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Abstract In our previous paper “A unified approach to systemic risk measures via
acceptance sets” (Mathematical Finance, 2018), we have introduced a general class
of systemic risk measures that allow random allocations to individual banks before
aggregation of their risks. In the present paper, we prove a dual representation of a
particular subclass of such systemic risk measures and the existence and uniqueness
of the optimal allocation related to them. We also introduce an associated utility max-
imisation problem which has the same solution as the minimisation problem associ-
ated to the systemic risk measure. In addition, the optimiser in the dual formulation
provides a risk allocation which is fair from the point of view of the individual finan-
cial institutions. The case with exponential utilities which allows explicit computation
is treated in detail.
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1 Introduction

Consider a vector X = (Xl, A XN) IS LO(Q, F,P; RN) of N random variables de-
noting a configuration of risky (financial) factors at a future time 7 associated to
a system of N financial institutions/banks. One of the first proposals in the frame-
work of risk measures to measure the systemic risk of X, see Chen et al. [16], was to
consider the map

pX):=infilm e R: AX) +m € A}, (1.1)

where A : RY — R is an aggregation rule that aggregates the N-dimensional risk
factors into a univariate risk factor, and A C LO(Q, F,P;R) is an acceptance set
of real-valued random variables. As within the framework of univariate monetary
risk measures, systemic risk might again be interpreted as the minimal cash amount
that secures the system when it is added to the total aggregated system loss A (X),
given that A (X) allows a monetary loss interpretation. Note, however, that in (1.1),
systemic risk is the minimal capital added to secure the system after aggregating
individual risks. It might be more relevant to measure systemic risk as the minimal
cash amount that secures the aggregated system by adding the capital into the single
institutions before aggregating their individual risks. This way of measuring systemic
risk can be expressed by

N
o(X) ::inf{Zmi m=@m',....m")eRY, AX+m) GA}. (1.2)
i=1

Here, the amount m' is added to the financial position X ! of institution i € {1,...,N}
before the corresponding total loss A(X + m) is computed (we refer to Armenti et
al. [3], Biagini et al. [7] and Feinstein et al. [27]).

One of the main novelties of our paper [7] was the possibility of adding to X
not merely a vector m = (ml, c,ml ) € RV of deterministic cash amounts, but
more generally a random vector Y € C for some given class C. In particular, the main
example considered in [7], and studied further in this paper, is given by choosing the
aggregation function

N
A®) =) ") (1.3)
n=1
for utility functions u,, n =1, ..., N, the acceptance set

A={ZeL'(Q,F, P;R), E[Z] > B}
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On fairness of systemic risk measures 515

for a given constant B, and the class C such that

N
CCCrNL, where Cg := {Y e L9, F,P;RY): ZY" € R}, (1.4)

n=1

where the subspace £ C LO(Q, F.,P; RN will be specified later. Here, the notation
Z,llvzl Y" € R means that Z}/:le Y" is P-a.s. equal to some deterministic constant
in R, even though each single Y, n =1, ..., N, is a random variable. Under these
assumptions, the systemic risk measure considered in [7] takes the form

N N
o(X) == inf{ ZY” 'Y € C CCr, E[Zun(X” + Y")] > B} (1.5)

n=1 n=1
and can still be interpreted as the minimal total cash amount Zyllv:] Y" € R needed to-
day to secure the system by distributing the cash at the future time 7" among the com-
ponents of the risk vector X. However, while the total capital requirement fo:l Y"
is determined today, contrary to (1.2), the individual allocation Y’ (w) to institution
i does not need to be decided today, but in general depends on the scenario w re-
alised at time 7. This total cash amount p (X) is computed today through the formula
Zflvz 1 p"(X) = p(X), where each p"(X) € R is the risk allocation of each bank, as
explained in Definition 1.2 below. Thus, one prominent example that can be modelled
by considering random allocations is the default fund of a CCP! that is liable for any

participating institution. We come back to this mechanism in Sect. 5.

By considering scenario-dependent allocations, we are also taking into account
possible dependencies among the banks, as the budget constraints in (1.5) do not de-
pend only on the marginal distribution of X, as it would happen for deterministic Y.

Definition 1.1 A scenario-dependent allocation Yx = (Yy)u=1,...ny € C is called a
systemic optimal allocation for p(X) defined in (1.5) if it satisfies p(X) = Zf:l:] Yy
and E[YN_ | u, (X" + Y$)] > B.

As two of the main results of the paper,

— we study in Sect. 3 the dual formulation of the systemic risk measure (1.5) as
N
X) = max Eon[-X"] —« , 1.6
p(X) er(; or[—X"] B<Q>> (1.6)

where Q := (Q!, ..., OV), the penalty function o g and the domain D are specified
in Sect. 3. In particular, we establish existence and uniqueness of the optimiser
Qx €D of (1.6).

LA central counterparty clearing house (CCP) is an entity that helps facilitate trading in various European
derivatives and equities markets in order to reduce risk for traders and introduce efficiency and stability
into various financial markets.
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516 F. Biagini et al.

— we show in Sect. 4 existence and uniqueness of the systemic optimal allocation Yx
for the systemic risk measure (1.5).

We now associate to the risk minimisation problem (1.5) a related utility maximi-
sation problem that plays a central role in this paper, namely

N

N
7(X) := sup {E[Zun(X" + Y”)] :Y € C CCp, ZY” < A}. (1.7)

n=1 n=1

If we interpret Zflv:l un (X" +Y") as the aggregated utility of the system after al-
locating Y, then m(X) can be interpreted as the maximal expected utility of the
system over all random allocations Y € C such that the aggregated budget con-
straint Z,}lv:l Y™ < A holds for a given constant A. In the following, we may write
o (X) = pp(X) and 7 (X) = m4(X) to express the dependence on the minimal level
of expected utility B € R and maximal budget level A € R, respectively. We shall see
in Sect. 4.1 that B = m4(X) if and only if A = pp(X), and in these cases, the two
problems 74 (X) and pp(X) have the same unique solution Yx. From this, we infer
that once a level p(X) of total systemic risk has been determined, then

— the systemic optimal allocation Yx for p maximises the expected system utility
among all random allocations of total cost less than or equal to p(X).

Once the total systemic risk has been identified as p (X), the second essential ques-

tion is how to allocate the total risk to the individual institutions.

Definition 1.2 We say that a vector (p" (X)),=1
tion of p(X) if it fulfils 3" p"(X) = p(X).

~ € RY is a systemic risk alloca-

.....

The requirement Zflvz 1 p"(X) = p(X) is known as the “full allocation” property;
see for example Brunnermeier and Cheridito [13]. In the case of deterministic alloca-
tions Y e RY ie.,C =RY, the optimal deterministic Yx represents a canonical risk
allocation p" (X) := Yy. For general (random) allocations Y € C C Cg, we no longer
have such a canonical way to determine p" (X); however, we shall provide evidence
that a good choice is

ot X) :=EQnX[Y§’] forn=1,...,N, (1.8)

where Qx is the optimiser of the dual problem (1.6). To this end, suppose a proba-
bility vector Q = (Q', ..., V) is given for the system and consider an alternative
formulation of the systemic utility maximisation problem in terms of the valuation
provided by Q, namely

N N
7QX) = 7Q(X) :=sup {E[Zun(X” + Y")] YeL, ) EplY"] < A}. (1.9)
n=1

n=1

Note that in (1.9) (as well as in (1.10) below), the allocation Y belongs to a vector
space L of random variables (introduced later) without requiring that Y € Cr (which

@ Springer



On fairness of systemic risk measures 517

would mean that the componentwise sum is equal to a deterministic quantity). Thus
for 72(X), we maximise the expected systemic utility among all Y € £ satisfying
the budget constraint Z;V:l Eon[Y"] < A. Similarly, we can introduce a systemic
risk measure in terms of the vector Q of probability measures by

N N
pQ(X) = p2(X) :=inf{ ZEQn[Y"] Ye E,E[Zun(X" + Y”):| > B}. (1.10)

n=1 n=1

For pQ(X), we thus look for the minimal systemic cost Zflvzl Eon[Y"] among all
Y € £ under the acceptability constraint E[Zflvzl u, (X" +Y"] > B.

A priori, p and pQ defined in (1.5) and (1.10) are quite different objects: even if
they both subsume the same systemic budget constraint, p is defined only through the
computation of the cash amount 2111\;1 Y" € R, while in pQ the risk is defined by cal-
culating the value (or the cost) of the random allocations, Z;lzv=1 Eon[Y"]. A similar
comparison applies to 77 and 7 2.

Remark 1.3 To better understand the above comparison, we make an analogy with
the classical (univariate) utility maximisation from terminal wealth in securities mar-
kets. Let I := {(H.S)7 : H admissible}, where (H.S)r is the stochastic integral,
and let U(x) = sup{E[u(x + K)] : K € K} be the utility from the initial wealth
x € R when optimally investing in the securities S adopting admissible strategies
H. In this case, there is no need to introduce a cost operator, as we are investing in
replicable contingent claims having by definition initial value x. On the other hand,
UQ(x) = sup{E[u(x + K)]: Eg[K] < 0} is the optimal utility function when a prob-
ability vector Q is given. A priori, the two problems are of different nature, unless one
shows (see [6]) that for a particular probability measure Q,, the two problems have
the same value and U (x) = U9x (x) = minge Aq UQ(x), where M is the set of mar-
tingale measures. From the mathematical point of view, once the minimax martingale
measure Q, is determined, U Qx(x) is easier to solve than U (x), and the solution to
U 9+ (x) can then be used to find the solution to U (x). Also for the financial applica-
tion, one may use Qy to compute the fair price (see [21] and [23, Remark 3.2.2]) of
a contingent claim C by computing E¢ [C].

In view of the analogy in the above remark, we also prove in this paper that

(i) the optimiser Qx = (Qg(, e Qg ) of the dual problem (1.6) satisfies
ppX) = pTX),  7aX) =7 PX);

(ii) all four problems have the same (unique) solution Yx when A := pp(X);
(iii) Qx provides a systemic risk allocation (IEQ;([Y,I(], ...,E QQ[Y;(V 1) with

N

ZEQV[YQ]:/}B(X); (1.11)

n=1
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(iv) and
pp(X) = max p2(X) = pI¥(X),
QeD

where the domain D is defined in (3.3) below and replaces, in analogy with
utility maximisation, the set of martingale measures.

Hence pgx is a valid alternative to pp (same value and solution), and this justifies its

use to compute the systemic risk. In addition, (1.11) shows that the operator assigned
by Eqy[-] evaluates the risk component Yy of the optimal allocation according to
pp (not only to pgx) and proves that the definition in (1.8) provides indeed a sys-
temic risk allocation for p(X). In Sect. 5, we further elaborate on this interpretation,
we study in detail the properties of the systemic risk probability vector Qx, and we
provide in particular for the marginal risk contribution the formula

d
—p(X+eV)
de

N
= _ ZEQ;([V"] forVecL.
e=0 n=1

We also discuss certain properties inferred from the above results that argue for the
fairness of the systemic risk allocation.

Based on the above exposition, we structure the remaining part of the paper as
follows. In Sect. 2, we introduce the technical setting within Orlicz spaces and the
main assumptions, and we show that our optimisation problems are well posed. In
Sect. 3, we study the dual representation (1.6) of the systemic risk measure. Notably,
existence and uniqueness of the dual optimiser Qx are proved in Proposition 3.1; see
also Corollary 4.13 in Sect. 4. In Sect. 4, we deal with existence and uniqueness of
solutions of the primal problems (1.5), (1.7) and (1.9), (1.10). To guarantee existence,
we need to enlarge the environment and consider appropriate spaces of integrable
random variables. In Sect. 5, we derive cash-additivity and risk marginal contribution
properties of the systemic risk measure p(X), and fairness properties of the optimal
allocations p”" (X). The case with exponential utilities and grouping of institutions is
treated in detail in Sect. 6, where additional sensitivity and monotonicity properties
are established as well.

We conclude this section with a literature overview on systemic risk. In Craig and
von Peter [20], Boss et al. [12] and Cont et al. [19], one can find empirical studies on
banking networks, while interbank lending has been studied via interacting diffusions
and a mean-field approach in several papers like Fouque and Sun [30], Fouque and
Ichiba [28], Carmona et al. [15], Kley et al. [37], Battiston et al. [S]. Among the many
contributions on systemic risk modelling, we mention the classical contagion model
proposed by Eisenberg and Noe [26], the default model of Gai and Kapadia [33], the
illiquidity cascade models of Gai and Kapadia [32], Hurd et al. [36] and Lee [39], the
asset fire sale cascade model by Cifuentes et al. [18] and Caccioli et al. [14], as well as
the model in Weber and Weske [45] that additionally includes cross-holdings. Further
works on network modelling are Amini et al. [1], Rogers and Veraart [43], Amini
et al. [2], Gleeson et al. [34], Battiston and Caldarelli [4], Detering et al. [24] and
Detering et al. [25]. See also the references therein. For an exhaustive overview on
the literature on systemic risk, we refer the reader to the recent volumes of Hurd [35]
and of Fouque and Langsam [29].
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2 The setting

We now introduce the setting and discuss some fundamental properties of our sys-
temic risk measures. Given a probability space (€2, F, P), we consider the space of
random vectors

LO=L'®;RY) =(X=xX', ..., x"): X" eL%Q, F,P;R),n=1,...,N}.

The measurable space (€2, F) is fixed throughout the paper and does not appear in
the notations. Unless we need to specify a different probability, we also suppress P
from the notations and simply write L°(R"). In addition, we sometimes suppress
RY, d=1,..., N, in the notation of the vector spaces when the dimension of the
random vector is clear from the context. We assume that LO(R") is equipped with
the componentwise order relation, i.e., X| > X if X’l > Xl2 P-as.fori=1,..., N.

