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Maximal supergravity in four dimensions admits two inequivalent dyonic gaugings of the group 
SO(4)×SO(2,2)�T 16. Both admit a Minkowski vacuum with residual SO(4)×SO(2)2 symmetry and 
identical spectrum. We explore these vacua and their deformations. Using exceptional field theory, we 
show that the four-dimensional theories arise as consistent truncations from IIA and IIB supergravity, 
respectively, around a Mink4 × S3 × H3 geometry. The IIA/IIB truncations are efficiently related by an 
outer automorphism of SL(4) ⊂ E7(7). As an application, we give an explicit uplift of the moduli of the 
vacua into a 4-parameter family of ten-dimensional solutions.
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1. Introduction: D = 4 Minkowski vacua from ten dimensions

Maximal N = 8 gauged supergravity in four dimensions allows 
for a number of Minkowski vacua with various gauge groups and 
different degrees of supersymmetry, many of which have only been 
revealed and studied in recent years [1–5]. Their existence is often 
based on symplectic deformations of maximal supergravity [6,7]
whose higher-dimensional origin in turn remains largely mysteri-
ous.

In an a priori unrelated development, new efficient tools for the 
higher-dimensional uplift of four-dimensional solutions and theo-
ries have emerged from the duality covariant reformulations of the 
higher-dimensional supergravity theories. In this framework, non-
toroidal compactifications of supergravity are realized as general-
ized Scherk–Schwarz reductions on extended spacetimes [8–14]. 
In [15], these techniques were used to prove a conjecture from 
[19] that the NS–NS sector of ten-dimensional supergravity ad-
mits a consistent truncation based on a group manifold G to a 
half-maximal supergravity retaining non-abelian gauge bosons as-
sociated with the full isometry group G × G . The scalar fields of 
the lower-dimensional theory parametrize the coset space R+ ×
SO(d, d)/(SO(d) × SO(d)) with d = dim G and couple via the scalar 
potential
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e2 ϕ(x) XMN
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×
(

MNQ(x)MKR(x) + 3 δQK δNR

)
.

(1)

Here, MMN (x) is the SO(d, d) valued matrix parametrizing the 
scalar target space, ϕ(x) is the dilaton field, and the generalized 
structure constants XMNK encode the structure constants fkmn
of the group G , see (6) below.

It has further been observed in [15] that for non-compact 
groups G the potential (1) admits a Minkowski vacuum if the num-
ber of compact and non-compact generators of G are related by 
ncp = 2 nnon-cp . An interesting example of such a group which we 
shall further study in this paper is provided by

G = SO∗(4) ≡ SO(3) × SO(2,1) , (2)

which gives rise to a four-dimensional N = 4 supergravity with 
gauge group

Ggauge = G × G = SO(4) × SO(2,2) , (3)

embedded into the isometry group of the scalar target space 
SO(6, 6)/(SO(6) × SO(6)).

The associated Minkowski vacuum of the scalar potential (1)
corresponds to a ten-dimensional solution of the type

Mink4 × S3 × H3 , (4)

of a warped product of four-dimensional Minkowski space, a com-
pact three-sphere, and the non-compact hyperboloid H3 with 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 

https://doi.org/10.1016/j.physletb.2017.11.011
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://creativecommons.org/licenses/by/4.0/
mailto:E.Malek@lmu.de
mailto:Henning.Samtleben@ens-lyon.fr
https://doi.org/10.1016/j.physletb.2017.11.011
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2017.11.011&domain=pdf


E. Malek, H. Samtleben / Physics Letters B 776 (2018) 64–71 65
isometry group SO(2, 2) . At the vacuum, the gauge group (2) is 
broken down to its compact part, SO(4) × SO(2) × SO(2), and su-
persymmetry is completely broken. Yet the vacuum is classically 
stable at the quadratic level [3].

The aim of this letter is to further explore the Minkowski vac-
uum (4) and its deformations. We construct its embedding into 
N = 8 supergravity, i.e. into consistent truncations of IIA and IIB 
supergravity to inequivalent N = 8 gauged supergravities, both 
gauging the same non-semisimple group

SO(4) × SO(2,2)� T 16 , (5)

extending (3). To show the inequivalence of the gaugings, we work 
out and compare their scalar potentials in a 10-scalar truncation. 
We construct the twist matrices that allow an explicit uplift of 
the four-dimensional theories into IIA and IIB supergravity, re-
spectively, via a generalized Scherk–Schwarz reduction. Exceptional 
field theory is particularly useful for this because it captures both 
IIA and IIB supergravity in one formalism [16–18]. As a further 
application, we give an explicit uplift of the moduli of this vac-
uum into a 4-parameter family of ten-dimensional solutions. These 
deform the background geometry (4) such that only a U(1)4 sub-
group of its isometries is preserved.

