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Abstract

Extending (Smirnov and Vishik, Subtle Characteristic Classes, arXiv:1401.6661), we obtain
a complete description of the motivic cohomology with Z /2-coefficients of the Nisnevich
classifying space of the spin group Spin, associated to the standard split quadratic form. This
provides us with very simple relations among subtle Stiefel-Whitney classes in the motivic
cohomology of Cech simplicial schemes associated to quadratic forms from 73, which are
closely related to Spin,-torsors over the point. These relations come from the action of the
motivic Steenrod algebra on the second subtle Stiefel-Whitney class. Moreover, exploiting
the relation between Spiny and G, we describe completely the motivic cohomology ring of
the Nisnevich classifying space of G,. The result in topology was obtained by Quillen (Math
Ann 194:197-212, 1971).
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1 Introduction

Our main purpose in this work consists in an attempt of better understanding Spin-torsors,
which are closely related to quadratic forms from I3. These are extremely interesting and fas-
cinating objects and, although they arise quite naturally in many areas of mathematics, there
are still many open questions about them due to their complexity and richness. In this paper,
we try to study Spin-torsors from a motivic homotopic point of view by using classifying
spaces and characteristic classes in motivic cohomology. At first, we need to mention that in
the motivic homotopic environment there are two types of classifying spaces, the Nisnevich
and the étale. The difference between the two is particularly visible when one works with
non special algebraic groups. Indeed, in this case, the two types of classifying spaces above
mentioned have in general different cohomology rings and, therefore, different characteristic
classes. From [11], we know that torsors are classified by étale classifying spaces, never-

BJ Fabio Tanania
fabio.tanania@ gmail.com

Mathematisches Institut, Ludwig-Maximilians-Universitdt Miinchen, Theresienstr. 39, 80333 Munich,
Germany

Published online: 17 November 2021 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00209-021-02908-2&domain=pdf
http://arxiv.org/abs/1401.6661

F. Tanania

theless studying Nisnevich classifying spaces has shown to provide some advantages in the
project of investigating them.

Actually, an essential inspiration for our work lies in [14], where the authors study torsors
by using Nisnevich classifying spaces. They are mainly interested in B O, the Nisnevich
classifying space of the orthogonal group associated to the standard split quadratic form
qn. wWhich provides a key tool to study Op-torsors over the point which are nothing else
but quadratic forms. In particular, they compute the motivic cohomology ring with 7Z /2-
coefficients of B O,,. This happens to be a polynomial algebra over the motivic cohomology
of the point generated by some cohomology classes which are called subtle Stiefel-Whitney
classes. These are very informative invariants, for example they enable to recognise the power
of the fundamental ideal of the Witt ring where a quadratic form belongs and they are also
connected to the J-invariant introduced in [17]. In a completely analogous way, it is possible
to compute the motivic cohomology of B S O,,, which again is a polynomial algebra generated
by all the subtle Stiefel-Whitney classes but the first, as one would expect from the classical
topological result.

In this work we go a bit further on this path by providing a complete description of the
motivic cohomology with Z /2-coefficients of BSpin,, the Nisnevich classifying space of
the spin group associated to the standard split form ¢,. As we have already mentioned,
this is a step forward in the understanding of Spin-torsors, and so of quadratic forms with
trivial discriminant and Clifford invariant. In topology the singular cohomology of BSpin,
was computed by Quillen in [13]. Essentially, his computation is based on two key tools:
(1) the regularity of a certain sequence in the cohomology ring of BSO,; (2) the Serre
spectral sequence associated to the fibration BSpin,, — BSO,.Regarding (1), we essentially
prove the regularity of a sequence in the motivic setting similar to Quillen’s sequence in
topology. This sequence is obtained from the second subtle Stiefel-Whitney class by acting
with some specific Steenrod operations. As we will notice, the motivic situation is much
more complicated than the topological one. This comes from the fact that in the motivic
picture the element t appears. Regarding (2), we use instead techniques developed in [14]
to deal with fibrations of simplicial schemes with fibers which are motivically Tate, since in
the motivic setting we lack a spectral sequence of Serre’s type associated to a fibration. As a
result, we get a description of the entire cohomology ring of BSpin, which is similar to the
topological one in the same way as it is for the orthogonal and the special orthogonal cases.
More precisely, we prove the following theorem (see Theorem 8.3).

Theorem 1.1 For any n > 2, there exists a cohomology class vy of bidegree
(KM=1y[2kD sych that the natural homomorphism of H-algebras

H(BSOy)/ Ik ®u Hlvykw ] — H(BSpin,)

is an isomorphism, where Iy, is the ideal generated by 0y, . .., Oku)—1 and k(n) depends
on n as in the table of Theorem 3.1.

Equivalently, one can visualize I, as the ideal generated by the action of the motivic
Steenrod algebra on the second subtle Stiefel-Whitney class. This way we obtain subtle
classes for Spin-torsors and relations among them. Moreover, by exploiting the relation
between Spin; and the exceptional group G;, we prove the following result that completely
describes the motivic cohomology of BG, providing subtle characteristic classes for G-
torsors, namely octonion algebras (see Theorem 9.1).

Theorem 1.2 The motivic cohomology ring of BG, is completely described by
H(BG2) = Hluy, ug, u7].
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Subtle characteristic classes for Spin-torsors

Since torsors are classified by étale classifying spaces, much attention has been devoted to
investigate their Chow rings (see [16]), which neverthless are notoriously difficult to study.
Regarding Spin,, the picture is completely understood for n < 6 where the spin groups are
known to be special by the sporadic isomorphisms. Guillot computed the Chow ring of the
first non-trivial case, namely Spiny, together with the one of G, over complex numbers in
[4]. Next, Molina obtained the description of the Chow ring of Sping over complex numbers
in [9]. On the other hand, Yagita computed in [22] the whole motivic cohomology with Z /2-
coefficients for Spiny and G, and provided a bound for the Chow ring with Z /2-coefficients
of all Spin, over complex numbers in [21] by exploiting Quillen’s computation of the singular
cohomology of BSpin,. In this paper we obtain a similar result by exploiting instead our
computation of the motivic cohomology of the Nisnevich classifying space of Spin, which
allows to relax the hypothesis on the base field and also suggests that understanding Nisnevich
classifying spaces can possibly help in the study of the étale ones over more general fields.
Outline. We now shortly summarise the content of each section of this text. In Sects. 2 and
3 we give some notations that we follow throughout this paper and recall some preliminary
results from [13] regarding the computation of the cohomology ring of BSpin,, in topol-
ogy. In Sect. 4 we present some definitions and properties of the category of motives over
a simplicial scheme which provide us with the main techniques essential to deal with fibra-
tions of simplicial schemes with motivically Tate fibers. Section 5 is devoted to Nisnevich
classifying spaces, to show some of their features and, in particular, to recall subtle Stiefel—
Whitney classes. In Sect. 6 we construct a grid of long exact sequences involving the motivic
cohomology of BSpin, and of BSO,, which is our key tool, substituting the Serre spectral
sequence, to get our main result. In Sect. 7 we show some results about regular sequences in
H(BSO,) obtained by acting with some Steenrod operations on the second subtle Stiefel—
Whitney class, which allows us in Sect. 8 to prove the main theorem, i.e. the computation of
the motivic cohomology ring of BSpin,. We see that, in general, this is not polynomial any-
more in subtle Stiefel-Whitney classes, since many non trivial relations appear among them
related to the action of the motivic Steenrod algebra on the second subtle Stiefel-Whitney
class, and new subtle classes appear. Section 9 is devoted to the computation of the motivic
cohomology ring of BG». In Sects. 10 and 11, using previous results, we find very simple
relations among subtle classes in the motivic cohomology rings of Cech simplicial schemes
associated to Spin-torsors and get some information about the Chern subring of the Chow
ring with Z /2-coefficients of the étale classifying space of Spin,,.

2 Notation

Let us start in this section by fixing some notations we will use throughout this paper.

It follows from results by Voevodsky (see [19, Theorem 6.1, Corollary 6.9 and Corollary
7.5]) that H = KM (k)/2[t], where T is the generator of H%! = 7Z /2. At this point, recall
from [20, Lemma 11.1] and [6, Theorem 1.1] that the motivic Steenrod algebra is generated
as a left H-module by the admissible monomials Sq* ... Sqg’ where ij+1 > 2ij > 0. Each
Steenrod square Sqi has bidegree ([i/2])[i], therefore Sqi (x) = 0 fori > 0 and for any
xe H" =K ,’)” (k)/2, since H is trivial above the diagonal. Moreover, since we are working
over a field containing the square root of —1, we have that Sg't = p = 0 where p is the
class of —1 in K™ (k)/2 and S¢’(t) = 0 for any i > 2 by [20, Lemma 9.9]. It follows from
this remark that, in our case, the only motivic cohomology operations that act non-trivially
on H are the multiplications by elements of H.
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k

Spc(k), Spes (k)
Hs (k), Hs, (k)
HAI (k), HAI,*(k)

Field of characteristic not 2 containing +/—1

Category of motivic spaces over k, its pointed version

Simplicial homotopy category, its pointed version
Al—Homotopy category of Morel—Voevodsky, its pointed version

D./\/l;f f (k) Triangulated category of effective motives

T Unit Tate motive in DMe_f r (k)

Hiop(—) Singular cohomology with Z /2-coefficients

H(-) Motivic cohomology with Z /2-coefficients

H Motivic cohomology with Z /2-coefficients of Spec (k)

KMky/2 Milnor K-theory of kX modulo 2

wj i-th Stiefel-Whitney class in H;op(BSOp)

u; i-th subtle Stiefel-Whitney class in H(BSOy,)

0 The clement S¢2' ' Sq2' ™ ... Sq2Sq" wy in Hiop(BSO)

0; The element qujil Sq2]72 s quSqluz in H(BSOy)

I;Op Ideal in Htop(BSOp) generated by pp, ..., Pj—1

I; Ideal in H(BSO,) generated by 6p, ..., 0|

k(n) max{j : po, ..., pj—1 is aregular sequence in Hyop(BSOy)} (see Theorem 3.1)
h(n) max{j : 7, 6p,...,0;_1 is a regular sequence in H(BSOy)} (see Theorem 7.5)
Vsk(n) Extra polynomial generator in H (B Spiny)

3 Preliminary results

Our goal is to compute the motivic cohomology ring of the Nisnevich classifying space of
Spin,, the spin group of the standard split quadratic form g,. In topology, the computation
of the singular cohomology of BSpin, associated to the real euclidean quadratic form was
achieved by Quillen in [13].

