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C h e c k i n g C o n s i s t e n c y o f D a t a b a s e C o n s t r a i n t s : a L o g i c a l B a s i s 

F r a n c o i s B R Y . R a i n e r M A N T H E Y 

E C R C , A r a b e l l a s t r . 17, 8000 M u e n c h e n 8 1 , West G e r m a n y 

A b s t r a c t 

T h i s paper addresses the p r o b l e m of consistency of a set of 
i n t e g r i t y c o n s t r a i n t s i tse l f , i n d e p e n d e n t f r o m any s t a t e . I t is 
p o i n t e d o u t t h a t database c o n s t r a i n t s have no t o n l y to be 
cons i s tent , but i n a d d i t i o n to be f i n i t e l y sa t i s f iab le . T h i s 
s t ronger p r o p e r t y reflects t h a t the c o n s t r a i n t s have t o a d m i t a 
f i n i t e set of ( s tored as we l l as d e r i v a b l e ) facts . As opposed t o 
cons is tency , being undec idab le , finite s a t i s f i a b i l i t y is semi-
dec idab le . For eff iciency purposes we inves t i ga te m e t h o d s t h a t 
check b o t h f i n i t e s a t i s f i a b i l i t y as w e l l as u n s a t i s f i a b i l i t y . T w o 
d i f f e r e n t methods are proposed w h i c h e x t e n d t w o a l t e r n a t i v e 
approaches to r e f u t a t i o n . 

1 . I n t r o d u c t i o n 

I n a database c o n t e x t , a lot of w o r k has been done on i n 
t e g r i t y en forcement , i .e. , on check ing the v a l i d i t y of a database 
s t a t e w i t h respect t o a g iven set of i n t e g r i t y c o n s t r a i n t s . T h e 
q u e s t i o n w h e t h e r t h e c o n s t r a i n t set i t se l f is cons is tent has t i l l 
now received q u i t e few a t t e n t i o n , a l t h o u g h t h e p r o b l e m is f u n 
d a m e n t a l ( f 12) c o n s t i t u t e s a n o t a b l e e x c e p t i o n ) . U s u a l l y con
s t r a i n t s are e i ther t a c i t l y assumed t o be cons is tent , or t h e use 
of a theorem prover" is suggested i n order t o detect inconsis 
tencies . I f c o n s t r a i n t s are r e s t r i c t e d t o come f r o m classes l ike 
f u n c t i o n a l , m u l t i - v a l u e d or i m p l i c a t i o n a l dependencies , consis
tency is a l ready i m p l i e d by the s y n t a c t i c a l p roper t i e s of t h e 
respect ive classes. However , as p o i n t e d out by m a n y a u t h o r s , 
more general k i n d s of c o n s t r a i n t s have t o be a d m i t t e d , a n d 
there fore the p r o b l e m has t o be addressed on a m o r e general 
basis. As the f o r m a l i s m s of r e l a t i o n a l databases a n d p r e d i c a t e 
loaic arc so closely r e l a t e d , we w i l l consider c o n s t r a i n t s as ar 
b i t r a l 1 ) closed and func t i on - f ree f i rst order f o r m u l a s . 

Consistency is a necessary wel l formedness c o n d i t i o n for con
s t r a i n t sets (as opposed t o . e.g.. n o n - r e d u n d a n c y w h i c h is a 
des i rab le , b u t no t an indispensable r e q u i r e m e n t ) . A n inconsis 
t e n t set of c o n s t r a i n t s does not a d m i t any v a l i d database 
s t a t e . In terms of logic , database states can be cons idered as 
i n t e r p r e t a t i o n s of the c o n s t r a i n t s . V a l i d states c o r respond to 
i n t e r p r e t a t i o n s in w h i c h every c o n s t r a i n t is t r u e , i .e. , t o models 
of the c o n s t r a i n t set. Incons is tent sets of f o r m u l a s do no t have 
any mode) - they are unsat i s f iab le . ( T h e m o d e l - t h e o r e t i c 
p r o p e r t y " s a t i s f i a b i l i t y ' is equ iva lent t o the p r o o f - t h e o r e t i c 
p r o p e r t y ' cons is tency ' a c c o r d i n g t o Goedel 's Completeness 
T h e o r e m ) . 

As database states correspond to models of the c o n s t r a i n t s , 
i t is not suf f i c ient to guarantee the existence of any m o d e l in 
genera l , b u t finite models have to exist in p a r t i c u l a r . In con

v e n t i o n a l databases, c o n s t r a i n t s have t o a d m i t f i n i t e models as 
every s ta te consists of a finite n u m b e r of facts . I n d e f i n i t e 
d e d u c t i v e databases (as def ined i n |9|) t h e set of d e d u c t i o n 
rules a lways has a finite m i n i m a l m o d e l , w h i c h is i n t e n d e d to 
be a m o d e l of the c o n s t r a i n t set as w e l l . S a t i s f i a b i l i t y does not 
necessarily i m p l y finite satisfiability, i .e . , t h e existence of a f i n i t e 
mode) . T h e r e are sat is f iable sets of f o rmulas - ca l led ' ax ioms 
of i n f i n i t y ' - t h a t have on ly i n f i n i t e models . Cons ider , e.g., a 
set o f i n t e g r i t y c o n s t r a i n t s for a m a n a g e r i a l databaee c o n t a i n 
i n g ( a m o n g others ) the f o l l o w i n g c o n s t r a i n t s : 

• E v e r y b o d y works for somebody . 
• N o b o d y w o r k s for himsel f . 
• I f χ w o r k s for y a n d y w o r k s for i . t h e n χ w o r k s for t . 

Expressed as first-order f o r m u l a s , these three c o n s t r a i n t s cor
respond to a w e l l - k n o w n a x i o m of i n f i n i t y . A l t h o u g h each o f 
t h e m appears t o be reasonable as such, an i n f i n i t e n u m b e r of 
i n d i v i d u a l s is required i n an^v mode l of the set as a w h o l e . 
T h i s defect cou ld be a v o i d e d by p r o v i d i n g the first c o n s t r a i n t 
w i t h a prov i so l ike , e.g., " e v e r y b o d y except the top-manager . .* ' . 
M u c h more complex a x i o m s of i n f i n i t y may be h i d d e n ins ide a 
large a n d i n t r i c a t e set of c o n s t r a i n t s w h i c h c a n n o t be so easily 
i d e n t i f i e d as in the example above. There fore , in a d d i t i o n t o 
p r e v e n t i n g c o n s t r a i n t s f r o m being unsat i s f iab le , ax ioms o f i n 
finity have t o be avo ided as w e l l . C o n s t r a i n t s have t o be 
finitely sat is f iab le . as a lready br ie f ly m e n t i o n e d i n |8). 

F i g u r e 1 i l lus t ra tes how the three proper t i es m e n t i o n e d are 
r e l a t e d . 

sat isfiab)«- TJijMa t i^fiabl» 

f i n i t e l y a x i o m o f i n f i n i t y 
s a t i s f i a b l e 

unacceptab le as c o n s t r a i n t s 

F i g . 1 

Because of the u n d e c i d a b i l i t y o f s a t i s f i a b i l i t y , no a l g o r i t h m 
can be c o n s t r u c t e d t h a t s lops for every possible set of for
mula*, and reports whether th i s set is finitely sat is f iab le , u n 
sat is f iab le or an ax iom of i n f i n i t y . F i n i t e s a t i s f i a b i l i t y , as w e l l 
as u n s a t i s f i a b i l i t y . is undec idab le |17], b u t b o t h are at least 
semi -dec idab le : a l g o r i t h m s can be cons t ruc ted t h a t are 
g u a r a n t e e d to repor t the respective p r o p e r t y after finite ( b u t 
i n d e f i n i t e ) l i m e if app l i ed t o a set t h a t a c t u a l l y has t h i s 
p r o p e r t y , but possibly r u n forever else. E v e r y r e f u t a t i o n 
m e t h o d is in fact a semi-decis ion procedure for u n s a t i s f i a b i l i t y . 
Procedures of th is k i n d have been in use as t h e o r e m provers 
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for more t h a n t w o decades and hav«« n o w a d a y s reached a con
s iderable s t a n d a r d of e f f i c i ent } . 