The rest of the letter is organized as follows. In section 2 we 
describe the inequivalent embeddings of the half-maximal super-
gravity with gauge group (3) into N = 8 supergravity. In section 3
we construct the twist matrices that describe the uplift into IIA 
and IIB supergravity via generalized Scherk–Schwarz reduction of 
exceptional field theory. We illustrate the inequivalence of the two 
resulting four-dimensional theories by comparing their potentials 
in a 10-scalar truncation in section 4. Finally, in section 5 we give 
an explicit uplift of the moduli of the Minkowski vacuum into a 
4-parameter solution of D = 10 supergravity.

2. Embedding into maximal supergravity

In this section we discuss the embedding of the D = 4, N = 4
gauged supergravity with gauge group (3) obtained from com-
pactification on (4) into N = 8 gauged supergravities describing 
consistent truncations of maximal IIA and IIB supergravity, re-
spectively. We first discuss this embedding on the level of the 
four-dimensional supergravities in terms of the embedding ten-
sor, enhancing the gauge group (3) to (5). The latter gaugings have 
been found and studied in [3–6]. We then review the consistent 
truncation of D = 10, N = 1 supergravity around the solution (4)
by virtue of a generalized Scherk–Schwarz reduction encoded in a 
properly chosen SO(6, 6) twist matrix U . Upon embedding of this 
twist matrix into E7(7) we arrive at consistent truncations of IIA 
and IIB supergravity to the N = 8 gauged supergravities.

2.1. Embedding N = 4 into N = 8 supergravity

The scalar potential (1) appears in a gauging of D = 4, 
N = 4 supergravity [20,21] whose generalized structure constants 
XMNK are given in terms of the structure constants fkmn of the 
group G = SO∗(4) as

XMN
K : Xkmn = fkmn , Xk

mn = fk
mn , Xk

m
n = f k

m
n ,

Xmn
k = f mn

k , (6)

where SO(6, 6) indices M, N = 1, . . . , 12, are decomposed as 
{V M} → {V m, Vm} and raised/lowered with the SO(6, 6) invari-
ant ηMN , and adjoint algebra indices m, n = 1, . . . , 6, are raised 
and lowered with the Cartan–Killing form κmn .
To describe the embedding of this half-maximal into maxi-
mal supergravity, we consider the decomposition of the symmetry 
group of ungauged N = 8 supergravity

E7(7) −→ SO(6,6) × SL(2) , (7)

such that vector fields and the adjoint representation decompose 
as

56 −→ (12,2) + (32s,1) ,

133 −→ (66,1) + (1,3) + (32c,2) , (8)

respectively, i.e. for M = 1, . . . , 56 and � = 1, . . . , 133,

Aμ
M −→ {Aμ

Mα, Aμ
A} , M = 1, . . . ,12 , α = ± ,

T� −→ {tMN , t(αβ), tȦα} , A, Ȧ = 1, . . . ,32 . (9)

The gauge couplings in the maximal theory are described by an 
embedding tensor 	M

� in the 912 of E7(7) [22]

Dμ = ∂μ + Aμ
M 	M

� T� . (10)

In our case, 	M
� is induced by the embedding tensor XMNK , 

(6), of the half-maximal N = 4 theory, living in the (220,2) of 
SO(6, 6) × SL(2), see [23] for a detailed discussion of such embed-
dings. In particular, (6) satisfies the additional quadratic constraints 
[24,23]

XMNK XMNK = 0 , (11)

required for an embedding into a maximal theory.1 In the maximal 
theory, this induces gauge couplings

Aμ
M 	M

� T� = Aμ
K+ XKMN tMN + Aμ

AXKMN �KMN
AȦ tȦ+ .

(12)

The first term describes the gauging of the so(4) ⊕ so(2, 2) gen-
erators within the algebra so(6, 6) = 〈

tMN 〉
, i.e. reproduces the 

gauge group (3) of the N = 4 theory. The second term, which 
carries the SO(6, 6) gamma-matrices �KMN

AȦ describes the new 
generators that are gauged in the maximal theory. In our case, it 
is straightforward to see, that these correspond to 16 commuting 
generators of E7(7) that transform as a bi-fundamental vector un-
der the semi-simple part (3) of the gauge group. The full gauge 
group within the maximal theory then is given by

Ggauge = (SO(4) × SO(2,2))� T 16 . (13)

