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On the Cohomology of Modules over Hopf Algebras
Bopo Pareicis

Mathematisches Institut der Universitit Miinchen, Munich, Germany
Communicated by A. Frihlich
Received May 11, 1970

Let R be a commutative ring. Define an FH-algebra H to be a Hopf algebra
and a Frobenius algebra over R with a Frobenius homomorphism ¢ such that
Y by Ylhy) = Y(h) - 1 for all he H. This is essentially the same as to
consider finitely generated projective Hopf algebras with antipode. For modules
over FH-algebras we develop a cohomology theory which is a generalization
of the cohomology of finite groups. It generalizes also the cohomology of
finite-dimensional restricted Lie algebras. In particular the following results
are shown. The complete homology can be described in terms of the complete
cohomology. There is a cup-product for the complete cohomology and some
of the theorems for periodic cohomology of finite groups can be generalized.
We also prove a duality theorem which expresses the cohomology of the
“dual” of an H-module as the “dual” of the cohomology of the module. The
last section provides techniques to describe under certain conditions the coho-
mology of H by the cohomology of sub- and quotient-algebras of H. In
particular we have a generalization of the Hochschild-Serre spectral sequence
for the cohomology of groups.

1. The cohomology of modules over Hopf algebras as represented in this
paper generalizes to a certain degree the cohomology of groups as well as the
cohomology of Lie algebras and restricted Lie algebras. In fact if G is a
group and 4 is a G-module, then it is well known that

H"(G, A) =~ extlzi61.0(Z, 4)  for n = 0.

Furthermore, we have for a (restricted) Lie algebra g over a field & with
(restricted) universal enveloping algebra U(g) and a g-module 4 isomorphisms
H™(g, A) =~ ext{y,).n(k, A) forn > 0.

In these cases Z[G] and U(g) are Hopf algebras with antipode over Z and
k respectively. A lot about the cohomology of finite groups and finite-dimen-
sional restricted Lie algebras can be derived from the fact that Z[G]/Z and
U(g)/k are Frobenius algebras. So we shall frequently use the fact that a
finitely generated projective Hopf algebra H with antipode over a commuta-
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tive ring R with pic(R) = 0 is a Frobenius algebra [7, Theorem 7] with a
Frobenius homomorphism ¢ such that > ) kqyp(he) = $(k) -1 for all
h e H. We shall call H an FH-algebra if H is a Hopf algebra and a Frobenius
algebra with a Frobenius homomorphisms with the above mentioned prop-
erty. Most of the homological content of this paper applies to modules over
FH-algebras.

Let H be an FH-algebra over a commutative ring R and 4 be an H-mod-
ule. The (co-)homology of H with coefficients in 4 is defined by
H,(H, A) :=tor{"®(R, 4) and H™H, A) := extfy z,(R, 4), respectively;
so we have a generalization of the (co-)homology of finite groups as well as
of finite-dimensional restricted Lie algebras. For nonzero Lie algebras g over
a field & the universal enveloping algebra U(g) is infinite-dimensional, so it
is not a Frobenius algebra and most of the theory developed here does not
apply.

For FH-algebras, there are complete resolutions which allow to define
the (co-)homology groups also for negative n. We obtain in this paper an
expression of the n-th homology group by a (—n — 1)-th cohomology group.
Furthermore we develop a cup-product which has similar properties as in the
group case. For some results we need that the FH-algebra under consideration
is cocommutative. One result derived by cup-product techniques is a duality
theorem which gives an isomorphism

H7(H, hom(4, BY)) o~ hom(H-"-Y(H, A4), B),

where B is an injective R-module and H and A are as above. There are also
some results on periodic cohomology which generalize the case of finite
groups. In particular we show that an FH-algebra generated by one element
as an algebra has periodic cohomology of period 2.

The last section provides techniques to describe under certain conditions
the cohomology of H by the cohomology of sub- and quotient algebras of H.
In particular we have a generalization of the Hochschild-Serre spectral
sequence for the cohomology of groups.

If we restrict ourselves to cocommutative Hopf algebras with antipode,
then they are group objects in the category of cocommutative coalgebras. So
one may consider the Eilenberg-MacLane cohomology of group objects in
this case. The second cohomology group of this theory for example describes
the Hopf algebra extensions with antipode which are split as coalgebra
extensions. In special cases, the Eilenberg-MacLane cohomology groups
Hz,(H, M) of a Hopf algebra H with antipode with coefficients in a commu-
tative Hopf algebra M with antipode can be expressed with the cohomology
groups studied in this paper. If H = Z[5#] and M = Z[.#] for a group #
and an ##-module A, then H*(H, #) ~ Hg,(H, M)forn > 0.If H = U(}),
the restricted universal enveloping algebra of a restricted Lie algebra ), and
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M = U(m) with a commutative restricted §-Lie algebra m, then
H*(H, m) >~ Hg,\,(H, M) for n = 3 [5, V Satz 2 and I Korollar 4.3]. Except
from these examples, however, we do not know whether these two cohom-
ology theories are in some sense connected.

2. All rings and algebras are associative with unit element. All modules
are unitary modules. R is a commutative ring. All algebras are R-algebras.
All unlabelled tensor products and hom’s are tensor products and hom’s
over R.

By [7, Theorem 7] a finitely generated projective Hopf algebra H with
antipode S and P(H*) == R is a Frobenius algebra with a Frobenius homo-
morphism ¢ such that 3 ) kq¥(he) = $(h) - 1. The condition P(H*) ~ R
holds in particular if pic(R) = 0 [7, Proposition 5]. Conversely a Frobenius
algebra H with a Frobenius homomorphism ¢ such that ¥ ) Aq(he) =
(k) - 1, which is a Hopf algebra, has an antipode [7, Theorem 11]. A Hopf
algebra and Frobenius algebra H with a Frobenius homomorphism ¢ such
that X" kaP(he) = (k) - 1 will be called an FH-algebra.