T h e s e m i - d e c i d a b i l i t y of b o t h , finite s a t i s f i a b i l i t y as w e l l as 
u n s a t i s f i a b i l i t y , impl i es t h a t a procedure can be b u i l t t h a t t er 
m i n a t e s for b o t h , finitely sat is f iable as w e l l as unsat i s f iab le i n 
p u t . Such a procedure w o u l d be an a d e q u a t e t o o l for d e c i d i n g 
w h e t h e r a given set of f o r m u l a s is acceptab le as c o n s t r a i n t s 
( w i t h i n t h e l i m i t s imposed by u n d e c i d a b i l i t y . of course) . T h e 
s implest way of o b t a i n i n g a s i m u l t a n e o u s semi-decis ion proce
d u r e w o u l d be t o r u n t w o i n d e p e n d e n t procedures for each of 
t h e t w o semi -dec idable p roper t i e s i n p a r a l l e l . However , any a t 
t e m p t to i m p r o v e t h e u n s a t i s f a c t o r y eff ic iency of t h e basic 
semi -dec is ion m e t h o d for finite s a t i s f i a b i l i t y ( t o test for increas
i n g η w h e t h e r a mode) o f c a r d i n a l i t y η exists ) i n e v i t a b l y leads 
t o t e chn iques t h a t are also r e q u i r e d f o r r e f u t a t i o n . There fo re i t 
seems reasonable to re ly on e x i s t i n g r e f u t a t i o n methods a n d t o 
e x t e n d t h e m i n o rder t o m a k e t h e m s o u n d a n d c o m p l e t e for 
finite s a t i s f i a b i l i t y as w e l l . 

T h e r e are c e r t a i n classes of f o r m u l a s where s a t i s f i a b i l i t y a n d 
finite s a t i s f i a b i l i t y c o inc ide , cal led finitely c o n t r o l l a b l e . F o r sets 
o f f o r m u l a s c o m i n g f r o m such a class, s a t i s f i a b i l i t y is dec idab le . 
H o w e v e r , the k n o w n finitely c o n t r o l l a b l e classes |7) appear t o 
be too r e s t r i c t e d for a d m i t t i n g on ly c o n s t r a i n t s t h a t be long t o 
such a class. 

I n th i s paper we describe t w o basic approaches t o e x t e n d 
i n g r e f u t a t i o n m e t h o d s i n t o procedures t h a t semi-decide finite 
s a t i s f i a b i l i t y as w e l l : the one is based on t h e r e s o l u t i o n p r i n 
c i p l e , w h i l e the o t h e r makes use o f a subcase analysis based 
on s p l i t t i n g of clauses. B o t h approaches r e q u i r e a c o m m o n fea
t u r e ( f u n c t i o n e v a l u a t i o n ) t o be added t o the u n d e r l y i n g 
r e f u t a t i o n p r i n c i p l e in o r d e r t o reach completeness for finite 
s a t i s f i a b i l i t y . Sect ion 2 describes a n d m o t i v a t e s t h i s f e a t u r e 
a f t e r h a v i n g br i e f l y i n t r o d u c e d b o t h approaches . R e s o l u t i o n re 
q u i r e s a n o t h e r a d d i t i o n a l feature i f completeness sha l l be 
g u a r a n t e e d . T h i s f u r t h e r extens ion is descr ibed i n sect ion 3 
t o g e t h e r w i t h a suggest ion for an i m p r o v e m e n t of t h e e x t e n d e d 
m e t h o d . I n section 4, i m p r o v e m e n t s of t h e s p l i t t i n g - b a s e d a p 
p r o a c h are proposed t h a t are necessary i n order t o m a k e i t 
c o m p e t i t i v e as c o m p a r e d t o t h e reso lu t i on -based m e t h o d . 

T h e m e t h o d de f ined i n |12] for c h e c k i n g consistency of con
s t r a i n t s is based on the first-order t a b l e a u x m e t h o d ( i n i t s 
o r i g i n a l non - c lausa l f o r m as described i n 11Θ]). As opposed t o 
the methods proposed here, K u n g ' s a p p r o a c h is no t c omple te 
for finite s a t i s f i a b i l i t y . 

T h e paper has been w r i t t e n in such a w a y t h a t on ly an i n 
t u i t i v e u n d e r s t a n d i n g of r e s o l u t i o n and o t h e r theorem p r o v i n g 
t e chn iques is r e q u i r e d . F o r m u l a s are expressed i n c lausal f o r m , 
a l l f u n c t i o n s o c c u r r i n g be ing Skolem f u n c t i o n s . T r a n s f o r m a t i o n 
t o c lausal f o r m is k n o w n t o preserve s a t i s f i a b i l i t y . T h i s ho lds 
for finite s a t i s f i a b i l i t y , t oo , for s i m i l a r reasons. T h e 
t u t o r i a l s \4\ and [13) p r o v i d e an i n t r o d u c t i o n to r e f u t a t i o n 
m e t h o d s in general and t o r e so lu t i on i n p a r t i c u l a r . T h e t e r m 
' r e s o l u t i o n ' i« used t h r o u g h o u t t h i s paper a c c o r d i n g t o 
R o b i n s o n ' s o r i g i n a l t e r m i n o l o g y , i .e. , i n c l u d i n g f a c t o r i z a t i o n . 

2. R e f u t a t i o n M e t h o d s a n d F i n i t e 
S a t i s f i a b i l i t y 

A r e f u t a t i o n m e t h o d can be seen as a procedure t h a t suc
cessively generates new sets of clauses s t a r l i n g f r o m the set t o 
r e f u t e . T h e generat ion stops as soon as c e r t a i n h a l t i n g con 
d i t i o n s - based on s y n t a c t i c a l p roper t i e s of t h e sets - are f u l 
filled. For any unsat i s f iab le i n p u t , a r e f u t a t i o n - c o m p l e t e proce
d u r e is guaranteed t o s t op , wh i l e for sat is f iab le i n p u t it may 

e i ther s t o p or r u n forever. R e f u t a t i o n procedures di f fer m a i n l y 
in the way i n w h i c h the g e n e r a t i o n of new sets is organized 
and in t h e h a i l i n g c o n d i t i o n s e m p l o y e d . T w o m a i n classes of 
procedures can be d i s t i n g u i s h e d w i t h respect to these c r i t e r i a . 

T h e one class c onta ins procedures t h a t are based on t h e 
r e s o l u t i o n p r i n c i p l e . F o r a g iven i n p u t set S they generate a 
sequence S = Sq - > S j - > ... - > S. - > S . ^ j - > ... where S. + j 
is c o n s t r u c t e d f r o m S. by a d d i t i o n of fac tors a n d / o r resolvents 
o f clauses i n S. (poss ib ly c o m b i n e d w i t h a subsequent de let ion 
of t a u t o l o g i e s o r subsumed clauses) . A s reso lut ion is an i n 
ference r u l e , we have : 

(*) V i > 0 (S. sat is f iable < = > S . + J sat is f iable) 
W h e n e v e r one o f t h e S. c o n t a i n s t h e e m p t y clause Q , th i s set 
is u n s a t i s f i a b l e . because • is t h e c lausa l representat i on of false
hood . T h e r e f o r e S is u n s a t i s f i a b l e , t o o , because of (*) and the 
g e n e r a t i o n o f new sets stops. I f , on t h e o t h e r h a n d , S is satis
fiable, i n genera l i t w i l l never s top as none of the S. conta ins 

• . I n c e r t a i n cases, however , a saturated set w i l l be reached, 
i .e. , a set t h a t a l r e a d y c o n t a i n s a l l fac tors a n d resolvents (or 
at least v a r i a n t s of t h e m ) t h a t are cons t ruc tab le f rom its 
members . I n t h i s case g e n e r a t i o n also stops ( r e p o r t i n g 
s a t i s f i a b i l i t y ) . 