A closer analysis of the gauge couplings (12) shows that the 
gauging of the 16 nilpotent generators can be realized in two 
different ways depending on if the higher-dimensional origin cor-
responds to the IIA or the IIB theory. While the embedding of 
SO(6, 6) into E7(7) according to (7) is unique, the subgroup GL(6) ⊂
SO(6, 6) can be embedded in two inequivalent ways, related by an 
exchange of the SO(6, 6) spinor representations, and corresponding 
to a IIA or IIB origin. Accordingly, there are two ways of embed-
ding the N = 4 theory into an N = 8 gauging with gauge group 
(13). Specifically, the additional 32 vector fields in (9) transforming 
in the spinor representation of SO(6, 6) decompose as

IIA :
{

Aμ
0 , Aμ

mn , Aμ mn , Aμ 0

}
,

IIB :
{

Aμ
m , Aμ

kmn , Aμm

}
, (14)

1 This is a general property of N = 4 gaugings that descend from Scherk–Schwarz 
reductions respecting the section constraints [10].
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under GL(6), with m, n = 1, . . . , 6 . In terms of the structure con-
stants (6), the couplings (12) of these fields organize according to

IIA : Aμ
AXKMN �KMN

AȦ tȦ+

= Aμ 0 fkmn tkmn

+ Aμ kl

(
fmnp εklmnpq tq + f kl

m tm
)

+ Aμ
mn f kl

p εklmnrs t prs

≡ Aμ 0 X 0 + Aμ kl X kl + Aμ
mn Xmn ,

IIB : Aμ
AXKMN �KMN

AȦ tȦ+

= Aμ
kmn (

fkmn t0 + f pq
k εpqrsmn trs)

+ Aμq fmnp εklmnpq tkl + Aμ
m f kl

m tkl

≡ Aμ
kmn Xkmn + Aμq X q + Aμ

mXm , (15)

where the generators tȦ+ decompose as (14) (with IIA and IIB 
interchanged).

Although both expression seem to formally involve more than 
16 vector fields and generators, both, the IIA and the IIB con-
nection can be shown to contain precisely 16 independent vector 
fields. For example, the generators X kl and Xmn , etc., contracting 
the vector fields, are not independent, but constrained by

Xmn Xmn = 0 ,

εklmnpq Xklm Xnpq = 0 = Xm Xm , (16)

as follows from the Jacobi identities of the structure constants 
fmn

k . As a result, for both cases in (15), the resulting gauge al-
gebra is identical to (13), yet the two gaugings are inequivalent as 
we shall explicitly confirm below by comparing their scalar poten-
tials.

In [3], two gaugings of maximal supergravity with gauge group 
(13) have been identified, constructed in the SL(8) frame and in 
the SU∗(8) frame of E7(7) , respectively. We will establish the link 
in section 3, with the former one describing the IIB embedding and 
the latter one describing the IIA embedding of the N = 4 theory.

2.2. Uplift of N = 4 supergravity

We have described the embedding of the N = 4 theory with 
embedding tensor (6) into maximal N = 8 supergravity. The half-
maximal theory can be obtained as a consistent truncation from 
ten-dimensional supergravity. This is most conveniently described 
by a Scherk–Schwarz reduction in a double field theory (DFT) re-
formulation [25–27] of ten-dimensional supergravity, in terms of 
an SO(6, 6) twist matrix U given by [15]

U M
K =

{
−κ K L KL m + ηK L KL

n C̃nm , ηK L KL
m
}

, (17)

in terms of the Killing vectors

KK
m ≡ {Lk

m + Rk
m, Lk m − Rk m} , (18)

of left and right G × G isometries, the Cartan–Killing form κ K L , 
the SO(6, 6) invariant tensor ηK L and the two-form gauge potential 
C̃mn of the three-form flux on the group manifold G defined by

3 ∂[kC̃mn] = H̃kmn ≡ −16 f kmn Lk k Lm m Ln n

= −16 f kmn Rk k Rm m Rn n . (19)

We refer to [15] for details.
The construction applies to arbitrary groups G . The fact that the 
relevant group (2) factorizes into two three-dimensional groups 
implies that the twist matrix U only lives in the subgroup

SL(4) × SL(4) � SO(3,3) × SO(3,3) ⊂ SO(6,6) . (20)

An equivalent presentation of the twist matrix (17) can be given 
in terms of the explicit SL(4)-valued twist matrices for S3 and H3

from [12,13].
The twist matrix together with a generalized Scherk–Schwarz 

Ansatz allow us to derive the explicit uplift formulae of the 
four-dimensional N = 4 supergravity up to ten dimensions [15]. 
As an example, we can use these formulae to derive the ten-
dimensional origin of the four-dimensional Minkowski vacuum 
carried by the scalar potential (1) at the scalar origin. This ten-
dimensional background is conveniently described by embedding 
the six-dimensional internal space into R8 via the coordinates