Before recalling his main results, let us define the elements p; in Hy,,(BSO,) =
Z /2[w3, ..., w,] inductively by the following formulas:

Lo = W2;

J
pj+1 = S4% p;.

Theorem 3.1 The sequence po, . . .
on n as in the following table.

) Pk(n)—1 is regular in Hy,p (BSOy), where k(n) depends

n k(n)
81+ 1 4]

81+2 44+1
81+3 4 +2
81+4 4+2
81+5 41+3
81+6 41+3
81+7 41+3
81+8 41+3
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Proof See [13, Theorem 6.3]. O

Moreover, we recall that the values written in the previous table are related to the dimension
of spin representations of Spin,. More precisely, for any n there is a spin representation
Ay, @ Sping — SOskw that induces a map BA, : BSpin, — BSOyw on classifying
spaces which, in turn, induces a homomorphism in cohomology BA” : Hiop(BS Opkny) —
H;op(BSpin,). We denote by w; (A,) the cohomology class BAY(w;) in Hop(BSpiny).

Theorem 3.2 Let I;Zf) be the ideal in H,,,(BSOy) generated by the regular sequence from
Theorem 3.1. Then, the canonical homomorphism

Hiop(BSOn)/ 1(0 & Z. [2[wyk (An)] = Higp(BSpiny)
is an isomorphism.

Proof See [13, Theorem 6.5]. ]

Remark 3.3 From Theorems 3.1 and 3.2 it follows that

k(n), e
k(n + 1) _ ( ) Pk(n) /;(0,11])
k(n) + 1, proy) ¢ [k(n)
where here by Iégf) we mean the ideal in Hy,,(BS Oy 1) = Z /2[wy, ..., wyy1] generated
by the elements po, ..., Pk@p)—1-

Furthermore, we notice that Theorem 3.2 relies on the Serre spectral sequence for the
fibration B Z /2 — BSpin, — BSO,,. In the motivic setting we do not have such a tool, so
we use instead techniques developed by Smirnov and Vishik in [14] which we recall in the
following sections.

4 Motives over a simplicial base

The main purpose of this section is to recall some key definitions and results regarding the
triangulated category of motives over a simplicial base, which is an essential tool for our
computation. Before starting, we would like to mention that the contents of this section
are essentially the same as Section 3 in [15]. Here, there is only a further attention in the
construction of all cofiber sequences at the level of motivic spaces first, which is needed for
the compatibility with Steenrod operations. Moreover, there is the definition of Thom class
and Corollary 4.4, which were not present in [15].

Let us fix a smooth simplicial scheme Y, over k and a commutative ring with identity R.
Following [18], we denote by Sm /Y, the category in which objects are given by pairs (U, j),
with j a non-negative integer and U a smooth scheme over Y;, and in which morphisms
from (U, j) to (V,i) are given by pairs (f, 6), with 8 : [i] — [j] a simplicial map and
f : U — V amorphism of schemes, such that the following diagram is commutative
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Moreover, as for spaces over the point, let us denote by Spc(Y,) = AP Shvyis(Sm/Y,)
the category of motivic spaces over Y, and by Spc(Y,) its pointed counterpart, consisting
of simplicial Nisnevich sheaves over Sm/Y,.

For any morphism f : U — V in Spc.(Y,) there is a cofiber sequence

U — V—>C0ne(f)—>Sl/\U
where Cone(f) is defined by the following push-out diagram in Spc«(Y,)

f

U———V
U A A[l] —— Cone(f).

In [18] there is a construction of the category of motives over Y, with R-coefficients. This
category is denoted by DM, f(Y., R). We notice that every cofiber sequence in Spcy(Y,)

induces a distinguished triangle in DM pp (Y, R). Besides, attached to this category there
is a sequence of restriction functors

ri DM;ff(Y., R) — DM;]»f(Y,-, R).

The image of a motive N € D./\/le_ff(Y «. R) under r}* is simply denoted by N;. Further-

more, we have the following adjunction for any morphism p : ¥, — ¥ of smooth simplicial
schemes

DM, (Yo, R)
Lp* 1 | Rpx
DM;ff(Y;, R).

In the case that p is smooth, together with the previous one, there is also the following
adjunction

DM (Ye, R)
Lpg | 1 p*
DM, (Y., R).

In particular, for any smooth simplicial scheme Y, over k, we have a pair of adjoint functors

D./\/le_ff(Y., R)

Ley | 1 c*
DMy (k. R)

where ¢ : Yo — Spec(k) is the projection to the base. Then, following [18, Section 5], one
can define Tate objects T'(¢)[p] in DM;ff (Ye, R) as c*(T (¢)[p))-
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At this point, we recall some facts about coherence taken from [14]. By a smooth coherent
morphism we mean a smooth morphism 7 : X, — Y, such that there is a cartesian diagram

j
Xj——=Y;

xgi lyg

Xi——=Y;
T

for any simplicial map 0 : [i] — [j]. Amotive N in DMe_ff (Yo, R)issaid tobe coherentif all
simplicial morphisms 6 : [i] — [j] induce structural isomorphisms Ny : LY, (N;) — Nj.
The full subcategory of DM 45 (Ye, R) whose objects are coherent motives is denoted by
DM, (Ys, R). The fact that LYék is a triangulated functor implies that DM , (Y,, R)
is closed under taking cones and arbitrary direct sums. On the other hand, we have that
Ly maps coherent objects to coherent ones for any smooth coherent morphism 7. Hence,
M(X, N Y,) is a coherent motive, where by M (X, LN Y,) we mean the image Lmy(T) of
the unit Tate motive.

In the following results, CC(Y,) indicates the simplicial set built up from a simplicial
scheme Y, by applying the functor CC sending any connected scheme to the point and
commuting with coproducts.

The following proposition permits us to deal with fibrations of simplicial schemes with
motivically Tate fibers.

Proposition 4.1 Let Y, be a simplicial scheme, R be a commutative ring with identity, and
suppose that the first singular cohomology group H'(CC(Y,), R*) is trivial. Let r, s be
non-negative integers, and let N € DM_, (Yo, R) be a motive such that N; = T (r)[s] in
DMe_ff(Y,', R) for alli. Then, N = T (r)[s] in D/\/l;ff(Y., R).

Proof See [14, Proposition 3.1.5]. O

We point out that, for R = Z /2, the cohomology group H'(CC(Y,), R*) is always
trivial.

The next result is the core technique inspired by [14] that enables to generate long exact
sequences in motivic cohomology, similar to Gysin sequences for sphere bundles in topology,
for fibrations with motivically Tate fibers.

Proposition 4.2 Let w : X, — Y, be a smooth coherent morphism of smooth simplicial
schemes over k and A a smooth k-scheme such that:

(1) over the O simplicial component 1 is the projection Yo x A — Yy,
2) H'(CC(Y,), R*) = 0;
(3) M(A) =T &T(r)s — 1] € DM,/ (k, R).

Then, M(Cone(m)) = T()[s] € DMg_ff(Y., R) where Cone(r) is the cone of m in
Spc«(Ye). Moreover, we get a Thom isomorphism of H(Y,, R)-modules

H*S*~"(Y,, R) — H** (Cone(r), R).
Proof In Spc.(Y,) we have a cofiber sequence

Xo N Yy — Cone(mr) — ST A X
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which induces a distinguished triangle
M(Xe 5 Y)) — T — M(Cone(n)) - M(Xe 2> Yo)[1]

in the motivic category DM, iF (Y,, R). Since 7 is smooth coherent and 7 is the projection
Yo x A — Yy by hypothesis, we have that it is the projection over any simplicial component
i.e. ; is the projection ¥; x A = X; — Y; for all i. It immediately follows that M (X; —

YDETHTE)|s — 1]in DM, (Yi, R) since by hypothesis M(A) =T & T(r)[s — 1]
in DMeff (k, R). Hence, the map m; induces the projection 7 & T(r)[s — 1] — T in
DMgff (Y;, R) forany i, from which we get that M (Cone()); = T (r)[s] 1nD/\/leff (Y:, R).

Moreover, we point out that M (Cone(rr)) is a coherent motive, since both M (X, LN Y,)
and T are coherent objects and DM, (Y,, R) is closed under taking cones. Since we are
also assuming by hypothesis that H' (CC(Y,), R*) = 0 we can apply Proposition 4.1 to
M (Cone(m)). Therefore, we obtain that M (Cone(r)) = T (r)[s] in D/\/leff(Y., R), and the
proof is complete. O

The image of 1 under the Thom isomorphism is called Thom class and it is denoted by .
Later on, we will also need the following proposition about functoriality of the Thom
isomorphism.

Proposition4.3 Let w : Xo — Yo and ' : X, — Y. be smooth coherent morphisms of
smooth simplicial schemes over k with Y connected and A a smooth k-scheme that satisfies
all conditions from the previous proposition with respect to ' and such that the following

diagram is cartesian with all morphisms smooth

X.L>Y,

X, — Y,
T
Then, the induced square of motives in the category DMe_ff (Y., R) extends uniquely to a
morphism of triangles where Lpys M (Cone(m)) — M(Cone(w")) is given by M (py)(r)[s].