Let H be an augmented algebra. Let 4 be an H-module. The (relative)
homology of H with coefficients in A is defined by

H, (H, 4) := torl-B(R, A).
The (relative) cohomology of H with coefficients in 4 is defined by
H™(H, 4) := ext}y o (R, 4).

Lemma 1. Let H be an FH-algebra. Each H-module A has a complete
(H, R)-resolution:

2, 2 2 2

A, 4,2

A:oe 25 4,25 4,

Proof. Since an H-module is (H, R)-projective if and only if it is (H, R)-
injective, we may compose an (H, R)-projective resolution with an (H, R)-
injective resolution of 4 to a complete (H, R)-resolution.

Let H be an FH-algebra and 4 an H-module. Let R be a complete (H, R)-
resolution of R considered as an H-module by the augmentation ¢ : H— R.
The complete homology of H with coefficients in 4 is defined by

H,(H, A) := H,(R @y A).
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The complete cohomology of H with coefficients in 4 is defined by
H~(H, A) := H,(homy(R, 4)).

By definition we have H,(H, A) =~ H,(H, A) for n > 1 and H"(H, 4) ~
H™H, A) forn > 1.

Each H-projective resolution of R is an (H, R)-projective resolution, since
all H-projective modules are (H, R)-projective and R-projective. Since R is
R-projective, the resolution is R-split, so it is an (H, R)-projective resolution.
Consequently H,(H, A) 2 tor,#(R, A)and H*(H, A) =~ exty™(R, A) for all n.

3. Let ¢ be the Frobenius homomorphism of the FH-algebra H. Then
¢ is a free generator of H* as a left H-module and also as a right H-module
[3,2.(4)]. So $*(h) defined by % o i = i o p*(h) is an algebra automorphism
of H, the Nakayama automorphism [3].

Let 4 be a left H-module. Then A° is the left H-module with underlying
abelian group A and multiplication % - a = ¢*(h)a.

Since H is finitely generated projective, there is a natural isomorphism

hom(hom(H, R), H) ~ H ® H.

Let > 7, ®I; be the image of the inverse of the Frobenius isomorphism
@1, Then we have by [4, Satz 10 and (11)]

Zh’i®li=z7’i®lih 1
Yrh @@L =Y 1, @¢*h) 2
2 Pr)li=1= Z rap(L;). (3)

Let A be a left H-module and B be an R-module. The homomorphism
tr : hom(4, B)af>(A3a—)Y 7, ® f(l;a)e H® B) € homy(A4, H ® B)
is called the trace map. Clearly tr(f) € homy(4, H @ B) because of (1).

LemMA 2. The trace map tr:hom(H, R)— homy(H, H) is an iso-
morphism.

Proof. Hom(H, R) = H o 4 is a free H-module.
tr(hog)(1) = Y rilho P)l) = Y rap(lk) = h Y (k) = ,

where we used (1) and (3). It is sufficient to know tr(% o ) on the unit of H.
So tr is an isomorphism, actually the inverse of the Frobenius isomorphism.
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Let A and B be left H-modules. We denote the map

hom(4, B) > homy(4, H @ B) -tem4-muld, 1 ,m (4, B)
by Tr and call it also the trace map.

LemMma 3. fehomy(4, B) is a trace of some g € hom(4, B) if and only if
there is a factorization of f through A —° H ) B —" B with H-homomorphisms

oand 7.

Proof. Let f=70. H® B is (H, R)-projective [2, 3.1(P1) and also
Lemma 5]. So by [4, Satz 11] there is an R-endomorphism p of H &) B with
Tr(p) = idygp - Since o and + are H-homomorphisms, we get f = 7 Tr(p)o ==
Tr(rpa). The converse holds by definition of T'r.

CoroLLARY 1. Let f e hom(A4, B). Then H*(H, Tr(f)) = O.

Proof. 'Tr(f) can be factored through H ® B which is (H, R)-projective.
Now for an (H, R)-projective module P all cohomology groups H"(H, P) = 0,
for 0P P50 is a complete resolution of P, and hence
H,(homg(R, P)) = 0. Consequently A"(H, Tr(f)) can be factored through
zero.

ProrositioN 1. H™(H, A) is a module over the center C of H. The ideal I
in C generated by ¥ r;l; € C annihilates H™(H, A). In particular if I = C then
H™(H, A) = 0 for all H-modules A. Furthermore if c € C annihilates A then
it annihilates Hn(H, A).

Proof. The first and also the last remark is clear, since multiplication
with an element of C defines an H-endomorphism of 4. Now Tr(id,) is
multiplication by Y 7,;e C and H"(H, Tr(id,)) =0 by Corollary 1. If
> rd; is invertible in C then the multiplication by 1 is the zero map, so
[1"(H, A) = 0.

CoROLLARY 2. Let N be the left norm of H with respect to s [7]. Then
&(N) = (X 7,l;) annihilates H(H, A).
Proof. We have
Yrely) = Y rap(N) = N} rap(l) = N

which implies €(3 7,1;) = «(IV). Now all homomorphisms homg(idg , > 7,1;),
homy(> 7.l;, id,), homgy(e(X 7;l;), id,), and hompy(idg, (V) from
homg(R, A4) into homg(R, A) are the same, since > 7;;€ C and R is an
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H-module via € : H — R. So multiplication by 3 7,J; and by «(V) induce the
same maps on the cohomology groups H*(H, 4).

