional half-maximal
SUGRA. The consistency of the truncation Ansatz is guaranteed by
the differential conditions (2.4) satisfied by the J,, K as shown
in [7]. Upon truncation, X(x) becomes the scalar field of the min-
imal half-maximal D-dimensional gauged SUGRA with embedding
tensor given by Ay in (2.4).

The consistent truncation can easily be extended to the other
fields of the D-dimensional SUGRA as explained in [7]. However,
since non-vanishing vacuum expectation values of these fields will
typically break Lorentz symmetry, we will not include them in this
letter.

3. Generalised metric from the half-maximal structure
As we mentioned above, the half-maximal structure determines

the supergravity fields which in EXFT are encoded in the gener-
alised metric. We therefore need to find a way to compute the

generalised metric from the half-maximal structure J,, K. The
generalised metric parameterises the coset space My € E,“T(:) and
hence must be an Ey(g) group element that is invariant under Hy.
Since J, and K are by construction invariant under Gpaf = SO(d —
1) C Hg, we must construct Myn using an SO(d — 1)g-invariant
combination of J, and K.

3.1. Generalised metric in SL(5) EXFT

In SL(5) EXFT [1,2,42], the generalised metric is often used ei-
ther in the 10 (with inverse in 10) representation or in the fun-
damental representation, 5 (with inverse in 5), of SL(5). The two
are related by Mgp cq = 2Mgic Mg, where a,b=1,...,5 denote
fundamental SL(5) indices [2].

The generalised metric and its inverse are given by

-8 qu -3 e
Mab,ed =8K ™" JuabJ cd — K €apcde K

1 I

- ﬁ’( 36uVWfabefgecdhij]uef]vhl]wg] s

(31)
Mab,cd — 2K72]uabju,cd _ KfzeabcdeKe
22 _ A Ao

_ TK 12€uvw€abefgecdh1]]u ef]vhi.]ng ;
where ]u ab and k are defined as in (2.3) which here become
~ 1 ~ 1 ~
Juab = Zeabcde]quKe , K5 = ﬁeabcdejuabJUCdKe s (3.2)

where €gpcqe is the constant SL(5)-invariant tensor. Similarly, the
generalised metric and its inverse in the 5 and 5 representations
of SL(5) are given by

B 42 A a
Map =k 4 <KaKb + TK > Euiju,acjv,bd]waj> ,

5 (3.3)
NN 24/2 A
Mﬂb :K76 <I(al(b + 3 EUVWJuﬂCvadJW’Cd> .
3.2. Generalised metric in SO(5, 5) EXFT
In SO(5,5) EXFT [43,44], the generalised metric is often used

either in the 16 and 16 representation or in the fundamental rep-
resentation, 10, of SO(5, 5). The two are related by

MupMnq (y)MN MY = ()’])PQ , (3.4)
where M =1, ...,16 label the 16/16 representations of SO(5, 5)
when upstairs/downstairs respectively, I =1,...,10 label the 10

representation of SO(5,5) and (y,)MN and (yy),n are the SO(5, 5)
y -matrices.

We thus find the generalised metric and its inverse in the 16/16
are given by

_ 1 6qu 5 . —2( 1 5
MMN—_ﬁ(4K J mJun —k (J/)MNKI
1 _
b B WX (Y p (VJ)NQ

X (V”)SR]uP.]vQ.]ijx.S) s

1 _ _
MMNZ_(ZK 21, MJuN =2 () MN I

V2

2
— —K_l
41

X (V”)SRJUP]VQ]ijx,S), (3.5)

Oeuvwx (VI)MP (V])NQ
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where ]uM and « are defined in (2.3), and here given explicitly by

A 1 . 1 A
u I uN 4 1 M juN
S RyJun, S ( ) k.
Jw=5(v"), i =g (V') eI
(3.6)
Similarly, the generalised metric in the 10 is
1 N A
My = <Ifuvwx Viom ™ (V]K)P C1MIvnIw Txa
+ kKK +K—412,1%,> . (3.7)

4. AdS; vacua from massive IIA supergravity

We will now show how to use this method to construct AdS;
vacua of massive IIA SUGRA. First, we let Ay yw = ﬁR”euVW,
where R is the AdS7 radius, so that the differential conditions (2.4)
become