{U a, Y a} , a = 1, . . . ,4 ,

with U aU a = 1 = Y aηabY b , (21)

in terms of the SO(2, 2) invariant metric ηab = diag{−1, −1, 1, 1} . 
The D = 10 dilaton and metric then take the following form

eφ = 1√
1 + 2 y2

, y2 ≡ (Y 1)2 + (Y 2)2 ,

ds2 = e−φ/2ημν dxμ dxν +2 e−φ/2dU a dU a + 2 e3φ/2dY a dY a ,(22)

with the four-dimensional Minkowski metric ημν . The geometry 
is a warped product (4) with manifest isometry group SO(1, 3) ×
SO(4) × SO(2)2. The three-form flux takes the form

H3 = 24
(
ωS + e4φ ωH

)
, (23)

in terms of the canonical volume forms ωS and ωH , of S3 and H3

given by

ωS = 1

3! εabcd U a dU b ∧ dU c ∧ dU d ,

ωH = 1

3! εabcd Y a dY b ∧ dY c ∧ dY d , (24)

respectively.

2.3. Embedding DFT into ExFT

The construction can be extended to maximal supergravity by 
embedding the ten-dimensional supergravity into E7(7) exceptional 
field theory (ExFT) [18]. This is the duality covariant formulation of 
maximal supergravity in which the fields are reorganised into E7(7)

covariant objects living on an extended space of 56 coordinates 
{Y M} constrained by the strong section condition

(t�)MN ∂M ⊗ ∂N = 0 , (25)

with the E7(7) generators (t�)MN . There are two inequivalent solu-
tions to this condition which correspond to selecting within the 
{Y M} six internal coordinates corresponding to either IIA or IIB 
supergravity [18]. Only the former set of coordinates may be ex-
tended by a seventh coordinate without violating (25), correspond-
ing to D = 11 supergravity.

Consistent truncations to maximal supergravities are described 
in exceptional field theory by generalized Scherk–Schwarz reduc-
tions in terms of E7(7) valued twist matrices U . Upon embedding 
the SO(6, 6) twist matrix (17) into E7(7) , we thus obtain an em-
bedding of the four-dimensional maximal supergravities discussed 
in section 2.1 into ten dimensions. Although the embedding of 
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SO(6, 6) into E7(7) is unique, the two inequivalent ways of identify-
ing coordinates (corresponding to the inequivalent embeddings of 
GL(6) into E7(7)) result in two inequivalent ten-dimensional uplifts, 
into IIA and IIB supergravity, respectively. The corresponding coor-
dinates are identified within the 56 internal coordinates of E7(7)

ExFT as

IIA : 56 −→ 6′−4 + 1−3 + 6−2 + 15−1 + 15′+1

+ 6′+2 + 1+3 + 6+4 ,

IIB : 56 −→ (6′,1)−4 + (6,2)−2 + (20,1)0

+ (6′,2)+2 + (6,1)+4 . (26)

While this construction provides a neat and compact proof for 
the existence of consistent uplifts of these four-dimensional super-
gravities, in practice the embedding of the twist matrix (17) into 
E7(7) requires its evaluation in the spinor representations of the 
group SO(6, 6) according to the decomposition of (8) which is a 
somewhat cumbersome exercise. In the next section we thus give 
an alternative direct derivation of the full E7(7) twist matrices.

3. The IIA/IIB twist matrices

In [28], twist matrices for the uplift of certain dyonic N = 8
gaugings have been constructed after decomposing the 56 coordi-
nates in the SL(8) frame into what we will refer to as ‘electric’ and 
‘magnetic’ coordinates{

Y M
}

=
{

Y [AB], Y [AB]
}

, A, B = 1, . . . ,8 . (27)

In these coordinates the section condition (25) takes the form

∂AC ⊗ ∂ BC + ∂ BC ⊗ ∂AC = 1

8
δB

A

(
∂C D ⊗ ∂C D + ∂C D ⊗ ∂C D

)
,

∂[AB ⊗ ∂C D] = 1

24
εABC D E F G H ∂ E F ⊗ ∂G H , (28)

and twist matrices are constructed as products of matrices de-
pending on electric and on magnetic coordinates, respectively.

3.1. IIB twist matrix

Choosing physical coordinates as{
yi ≡ Y i8 , ỹa ≡ Ya7

}
, i, j ∈ {1,2,3} , a,b ∈ {4,5,6} , (29)

among (27), it is straightforward to verify that restricting the de-
pendence of fields to these coordinates solves the section condi-
tion (28) and that (29) cannot be extended by any of the other 
50 internal coordinates without violating the section constraint. 
ExFT evaluated on these coordinates thus describes IIB supergrav-
ity. Specifically, the GL(1)IIB, which provides the geometric grading 
of coordinates (26) and fields, is generated by

GL(1)IIB =
〈

3

4

(
T8

8 − T7
7
)