4. Let H be an FH-algebra. Let 4 and B be left H-modules. We define
a left H-module structure on 4 &) B and hom(4, B) by

ha ®b) = 3 hwa @ kb

3]
and

(#f )a) = % ho f(S(he)a),

i.e., we consider 4 &) B and hom(4, B) as H () H-modules and restrict the
operation viad : H—~ H ® H.
Lemma 4. Let A, B, C be left H-modules. Then
homy(4, hom(B, C)) =~ homy(4 ® B, C)
is a natural transformation.

Proof. We use the natural transformation
hom(4, hom(B, C)) =~ hom(4 @ B, C)

and show that H-homomorphisms correspond to H-homomorphisms. Given
fehomy(4, hom(B, C)). Then

f'(Wa @ b)) = 3 f(haya)heb)

(h)

=Y ho)f(@)(S(hw) hed)

()
=H'(a®¥)
and for f’ € homy(4 ® B, C) we get
f(ha)(b) = f'(ha ® b)
= f'(hwa @ heS(he)b)

()

=2 ko f'(a @ S(he)b)

(h)

= (hZ) ha f(a)(S(he)b)
= (W (2))(0)-
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COROLLARY 3. For H-modules A and B there is a natural isomorphism
homy(R, hom(4, B)) =~ homy(4, B).

Proof. This is a consequence of the isomorphism of H-modules
R®A~A.

LemMma 5. Let A and B be left H-modules.
(a) If A is R-flat and B H-injective, then hom(A4, B) is H-injective.
(b) If Bis (H, R)-injective, then hom(A, B) is (H, R)-injective.
(c) If A is (H, R)-projective, then hom(A, B) is (H, R)-injective.
(d) If Ais (H, R)-projective, then A @ B is (H, R)-projective.

Proof. (a) homy(— ® 4, B) =~ homy(—, hom(4, B)) is exact.
(b) The functor homy(— & A4, B) =~ homy(—, hom(4, B)) maps
(H, R)-exact sequences to exact sequences, since — &) A maps (H, R)-exact
sequences to (H, R)-exact sequences.
(c) We first prove that there is a natural isomorphism

homy(4 ® C, B) = homy(C, [hom(4, B)]),

where [hom(4, B)] is the abelian group hom(4, B) with the operation
(B Ya) = Xy by f(S~X(h)a). Here we use [7, Proposition 6], that S is
invertible. In this case 3" S=Y(A(y)) k) = €(h) = T h)S~Y(h(y) holds. Using
this, the proof of the isomorphism is similar to the proof of Lemma 4. Now
each (H, R)-exact sequence is sent to an exact sequence by

homy(A, [hom(—, B))) 2 homy(— ® A, B) 2 homy(—, hom(4, B)),

since [hom(—, B)] maps (H, R)-exact sequences to (H, R)-exact sequences.
(d) With the isomorphism homg(4, hom(B, —)) ~ homy(4 ® B, —)
a similar proof as for (b) and (c) may be given.

It should be noted that Lemma 5 is different from the result [1, X. Pro-
position 8.1] since the module structures on 4 ® B and hom(4, B) are quite
different.

For explicit computations of resolutions it is often interesting to know the
following results. Let A be a left H-module. Then, H ® 4 and hom(H, 4)
can carry the H-module structure as described in the beginning of this
section as well as the structure 2 - (' ® a) = hh' @ aand (k - f) (') = f(F'R).
Let us denote these modules by {H ® A4) and ¢hom(H, A4)).

LemMA 6. There are isomorphisms of left H-modules:

HRA~<HRA
hom(H, A) =~ ¢hom(H, 4)>.



168 PAREIGIS

Proof. The first isomorphism « is defined by
ok ® a) =} ho @ S(he)a.

(h)

The inverse is defined by a (2 ® a) = Yy k) ® ha. « and a! are
inverses of each other. It is easy to see that o' is an H-homomorphism; so
o is also an H-homomorphism. We define the second isomorphism B by

BB = Zw ha f(S(h@)) and BX(f) (k) = Zw ke f(SHhw))- Again, it
is easy to see that 8 and B-! are inverses of each other and that 8 is an
H-homomorphism.

5. LemMma 7. For left H-modules A and B the map
a:hom(4, R) ®y Bof @ b (A3 a+—> Y, y*(r;) f(l;a)b € B) € hompy(4, B)

is a natural transformation. If A is a finitely generated projective H-module then
o 15 a natural isomorphism.

Proof. First we have to show a(f% ® b) = o f ® hb) and o f &) b)(ha) =
P*(h) o(f ® b)(a). Now

o fh @ b)(@) = §*(r.) f(**A(R) Lia)b
= Y > (0) f (lia)b

by (2
= Y. $*(r:) f(La) kb ¥ (2)
= o f & hb)(a)
and
ol b h —_— * h s li b
(f ® b)ha) = ¥ $*(hr) f(la) o

= $*(h) «(f ® b)(a).

Clearly o is a natural transformation. For 4 = H we have 2 ® b = & hb;
so every element in hom(H, R) ®y B can be written in the form & b for
some b€ B. Now oy ® b)(1) = b hence « is an isomorphism for 4 = H.
Finally [6, 4.11 Lemma 2] implies the claim of the Lemma.

TreoreM 1. Let H be an FH-algebra and let A be a left H-module. Then
A (H, A) ~ A-"YH, 4°)  for all n.

Proof. By [3, Section 6] the H-module R has a complete (H, R)-resolution
of finitely generated projective H-modules. Call this resolution R. Then
hom(R, R) is again (H, R)-exact. By Lemma 5.c hom(4,,, R) is (H, R)-
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injective if A, is projective. So hom(R, R) is an (H, R)-injective and also
(H, R)-projective resolution of the right H-module R* ~ R. So

hom(R, R) @y A =~ homy(R, A°)

by Lemma 7; hence H,(H, 4) o~ H—-Y(H, A°).
This shows that the complete homology can be described by the complete
cohomology so that we have to deal only with complete cohomology.