When Q = (Q',..., 0V) is a vector of probability measures on (€2, F), we
set LI(Q):={X=X'...,X"): X" e L' (Q"),n=1,...,N}. Unless differently
stated, all inequalities between random vectors are meant to be IP-a.s. inequalities.

A vector X = (X!, ..., XV) e L? denotes a configuration of risky factors at a
future time 7" associated to a system of N entities.

2.1 Orlicz setting

We consider systemic risk measures defined on Orlicz spaces; see Rao and Ren [40,
Chap. III, Sect. 3.4 and Chap. IV, Sects. 4.2 and 4.4] for further details on Orlicz
spaces. This presents several advantages. From a mathematical point of view, it is a
more general setting than L°°, but at the same time it simplifies the analysis since
the topology is order-continuous and there are no singular elements in the dual space.
Furthermore, it has been shown by Biagini and Frittelli [9] that the Orlicz setting is
natural to embed utility maximisation problems, as the natural integrability condition
E[u(X)] > —oo is implied by E[¢(X)] < 400; see below. Univariate convex risk
measures on Orlicz spaces have been introduced and studied by Cheridito and Li [17]
and Biagini and Frittelli [10].

Let u : R — R be a concave and increasing function with lim,_, @ = +o00.
Consider ¢ (x) := —u(—|x|) + u(0). Then ¢ : R — [0, +00) is a strict Young func-
tion, meaning that it is finite-valued, even and convex on R with ¢(0) = 0 and
limy_, 400 @ = +00. The Orlicz space L? and Orlicz heart M? are respectively
defined by

L? = {(Xe LO(R) :E[¢(aX)] < 400 for some o > 0},
M? :={X e L°(R) : E[¢ (@ X)] < +oo0 for all « > 0},

and they are Banach spaces when endowed with the Luxemburg norm. The topolog-
ical dual of M? is the Orlicz space L?", where the convex conjugate ¢* of ¢ defined
by ¢*(y) :=sup, g (xy — ¢ (x)), y € R, is also a strict Young function. Note that

Elu(X)] > —oc0 if E[¢p(X)] < 4o00. 2.1
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520 F. Biagini et al.

Remark 2.1 It is well known that L>(P; R) € M? € L? € L'(P; R). In addition,
from the Fenchel inequality xy < ¢(x) + ¢*(y), we obtain for any probability mea-

sure Q < P that
dQ «f.d0
(Olle)()»d—P> <¢(x|X)+¢ (Ad_IP’>

and we immediately deduce that % e L?" implies L? € L'(Q; R).

Given utility functions u1, ..., uy : R — R satisfying the above conditions with
associated Young functions ¢y, ..., ¢y, we define
L=M®:=M?% x ... x MV, L®:=L% x ... x L9, (2.2)

2.2 Assumptions and some properties of p

We consider systemic risk measures p : M ® 5 [—00, +00] with
N N
p(X) = inf{ ZY” :Y eC C (g, EI:ZM,,(X” + Y")} > B} (2.3)
n=1 n=1

as in (1.5), where the notation E[Zflvzl u, (X" +Y")] > B also implicitly means that
Zfl\]:l un (X" 4+ Y") € L' (P) and the linear space Cr was introduced in (1.4). Note
that there is no loss of generality in assuming u,(0) = 0 (simply replace B with
N
B =Y u,(0)).
The following are standing assumptions for the rest of the paper.

Assumption 2.2 1) (o CSCr and C=CoNM ® is a convex cone which satisfies
RN CC CCg.

2)Foralln=1,..., N, u, : R — R is increasing, strictly concave, differentiable
and satisfies the Inada conditions

u), (—o0) := xlirlloo u), (x) = o0, u, (+00) := x—liToo uy,(x)=0.

3) B < A(400), i.e., there exists M € R such that Zflv:l u,(M") > B.
4)Foralln=1,..., N, it holds for any probability measure Q < IP that

d d
E[vn<£)i|<oo if and only if E[v”(kﬁ)}<oo, Vi >0,

where v, (y) :=sup, g (4, (x) — xy).

Also, from the Fenchel inequality u,(X) < X ‘2—% + vn(‘;—g) P-a.s., we immedi-

ately deduce that if X € L'(Q) and E[vn(%)] < oo for some probability measure
0 < P, then E[u, (X)] < 4+00. Some further useful properties of v, are collected in
Lemma A.5.
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On fairness of systemic risk measures 521

Item 4) in Assumption 2.2 is related to the reasonable asymptotic elasticity condi-
tion on utility functions, which was introduced by Schachermayer [44]. The assump-
tion in 4), even though quite weak (see [8, Sect. 2.2]), is fundamental to guarantee the
existence of solutions to classical utility maximisation problems (see [44] and [8]).
In this paper, it is necessary in Sect. A.3 and for the results of Sect. 4.

Remark 2.3 Note that the duality results presented in Propositions 3.1 and 3.3 below
hold true even under the following weaker assumptions on the utility functions: For

alln=1,..., N, u, is increasing, concave and lim,_, _, “”xﬂ = +00.

The domain of p is defined by dom(p) := {X € M?® : p(X) < 4o00}. The proof
of the following proposition, which exploits the behaviour of u, at —oo, is given in
Appendix A.1.

Proposition 2.4 (a) For all X € M®, we have p(X) > —oo. Moreover, the map
p: M® — RU{+00} defined in (2.3) is finite-valued, monotone decreasing, convex,
continuous and subdifferentiable on the Orlicz heart M ¢ — dom(p).

(b) Furthermore, we have for X € dom(p) that

N N
p(X) = p=(X) ::inf{ dy":Yec, E[Zun(X" + Y”)] = B}.
n=1 n=1

If there exists an optimal allocation Yx = (Yy\, ..., Y)](V) e CoNM® of p(X), then it
is unique.

We complete this subsection by introducing one relevant example for the set of
admissible random elements, which we denote by C™.

Definition 2.5 Forh e {1,...,N},letn:= (n', ..., n") e N/ satisfy n™~! < n™ for

m=1,...,h,n’:=0andn" :=N.Set I, :={n" "' +1,...., 0" form=1,..., h.
We now introduce the family of allocations C™ = C(()n) N M®, where

o = {YELO(RN) :3d=(d,...,dy) € R" with

ZY":dmform:l,...,h}gcR. (2.4)
iely,
Definition 2.5 models a cluster C = (Cy, ..., Cj) of financial institutions which is
a partition of {X!,..., X"}. The constraint on Y is that the components of Y must

sum up to a real number in each element C; of the cluster, i.e., ZA/:XJ'eC,- Y/ eR.

For a given n := (nl, cee, nh), the values (dy, ..., d;) may change, but the number
of elements in each of the & groups I,, is fixed by n. It is then easily seen that C™ is
a linear space containing R" and closed with respect to convergence in probability.
We point out that the family C™ admits two extreme cases:
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(i) The strongest restriction occurs when & = N, i.e., we consider exactly N
groups, and in this case C™ = R corresponds to the deterministic case.

(ii) On the opposite side, we can have only one group, 7 = 1, and C™ =Cr N M®
is the largest possible class corresponding to an arbitrary random injection Y € M®
with the only constraint Y"_ " € R.

3 Dual representation of p

We now investigate the dual representation of systemic risk measures of the form
(2.3). When Z € M® and & € L®, we set E[¢Z] := YV | E[£"Z"], and for
% € Lfk, EqlZ] = Zflvzl Eon[Z"]. We frequently identify the density % with the
associated probability measure Q < P.

Proposition 3.1 For any X e M®,

N
pi(X) = max (ZEQn[—X"] - aB(Q)), (3.1)
n=1

where the penalty function is given by

N

ap(Q) = sup Y Egi[—2"], (3.2)

ZecA n=1

with A:={Z € M® : YN | E[u,(Z")] > B} and

D :=dom(arp) N {% e LY : Q"[Q]=1forall n and
N
Z(Egn (Y"1 —Y")<O0forallY e ConM® }
"~ (3.3)
where dom(arg) := {Q = (Q',..., OV): Q" < P for all n and a.5(Q) < +00}.

(i) Suppose that for some i, j € {1,..., N}, i # j, we have £(ej14 —ejls) €C
forall A€ F.Then

d . . ‘
D = dom(ag) N {% eLY : Q"[Q=1foralln, Q' = Q' and

N
Z(EQn[Y”] —Y") <O0forallY € c}.

n=1

(ii) Suppose that &(e;14 —ejla) €C foralli, j and all A € F. Then

D = dom(ag) N {Z—g eL? :0'[Ql=1and Q" = Qlforazzn}.
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On fairness of systemic risk measures 523

Proof The dual representation (3.1) is a consequence of Proposition 2.4, Theo-
rem A.2 and Propositions 3.9 and 3.11 in [31], taking into consideration that C is
a convex cone, the dual space of the Orlicz heart M® is the Orlicz space L®" and
M® = dom(p). Note that by Theorem A.2, the dual elements & € Lf are positive,
but a priori not normalised. However, we get E[£"] = 1 by taking Y =+e¢; € RV
and using Zﬁzl(E”(Y”) —Y") <0 for all Y € C, so that £/(1) —1<0 and
£7(—1) 4+ 1 <0 imply £/ (1) = 1. This shows the form of the domain D in (3.3).

(i) Take Y :=e;j14 — e;14 € C. From Z,]j:l(EQn[Y"] — Y") <0, we obtain
Q'[A] — 14 — Q/[A] + 14 <0, ie., Q'[A] — Q/[A] < 0 and similarly taking
Y:=—¢ilsa+ejlaeC,weget Q/[A]— Q'[A] <O.

(ii) From (i), we obtain Q = Q7. In addition, as "_ ¥" € R, we get

N N N
> (Eoly"] —Y”):EQ[ZY"} -> y"=0. O
n=1 n=l1 n=1

Proposition 3.1 guarantees the existence of a maximiser Qx to the dual problem
(3.1) and that @3 (Qx) < +00. Uniqueness is proved in Corollary 4.13 below.

Definition 3.2 Fix any X € M®. A solution of the dual problem (3.1) is a vector

Qx = (Q§(’ e, QQ ) of probability measures verifying % €D and
N
pp(X) =Y Egr[—X"] — a5(Qx). (3.4)
n=1

A vector Q of probability measures having density in D could be viewed, in
the systemic N-dimensional one-period setting, as the counterpart of the notion
of (IP-absolutely continuous) martingale measures. Indeed, because Y € Cy C Cp,
Ziv:l Y" e R is the total amount to be allocated to the N institutions, and then the

total cost or value Zflvz 1 Egn[Y"] should at most be equal to 2111\;1 Y", for any “fair”
valuation operator Eq[-], which is the case if % eD.

There exists a simple relation among pp, pg and ag(Q) defined in (2.3), (1.10)
and (3.2), respectively.

Proposition 3.3 We have

N
PRX) == EgiX"] - ap(Q) (33)
n=1
and
p(X) = max p(X) = pg* (X), (3.6)
d—?e

where Qx is a solution of the dual problem (3.1).
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Proof We have

N
0'[2":Ze M® and ) "Elu,(2")] = B}

n=1

—ap(Q) = lnf{

{ ]EQ" Xn+Yn YGMCD andZ]E[un(Xn+Yn)]>B}

n=1

;

N
=D Egi X"+ pg (X,

n=1

which proves (3.5). Then from (3.5) and (3.4), we deduce that

N
PRXX) == Egu [X"] - ap(Qx) = p5(X),

n=1
and from (3.1) and (3.5), we get pp(X) = maxgep pg(X). O

Proposition 3.4 If ap(Q) < 400, the penalty function in (3.2) can be written as

ap(Q) := sup ZEQn[ 7" = 1nf<—%B+ ZE[U,,( d(ﬁ:)]), 3.7

ZGAn 1

and E[v, (A %)] < 00 for all n and all A > 0. In addition, the infimum is attained in
(3.7, i.e.,

Qn >den
ap (Q) = ZE[ (x - )] (3.8)

n=1

where 1* > 0 is the unique solution of the equation®

_B+Z]E[vn</\—>] ,\ZE[dQn ,,( dd%n)}zo. (3.9)

Proof See Appendix A.2. g

Example 3.5 Consider the grouping of Definition 2.5. As C™ is a linear space con-
taining RY, the dual representation (3.1) applies. In addition, we have in each group
that £(e;14 —ej14) € C™ foralli, j in the same group and for all A € F. Therefore
in each group, the components Q', i € I, of the dual elements are all the same, i.e.,

ZNote that »* will depend on B, (tn),=1,... n and (%)nzlw,/\/
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Q' = @/ forall i, j € I, and the representation (3.1) becomes

pp(X) = max ( Z Y Eonl-x"D) - aB(Q>)

m=1kel,

h
=g€a?§(ZEQm[—Ym1 —aB<Q>>, (3.10)

m=1
with

dQ

D :=dom(ap) N {ﬁ € Lj‘j* : Q' =@ foralli, j € I,,, 0'[Q] = 1} (3.11)

and X, := Zkelm X*. Indeed,

N h
S Eorlr"-r =3 Eonlrh - vH)
n=1 m=1kel,
h
:Z(]EQm[ZYk] - ZYk) =0,
m=1 kel kel

as ) ;e I Y* =d,, e R. If we have only one single group, all components of a dual

element Q € D are the same. If Q = (Q', ..., Q"),—1....n is in D defined in (3.11),
then (Eq, [Y;(], .., Eqy [Y;(V]) is a systemic risk allocation as in Definition 1.2, i.e.,

N h h h
D Eoilvgl=) Y Egnl¥gl= ZEQm[ > Y)’E} =Y dn=pX). (3.12)
n=1 m=1

m=1kel, kel, m=1

Example 3.6 Consider u,, : R — R, u,(x) = —e~*"*/ay,, o, > 0, for each n and let
B < 0. Then v, (y) = é In y. From the first order condition (3.9), we obtain that the

minimiser is A* = —% with 8 := fozl é Therefore (3.8) gives
N

dQ" , (. ,dQ" 1 0 B
OlB(Q)—ZE[ ()\ i )} Za—n<H(Q IP)—i—ln(—E)), (3.13)

n=1

where H(Q"|P) := E[dQ In dQ -] is the relative entropy.

