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RADIATION RESEARCH 84, 219-238 (1980) 

Proximity Functions for Electrons up to 10 keV1 

D. CHMELEVSKY A N D A. M. KELLERER 
Institut für Medizinische Strahlenkunde der Universität Würzburg, Versbacher Str. 5, 

Würzburg D-8700, Germany 

A N D 

M. TERRISSOL A N D J. P. PATAU 
Centre de Physique Atomique, Universite Paul Sabatier, Toulouse Cede.x F-31077, France 

CHMELEVSKY, D . , KELLERER, A. M., TERRISSOL, M., A N D P A T A U , J. P. Proximity Func­
tions for Electrons up to 10 keV. Radial. Res. 84, 219-238 (1980). 

Proximity functions for electrons up to 10 keV in water are computed from simulated 
particle tracks. Numerical results are given for the differential functions t(x) and the integral 
functions T(x). Basic characteristics of these functions and their connections to other micro-
dosimetric quantities are considered. As an example of the applicability of the proximity 
functions, the quantity yD for spheres is derived from t(x). 

INTRODUCTION 
The major part of microdosimetric data has been obtained in the past by ex­

perimental methods. Some computations have been performed but most have been 
somewhat simplified (1-6). Only recently methods have been developed to simu­
late numerically the full complexity of the tracks of charged ionizing particles. 
This has been achieved by Monte Carlo calculations based on theoretical and 
experimental cross sections (7-14). At present there are no experimental tech­
niques for the determination of microdosimetric data for tissue volumes with linear 
dimensions smaller than about 0.3 /xm; for very small regions the computational 
method is therefore the only practicable approach. 

A few years ago simulated proton tracks by Paretzke et al. (8, 9) were used 
to obtain microdosimetric data for heavy ions and for sites of 5 to 100 nm in 
diameter (15, 16). These studies led, apart from numerical data, to concepts and 
quantities (17-19) beyond those that had been previously established in micro-
dosimetry. A particularly important concept, the proximity function of energy 
transfers, had been proposed earlier (20, 2 / ) as a fundamental description of track 
structure. However , it was only in the context of the numerical calculations that 
the actual applicability of the proximity function and its close connection to con­
ventional microdosimetric quantities such as £ or y D became apparent [for the 
definition of microdosimetric quantities see (22)]. Moreover, it was realized that 

1 Work supported by Euratom Contracts 208-B1O D and 176 BIO F. 
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220 CHMELEVSKY ET AL. 

the function is relevant to a biophysical argumentation that deals with the interac­
tion of pairs of radiation-induced sublesions (23, 24). 

Accordingly, it is desirable to obtain proximity functions for various radiation 
qualities. Although the Monte Carlo programs for the simulation of charged particle 
tracks are well developed, a systematic effort has not yet been made to generate 
complete sets of proximity functions for the most important radiation qualities. 
As a step toward establishing the necessary data, we have therefore derived these 
functions for electrons up to 10 keV in water. 

DEFINITION OF THE PROXIMITY FUNCTION 

A convenient definition of the proximity function (also termed distance distribu­
tion or, for brevity, / function) is obtained in terms of the integral distribution. 

Definition. The integral function T(x) is the expected energy imparted due to 
the same particle track within the distance x around an energy transfer chosen at 
random. The energy transfer chosen as reference is included in T(x). 

The term energy transfer designates energy locally transferred from the ionizing 
radiation field to the material. If an ionizing particle undergoes an interaction at a 
point (the transfer point) the energy transfer e is equal to the kinetic energy 
of the incoming particle minus the kinetic energy of any emerging ionizing par­
t ic le^) . A more rigorous definition has to account also for possible changes of 
rest mass (17, 25), but this is of no concern in the present context. 

The term particle track designates the set of all energy transfers due to the 
same primary particle and its secondaries. 

In the random choice of the energy transfer the magnitude of the energy transfer 
is used as a weight factor; i.e., each energy transfer e has a probability of being 
selected that is proportional to e [for a detailed discussion of the sampling proce­
dure see (15, 18)]. 

Although one could refer to a more general situation, the present definition 
applies to a uniform medium of density p . T(x) depends on the composition of 
the irradiated medium (usually tissue or water) and on the type of radiation. 