6. ProrosiTION 2. The complete cohomology describes module (H, R)-
extensions for left H-modules A and B by

extly »(4, B) =~ H™(H, hom(4, B)) for n>1.
Proof. We have to prove
ext(y, r)(4, B) =~ ext{y r(R, hom(4, B)).
Let 0 — B — B be an (H, R)-injective resolution of B. Then,
0 — hom(4, B) — hom(4, B)
is an (H, R)-injective resolution by Lemma 5.b. So, by
homy(4, B) =~ homy(R, hom(4, B))

as in Corollary 3, we get the required isomorphism for the homology of the
complex.

CoroLLARY 4. The relative global dimension gl-dim(H, R) of H over R is
equal to the H-projective dimension p-dim(R) of the H-module R and is either
zero or infinite.

Proof. The projective dimension of R coincides with the (H, R)-projec-
tive dimension of R by exty™(R, A)= ext{y z(R, 4). By (4) and
hom(R, A) =~ A as left H-modules we get gl-dim(H, R) = p-dim(R). Now
[2, 3.1.(IV)] implies the result.

ProposiTiON 3. For left H-modules A and B and H+ = ker(e : H— R)
there is a short exact sequence

0 — homy(4, B) — hom(4, B) — homy(H*, hom(4, B))

— extb,_ »4,B)—0
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and isomorphisms
ext(7 n(H*, hom(4, B)) =~ extly g(4,B)  for n> 1.

Proof. The short exact sequence 0 - H* — H— R— 0 is an (H, R)-
exact sequence. So we get an exact sequence

0 — homg(R, hom(4, B)) — homg(H, hom(4, B)) — homy(H*, hom(4, B))
— ext(y (R, hom(4, B)) — ext{y g)(H, hom(4, B)),

where hompy(R, hom(4, B)) =~ homg(4, B),

homy(H, hom(4, B)) = hom(4, B), extly p,(R,hom(4, B)) 2 ext{y (4, B),

and ext(y p(H, hom(4, B)) =0 imply the exact sequence. The iso-
morphisms are also induced by the exact cohomology sequence by
exty py(H, hom(4, B)) =0 for n > 1.

PROPOSITION 4. There is an (H, R)-complete resolution of R by left H-mo-
dules where the center of the resolution has the form:

o> (H@ HY "> H-Ns H ™ (H @ hom(H*, R)) —> -+,
XA,
R
AN\
0 0

where N is the right multiplication by the left norm N, p: Rarr—>rNe H, m
is the multiplication map, and m*(h) = hY r; ® (I; o ).

Proof. Since H* is an H-ideal and R is R-free, the sequence
-+—(H ® H*) -™ H—< R— 0 is the beginning of an (H, R)-projective
resolution. By dualization we get an (H, R)-exact sequence of left H-modules

0 — hom(R, R) — hom(H, R) — hom({H+ @ H), R) — ---.

Now since H ® 4 =~ hom(H, A) by k ® ar> (hop)a and f—> 3 r; ® f(L),
we get isomorphisms of left H-modules hom(R, R) ~ R, hom(H, R) ~ H,
and hom((H* ® H), R) =~ <hom(H, hom(H+*, R))) ~ (H & hom(H*, R)).
The maps hom(e, R) and hom(m, R) induce the following maps

p:Ror—>rNeH
since rN oy =70 ¢ and

m* :Hoh—>hY r; ® (I, ) € CH @ hom(H*, R))
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which is easily checked with the above definitions. So the above sequence
defines an (H, R)-injective resolution of R. By the fact that AN = ¢(h)N
[7, Section 4] we get N = pe.

ProrosiTION 5. Let A be a left H-module. Let A¥ ={a€ A | ha = e(h)a
forallhe H} and Ay = {a| Na = 0}. Then

A°(H, 4) =~ A¥NA
A-Y(H, 4) = Ax$*-H*)A.

For a left H-module A with y*~Y(h)a = e(h)a for all ac A, he H we have
A-*(H, 4) =~ (H*|(H*}) @ 4.
Proof. (1) The relevant part of the complex is
- homp(H, A) 222N-A, hom,(H, 4) 22202, homy(H @ H*, A) - .

2 R /
N

4 A

Now m'(a)(h ® h+) = hh*a. So Im(N) = N4 and
ker(m') = {ace A | H*a = 0} = {a€ A | ha = e(h)a} = AH.
This implies H%(H, A) >~ A#|NA.
(2) By Theorem 1, we have Hy(H, A') =~ H-Y(H, A), where (4')° = 4
as H-modules. Now Hy(H, A’) is computed from
e CHYQHY Qu A s HRy A Y8 H @y A

IR IR IR
H+@ A4 ™ A Y4

where N’ is multiplication with the right norm N’ = y*(V). Here, we use
the resolution of Proposition 4 but with inverted sides. We get
ker(N') ={ac A" | y*(N)a =0} = {ac A| Na =0} = Ay . Furthermore
Im(m) = H+*A' = y*-{HH)A.

(3) By [1, p. 184, (4)] we have tor{"®(R, 4') >~ (H*|(H*®) ® 4’,
since the relative homology coincides with the (absolute) homology in this
case. In the tensor product we are not interested in the H-module structure
of A so that we get H-%(H, A) >~ (H*/(H*)*) ® A, where we used Theorem 1.
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CoROLLARY 5. Let 0—>A—B—C—0 be an exact sequence of left
H-modules. Then 0 — A¥ — BH — CH is exact.

Proof. In the preceeding proof we saw that ker(m') = 4. By definition,
m' is a natural transformation. So the result follows from the fact that ker is
a left exact functor [6, 2.7 Corollary 2].