L1

2 N
»Cju]v:—ieuijw, L, K=0, dl ZEK. (41)

R

We see that the J,’s generate SU(2)y rotations via the generalised
Lie derivative. J, form triplets of SU(2)g, while K are invariant.
As we discussed in section 2 this implies that ], are generalised
Killing vector fields. Since £, # 0, none of the ], are trivial gen-
eralised Killing vector fields and hence must contain spacetime
Killing vectors. From (4.1) we see that these spacetime Killing vec-
tors must generate an SU(2)g algebra and hence are related to
an S? geometry. Therefore, we will consider the internal space
Mine = S2 x I, where [ is an interval with coordinate z, where in
principle we allow off-diagonal metrics between the S2 x I (al-
though we will see that supersymmetry does not allow these off-
diagonal terms). We will parameterise S? by the three functions
Yu, u=1,...,3 satisfying y, y* = 1. In terms of these functions,
the round metric on S2 and its volume form are given by

1
ds, =dy,dy",  volg = Eeuva” dy¥ Ady". (4.2)
The Killing vectors of the round S? are given by
VL :gijeuvavaija (4.3)

where i, j =1, 2 denote a local coordinate basis and g is the in-
verse metric of the round S2. We also make repeated use of the
1-forms

Oy = €uvwy'dy"” . (4.4)

4.1. SL(5) ExFT and IIA SUGRA

Supersymmetric AdS; vacua are characterised by three gen-
eralised vector fields J, € I'(Rq) and a generalised tensor field
Ker (R3). In 1A SUGRA these become formal sums of spacetime
vector fields and differential forms,

Ju=Vu+iy+ou+du, K= W) + w2) + w3), (4.5)

where V,, Ay, oy and ¢, are the vector, 1-form, 2-form and
scalar parts of J, while w(p) are the p-forms appearing in K.
The generalised tensor K = @) + @) + @@3) € I' (R2) consists of
p-forms @(p).

In IIA SUGRA, the wedge products appearing in the algebraic
conditions (2.1) become

JunJv= 2lV(u)\v) -2 ()\(u¢v) + lV<qu)) —2h@u N Oy,

A _ _ _ (4.6)

KAK= W) W3) + W(1) N W) + W) DO@3) -
The quadratic algebraic constraint on K is automatically fulfilled
for SL(5) EXFT [7]. The differential operators appearing in the dif-
ferential conditions (4.1) become

E]u Jv= Lvu Vy+ LVU)\'V + LVHO'V + LVu¢v
+1y, (MAy —deoy) — 1y, (dry) — 1y, (doy)
+ ¢y (dry) + Ay A (MAy —doy) ,

. (4.7)
Ly, K=Ly,w0) +Lv,0e) +Lv,0a3)

— w() (dAy) — w() (doy) — w@) A (Miy —doy) ,
df( = —da)(o) + da)(z) s

where we have included the Roman’s mass m as in [24,45]. As
explained above, the A-product and d operator on the left-hand
side are those of EXFT, while the A-product and d operator on the
right-hand side are the usual ones acting on differential forms.

4.2. Half-maximal structure

Before continuing, we need to discuss the possible gauge poten-
tials living in Min:. In IIA SUGRA, we need to consider a 2-form and
3-form field strength in Mj,; which must form SU(2)g-symmetry
singlets. The 2-form gauge potential can always be chosen to be
an SU(2)g-symmetry singlet. However, the 1-form gauge potential
A will necessarily violate the SU(2)g-symmetry. As we will use
R-symmetry as a guiding principle, we will have to include the
1-form gauge potential A by hand as a “twist term”, as e.g. in [19].
This implies that we take ¢y = @y + w,Aand o, =6y, + Ay A A
and w3y = &@3) + we) A A. On the other hand, our Ansatz below
will naturally incorporate the 2-form potential.

The most general |, we can construct that is compatible with
the SU(2)g symmetry and that satisfies the algebraic conditions
(2.1) is, up to generalised diffeomorphisms (i.e. gauge transforma-
tions and diffeomorphisms), given by

_2V2 R h(z) R
Ju= —g Vu + 1 (g(Z)dyu - q(—z)yu dZ> - Eq(Z) Yu
+ ’ (q(2) g(2) yu vols2 + h(z) 6, A dz) + 2 21 A
16\/§ q(z) 8(2) Yu 52 u vy
R h(z)

where v, are Killing vectors and 6, the 1-forms (4.4) on S2, and
2(2), q(2), h(z) are so far arbitrary functions of z. Furthermore,
the most general K constructed from R-symmetry singlets is, up
to generalised diffeomorphisms, given by