T h e second class of procedures conta ins most of the 
methods t h a t have been proposed a n d i m p l e m e n t e d before the 
r e s o l u t i o n p r i n c i p l e was deve loped (e.g., c lausal versions of the 
tab l eaux m e t h o d - l ike the procedure o f G i l m o r e 110) - or the 
m e t h o d o f D a v i s a n d P u t n a m |6]). I n these procedures the 
genera t i on of new sets fo l lows a tree s t r u c t u r e , as shown by 
figure 2. 

F i g . 2 

T h e tree T g of figure 2 is e x p a n d e d (e i ther d e p t h - or 

b r e a d t h - f i r s t ) r e f l e c t i n g a case analys is . T h e edges of T<, are 

c o n s t r u c t e d i n such a way t h a t the f o l l o w i n g holds: 

(**) V S. € T g (Sj sat is f iable < = > S. has a t least 

one d irect descendant t h a t is satisf iable) 

As soon as a l o n g a b r a n c h a set has been reached t h a t con
ta ins t w o c o n t r a d i c t o r y u n i t s , t h i s b r a n c h is "c losed" ( i .e . , not 
f u r t h e r e x p a n d e d ) because t h e respect ive set is obv ious ly u n 
sat is f iable . I f a l l branches o f t h e tree can be closed in this 
w a y , the u n s a t i s f i a b i l i t y of S has been shown because of (**) . 
T h e r e may be i n f i n i t e branches - w h i c h can never be closed -
as w e l l as finite non-closed branches t h a t cannot be f u r t h e r 
extended by t h e c o n s t r u c t i o n rules of the m e t h o d . I n the l a t 
ter case, s a t i s f i a b i l i t y of S is r e p o r t e d . 

F i g u r e 3 (see next page) shows the r e f u t a t i o n of a four-
clause set by means of u n i t r eso lu t i on (sequent ia l o r g a n i z a t i o n ) 
as w e l l as a c lausal vers ion of the tab leaux m e t h o d (tree 
o r g a n i z a t i o n ) t h a t uses i n s t a n t i a t i o n of clauses in S and s p l i t 
t i n g of g r o u n d clauses as c o n s t r u c t i o n rules . M a t r i x n o t a t i o n 
for sets of clauses has been used i n the examples each line 
represent ing a clause. 
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u n i t r < M < ) ] u i i u i ) m e t h o d 1·| 1»)>l»'rlUX m e t h o d 

S = S 0 : 

P ( * ) n q ( A ) 
/ - 1 P ( A ) - » r ( y ) 

q ( « ) 
- r ( A ) 

> 

J 2 " 

/ 
/ -

& 3 · 

P ( x ) - i q ( A ) > 
- i p ( A ) - » r ( y ) 

q ( « ) -
r ( A ) v. 

* P ( A ) 

> 

P ( x ) - i q ( A ) 
- > p ( A ) 

q ( « ) 
r ( A ) 

- i p ( A ) 
- P ( * ) 

\ 
I 

\ ι 

V 
/ 

7 

- ν α 

P ( A ) 

P ( x ) n q ( A ) 
1 P ( A ) - i r ( y ) 

q U ) 
r ( A ) 

i n s t a n t i a t i o n 

p ( A ) - i q ( A ) 
- 1 P ( A ) l r ( A ) 

q ( A ) 

s p l i t t i n g 1 c l a u s e 

J 1 2 * 

q ( A ) 
- i q ( A ) 

s p l i t t i n g 2 n < * c l a u s e c l o s e d 

' 1 1 1 * 1 1 2 ' , 

P I A ) 
P ( A ) 

r ( A ) 
l r ( A ) 

c l o s e d c l o s e d 

F i g . 3 

F o r d e t e c t i n g u n s a t i s f i a b i l i t y , t h e sequent ia l a ppr oa ch is su
p e r i o r t o t h e tree a p p r o a c h because c los ing all branches of a 
t r e e is more expensive t h a n g e n e r a t i n g one set t h a t c o n t a i n s α · 
T h i s is one of the reasons w h y s p l i t t i n g - b a s e d methods have 
been d i s c a r d e d for t h e o r e m - p r o v i n g purposes after r e s o l u t i o n 
was i n l r o d t i r e d . S y m m e t r i c a l l y , s a t i s f i a b i l i t y is r e p o r t e d by 
such a s p l i t t i n g - b a s e d m e t h o d as soon as one non-closed b r a n c h 
has been f o u n d (unless an i n f i n i t e b r a n c h is entered ) w h i l e 
r e s o l u t i o n , e.g., has to wai t u n t i l all possible factors and resol
v e n t s have been added ( w h i c h possibly requires i n f i n i t e t i m e as 
w e l l ) . 

A f u r t h e r advantage of m a n y s p l i t t i n g - b a s e d methods is 
t h a t the l e n g t h of clauses never increases ( instances of clauses 
are a d d e d or clauses are replaced by shor ter ones). T h i s is not 
t h e case for r e so lu t i on since i n general a resolvent is longer 
t h a n each of i t s p a r e n t s . 

A l l r e f u t a t i o n - c o m p l e t e m e t h o d s are necessarily sound for 
s a t i s f i a b i l i t y : they never r e p o r t s a t i s f i a b i l i t y when a p p l i e d t o 
an u n s a t i s f i a b l e set. U n d e c i d a b i l i t y of s a t i s f i a b i l i t y , however , 
p r e v e n t s t h e m f r o m be ing c o m p l e t e for t h i s p r o p e r t y . H o w do 
r e f u t a t i o n procedures behave w i t h respect to finite s a t i s f i a b i l i t y 

- w h i c h is a semi-dec idable p r o p e r t y in c ont ras t t o sat is 
fiability? 

W h e n e v e r u n r e s t r i c t e d r e so lu t i on stops because a s a t u r a t e d 
set ( n o t c o n t a i n i n g • ) has been reached, the respective i n p u t 
set is finitely sat is f iable l 3 i . A l t h o u g h th i s result appears t o be 
r a t h e r n a t u r a l . * r were nut able to find i t in the l i t e r a t u r e . 
S p l i t t i n g - b a s e d methods are also sound for finite s a t i s f i a b i l i t y . 
T h e tab leaux m e t h o d , e.g., s lops whenever a set has been con 
s t r u c t e d t h a t c onta ins a g-model .^ T h i s g -model d i r e c t l y 
represents a finite model of S. i .e. , S has been shown t o be 
finitely sat is f iable in a c o n s t r u c t i v e w a y . 

T h u s , b o t h approaches are sound for finite s a t i s f i a b i l i t y , 
but none of t h e m is complete for t h i s p r o p e r t y as s h o w n by 
figure 4 (see nex t page) . 