4 Existence of solutions

In this section, we deal with existence and uniqueness of optimal allocations for
pp(X) and the other related primal optimisation problems introduced in Sect. 1.
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Throughout this section, we assume X € M® and that Q = (Q!,..., Q") satis-
fies Q" < P, fi% € L® and ap(Q) < 400, or equivalently pg(X) > —00. Recall

from Proposition 3.4 that this implies E[v, (A %)] < +oo for all n and all A > 0.
Set

L'®,Q :=(L'®RY)NLYQ;RY)) 2 L® > M?, 4.1

where the inclusions follow from Remark 2.1 and Z—% e L.
Without loss of generality, we may assume that #;(0) =0, 1 <i < N, and observe
that then

wi(x) =u;(xT) +u; (—x7). 4.2)

When the utility functions u, are of exponential type, the Orlicz heart M® is suffi-
ciently large and contains the optimal allocation Yx to pp(X); see Sect. 6. This of
course also happens for general utility functions on a finite probability space.

As shown in Sect. 4.3, in general, we cannot expect to find the solution Y¢ for
the problem pp (X) in the space M®, but only in the larger space L!(Q), and this
motivates the introduction of several extended problems. Let B € R and define

N N

p2(X) := inf ZEQH[Y"]:YeLl(P,Q),E[Zun(X”+Y")] zB},
n=1 n=1
N N

PA(X) := inf ZEQn[Y”]:YGLI(Q),E[ZM,,(X”+Y")} 23},
n=1 n=1
N N

p5(X) := inf ZY":YeCoﬂLl(]P’,QX),]E[Zun(X”+Y”)]zB}.
n=1 n=1

Analogously, we define 77, (X) nQ(X) and 74 (X) for A € R by using the optimi-
sation (1.9). We show in (4.8) and (4.9) below that these extensions from M® to
integrable random variables do not change the optimal values.
In order to prove the existence of an optimal allocation for pg(X), we proceed in
everal steps. In Theorem 4.10, we first prove the existence of a solution YQ e L' (Q)
for op X). Then in Proposition 4.11, we show that when it exists, the optimiser to
og(X) or to pg(X) coincides with ?Qx elL! (Qx). The next key step is to show the
existence of Y € L1 (IP) which is, as specified in Theorem 4.14, a candidate solution
to the extended problem and then to prove that Y € L'(Qx). In a final step (see
Theorem 4.19, Proposmon 4.22 and Corollary 4.23), we prove that pp(X) = pp(X)
and that the above Y € L' (P, Qx), hereafter denoted with Yx, is an optimiser of the
extended problem pg(X) and hence coincides with YQx

4.1 On pp(X) and 4 (X)

Recall that under Assumption 2.2, C is a convex cone so that if Y €C,thenY+8eC
for every deterministic § € R . Note that p 3 (X) < +ooand 7, (X) > —00.
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Proposition 4.1 (a) B = w4 (X) if and only if A = pp(X).

(b) If B=74(X), then A = pp(X).

(c) If A = pp(X) and there exists a solution to one of the two problems 1 4 (X) or
pB(X), then it is the unique solution to both problems.

Proof (a) “<” Let A = pB (X) and suppose first that 74 (X) > B. Then there exists
Y € Co N M® such that N, ¥ < A and E[YN_, u, (X" + Y")] > B. The conti-
nuity of u, and Elu,(Z")] > —oo for all Z € M® 1mply that there exist ¢ > 0 and
Y:=Y —¢leCyn M® such that E[YN_ u, (X" +Y")] > B and YV, V" < A.
This is in contradiction to A = pp(X).

Suppose now that w4 (X) < B. Then there must exist § > 0 such that we have
E[XN  up(X" +Y")) < B —§ forall Y € Co N M® such that 3" v < A. As
A= pB(X) for all € > 0, there exists Y, € Co N M ® such that Ziv 1Y <A+eand

E[Z 1 un (X" + Y] > B. Foranyn>£>zn Y — A, we get
N
Y! — <A+e—n<A.
()=

Due to E[u,(Z")] > —oo for all Z € M® and the continuity of u,, we may select
& > 0 and n > ¢ small enough so that E[Zflv L Un (X" + Y0 — —)] > B — 4. As

Y= - —),, € CoN M®, we obtain a contradiction.

“=”" Let B = m4(X) and suppose first that pp(X) < A. Then there must ex-
ist YeConM® such that B[, u, (X" + Y")] > B and YV 1Y" < A. Then
there exist ¢ > 0 and Y := Y + e1 € Co N M® such that >N Y" < A and
E[>"Y_, u, (X" +Y™)] > B. This is in contradiction to B = 74 (X).

Suppose now that pp(X) > A. Then there must exist § > O such that we have
ZN YP>=A+48forall YeCon M® such that E[ZN u, (X" +Y"] > B. As

=4 (X), for all ¢ > 0, there exists Y, € Co N M® such that Zn 1 Y < A and
IE[X:n=1 u, (X" +Y/)] > B — ¢. Define

N

Ne ::inf{a >0;E[Z (X"+Y"+ N)} > B}

n=1

and note that n, | 0 if ¢ | 0. Take ¢ > O such that n, < §. Then for any
0<pB <8—ne we have Z,/lV:](YE” +#) <A+n+B <A+ as well as
E[Zflvzl un (X" +Y"+ %)] >B. As (Y + %) € CoN M?®, we obtain a con-
tradiction.

(b) This follows in the same way as “=" in (a), replacing M ® with L1 (P, Qx).

(c) Suppose there exists Y € Co N M ® which is a solution to problem (1.5). As
A = pp(X), then Zfl\’: 1 Y" = A and the constraint in problem (1.7) is fulfilled for
Y. By (a), B=ms4(X) > IE[Z,IY:1 u, (X" +Y")] > B and we deduce that Y is a
solution to problem (1.7). Suppose there exists Y € Co N M® which is a solution
to problem (1.7) and set B := w4 (X). Then E[ZQ’ZI u, (X" +Y")] = B and the
constraint in problem (1.5) is fulfilled for Y. By (a), A = pp(X) < Zr}zv=l Y"< A
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and we deduce that Y is a solution to problem (1.5). As pp(X) admits at most one
solution by Proposition 2.4, the same must be true for 74 (X). g

Proposition 4.2 (a) B = n?(X) ifand only if A = pg X).
(b) If B =7 X(X), then A = FQ(X). Similarly, if B =7 X(X), then A = p3(X).
©©IfA= pg(X) and B = nS(X) and there exists a solution to one of the two
problems n? X) or pg (X), then it is the unique solution to both problems.

(d) In (c), we may replace 712, pg with ﬁg, ,T)g or with ﬁg, ﬁg.

Proof Use step by step the same arguments as in the proof of Proposition 4.1, re-
placing Z;V:] Y" with Zflvzl Eor[Y"]. The uniqueness in (c) is a consequence of
Remark 4.9. g

When using Q = Qx, we have already proved that pp(X) = pgx (X). Similarly:
Corollary 4.3 Let A := pp(X). Then wa(X) = 7 X (X).

Proof As A = pp(X) € R, Proposition 3.3 gives A = pp(X) = pgx (X). By Propo-
sition 4.1 (a), respectively Proposition 4.2 (a), we deduce that B = m4(X), resp.
B =7 ¥(X), hence 74 (X) = 7 (X). O

4.2 On the optimal values

The main contribution of this section is to show that the optimal values coincide, see
(4.8) and (4.9) below, and that, see (4.11) below,

N
QX)= max Y Uy@), AeR,
lelv:lan:Anzl

where
Uy (@) ;== sup{E[u, (X" + W)]: W € M"’”,EQn[W] <a"} “4.3)

and a € RY. In the sequel, we write UnQ” (a") when we need to emphasise the
dependence on Q". Note that E[u,(X" + W)] < u,(E[X" + W]) < 400 for
all X", W e M% C LI(IP’; R). The conditions X" W e M®n imply that we have
E[u, (X" + W)] > —oo, from which it follows that U, (a") > —oc0. As 3—3 e LY,
W e M? implies W € L'(Q") and the problem (4.3) is well posed. Due to the
monotonicity and concavity of u,, the function U,, is monotone increasing, concave
and continuous on R and we may replace in its definition the inequality with an
equality sign. However, in general, the solution to (4.3) only exists on a larger do-
main, as suggested by the well-known result reported in Proposition A.6. This leads
us to introduce the auxiliary problems

Un(a") := sup{Elu, (X" + W)]: W € L' (Q"), Egi[W] < a"},
Un(a") == sup{Elu, (X" + W)]: W € L' (P, 0"), Egu[W] < a"},
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where Ll(IP, Q") is defined as in (4.1). The following proposition is a multi-dimen-
sional version of well-known utility maximisation problems. Its proof is based on the
extended Namioka—Klee theorem and deferred to Appendix A .4.

Proposition 4.4 We have that
Un(a™) = Uyp(a") = Uy (a") < +00, (4.4)

if Up(a™) < up(+00), then U" : R — R is differentiable,

Up(—00) = —00, U, > 0, U/ (—00) = +00, U (+00) = 0, (4.5)
and
ny _ n n dQn
Un(a") = inf <,\(EQn[X 1+a )+1E[vn<,\ - )D (4.6)

We now show that the optimal values are the same.

Lemma 4.5 Let A:= pp (X) and 7 4 (X) < 400. Then

N N
7 (X) = sup {E[Zun(X” + Y”)] :YeM® Y Eg[Y"]= A}

n=1 n=1
= 737(X) .7
and
7UX) = sup Z Un(@") =7X(X) =79(X), 4.8)
Zn 1a"=An=1
PRX) = pF(X) =52 (X). 4.9)

Proof Clearly, +00 > 74 (X) > 7 A+~ (X). By way of contradlctlon suppose that
72(X) > 727(X) and take & > 0 such that 7Q(X) — & > 727(X). By the def-
inition of nS(X), there exists Y e M® satisfying Zn 1Eon[Y"] < A as well
as B[ N u, (X" +Y")] > 7Q(X) —¢. Take ¥ = Y 4§, 8 € Ry, such that
SN Ege[Y"] = A. Then

N N
TP (X) = E[Zum” + ?")} > E[Zun(X" + Y”)]

n=1 n=1

>7TA(X)—8>7TA ~(X),
which is a contradiction. Hence (4.7) holds true. Note that

@ ={Y=a+Z:aeR" andZ e M® such that Eg»[Z"] =0 for each n}.
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Indeed, take Y € M® and let a” := Eor[Y"]€eRand Z" :=Y" —a" € M®_Then

N N
7 9(X) = sup {E[Zun(X” + Y")} :YeM® Y Eg[Y"]= A}

n=l1 n=1
N

= sup E[Zun(X"+a"+Z")]
SN a"=A,ZreM%n Epn(Z7]=0¥n =1
N
= sup Y sup Elu, (X" + Y™)]
Z’I;’:lan—A n=1 Y"eM% Eon[Y"]=a

= sup ZU(a") (4.10)

Zn pa"= An=1

which shows the first equality in (4.8). Then 7 (X) = ﬁ/?(X) =7, (X) are con-
sequences of (4.4) and the decomposmons analogous to the one just obtained for

n?(X) in (4.10). If A:=pp (X) > —o00, then B =7 (X) by Proposition 4.2 (a).
Hence B=m, (X) = NS X) = ?(X), and from Proposition 4.2 (b), we obtain
=03 (X) Og (X), hence (4.9). O

Proposition 4.6 Let A := pp (X) and JT? (X) <+400. There exists a solution a, € RN
to problem (4.8), namely

7X) = sup ZUn(a”)_ZUn(a) and Za =A. (411)

acRN with Zn 1a"=A p=1

Proof Fix 6 > 0 and let a,, = (a U TAD BN be an approximating sequence for
the supremum in (4.11). Then Z 1 Un(ay) =7, (X) —&=:C and Zn am=A
for large enough m. Then (4.11) is a consequence of the continuity of U, and of
Lemma 4.7 below, which guarantees that a,, belongs to a compact set in RV |

Lemma 4.7 Ser K :=={a e RV : YN " < A, YN U, (a") = B} for arbitrary
constants A, B € R. Then K is a bounded closed set in RN .

Proof See Appendix A.4. g

We now turn to the uniqueness of the solution to problem (3.2). The proof is in
Appendix A.4 and uses the same arguments as in the proof of Proposition 2.4.