Proof We start by noticing that in Spc,(Y]) we can complete our commutative diagram to a
morphism of cofiber sequences

Xe LA Yo —— Cone(mr) —— SIAX,

X, "> Y, —— Cone(n') —— S'AX]

which induces a morphism of distinguished triangles in D/\/le_ff(Y.’, R)

LpysM(Xe 5 1) LpysT Lpy#Cone(n) = LpysT (r)[s] —— LpysM(Xe = Y)[1]
M(px)l lM(py) lM(m l’M@X)“J
M(X, L Y T Cone(n') = T (r)[s] ————— M(X,, L YH[1]

@ Springer



Subtle characteristic classes for Spin-torsors

where the isomorphisms in the third column follow by Proposition 4.2. If we restrict our
previous diagrams to the 0 simplicial component we obtain in Spcy (Y})

Yo x A 2~ Yy — Cone(mg) —= S' A (Yo x A)

pYOXid\L \LPYO J{po iidA(pYOXid)

Y} x A s Y| — Cone(n}) — S' A (Y] x A)

and in DMe_ff(Yé, R)

Lpy#T @ LpyuT (r)[s — 1] LpyT Lpy# T (r)[s] ———> Lpy#T[11@® LpysT (r)ls]
M(mh)@M(MUW)[JI]\L lM(pyo) \LM(po) iM(I’Yo)[]]QM”’YO)(")M
TeTr)s—1] T T(r)s] T[11& T(r)ls]

from which we deduce that M(po) must be M(py,)(r)[s]. Notice that the morphisms
M (p)(—r)[—s] and M (py) are in

HomDM&f(Y£7R)(pr#T, T) = HomDM;ff(Y.,R)(T* p;T) = HomDMzﬁ(Y.,R)(T* T)=R
and, for the same reason, M (po)(—r)[—s] = M (py,) isin
HomDM;ff(Yé’R)(prO#T, T)= HomDM;ﬁf(YO_R)(T, p;OT) = HomDM;ﬁf(YO’R)(T, T)=R.
Since the homomorphism
rg HomDM;ff(Y.,R)(T’ TY=R — HomDM;ff(Yo,R)(T* TY=R
is the identity on R, we get that M (p) = M (py)(r)[s], as we aimed to show. ]

In particular, from the previous proposition it immediately follows the next corollary about
functoriality of Thom classes.

Corollary 4.4 Under the hypothesis of Proposition 4.3, the homomorphism of H(Y., R)-
modules

P H** (Cone(r), R) — H** (Cone(r), R)

sends o' to a, where o and a are the respective Thom classes.

5 The Nisnevich classifying space

Throughout this paper, we are mainly interested in Nisnevich classifying spaces of linear
algebraic groups over Spec(k). In this section we recall some of their properties and relations
with étale classifying spaces. The contents of this section are similar to Section 4 in [15]. The
main difference resides on the fact that, in order to deal with the Spin-case, it is essential
to weaken the hypothesis in Proposition 5.1 from “is injective" (see [15, Proposition 4.1])
to “has trivial kernel". Moreover, here we have added Corollary 5.2, Proposition 5.6 and
Corollary 5.8, which were not present in [15].

Given a linear algebraic group G over k, let us call by EG the simplicial scheme defined
on simplicial components by (EG),, = G"*! with partial projections and partial diagonals as
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face and degeneracy maps respectively. The operation in G induces a natural action on EG.
Then, the Nisnevich classifying space BG is obtained by taking the quotient respect to this
action,i.e. BG = EG/G.Moreover, from the morphismof'sitesw : (Sm/k)s; — (Sm/k)nis
we obtain the following adjunction

Hs ((Sm/k)g)
" 4| R
HY((Sm/k)NlY)

where 7, is the restriction to Nisnevich topology and 7 * is étale sheafification. Then, a
definition of the étale classifying space of G is provided by B;;G = Rm,w*BG . Although
this definition presents étale classifying spaces as objects of H,((Sm/k)yis, there exists
a geometric construction for their A'-homotopy type (see [11]) obtained from a faithful
representation p : G — GL(V) by taking the quotient respect to the diagonal action of G
on an open subscheme of an infinite-dimensional affine space @, V where G acts freely.

Now, let H be an algebraic subgroup of G. Then, we can define two simplicial objects
related to BH, namely a bisimplicial scheme BH = (EH x EG)/H and a simplicial
scheme BH = EG /H. We highlight that the obvious morphism of simplicial schemes
7 :BH — BG i is trivial over each simplicial component with G /H-fibers. At this point,
let us call by ¢ : BH — BH and v BH — BH the two natural projections. Notice that
¢ is always trivial over each simplicial component with contractible fiber EG, therefore an
isomorphism in H, (k). The behaviour of v is somewhat different. Indeed, we need to impose
a precise condition in order to make it an isomorphism.

Proposition 5.1 Ifthe map Hom ) (Spec(R), BgH) — Homy, ) (Spec(R), B, G) has
trivial kernel for any Henselian local ring R over k, then \ is an isomorphism in Hy (k). In
particular, BH = BH in H (k).

Proof We start by noticing that the restriction of v over any simplicial component is given
by the morphism (EH x G"*')/H — G"*!/H. The simplicial scheme (EH x G"*1)/H
is nothing but the Cech simplicial scheme C(G"!' — G"*1/H) associated to the H-torsor
G"t! — G"*!/H which becomes split once extended to G. In order to check that

é(GVL-'rl N Gn+1/H) N GI1+1/H

is a simplicial weak equivalence it is enough, by [11, Lemma 1.11], to evaluate on henselian
local rings. Therefore, we need to look at the morphism of simplicial sets

C(G"N(R) — (G"'/H)(R)) — (G"T'/H)(R)

for any henselian local ring R over k. Now, the fiber of G"*! — G"*!/H over any point
Spec(R) of G"T!/H is given by a H-torsor P — Spec(R) whose extension to G is split,
so split itself by hypothesis. In other words, this fiber is nothing but the split H-torsor H x
Spec(R) — Spec(R). In this way we have found a splitting of G"t!(R) — (G"*!/H)(R)
which proves that C(G"*1(R) — (G"T'/H)(R)) — (G""'/H)(R) is a weak equivalence
of simplicial sets, for any henselian local ring R. This implies that i is an isomorphism in
Hy (k). O

In practice, in the case we are interested in, it is enough to check the hypothesis of
the previous proposition only for field extensions of k. The reason resides on the fact that
rationally trivial quadratic forms are Zariski-locally trivial (see [12, Theorem 5.1]). Indeed,
we have the following corollary to the previous proposition.
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Corollary 5.2 Let H and G be such that all rationally trivial H-torsors and G-torsors are
Zariski-locally trivial. If the map Homyy,)(Spec(K), BsyH) — Homy k) (Spec(K),
Bs; G) has trivial kernel for any field extension K of k, then v is an isomorphism in Hg (k).
In particular, BH = BH in Hy (k).

Proof Let R be any Henselian local ring over k and K its field of fractions. Then, we have
the following commutative diagram

Homy ) (Spec(R), BsyH) —— Homq ) (Spec(R), Bs;G)

l |

Homy ) (Spec(K), Bsy H) ——= Homy, () (Spec(K), Bs;G).

Saying that all rationally trivial H-torsors and G-torsors are Zariski-locally trivial implies
that the two vertical maps in the previous diagram have trivial kernels. Moreover, by hypothe-
sis, we have that the bottom horizontal map has trivial kernel too. Therefore, the top horizontal
map has trivial kernel and the statement follows by Proposition 5.1. O

The natural embedding of algebraic groups H < G induces two morphisms j : BH —
BH and g : BH — BG. The following result tells us that, under the hypothesis of the
previous proposition, j identifies BH and BH in H (k).

Proposition 5.3 Under the hypothesis of Proposition 5.1, j is an isomorphism in H (k).

Proof We already know that in this case the morphisms of bisimplicial schemes ¢ and ¥
become weak equivalences once restricted to simplicial components. It follows that the
morphisms they induce on the respective diagonal simplicial objects, namely ¢ : A(E H) —
BH and ¢ : A(E H) —» BH , are weak equivalences. So, in order to get the result, it is
enough to provide a simplicial homotopy Fi(") S (H™! x G"*YY/H — G"*?/H between
j¢ and ¥. One is given by

F™ oy B, 80, -+ vi) = (hoy <o hiy giv oy Vi)

forany n and any 0 <i < n. O

Remark 5.4 Note that, since g = mj, the homomorphism j* : H(§H) — H(BH) is an
isomorphism of H (BG)-modules.

The reason why we would like to work with BH — BG instead of BH — BG is that the
first is a coherent morphism which is trivial over the O simplicial component with fiber G/ H.
So, provided that the reduced motive of G/H is Tate, we could apply to it Proposition 4.2.
In a nutshell, this is how one can reconstruct the cohomology of the Nisnevich classifying
space of an algebraic group inductively by considering some filtration of it.