The definition of T(x) can also be given in terms of a summation over all energy 
transfers of interest, i.e., without reference to random sampling: 

T(X) = I €,-€,/£ €„ X i k < X y (1) 
i.k i 

where the summation in the denominator extends over all energy transfers et 
and the double summation in the numerator runs over all energy transfers et 
and over those energy transfers ek (including / = k) that are on the same '.rack 
and are separated from et by a distance xjk not larger than x. 

A more general proximity function TD(x) includes not only energy transfers on 
the same particle track but also the contribution from other statistically independ­
ent particle tracks, and accordingly depends on absorbed dose. However, it has 
been shown (19) that TD(x) differs from T(x) only by a trivial term 

TD(x) = T(x) + (4 /3 )TTX 3 P D, (2) 

T(x) represents the intra track contribution, while the second term represents 
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the intertrack contribution. Since the intertrack contribution is of such simple form 
and independent of radiation quality, it is sufficient to consider T(x). 

The differential t function is defined as the derivative of the integral / function 
dT(x) 

dx (3) 
In the following, t functions tE(x) are given for electrons of specified initial energy 
E. One can readily show that for a mixed field of electrons one obtains 

tE(x)En(E)dE En(E)dE, (4) 
//(E) is the frequency distributions of the initial energies of the electrons. The 
formula for T(x) is analogous. 

An important property of t(x) is that it is proportional to the probability density 
of distances between pairs of energy transfers randomly chosen in the irradiated 
medium. From Eq. (4) it follows that the normalization factor is equal to the 
dose-weighted average (E) of the energy per charged particle track: 

t(x)dx = tE(x)En(E)dEdx En(E)dE 

E2n(E)dE En(E)dE = (E). (5) 
The fact that t(x) is not normalized to unity is merely a matter of convenience 
that facilitates the consideration of extended regions and particles of large energy. 

RELATION TO LINEAR ENERGY TRANSFER A N D TO CONVENTIONAL 
MICRODOSIMETRIC QUANTITIES 

The functions T(x) or t(x) offer a mathematical representation of the micro-
distribution of energy imparted; as such they have direct applicability in radiation 
biophysics (23, 24). However , the functions are also related to the dose average 
linear energy transfer LD, and they are linked to some of the established micro­
dosimetric quantities. The relations that have been considered earlier (22, 23) 
will be listed without derivation. 

In the simplest L E T approximation, where linear tracks with constant rate of 
energy transfer are considered and where no account is taken of their finite range, 
one obtains, as can be shown from Eq. (4), 

t(x) = 2 LD. (6) 
The relation to microdosimetric quantities results from the fact that t(x) permits the 
calculation of the distribution v(x) of distances of transfers within a specified region 
from the function t(x) that refers to an extended medium, 

v(x) = s(x)t(x)i4irpx\ (7) 
s(x) is a function that characterizes the region of interest and that is analogous to 
the function t(x). It is the distribution of distances between points of the region 
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multiplied by the mass of the region. One can also say that s(x)dx is the expected 
mass of the region within a spherical shell of radius x and thickness dx that is cen­
tered at a point randomly chosen in the region. As with f(x), the function v(.x) is 
not normalized to unity. Instead one finds that the normalization factor is equal to 
the microdosimetric quantity e/;, i.e., the dose average energy imparted per event 
in the region (79, 25): 

to = v(x)dx = s(x)t(x) 
4-TTpX2 

dx. (8) 
The relation is important because it shows that one single function, characterizing 
the radiation field, permits the computation of eD for regions of any shape and 
size, as well as the computation of the closely related quantities £ or y D . 

For a sphere of diameter d one has 
3 v v3 

s(x) = 4npx2[ 1 - - — + — 1 2d 2d:i for x 
and therefore 

1 - - — + — \t(x)dx. 2d 2d* I 

(9) 

(10) 
Equations (7) and (8) make it unnecessary to repeat explicit calculations, or 
Monte Carlo simulations, for each geometry that may be considered and for each 
radiation of interest. Instead it is sufficient to compute the functions t(x) for the 
different radiations and the functions s(x) for the different geometries. The distribu­
tion v(x) or the quantity eD is then readily obtained for all possible combinat ions. 