CoRrOLLARY 6. For an FH-algebra H the following are equivalent:

(a) () is invertible.
(b) gl-dim(H, R) = 0.
(c) HYH,R)=0.

Proof. 1If €(N) is invertible, then by Corollary 2 all cohomology groups
Hn(H, A) are zero, which means that gl-dim(H, R) = 0 by Proposition 2.
In particular, A%H, R) = 0. Now, if H°(H, R) = RE/NR = R/NR = 0,
then NR = €(IN)R = R so ¢(IV) is invertible.

This corollary is a generalization of a well-known theorem of Maschke.

CoroLLARY 7. Let A be a left H-module with A = A*. Then
Hy(H, A) >~ HY(H, A% = ker(¢(N) : A— A).

Proof. By Proposition 5 we have H-1(H, A% = (A%)y[¢*{(HHA® =
(AN/H*A = (A% ={ac A | ep*(N)a =0} = {ac A|e(N)a = 0}, since
«(IV) = Y H(N)N) = (f*(V))-

7. Let ses(H, R) be the category of all R-split short exact sequences of
H-modules with triples of H-homomorphisms as morphisms. We define an
(H, R)-connected sequence {H?, E?} of covariant functors from mod(H) to
mod(R) like in [8, XII.8]; we restrict ourselves, however, to R-additive
functors only. As in [8, XII. Theorem 7.2 and 7.4], one can prove that each
R-additive functor from mod(H) to mod(R) has a unique R-additive left
(and also a right) satellite (up to an isomorphism). We write the right satellite
of a functor F as S'F and the left satellite as S;F. In the following, we need a
slight generalization of [8, XII. Corollary 8.6].

Lemma 8. If {H?, E%} is an (H, R)-connected sequence with H ~ S*H*™!
Jor all (some) i and if F : mod(R) — mod(R) is a right exact R-additive covariant
functor, then {FH',FE?} is an (H R)-connected sequence of functors with
FH! ~ SYFH*Y).

Proof. 1Is essentially dual to the proof of [8, XII. Corollary 8.6].
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LemMmA 9. Let H' and H be FH-algebras. Let G : mqgd(R) — mod(R) be
an R-additive functor which has an extension G* : mod(H) — mod(H') which
maps (H, R)-injective modules into (H', R)-injective modules and such that

mod(H) —=— mod(H")

b b

mod(R) —&— mod(R)

is commutative where V is the forgetful functor induced by R — H and R —~ H'.
Then SYLG*) =~ (S'L) G* for any R-additive functor L : mod(H') — mod(R).

Proof. For a sequence E = (0 — E, — E,— E;— 0) eses(H, R), the
sequences V(E), GV(FE), and VG*(E) are split exact; hence G*(E) e ses(H’, R).
Now assume that E, is (H, R)-injective. Then, G*E, is (H', R)-injective;
hence LG#*(E,) — LG*(E;) — (S'L) G*(E,) > 0 is exact. Now we apply
[8, XII. Theorem 7.6] to get the result.

Lemma 10. Let A and B be left H-modules. Then H™(H, A) ® H™(H, B)
and H™(H, A @ B) are for fixed n and B (H, R)-connected sequences of
functors in A which are right universal. H™+n(H, A R B) is also left couniversal.

Proof. The functor — & B : mod(R) — mod(R) has an extension also
denoted by — ® B : mod(H) — mod(H) which commutes with the forgetful
functor mod(H) — mod(R). Furthermore, it preserves (H, R)-projective
modules by Lemma 5 (d). Since a module is (H, R)-projective if and only
if it is (H, R)-injective, the functor — X B preserves also (H, R)-injective
modules.

Now H®(H, —) is an (H, R)-connected sequence of functors which is right
universal and left couniversal for all z, since these functors vanish on (H, R)-
projective and also (H, R)-injective modules [8, XII. Corollary 8.5]. So
Lemma 9 proves the Lemma for A™+*(H, A ® B).

The functor — @ H"(H, B) : mod(R) — mod(R) is an R-additive right
exact functor. So Lemma 8 implies the rest of the proof.

With these means we can prove in a similar way as in [5, III. Satz 3.4] the
existence of a cup-product:

TueoreM 2. Let H be an ¥H-algebra. Let A and B be left H-modules.
For fixed integers my , ny let

¢: A™(H, A) ® H™(H, B) - A™*™(H, A ® B)
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be a natural R-hognomorphism. Then there exists exactly one set of R-homo-
mor phisms

g™n . Am™(H, A) ® H*(H, B)— H™*(H, A ® B)

for all m, n and all left H-modules A and B such that

(a) gmomo =¢,

(b) ¢™™ is a natural transformation in A and B,
() ¢™t™Ex®1) = (EQ® B)yo™",

(@ (D™ (1 ® Ey) = (A Q E)y ™™

where E and E' are in ses(H, R).

We define a natural homomorphism
¢: HYH, A) ® HYH, B)—~ H(H, A ® B)

by AH/NA @ B¥/NB — (A ® B)?/N(A ® B) which is induced by the
identity 4 @ B — A ® B. To show that this is a well-defined homomorph-
ism we first show 4¥ Q B¥ C (A ® B)H. Let ac A4, be BH, he H. Then
hla ® b) =X hipa @ hgd = e(h)(a ® b); so a @ b e (4 ® B)H. Further-
more, we show 4% @ NBC N(A ® B). Let ae A, be B. Then a ® Nb =
2w eNp)a@Ngb = Zny Nopa ® Npb = N(a ® b). Obviously the
homomorphism ¢ is a natural homomorphism. By the preceeding theo-
rem, there is a uniquely defined multiplication H™(H, A) ® H"(H, B) —
HAm™(H, A ® B) which is induced by ¢ This product will be called the
cup-product.