Lemma 4.8 The penalty function can be written as

N N
ap(Q) = sup { Y Egi[-2"):ZeM®, ) Eluy(Z")] = B}

n=1 n=1

N N
= sup { ZEQn[—Z"] :ZeL\(P, Q),E[Zun(z”)} > B}, (4.12)

n=1 n=1
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and there exists at most one Z. € L' (P, Q) satisfying

N

N
ap(Q) =) Egi[-2"1  and ) Elu,(Z")]> B. (4.13)

n=1 n=1

Remark 4.9 From (4.9) and (3.5), we have

N
PEX)=ppX) = pg(X) = — > Egr[X"] — a5(Q).

n=1

Hence with a proof similar to the one of Lemma 4.8, we may replace the inequality
with an equality sign in the budget constraint in the definition of pg(X), Z)g(X) and
ﬁg(X), and show the uniqueness of the optimiser Y in pg(X), Z)Jg(X) and f)g(X).

4.3 On the solution of pQ and comparison of solutions

Theorem 4.10 Suppose ap(Q) < +00o. Consider the random vector ?Q given by

N do"
Yl‘l = _Xn _ )\‘* ,
Q ”"( aP )

where \* is the unique solution to (3.9). Then ?6 e LYQM), u, (X" + ?&) e L\(p),
B[, tn(X" + Y)] = B and
N

N
Pi (X) =inf{ D Egl¥":Ye M“’,E[Zunw - Y")] > B}

n=1 n=1

N —~
=Y Egul¥g] (4.14)
n=1
N N
= min { Y EglY"]:Ye Ll(Q),]E[Zun(X” + Y”)} > B}
n=1 n=1
=59 (X), 4.15)

so that ?Q is the solution for ﬁg(X).

Proof Note that ,og(X) > —o0 as a@p(Q) < +o0o. The integrability conditions hold
thanks to the results stated in Appendix A.3. From (3.5) and the expression (3.8) for
the penalty, we compute

N
PRX) ==Y Egi[X"] —a5(Q)

n=1

N dQn N
, -~
= E 1EQV£ I:—Xn -V, ()\,* P )] = E lEQn[Yé]
n= n=
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We show that Y6 satisfies the budget constraint

\ > (240"
;E[un(){ —i—YQ)]=§1 [un(—vn(x P )>:|
> LdQ" . (40"
=ZIIE|:U,,<A 5 >:|—A ;EQn[un<x 5 )}

I
®

due to u(—v (y)) =v(y) — yv'(y) by Lemma A.5 and (3.9). Finally, from (4.9), it
follows that pg (X) ﬁg(X), and Remark 4.9 implies uniqueness. O

When solutions to both problems pp(X) and p BX (X) exist, they coincide.

Proposition 4.11 Let Yx € Co N M® be the optimal allocation for pp(X) and Qx a
solution to the dual problem (3.1). Then Yx = Yy, i.e.,

- dQ?
Yo=Y =—X"—v (A =X ).
X Qx ( dP )
Proof Note that Yx satisfies
N
E[Zun(X"—l-Y)'(’)} > B, (4.16)
n=1
N
> Y= p5X), (4.17)
n=1
ZEQn (Y] < Z Ya, (4.18)

n=1

as Yx € C and Qx € D. From (4.14), (3.5), (3.4) and (4.17), we deduce that

N N
> Egl¥g 1= pg*(X) ==Y Egu[X"]-a5(Qx)

n=l1 n=1

N
=pB(X):ZY§. (4.19)

n=1
As Yx satisfies (4.16), the definition of pgx (X) gives
N N
D V= peX) = pp*(X) < ) Egq {1,
n=1 n=1
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which shows together with (4.18) that
N N
> org= Z]E%[Y,’}]. (4.20)
n=1 n=1
From (4.19) and (4.20), we then deduce that

N
ap(Qx) =—Y Egu[X" + ¥ 1,

n=1
N N

apQx)=—Y (Egu[X"|+Y)=—) Egu[X"+Y§l.
n=1 n=1

As both X + Yx and X + ?Qx satisfy the budget constraints associated to o (Qx)

in (4.13), this implies that «p(Qx) is attained by both X 4+ Yx agd X+ ?Qx- The
uniqueness shown in Lemma 4.8 allows us to conclude that Yx = Yqy. O

Remark 4.12 Theorem 4.19 below proves the existence of Yx € Co N LY(P, Qx)
satisfying (4.16)—(4.18) with Yx instead of Yx. Then the above proof shows that

S?X = ?QX. Similarly, Corollary 4.13 below holds for such i(x eConL! (P, Qx).
We now show that the maximiser of the dual representation is unique.

Corollary 4.13 Suppose there exists an optimal allocation Yx to pp(X). Then the
solution Qx = (Q;(, e, Qg) of the dual problem (3.1) is unique.

Proof Suppose Qp, Q> are two optimisers of the dual problem (3.1). Then we
have g (Q1) < +00, @p(Q2) < +00 and by Proposition 4.11 and Remark 4.12, for
each n,

d n A~ P d n
—X" — ] < H Ql) =Y5, =Y =Y, =-X"—v, (x; Q2> P-a.s.

n\"ap dP
As v, is invertible, we conclude that A’fdd% = A;dd% P-a.s., which then implies
d n d n
Q"= as B[22 =E[L&) = 1. 0

4.4 On the existence of the optimal allocation for pp
4.4.1 A first step

We first show that pp reaches its infimum at some Y € LI(P; RM).
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Theorem 4.14 For C € Cr N M® and for any X € M®, there exist Y in L' (P; RY)
such that

N N
ZY” eR, E[Zun(X"+Y”):| > B,
n=1

n=1

p(X) _1nf{ZZ" ZeC, E[Zun(X"~|—Z" } >B} ZY”

n=1 n=1
and a sequence (Yy)ren C C with E[Zfl\lzl uy (X"+Y;)] > B and Yy — Y P-a.s.

Remark 4.15 We note that the random vector Y in Theorem 4.14 satisfies all the con-
ditions for being the optimal allocation for pp(X), except for the integrability con-
dition Y € M®, which is replaced by Y € L' (P; RV). Furthermore, Y = limg_ o Y
P-a.s. for Yx € Co N M®. If we assume that Cy is closed in LO(P), which is a rea-
sonable assumption and holds true if C = C™, in which case C(()n) is defined in (2.4),
then Y also belongs to Co, but in general not to C (as M® is in general not closed
for IP-a.s. convergence). A special case is when the cardinality of 2 is finite and the
set C is closed for P-a.s. convergence; under these assumptions, Y belongs to C and
Y=Yx= YQx In Sect. 4.4.2, we show when Y also belongs to Cy N L' (Qx; RY).

ProofofTheorem 4.14 Take asequence (Vi)reny € C CCrNM® C L1(P; RY) such
that R > ¢} := Zn Vi pe(X) as k — oo and E[Z 1 un(X"+V{)] > B. The se-
quence (Vi)keN 1S bounded for the L! (P; RY)-norm if and only if so is the sequence
(X + Vi)ken- Given the decomposition into positive and negative parts

N N N
Y ENX"+VI =Y EIX"+V)T+ > EIX"+V) 7], 4.21)
= n=1 n=1

we define the index sets

NI = {n efl,...,N}:limsupE[(X"+V)T]= +oo},

k—o00

N = {n efl,...,N}:limsupE[(X"+V) "] < +00}

k—00
and similarly N3 and N, for the negative parts. We can split (4.21) as
Y El(X"+VHTI+ Y Epl(X"+VHY]
neNOJEj ner+

+ Y Epl(X"+V) 14 Y Esl(X"+V)7L.
neNg nenN,

If the sequence (X 4 Vi)ren is not L1(P; RY)-bounded, then one of the sets NE
or N5, must be nonempty and then, because of the constraint Z 1 Vi’ = ¢, both
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N £ and N3, must be nonempty. From Lemma A.1 (a), Jensen’s inequality and (4.2)
give

N N
B <Y Eluy(X"+V1 < Y unBIX"+V}'])
n=1

n=1

N N
=Y un(BIX"+VHT]) + D ua( = BIX"+V;) 7))
n=1 n=1

sb( > EIX"+VO 1+ Y EBI(X"+ V! )*])

neNS[3 ner

—2b< > EIX"+V) I+ Y E[(x"+v,g")—]) + const.

neNg neN,”

N
= b(ck + ZE[X"]) + const.

n=1

—b( > EIX"+VH I+ Y E[<X"+vk">—1>,
neNg neN,
which is a contradiction as the second sum in the last term is not bounded from above.
Hence our minimising sequence (V)xen has bounded L'(P; RY)-norm and we may
apply a Komlds compactness argument as in [22, Theorem 1.4]. Applying this to
the sequence (Vi)ken C C, we can find for all k some Yy € conv(V;,i > k) CC,
as C is convex, such that (Yy) converges P-a.s. to some Y € Ll(]P; RY ). Observe
that by construction, Z;\’:] Y} is P-a.s. a real number, and as a consequence, so

is Z;]z\,:l Y". As E[Zfl\/:l un(X"+V;")] > B, also the Yy satisfy this constraint and
therefore pg(X) < Zfl\]:l Yy
Recall that Yy =3, A

(Af)iejk with )»f.‘ > (0 and Ziejk Ai =1, where Ji is a finite subset of {k, k+1,...}.
For any fixed k, we compute

S5 (zav)

AV; € conv(Vi,i > k); so there are convex weights

-5(%v)

n=1 “ieJ; J i€y
= Z,\fci 5ck(2x{?> =k, (4.22)
ieJi ey

and from pp(X) < Z 1 Yi' < ck, we then deduce that Z Y= pp(X).

We now show that Y also satisfies the budget constraint. If all utility func-
tions are bounded from above, this is an immediate consequence of Fatou’s lemma
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since

N N
3 El-un (X" +Y")] = ZE[I}(nlgf(—un(X"—i-Y,:‘))]

n=1 n=1
N
<liminf Y E[—u,(X"+Y)] < —B.
_}crgggzl [—un(X"+Y)] <
n=

In the general case, recall first that the sequence (Vy) is bounded in L (P, RN ), and
the argument used in (4.22) shows that

IX+ Yellt < Xy +sup | Vi,
keN

hence sup; . X 4 Yi|l1 < 0o. We now need to exploit the Inada condition at +o0.
Applying Lemma A.1 (b) to the utility functions u,, assumed null in 0, we get

—up,(x) +extT +b(e) >0, Vx e R.

Plugging X 4 Y into the expression above and applying Fatou’s lemma, we have

N
E[ Z —up (X"+Y™) + (X" +Y") T + b(a)]
n=1
N

= E[liminf ( D —un (XY 4+ (X" YT+ b(g)ﬂ

k— 00
n=1

N
<liminf ) " E[—u, (X"+Y}) + (X" +Y)T + b(e)]
k—o00 —

< —B+e(sup X+ Yalli) +b(e).
keN
As the term b(e) cancels in the above inequality, we conclude that for all & > 0,

N N
E[Z —un(X”+Y")} <-B+ e(sup X+ Yalli — ZE[(X"H")*]),
keN

n=1 n=1

and since sup;y X + Yi |1 < 0o, we obtain E[Zfl\’:l —u, (X"+Y")] < —B so that
Y satisfies the constraint. O

4.4.2 Second step: the optimal allocation is in L' (Qx)

We now prove further integrability properties of the random vector Y in Theo-
rem 4.14.

Lemma 4.16 The random vector Y in Theorem 4.14 satisfies Y~ € L Qx).
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Proof Using (4.2) and ¢ (x) := —u;(—|x|) for fixed 1 < j < N gives

0= [0y (000 +71))] £ Yo (@ + )]

n=1

I
M=

E[ —un(— (X" +Y")7)]

3
I
—_

N
Eluy (X" + Y"1 = Y Elun (X" +¥™)]

n=1

I
™M=

3
Il
—_

M=

<> uy(E[(X"+Y")T]) - B <0, (4.23)

—_

n

where we used Jensen’s inequality and X 4+ Y € L' (P; RY). This yields

X/ +yHTeL? <L)
From Y/ = (X7 + Y/t — (X/ + YY)~ = X/ = —(X/ + Y))~ — X/, we get
0< )™ < (=(X) +Y/)™ = X))~ =((X/ + Y/)~ 4+ X/)*. Since by assump-
tion, X/ € M?% < L'(Q%), then also (X/ + Y/)™ 4+ X/)* € L'(Q%) and so
(Y~ eL'(Q).1<j<N. O

Lemma 4.17 The random vector Y in Theorem 4.14 satisfies Yt € L'(Qx).

Proof In Theorem 4.14, we have proved the existence of Y € Ll(]P’; RN ) satisfy-
ing pp(X) =", ¥" e R with [ u,, (X" +Y")] > B and Y is the P-a.s. limit
of a sequence (Yy) in C € Cg N M® such that Zflvzl Yy — pp(X) as k — oo,
Zfl\’:l Efu, (X" +Y")] = B and 2111\’:1 Eou[Y;'] =< Z;]:/:l Y}!. By passing to a subse-
quence, we may assume that Zﬁlvzl Y | pp(X). Let j € {1,..., N}. Fatou’s lemma
gives

J
X

) i+ o JN+ v/ ) JN—
E gy [(r) "1 < liminfE oy [(7)"] < supE oy [V +supE o [(V)7). - (4.24)

First we show that sup, .y IEQ{([ij] < o0o. Put g = EQnX[Y,f]. Then we obtain that
YN < A=Y v <3N yrand

n=1
N ., N
S U@ = Y Elua (X" + Y] = B
n=1 n=1
for all k € N. Thus by Lemma 4.7, (ay)xen lies in a bounded set in RY and thus

supE ; [v/] < oc. (4.25)
keN X
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Next we show sup; <y EQ]- [(ij)’] < 00. As in (4.23), we obtain that for all k € N
X

N
0<E[¢;((X/ +Y)7)] = Zun(E[(X" +yHt) - B.

n=1

From the proof of Theorem 4.14, we know that (X" + Y} )xen is L!(P)-bounded for
alln=1,..., N, and thus

N
0 <supE[¢; (X7 +¥{)7)] < Zun(supE[(X” + Y,ﬁ)*]) — B <.

keN n=1 keN

By Remark 2.1, it then follows that (X7 + Y/)i_y is L'(Q%)-bounded. Moreover,
Y/ =X/ + YT = (X + Y™ =X/ = =X/ +Y)” — X/ gives

0< ) < (=X +¥H)~ =X =(x/+v)) +x/)",
and thus

(Y[)"1<supE
keN

supE

X/ +Y)T1+E; [1X7]] < o0, (4.26)
keN x

Q{([ Q;;[

where we recall that by assumption, X/ € M?%i C L (Q{(). From (4.25) and (4.26)
together with (4.24), the claim follows. O

4.4.3 The final step
For our final result on existence, we need one more assumption.

Definition 4.18 We say that Cy is closed under truncation if for each Y € Cy, there
exists my € Nand ey = (¢}, ..., c}) € RV such that

N N
Zc'}:ZY"::weR
n=1 n=1

and for all m > my, we have

Ym = Y]m']lv=l{|y,,‘<m} +cYIUr]1V=I{|Yn‘Zm} € CO- (427)

Note that in Definition 2.5, the set C(()n) is closed under truncation.