COMPUTATION OF THE DISTANCE DISTRIBUTIONS 
The computation of the distance distributions t(x) from simulated charged par­

ticle tracks is straightforward. The simulated particle tracks are given in terms of 
the Cartesian coordinates of the transfer points and the associated energy transfers. 
In the computation all energy transfers of all utilized tracks are considered, and for 
each of these the squares of the distances to other transfers from the same track 
are determined. All resulting values are stored in an array that refers to a distance 
grid with equal logarithmic steps. The scale is chosen so that successive grid 
points belong to a distance ratio 21/32 = 1.022. To cover the distance range from 0.1 
nm to 100 /Am, one then needs 638 points on the array. 

Substantial computing times are involved. For a track of a 10-keV electron one 
has approximately 1000 energy transfers. Evaluation of one track therefore re­
quires approximately 500,000 computations of distances. Since 100 tracks were 
evaluated, about 5 x 107 distances had to be computed and stored. It is therefore 
essential to avoid repeated computations of logarithms of the squared distances for 
assigning the location in the storage array. Accordingly the logarithmic storage 
address for each square of distance is obtained by a simplified operation in machine 
code that takes the place of the computation of a logarithm but requires only the 
time of roughly one addition. This decreases the total computing time for the pro­
gram by more than a factor of 4 (on a TR 440) and reduces it to a fraction of an hour. 
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t l x ) 

0 5 0 100 150 2 0 0 

D I S T A N C E x / n m 

F I G . I. Proximity functions for electrons of specified energy in water. 

It was therefore not necessary to employ methods to reduce the number of dis­
tances to be computed. For higher electron energies such methods would be 
required. 

The present computations are based on 100 tracks of electrons, with initial energy 
10 keV in water, that were produced by the program of Terrissol and Patau. Some 
details of the program are described in Appendix A. 

The / functions for initial energies 10, 8, 5, 3 , 2 , 1 , 0.8, 0.5, 0.3, 0.2, and 0.1 keV 
were obtained simultaneously from the same tracks using separate storage arrays. 

NUMERICAL RESULTS 

Figures 1-5 represent the essential numerical results. Differential distributions 
/ ( A ) for various energies are given in Fig. 1. The figure extends up to distances of 
200 nm. This scale permits a convenient comparison of the characteristic shapes of 
the functions and their dependence on electron energy. However, at energies ex­
ceeding 2 keV the tails of the functions are not included. For this reason a separate 
plot is given in Fig. 2 of the proximity functions for energy exceeding 2 keV; this 
scale extends to the full range of the functions. On the other hand, even in Fig. 1 the 
scale is not fine enough to permit a clear representation of the proximity functions 
for energies below 0.8 keV. Figure 3 therefore gives a large-scale representation 
of the initial part of the proximity functions; in actual biophysical applications the 
curve shapes at small distances are of particular interest. 
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0 1 0 0 0 2 0 0 0 3 0 0 0 

D I S T A N C E x / n m 

FIG. 2. Proximity functions for electrons of 3 to 10 keV in water. The functions are given on a scale 
that includes the tails of the distributions. The wave-like irregularities on the functions for 8- and 10-
keV electrons may reflect statistical uncertainties due to the finite number of electron tracks. 

The sum distributions T{x) are also given in two different scales in Figs. 4 and 5. 
In these figures the broken curves are inserted for further illustration. They repre­
sent the contribution to the full distance distribution TD(x) [see Eq. (2)] of inde­
pendent ionizing particles. This helps to visualize the relative magnitudes of the 
intratrack term (solid curves) and the intertrack term (broken curves) at the doses 
that are indicated. As stated earlier, the intertrack term is independent of radiation 
quality. The main point is that at small distances and at the doses of practical 
interest in radiobiology most of the neighboring energy transfers in the vicinity of 
a transfer belong to the same particle track. A somewhat different plot of the func­
tions T(x) that also contains the standard errors is given in Fig. 15 in Appendix A. 