3

K= 25(2) + 1:—ﬁ (&8(2)s(2) — t(2)) vols2
3
+ 1::—\/5 (g(2)s(2) —t(2)) volga A A. (4.9)

Allowing for the S% to shrink at the boundary of the interval pa-
rameterised by z, the algebraic conditions J, A J* A K > 0 now be-
comes h(z)t(z) > 0, with equality at the boundary of I. Finally, as
discussed R-symmetry implies that dA = R2I(z) voly, for some [(2).
With (4.8), the differential conditions (4.7) reduce to
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My + 1y, dA — dgy =déy — Ay AdA=dry =0,

2 .
do) = —gptud", (4.10)

dwp) = —% (lvué’u + Ay /\5’”) .

We can always redefine the coordinate z to make h(z) any
functions we choose. A particular convenient choice is to take
h(z) = q(z), whereupon the differential conditions (4.10) become

5=—1 j= 2 §= f=—s
g - ) q - 2 ) - q ’ - ’
q mg
) =——+— —=. (411)
42 8V2
Without loss of generality we can integrate § = —1 to g = —2,

absorbing any constant of integration by shifting z. Furthermore,
we can express s and g in terms of derivatives of ¢t which must
satisfy
W m
t = —5 ,

Altogether the half-maximal structure then becomes

_2V2
R

t > 0 with equality at o1 . (4.12)

R R..
Ju Vu_Zd(Yuz)‘l‘Et.Vu

3

+
1642
24/2 R

+ szvuA— Zd(yuz)/\A,

f=_Riy B
2162
R3

16+/2
RZ

determined entirely by t(z) and where dA = NG (t+ % z)vol.

£(d(z6u) — zyu voly)

(4.13)
(zt —t) vols2

+

(zt —t)volga A A,

4.3. The AdS7 vacua

The SUGRA fields with legs on Mj,; = S x I can be read off
from the generalised metric constructed from J, and K in (4.13).
For this we use the parameterisation of generalised metric by IIA
SUGRA fields given in [21]. The warp factor the AdS; metric is
given by [5,7]
wy = |g|VPi2e /3 (4.14)

where |g| is the determinant of the internal space in string frame
and v is the IIA dilaton. Thus, we find the infinite family of super-
symmetric AdS; vacua determined by the function t(z) satisfying
(412).

[t
2 2 2
dSlO_R —.t—.dSAds7

R* [ i/ £ )
+ ? —E <ﬁd552 +dZ > N

(4.15)

where the metric is expressed in string frame and F, =dA —m B>
is the RR 2-form field strength of mIIA SUGRA. This is the family
of AdSy solutions found in [29] in the coordinate choice of [46],
where our variables are related to theirs by the rescaling t = ﬂa.

81
z=2217.
5. AdSg vacua from IIB supergravity

We next consider supersymmetric AdSg in IIB SUGRA. We be-
gin by rewriting the differential conditions (2.4) by introducing the
SO(4)g vector A, defined as Ayyw = Z]%GUVWXA". Then the differ-
ential conditions (2.4) become

— WAX K —
[/]u]v— 21/4€uvwxj A", ﬁ]uK—O, (51)

dk =23/4AY ], .

The SO(4)r vector A, encodes the AdSg radius and hence cosmo-
logical constant as follows. We can use a SO(4)r rotation to write,
without loss of generality A, = (0,0,0, R~1), with R the AdSe ra-
dius. This breaks the SO(4)g to the SO(3)g R-symmetry of AdSg
vacua. Let us therefore write u = (A, 4) with A =1, 2,3 labelling
the vector representation of SO(3)g. With respect to (A, 4) the dif-
ferential conditions become

3
EJA]B=—T€ABCJC, LyjJa=0,
21/4R 52
) 34 (5.2)
k=0, dk="rJa.

Note that the conditions £}, J, =0 and 5141% =0 are automati-
cally satisfied by J4 o< dK [41,7].