We now move our attention to some particular examples which are of main interest for
the purposes of this paper. First, we recall that O,-torsors are in one-to-one correspondence
with quadratic forms, S O,-torsors are in one-to-one correspondence with quadratic forms
with trivial discriminant and Spin,-torsors yield quadratic forms with trivial discriminant
and Clifford invariant via a surjective map with trivial kernel for n > 2. Hence, we can apply
Propositions 5.1 and 5.3 to the case that G and H are respectively O,,+1 and Oy, or SO, 41
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and SOy, or Spin,4+1 and Spin, for n > 2. Moreover, we have the following short exact
sequences of algebraic groups

1 - S0, — Oy — nu2— 1,
1 = puy — Spin, — SO, — 1

from which we get that
Agry = Ony1 /Oy = S0,11/S O = Spiny st/ Sping
where Ay, , is the affine quadric defined by the equation g, 1 = 1. Now we recall that
M(Aq,,) = ZSZ((n +1)/2D[n] € DM 4, (k)

by [14, Proposition 3.1.3]. Hence, we can apply Proposition 4.2 to the fibrations we are mostly
interested in, namely BO,, — BO,+1, BSO,, — BSO,1 and BSpin,, — BSpin,41.

Indeed, by exploiting the arguments above mentioned the following theorem is obtained
in [14].

Theorem 5.5 There is a unique set uy, ..., u, of classes in the motivic 7. /2-cohomology
of BO,, such that deg(u;) = ([i/2])[i], u; vanishes when restricted to H(BO;_1) for any
2<i<nand

H(BO,) = Hluy, ..., uy).
Proof See [14, Theorem 3.1.1]. O

The generators u; are called subtle Stiefel-Whitney classes. It is possible to get the same
description for H (B S 0,) with the only difference given by the fact that #; = 0. Indeed, one
has the following result.

Proposition 5.6 The motivic cohomology ring of BS O, is completely described by
H(BSO,) = Hlus, ..., uy].

Proof 1t is enough to apply Proposition 4.2 to the coherent morphism BSO, — BO, whose
fiber is isomorphic to u;. This way one gets a Gysin long exact sequence of H (B O, )-modules
in motivic cohomology

. > HPY(BO,) L HMBO,) & HP(BSO,) S HP(BO,) — . ...

Now, note that £* is a ring homomorphism, hence it sends 1 to 1. Since H O'O(B SO, =
Z /2, it follows that [* is the 0 homomorphism in bidegree (0)[0]. This implies that j* sends
1 to u;. From the fact that it is a homomorphism of H (B O,,)-modules we deduce that j* is
the multiplication by ;. Hence, it is a monomorphism in all bidegrees, from which it follows
that /* is the 0 homomorphism in all bidegrees. Therefore, k™ is an epimorphism and it kills
all monomials divisible by u1, from which we deduce that H(BSO,) = Hluj, ..., u,]. O

Unfortunately, as we will see, while for orthogonal and special orthogonal groups Gysin
sequences are enough to get the description of the motivic cohomology of their classifying
spaces, for spin groups this is not true anymore. Indeed, we need to use also the fibrations
BSpin, — BSO, and study their induced homomorphisms in cohomology. We achieve this
in the following sections.

@ Springer



Subtle characteristic classes for Spin-torsors

We will also use the action of the motivic Steenrod algebra on subtle classes which is
given by the following Wu formula as in the classical case.

Proposition 5.7

Y lico (" im0k <m

SqXu, = uz, k=m
0, k>m
Proof See [14, Proposition 3.1.12]. O

From the previous result we immediately deduce the following corollary which will be
useful in the next sections.

Corollary 5.8 Let w be a monomial of bidegree ([%])[m] inZ /2[t,uy, ..., up+1). Then,
Sq"w = w? and Sq’ w = 0 for any j > m.

Proof If m is even, by [20, Lemmas 9.8 and 9.9], there is nothing to prove since w is on
the slope 2 diagonal. Consider m odd, then w = r%xuhl ---up, where x is a monomial
in even subtle classes and uj; are odd subtle classes (notice that » must be odd by degree

reason). Therefore, by Cartan formula, we have that S¢"w = Sq¢™(t %xuh] celp,) =

2

r—1 r—1 . .
Sq’"’h’ (T2 xup,-- -uh,_l)th"uhr = (thuhl---uhr_,)zu%r = w* since the monomial

—1 . . ; .
T'Txuhl ---up,_, is on the slope 2 diagonal. Moreover, Sg/w = 0 for j > m for the same

reason. O

6 The fibration BSpin,, — BSO,

We have already noticed that the special orthogonal case does not differ much from the
orthogonal one, at least from the cohomological perspective, in the sense that their motivic
cohomology rings are both polynomial over the cohomology of the point in subtle Stiefel—
Whitney classes. This is not true anymore for spin groups. The main reason is that in this
case there are much more complicated relations among subtle classes given by the action
of the motivic Steenrod algebra on u#» which make the cohomology rings not polynomial in
subtle Stiefel-Whitney classes anymore (precisely for n > 9) and, moreover, new classes
appear. For this reason, in order to get our main result, together with an inductive argument
we need to consider the fibration BSpin, — BSO,. More precisely, in order to investigate
the motivic cohomology of BSpin,, we need to consider for any n > 2 the commutative
square

ESpinn & §SOH

BSping1 —'s BSO,1
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where 7 and 7 are smooth coherent morphisms, trivial over simplicial components, with
fiber isomorphic to the affine quadric A, ,, defined by the equation g, +1 = 1.

In Spck(BS O,41) we can complete the previous diagram to the following one (commu-
tative up to a sign in the right bottom square) where each row and each column is a cofiber
sequence

BSpiny, d BSO, "~ Cone(@,) —— S' A BSpin,
T T T

. an+1 but1 Cn+l1 1 .

BSpiny,+1 —— BSO,+1 — Cone(any+1) — S A BSping4+1

f ! 7

Cone(7) —— Cone(nr) ——— Cone(w) ——— S! A Cone(¥)

S' A BSpin, — S' A BSO, — S' A Cone(@,) — S A BSpin,,.

The previous diagram induces, in turn, a commutative diagram of long exact sequences in
motivic cohomology with Z /2-coefficients, where all the homomorphisms are compatible
with Steenrod operations and respect the H (B S O,,41)-module structure. This remark comes
from the fact that the following diagram of categories

Spes(BSOpi1) ———— Han (k)

| |

DM (BSOnt1, 2 [2) —= DM, (k, 2 /2)

is commutative up to a natural equivalence and both functors in the right bottom corner
have adjoints from the right, so we have the action of Steenrod operations on the motivic
cohomology of objects belonging to the image of Spc(BSO;+1) in DM;ff (BSOy41,7Z/2)
pulled from H 41 , (k).

Since Spin-torsors yield quadratic forms from /3 via a map with trivial kernel and for
quadratic forms Witt cancellation holds, we are allowed to use Propositions 5.1 and 5.3 and
Remark 5.4. As a result, we get the following infinite grid of long exact sequences
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o by ay
.. ————> HP24(BSpin,) ———> HP?~“4(Cone(a,)) ———> H’"4(BS0,) —— HP~"4(BSpin,) —> ...
i W e
.. ———> HP 14 (Cone(¥)) ——— HP4(Cone(w)) ———> HP4(Cone(n)) ———> HP9(Cone(X)) ——> ...
7 7 ’

Lt bu a1
.. ———> H" Y (BSpin,,) ———> HP4(Cone(an)) ——> HP9(BSO,4) ——> HP9(BSpin, 1) —> ...
7

g g

.. ———> HP~“4(BSpin,) ————> HP4(Cone(a,)) ———> HP(BSO,) ———> HP1(BSpin,) ———> ...

ey

where all the homomorphisms are compatible with Steenrod operations and respect the
H (BS O, +1)-module structure.

We recall that, by applying Proposition 4.2 to the smooth coherent morphism 7 : BS 0, —
BSO,,11, which has fiber isomorphic to A,, ., whose reduced motive is Tate, there is a Thom
isomorphism

qn+

HP" b4 V(BS O, 1) — HPY(Cone(r))

which sends 1 to the Thom class «. By Theorem 5.5, modulo this isomorphism f* is just
the multiplication by the subtle Stiefel-Whitney class u,,41, since it is the only class of its
bidegree vanishing in H (B Op). Since Spiny.1/Spin, = Ag,.,,Proposition 4.2 applies also
to the smooth coherent morphism 7 : BSpin, — BSpiny,+. Therefore, we have a Thom
isomorphism

HP =14~ (BSpin, 1) — HP9(Cone(®))

and a Thom class & € H"+11"5] (Cone(7)). We notice that, by Corollary 4.4, @ is nothing
but the restriction of & from H"+1*$'] (Cone(m)) to HrLE N(Cone(7)). Hence, modulo

the Thom isomorphism, f * is multiplication by u,1. Moreover, from Proposition 4.3 we
have that the map Cone () — Cone(rr) induces in D./\/le_ff(BSO,,_H, 7. /2) the morphism

M(an+1)([(n+1)/2])[n+1]

M(BSping 1 —% BSO, 1) ([(n + 1)/2D)[n + 1]
T([(n + 1)/2D)[n + 1]

from which it follows that
M(Cone()) = M(Cone(ap+1))([(n + 1)/2D[n + 1]
which induces an isomorphism

HP~" =145 (Cone(an 1)) — HP(Cone(T)).
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Note that, from Theorem 5.5, the morphism /* is always the 0 homomorphism, which
means at the same time that g* is surjective and f* is injective. From these remarks we obtain
the next proposition.

Proposition 6.1 Sq¢™ o = u,,a for any m < n + 1 and 0 otherwise. The same holds for a.