It must be noted that the differential distributions t(x) contain 8-function terms at 
x - 0. These terms represent the energy transfers on the reference transfer points 
themselves. They are not shown in the plot of t(x); however, they are the reason 
that the sum distributions start with finite values T(0) at zero distance. These values 
are equal to the dose averages of the individual transfers 

e V / n m 

2 0 

0 

/ ~ \ 2 k e V 

\ 

0 5 10 15 2 0 
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FIG. 3. Proximity functions for electrons in water on an extended scale that contains only the 
initial part of the functions. 
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F I G . 4. Integral proximity functions for electrons of specified energy in water. The broken lines 
represent the intertrack contribution at doses of 1 and 5 Gy (see text). 

r(0) = I e f / 2 ( i i ) 
i i 

where the summation extends over all transfers. The resulting values range from 
1(0) = 28 eV for the electrons of 10 keV to 7(0) = 30 eV for electrons of 0.5 keV. 

At small distances the proximity functions have pronounced peaks, reflecting the 
very localized clustering of energy transfers in the charged particle tracks. The 
precise shape of the peaks may be affected by uncertainties in the collision cross 
sections at low energies. However , the exact dependence on x is of limited im­
portance. Any degree of energy conduction or diffusion will remove some of the 
fine structure in the spatial correlation of energy transfers; this will have the general 
effect of reducing the magnitude of the energy concentrations over short distances. 

Figures 6 and 7 demonstrate this effect of diffusion by an example. In these plots 
modified proximity functions that result if the patterns of energy transfers are 
subjected to diffusion with a characteristic distance A = 5 nm are given. The char-

0 10 3 0 5 0 

D I S T A N C E x / n m 

FIG. 5. Integral proximity functions for electrons of specified energy in water on an extended scale 
that contains only the initial part of the functions. The broken lines represent the intertrack contribution 
at doses of 50 and 300 Gy (see text). 
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FIG. 6. Proximity functions for electrons in water that result if the inchoate pattern of energy transfers 
has diffused. The parameter A = 5 nm characterizes the extent of the diffusion. It is equal to the mean 
separation that results for two points initially coinciding. 

acteristic distance A is defined as the mean separation that results if two points, 
initially coinciding, are subjected to diffusion. The formulas that permit the deriva­
tion of the transformed distributions are listed in Appendix B. 

The proximity functions can be used to derive the microdosimetric quantities 

6 0 

D I S T A N C E x / n m 

FIG. 7. Initial parts of the proximity functions for electrons in water that result if the inchoate pattern 
of energy transfers has diffused. The parameter A = 5 nm characterizes the extent of the diffusion. 
It is equal to the mean separation that results for two points initially coinciding. 
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FIG. 8 . The microdosimetric quantity yb for spheres calculated from the proximity functions (see 
Eq. ( 1 0 ) ) . The quantity yD is equal to 3eD/2d, where d is the diameter of the sphere. The parameters 
on the curves give the electron energies in keV. 

€/;, £, or yD for various geometries. It is not the purpose of this article to treat this 
in detail, but a comprehensive plot ofyD is given in Fig. 8 for the important case 
of a sphere. 

As stated earlier, a systematic comparison of the data with those obtained from 
other simulated particle tracks is desirable but presently not feasible, since too 
few data are published. However , Table I summarizes the comparison with the 
limited data presently available. It shows good agreement between the present 

TABLE I 
Comparison to Earlier Results 

T(x) 

r 
(nm) 

Energy (keV) Energy (keV) 
r 

(nm) 0.5 1 5 10 (nm) 0.5 5 

2 105 
( 9 0 ) 

2 1 0 0 
( 1 2 0 ) 

5 2 3 0 
( 1 9 0 ) 

2 0 5 
( 1 7 0 ) 

115 
( 1 2 0 ) 

5 2 8 0 
( 2 6 0 ) 

1 9 0 
( 1 6 0 ) 

10 3 4 0 
( 3 0 0 ) 

1 0 4 2 0 
( 4 1 0 ) 

2 5 6 2 5 
( 5 7 0 ) 

5 0 7 4 0 
( 7 7 0 ) 

8 2 0 
( 7 7 0 ) 

8 6 0 
( 6 2 0 ) 

5 0 1 0 1 0 
( 1 0 0 0 ) 

7 5 8 2 5 
( 8 4 0 ) 

Note. In the left-hand part of the table values eD are listed that refer to cubical volumes of side 
length 2r\ they are derived from distributions of energy imparted or of numbers of ionizations published 
by Hamm et cd. (13). Results for spherical volumes from the present calculations are in parentheses. 
In the right-hand part of the table values T(x) are listed that are derived from distributions of 
numbers of ionizations published by Paretzke (26). Values from the present calculations are given in 
parentheses. In both sets of data the value W = 3 0 eV is used for conversion. 
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results and values T(x) that can be estimated from results published by Paretzke 
(26). Data published by Hamm et al. (13) do not relate to the / function but to the 
frequency distributions of energy imparted to cubes. Values eD derived from these 
distributions do not differ greatly from the values obtained in the present calcula­
tions for spherical volumes. 