A g -model 113j is a set U of g r o u n d u n i t s such t h a t each 
g r o u n d instance of a clause i n S is subsumed by a u n i t i n U . 
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a) r e s o l u t i o n m e t h o d 

/ 
/ / 

I ' 

—ι e v e n ( x ) o d d ( F x ) 
— i o d d ( x ) e v e n ( F x ) 
r e v e n t 0 1 

V - I e v e n ( x ) o d d ( F x ) 
- | o d d ( x ) e v e n ( F x ) 

e v e n ( 0 ) 
^ o d d ( F O ) - ^ 

( 

r 

ι / 
1 / 

y ~ * i e v e n ( x ) o d d ( F x ) 
— i o d d ( x ) e v e n ( F x ) 

r v e n ( 0 ) 
o d d ( F O ) > 

\ 

\ 

\ I 
^ I 

/• e v e n ( F 0 ) 4r-

l e v e n ( x ) o d d ( F x ) 
i o d d ( x ) e v c n ( F x ) 

e v e n ( 0 ) 
o d d ( F O ) 

e v e n ( F 2 0 ) 
1 o d d ( F ? 0 ) 

Ϊ0 t a h l c a u x m e t h o d - i e v e n | x ) o d d ( F x ) 
- l o d d ( x ) r v e n ( F x j 

e v e n i O l 
I 

i n s t a n t i a t i o n 
J , 

- i e v e n ( O ) o d d ( F O ) 
- l o d d ( 0 ) e v e n ( F O ) 

J Z 
e v e n ( 0 ) 

t e v e n ( O ) 

c l o s e d 

- I o d d ( O ) 
i n s t a n t i a t i o n 

- i e v e n ( F O ) o d d ( F * 0 ) 

- | o d d ( F 0 ) e v e n ( F 2 0 ) 

n e v e n ( F O ) o d d ( F 2 0 ) 

o d d ( F O ) 

> o d d ( F 0 ) e v e n f F ^ O ) 

1 _ 

o d d ( F O ) 

e v e n ( F O ) 
i n s t a n t i a t i o n 

X 
- i e v e n ( F O ) o d d ( F 0 ) 

- | o d d ( F 0 ) e v e n ( F 2 Q ) 

e v e n ( F O ) 

T e v e n ( F O ) o d d ( F * 0 ) 

c l o s e d 

c l o s e d 

B o t h m e t h o d s r u n forever a l t h o u g h S has a very s m a l l 
finite m o d e l ' : i ts only i n d i v i d u a l is the constant 0, F 0 
eva luates to 0 and b o t h , even(0 ) and odd(O) , are t r u e . I n b o t h 
cases a p u r e l y s y n t a c t i c m e c h a n i s m causes an u n r e s t r i c t e d 
g r o w t h in n e s t i n g of f u n c t i o n a l t e r m s . I n case a) u n i f i c a t i o n 
leads t o an i n f i n i t e sequence of u n i t s 

even(O) - > odd(FO) - > e v e n ( F 2 0 ) - > o d d ( F 3 0 ) - > ... 

w h i l e in case b) i n s t a n t i a t i o n produces a s imi la r sequence 
a l o n g each non-c losed b r a n c h , e.g., 

even(O) - > odd(FO) - > even(FO) - > o d d ( F 2 0 ) - > ... 

a l o n g the r i g h t m o s t one. None of the t w o methods offers a 
t o o l for i d e n t i f y i n g FO w i t h 0 and t h u s d e t e c t i n g t h a t a f ter 
such a f u n c t i o n e v a l u a t i o n each of the i n f i n i t e sequences w o u l d 
" c o l l a p s " i n t o the finite sequence even(0 ) - > odd(O) . 

ο 
" D u e to the fact t h a t S does no t c omple te ly a x i o m a t i z e 

e v e n - o d d for the integers . 

;. 4 

I n d e e d , a d d i n g an e v a l u a t i o n f a c i l i t y for g r o u n d f u n c t i o n a l 
t e r m s t o each o f t h e approaches enables t h e m t o detect f i n i t e 
s a t i s f i a b i l i t y i n a l l those cases where i n f i n i t e g r o w t h in func
t i o n n e s t i n g p r e v e n t s t h e o r i g i n a l m e t h o d s f r o m s l o p p i n g . Such 
a f ea ture for t h e i d e n t i f i c a t i o n of g r o u n d t e rms is indispensable 
for finite m o d e l d e t e c t i o n . T h i s is r e l a t e d t o t h e w e l l - k n o w n 
fac t t h a t f in i leness is n o t first-order expressable . 

I n o rder t o e v a l u a t e a g r o u n d f u n c t i o n a l t e r m , a case 
analys is is r e q u i r e d as there m a y be several possible g r o u n d 
t e r m s w i t h w h i c h t h e f u n c t i o n a l t e r m c o u l d be i d e n t i f i e d . 
There fo re r e s o l u t i o n loses i ts s equent ia l o r g a n i s a t i o n when ex
t ended by f u n c t i o n e v a l u a t i o n a n d is t u r n e d i n t o a tree-
s t r u c t u r e m e t h o d , t o o . W h e n added t o r e s o l u t i o n , e v a l u a t i o n 
of g r o u n d f u n c t i o n a l t e r m s has, of course, t o be c o m b i n e d w i t h 
i n s t a n t i a t i o n , because sets w i t h o u t any g r o u n d terms have to 
be h a n d l e d as w e l l . M a n y s p l i t t i n g - b a s e d methods a lready 
p r o v i d e i n s t a n t i a t i o n . 

W e have s h o w n in | l j t h a t t h e tab l eaux m e t h o d w i t h func 
t i o n e v a l u a t i o n is c omple te for finite s a t i s f i a b i l i t y . F o r s i m i l a r 
reasons, the same is t r u e for the D a v i s - P u t n a m m e t h o d . 
R e s o l u t i o n , however , is not c omple te for finite s a t i s f i a b i l i t y 
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even af ter e x t e n d i n e it by i n s t a n t i a t i o n and f u n c t i o n eva lua
t i o n . As s h o w n in the f o l l o w i n g sect ion , i n f i n i t e g r o w t h in 
clause l e n g t h may p r e v e n t r e s o l u t i o n f r o m s t o p p i n g even for 
sets w i t h o u t a n y f u n c t i o n symbo ls . 

F i g u r e 5 gives a n o t h e r example p r e s e n t i n g the ex tended 
t a b l e a u x m e t h o d . T h i s e x a m p l e is i n t e n d e d t o show t h a t , in 
order t o e v a l u a t e f u n c t i o n s , t h e g r o u n d level has to be 
reached, because i n c e r t a i n cases t h e decision w h e t h e r a f i n i t e 
mode l ex ists or not requires a n e x p l i c i t i d e n t i f i c a t i o n of t w o 
g r o u n d t e r m s such t h a t a c e r t a i n pred i ca te is t r u e for the one 
b u t false for the o t h e r . 

3. T h e R e s o l u t i o n - B a s e d A p p r o a c h 

I n t h e prev ious sec t i on , we have c l a i m e d t h a t e x t e n d i n g 
r e s o l u t i o n w i t h f u n c t i o n e v a l u a t i o n a n d i n s t a n t i a t i o n is s t i l l not 

suf f ic ient for a c h i o trie completeness for f in i t e s a t i s f i a b i l i t y . 
T h e r e is a second *ουπ«· of i n f i n i t e g r o w t h a p a r t f rom g r o w t h 
i n f u n c t i o n nes t ing Π . T h e example of f igure 6 (see next 
page) shows the p r o b l e m . T h e clauses in the i n i t i a l set ex
press t h a t the spousr of a w o m a n is a m a n , and the spouse o f 
a m a n is a w o m a n . R e s o l u t i o n does never s top when a p p l i e d 
to the i n i t i a l set because the n u m b e r of d i s t i n c t var iab les ( a n d 
t h u s the l e n g t h of clauses) increases c o n t i n u o u s l y . However , 
t h i s set has f i n i t e models (e.g. . one m a n w h i c h is n o t m a r r i e d ) . 
O b v i o u s l y , f u n c t i o n e v a l u a t i o n does not help as no f u n c t i o n s 
occur . 