Proof We just notice that f*(Sq™a) = Sq" f*(@) = Sq"up+1 = umttns1 = Up () =
f*(upma). The result follows by injectivity of f*. O

7 Some regular sequences in H(BSO,,)

The main aim of this section is to prove a result in the motivic setting similar to Theorem
3.1. We construct a sequence 6, 61, ..., Okmy—1 in H(BSO,) by applying some Steenrod
operations to u just as in the topological case. Then, we focus on the two sequences obtained
from the previous one by imposing on the one hand T = 1 and on the other = 0. While the
regularity of the first sequence was completely established by Quillen, nothing was known
about the regularity of the second. We follow Quillen’s method which allows to obtain the
regularity of the sequence in topology by studying it in the cohomology of a certain power
of BO; where it has an easier shape, related to some quadratic form over Z /2. The lenght
k(n) of the regular sequence essentially depends on the characteristics of this quadratic form.
For t = 0, this approach does not work completely, so we study instead our sequence in
the cohomology of a certain power of BO». In this ring our sequence has a simple form,
related now to a certain bilinear form over Z /2. As for the topological case, by studying these
bilinear forms, we are able to get the regularity of some sequences of lenght A (n) (related
to our initial motivic sequences) with t = 0. Surprisingly, these sequences are either long
as Quillen’s sequences or have one less element. Then, combining Quillen’s result (r = 1)
with ours (t = 0), we get the regularity of 6y, 61, ..., 6x(»)—1 in the motivic cohomology of
BSO, for the same values that appear in topology.

Let V be an n-dimensional Z /2-vector space and €2 an algebraically closed field extension
of Z /2. We denote by Vg the Q-vector space 2 ®z 2 V. Note that the Frobenius automor-
phism acts on Vg via the first tensor factor. Following [13], we also denote by x +— x2 the
Frobenius transformation on Vg. First, we recall the following result from [13].

Proposition 7.1 An Q-subspace M of Vg is of the form Wq for some subspace W of V if
and only if M is stable under the Frobenius transformation.

Proof See [13, Proposition 2.1]. O
Let B be a bilinear form over V and denote by -V its right radical, i.e.
Lty = {yeV:B(x,y)=0 foranyx € V}.

Note that B(x,y) can be seen as a homogeneous element of degree 2 in
Qx1, ... X0, V1, .-+, Ynl. In fact, let {e1,...,e,} be a basis for V, then B(x,y) =
Zf j=1 B(e;, ej)x;y; where the x; and the y; are the coordinates of x and y respectively in
the chosen basis. Let & = n—dim(+V) and consider the ideal J in Q[x1, . . . , X, Vis-nvs Ynl
generated by the homogeneous polynomials B(x, y), B(x, y2), ..., B(x, y2h71 ).

Proposition 7.2 The algebraic subset in Vo x Vg defined by the ideal J is given by
Var(J) = ] Wg x Wq

wcv
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where WSJZ‘ ={xeVq:B(x,y) =0 foranyy € Wg}.

Proof From Proposition 7.1 we know that Wy, is stable under the Frobenius transformation
h—1

for any subspace W of V. Hence, if (x, y) belongs to WSJZ- x Wgq, then y, yz, ...,y2

are in W and x € WSJ;. It follows that B(x, y), B(x, y?), ..., B(x, yzh_l) are all zero, so
(x,y) € Var(J). Therefore,

L wa x wa € var().
wcv
On the other hand, let (x, y) be a point of Var(J) and consider the subspace M, of Vo
defined by
h—1
My = (y,yz,...,y2 >+J_VQ.

Obviously, (x, y) belongs to M LxM y. In order to prove that M), is of the form Wg, for
some W C V itis enough to show that M, is stable under the Frobemus transformation. Note
that 1V g is stable under the Frobenius transformation, and so, 1f y et VQ for some i, then
yzj Lyg forall j > i. Hence, M /LVQ = (y,y%, ..., y? 1) and (y%, ... y2h 1) -

1 Vg forsomei < h.If i < h, then M, is stable under the Frobenius transformation, since
Lygisso. If i = h, then My = (y,2,...,y2"') @ LVq. Therefore, if y, y2, ..., y*'
are linearly independent then My = Vg since di m(+*V)=n—h,so yzh clearly belongs to

M,. Otherwise, yzi e (y, ..., yzi_l) for some 0 < i < h — 1, from which it follows that

h h—1 . . . .
y2' e (y,...,y* ). Hence, M, is stable under the Frobenius transformation from which

we deduce that

var(l) c | Wg x We
wcv

which completes the proof. O

From the previous proposition we immediately obtain the following result.

Corollary 7.3 The sequence B(x, y), B(x, y3),..., B(x, y2h_1) is a regular sequence in the
polynomial ring 7. /2[x1, ..., Xn, Y15 -+ Ynl-

Proof Recall that ry, ..., rj is a regular sequence in the polynomial ring Q[x1, ..., X, y1,
..,ynlifand only if dim(Var(ry, ..., rp)) < 2n — h (see [13, Proposition 1.1]). Hence,
in order to prove the result it is enough to look at the dimension of Var(J). In fact,

dim(Var(J)) = maxwcy{dim(Wg) + dim(Wgq)}
= maxwcy{dim(Wg /(Wg N1V @) +dim(Wg N+Vg)
+dim(Wo/(Wo N1Ve)) +dim(Wo N1Va))
<n—dim*V)+2dim(*V)=2n—h
since on Vg /1 Vg the bilinear form is non-degenerate and di m(+V) = n — h, therefore
dim(Wa/(Wo N1VQ)) +dim(Wg/(Wag N1V Q) =dim(Va/tVa) =n —dim(*V).

Hence, the sequence isregularin Q[xy, ..., X,, Y1, ..., yol,andsoinZ /2[xy, ..., X, ¥1,
< Ynl o
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Atthis point, consider the standard embeddings O, < 02, and O, X Oy < Opp41,
which induce respectively the ring homomorphisms compatible with Steenrod operations

oo H(BOoy) = Hluy, ..., uml — H(BO)®" = H[x1, Y1, ..., Xm, Ym]
and
mt1 : H(BOyyy1) = Hluy, ..., uans1] — H(BO2)®" @y H(BO))
EH[X1, Y15 Xy Yoy X1 ]

where x; is in bidegree (0)[1] and y; is in bidegree (1)[2] for any i. By tensoring them with
7 /2 over H, one obtains the ring homomorphisms

Bom 2 J2luy, ..., uzm] = Z/2[x1, Y1, -+ s Xm»> Ym)

and
Bom+1 2 Z2lur, .. uzm1] = Z /2[x1, Y1, oo s Xms Yims Xmt1]-
Let S, be the polynomial ring Z /2[uy, ..., u,] and R, be Z /2[x1, Y1, -+ Xm» Ym], if
n = 2m, and Z /2[x1, Y1, ---» Xm> Ym> Xm+1], if n = 2m + 1. There exist commutative
diagrams
m A2m+1
H(BO3y,) —— H(B0Oy)®" H(BO2yy11) — H(B02)®" ® H(BO))
)/zml lézm )/Zerll l52m+1
Som ————— Rom Som+1 —————> Rom+1
,BZm /32m+1

where y, and §, are the respective reduction maps along H — Z /2. By Whitney sum
formula (see [14, Proposition 3.1.13]) and since 7 is killed in Ry,,, we have that
Bom (u2j) = 0j(y1, .-\ Ym)

and

m
Bam2j 1) = D %05 (V1o Vil Yitls - Ym)

i=1
where o is the j-th elementary symmetric polynomial. Similar formulas hold in Ry, 1, i.e.
we have that
Bam+1 (MZQ/‘) =0j s ee s Ym)

and

m
Bomv1(u2j1) = inaj(yl, e Vil Yidls e Ym) T X105 (V1 - Ym)-
i—1

Before proceeding we need the following technical lemma on regular sequences.
Lemma74 Let f : A = Z/2[ay,...,an] — B = Z/2[by, ..., b,] be a ring homo-
morphism, where deg(b;) = 1 for any i and f(a;) is a homogeneous polynomial in B of

positive degree o for any j. Moreover, let ry, ...,y be a sequence of elements of A. If
f@r1), ..., f(ry) is a regular sequence in B, thenry, ..., ri is a regular sequence in A.
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Proof Let C be the polynomial ring Z /2[b1, ..., by, c1, ..., cm], with deg(c;) = 1 for any
i. Define the ring homomorphisms i : B — C,h: C — Bandg : A — Cbyi(b;) = bj,
h(bj) = bj and h(c;) = 0, and g(a;) = if(a;) + c(;tj. Note that hi = idp, f = hg and
g(a;) is homogeneous in C for any j. The sequence by, ..., by, g(ai1), ..., g(ay) is regular
in C,soitis g(ay), ..., g(an) since regular sequences of homogeneous elements of positive
degree permute (see for example [2, Corollary 17.2]). From [5, Proposition 1] it follows
that C is a free A-module. At this point, note that ¢y, ..., ¢y, if (r1), ..., if (ry) is a regular
sequence in C essentially by hypothesis. Hence, the sequence g(rq), ..., g(r¢) is regular
in C, since g(rj) +if(rj) € ker(h) = (ci1,...,cy) for any j. The fact that C is a free
A-module via g implies that rq, ..., r is regular in A, which is what we aimed to show. O

h(n)—2 h(n)-3
Theorem 7.5 The  sequence  y,(u1), yn(U2), ¥n (Sqluz), e Vi (Sq2 ® qu o
Sq'us) is regular in S, where h(n) depends on n as in the following table.

n h(n)
81+1 41

81+2 41+ 1
81+3 41+ 1
81+4 41+ 1
81+5 41 +2
81+6 41+3
81+7 41+ 3
81+8 41+3

Proof By Lemma 7.4 we can check the regularity of the needed sequence by looking at its
image under §,. Indeed, we will show the regularity of the sequence

2/1(11)—2 2h(n)—3

BV (W1), Bu¥n(2), Buvn(Sq ' uz), ..., Bayn(Sq - Sq u).