In the context of a treatment of diffusion in Appendix B a comparison is made 
with experimental data obtained from cloud chamber studies (27, 28). 

The distance distributions represent the spatial correlation of energy within the 
electron tracks. The main factors that are involved are total range and energy of the 
tracks, curvature of the tracks, and clustering of energy transfers along the tracks 
(8 rays). 

For a better understanding of the properties of the t functions one must consider 
the influence of the 8 rays. It has previously been shown (19) that the distance 
distribution can be separated into two terms: 

The first term /6(x) represents only those correlated energy transfers that result 
from the same collision of the primary electron; such correlated energy transfers 
resulting from the same primary collision will in the present context be designated 
by the term delta. This term will also be used for single transfers that result from a 
collision of the primary particle. The term delta is therefore not identical to the 
usual notion of a 8 ray. The quantity ta(x) is the contribution from energy transfers 
not on the same delta. 

The initial high values of the / functions represent correlated energy transfers 
within the same delta. Figure 9 illustrates this by separating / functions into the 
two components. 

In biophysical considerations one uses, not infrequently, simplifications that 
depict the particle tracks by straight lines with continuous energy loss that varies 
along the track according to the dependence of linear energy transfer L(s) on 
ranges. One can readily deduce the / functions that would result in this simplified 
model, 

where r0 is the continuous-slowing-down range (CSD range). The resulting curves 
are depicted in the panels of Fig. 10 by broken lines. All curves in Fig. 10 are plotted 
versus a normalized distance x/r0 and are normalized to unity. This facilitates 
comparison of the curves for different energies. The simplified model leads to 
curves that are substantially different from the actual functions that are given 
as solid lines. 

The straight lines are inserted to show that another model which is seemingly 
cruder lead, in fact, to a better agreement with the actual functions. This model 
approximates the electron tracks by straight line segments of length 2r0/3 with 

FACTORS INVOLVED IN THE DISTANCE DISTRIBUTIONS 

t(x) = t*(x) + ta(x). (12) 

(13) 
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FIG. 9. Proximity functions for electrons of the specified energies in water, and their separation into 
the two components ts(x) and tn(x) [see Eq. (12)]. 

constant rate of energy loss. The resulting / functions are given by the formula 
t(x) = (3£ 0//-o ) ( l - 3x/2r0), x < 2r0 /3 . (14) 

The simplified model has frequently been invoked in dosimetric computations 
(29, 30), and it is supported by a consideration of the proximity functions. 

COMPUTATIONS BASED ON THE NUMBER OF IONIZATIONS 
A simplified approach pictures the charged particle tracks merely as a set of 

ionizations. This corresponds to the experimental approach in microdosimetry 
that utilizes ion collection and multiplication devices such as the Rossi counters 
(31). It is difficult to make theoretical statements on changes of the numerical 
values that result if microdosimetric quantities are derived on the basis of ioniza­
tions only rather than on the actual energy transfers. 

For this reason the t functions have been computed in a simplified way that 
neglects all excitations and counts only the ionizations with the W values that 
result for the tracks of specified initial energies. The t functions obtained in this 
way differ very little from those based on the full data. This is illustrated in Fig. 11 
where the results obtained on the basis of ionizations only are plotted as broken 
lines and the actual t functions as full lines. The simplified and actual curves start 
at similar values 7(0); this is because the dose-weighted energy average of the energy 
transfers [see Eq. (11)] happens to be close to the W values. 
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4 r~ 

FIG. 10. Comparison of actual proximity functions (solid curves) for electrons with functions that 
result from simplified models. The broken curves result if the electron tracks are treated as straight line 
segments with continuous energy loss according to their LET. The solid straight lines result if the tracks 
are pictured as straight line segments with constant energy loss rate and range equal to two-thirds 
of the continuous-slowing-down range. Ranges and LET values for water have been used (36). 