As a s o l u t i o n t o t h i s p r o b l e m we propose a n o t h e r f eature 
t h a t we ca l l compacii/icctfion. L e t v ( S ) denote the m a x i m a l n u m 
ber of var iab les in any clause i n the set S. For η < v ( S ) , t h e 
n - c o m p a c t i f i c a t i o n of S ( d e n o t e d by c o m p n ( S ) ) is o b t a i n e d by 
r e p l a c i n g each clause C w i t h m > η var iab les by a set of 
clauses w i t h e x a c t l y η v a r i a b l e s . T h i s set is c o n s t r u c t e d by 
i d e n t i f y i n g ( m - n + l ) o f t h e var iab l e s i n C i n a l l possible ways . 

r v c u ( x 1 e v e n ( F χ ) 
- i e v e i j ( x ) *Ί*·ν<·ιι ( F x ) 

1 
hint a n t i a t i o n 1 

• 

e v e n ( A ) • 
e v e n ( F A ) 

- > e v e n ( A ) - | e v e n ( F A ) 

f u n c t i o n e v a l u a t i o n 
ι 

|A - - > F A ] 

X 

e v e n ( A ) 

I e v e n ( A ) 

c l o s e d 

|A ~ > F A ) 

• 
• 

e v e n ( F A ) e v e n ( A ) 
Π e v e n ( F A ) η e v c n ( A ) 

s p l i t t i n g 

r v c n ( F A ) e v e n ( A ) 
- 1 e v e n ( F A ) 

F A k e p t as n e w i n d i v i d u a l 

A 

e v e n ( F A ) e v e n ( F * A ) 

- » e v e n ( F A ) - | e v e n ( F 2 A ) 

f u n c t i o n e v a l u a t i o n 

| F A ~ > F ' A 

e v e n ( F A ) 
I e v e n ( F A ) 

c l o s e d 

e v e n ( F A ) e v e n ( A ) 
1 e v e n ( A ) 

u n i t r e s o l u t i o n 

i 

e v e n ( A ) 
ι « - v e i i ( F A ) 

u n i t r e s o l u t i o n 

1 

e v e n ( F A ) 
— I e v e n ( A ) 

c o n t a i n a g - m o d e l o v e r { A , F A ) 
= > finitely s a t i s f i a b l e 

F i g . 5 
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i n a n ( x ) - | c o u p l e ( x , y ) - | w o i n a n ( y ) 

•woman(χ) - i r o « p l c ( x , y ) n m a n ( y ) 5 
r e s o l u t i o n 

inan(Xj ) -|C.ouple(Xj,Xj) -tcouplefXj.Xj) i w o m a n ( X j ) 
1 

m a n ( X j ) - i c o u p l e ( X j , X j ) . . . -»couple(x ]t"*n) - w o i n f t n ^ ) 

1 " ' f o r η = ^»7,9 

F i g . 6 

A s an e x a m p l e , we g ive t h e 2 - c o m p a c t i f i c a t i o n of the t h i r d 
c lause: 

m a n ( X j ) -*couple(x j ,x j ) ->couple(x j , x 0 ) - « w o m a n j x j ) 

m a n ( x j ) - »couple (x j , x 0 ) -<couple (x2 .x j ) - > w o m a n ( X j ) 

m a n ( X j ) - r o u p l e ( x j , x 0 ) - > c o u p l e ( x 0 , x 0 ) - »womanfx^) 

C o m p a c t i f i c a t i o n is a p p l i e d as soon as r e s o l u t i o n produces a 
c lause t h a t has more v a r i a b l e s t h a n any of t h e a l ready ex i s t 
i n g clauses. A f t e r h a v i n g c o n s t r u c t e d t h e respect ive n -
c o m p a d i f i c a t i o n , r e s o l u t i o n ( a n d i n s t a n t i a t i o n / f u n c t i o n e v a l u a 
t i o n , i f necessary) is a p p l i e d t o t h e c o m p a c t i f i e d set. W h e n e v e r 
a clause w i t h more t h a n η v a r i a b l e s is d e r i v e d anew f r o m t h e 
n - c o m p a c t i f i o a t i o n , i t is i m m e d i a t e l y n-compac t i f i e d , t oo . I f a 
s a t u r a t e d set is r e a c h e d , t h e i n i t i a l set has been s h o w n f i n i t e l y 
sa t i s f i ab le ( w i t h a m o d e l of c a r d i n a l i t y n ) . I f r e s o l u t i o n der ives 
t h e e m p t y clause for a l l possible subsequent f u n c t i o n e v a l u a 
t i o n s ( i f a n y ) , t h e n such a m o d e l does n o t e x i s t , a n d we have 
t o b a c k t r a c k a n d go on w i t h t h e u n c o m p a c t i f i e d set. I n t h i s 
case, c o m p a c t i f i c a t i o n is i n v o k e d a g a i n a f ter t h e n e x t increase-
m e n t in v a r i a b l e n u m b e r has o c c u r r e d a n d a l o n g a n o t h e r " s ide 
branch* ' the ex i s tence of a finite m o d e l is checked . T h e o v e r a l l 
o r g a n i s a t i o n of t h i s a p p r o a c h is i l l u s t r a t e d by f i g u r e 7. 

T h e a p p l i c a t i o n of f u n c t i o n e v a l u a t i o n w i t h i n a sequence of 
r e s o l u t i o n steps is o r g a n i s e d i n a s i m i l a r w a y . Here t h e i n -
c reasemcnt of functional hetghi serves as a n i n d i c a t o r for i n v o c a 
t i o n of f u n c t i o n e v a l u a t i o n . T h e f u n c t i o n a l h e i g h t of a t e r m is 
t h e level of n e s t i n g o f f u n c t i o n s in t h a t t e r m . e.g.. t h e f u n c 
t i o n a l he ight of F ( F x y , y ) is 2. T h e m a x i m a l f u n c t i o n a l he ight 
of a t e r m in S is d e n o t e d by f ( S ) . W h e n e v e r r e s o l u t i o n leads 
t o a n increasement of f ( S ) , f u n c t i o n e v a l u a t i o n is i n v o k e d on a 
" s i d e b r a n c h " w h i l e r e s o l u t i o n w i l l go on w i t h o u t e v a l u a t i n g 
t h e new f u n c t i o n a l t e r m on t h e " m a i n branch" 1 in case back
t r a c k i n g is r e q u i r e d , as s h o w n by figure fi. 

I f b o t h k i n d s o f i n c r e a s e m c n t s occur for a g i v e n S, invoca 
t i o n s of b o t h a d d i t i o n a l f eatures - c o m p a c t i f i c a t i o n as we l l as 
f u n c t i o n e v a l u a t i o n - have t o be m e r g e d , of course. A 
s a t u r a t e d set on a " s ide b r a n c h " i n d i c a t e s finite s a t i s f i a b i l i t y , 
w h i l e closed r s i d e b r a n c h e s " p l u s a closed " m a i n b r a n c h " i n 
d i c a t e u n s a l i s f i a b i l i t y of S. F o r a x i o m s o f i n f i n i t y the " m a i n 
b r a n c h " never closes w h i l e a l l " s ide branches" are closed. 

T h e e x t e n d e d r e s o l u t i o n m e t h o d o u t l i n e d here m a y be c o m 
b i n e d w i t h any s t r a t e g y p r o v i d e d t h a t r e f u t a t i o n - c o m p l e t e n e s s 
is preserved. I n his paper m e n t i o n e d . Joyner proposes a 
s t r a t e g y t h a t w o u l d save a lot of i n s t a n t i a t i o n s a n d f u n c t i o n 
e v a l u a t i o n steps a l t h o u g h it requ ires a t r a n s f o r m a t i o n of the 
i n i t i a l set: a l l reso lvents a n d fa c to rs c o n t a i n i n g nested func 
t i o n a l t e rms m a y be d i s carded i f t h e i n i t i a l set is the c lausal 
r e p r e s e n t a t i o n of f o r m u l a s in Sko le in n o r m a l f o r m |5j, i .e., in 

" > " » P V ( S ) ( S , ) 

r e s o l u t i o n 
(-» subsequent v ( S ) - c o m p a c t i f i c a t i o n ) Τ 

v ( S j ) v ( S ) 

r e s o l u t i o n 

ίf u n c t i o n e v a l u a t i o n ! 