Theorem 4.19 Let C = Co N M® and suppose that Co  Cr is closed for conver-
gence in probability and closed under truncation. For any X € M @ there exists
Yx € Co N LY (P, Qx) such that

N N N
ZY,’; eR, E[Zun(xuff;;)] > B, Z(}EQ}[?;;] —¥H=0
n=1 n=1

n=1
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and
N N
pB(X)=inf{ZY” :YeCnM®, E[Zun(X"-|-Y” ] } ZY"
n=1 n=1
N N

:min{ ZY" ;YeCoﬂLl([p, Qx), E[Zun(X"+Y”)] > B}
n=1 =1

=pp(X),

so that SN(X is the solution to the extended problem pg(X).

Proof Take as Yx the vector Y in Theorem 4.14, which belongs to L'(P, Qx)
by Theorem 4.14 and Lemmas 4.16 and 4.17, and to Cp as Cp is closed for con-
vergence in probability and Y = limy,— o0 Y P-a.s. and (Y,,) € Co. Comparing
Theorem 4.19 with Theorem 4.14, we see that it remains to prove pp = pp and
fo:l(ﬂz% [Y3] — ¥§) < 0; this is done in Propositions 4.22 and 4.20 below and
requires the truncation assumption on Cy. The opposite inequality

N N
Y P =ppX)=pXX) = > Egu V4]
n=1

n=1
holds as Yx fulfils the budget constraints of p BX(X) O

Proposition 4.20 Suppose that Cy is closed under truncation. Then
N
ZEQn [Y"] 52 forall Y € CoN L' (Qx; RY).

Proof FixY € CoN L! (Qx; R") and consider Y,, for m € N as in (4.27), where with-
out loss of generality, we assume my = 1. Note that "N, ¥ =cy (=N v™).
By boundedness of Y,, and (4.27), we have Y, e Co N M ® for all m € N. Further,
Y,, — Y Qx-a.s. for m — oo and thus, since |Y,,| < max{|Y], [ey|} € L' (Qx; RY)
for all m € N, also Y,, — Y in L1(Qx; R") for m — oo by dominated convergence.
We then obtain

N N N N
D Egyl¥"1= lim > B[Vl < lim 3 ¥i=cy=) ¥ O
n=1 n=1 n=1 n=1

The map pp is defined on M®, but the admissible claims Y belong to the set
CoN L'(P, Qx) not included in M®. As L' (P, Qx) € L'(P;RY) by the same ar-
gument as in the proof of Proposition 2.4, we can show that pg(X) > —oo for all
X € M®. By the same argument as in the proof of Proposition 2.4 and by (2.1), we
also deduce that pg(X) < +oo forall X € M®, so that the function 0B : M® > Ris
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convex and monotone decreasing on its domain dom(p) = M®. From Theorem A.2,
we then know that the penalty functions of pp and pp are defined as

N
ap(Q): :SUP{ZEQ"[_Xn] —-ppX):Xe€ M‘D},

n=1

N
a(Q): :SUP{ZEQ"[—Xn] —-pp(X): X e M‘D}.

n=1
Lemma 4.21 If Cy is closed under truncation, then ag(Qx) = ap(Qx).

Proof Recall from (1.3) that E[AX +Z)] = E[Zf:l:l u, (X"+2Z")]. We then have
that

N
ap(Qx) =sup { Z]EQ;([—XH] —ppX): X € MCD}
n=1
N

= sup ( IEQ»;([—X”]
XEMq’ n=1
N

+sup{ —Y 7":ZeCNL'(P,Qx). EIAX+Z)] > BD
n=1
N N

= sup { Z]EQnX[—X”] - ZZ" :ZeCynL'(P,Qx),

n=1 n=1

XeM® EAX+Z)]> B}

N N
<sup { ZEQnX[—X”] — ZZ" :ZeCynLY(P,Qx),

n=1 n=1

XeL'(P; Qx),E[AX +Z)] > B}

N N N
= sup { Z]EQnX[—W”] + ZEQ;([Z"] Y 7":ZeCn L' (P, Qx).
n=1 n=1 n=1

We L'(P,Qx),
E[A(W)] > B}

N
= sup { D Egi[-W": W e L'(P,Qx), E[A(W)] > B}
n=1
N

+ sup { Z(EQS’([ZH] —7Z":ZeCyn LI(P, Qx)}
n=1
N

< sup { > Egu[-W"]: WeL'(P,Qx). E[AW)] > B} =5(Qx).

n=1
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because Z,I,V:l(IEQnX[Z"] — 7"y <0forall Z € CoN L' (P, Qx) as shown in Proposi-
tion 4.20. The last equality follows from (4.12). The opposite inequality is trivial as
pp < pp implies that

N
ap(Qx) =sup { ZEQ;’([—XH] —ppX): X € MCD}

n=1
N
Zsup{ZEQ”X[—XH]—PB(X):XEMCD}ZUB(QX)- O
Proposition 4.22 [f Cy is closed under truncation, then

N
X) =pp(X inf Y":YeCyE ZX"4+Y"N | > By,
pB(X) = pp(X) = YEU(PQX){Z 0 [;u( )} }

(4.28)
Proof We know that 5z : M® — R is convex and monotone decreasing. By defini-

tion, o3 < pp. Under the truncation assumption, Lemma 4.21 shows that we have
ap(Qx) = ap(Qx). Then by Theorem A.2,

PB(X)—SUP{ZEQ”[ X" —ap(Q): Q LCD*}

n=1

N
> Egi[—X"]—@5(Qx)

N
Z —X"] - ap(Qx) = pp(X). O

Corollary 4.23 Under the assumptions of Theorem 4.19, we have
pp(X) = pgX(X) = FgX(X) = HgX (X) = pp(X), (4.29)
TA(X) = 7X) = FX) =7, (4.30)

for A= pp (X) and the unique solutions to the extended problems p BX X), ﬁgx X),
pp(X) and 7 ; Ox (x), ﬁgx (X) exist and coincide with

_ _ n _ ./ k X 1
iX_ &QX_<_X Un()\. P ))n . NGCO L (P,QX)?

and Qx is the unique solution to the dual problem (3.1).

Proof From (4.28), (4.9), (4.8), (3.6) and Corollary 4.3, we already know that (4.29)
and (4.30) hold true when A := pp(X). By Theorem 4.19, there exists a solution
YX eCoNL' (P, Qx) to pp(X) and by Proposition 4.11 and Remark 4.12, it coincides
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with the unique solution ?Qx for ﬁgx (X). By (4.15),

N
PXX) =X (X) =Y Egn [Vg ]
n=1
and then ?Qx = ?X e Cy N LYP, Qx) proves that ?X is also the solution for
PIX(X). From (4.29) and (4.30), we know that B = #¥(X) = 7(X) and
A= ﬁgx X) = ﬁgx (X). Therefore Proposition 4.2 (d) shows that Yx is the unique
solution to ﬁ?x (X) and ﬁ?x (X). d

5 Additional properties of Qx and fair risk allocation

In this section, we provide additional properties for the systemic risk measure p (X)
from (1.5) and for the systemic risk allocations p"(X) = ]EQ»;([Y)’Z], n=1,...,N,
from (1.8). We argue that the choice of Qx as systemic vector of probability measures
is fair from the point of view of both the system and the individual banks.

5.1 Cash-additivity and marginal risk contribution

In this section, we provide a sensitivity analysis of p(X) with respect to changes in
the positions X, which also shows the relevance of the dual optimiser Qx. We first
show that p(X) is cash-additive. Recall A from (1.3).

Lemma 5.1 Define We :={Z ecCr:YeC =Y —ZecC)NM®. Then the risk
measure p is cash-additive on We, i.e.,

N
pX+2Z)=pX)—Y 7"  forallZeWcandX e M®,

n=1

and it satisfies

d
—p(X+eV)
de

e=0

N
=) v (5.1)
n=1

for all V such that eV € W for all € € (0, 1].

Proof LetZ e Wo. Then W:=Z +Y e C CCp forany Y € C. Forany X € M®,

N
p(X—i—Z):inf{ZY”:YeC,E[A(X+Z+Y)]EB}

n=1

N N

:inf{ZW"—ZZ”:We C,E[A(X—i—W)]zB}

n=1 n=1

N
=p(X)— > Z".
n=1
In particular, p(X4+eV) = p(X) — ¢ Z,],V:l V™ for eV € W and (5.1) follows. O
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Example 5.2 For the set C™ in Definition 2.5, p is cash-additive on Wpm =C™.
The latter equality holds because we are not imposing any restrictions on the vector
=(d,...,dn) € R™ which determines the grouping.

Remark 5.3 Under Assumption 2.2, we have RN W and then (5.1) holds for all
Ve RN,

The marginal risk contribution %p(X+sV)| =0 was also considered in [13] and
[3] and is an important quantity which describes the sensitivity of the risk of X with
respect to the impact V € LO(RY). The property (5.1) cannot be immediately gener-
alised to the case of random vectors V as Z _1 V" ¢ Rin general. In the following,
we obtain the general local version of cash-additivity, which extends (5.1) to a ran-
dom setting.

Proposition 5.4 Let X and V € M®. Let Qx be the solution to the dual problem
(3.1) associated to p(X) and assume that p(X+¢V) is differentiable with respect to
¢ at ¢ =0, and that dQX“V — dQX ino (L, M®) as e — 0. Then

N
= —Z]EQnX[V"]. (5.2)
=0 _

Proof As the penalty function ap does not depend on X, (3.4) yields

N
d
= (Z Egy,  [-X"—eV"] - OlB(QX+aV)>
e=0 n=1

=0
d N
= (Z Egy, J=X"1- OlB(QX+aV)>
€ _ e=0
n=1
N
d
2 g B V| (5.3)
N
—O—i—th Egy,  [— V”]—ZEQn[ v, (5.4)
n=l1

where the equality between (5.3) and (5.4) is justified by the optimality of Qx and
the differentiability of p(X+¢V), while the last equality is guaranteed by the conver-
gence of (dQX“V) O

Remark 5.5 We emphasise that the generalisation (5.2) of (5.1) holds because we
are computing the expectation with respect to the vector Qx. The assumptions of
Proposition 5.4 are satisfied for exponential utility functions, which are considered in
Sect. 6.

5.2 Interpretation and implementation of p (X)

Going back to the definition (1.5), we see that p(X) represents the minimal total cash
amount needed to make the system acceptable at time 7. For notational simplicity,
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we write in the sequel Yx for the solution of pg(X), i.e., do not distinguish Yx and
Yx. As already mentioned in Sect. 1 and as a result of Proposition 4.1, one economic
justification for p is that the optimal allocation Yx of o (X) maximises the expected
system utility among all random allocations of cost less than or equal to p (X).

We notice also that the class C may determine the level of risk sharing (as ex-
plained below in (b)) between the banks, ranging from no risk sharing in the case
C =RY of deterministic allocations to the case C = Cg of full risk sharing, and other
constraints in between as in the Definition 2.5 of grouping. We now discuss two fea-
tures of our systemic risk measure.

Implementation of the scenario-dependent allocation

(a) In practice, the scenario-dependent allocation can be described as a default
fund as in the case of a CCP (see [3]). The amount p(X) is collected at time 0
according to some systemic risk allocation p*(X), n = 1,..., N, which satisfies
Zf:/:l p"(X) = p(X). Then at time T, this exact same amount is redistributed among
the banks according to the optimal scenario-dependent allocations Yy satisfying

Zfz\':l Y = p(X), so that the fund acts as a clearing house, assuming that each bank
fulfils its commitment.

(b) An alternative interpretation and implementation of the scenario-dependent
allocation more in the spirit of monetary risk measures is in terms of capital require-
ments together with a risk sharing mechanism. Consider again a given systemic risk
allocation p"(X),n =1,..., N. At time 0, a capital requirement p" (X) is imposed
on each bank n =1, ..., N. Then at time T, a risk sharing mechanism takes place:
each bank provides (if negative) or collects (if positive) the amount Yy — p"(X),
assuming as before that each bank fulfils its commitment. Note that in sum, the fi-
nancial position of bank n at time 7" is X" + p"(X) + (Yg — p" (X)) = X" + Y as
required. This risk sharing mechanism is made possible by the clearing property
SN (Y — p"(X)) = 0, which follows from Y"1, ¥ = p(X) and the full risk al-
location requirement 2;11\,:1 p"(X) = p(X). The incentive for a single bank to enter
in such a mechanism is made clear below after we introduce the choice of a fair risk
allocation in Sect. 5.3.