For A = R we have H%H, R) =~ R/NR. The element corresponding to
1 + NR e R/NR will be denoted simply by 1€ HH, R).

Lemma 11. If we identify RQB=B=BQ@R, then1-b=5b=1>"1
for any b e H™(H, B).

Proof. Is the same as the proof of [5, III. Lemma 3.6].
In a similar way one proves that the cup-product is associative.

LemMma 12. Let H be a cocommutative FH-algebra. Let A and B be H-mod-
ules. If we identify the H-modules A @ B and B ® A and if a € H"(H, A) and
be H¥H, B), thena - b = (—1)"b - a.

Proof. 'The morphisms Hr(H, A) ® H*(H, B) —*"' Hr+{(H, A ® B) and
Hr(H, A) ® H*H, B) >~ H*(H, B) ® Ar(H, A) —-V"¢"" Ar+s(H, A ® B)
both fulfill the conditions of Theorem 2 as can be easily checked. So by the
uniqueness they have to coincide.
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8. ProrosiTiON 6. Let H be an ¥H-algebra and A be a left H-module.
Let B be an R-injective R-module, which will be viewed as trivial H-module via
e: H— R.Let N € H be cocommutative. Then the cup-product

A°(H, hom(4, BY) @ H-YH, A)— A-(H, hom(4, B%) ® A)

and the evaluation
x : hom(4, B ® A — B°

define a natural isomorphism
¢ : A%H, hom(4, B%) — hom(H-Y(H, A), H-Y(H, BY)).

Proof. First we consider an explicit formula for the cup-product. Let
E=0—>C—>*P—>"4—0) be an (H, R)-exact sequence with an
(H, R)-projective module P. Then hom(4, B®) ® P is also (H, R)-projective
by Lemma 5 (d). So there is a commutative diagram

A%(H, hom(4, BY) ® A-(H, A) —2%» AYH, hom(4, BY) @ AYH, C)

l‘PO,—l lq,o.o

H-Y(H, hom(4, B®) ® A) ——2— H(H, hom(4, B%) ® C)

where 8 = (hom(4, B°) ® E)4 and 1 ® E, are isomorphisms in the long
exact cohomology sequence. Now

H%(H, hom(4, B%) ® H-YH, 4)
= homg(4, B%)/N hom(4, B°) ® An[*-YH*)A.

Here we use the fact homy(4, B) = hom(4, B)¥, for let fehomy(4, B).
Then,

(#f )a) = (% ko f(S(he)a) = f(e(B)a) = (<(h)f)(a);

so f e hom(4, B)H. Let f € hom(4, B)H. Then f(ha) = X ) (e(hw)f)(hpa) =
Zw (hy f)hea) = Zaw ko f(S(he) kea) = kf (a), so f € homy(4, B).

Let f € homy(4, B®) and a € Ay . Choose p € P such that v(p) = a. Then
(1 ® E)(f ® a) =f ® Np where Np € A(C). This may be seen by comput-
ing the connecting homomorphism E, using the complete resolution of
Proposition 4 for R. By definition of %9 the representative f ) Np is mapped
into f ® Np. On the other hand, f 9 a is a representative of an element in
H-Y(H, hom(4, B%) ® A) == (hom(4, B%) ® A)n/*-1H*)(hom(4, B%) ® 4),
for N(f®a) =X mwm Naf ® Nga=Zw «(Nw)f ® Npa =f® Na=0.
So (f®a)=N(f®p) =f® Np with a similar calculation as above.

481/22[1-12
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Since 8 and 1 ®) E are isomorphisms, this shows ¢%(f ® a) = f &) a for
the representatives.
{ defines a homomorphism

Homy(A4, B%)/N hom(A4, B®) — hom(4 y/y*-Y(H*)A, ker(e(N) : B— B)),

where we use H-Y(H, B%) = ker(e(N) : B— B) (Proposition 5). Given
f: Ay— ker(e(N) : B— B) with f(*}(H*)4A) =0. Then, there is an
R-homomorphism f* : 4 — B whose restriction to Ay is f, since B is R-injec-
tive. We have f'($*-(H+)4) = 0. We also have

YU HY) S (A) Sy HNB = 0.

H is a direct sum R -1 @ ¢*}(H*), since $* is an algebra automor-
phism. Let & =h, + h, with respect to this decomposition. Then
f'(ha) = f'(ma) +f'(ha) = mf'(a) = hf'(a) + hef'(a) = hf'(a); so
f' €ehomy(4,B%),i.e.,f’is a representative of an element in H°(H, hom(4,B")).
Let a € Ay be a representative for an element in A-Y(H, 4) =~ Ay[¢*(H*)A4,
then I(f')(a@) = x¢*(f' ® @) = x(f' ® @) = (@) =f(@); s0 Uf)=f
Hence, { is an epimorphism.

To show that { is a monomorphism let f € homy(A4, B°) be given such that
f(Ay) =0. We want to show that fe N hom(4, B%. The sequence
0— Ay— A—" A is exact. Since B? is R-injective, the sequence

hom(4, B%) —¥= hom(4, B®) — hom(4y , B®) — 0
is exact. Since f(Ay) = O there is an f’ € hom(4, B%) such that N (f') =1,
i.e., f(a) =f'(Na) forallae 4.

We observe that, by [7, Theorem 11}, S(k) = X (v) No¥(hN()); hence,
we get

S(N) = Y, Nag($*(N@)N) = ¥, Noe(p*(Nw)) = Y, «¢*(Nw)) Ney »

(N) (N) (N)

since N is a cocommutative element. We compute for f' : 4 — B?