As we discussed in section 2, the J, are generalised Killing vec-
tor fields since £j;, Muyn = 0. However, in contrast to the AdS;
case, the equation J4 dk implies that J4 is a trivial gener-
alised Killing vector field, containing no spacetime vector field
but only exact differential forms. It therefore generates trivial
gauge transformations of the gauge potentials. On the other hand,
the three generalised vector fields J4 necessarily contain non-
vanishing spacetime vector field components, since £, # 0. These
spacetime vector fields must be Killing vector fields that gener-
ate the SU(2)g algebra and hence are related to an S% geome-
try. Therefore, we will consider the internal space My, = S% x %,
where ¥ is a Riemann surface with coordinates x*, o =1, 2. We
will, in principle, allow for metrics on Mj,; with off-diagonal com-
ponents between S? and ¥ although we will see that supersym-
metry forbids such components.

The SL(2)s of the IIB S-duality acts naturally on the Riemann
surface and we will raise/lower all SL(2)s indices using the alter-
nating symbols €yg = €*f = 41 with €“Vegy = Sg, and following
a Northwest-Southeast convention.

5.1. SO(5, 5) ExFT and IIB SUGRA

Supersymmetric AdSg vacua are characterised by four gener-
alised vector fields J, € I'(Rq) and a generalised tensor R e
I' (R2). In 1IB SUGRA these become formal sums of spacetime vec-
tor fields and differential forms as follows

Ju=Vy+21,% 40y, k:wff))—i—a)(z)—i-wfﬂ‘), (5.3)

where V,, A, and o, denote the vector, 1-form and 3-form parts
of Ju, while w(p) are p-forms appearing in K.

The wedge products and tensor products appearing in the alge-
braic conditions (2.1) are
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Jun]Jyv= ﬁ(lv(u)\?f) +}\.((¥u A Oy)

1
+ (—lv(,,(fv) - Efaﬂ)\g A )\5)) ) (5.4)

ok B
K Q@ K|r, =w@) A w@) +2€qp a)‘()‘o) Wy -
o - =B - B
KAK= w2) N W) + €xp a)ff)) 60(4) + €up a)?‘o) a)(4) s
where we defined K = %ju AJY = c?)‘(’é)) + () +d)‘("4). Moreover, the

differential operators appearing in the differential conditions (5.1)
become

Ly, Jv=Lv,Vy +Ly,0v+ Ly, A"
— 1y, dAY — 1y, doy — €qp 2 AdAE
Ly,K =Ly,0 + Ly, @) + Ly, 0}, (5.5)
+ €ap () daf — w(g) doy — @@y Adhy
dK = —\/ida)(z) + \/ida)‘(%) .

5.2. Half-maximal structure

In contrast to AdS; vacua of mllA, the gauge potentials of IIB
SUGRA on Mij; = S2 x £ can always be chosen to respect the
SU(2)g symmetry. Therefore, they will automatically be included
in the half-maximal structures we construct here.

The most general J4 we can construct from SU(2)g-triplets that
satisfies the algebraic conditions (2.1) is, up to generalised diffeo-
morphisms,

1 3
Ja= W(E va+4R (yam® +k%dya)

16 R3
+

[m| 64 A vols — yakPmg A vole) |, (5.6)
B S

where v, are Killing vectors and 64 the 1-forms (4.4) on S2,
m* = mo‘ﬁdxﬁ are 1-forms on X, where m“g depends only on
the coordinates of X, k% are functions on X, and we defined
Im| = Imgpm®F.

Next, we construct K such that is an SU(2)g-invariant and sat-
isfies K ® kch =0and Jo A JAA K > 0. We find the unique
combination, up to generalised diffeomorphisms,

. 16 R?
K=4py — (r+ pgk?) voly, (5.7)
and hence J4
R . 1 16 R3
J4:Wdl :W(4de“— 3 d(r—i—pﬁlcﬂ)/\volsz).

(5.8)

The algebraic condition J4 A JA A K > 0 is satisfied iff r|m| >0
with equality at the boundary of T, while the algebraic conditions
for J4 impose

m* amf =dp® Adp?,  dr+ pedk® =0.

(5.9)

mg Adp® =0,

Note that the final condition can be used to simplify the expression

of Ja

6R3
3

1 1
Ja= 57 <4de“ — kg dpP A volsz) . (5.10)

Finally, we are left to solve the differential conditions (5.5).
Here these simplify to dA% =dos =0, which implies m* = —dk®.
Thus, we find that

1 3 o 8 R’ o
Ja= i (gva+aRd (K ya) + ——pd (k0s Adky) ) |

6 R3
3

1 1
Ja= i <4de"‘ — kg dp? A volsz> ;

2

A

K=4py —

(r+ pgk?) volsa
(511)

determined entirely by the two SL(2)-doublets of real functions k%
and p% on X, which satisfy the differential conditions

dk* AndkP =dp® Adp?,  dk* Adpy =0, (5.12)
and positivity condition
r|dk| > 0 with equality at 0%, (5.13)

where |dk| = aak,ga“kﬁ, and r is defined up to an integration con-
stant by dr = —p, dk*.