+ 1

4

(
T1

1 + T2
2 + T3

3 − T4
4 − T5

5 − T6
6
)〉

, (30)

resulting in the charges

{Y i8, Ya7} : −4 , {Y a8, Y ij, Yi7, Yab} : −2 ,

{Y ia, Y 78, Y78, Yia} : 0 , . . . , (31)
for the coordinates, in accordance with (26). The twist matrices 
considered in [28] are of the form

U (yi, ỹa) ≡ Ů ( ỹa) Û (yi) , (32)

with the two commuting factors Ů and Û given by the sphere/hy-
perboloid solutions from [13]. They describe the embedding of 
maximal four-dimensional gaugings with a dyonic embedding ten-
sor given by

X AB,C D
E F = ηA[CδD]B

E F − ηB[C δD]A
E F ,

X AB
C D

E F = −η̃A[EδC D
F ]B + η̃B[EδC D

F ]A , (33)

with

ηAB = diag(

p︷ ︸︸ ︷
1, . . . ,1,

4−p︷ ︸︸ ︷
−1, . . . ,−1,0, . . . . . . ,0) ,

η̃AB = diag(0, . . . . . . ,0,1, . . . ,1︸ ︷︷ ︸
q

,−1, . . . ,−1︸ ︷︷ ︸
4−q

) ,
(34)

as constructed in [3]. For this paper, we are interested in the case 
p = 4, q = 2, corresponding to the gauge group (13). The gauge 
algebra thus is a subalgebra of sl(8) = 〈T A

B〉 with the gauge con-
nection given by

Dμ = ∂μ −
(

Aμ
AB ηBC − Aμ C B η̃B A

)
T A

C , (35)

corresponding to the IIB couplings of (15).

3.2. IIA twist matrix

We note that the above IIB Ansatz defines a natural embed-
ding SL(4) × SL(4) ⊂ SL(8), with each of the twist matrices Ů and 
Û an element of one of the two SL(4) factors. Using these two 
SL(4) subgroups we can slightly generalise the above Ansatz for 
the physical coordinates, by embedding them into{

Y I J , Y İ J̇

}
, I, J = {1,2,3,8} , İ, J̇ = {4,5,6,7} , (36)

with Û (Y I J ) and Ů (Y İ J̇ ). The section condition (28) then becomes

ε I J K L∂I J ⊗ ∂K L = ε İ J̇ K̇ L̇∂
İ J̇ ⊗ ∂ K̇ L̇ . (37)

Here, we further restrict to the case

ε I J K L∂I J ⊗ ∂K L = ε İ J̇ K̇ L̇∂
İ J̇ ⊗ ∂ K̇ L̇ = 0 . (38)

We can now follow [29] and apply the outer automorphism of 
the SL(4) factor defined by İ, J̇ = {4,5,6,7}. This takes

∂ İ J̇ −→ 1

2
ε İ J̇ K̇ L̇∂K̇ L̇ , Ů −→ Ů−T , (39)

and one can easily show that it satisfies the conditions in [28], 
ensuring a consistent truncation. The new full set of physical coor-
dinates is now given by{

yi ≡ Y i8 , ỹa ≡ 1

2
εabc Ybc

}
,

i, j ∈ {1,2,3} , a,b ∈ {4,5,6} ,

(40)

with twist matrix

U (yi, ỹa) ≡ Ů ( ỹa)−T Û (yi) . (41)

It is straightforward to verify that the new set of coordinates 
can be extended by a seventh coordinate Y 78, while still satisfy-
ing the section constraints (27). The resulting theory is thus type 
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IIA supergravity (with possible D = 11 embedding). The GL(1)IIA, 
which provides the geometric grading of coordinates (26) and 
fields, is generated by

GL(1)IIA =
〈

1

3

(
T1

1 + T2
2 + T3

3
)

− 2

3

(
T4

4 + T5
5 + T6

6
)

+ T8
8
〉

, (42)

giving charges (i, j = 1, . . . , 3, a, b = 4, . . . , 6)

{Y i8, Yab} : −4 , {Y 78} : −3 , {Y ij, Ya7} : −2 ,

{Y i7, Y a8, Yia} : −1 , . . . ,
(43)

for the coordinates, in accordance with (26).
The new embedding tensor corresponding to this IIA reductions 

is given by

X AB,C D
E F = ηA[C δD]B

E F − ηB[C δD]A
E F ,

X AB
C D

E F = −�
AB[E
[C δD] F ] ,

(44)

where

�ABC
D = ωABC E η̃D E , (45)

and the only non-vanishing components of ωABC D are

ω İ J̇ K̇ L̇ = ε İ J̇ K̇ L̇ , (46)

and η̃AB = η̃AB of (34) with p = 4 and q = 2. The quadratic con-
straint for this type of embedding tensor are given by