First, consider the case n = 2m. Then, Bomyom(u1) = PBomui) = Z;”zl x; and
BomVam u2) = Bam(uz) = YL, yi. Moreover, since 7 is killed in Ry,,, we have that

Sq

! !
Bomyam(Sq* -+ Sq'uz) = Sametam (Sq* - - Sq'uz)
!
= 8m(Sq” -+ Sq" ctam (u2))

m
1
= 5om(Sq> - Sq°Sq' yi)
i=1
“ 1 i !
= 6m(Sq” - Sq* (i) = Y _xiyi .

i=1 i=1

1 !
Modulo B2 (u1) and Bamyam 2), Banvam(Sq” -~ Sq'uz) = B(x,y*), where B
is the bilinear form over an m — 1-dimensional 7Z /2-vector space V defined by B(x, y) =
Zf";jl:l x;y;j. Note that

0, ifmisodd

1, if miseven

dim(tV) = {
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In fact, from B(e;, y) = 0 it follows that y; + -+ + yi—1 + Yi+1 + -+ - + ym—1 = 0 for
any i < m — 1, where ¢; is the vector in V which has coordinates which are all O but the i-th
that is a 1. Hence,

1y — 0, ifmisodd.
(A,..., 1), if miseven

Corollary 7.3 implies that the sequence

h(2m)—2 h(2m)—3
2 qu

Bom Vam 1), BamVam u2), BamVam (Sq u2), . .., Bomyam (Sq - Sq'ur)

is regular in Ry, where
hQm) = m, {fml:sodd .
m—1, if miseven
Therefore, the sequence

h(2m)—2 h(2m)—3
qu qu X

Yam 1), Yam 2), Yom (Sq u2), . .., yam( - 8q"ur)

is regular in Sy, for the same values of i (2m).
Now, consider the case n = 2m + 1. Similarly to the previous case, Bom+1Vom+1(U1) =

1
Boms1(ur) = 304" xi and Boms1Vam+1(2) = Poms1(u2) = Y1 yi. Moreover, we have
that

[ !
Bom+1V2m+1(Sq% - Sq'u2) = Somi102m+1(Sq% - - Sq'un)

1
= Som11(8q% -+ Sq a1 (u2))

m
1
= Z 52m+] (qu e qusqui)

i=1
m ! m .
= Som1(5q% - SqP(xiyi)) = D xiy}
i=1 i=1
Modulo  Boms1Vomr1 @) and  Bowms1Voms1@2),  Poms1Vom+1(Sq2 - Sq'u)
= B(x, yzl ), where B is the bilinear form over an m-dimensional Z /2-vector space V defined
by B(x, y) = Z;’:ll(xi + x;n)yi. In this case, dim(+V) = 1. In fact, from B(e;, y) = 0 it
follows that y; = 0 for any i < m — 1. Hence, ly = (@0, ...,0,1)), from which it follows
by Corollary 7.3 that the sequence

1
Bom+1V2m+1U1), Bam1Vam+1U2), Boms1Vam+1(Sq uz), .. .,
hQm+1)—2 h@m+1)—3
2h Sq2

Bom-+1Vam+1(Sq - Sq'un)

is regular in Ry,,+1 where h(2m + 1) = m. Therefore

h(2m+1)—-2 h(2m+1)-3
2 Sq? .

Vams1W1)s Vam1 (U2), Yoms1 (Sq ), .., yam+1(Sq - 8q"un)

is a regular sequence in S2,,+1, where 2(2m + 1) = m. This completes the proof. O

Define the elements 6; in H (BS0,) inductively by the following formulas:

o = u2;
Oj+1 =Sq2"/9j.
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Corollary 7.6 The sequence t, 6y, ..., Opm)—1 is regular in H(BS O,), where h(n) depends
on n as in the table of Theorem 7.5.

Proof First, note that all §; are obtained from u; by using only Wu formula (Proposition 5.7)
and Cartan formula where elements of K (k) /2 are never involved, from which it follows

that every 6; is an element of Z /2[t, u3, ..., u,]. Since KM(k)/Z is free over Z /2, it is
enough to show the regularity of the sequence in Z /2[t, ua, . .., u,]. Then, the result follows
from Theorem 7.5 by noticing that, modulo = and u1, 6; = i,y (qufl cee Sq]uz), where
in is the inclusion of S, in H(BO,,). O

At this point, let us consider three homomorphisms i : H;,,(BSO,) — H(BSO,),
h : Hyop(BSO,) — H(BSOy) and t : H(BSO;,) — H;op(BSO,), where i is defined
by imposing i (w;) = u; and extending to a ring homomorphism, ~# by imposing, for any
monomial x, h(x) = t[%"’im]i(x), where (gix))[pi)] is the bidegree of i(x), and
extending linearly and ¢ by imposing #(u;) = wy, t(r) = 1 and t(KM (k)/2) = 0 for any
r > 0 and extending to a ring homomorphism.

We start by describing some properties of these homomorphisms. First of all, i and h
are graded with respect to the usual grading in H;,,(BSO,) and the topological degree in
H(BSO,). Besides, by the very definition of %, h(x) has bidegree ([%])[p,-(x)] for any
homogeneous polynomial x. On the other hand, we notice that /4 is not a ring homomorphism.
Anyway, we have the following lemmas.

Lemma 7.7 For any homogeneous polynomials x and y in H;,,(BSO;), we have that
h(xy) = t°h(x)h(y), where € is 1 if pi(x)Di(y) is odd and O otherwise.
Proof At first consider two monomials x and y. Then, we get

Pi) tPicy)
2

) ] Pix)y . Pigy) .
h(xy) = ! *th(x)*th(y)]i(xy) — .CGHT*%(A-)H[T’*%(,V)]I'(x)l'(y) = th(x)h(y)

where € is 1if p;(x) pi(y) is odd and O otherwise. For homogeneous polynomials x = le:o Xj
and y = Y }' Yk, where x; and y; are monomials, we have

I m I m I m
hey) =hQ Y xjy) =Y hCejy) = Y Y T h(x)h(n)

where € is 1 if Pi(x;)Pi(y) is odd and O otherwise. Now, we recall that Pi(xj) = Pi(x)
and pi(y,) = pi(y) for any j and k, from which it immediately follows that h(xy) =
7€ le:O Yoo h(xjh(yr) = t€h(x)h(y), where € is 1 if p;x)pi(y) is odd and O other-

wise. O
Lemma 7.8 For any homogeneous (respect to bidegree) z € 7 /2[t, us, ..., u,], we have
that ht(z) = tV'F %7 (where [5 — g:] can possibly be negative).
Proof Write z as Z?:O zj, where z; are monomials in Z /2[z, u, ..., u,]. Then,

m m [1)[,(21,) o ]

ht(z) = th‘(zj) = ZT 2 Git(zj) it(Zj).
j=0 j=0
Notice thatz; = 7"/ x, for some monomials x; inZ /2[u>, ..., u,]. By the very definition

of i and t we get that if(z;) = x;. Thus,

m Px; m Px:
J g J _ g —n; Pz _
ht(Z) — § T[ 2 q,xjjxj — § T[ 2 lbcj anZj — 'C[ 9 qz]z
j=0 Jj=0
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since pyx; = pz; = pzand qx; +nj =qz; = qz. o
Lemma?7.9 Forany j, t(9;) = pj and h(p;) = 0;.

Proof Since a Wu formula (Proposition 5.7) holds even in the motivic case by 5.7, we get
that #(6;) = p; by the very definition of #. Then, h(p;) = ht(f;) = 6; by Lemma 7.8 and
by recalling that 6; is in bidegree (2/=1)[2/ + 1]. |

At this point, denote by /; the ideal in H(BS0,) generated by 6y, ..., 6;_ and by I;oP
the ideal in H;,,(BSO,) generated by po, ..., pj—1. We are now ready to prove the main
result of this section.

Theorem 7.10 The sequence 6y, . . . , Oxn)—1 is regularin H (B S Oy). Moreover, i) € Ikn),
where k(n) depends on n as in the table of Theorem 3.1.

Proof Since K™ (k)/2 is free over Z /2 we just need to show the regularity of the needed
sequence in Z /2[t, us, ..., u,]. From the fact that regular sequences of homogeneous ele-
ments of positive degree permute and by Corollary 7.6, we immediately deduce the regularity
of the sequence for n = 0, 1,2, 6 and 7(mod 8), since in these cases h(n) = k(n). Now,
suppose n = 3,4 or 5(mod 8). In these cases, h(n) = k(n) — 1, therefore Corollary 7.6
implies that the sequence 7, O, . . ., Oku)—2 is regular. Let z be a homogeneous polynomial in
Z /27, u, ..., up]such that 26 n)—1 € Ik(n)—1- Then, we deduce that 1(2) pr(ny—1 € Tim_;-
It follows from Theorem 3.1 that 7(z) = ;(26)—2 Yo for some homogeneous V; €
Hyop (BSO,) and, after applying &, we obtain 5 e, = Zﬁ'giz T h(;)6; by Lemmas
7.7,7.8 and 7.9. Hence, the regularity of 0y, ..., Oku)—2, T implies that z € I;;)—1 and we

obtain the regularity of the sequence 6y, . . ., Ox)—1. At this point, we only need to show that
Okn) € Ik(n)- Note that pr,) € Ilsz) by Theorem 3.2. Hence, px(,) = j‘i’g“ ¢1p1 for some

homogeneous ¢; € Hy,,(BSO,) and, after applying &, we obtain 0y ,;,) = fi%)_l T h(¢p)0;
by Lemmas 7.7 and 7.9. Thus, k) € Ikn), which completes the proof. ]

8 The motivic cohomology ring of BSpin,

In this section we prove a motivic version of Theorem 3.2. The general strategy consists in
using the grid of long exact sequences in motivic cohomology from Diagram 1 in Section
6 in order to get the result by an inductive argument. This method allows us to lift, not
only subtle classes, but even relations among them from the cohomology of BSpin, to the
cohomology of BSpin,i. These relations are essentially the elements 6; of the motivic
regular sequences encountered in the previous section. Moreover, we see that a new subtle
class v,k appears in the motivic cohomology of BSpin,, and the obstruction to lift it to the
cohomology of BSpin, is detected by the increasing of the lenght of the regular sequence
moving from n to n + 1. In the proof of the main theorem it is essential to deal with the two
possible cases separately: on the one hand the case that v,k is liftable and the lenght of the
regular sequence stays unchanged, i.e. k(n 4+ 1) = k(n), on the other the case that vy is
not liftable and the lenght of the regular sequence increases by one, i.e. k(n + 1) = k(n) + 1.
Furthermore, we notice that when v,k is not liftable, then “almost" its square is so, giving
rise to a new extra class v km+1 in doubled degrees.