Total risk reduction and dependence structure of X

From a system-wide point of view, considering the optimal random allocation Yx
implies a reduction of the total amount needed to secure the system (compared with
the optimal deterministic allocation). This reduction is also a consequence of our
framework of scenario-dependent allocations that allows taking into account the
dependence structure of X. An example showing these features can be found in
[7, Example 7.1]. If the aggregation function A is a sum of utility functions as in
(1.3), one can see directly that the dependence structure of X is taken into account
from the constraint E[ZQ’: 1 uUn (X" +Y™)] = B in (1.5), which depends only on the
marginal distributions of X in the case of deterministic Y".

5.3 Fair systemic risk allocation p" (X)

We now address the problem of choosing a systemic risk allocation (p" (X)),=1,...N
in RV (or individual contributions at time zero) as introduced in Definition 1.2. Note
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that in our setting, besides providing a ranking of the institutions in terms of their
systemic riskiness, a risk allocation p"(X) can be interpreted as a capital contribu-
tion/requirement for institution n in order to secure the system.

From (5.2), we see that Eqy[-] defined by Eq,[Y] = 2,1:]:1 EQ')Z [Y"] already
appeared as a multivariate valuation operator, and on the other hand, we have ob-
tained in (4.20) that the minimiser Yx and the maximiser Qx of the dual problem
satisfy

N N
p(X)=) Yg=> Egul¥§l,
n=1 n=1

which shows that p"(X) = EQ'}'( [YQ], n=1,...,N, gives a systemic risk alloca-
tion.

Any vector Q = (Q"),=1,...n of probability measures gives rise to a valuation
operator Eq[-] and to the systemic risk measure ,oQ given by (1.10). Note, however,
that in (1.10), the clearing condition Zr}zv:l Y" = p(X) is not guaranteed since the
optimisation is there performed over all Y € M®. Now, using the valuation Eqx [
given by the dual optimiser, we know by Proposition 4.11 that the optimal allocation
in (1.10) fulfils the clearing condition Yx € Cg, and is in fact the same as the optimal
allocation for the original systemic risk measure in (1.5). From (4.19) and (4.20), we
obtain

N N

D Vx=pX)=p%X) =) Eglrxl,

n=1 n=1
which shows that the valuation by Eq,[:] agrees with the systemic risk measure
p(X). This supports the introduction of Eqy[-] as a suitable systemic valuation oper-
ator.

The essential question for a financial institution is now whether its allocated share

of the total systemic risk given by the risk allocation (IEQ L [Y;(], el (EQQ [Y)I(V D, is
fair. With the choice Q = Qx, Corollary 4.3, Lemma 4.5 and (4.11) lead to

N

7TA(X) = T[Sx (X) = max Z sup E[Mn (Xn + Yn)] (55)
Z,l,vzl a"=A,_| ]EQ;([Y"]ZLI”

Choose A = pp(X). Then Proposition 4.2 and the fact that Yx is then the solution
of n?x (X) yield Egy, [Yx] = af, Zfl\]:l Egy [Yx] = A, and (5.5) can be rewritten
as
N
TAX) =1 XX =Y sup Elu, (X" + Y™)].
7t Eou lYMI=E gy [¥4]

This means that by using Qx for valuation, the system utility maximisation in (1.9)
reduces to individual utility maximisation for the banks without the “systemic” con-
straint Y € C, i.e., to

sup{E[u, (X" +Y™)]: Y" such that EQnX[Y”] = EQnX[Y;{’]} for all n.
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The optimal allocation Yy and its value Egn [Yg] can thus be considered fair by
the nth bank as Yy maximises its individual expected utility among all random
allocations (not constrained to be in Cr) with value IEQ»;([Y)'(']. In particular, it is
clear then that for individual banks, it is more advantageous to use random rather
than cash-valued allocations as the supremum will be larger, as previously stated
in Sect. 5.2 (a) and (b). This finally argues for the fairness of the risk allocation
(EQ;( [Yi], e EQQ[Y;{V ]) as fair valuation of the optimal scenario-dependent allo-

cation (Yl,...,Y;(V).

6 The exponential case

In this section, we focus on a relevant case under Assumption 2.2, that is, we set
C=C™, see Definition 2.5 and Example 3.5, and choose u,(x) = —e~%* /a,,,
ap >0, n=1,...,N, as in Example 3.6. Then v,(y) = aln (ylny — y) and

v (y) = aL”lny. We select B < Z,I:’:lun(—}-oo) = 0. Under these assumptions,
b (%) = =1t (=|x]) + 1, (0) = 5 (e — 1),

M = M .= (X € L°(R) : E[¢“X]] < 400 for all ¢ > 0},

the Orlicz hearts M®, n =1, ..., N, coincide with the single Orlicz heart M®*P as-
sociated to the exponential Young function x — ¢! — 1, and the random variable
X = >, X" € M®P is well defined. The systemic risk measure p : (M xpyN 5 R
from (2.3) becomes

N N
p(X):inf{ZY”:YeC(“),E[ L an(X"—i—Y"))]:B}. (6.1)

n=l1 n=1

Recall that each set C™ is closed in probability and closed by truncation. From
Proposition 2.4 and Corollary 4.23, we deduce

Proposition 6.1 The map p in (6.1) is finite-valued, monotone decreasing, convex,
continuous and subdifferentiable on the Orlicz heart M ® = (M®P)N  and the prob-
lem p(X) admits the unique solution Yx given in Corollary 4.23.

For a given partition n and allocations C™, we can explicitly compute the value

o (X), the unique optimal allocation of (6.1) and the unique optimiser Qx of the

corresponding dual problem (3.10). Note that in the present exponential case, the
vector Yx = Yx € (M®P)V is the solution for p(X) and 5(X).

Theorem 6.2 Form=1,...,hand k € I,,, we have
_ P X
dyp = B In ( — FE| e ( _ ﬂ_m) , (6.2)
Yk =—xk4 ! X+ ! dy,, € M®P (6.3)
" Bmotk Bmotk '
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Where Ym = Zkelm Xk7 ﬁn‘l = Zké] (xk ﬂ Zl 1 Ol and

N ' h
pX)=>"Y'=>"dy.
i=1 m=1

The vector Qx of probability measures with densities

L=
dom —/371Xm
O ._ ¢ . m=1.....h (6.4)
d]P) E[e_ ﬂim X"l]
is the solution of the dual problem (3.10), i.e.,
h
p(X) =Y Egu[—Xn] —ap(Qx), 6.5)
m=1
and EQQ [Y)’z], m=1,...,h,n € I, is asystemic risk allocation as in Definition 1.2.
Proof By (3.11), we note that Qx defined in (6.4) belongs to D. Using Qx and se-
lecting A* = —% from Example 3.6, it is easy to verify that the random variable
Yg i=—X"—v,(A* QX) from Corollary 4.23 coincides with the expression in (6.3)

and ), ; Yy =dp.

We prove below that Zi:l dy = Zgl:l EQQ[—Y,"] — ap(Qx). A priori, these
equations are not sufficient to prove that (Yx, Qx) are indeed the solutions to the
primal and dual problems, as one needs to know that one of the two is indeed an
optimiser of the corresponding problem. The proof that Yx defined in (6.3) is the
optimiser of p(X) uses the Lagrange method and several estimates of lengthy com-
putations; it is omitted.’

Assuming that Yy is the optimiser of the problem associated to p, so that we have
pX)=>Y I — > dy, we now prove (6.5). First notice that

m dQnX1 1 Y _LYNI
H(Qx|P) =Egu [In 1P =ﬁ—JEQ;;[—Xm]—1nIE[e B .
m

By (3.13), @p(Qx) can be rewritten as

3(Qx) = ZZ( HgP + (- 7))

m=1liel,

X B —L%X,
znz:l <EQ’))(I[_X”"] - IBm 1I1<— EE[G ﬁmX ]))

h h
=Y EBourl-Xpl—dw) =) Egul[-Xul—p(X),

m=1

as pX) =N, ¥ =3"_ d,. Then (3.12) concludes the proof. O

3The proof can be obtained upon request from the authors.
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Remark 6.3 Note that if we arbitrarily change the components of the vector X, but
keep fixed the components in one given subgroup, say I, then the risk measure
p(X) will of course change, but d,,, and Y , for k € Iy, remain the same.

6.1 Sensitivity analysis
Let X € (M*P)N Ve (M®*P)N and set V,, := Zke],,, Vi form=1,..., h. We con-

sider a perturbation ¢V, ¢ € R, and perform a sensitivity analysis. Consider the op-
timal allocations Y)‘( eV and the solution Qx4.v of the dual problem associated to

o X+ eV); see (6.4). By (6.3) and (6.2), we have

Y)ré-i-sV =—-X"—¢eV"+

_ _ 1
Xm+eVy)+ ﬂ—dm(X +¢eV),

Bmoty mOn

where

_ B X +eVn

Proposition 6.4 Let p be the systemic risk measure defined in (6.1). Then we have:
1) The marginal risk contribution of group m is

d
—d (X +¢V)
de £=0

2) The local causal responsibility is

ZEQQ[_Vn]’ I’lEIm.

e=0

d
TE gy [Hpey]

3) %EQQ-FSV[Z]'S:O = _,3L,,,(:()VQ”X1 (V. Z) for any Z € M,

4) The marginal risk allocation of institution n € I, is

SEgy V]

1 _
= Egul-V"] - ﬁ—chng(Vm, ) (6.6)

£=

1 —
= EQ';(I [—Vn] + ﬁ—mCOVQ% (Vm, Xn)
L1 C Vs X 6
_ag ovou(Vi, Xm). (6.7)
5) The sensitivity of the penalty function is
h

1 _
=> 5 Covoy Vin Xn).

m

d
d—OlB (Qx+ev)
&

e=0 =1
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6) The systemic marginal risk contribution is

d
gePXHeV)| = Z Y Egul-Vil= ZEQm
m=liel,
Proof The proof is the result of lengthy computations and is omitted.* g

The interpretation of the above formulas is not simple because we are dealing with
the systemic probability measure Q% and not with the “physical” measure IP. Think
of the difference between the physical measure P and a martingale measure. If we
replace Q¥ with IP, none of the results of Proposition 6.4 will hold in general.

The first term EQ';'E [—V"] in (6.6) or (6.7) is easy to interpret: ]EQQ [—V™] is the
contribution to the marginal risk allocation of bank n regardless of any systemic in-
fluence. The sign of the increment V" in the first term of (6.6) is here relevant; an
increment (positive) corresponds to a risk reduction, regardless of the dependence
structure. If V is deterministic, the marginal risk allocation to bank n is exactly
]ETQQ [—V"] = —V" and no other terms are present.

To understand the other terms in (6.6) or (6.7), take V=V/e ; with j # n. Then
the first term in (6.6) disappears (V" = 0) and we obtain

_ 1 SN R I i %
_,B_m OVQQ(V s )——g OVQQ(V s Xm)-

—_ m Y
de QX+;V!e [ X+£er] e= n

To fix ideas, suppose that COVQQ (VJ, X™) < 0 and examine for the moment only the
contribution of ﬁimCong (V/, X™). This component does not depend on the specific

oy, but it depends on the dependence structure between (VJ, X™). If the systemic risk
probability Qy attributes negative correlation to (V7,X™), then from the systemic
perspective, this is good (independently of the sign of V/); indeed, a decrement in
bank j is balanced by bank n, and vice versa. If bank n is negatively correlated
(as seen by Qg) with the increment of bank j, then the risk allocation of bank n
should decrease. Therefore, bank n takes advantage of this as its risk allocation is
reduced (ﬁCon;»;(Vj , X") < 0). Since the overall marginal risk allocation of the

group m is fixed (and equal to EQ:;(: [=Val= ]EQ% [— V] from 1)), someone else has
to pay for this advantage to bank n. This is the last term in (6.7), which is discussed
next.
For the third component in (6.7), we distinguish between the systemic component
Conm (V/, X,»), which only depends on the aggregate group X,,, and the sys-

temlc relevance - of bank n. The systemic quantity is therefore distributed among

the various banks accordlng to . In addition, this term must compensate for the pos-
sible risk reduction (the second ‘term in (6.7)) as the overall risk allocation to group
m is determined by EQQ[ Voul= ]EQ»;(:[ V1.

Finally, 1) and 6) express the same property (which holds in general, as shown in
Proposition 5.4) for one group or for the entire system, respectively.

4The proof can be obtained upon request from the authors.
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6.2 Monotonicity

Another desirable fairness property is monotonicity. If C; € C, € Cg, then we have
p1(X) > p2(X) for the corresponding systemic risk measures

N N
0i (X) :=inf{ ZY” 'Y e, E[Zun(X” + Y”)] > B}, i=1,2.
n=1 n=1
The two extreme cases occur for C; := RY (the deterministic case) and C; := Cp

(the unconstrained scenario-dependent case). Hence we know that when going from
deterministic to scenario-dependent allocations, the total systemic risk decreases. It
is then desirable that each institution profits from this decrease in total systemic risk
in the sense that also its individual risk allocation should decrease, i.e.,

P X) > p5(X) foreachn=1,...,N. (6.8)

The opposite would clearly be perceived as unfair. In the next result (see in particular
(6.11)), we prove that (6.8) holds true in the context of the Definition 2.5 of group-
ing when the risk allocation p"(X) = EQnX[Y)’z] is computed using Qx. If we were
to select a vector of probability measures R different from Qx to compute the risk
allocation with the formula Eg»[Yx], the property (6.8) would be lost in general.