�(A
C D EηB)E = 0 ,

�A
BC[D�C

E F G] = 0 ,
(47)

which are satisfied in the given case.
At this stage it is natural to ask whether the 4-dimensional 

gauged SUGRAs we obtained from IIA and IIB are different. In 7 
dimensions, the IIA / IIB truncations related by an outer auto-
morphism of SL(4) are clearly inequivalent because the resulting 
embedding tensor belongs to different irreducible representations 
under the global symmetry group SL(5) [29]. Here, this is much 
harder to assess because in both cases the embedding tensor be-
long to the 912 representation under E7(7) . Under SL(8) ⊂ E7(7) , a 
difference emerges: the IIA embedding tensor corresponds to gaug-
ings in the 36 and 420 of SL(8) while the IIB one to gaugings in 
the 36 and 36 of SL(8). However, the two embedding tensors also 
couple to different sets of vector fields so that this direct compar-
ison is meaningless. Nonetheless, the IIA embedding tensor takes 
the same form as in (33) in the SU∗(8) frame, with gaugings in the 
36 and 36. This suggests that the IIA and IIB reductions yield dif-
ferent gauged SUGRAs, as one would have expected and as we will 
explicitly confirm in the next section.

4. Gaugings and potentials

So far we have shown that IIA and IIB supergravity compact-
ified around (22)–(23) give rise to maximal D = 4 supergravities 
which share the same gauge group (13) but embedded in inequiv-
alent ways within E7(7) . Around this background the two theories 
exhibit the same spectrum as can be confirmed by expanding the 
resulting scalar potentials to quadratic order.

In order to confirm explicitly that the two gaugings represent 
inequivalent four-dimensional theories, we will compute and com-
pare a truncation of their full scalar potentials. To this end, we 
consider their respective truncations to singlets under the compact 
subgroup
G0 ≡ SO(3)D × SO(2)D ⊂ (SO(3) × SO(3)) × (SO(2) × SO(2))

⊂ SO(4) × SO(2,2) , (48)

of the gauge group. Within E7(7) this group commutes with a 
GL(4) × SO(2), i.e. the scalar coset E7(7)/SU(8) contains 10 singlets 
under G0 with the resulting kinetic term given by

Lscal = 1

4
DμMuv DμMuv + 3 Dμλ Dμλ , (49)

in terms of a symmetric SL(4) matrix Muv , u, v = 1, . . . , 4 and a 
scalar λ . Under reduction to the common NS–NS sector, the GL(4)

further breaks down to GL(2) × GL(2), in particular the SL(4) ma-
trix Muv breaks down to an SL(2) × SL(2) × GL(1) matrix of block-
diagonal form

Muv =
(∗ 0

0 ∗
)

. (50)

For a general gauging, the embedding tensor 	M
� in the 912

representation of E7(7) contains 64 singlets under G0 which organ-
ise into SL(4) tensors according to

+3 : X[uv]w , Y [uv w], Z [uv w] ,

+1 : f[uv w] = εuv wx f̃ x ,

−1 : f [uv w] = εuv wx f̃x ,

−3 : X [uv]
w , Y [uv w], Z[uv w] , (51)

with the grading referring to GL(1) . The associated scalar poten-
tial is computed by applying the truncation to G0 singlets to the 
general N = 8 potential from [30], resulting in

V = 1

16
e−3λ

(
Xuv

w X yz
x MwxMuy M vz + 2 Xuw

x Xvx
w Muv)

− 3

8
e−λ

(
f̃ u f̃ v + f uwx Xwx

v
)

Muv

+ 1

4

(
Xuv

y Z ywx + Xuv
y Z ywx) Muw M vx

− 3

8
eλ

(
f̃u f̃ v + f wxu X wx

v

)
Muv

+ 1

16
e3λ

(
Xuv

w X yz
x M wxMuy Mvz + 2 Xuw

x X vx
w Muv

)
.

(52)

For the IIA and IIB embedding tensors given in the last section, 
truncation to G0 singlets yields

IIA: + 3 : Xuv
w : {X23

4 = X42
3 = X34

1 = 1} ,

−1 : f uv w : { f 134 = 1} ,

−3 : Zuv w : {Z234 = 1} ; (53)

IIB: + 3 : Xuv
w : {X23

4 = X42
3 = 1} ,

+1 : fuv w : { f234 = 1} ,

−3 : Xuv
w : {X34

2 = 1} , Zmnk : {Z234 = 1} , (54)

when written in the basis (51). In particular, in this truncation, 
only an SO(2)2

� T 2 subgroup of the gauge group (13) survives in 
both cases. The inequivalence of the two resulting gaugings now 
becomes manifest from the different forms the general scalar po-
tential (52) takes for (53) and (54), respectively:
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V IIA = 1

16
e−3λ

(
Xuv

k X yz
x MwxMuy M vz − 4 M22

)
− 3

4
e−λ M11

+ 1

4
Xuv

y Z ywx Muw M vx − 3

8
eλ M22 ,

V IIB = 1

16
e−3λ

(
Xuv

w X yz
x MwxMuy M vz − 4 M22

)
− 3

8
e−λ M11

+ 1

4
Xuv

y Z ywx Muw M vx − 3

4
eλ M22

+ 1

8
e3λ M22 (M33M44 − M34M43) . (55)

In particular, in the IIA potential the e3λ term vanishes identically, 
showing the inequivalent asymptotic behaviour of the two poten-
tials.