At this stage, one might wonder how the quadratic differential
conditions (5.12) can underly supersymmetric AdS vacua, which
ought to be described by a first-order BPS equation. The answer is
that we still have residual diffeomorphism symmetry on the Rie-
mann surface ¥ that can be used to turn (5.12) into first-order
differential equations. We will show how to do this after calculat-
ing the supergravity fields from the structures.

5.3. The AdSg vacua

We will now compute the supergravity background correspond-
ing to the half-maximal structures (5.11). The supergravity fields
are encoded in the generalised metric (3.5), (3.7). Moreover, the
6-D metric is warped by the factor wg = |g|~'/4k2, [7] where |g|
is the determinant of the internal four-dimensional space. From
this, we find the following background in Einstein frame

5/4 A1/4 p2 2
» N2rMAAVARIT12 ldk|= 2 | 4
48" = Sxjapgeiz | Whase T 5 0S5 + k" @dpa |,
4R? rpy 3PkY 95 p*
C* = —35 volg2 (ka + T|dk| ;
Ca=0,
1 |dk| )
Hyg = — + 6413, kqdY ,
af zﬂ(ﬁp“” yRepe
(5.14)
where
3 5 1 0.8 app
A = rldkl®+ S1dk| py psdok” 8% p®,  dk| = dukpd k",

(5.15)

and Hyg is the SL(2) matrix parameterised by the axio-dilaton 7 =
eV +iCy as

oo 1 (|72 Ret
“ ~Imt \Rer 1 ’
The solutions are completely determined by p* and k%, which are

any pair of real SL(2)-doublet functions on ¥ satisfying (5.12) and
(5.13) with r defined by dr = —p,dk®.

(5.16)
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As we mentioned previously, we can use diffeomorphisms to
turn the differential equations for k% and p“ into first-order PDEs.
In particular, we can always use diffeomorphisms to make the
metric on X conformally flat. From (5.14) we see that this would
impose
31 k“ azpa =0.

01k*01po = 22k 02 P . (5.17)

Together with (5.12), and requiring (5.13) the differential condi-
tions become the Cauchy-Riemann equations

dk® =1 -dp“, (5.18)

where If, = 80,},67’/3 is a complex structure on X. This implies that
p* and k% are the real and imaginary parts of two holomorphic
functions f% = —p® +ik” on X. We now immediately see that our
solutions match those of [32] upon identifying our holomorphic
functions with the A4 of [32] as follows

Ar=ifl+f?, (5.19)

whereupon our R? is identified with the coefficient ¢ of [32]. These
solutions can be extended to globally regular solutions by includ-
ing a boundary of the Riemann surface on which the holomorphic
functions f“ have poles as discussed in [33,34].

6. Minimal consistent truncations

As shown in [7], we immediately obtain the minimal consistent
truncation around the supersymmetric AdS vacua we constructed
here. The truncation Ansatz for the scalar fields is given in (2.5),
while that for the remaining fields can be found in [7].

6.1. AdS7

By computing the generalised metric corresponding to the
Ju,Y) and K(x,Y) in (2.5) we find the truncation Ansatz for
the IIA SUGRA fields in string frame

R? [t
2 1/2 4.2
dslo = — —EX / d57

+ R X524z + XS/ZLUIS2
4\ ¢t £2X5—2¢t S°|°
3/4
oV — 2x5/4 <_£> -
R t VX5t2 —2¢tt
R? L/ 0\V4 t mt
H =——X_5/4t —_= 3—c=————=|vol,; (61)
3 4 t Fi2X5 —2¢t| M

2 1/4
—_ R_X*5/4'f <_E) (1 _ X5)
4 t

14 4tt +t mt vol
X 0 - o - T s
22X5 —2tt  fi2X5 —2tt M3

Fy= R® 2f+ X3 mtt vol
T8 /2 2x5s —2ti) 2

with the 2-form potential

By = R? z fex® vol
z_gﬁ 2X5 —2¢t¢ 2

and where voly, is the volume form on the internal space of
(6.1). The truncation Ansatz is completely determined by the func-
tions t(z) satisfying (4.12), and corresponds to the truncation

(6.2)

Ansatz found in [31] in the coordinates of [46]. Upon truncation,
X becomes the scalar field of the minimal 7-dimensional gauged
SUGRA [47].