• • Π 

C O m P v ( S l H S 2 ^ 

J 

v ( S 2 ) > v l S j ) 
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5 
r e s o l u t i o n 

f ( S , ) > f (S) 

i n s t a n t i a t i o n Τ 
: 

r e s o l u t i o n 

^ f u n c t i o n e v a l u a t i o n ^ 

• • • 
f ( S 2 ) > f ( S , ) 

i n s t a n t i a t i o n 

I 
f u n c t i o n e v a l u a t i o n 

F i g . 8 

prenex n o r m a l f o r m w i t h pre f ix V 3 . F o r any first-order 
f o r m u l a F there exists a f o r m u l a S N F ( F ) i n Skolein norma) 
f o r m such t h a t F is f i n i t e l y sat is f iable i f a n d o n l y i f S N F ( F ) is 
f i n i t e l y sa t i s f iab le . T h e c o n s t r u c t i o n of t h i s n o r m a l i z e d f o r m u l a 
is i l l u s t r a t e d by an e x a m p l e : 
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F : v x i r y c x j p ( y , x ) = > q ( y , t B ) ) 

S N F ( F ) : VxVyVeErw ( ( | p ( y ? x ) = > q ( y , s ) ) v * ( x , y ) ) A - s ( x , w ) ) 

T h e new p r e d i c a t e s is n o t a l l o w e d t o occur in F . I t was 
k n o w n before t h a t t h i s t r a n s f o r m a t i o n preserves u n s a t i s f i a b i l i t y . 
I n 12) we have s h o w n t h a t t h i s is also the case for f i n i t e satis
f i a b i l i t y . 

A l t h o u g h o p e r a t i n g w i t h f o r m u l a s in Skolem n o r m a l f o r m 
a l l o w s t o d i s c a r d clauses w i t h nested f u n c t i o n s , f u n c t i o n 
e v a l u a t i o n a n d i n s t a n t i a t i o n do n o t become super f luous . T h e r e 
are s t i l l cases i n w h i c h t h e e v a l u a t i o n of unnes ted f u n c t i o n a l 
t e r m s is r e q u i r e d i n order to guarantee the soundness of the 
e x t e n d e d m e t h o d . 

4 . I m p r o v e m e n t s o f t h e S p l i t t i n g - B a s e d 
A p p r o a c h 

I n Sec t i on 2, s p l i t t i n g - b a s e d r e f u t a t i o n methods were shown 
t o be c o m p l e t e f o r f i n i t e s a t i s f i a b i l i t y i f c o m b i n e d w i t h func 
t i o n e v a l u a t i o n . W e h a d chosen t h e t a b l e a u x m e t h o d as a rep 
r e s e n t a t i v e of t h i s class of m e t h o d s because of t h e s i m p l i c i t y o f 
i t s s p l i t t i n g r u l e . H o w e v e r , t h i s m e t h o d is by far too ine f f i c i ent 
f o r p r a c t i c a l a p p l i c a t i o n s i f c o m p a r e d , e.g., w i t h r e s o l u t i o n -
based m e t h o d s . T w o reasons are responsible for t h i s i n 
e f f i c i ency : 

• t h e o n l y c o n s t r u c t i o n r u l e of the t a b l e a u x l m e t h o d · 
c lause s p l i t t i n g - is t o o p r i m i t i v e 

• a v a s t a m o u n t o f i n s t a n t i a t i o n s is r e q u i r e d because clause 
s p l i t t i n g is o n l y a p p l i c a b l e t o g r o u n d clauses 

A m o r e e f f i c ient set of rules for t e s t i n g u n s a t i s f i a b i l i t y of a 
set of g r o u n d clauses is a v a i l a b l e i n the D a v i s - P u t n a m proce
d u r e . T h e ru les o f t h i s m e t h o d t a k e i n t o a c c o u n t several 
c lauses i n S i n s t e a d o f l o o k i n g on ly at a s ingle , i so lated clause 
i n each s tep . T h i s leads to trees w h i c h are in general c on 
s i d e r a b l y sma l l e r t h a n t h e trees c o n s t r u c t a b l e w i t h the rules of 
t h e t a b l e a u x m e t h o d . F o u r c o n s t r u c t i o n rules are p r o v i d e d by 
t h e D a v i s - P u t n a m p r o c e d u r e : 

1. d e l e t i o n o f t a u t o l o g i c a l a n d subsumed clauses 

2. g r o u n d u n i t r e s o l u t i o n 

3. i n t r o d u c t i o n o f new u n i t s : i f a pure g r o u n d l i t e r a l L oc
curs i n S ( i .e . , a l i t e r a l the c o m p l e m e n t of w h i c h does not oc
c u r i n S) , t h e n t h e u n i t { L } can be added to S ( a l l o w i n g a 
s u b s e q u e n t e l i m i n a t i o n of a l l clauses t h a t c o n t a i n L as they 
are s u b s u m e d b y t h e new u n i t ) 

4. c o m p l e m e n t s p l i t t i n g : i f L is a n o n - p u r e g r o u n d l i t e r a l i n 
5. t h e n t w o subcases can be i n t r o d u c e d . I n the one case t h e 
u n i t { L ) , i n t h e o t h e r case { i / } is added ( L r denotes t h e 
c o m p l e m e n t of L ) . ( I n each of the cases the new u n i t sub
sumes a t least one clause a n d can be resolved aga inst at least 
one l i t e r a l . ) 

Never the less , the D a v i s - P u t n a m m e t h o d suffers f r o m the 
same d r a w b a c k as the tab l eaux m e t h o d , namely to require i n 
s t a n t i a t i o n s as a l l i ts rules operate on ly on g r o u n d clauses 
T h e n u m b e r of instances of a clause depends e x p o n e n t i a l l y or 
t h e n u m b e r of g r o u n d terms t h a t are used for i n s t a n t i a t i o n 
R e s o l u t i o n r e f u t a t i o n procedures do not need any e x p l i c i t in 
s t a n t i a l i o n at a l l . T h i s fact makes t h e m super ior to b o t h 
D a v i s - P u t n a m as w e l l as t a b l e a u x m e t h o d for r e f u t a t i o n pur 
poses. B u t , as p o i n t e d o u t in t h e prev ious sect ion, i n s t a n t i a 
t i o n has t o be a d d e d to r e s o l u t i o n , in order t o y i e l d c omple te 
ness for f i n i t e s a t i s f i a b i l i t y . H o w e v e r , these i n e v i t a b l e i n s t a n t i a 
t i o n steps are p e r f o r m e d as late as possible and on ly in those 

cases where a b s o l u t e l y necessary for m a k i n g f u n c t i o n e v a l u a t i o n 
possible. It w o u l d be des i rab le t o reduce the n u m b e r of i n s t a n 
t i a t i o n s r e q u i r e d by t h e D a v i s - P u t n a m procedure in a com
p a r a t i v e w a y . 