The results indicate that an experimental method based on ion detection should 
lead to adequate distance distributions for electrons, and it is not unlikely that this 
statement should also apply to other charged particles. 

CONCLUSION 
The present results are a limited contribution toward a systematic collection of 

distance distributions for different types of radiation. It will be important to extend 
the calculations to higher energies of electrons, to other part icles, and to mixed 
fields. It will be equally important to compare the results of different Monte Carlo 
calculations and to determine how sensitive the t functions or other microdosi­
metric quantities are to inaccuracies of the cross sections that are utilized for the 
simulated charged particle tracks. 
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FIG. 11. Integral proximity functions for electrons (solid lines) compared with results of a simplified 

calculation that utilizes only ionizations (broken lines). 

Systematic errors due to faulty cross sections are probably the main source of 
uncertainty in the results. However , most of the conclusions that one draws from 
comparing t functions at different electron energies should retain their validity, 
regardless of the fact that details of electron transport may be incorrect. 

APPENDIX A 
In the following, some essential characteristics of the input data, i.e., the 

simulated electron t racks , will be given. The program used for the generation of the 
particle tracks has been described earlier (12). In the simulation an electron is 
followed until its energy reaches the atomic ionization potential. Elastic scattering, 
ionization, excitation, reorganization following inner-shell ionization, and similar 
processes are simulated individually by sampling with representative experimental 
and theoretical cross sections. The entire trajectories of primary electrons and 
of all secondaries set in motion are reproduced. 

The various cross sections used in the Monte Carlo code are briefly listed in 
the following. For elastic scattering differential and total Di rac -Mot t cross sections 
have been calculated. For inner-shell ionization (K shell of oxygen) Gryzinski 
(32) cross sections are used. For total excitation and ionization cross sections of 
various outer shells the Kutcher and Green model (33) is applied. These authors 
surveyed a wide range of experimental and theoretical investigations and sought 
to construct a model applicable at all energy levels; this sometimes leads to slight 
discrepancies with other authors , but the model is convenient and fits a wide 
energy range. For sampling the energy loss in an inelastic interaction Kim (34, 35), 
who recommends the use of known values of the oscillator strength for low energy 
transfers and Mott inelastic cross sections for higher transfers, is followed. 

No at tempt will be made to give a detailed description of the tracks. However , 
the limited information that is listed in the following will permit an assessment of 
essential propert ies and a comparison with similar data generated by other 
computer programs. 

In Fig. 12 three different ranges (r i5 rp, and rs) are plotted versus electron energy; 
the bands indicate the standard error intervals. The upper band represents the 
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F I G . 12. Integrated range rh straight range rs, and mean projected range rp for the electron tracks 
used in the present computations. The width of the bands represents the region of the standard error 
due to the finite number of tracks that have been utilized. The broken line represents the continuous-
slowing-down range r0 as given by ICRU (56). 

mean integrated path length rx of the primary particle from energy E to energy zero. 
The broken line gives comparison data from ICRU (36) for the continuous-slowing-
down range rQ that is closely related to rv 

The intermediate band represents what may be termed the mean straight range; 
it is obtained as the mean distance between the starting point at energy E to the 
last transfer point of the electron. 

The lowest band gives what may be termed the mean projected range. This is 
obtained as the mean of the z coordinate of the terminal transfer point, if the 
electron starts with energy E at z = 0 and in the direction of the z axis. 

Figure 13 gives, as additional information, the sum distributions of the three 
different ranges for selected energies. The ordinate value is equal to the fraction p 
of the 100 tracks that have ranges in excess of the specified value. To keep the 
graphs simple the standard errors are not indicated. However , they are readily 
obtained from the formula that applies to the binomial distribution, p ± 0.1 (p • 
(1 - p))112. For example, one obtains at the 50% level the standard error interval 
0.5 ± 0.05. 