For a given partition n and C = C™ et Y,k, kel.,r=1,..., h, be the corre-
sponding optimal allocations of the primal problem (6.1) and Q%,r =1,..., h, the
solutions of the corresponding dual problem (3.10) (in this section, we suppress the
label X from the optimal allocation Yx to p(X)).

Consider for some m € {1, ..., h} a nonempty subgroup I, of the group I,, and
set 1,7 := I,\I,. Then the h + 1 groups Iy, Io, ..., Iy—1,1),, I}, Lnt1, ..., I cor-

respond to a new partition n’. The optimal allocations of the primal problem (6.1)
with C =C™) coincide with Yrk, kel forr#m.Forr=m, i€ I, we have the
following.

Proposition 6.5 Denote by (Y,il)’ ,i €1, the optimal allocation to the primal prob-
lem with C = C™). Then

Egp [ > Y;J <> ) =d, (6.9)
iely, iel),

In particular, if the group 1, consists of only one single element {i}, then (Y,’;l)/ is
deterministic and

EgulY, 1 < (Y))  foreachi € l,. (6.10)

If we compare the deterministic optimal allocation Y* (corresponding to C =RN)
with the random optimal allocations Y associated to one single group (i.e., with
C =Cr N (MP)NY) we conclude that

Eo Y"1 < (¥™)" foreachn=1,...,d, (6.11)

where Qx is the unique solution of the dual problem with C = Cg N (M®P)N
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Proof Given the subgroup I, define g, := ) é Then the value with respect to
kel),

€™ is given by

d), =ﬂ,’nln<— %E[exp(— L 3 xk)D.

m kel

Summing the components of the solutions relative to C™ over k € I/,, we get

1 —
Zygzz( xm_xk)+z dn
kel!, kell, Btk kel!, Btk
/ /
— (ﬂ—mfm - Z Xk> + ﬁ—’”dm.
Bm Bm

kel),
Using Jensen’s inequality, we obtain

1
EQQ[ Z Y,’;] = B, Inexp <E]EQ§1|:

kel),

m

= n

Ele X"

, B Xm
+ ﬂm In < — EE[exp ( — ﬁ_m>]>
=p ln(— éIE|:exp<— €L Z Xk)i|> =d
kel),
Then (6.10) and (6.11) follow directly by (6.9). O
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Appendix A
A.1 Properties of the utility functions and proof of Proposition 2.4

Lemma A.1 Under Assumption 2.2 and if we have limy_, _o “"T(x) = 400 and

lim, s 4 oo ”";x) =0, then:
(a) There exist c € R and b € Ry such that
(1) un(x) <bx +cforall x >0 and all n,
(i) up(x) <2bx +c forall x <0 and all n.

(b) For all ¢ > 0, there exists b = b(e) > 0 such that u, (x) < ex +b for x > 0 and
all n.

Proof From 2) in Assumption 2.2, we know that dom(u,) = R for each n. Hereafter,
the left derivatives of the concave increasing functions u, are denoted by u/,; they
satisfy u), (x) > 0 for all x e R.

(a) For (i), the concavity of each u, implies that u,(x) < u)(0)x + ¢, for all
x € R (for some ¢, ), and setting b := max,=1,.. n u,(0) > 0 and ¢ > max,=1,. N cn
therefore gives u,(x) < bx + ¢ for all x > 0.

For (ii), we prove that for every M > 0, there exists a constant d > 0 with
un(x) <Mx +d for all n and x < 0. By taking M = 2b, we obtain (ii). The as-
sumption limy_, oo ””(") = 400 implies that there exists K > 0 (which depends
on M) such that un(x) < Mx for x < —K and for all n. Hence Mx — u,(x) >0
for x € (—o0, —K). As the function Mx — u,(x) is continuous on [— K, 0], we may
add a properly chosen d > 0 to get Mx +d — u,(x) > 0 for all x € (—o0, 0] and
all n.

(b) The assumption limy_, oo = 0 guarantees the existence of a con-
stant K > 0, which depends on ¢, such that u,(x) < ex for x > K and all n.
Hence

.....

Uup(x)

up(x) <ex+ Ke+ max sup u,(s), Vx>0. O
n=l1,..., N[O,K]

Proof of Proposition 2.4 To show p > —o00, we suppose by way of contradiction that
p(X) = —oo for some X e M® € L1 (P; RY). Let (Y,,) C C satisfy erzvzl Y) | —oo
as m — oo and A(X+Y,,) € A for each m for A from (1.3). The first condition
implies ZQ’: 1 E[Y):]] —o0 as m — oo. Note also that by Jensen’s inequality,

N
B<E[AX+ Y] = AEX+Y,]) = Z un (E[X"]+ E[Y]). (A1)

n=1

@ Springer



On fairness of systemic risk measures 553

We now prove that Zf:/:l un (E[X"] + E[Y,)]) | —00 as m — oo, which contradicts
(A.1). Set x,,, := (x,’,ﬁ)flvzl, where x! := E[Y)]. Since Zfl\’:lxz J —oo, there must
exist ngp € {1,..., N} and a subsequence (X, ) such that xZi J —o0 as m — oo.

With a slight abuse of notation, denote the subsequence (Xy,,) again by (x;,). Then
we have x, | —oo. If there exists another coordinate n; € {1, ..., N}\{no} such

that liminf,,—, o0 X' = —00, take a subsequence (X, ) such that x,':; l —c0. By a

diagonal procedure, we obtain one single sequence again denoted by (X,,) such that
Xy | —oo and x,;' | —oo as m — oco. We may adopt this procedure (at most N
times) analogously in the case where limsup,, _, ., xp> = 400 for some coordinate 75 .
At the end, we obtain one single sequence (X,,) and three disjoint sets of coordinate
indices N_, N4, N* such that

xp L —oo ifne N_C{l,...,N},
X, 1 4oo ifne Np C{l,...,N},
lxp| < K forallmandallne N*={1,..., N}\(N_ UNy),

where K is a constant independent of m. We know that N_ # ¢ since ng € N_ (but

the other two sets N4 and N* may be empty). Since ZN x| —oo, we deduce that

n=1"m
for large m, Zﬁ:’:l x;, < 0 so that for each fixed (large) m,

Dam== xp— Y xh<— > xh+NK. (A.2)
neNy neN_ neN* neN_
Using the inequalities of Lemma A.1 (a) and in (A.2) gives for each fixed large m

N

D unEIX"T+EY) = Y unBIX"+x0) + Y un(BIX"]+x7)

n=1 neN4 neN_

+ ) un(BIX"]+ X))

neN*
SCi+ Y bx+ Y 2bxi 4+ Y un(K)
neNy neN_ neN*

<Cy— > bxj+bNK+ Y 2bx),
neN_ neN_

=C3+b Zx;;

neN_

with constants Cy, Cy, C3 all independent of m. Since x;, | —oo for each n € N_,
wegetb) , _y xh | —ooasm — oo. This contradicts (A.1) and hence shows that
p(X) > —oo forall X € M?.
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Let X € M®. Then E[A(X)] > —oo and X + m1 1 400 P-as. if m — oo,
m e R, where 1 =(1,...,1). We have E[A(X + m1)] > —oo for m > 0 because of
E[A(X)] > —o0, and monotone convergence implies E[A (X + m1)]+A(4+00) > B.
Since RN C C, this gives m1 € C and {Y € C: AX+Y) € A} # @ so that
p(X) < +00. Hence p : M® — R and then convexity and monotonicity are straight-
forward. The remaining properties in (a) are a consequence of Theorem A.2 below
and the fact that M ® is a Banach space.

To prove (b), we claim that if E[A(X + Y)] > B, then Y € C cannot be opti-
mal, i.e.,

N
YeCandB[AX+Y)]>B = Y ¥">p~(X). (A.3)

n=1

Indeed, the continuity of u, and E[u,(Z")] > —oc for all Z € M @ imply the ex-
istence of § € Rf \ {0} such that E[A(X + Y —38)] = B and so, as Y—38 € C,
p=X) <3N (v — ") < YN, ¥”. This implies p(X) = p=(X) because if we

had p(X) < p=(X), then by definition of p(X), there would exist ¢ > 0 and
Y € C with E[A(X+Y)] > B and Zi\f:l Y" < p(X)4e<p=(X), which contradicts
(A.3).

We now show uniqueness by way of contradiction. Suppose p(X) is attained
by two distinct Y| € C and Y, € C so that ]P’[Y{ #+ Yé] > 0 for some j. Then we
have

N N
p(X):ZY,? and E[Zun(X"+Y,:')i|=B, fork=1,2.

n=1 n=1

For A € [0, 1], set Y, :=AY| + (1 — )Y, € C as C is convex. This implies
N N N
ZY” =AZY{1+(1 —A)ZYZ" = p(X), v €0, 1],
n=1 n=1 n=1

and for A € (0, 1),

N N

B =AE[Zun(X" + Y{’)} +(1 - A)]E[Zun(X" + Y;)]

n=1 n=1

N
< E[Zun(AX"+AYf’ + (1= X"+(1 - A)Yz”):|

n=1

N
:E[Zun(X” + YA”)},
n=1
where we used that u ; is strictly concave and P[Y’ IJ #+ Y2j ] > 0. This is a contradiction

to p(X) = p=(X) and (A.3). O
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A.2 Orlicz setting

We first recall an important result for the characterisation of systemic risk measures
of the form (2.3) on an Orlicz heart.

Theorem A.2 (Biagini and Frittelli [10, Theorem 1]) Suppose that L is a Fréchet
lattice and p : L — R U {400} is convex and monotone decreasing. Then:

1) p is continuous in the interior of dom(p) with respect to the topology of L.
2) p is subdifferentiable in the interior of dom(p).

3) Denote by L* the dual of L (for the topology for which L is a Fréchet lattice)
and set L ={Q € L*: Q is positive}. For all X € int(dom(p)),

p(X) = glglé%; (Q(=X) —a(Q))
with o : L* — R U {400} defined by

a(Q) = sup (Q(—X) — p(X))

Xel

is then o (L*, L)-lower semicontinuous and convex.

Proof of Proposition 3.4 Consider the convex functional ®,, : M? (R) — R defined
by ©,(Z) := E[—u,(Z)] and let ®} be its convex conjugate. Then ©,(Z") > —oo
as M? (R) C L'(P) and E[u,(Z")] < un,(E[Z"]) < +00, and ©,(Z") < 400 as
Z" € M% (R) implies E[u,(Z")] > —oo. Thus we have O* (&) = E[v,(—§)] for
£ € L% (R) by [10, Sect. 5.2]. Define f : M® — R by

N N
@)=Y El-u,(Z")]+B=)_0,(Z")+B

n=1 n=1

and observe that

N
A= {ZeM‘D:ZE[un(z”)] > B} ={ZeM®: f(Z)<0).

n=1

We have that f is convex and decreasing with respect to the componentwise order.
Let f*(£) be its convex conjugate for & € L®". We assume that & #£ 0. By the Fenchel
inequality E[Z&] < f(Z)+f*(&), we obtain for all Z € A and A > 0 that

1 L 1 pf ]
E[-Z§] =AE[Z<—XS>} S)»|:f(Z)+f (— xs)} <A <— Xg).

ag () := sup E[—Z&] < inf )xf*(- l&) (A.4)
ZeA 2>0 A

Hence
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By the definition of the convex Fenchel conjugate and the fact that M® is a product
space, we have

f*&):= sup (BI§Z]— f(Z))=—B+ sup (ZE[&Z"]—Z® <Z")

ZeM® ZeM®

N

N
=—B+Z< sup (]E[sHZ]—(an(Z)))=—B+Z®2(§n),
n=1

=l \ZeM®(R)

where we have used (2.2), and therefore
1 al 1
(= 36) =ing (- 202 Loi(- 1))
Al 1
= inf (— Ba +/\’§1E[v”(xsn)b.

To prove (3.7), we only need to show that there is no duality gap in (A.4), i.e., if
ap(§) < 400, then

) 1
ap(§) =i§g?»f*<— XE>' (A.5)
Observe that by the definition of f*, we have for each A > 0 that
1
Af*(— X§> = sup (E[—&Z]—)\f(Z)).
ZeM®
As £ # 0 and M® is a linear space, we have supze o E[—&Z] = +00 and therefore
1
inf Af*( — =& ) = inf E[—£Z] — Af(Z)) = inf E[—£Z] - Af(Z)).
inf f< AE) AIEOZS;%( [—6Z] - 1f(Z)) AHZIOZSEI;‘E@( [—6Z] - 1f(Z))
We claim that

inf sup (E[—£Z]—Af(Z))= sup inf (E[ EZ)— \f(Z)). (A.6)
1207 po Zem® =0

Assuming (A.6), we may immediately conclude that

1
An;%)»f (_Xé:)_ sup A1nf(I[*3[ EZ)— Af(Z))

ZeM®

= sup (E[~£Z] - sup’f(2)) = sup E[—§Z] = ap(§).
ZeM® r=0 Ze A

We now prove (A.6) by showing the equivalent condition

sup inf (]E[EZ] + Af(Z)) = inf sup (E[éZ] +Af (Z)). (A.7)
A>0ZeM ZeM® ) >0
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In order to make an easy comparison with the results from [42] mentioned below, let
fo(Z) :=E[£Z]. Consider the function F : M® x R — RU{+oc} defined by

: @
F(Z,u):{fO(Z) 1fZeM and f(Z) <u,

+00 otherwise,
(see [42, Eq. (2.8)]) and the associated Lagrangian K (Z, A) (see [42, Eq. (4.4)]). Then
(A.7) can be rewritten as

sup inf K(Z,A)= inf supK(Z,)). (A.8)
A>0ZeM® ZeM® >0

As f : M® — R is convex decreasing and finite-valued, Theorem A.2 guarantees that
it is continuous on M?® (for the M ®-norm). Therefore (see [42, Example 1, pages 7
and 22], the function F is closed and convex in (Z, u). The absence of a duality
gap in (A.5) is now expressed by (A.8) and follows from [42, Theorems 17 and 18],
provided that the (convex) value function ¢ () :=infzc 0 F(Z,u),u € R, defined in
[42, Eq. (4.7)] is bounded from above in a neighbourhood of 0. This is easily verified
by showing the existence of an element Zg € M ® such that u — F(Zg, u) is bounded
from above in a neighbourhood of 0. This concludes the proof of (3.7).