5. Uplift of the moduli

Around the Minkowski vacuum, the four-dimensional theories 
have a six-dimensional moduli space [4] which can be identified 
within the NS–NS sector. Apart from the trivial SL(2)

SO(2)
factor from 

the ten-dimensional dilaton and Kalb–Ramond field, the remaining 

four moduli {ϕi, χi}, i = 1, 2, form an 
(

SL(2)
SO(2)

)2 ⊂ SO(6, 6) embed-

ded according to the scalar moduli matrix M AB

M AB =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 s1s2 0 0 −s1χ2 0 0 χ1χ2 0 0 s2χ1

0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 −s1χ2 0 0 s1e−ϕ2 0 0 −e−ϕ2 χ1 0 0 −χ1χ2

0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 χ1χ2 0 0 −e−ϕ2 χ1 0 0 e−ϕ1−ϕ2 0 0 e−ϕ1 χ2

0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 s2χ1 0 0 −χ1χ2 0 0 e−ϕ1 χ2 0 0 s2e−ϕ1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(56)

with si = eϕi
(
1 + χ2

i

)
. Their kinetic term in the four-dimensional 

theory is given by

Lkin = 1

2

(
∂μϕ1 ∂μϕ1 + e−2ϕ1 ∂μχ̃1 ∂μχ̃1 + ∂μϕ2 ∂μϕ2

+ e−2ϕ2 ∂μχ̃2 ∂μχ̃2

)
,

(57)

with χ̃i = eϕi χi . Using the formulae from [15] these moduli can be 
uplifted to D = 10 dimensions and we will work out the explicit 
uplift here.

The ten-dimensional background corresponding to these mass-
less deformations preserves a set of U (1)4 isometries and is there-
fore most conveniently described in terms of the following func-
tions on the six-dimensional internal space

{uα, vα, yα, zα} , α = 1,2 ,

with uαuα + vα vα = 1 = zαzα − yα yα , (58)

so that the U (1)4 isometries are realised as rotations on the 
{uα, vα, yα, zα}, respectively. These functions are in fact the usual 
coordinates on R8 in which the six-dimensional manifold is em-
bedded via (58). As a result these functions are globally well-
defined on the internal space and allow us to give global expres-
sions for the metric and form fields on the internal space, rather 
than local coordinate expressions.
To this end we introduce the U (1)4 invariant one-forms

σ0 ≡ uαduα , σ1 ≡ εαβ uαduβ , σ2 ≡ εαβ vαdvβ ,

τ0 ≡ yαdyα , τ1 ≡ εαβ yαdyβ , τ2 ≡ εαβ zαdzβ , (59)

and functions u2 ≡ uαuα , y2 ≡ yα yα . In terms of these forms, the 
volume forms, ωS/H , of the undeformed S3/H3 are given by

ωS = 1

2
(σ1 ∧ dσ2 + σ2 ∧ dσ1) ,

ωH = 1

2
(τ1 ∧ dτ2 + τ2 ∧ dτ1) ,

(60)

as can, for example, be seen from [12]. We will moreover define 
the moduli-dependent functions

f1(u) ≡ e−ϕ1
(

1 − u2
)

+ eϕ2 u2
(

1 + χ2
2

)
,

f2(u) ≡ e−ϕ2
(

1 − u2
)

+ eϕ1 u2
(

1 + χ2
1

)
,

g1(y) ≡ e−ϕ2 y2 + e−ϕ1
(

1 + y2
)

,

g2(y) ≡ eϕ1 y2
(

1 + χ2
1

)
+ eϕ2

(
1 + y2

)(
1 + χ2

2

)
, (61)

and note that for finite values of the moduli, these functions are 
given by a sum of two positive terms. Furthermore, those two 
terms do not both vanish at the same locations, and thus the 
functions f i , gi are positive-definite for finite values of the mod-
uli.