A necessary p r e r e q u i s i t e for such a r e d u c t i o n is t h a t the 
c o n s t r u c t i o n ru les of t h e m e t h o d are somehow general ized t o 
the n o n - g r o u n d leve l ( i n t h e same w a y as general reso lut ion 
has been o r i g i n a l l y i n t r o d u c e d as a genera l i za t i on o f the 
p r o p o s i t i o n a l r c u t r r u l e ) . T h e f i r s t t h r e e D a v i s - P u t n a m rules 
can be easily genera l i zed . E l i m i n a t i o n o f tauto log ies and sub
sumed clauses is a s t a n d a r d f e a t u r e of m a n y r e d u c t i o n 
strategies for r e s o l u t i o n procedures . U n i t r e so lu t i on is a spe
c ia l case of genera l r e s o l u t i o n ( k n o w n t o be r e f u t a t i o n - c o m p l e t e 
for t h e i m p o r t a n t class o f H o r n c lauses) . T h e n o t i o n of a pure 
l i t e r a l is also easily e x t e n d a b l e t o n o n - g r o u n d l i t e ra l s i f i n 
stances a n d v a r i a n t s of t h e c o m p l e m e n t a r y l i t e r a l are taken 
i n t o a c c o u n t . 

P r o b l e m s arise i f t h e c o m p l e m e n t s p l i t t i n g ru l e shal l be ex
t e n d e d . T h e i n t r o d u c t i o n o f a l t e r n a t i v e L - L C cases is j u s t i f i e d 
by t h e fact t h a t ( L v L 1 ) is a t a u t o l o g y for g r o u n d l i t e r a l s . O n 
the general l e v e l , a n y v a r i a b l e χ i n a l i t e r a l L has t o be 
regarded as i m p l i c i t l y u n i v e r s a l l y q u a n t i f i e d . T h e d i s j u n c t i o n 
(Vx|L] V V x [ L c ] ) , h o w e v e r , is n o t a t a u t o l o g y . There fore a 
d i r e c t g e n e r a l i z a t i o n o f c o m p l e m e n t s p l i t t i n g t o the general 
level is not poss ib le w i t h o u t l o s i n g completeness . I n |4, p. 
184j genera l ized s p l i t t i n g rules are i n v e s t i g a t e d t h a t overcome 
t h i s p r o b l e m by keep ing t r a c k o f a l l v a r i a b l e s u b s t i t u t i o n s per
f o r m e d a long t h e a l t e r n a t i v e b r a n c h e s a n d check ing t h e i r c om
p a t i b i l i t y at t h e e n d . I t is n o t c lear h o w such methods can be 
a d a p t e d for f i n i t e s a t i s f i a b i l i t y c h e c k i n g . 

- i e v e x i ( x ) o d d ( F x ) 
- l n d d ( x ) e v e n ( F x ) 

ev e n ( 0 ) 
u n i t r e s o l u t i o n 

~ » e v e n ( x ) o d d ( F x ) 
- i o d d ( x ) e v e n ( F x ) 

e v e n ( O ) 
n d d i F O l 

o d d ( F O ) 
- i o d d ( x ) 

c o m p l e m e n t s p l i t t i n g 

e v e n ( F x ) 
e v e n ( O ) 
o d d ( x ) 

n o n e e d t o 
e n t e r t h i s 

b r a n c h 

c l o s e d 
i n s t a n t i a t i o n 1 

o d d ( O ) 
e v e n ( F O ) 
e v e n ( O ) 

s u c c e s s f u l b r a n c h 

— > FO] f u n c t i o n e v a l u a t i o n 

e v e n ( O ) 
o d d ( O ) 
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T h e s o l u t i o n we propose is based on t h e idea to v iew each 
of the a l t e r n a t i v e case i n t r o d u c e d by c o m p l e m e n t s p l i t t i n g as a 
k i n d of " t es t o f an a s s u m p t i o n " . Does a n y f i n i t e m o d e l of S 

exist in w h i c h t h e ( a d d i t i o n a l ) u n i t { L } - respect ive ly { L c } -
is t rue? I f one of the a s s u m p t i o n s leads t o a success, the o t h e r 
a s s u m p t i o n needs n o t be tested a n y m o r e . I f b o t h assumpt ions 
lead t o a closed b r a n c h , t h e n i t has o n l y been shown t h a t 
these a s s u m p t i o n s are n o t c o m p a t i b l e w i t h S, b u t not t h a t S 
is u n s a t i s f i a b l e because of the a b o v e reasons. A t h i r d b r a n c h 
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has there fore ι ο be p r o v i d e d by each c o m p l e m e n t split t i n e step 
on w h i c h , in case of " f a i l u r e of b o t h a s s u m p t i o n s " . the t w o 
l i t e r a l s L and l / are r e m o v e d f r o m the list of r u n i t 
c a n d i d a t e s " and o t h e r n o n - p u r e l i t e r a l s are t es ted . I f a l l of 
t h e m lead to closed b r a n c h e s , t h e n i n s t a n t i a t i o n has to be i n 
v o k e d on the r e m a i n i n g b r a n c h . H o w e v e r , t h i s is the on ly case 
in w h i c h i n s t a n t i a t i o n is r e q u i r e d a t a l l by t h e general ized ver
sion of t h e D a v i s - P u t n a m m e t h o d descr ibed here . I f S is u n 
sat i s f iab le . then none of t h e " u n i t c a n d i d a t e s " w i l l be success
f u l , a n d i n s t a n t i a t i o n is i n e v i t a b l e . F o r m a n y sat is f iable sets, 
however , a feu a p p l i c a t i o n s o f t h e general ized complement 
s p l i t t i n g lead to a non - c l osed f i n i t e b r a n c h a l r e a d y . 

F i g u r e 9 (see p r e v i o u s page) shows how the set used in 
f i gure 4 is checked for f i n i t e s a t i s f i a b i l i t y us ing t h e general ized 
D a v i s - P u t n a m p r o c e d u r e w i t h f u n c t i o n e v a l u a t i o n . 

5. C o n c l u s i o n 

I n t h i s paper we h a v e i n t r o d u c e d f i n i t e s a t i s f i a b i l i t y as a 
necessary we l l f o rmedn e s s c o n d i t i o n for database c o n s t r a i n t sets. 
I t ref lects the r e q u i r e m e n t t h a t c o n s t r a i n t s have t o a d m i t 
f i n i t e sets of facts ( i n a c o n v e n t i o n a l as w e l l as i n a d e d u c t i v e 
c o n t e x t ) . F i n i t e s a t i s f i a b i l i t y is a s t r o n g e r p r o p e r t y t h a n consis
tency t h u s a u t o m a t i c a l l y i m p l y i n g t h e l a t t e r . 

I n o rder t o o b t a i n a m e t h o d for f i n i t e s a t i s f i a b i l i t y c h e c k i n g 
we have chosen t o e x t e n d e x i s t i n g r e f u t a t i o n procedures . T w o 
d i f f e r e n t approaches t o f i n i t e s a t i s f i a b i l i t y c h e c k i n g have been 
i n v e s t i g a t e d t h a t are based on t w o d i f f e r e n t approaches t o 
r e f u t a t i o n . B o t h r e q u i r e t h e same e x t e n s i o n , n a m e l y the a d 
d i t i o n of an e v a l u a t i o n f a c i l i t y for g r o u n d f u n c t i o n a l t e r m s i n 
o rder t o c o n t r o l g r o w t h i n f u n c t i o n n e s t i n g . T h i s a d d i t i o n 
p r e v e n t s p r o d u c t i o n o f i n f i n i t e l y m a n y clauses by i d e n t i f y i n g 
c e r t a i n g r o u n d t e r m s . T h e a p p r o a c h based on the r e s o l u t i o n 
p r i n c i p l e has t o be f u r t h e r e x t e n d e d w i t h a f ea ture for t h e 
l i m i t a t i o n of g r o w t h i n c lause l e n g t h , ca l led c o m p a c t i f i c a t i o n . 
Of course, the a d d i t i o n of these features t o r e f u t a t i o n 
procedures w i l l decrease t h e i r ef f ic iency for unsat i s f i ab l e i n p u t . 
H o w e v e r , t h i s pr i ce has t o be p a i d i f completeness for finite 
s a t i s f i a b i l i t y sha l l be r e a c h e d . T h e v i r t u e s of b o t h approaches 
c a n n o t be s i m p l y c o m b i n e d , as the u n d e c i d a b i l i t y of sat is 
fiability p r e v e n t s a n y r e f u t a t i o n - c o m p l e t e procedure f r o m 
r e m o v i n g b o t h k i n d s of g r o w t h at t h e same t i m e . Each of t h e 
t w o m e t h o d s o b t a i n e d by t h e extens ions m e n t i o n e d is sound 
a n d comple te for f i n i t e s a t i s f i a b i l i t y as we l l as for unsat i s 
fiability. 