To prove (3.8), we set &, := dd% > 0 a.s. From Lemma A.5 below, v, is strictly

convex with v, (+00) = 400, v,(0+) = u,(+00), lim,_, 4 W@ _ +00 because

of Assumption 2.2, 2) and v, is continuously differentiable. As u, (+00) =0 and
u, (—00) = 400, we get v),(0) = —oo and v}, (+00) = +00. Set n = % € (0, +00)
and consider the differentiable function F : (0, 4+00) — R defined by

al 1
F():=~Bn+n)_ E [vn (;snﬂ :

n=1

Then ag(§) =inf;~ F () and (3.9) can be rewritten as
F'(in=0 (A.9)
with
al 1 1Y 1
F'(=-B+) E [vn (—a)] --YE [snv; (—snﬂ :
n=1 " n n=1 n

Note that if n* > 0 is the (unique, see below) solution to (A.9), then inserting n™* into
F (n) immediately gives (3.8).

Next, using the integrability conditions provided by Lemma A.4 below, we show
the existence of a solution n* > 0 of (A.9). First we consider n — +00. Since
Zflv:l v, (04) = Z;V:l u, (+00) > B by Assumption 2.2, we have

. al 1
lllinrg(— B +;E|:vn<;$n):|> > 0.
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Moreover, v, (0) = —oo shows that
1Y 1
liminf —— E g >0.
imint— 3 6 (6) | =

Hence liminf,_, o F'(17) > 0. We now look at n — 0 and find

lim F'(n) = —B + lim (XN:E[U (e )] - lXN:E[s e )])
Jim lim 2 M , " ” nVy 7 n

n=1

N N
=B+ lim_ (Z‘;E[un(rsﬂ)} — rnZ_;E[snv;(tsn)J)

N
= =B+ lim Elu (&) — t6nv), (16n)].
n=1

The convexity of v, implies that for any fixed zo > 0 and z > zo,

vn (2) — vn(20) < vy, (2)(z — 20).

v(z)

From lim;_, 4 o0 = = 400, v} (z) = 400 as z — +o0 and

U (2) — 2V}, (2) < vn(z0) — 20V, (2)  —00 as 7 — +00,
we have by monotone convergence that

t li? Elv, (&) — t'i:nv;;(tgn)] = —0Q,

so that liminf, o F’(n) = —oc. By the continuity of F’, we obtain the existence of
a solution n* > 0 for (A.9). Uniqueness follows from the strict convexity of F. [

Remark A.3 In [42, Theorem 4.106], (A.5) is deduced by different means for univari-
ate risk measures defined on L. In [3], (A.5) is obtained by different means in the
multi-dimensional deterministic case, i.e., in RV,

A.3 Auxiliary results for existence

The following auxiliary result is standard and can be found in many articles on utility
maximisation; see for example [8, Lemma 18]. Recall that we are working under
Assumption 2.2, 4).

Lemma A4 Let v: Ry — R be a strictly convex differentiable function satisfying
V' (04) = —00, V' (+00) = +00 and let Q K P. Then:

(@) v'(A%2) € LY(Q) for all & > 0.

(b) Setting F()) := E[%v’(k%)] defines a bijection between (0, +00) and
(=00, +00).
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By applying the classical convex duality theory for real-valued functions (see
[41, Sects. 12 and 26]), we get

Lemma A.5 The convex conjugate function v : R — (—00, 400] of u given by
v(y) = sup, g u(x) — xy) is a proper lower semicontinuous convex function, equal
to 400 on (—00, 0), bounded from below on R, finite-valued, strictly convex, contin-
uously differentiable on (0, +00) and satisfying

v(400) = +00, v(0+) = u(+00), v'(04) = —o0, V' (+00) = 400
W) =) (=x),  u(=v'e) ==y’ +u(), ¥y=0,
where the usual rule 0 - co = 0 is applied.

Proposition A.6 (Biagini et al. [11, Proposition 3.6]) Let Q < P. For all c € R, the

optimiser A(c; Q) of
: dQ
mip (2] (15) | + )

is the unique positive solution of the first order condition

[, 49 _

If sup{E[u(g)] : g € Ll(Q) and Eglg] < ¢} < u(+00), then the random variable
g:=—v'(\(c; Q)%) belongs to the set {g € L'(Q) : Eglgl = ¢} and satisfies
u(@) € L'(P) and
min (E ( dQ) e ) = sup(Elue)]: g € L'(Q) and Eolg] < ¢}
250 dP e

=E[u(@)] < u(+00).
A.4 Proofs for Sect. 4.2

Proof of Proposition 4.4 From M® C LY(P, Q") € L'(Q"), we clearly have
U,@@") < U, (@) < U (@") < u, (+00) so that

if Uy (a") = u(+00), then Uy, (@) = Uy (a") = Up(@") = un(+00).  (A.10)

By the Fenchel inequality, we get

Elun (X" + W1 < A(Egr [X"] +Egn[W]) + E |:vn (A Cﬁ )]

and hence
Un(@") < Uy(a") < Up(a")

< 1nf <k(]EQn [X"]+a") +E|:vn( d?:)]) < 400 (A.11)

as E[v, (A%)] < +o00. Therefore (4.4) is a consequence of (A.10) and (4.6).
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To show (4.6), we consider the integral functional I : M% — R defined by
I(X") =E[u,(X™)]. It is finite-valued, monotone increasing and concave on M %
(as Elu,(X™)] < u, (E[X"]) < +00), and therefore by Theorem A.2, it is norm-
continuous on M?%:. We can then follow the well-known duality approach (see for
example [11]), as follows.

Consider the convex cone DY := {W e M Eon[W] < 0} which is the polar
cone of the one-dimensional cone D := {de% : A > 0}, so that the bipolar D% coin-
cides with D. Let 80 : M#" — RU{+00} be the support functional of D°. By Kozek
[38], or directly by hand, the concave conjugate I* : L#» — RU{—o0} is given by
I*(&") = E[—v,(§")], and so by the Fenchel duality theorem,

Un(a@") = sup Elu,(X" +a"+W)l=  sup  E[u,(2)]

WeDO ZeDO+X"+an

= sup (Elun(Z)] = 8posxnian (2))
ZeM®n

= it (80,06 ~ EL- "))

= min_(E[&"(X" +a")] + 8po(E") + Elv, (6™)])
EnelLn

= min, (ELE" (X" +a™)] + Elva (EM)])

L n n dQn

= r;1>1{)1 ()\(IEQH [X"]1+a") + E|:Un <kﬁ>i|>,

where we used 87 = & pw, D% = D and the fact that the minimum is obtained at
A > 0. The last fact follows because if A =0, then U, (a") = E[v,(0)] = u,(+00), in
contradiction to the assumption. We complete the proof by showing (4.5). From the
inequality (A.11), it is clear that U, (—o00) = —oo. Define

V,(\):=E |:v” (x dd%”

)} +AEg,[X"].

When U, (a") < u, (+00), we have U, (a") = infy~ o(V,, (1) + Aa") from (4.6), which
shows that U,, and V,, are conjugate to each other, i.e., we have

V,(A) = sup (Un(a") — Aa").
a">0

From Lemmas A.4 and A.5, we know that the convex function V,, is differentiable on
(0, +00) and so U, is differentiable on (—oo, +00) and U/ (a) = (V))~!(—a) > 0.

We only need to show that U, (4+o00) = 0 and U,(—00) = +oo. We have
Vi (04) = 400 because v, (0+) = u,(+00) = +00. Since v),(0+) = —oo, we get
V,(04) = —oc and U, (+00) = 0. Moreover, by Jensen’s inequality,

oV, | do,
v/ =1 " — lim —-E A Eop [X"
n(+OO) KJTOO A A;Too A |:Un ( dP )i| + Q"[ ]

1
> lim —v, (A) +Eg,[X"]=v,(+00) +Eg,[X"] =400,
A——400 A
which implies U, (—o0) = +00. O
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Proof of Lemma 4.7 The set K 1is clearly closed. We show that it is bounded. For
N =1, this is true. Let N > 1. First we prove that forall j =1,..., N,

Yz Un(A = (N = Da)
Uj(a)

Uj(a)<1 + > — —00 asa | —oo. (A.12)

Recall that U, (—00) = —o0 and U, (+o0) < u,(+o00) for all n. Suppose that for
some k € {1,..., N}, we have ui(+00) < 4+00. Then Uy (+00) < 400 and for all
j=1,...,N,

Uk(A— (N —Da)

lim 0. (A.13)
a——00 Uj (a)
Now suppose that for some k € {1, ..., N}, we have uj(400) = 4+00. Then Propo-

sition 4.4 shows that Ug(a¥) < +00 = ug(+00), U, > 0, Uj(—00) = +00 and
U,i(—i—oo) = 0. By I’Hopital’s rule, we obtain again for all j =1, ..., N that

~N=DUA=N=Da) g

. Ur(A—= (N —Da) .
lim = lim y
a——oo Uj (a) a——00 Uj (a)

From (A.13) and (A.14), we deduce that (A.12) holds true.
We conclude that for any constant B, there exists a constant R such that for all
j=1,...,Nand a < R, we have

Yz Un(A — (N — 1>a>) .
U;(a) =

Uj(a)<1 -

Leta € K and take i Witl_l at = min{al, cee, aN}. Note that for a_ll j=1,...,N,we
have a/ < A — (N — 1)a’ because 2;11\;1 a" < A. Assume that a' < R. Then

N . Up(A— (N = Dad'
BSZUn(a”)SUi(aZ)<1+Z"¢l( ( )a))

Ui(a")
n=1
which is a contradiction. Therefore a/ > R for all j=1,...,N, and then also
al <A— (N —1)R for all j =1,..., N because Z,]lv:la" < A. This proves the
claim. O

Let X € M® and consider the function F(8) := E[Zflv:l Uy (X" 4+ Y" — §)] with
S eR.IfY € M®, then F is finite-valued and concave on R, hence continuous on R
(see the discussion at the beginning of Sect. 4.2). However, when Y € L' (Q) satisfies
]E[lequl u, (X" +Y™)] > B (with the understanding that u, (X" + Y") € L' (P) for
each n), it is not any more evident if F is continuous on R as one has to guarantee
that B[N, (X" + Y" = §)] > —o0 for § > 0.

Lemma A.7 If X € M® and Z € L'(Q) satisfy B[N u,(X" + Z")] > B,

then there exists Z. € L' (Q) which satisfies Zfl\/:l Egn [Z"] < Z,]lvzl Eo»[Z"] and
EXN un (X" +Z")] = B.
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Proof Set A, :={X" + Z" > ky} and let k, € R satisfy P[A,] > 0 and Q"[A,] > 0.
For any 8 > 0, consider the random variable Z € L'(Q) with Z" := Z" — §1 A, and
define G(3) := IE[Z,]:]:l up (X" + 272" —814,)]. Then

N N
G(5) =E[Zun<x" - z”)lA,g} +E[Zun(x" +2" - 5>1A,,]

n=1 n=1
N N
> ]E[Zun(x” n Z")IA;} + E[Zun(kn - 5)1An} > —00,
n=1 n=1
which implies that G is continuous on R and the result follows. g

Proof of Lemma 4.8 From (3.5) and pg(X) = ﬁg (X), note that the penalty function
can also be written as

N N
ap(Q) = — Z]EQ" [X"]— pg(X) =— ZIEQn (X" — ,’52(}()
n=1 n=1

N
= sup { ZEQn[—Z"] :ZeL'(P,Q),E[A(Z)] > B},

n=1
for A from (1.3). Set

N

c‘(Q)::inf{ ZEQn [Z"]:Z e L' (P,Q),E[A(Z)] = B}.

n=1
Similarly to the proof of (A.3), we show that

N
ZeL'(P.Q andE[A(Z)]>B = Y Egi[Z"]>c7(Q). (A.15)

n=1

Indeed, Lemma A.7 implies the existence of Zell (P, Q) satisfying E[A(Z)] =B
and Z,Ilvzl Epn[Z2"] < Z,Ilvzl Eg#[Z"], and therefore we have

N N
Q) <) Egr[Z"1 <) EgnlZ"].

n=1 n=1

It follows that

N
¢(Q) = —a5(Q) =inf{ > EgilZ"]:Ze L'(P.Q). E[A(Z)] > B} =@,

n=1

Indeed, —o0 < ¢(Q) < c=(Q); so assume c(Q) < ¢=(Q). By the definition of ¢(Q),
there exist ¢ > 0 and Z € L' (P, Q) with Z,[l\]:l Eon[Z"] <c(Q) + ¢ < c™(Q) and
E[A(Z)] > B, which contradicts (A.15).
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Finally, uniqueness follows from an argument similar to the one applied at the end

of the proof of Proposition 2.4, replacing Zfl\’: L Y with Z,]Zv:l Eg:[Y"]. O
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