We start by showing that, as in topology, the second subtle Stiefel-Whitney class is trivial
in the motivic cohomology ring H (B Spin,).
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Lemma 8.1 For any n > 2, uy is trivial in H(BSpin,). Moreover, there exists a unique
element xy in H(Cone(ay)) such that b (xo) = us.
Proof Recall that SO, = Spiny = G, where G, is the multiplicative group, and the

)2
morphism from Spinj to SO; is the double cover G, i) G, which induces the map on

classifying spaces a> : BG,;, - BG,,. By Kummer theory, the induced morphism on Picard
groups Pic(BG,,) — Pic(BG,) is multiplication by 2. Now, recall that Pic(BG,,) =
H*Y(BG,,, Z) (see [8, Corollary 4.2]). Then, for n = 2 the homomorphism

a3 : HBGy) = Hluz] —> H(BGy) = H(va]

sends uy to 2vy, hence up = 0in H(BSpiny).

Now, suppose u» = 0 in H(BSpin,), then up should be divisible by u,y; in
H(BSpin,y1), which forces uy to be trivial by degree reasons. Therefore, by induc-
tion, uo = 0 in H(BSpin,) for any n. It immediately follows that there exists xqo in
H (Cone(ay)) such that b} (xg) = up for any n > 2. We prove its uniqueness by show-
ing that b} is a monomorphism in bidegree (1)[2]. First of all we notice that, for any n > 2,
HVY(BSpin,) = Kf”(k)/2 by induction on n and by observing that g* is an isomorphism
in bidegree (1)[1]. Hence, ¢ : H"“!'(BSpin,) — H?*'(Cone(a,)) is the zero homomor-
phism, since the composition H"' — HYY(BSO,) — H"“(BSpin,) is surjective and,
therefore, so is the second map. It follows that b} : H*Y(Cone(a,)) — H*Y(BSO,) is a
monomorphism, as we aimed to show. ]

From the previous lemma, for any n > 2, we have a canonical set of elements x; in
H(Cone(ay,)) defined by x; = Sq2rl -+ Sq'xq for any j > 0. Denote by (xo, ..., xj_1)
the H(BSO,)-submodule of H(Cone(ay)) generated by xo, ..., x;—1. Before proceeding
we need the following lemma.

Lemma8.2 Forany j > 1, xj ¢ (xo,...,x;—1) in H(Cone(az)), and consequently in any
H(Cone(ay)).

Proof We start by considering the Bockstein homomorphism f associated to the short exact
sequence 0 — Z — Z — Z /2 — 0. The homomorphism a; on cohomology with integer
coefficients sends u» to 2vp, where v, is the generator of H(BSpiny) = H(BG,) and
so is injective, hence b} is the 0 homomorphism on cohomology with integer coefficients,
from which it follows that xo cannot come from any integral cohomology class. Thus, y =
B(xo) # 0. Moreover, since u» comes from an integral cohomology class, we have b3 (y) = 0,
so y = mcj(v2) for some integer m. At this point we notice that mv; is in the image of a;
for any even m, so m must be odd, which implies that y is not divisible by 2, since v, mod(2)
is not in the image of a. This is enough to conclude that

x1 = Sq'x0 = B(xo) mod(2) = y mod(2) # 0.
Hence, x| = ¢} (v2) from which we deduce that

xXj= qujq . 8¢%x) = cﬁ(quFl ... 8¢%v) = cﬁ(v%jil)
by [20, Lemma 9.8], since quH . quvz is in bidegree (2I=H[2] for any i. Now, suppose
that x; € (xo,...,xj—1), in other words x; = Z,/:_(: ¢ix; for some ¢; € H[uy]. Then, we
would have that
j—1
pouz = b3(xj + Y ¢ixi) =0

i=0
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which implies ¢g = 0. Moreover, since positive powers of u, act trivially on H[vy] (with
Z /2-coefficients), we have that

j—1
2j—l 2/'—1 2i—1
Gy ) =0y +Y ¢iv; )=0

i=1

that is impossible since ¢ is injective on the slope 2 line (above zero), which comes from
the fact that H(BS0>) = H[uz] and a} (u2) = 0. o

Atthis point, we are ready to prove our main result which provides the complete description
of the motivic cohomology of B Spin, over fields of characteristic different from 2 containing

V-1

Theorem 8.3 For any n > 2, there exists a cohomology class vyw of bidegree
QkM=1y[2k)] such that the natural homomorphism of H-algebras

H(BSOy)/Ixmn) ®u H[vywm] — H(BSpiny,)

is an isomorphism, where I,y is the ideal generated by 0y, . .., Oru)—1 and k(n) depends
on n as in the table of Theorem 3.1.

Proof Our proof goes by induction on n, starting from n = 2.

Base case: Forn =2, H(BSpiny) = H(BG,,) = H[v>] provides our induction base.

Inductive step: We denote by 0} and 0; the class Sq{zjf1 ---Sq'uy in H(BSO,) and
H(BSOy4) respectively, by I ,;(n) the ideal generated by the elements us, 67, ..., 9,2(11)_],
by Ik the ideal generated by u», 61, ..., 6k@u)—1, by x(/) and xq the unique lifts of u; to
H(Cone(ay)) and H(Cone(a,+1)) respectively, by x} the class quﬁ1 e Sqlx(’) and by x;
the class quj_l - Sq'xo.

Now, suppose by induction hypothesis that we have an isomorphism

H(BSOW)/1;,, ®u Hlvpm] — H(BSpiny) 2)

where k(n) is the value prescribed by the table of Theorem 3.1.
Looking at the long exact sequence

Unp+1

- — H* V¥ (BSpin,) — H* "R BSpin, ) = HYY (BSping1)
— H**(BSpin,) — ... A3)
from Diagram 1 in Sect. 6 and by induction on degree we know that, in square degrees less than

2% in H(BSpin,1) there are only subtle Stiefel-Whitney classes, i.e. the homomorphism
* 1 H(BSO,+1) = H(BSpin,41) is surjective in these degrees. Let w be a class in

2O (BS0,41) such thata, | (w)d = 7* (vyrn), where & is the Thom class
of the morphism g. We point out that

an (ppw) = upyray (W) = " (V) = 0.

The following result, whose proof is reported at the end of this section, enables to complete
the induction step. It is indeed the core proposition that permits to conduct the proof of our
main theorem.
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Proposition 8.4 Suppose we have a commutative diagram

*®l
H(BSOny1) ®n H[v] 2. H(BSO,) ®y HIc]

Pn+1 i \Lpn
>

H(BSpinn.1) ———= H(BSpiny)

such that v is a lift from H(BSpin,) to H(BSpin,+1) of a monic homogeneous polynomial
cin Uzk(n)yl.th coefficients in H(BSOp), I(v) = c and n* (c) =0.

If Im(h*) = Im(put1) - B (Vakw), then ker (put1) = Ji@w) + Unr1w), where Jy(n) is
Iy ®u H[v].

If moreover ker(h*) = Im(g* pp+1), then we get an isomorphism

H(BSOu+1)/ Uk + (upr1w)) @y H[v] — H(BSpin,1).

So, in order to finalize the proof we only need to find a cohomology class v which satisfies
t~he requirements of Proposition 8.4. There are two possible cases: 1) E*(Uzk(n)) =0;2)
h* (vpka) # 0.

Case 1: In this case VUgkin)_Can be lifted to H(Bszn,,+1) sow = 0 and we can choose
¢ = Ugkn)- Itfollowsthatlm(h*) =0=1Im(pu+1)- ]’l*(vzk n))andker(h*) = H(BSpin,) =
Im(py) = Im(p,(g* ®1)) = Im(g* pyt1), since in this case p, and g* ® [ are surjective.
So, by Proposition 8.4, we have that the homomorphism

H(BSOu+1)/ Ik ®u Hlvpkon ] = H(BSpin,41)

is an isomorphism. Furthermore, we observe that k(n + 1) = k(n) is the value predicted by
the table of Theorem 3.1 since Oin) € Ix(n) as it is zero in H(BSpin,11) (because u; is).
This completes the first case.

Case 2: In this case we notice that the element w such that a’; 1 (w)a = ;l*(vzk(n)) must
be different from 0.

Remark 8.5 Since H(BSpin,) is generated by vék(,,) as a H(BSO,)-module (and, so, as

a H (BS Op+1)-module) by induction hypothesis, we have that / m(h ) is generated by
(Uzk(n)) as a H(BSO,41)-module.

At this point, we need the following lemmas whose proofs are reported at the end of this
section.

Lemma8.6 For any m, we have Sq"ay (w) € {a;,  (w)), where {(a; (w)) is the
H(BS Oy 1)-submodule of H(BSpiny.1) generated by a;_ | (w).

Lemma 8.7 Forgny m > 1 there exist elements A, and p,, in H(BSpin,11) such that
NC Dk) = Al (Vorn), ¥ (m) = Vi) + & (Am)Voki, A and p are in the image of
H(BSOnH) ®pu H[uo] and .y, is divisible by ;.