In Fig. 14 isotropic point source kernels are given for the tracks that have been 
utilized. They are plotted as shaded bands representing standard error intervals 
of the fraction of energy that is transferred beyond the specified distance from the 
starting point of the particle. To facilitate comparison between the curves the 
distances are given on a logarithmic scale. The solid lines in the upper panel 
represent point source kernels calculated by Berger (37). 
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FIG. 13. Sum distributions of the three different ranges of electrons for selected energies. The 
ordinate value is equal to the fraction of the 100 tracks that have ranges in excess of the specified value. 
The abscissa value is the range divided by the mean integrated range rx. Standard errors are not inserted 
but are readily obtained from the formula given in the text. 

It is difficult to judge the degree of error that is due to imprecisions of the cross 
sections. However, Fig. 15 gives the standard errors of the functions T(x) that are 
due to the finite number of tracks used in the computation. To avoid intersecting 
curves such as in Figs. 4 and 5 the function TE(x) is plotted versus electron energy 
E and x is used as a parameter. The bands represent the computed values TE(x) 
± standard deviations. These standard deviations are obtained from the 100 
individual values obtained from the 100 particle tracks; the standard deviations 
never exceed 5%. Figure 15 also has direct biophysical meaning, since the in­
dividual curves peak at those electron energies for which the energy concentrat ions 
over the specified distances x are largest. 
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FIG. 14. Normalized isotropic point source kernels for electrons of specified energy. The ordinate 
is equal to the fraction of energy that is transferred beyond the specified distance from the starting 
point of the electron. The lower panel gives the results for the simulated tracks used in the present 
calculations together with their standard deviations. The upper panel gives the kernels derived by 
Berger (57). 

APPENDIX B: INFLUENCE OF DIFFUSION ON THE PROXIMITY FUNCTION 
For a diffusion process one may assume that the displacement of a point in a 

specified direction is normally distributed with mean zero and standard deviation 
cr. Displacements in orthogonal directions are independently distributed. 

.2 .5 1 2 5 

E L E C T R O N E N E R G Y / keV 

FIG. 15. The integral proximity functions Tf.:(x) as a function of the initial electron energy E. Different 
values of the distance* are taken for parameters and are listed at the right ordinate. The bands represent 
TR(x) ± SD obtained from the results for 100 particle tracks. 
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FIG. 16. Comparison of computed proximity functions (solid lines) for 520-eV electrons with 
proximity function derived from cloud chamber observations (27, 28) (broken line). Two of the 
computed proximity functions are modified for diffusion with the specified diffusion parameters. 
Best agreement is obtained with A = 4.5 nm. 

The parameter a characterizes the extent of the diffusion; a more meaningful 
parameter, however, is the average separation A that results between two points 
initially coincident. One finds the following relation between A and <x:2 

A = 4/TT1/2O- - 2.26a. 
Furthermore, one can derive the formula for the proximity function l(x) that 
contains the influence of diffusion:2 

Kx) = 
o 2nmau 

This formula has been applied to obtain the functions in Figs. 6 and 7. In this 
application the initial 8 function has been included in t{u). This implies that the 
individual transfers are subject to diffusion in themselves; i.e., they do not retain 
their identity as discrete transfers. This may not always be the situation of interest. 
For example, cloud chamber observations are based on the observation of droplets 
that diffuse but that retain their identities as discrete droplets. In this case one will 
exclude the delta function from the transformation [7(0) = 7(0)]. 

Figures 16 and 17 give a comparison of proximity functions for electrons of 
520 and 955 eV from cloud chamber observations (27, 28) with our results. Best 
agreement, at least for small distances, is obtained for a diffusion parameter A 
= 4.5 nm; the authors have derived diffusion distances of similar magnitude. There 
is at present no definite explanation for the fast decline of the observed curves 
at larger distances x. Certain differences may arise because the computed functions 
relate to liquid water and the experimental results to gas. However, this cannot 
account for the marked differences at larger distances. 

2 A. M. Kellerer, D. Chmelevsky, and H. H. Rossi, in preparation. 
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FIG. 17. Comparison of computed proximity functions (solid lines) for 955-eV electrons with 
proximity function derived from cloud chamber observations (27, 28) (broken line). Two of the 
computed proximity functions are modified for diffusion with the specified diffusion parameters. Best 
agreement is obtained with A = 4.5 nm. 
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