6.2. AdSe

We can similarly use (2.5) to find the minimal consistent trun-
cation corresponding to the supersymmetric AdSg vacua of IIB
SUGRA we described here and which were previously constructed
in [32]. We find in Einstein frame

5 N2r3/4AAR? [12 2.

X2 |dk|?
ds® = —dsg =
33/4|dk|1/2 r A

ds§2

4
+ dea ®dpa] s

2 4 o
Cap¥= —% volga (k“ + Wldkl) , (63)
Caq =0,

4

Hyp = Zx;ﬁ (X—«/|_l:k| Dabp + GN/Faykaaypﬁ> ,
where
1.3 2, 1ya 0.8
A= Zr|dk| + §X |dk| py psdskY 37 p°, (6.4)

and k¥, p% satisfy (5.12), (5.13). Upon truncation, X becomes the
scalar field of the minimal 6-dimensional gauged SUGRA, the so-
called F(4) gauged SUGRA [48]. All these AdS vacua correspond to
the same vacuum of the 6-dimensional gauged SUGRA. Our trun-
cation Ansatz includes the previously-found consistent truncation
of a particular AdSg vacuum in this family [49] as a particular ex-
ample.
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Appendix A. Conventions of half-maximal structure

Here we summarise the algebraic and differential conditions for
the half-maximal AdS vacua and give their explicit expressions in
terms of Ey(g) invariants.

The d —1 generalised vector fields J, and the generalised tensor
K together are stabilised by an SO(d — 1) C Ey) structure group,
if and only if, they satisfy the algebraic conditions

Ju/\]v_LSquW/\JWZO ]u/\]W/\IA(>O

d—1 ’ T (A1)
K®K|g, =0.
The differential conditions are

[/]u]v =_Auijwa

l:]uf( =0, a2)
_1_cuvw _ .
R — ETW N AyywK, whenD =7,
%Euvwauijx ) when D =6.
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These conditions can be derived by writing J, and K as spinor bi-
linears and then rewriting the supersymmetry variations of EXFT in
terms of J, and K. Alternatively, one can use the results of half-
maximal gSUGRA [50,51] to read off the embedding tensor that
would be obtained after a consistent truncation. This can then be
mapped into the differential equations for J, and K. Finally, the
Ayvw corresponds to a non-zero singlet in the intrinsic torsion of
the Spin(d — 1) structure, as further explained in [7], similar to the
BPS equations for other amounts of supersymmetry [11,14,15].

A.1. SL(5) conventions

For SL(5) EXFT we use the conventions where a,b=1,...,5
are fundamental SL(5) indices. Then following [7], the algebraic
conditions (2.1) become

1 1
Zeabcde (]uab]de - gfsuv]wab]WCd> =0,
(A.3)

1 A
Zeabcde]uab]deKe >0.

The differential conditions (2.4) involve the generalised Lie deriva-
tive and nilpotent derivative d whose explicit expressions are

Ly v = %Ju“’acdfu”” — 2]y P 1, + %Jv“”acdfucd
=—Auw]W?,
L,k = %JubCabcka — KPpe Ju " + %kaa,,cju’” =0,
dKq = dpaKP = ﬁe”"wAuvaa.
(A4)
A.2. SO(5, 5) conventions

For SO(5,5) EXFT we use the indices M =1,...,16 and
I=1,...,10 for the spinor and fundamental representations of
SO(5, 5), respectively. We raise/lower the fundamental indices by
the constant SO(5, 5)-invariant metric #;;. Using the conventions
of [7], the algebraic conditions (2.1) become

1 1
5(VI>MN(JuMJvN_ZSquwMJWN>=07
Kik'=0, (A5)
1/ M juNp
S (r"),,, Ju Nk 0.

The differential conditions (2.4) involve the generalised Lie deriva-
tive and the nilpotent derivative d whose explicit expressions are

1
L g = Ton i = Ron 1Y+ 5 oM ('), Jion P
= _Auvw]WM s

~ ~ 1 N
I M I, I\ NjJ M _
L, K Ju oK' + 3 (y]y )M K’ on Ju 0,

N A 1
L S
(A.6)
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