T h e t w o m e t h o d s are j u s t i f i e d a n d descr ibed i n d e t a i l in |2] 
a n d J14j. r e spec t i ve ly . A t t h e m o m e n t , we d o n ' t see any o t h e r 
reasonable s o l u t i o n t o t h e p r o b l e m of c o n s t r u c t i n g a s i m u l 
taneous semi-dec is ion p r o c e d u r e for f i n i t e s a t i s f i a b i l i t y and u n 
s a t i s f i a b i l i t y . A l t h o u g h we have no resu l t s a b o u t the differences 
i n eff ic iency be tween t h e t w o m e t h o d s , we* bel ieve t h a t a 
s p l i t t i n g - b a s e d a p p r o a c h w i l l be pre ferab le . R e s o l u t i o n produces 
too m a n y clauses espec ia l ly if a p p l i e d t o c o m p a c t i f i e d sets of 
clauses. M o r e o v e r , t h e b i g a d v a n t a g e of r e so lu t i on -based r e f u t a 
t i o n procedures - n a m e l y t o do w i t h o u t any i n s t a n t i a t i o n - is 
l o s t , as f u n c t i o n e v a l u a t i o n has necessarily to be per fo rmed on 
t h e g r o u n d leve l . A first p r o t o t y p e i m p l e m e n t a t i o n of t h e 
s p l i t t i n g - b a s e d m e t h o d w r i t t e n in P r o l o g is m e a n w h i l e a v a i l 
ab le . 

A d d i t i o n a l p o i n t s t h a t m a y in f luence the w o r k on a more 
e l a b o r a t e vers ion are : 

1. F o r m a n y d a t a mode ls (especial ly those p r o v i d i n g 
g e n e r a l i z a t i o n h i e r a r c h i e s ) a m a n y - s o r t e d logic is more ap 
p r o p r i a t e . I n t r o d u c t i o n of m a n y - s o r t e d n e s s is k n o w n to i m p r o v e 
t h e eff iciency of t h e m e t h o d s discussed in th i s paper . 

Ί T h e q u e s t i o n of su i tab le strategies has not been addressed 
in th i s paper at a l l . A t h o r o u g h i n v e s t i g a t i o n of th i s t op i c is 
i n e v i t a b l e . For r e s o l u t i o n a lot of s trategies have already been 
i n t r o d u c e d i n t h e c o n t e x t of r e f u t a t i o n . I t has to be inves
t i g a t e d w h e t h e r they can be a d a p t e d for t h e extended m e t h o d 
as w e l l . S trateg ies for the general ized D a v i s - P u t n a m procedure 
shou ld especial ly p r o v i d e c r i t e r i a for m a k i n g good choices of 
r u n i t c a n d i d a t e s " w h e n a p p l y i n g c o m p l e m e n t s p l i t t i n g . 

3. V e r y o f ten we can expect t h a t a cons iderable p a r t o f the 
c o n s t r a i n t set u n d e r c o n s i d e r a t i o n consists of dependencies t h a t 
are k n o w n t o be finitely sat is f iable because o f t h e i r s y n t a c t i c a l 
s t r u c t u r e . S t ra teg ies shou ld be deve loped t h a t take advantage 
of t h i s k n o w l e d g e . S i m i l a r t e chn iques can be useful i n a con
text where c o n s t r a i n t sets are m o d i f i e d . 

A c k n o w l e d g e m e n t : W e w o u l d l ike t o t h a n k J e a n - M a r i e 
Nicolas for his a d v i c e a n d e n c o u r a g e m e n t d u r i n g the prepara 
t i o n of th i s paper . 

R e f e r e n c e s 

1 . B r y . F . N o t e on Cons i s tency C h e c k i n g of Database 
Schemas. I n t . R e p o r t K B - 4 , E C R C , J u l . , 1985. 

2 . B r y F . T h e C o m p a c t i f i c a t i o n M e t h o d . I n t . R e p o r t K B - 6 , 
E C R C , Sept . , 1985. 

3. B r y . F . O n R e s o l u t i o n a n d F i n i t e S a t i s f i a b i l i t y , i n 
p r e p a r a t i o n . 

4 . C h a n g . C . - L . a n d Lee R . C . - T . Symbolic Logic and Mechanical 
Theorem Proving. A c a d e m i c Press, 1973. 

5. C h u r c h , A . Introduction to Mathematical Logic. P r i n c e t o n 
U n i v e r s i t y Press, 1956. c i t e d i n | l l j . 

6 . D a v i s , M . a n d P u t n a m , H . " A C o m p u t i n g Procedure for 
Q u a n t i f i c a t i o n T h e o r y * . JACM 7, 3 ( J u l . I 9 6 0 ) , 2 0 1 - 215. also 
in |15):125-139. 

7. D r e h e n . Β. a n d G o l d färb, W . The Decision Problem. Solvable 
Classes of Quantiftcational Formulas. A d d i s o n - W e s l e y , 1979. 

8. F a g i n , R. a n d V a r d i M . Y . T h e T h e o r y of D a t a D e p e n 
dencies - A n O v e r v i e w . Proc . of I C A L P , 1984. 

9. G a l l a i r e , Η., M i n k e r J . a n d Nico las . J . - M . " L o g i c a n d 
Databases : A D e d u c t i v e A p p r o a c h " . ACM Comp. Surv. 16, 2 
( J u n . 1984) , 153-185. 

1 0 . G i l m o r e . P . C . " A P r o o f M e t h o d for Q u a n t i f i c a t i o n 
T h e o r y : I t s J u s t i f i c a t i o n a n d R e a l i z a t i o n " . IBM J . of Res. and 
Dev. 4 ( I 9 6 0 ) , 28-35. also in |15] :15l -158. 

1 1 . Joyner . W . H . " R e s o l u t i o n Strateg ies as Decis ion 
P r o c e d u r e " . JACM 23. 3 ( J u l . 1976) , 398-417. 

1 2 . H u n g , C . H . A Temporal Framework for Information Systems 
Specification and Venfication. P h . D . T h . . U . of T r o n d h e i m , N o r 
w a y . A p r . 1984. 

1 3 . L o v e l a n d , D . W . Automated Theorem Proving: a Logical Basis. 
N o r t h - H o l l a n d , 1978. 

1 4 . M a n t h e y , R. A Genera l i zed D a v i s - P u t n a m Procedure 
A b l e t o D e t e c t F i n i t e S a t i s f i a b i l i t y , in p r e p a r a t i o n . 

1 5 . S i e k m a n n , J . a n d W r i g h t s o n , C . Automation of Reasonning, 
Vol. J. S p r i n g e r V e r l a g , 1983. 

1 6 . S m u l l y a n , R. First Order Logic. S p r i n g e r V e r l a g , 1968. 

1 7 . T r a c h t e n b r o t , Β.A. " I m p o s s i b i l i t y of an A l g o r i t h m for 
t h e Dec is ion P r o b l e m in F i n i t e Classes". Dokl. Acad. AauA. 
SSSR 70 ( 1950) . i n Russ ian , t r a n s , in E n g l i s h in A m c r . Soc. 
T r a n s l a t i o n s , Series 2, 23:1-5, 1963. 

- 2 0 -