The D = 10 metric yields a deformation of (22)

ds2 = �−1 ημν dxμ dxν + 2 e4 ϕ0 �3 dŝ2
6 , (62)

with warp factor

�−4 = e6 ϕ0
(

y2 f2(u) +
(

1 + y2
)

f1(u)
)

= e6 ϕ0
((

1 − u2
)

g1(y) + u2 g2(y)
)

, (63)

and an internal six-dimensional metric dŝ2
6

dŝ2
6 = g1(y)duα duα + g2(y)dvα dvα + f1(u)dyα dyα

+ f2(u)dzα dzα + 2χ2 (σ1 τ1 + σ2 τ2)

+ 2χ1 (σ1 τ2 + σ2 τ1) . (64)

The D = 10 dilaton is given by

eφ/2 = � e2 ϕ0 , (65)

and the Kalb–Ramond form

B = B̃ + ıv (ωS + ωH )

+ 2�4 e6 ϕ0 [χ1 (σ1 ∧ τ1 + σ2 ∧ τ2)

+ χ2 (σ1 ∧ τ2 + σ2 ∧ τ1)] , (66)

where

H̃3 = dB̃ = 4 (ωS + ωH ) , vi = 8�−1 g̃i j∂ j�, (67)

and g̃i j is an auxiliary pseudo-Riemannian metric with line ele-
ment

ds̃2
6 = duαduα + dvαdvα − dyαdyα + dzαdzα . (68)
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The Kalb–Ramond three-form flux takes the form

H3 = 12 e12 ϕ0 �8 Ĥ3 ,

with Ĥ3 = 2g1(y) g2(y)ωS + 2 f1(u) f2(u)ωH

+ g1(y)dσ1 ∧ (χ2 τ2 + χ1 τ1)

+ g2(y)dσ2 ∧ (χ2 τ1 + χ2 τ1)

− f1(u)dτ1 ∧ (χ2 σ2 + χ1 σ1)

+ f2(u)dτ2 ∧ (χ2 σ1 + χ1 σ2)

+ 2
(
χ2

1 − χ2
2

)
(σ1 ∧ σ2 ∧ τ0 − τ1 ∧ τ2 ∧ σ0) , (69)

describing a four-parameter deformation of (23).
We have thus completed the uplift of the four moduli to the 

parameters of a solution of D = 10 supergravity. Let us note that 
in the truncation χi = 0 and upon normalization 2ϕ0 = −ϕ1 − ϕ2, 
the remaining moduli {ϕi} translate according to

x ≡ e−ϕ1 , y ≡ e−ϕ2 , (70)

into the notation of [4] whose mass spectrum we reproduce. Fi-
nally, as discussed in [5], when the moduli approach the boundary 
of the moduli space, e.g. ϕ1,2 → ±∞, we obtain a different N = 8
gauged SUGRA. In particular, these limits can be understood as 
contractions of the gauge group to SO(2) × SO(2) � T 26.

6. Conclusions

In this paper we used exceptional field theory to find the 
D = 10 uplift of two inequivalent four-dimensional N = 8 gauged 
SUGRAs with the same dyonic gauge group SO(4) × SO(2, 2) � T 16, 
and which admit a non-supersymmetric Minkowski vacuum. We 
showed that the inequivalent four-dimensional theories come from 
truncating IIA or IIB around the same Mink4 × S3 × H3 background, 
with the IIA / IIB gaugings naturally arising in the SU∗(8) and SL(8)

frames, respectively. The two consistent truncations are related by 
an outer automorphism of SL(4) which can be taken to act on the 
S3, or H3, using the techniques outlined in [29].

The common N = 4 sector of these theories falls within the 
class considered in [15]. By studying the N = 4 scalar potential 
we identified the four moduli which lie in the common NS–NS 
sector and parameterise the coset space (SL(2)/SO(2))2. Using [15]
we uplifted these moduli to obtain a four-parameter family of 
Minkowski vacua in 10 dimensions which preserve a U(1)4 sub-
group of the SO(4) × SO(2, 2) isometries of the round S3 × H3

background. Taking these scalar fields to the boundary of the mod-
uli space results in new N = 8 gauged SUGRAs with gauge group 
SO(2) × SO(2) � T26.

Gauged SUGRAs with dyonic gaugings are particularly interest-
ing because of their rich vacuum structure, but have only recently 
been uplifted to 10-/11-dimensional SUGRA [31–33,28]. For exam-
ple, half-maximal AdS vacua of type II and 11-dimensional SUGRA 
must have non-zero de Roo–Wagemans angles [34,35]. We hope 
that the techniques developed here will be useful in those appli-
cations.

Another interesting question raised by this work is whether our 
IIA uplift can be obtained directly in the SU∗(8) frame, as opposed 
to the commonly used SL(8) frame. This might lead to a general-
isation of the IIA uplift, just as the IIB twist matrix is a particular 
example of a family of truncations obtained in [28]. We leave these 
and other open questions for further work.
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