(Nf'Ya) = Y, «*(Nw)).f (Nw)a)

(N)
= £ ($(Z, W) Vo) a)
= F'(SS(N)a).

Now SS: H— H is a Hopf algebra automorphism [7, Proposition 6]. So
SS(N) is again a left integral. By [7, Theorem 12] there is a unique 7 € R
with SS(N) = rN. With the same proof for S-1S-! we get a unique 7' € R
with S-1S-1(N) = »'N. Consequently, r7’N = N, and r'rN = N. Again, by
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[7, Theorem 12], 7' = 1, and r'r = 1. So we get (r*Nf")(a) = f'(Na) = f(a)
for all a € 4; so f = r-INf’ € N hom(4, BY).
It is now trivial to see that { is a natural isomorphism.

THEOREM 3 (Duality-Theorem). Let H be an FH-algebra and A be a
left module. Let B be an injective R-module viewed as an H-module via
e: H— R. Let N € H be cocommutative. Then there are natural isomorphisms

HA~(H, hom(4, B%)) =~ hom(H—"-Y(H, A), B).

Proof. By Corollary 2 the R-modules A-"-Y(H, A) are annihilated by
¢(N), so hom(H-"Y(H, A), B) = hom(H-"-Y(H, A), ker(e(N) : B— B)) =~
hom(H-"-Y(H, A), H-Y(H, B%)). We observe that H"*(H, hom(—, B%) is a
right universal and left couniversal (H, R)-connected sequence of contra-
variant functors. This is essentially a consequence of Lemma 5. The same
holds for the functor hom(H-"-Y(H, —), B), since for each (H, R)-injective
—and consequently also (H, R)-projective—module 4 the functor vanishes.
So { of Proposition 6 and its inverse can uniquely be extended to morphisms
of (H, R)-connected sequences of functors and these morphisms are still
inverses of each other.

9. We call an FH-algebra cyclic if it is generated as an R-algebra by one
element X.

LemMa 13. Let H be a cyclic FH-algebra with generator X. Then
H+ = H(X — «X)).

Proof. X and X — €(X) generate the same R-algebra, so that a cyclic
FH-algebra is generated by an element Y(= X — (X)) with ¢(Y) =0.
Then each he H has the form A = oy + Y + - + ,Y™", and we get
he H+iff oy = 0iff ke HYY.

LemMma 14. Let H be a cyclic FH-algebra with generator X. Then

N H X—e(X) H N H X—e(X) H N
XA,
R
A\
0 0

is a complete resolution of R as an H-module.

1 This simplified proof of the lemma was kindly communicated to me by the referee.
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Proof. By Proposition 4 we know that N = pe. But pe has kernel
H+ = (X — (X))H = Im(X — ¢(X)). (Observe that H is commutative.)
Since N(X — (X)) = (X — (X)) N = 0, it is sufficient to prove
ker(X — ¢(X)) CIm(N). Let a(X — ¢(X)) = 0 for some a€ H. Then, for
all heH we have ah(X — ¢(X)) =0 which implies aH* =0 and
(a o $)(H*) = 0. This implies (a o ¢)(h) = (a°¢)(e(h) = P(c()a) =
e(h) Y(a) = e(hf(a)) = Y(hp(a)N) = (f(a) N o ¢)(k). Since ¢ is a free gen-
erator of H* we get a = y(a) N € Im(N).

We shall call the cohomology H*(H, —) of an FH-algebra H periodic, if
there are natural isomorphisms Hn"(H, —) = H™+(H, —) for all n. q is
called the period. The preceeding lemma implies immediately the following
corollary.

CoroLLARY 8. Let H be a cyclic FH-algebra. Then the cohomology of H
is periodic with period 2. The cohomology groups are

A2(H, A) = ker(X — (X))/Im(IV),
A2 (H, A) o ker(N)/Im(X — (X)),

where X — (X) and N are multiplication of A by X — (X)) and N respectively.

THEOREM 4. Let H be a cocommutative FH-algebra. Let q be an integer.
The following are equivalent:

(1) ¢%~2: HYH, Ry ® H-*(H, R) — HYH, R) is an isomorphism.

(2) ¢*~*: HYH, R) ® H-%(H, R)— H%H, R) is an epimorphism.

(3) There is an xeHYH,R) and a ye H-(H,R) such that
#(x @) = | € AYH, R).

(4) There is an x € HY(H, R) such that

An(H, 4)3 ar> p™(a ® x) € An+(H, A)

is an isomorphism of (H, R)-connected sequences of functors.

(5) There is an isomorphism ¢ : H(H, A)— H"+(H, A) of (H, R)-
connected sequences of functors.

(6) There is a natural isomorphism p: Hn(H, A) =~ H"+(H, A) for
some n.

Proof. Trivial implications are (1) = (2), (2) = (3), (4) = (5), and
(5) = (6). Assume that (3) holds. Define o(a) = ax = ¢™%a ® x) and
7(a) = ay. Then, 70{a) = axy = a and or(a) = ayx = (—1)%axy = (—1)%.
Hence o and 7 are isomorphisms. By the properties of the cup-product we
obtain (4).
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Assume that (6) holds. Since A™(H, —) and H"+9(H, —) are right universal
and left couniversal (H, R)-connected sequences of covariant functors, we

get (5).
Now we define a map #%° by the commutative diagram

H(H, A) ® HH, B) —>» H(H, A ® B)

lp@l lp
He(H, A) ® HYH, A) <, HvH, A ® B).
By Theorem 2, #%° can be extended to a family #™". Now since
p~lp"t2™(p ® 1) are natural transformations with respect to 4 and B

and commute with the connecting homomorphisms, we get =™ =
p~lgmten(p @ 1) by Theorem 2. So we get a commutative diagram

HYH, R) ® H(H, R) —=">— H%H, R)

e |-
H-9(H, R) ® H(H, R) ——"» A-(H, R)
e I
H%H, R) ® H-(H, R) ———" H-Y(H, R)
lp®l lp

A«H, R[] A-«H, R) —~— AYH, R),

where all homomorphisms are isomorphisms in particular ¢?~7. Hence, (1)
holds.

COROLLARY 9. Let 2 % 0 in HY(H, R) and let the cohomology of H be
periodic with period q. Then q is even.

Proof. Take xe HY(H, R), y € H-%(H, R) with x -y = 1. Then, y - x =
(—1)% Hence g must be even.

CoroLLARY 10. Let H’' be a Hopf subalgebra of H and let both H and H'
be FH-algebras. Let H be (H', R)-projective. Let H have periodic cohomology
with period q. Then H' has periodic cohomology with period q.

Proof. Since H is (H', R)-projective, each complete (H, R)-resolu-
tion X of R is a complete (H’, R)-resolution of R. Let 4 be a left
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H-module. Then 4 is an H’-module. So there is a monomorphism
homg(X, A) — homy-(¥X, A) which induces a homomorphism

i(H, H') : A™(H, A)— Hm(H', A)

the restriction map which is a natural transformation of (H, R)-connected
sequences of functors.

H*(H, —) and H*(H', —) are right universal and left couniversal (H, R)-
connected sequences of covariant functors by Lemma 9. By the definition
of i(H, H'), the cup-product ¢*° for H*(H, R), and the cup-product ¢'®°
for H*(H', R), it is easy to see i(H, H') ¢*° = ¢'*%(H, H'). Hence we get
i(H, H') "™ = ¢"™"(H, H'). So i(H, H') is 2 homomorphism with respect
to the cup-products, for one can also check i(H, H’ )(l) = 1. Now for
x € HY(H, R) with x - x1 = 1 we get that i(H, H')(x) € H(H', R) is inver-
tible; hence H' has periodic cohomology with period g.

10. Let H be a Hopf subalgebra with bijective antipode of the Hopf
algebra G with bijective antipode. H is called normal in G if we have
Z(y) g(l)hS(g(z)) € H for all gEe G, he H.

Lemma 15. Let H be normal in G. Then GH+ = H+G and G|GH™ is
uniquely a Hopf algebra with bijective antipode such that G — G|GH* is a
Hopf algebra homomorphism.

Proof. Let ghe GH*. Then gh = Y (5 20)hS(g() £z) € HG by normal-
ity. Now, if ke H*t, then we have (3 ()gwhS(ge) =0. So we get
ghe HtG. To get the definition of normality symmetric, we show
Sy S(gw) hgw € H for all ge G, he H. We apply S! to this sum and get
2 SHew) ST g = Zis10 SHOwS A S(SHgw)eH since S
is bijective on both H and G. The rest of the proof follows from [9, Theo-
rem 4.3.1], since GH* turns out to be a Hopf ideal. We call this Hopf algebra
G//H.

THEOREM 5. Let H be normal in G. Let G be H-projective. Then there is a
spectral sequence

H»G|/H, HY(H, B)) = HG, B).

Proof. In Section 2 we saw that H*(G, B) =~ ext*(R, B). From [1, XVI,
Theorem 6.1] we have a spectral sequence

xt? (A, ext, (R, B)) = ext (4, B).

Replacing 4 by R gives the result.
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CoroLLARY 11. With the assumptions of the preceeding theorem, there is an
exact sequence

0 — HY(G|[H, AH¥) — HYG, A)— H(H, A)S — H¥G|[H, AH)—~ H¥G, A).

Proof. Apply [1, XV, Theorem 5.12] in the case # =1 to the theorem.
Observe that for a G//H-module 4 we have 4%//H = AC,

CoRrOLLARY 12. With the assumptions of the preceeding theorem we have
(a) if gl-dim(H, R) = 0 then HG||H, A") ~ H™G, A4),
(b) ¢f gl-dim(G//H, R) = O then H"(H, A)° ~ H™(G, A).

Proof. Either HMH, A) = 0 or H™G[[|H, A) = 0 for all m > 0. So the
spectral sequence collapses to the given isomorphisms.

THEOREM 6. Let H and G be FH-algebras and let H be normal in G. Let
G be (H, R)-projective and G||H be R-projective. Let (Ny) and ¢(Ng,,u) be
prime to each other, i.e., e(Ny) and (Ng,,y) generate R as an R-ideal, where
Ny and Ng,,y are the norms in H and G||H respectively. Then, for all n > 0,
there is a split exact sequence

0 — HYG//H, A¥) > HG, A)—* HYH, A)° -0
thus giving
H™G, A) ~ H¥G|[H, A%) ® H*(H, A)°.

Proof. H%H, A) has the annihilator ¢(Ny) for ¢ > 0. H*(G//H, B) has
the annihilator €(Ng,,y) for p > 0. So H*(G//H, HY(H, A)) =0 for p >0
and g > 0 since €(Ny) and €(Ng,,5) are prime to each other. The nonzero
terms of the spectral sequence lie on the edges. The only possibly nonzero
differential is H"-Y(H, A)° — H™(G|[H, A¥), which is also zero since the
elements in the image are annihilated by e(Ny) and €(Ng,n). Hence
E, = E, . By [1, XV, Proposition 5.5}, for p =0, k = n, we get the exact
sequence

0—>E:0—L> H™ 2> EY" 0,

which in our case is the exact sequence of the theorem.

Let 7e(Ny) 4 se(Ng,/u) = 1. Then, the multiplication with re(Ny) maps
H"(G, A) into the image of f and leaves the image of f elementwise fixed. So
there is a retraction for f which means that the sequence splits.
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