Now consider the following commutative diagram

*Ql ~
H(BSOys1) ®y Hlpal ——> H(BSO,) @y Hv,) + §* (12)vyin]

Pn+1 l lpn
o

H(BSpin,1) H(BSpiny).
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From Lemma 8.7 and from Remark 8.5 we get that Im(?l*) = Im(pp+1) - Z*(Uzk(n)).
Then, by Proposition 8.4, we obtain that ker (p,+1) = Ji(n) + (Unt1W).

Note that, by looking at the long exact sequence 3 at the beginning of the proof and
by induction on degree, H 2K 20 (BSpiny,41) consists only of subtle Stiefel-Whitney

classes, since we are studying the case that vy is not covered by g* and so af
H(BSO,+1) — H(BSpiny,41) is surjective also in bidegree (2km=1y[2k0] Hence,

+1

Sk(m)—1

A 2k(n) . 2k(n) 1,2]((")_1
iyt H (BSpin1) — H>"+ (Cone(ans1))

is the zero homomorphism and by, | is injective in bidegree of xi(,), from which we deduce
that Oy & Ik Since Xgmy ¢ (X0, ..., Xk@m)—1) by Lemma 8.2. Therefore, by observing
that ker (pp+1) = Jkm) + (Upr1w) and py41Orm)) = 0 we get that O,y + upr1w € Ix)
which implies that ker (pp+1) = Jk)+1-

In order to finish, we need the following lemma whose proof is reported at the end of this
section.

Lemma 8.8 The following identification holds in H (B Spiny,):
ker (") = Im(@* pu+1).
Denote by vokm+1 the class uo, then by Proposition 8.4 we get that the homomorphism
H(BSOu1)/Irmy+1 ®1 Hlvpkm+1] — H(BSpin, 1)

is an isomorphism. Moreover, since O,y ¢ Iin) we have that prp) ¢ 1 ,iz':) from which it
follows that k(n + 1) = k(n) + 1 by Remark 3.3. This completes the proof of the second
case. O

We conclude this section by providing the proofs of Proposition 8.4 and Lemmas 8.6, 8.7
and 8.8. We remind the reader that in all the following proofs there is a running inductive
assumption (see 2 at the beginning of the proof of Theorem 8.3).

Proof of Proposition 8.4 'We want to prove that p,, 1 (x) = 0implies x € Ji(n) + (up41w) for
any x. We proceed by induction on the square degree of x. The induction base is guaranteed
by the fact that the degree 2 part of the kernel is generated by u and us € Ii(,). Now, suppose
that the claim is true for square degrees less than the square degree of x. We can write x
as Z;f’:() quvj for some ¢; € H(BSO,41). Notice that p,(g* ® [)(x) = g*ppy1(x) =0,
therefore Z'}LO Png* (P j)cj = 0. From this we deduce that p,g*(¢;) = 0 for any j since
by hypothesis ¢ is a monic polynomial in vyw in H(BSpin,), so g*(¢;) € I,i(n). Then,
¢j € Ikmy + (upt1) since ¢ +ig*(¢;) € (un41) and i(f} ) C Ikmy + (n+1), where
i is the inclusion of H(BSO,) in H(BSO,) sending u; to u;. Hence, there are v/; €
H(BSOy41) such that ¢ + u, 11V € Iy, from which it follows that x + u,11z € Jrn)
where z = Z’}?:o Y v/. Hence, Up+1pPn+1(z) = 0 which implies that

Pri1(@& € Im(h*) = Im(ppi1) - B (aken) = Im(pus1) - poi1 (W)

from which we deduce that there exists an element y in H(BSO,+1) ® g H[v] such that
Pn+1(2) = pnt1(yw). Therefore, z + yw € Jign) + (un+1w) by induction hypothesis. It
follows that z € Ji) + (w) and x € Jip) + (Upp1w).

In order to prove the last part of the proposition we show by induction on degree that,
if ker(h*) = Im(g*pp+1), then p,; is surjective. The induction basis comes from the
fact that, in square degree < 2, H(BSpin,+1) is the same as the cohomology of the point.
Take an element x and suppose that p,,;1 is surjective in square degrees less than the square
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degree of x. From g*(x) € ker h*) =1 m(g* pp+1) it follows that there is an element x in
H(BSO,41) ®pg H[v] such that g*(x) = g*pu41(x). Therefore, x + pur1(x) = upt12
for some z € H(BSpin,+1). By induction hypothesis z = p,4+1(¢) for some element
¢ € H(BSO,+1) ®y H[v], hence x = p,4+1(x + un+1¢), which is what we aimed to show.

O

Proof of Lemma 8.6 We proceed by induction on m. For m = 0 there is nothing to prove and
for m > 2KV — jn we have that S¢”w = 0 by Corollary 5.8. Suppose the statement is true
for integers less than m < 2k _ . Then,

m m

Sq" (un1w) = Y 0 "SI w1 Sq" w =y 1 P ujun 1 Sq"w
j=0 j=0

from which it follows, by applying a’; 1 and by noting that Upi1a) +1(w) =0, that

m

0= 8q" unpray, () =t/ " ujun1Sq"  ay (w) = un15q" @y, (w)
j=0

where 'all the elements but one in the sum disappear since by induction (on m) hypothesis
Sqm—-/a;fﬂ(w) € (a ;’l‘+1(w)) for j > 0 and un+1a:+1(w) =0. N
Hence, f*(Sq™a ay, (w)a) = 0, from which it follows that S¢™a; | (w)a € Im(h*). By
Remark 8.5, we obtain that S¢™a, | (w)d = ), ¢ih*(v‘2k(n)) for some ¢; € H(BSOy41).
But, for any i > 1, the square degree of h*(v;k(n)) is greater than that of S¢™a;, (w)a. We
deduce that S¢™a; | (W) = $1h* (Varw ), from which it follows that
8q" ap (W) = $1a,, (W) € (g, (w))

which is what we aimed to prove. O
Proof of Lemma 8.7 We notice that, by Proposition 6.1 and Corollary 5.8,

~ ~ k(n) k(n) ~
R (W) = H5(Sq> " vpw) =S¢ (ay,, (w)&)

k(n) _ k(n) _
=(.L.nm0dZS 2 n ;l“+1(w)u +T(n+])mod2Sq2 n—1 :+1(w)un+1)a

k(n) _
:rnmadZS 2 g *+1(w)un

2km) _py 1 *

since, by Lemma 8.6, S¢ h1(w) € (a ,H_l(w)) and u,,+1a* 1 (w) = 0. Now, note

that Lemma 8.6 also implies that Sq2 ( Mn g
which allows us to deﬁqg: the element );2 in H(BSO,41) as Ay = " mod2,.,,  Then, we
immediately obtain that h*(v%k(,,)) = Qo™ (Vorew ).

Denote by s a lift of v%k(n) + 8¥(A2)vpkm) to H(BSpin,y1). Suppose the statement is

a,, (w)=ra _H(w) for somer € H(BSO;,+1)

true for m, so, taking into account that n*is H(BSpin,+1)-linear, we have

R Wht) = B (W + 8 Can) ko) Vgt + 8 Com)V3i)
= U h* (Uakn) + A2 (Vgk).
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Denote by A, 11 the element u,, + A, A2 and by f4,,,+1 the element A, 2. Then,

g'*(:um-f-l) = g;*()\mlld) = g*()\m)(vgk(n) + g*()\Z)Uzk(n))
= )03 + & st + i) Uk

= (g*()\m)vzk(n) + g*()\m+l) + vg/l((n) + g*()\m)vzk(n))vgk(n)

m+1 ~x
= Ve T8 oms1)Vok

and the proof is complete. O

Proofof Lemma 8.8 Let us set u; = Ag = 0 and p10 = A1 = 1. Let x be an element of the
kernel of 4*. We can write x as Z;”:O Vi vék(,,) with y; € H(BSOp41). Then, by Lemma
8.7,

m
X =Yy @ ) + T vpm)
j=0
from which it follows by applying /* that Z’}’ZO Vik jﬁ* (vyken) = 0. Denote by o the element
Z?”:O vjrjin H(BSOp41) ®g H[u2]. From

Pt (@W)E = pui1(@)a 1 (WE = pus1 (@) (Vyan) = 0

we get ow € Jrm)+1, since ker (pp41) = Jimy+1. Thus, ow = ZI;(:’% o;0; for some o} €

H(BSO;4+1)®u H[p2]and, multiplying by u,, 11, we obtain thatu,, 10 w+u,10k ) 0kn) €
Ji(ny- On the other hand, 0k (,) + up1w € I, from which it follows by multiplying by o
that (Iek(n) +Upriow € Jk(n)~ Hence, (o + u,,+10’k(,,))9k(,,) € Jk(n)~ By Theorem 7.10 we
deduce that o +u,410kn) € Ji(n), from which it follows that o € Ji(n) + (4, 41). Therefore,
§*pny1(0) =0in H(BSpin,) and

m
x =Y &) € ImE* pat)
j=0

as we aimed to show. ]

9 The motivic cohomology ring of BG>

In this section, we use our main result to compute the motivic cohomology ring of the
Nisnevich classifying space of G;. This enables us to obtain motivic invariants for G-
torsors, i.e. octonion algebras.

We start by noticing that there is a fiber sequence

Ay — BG2 — BSping

(see [1, Proposition 3.1.1]). We can exploit this sequence and previous results to compute the
motivic cohomology ring of BG,. Before proceeding, note that by Theorem 8.3 we know
the complete description of H (B Spin7y).

Theorem 9.1 The motivic cohomology ring of BG, is completely described by

H(BG2) = Hlug, ug, u7].
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Proof By applying Proposition 4.2 to the coherent morphism BG> — BSpiny whose fiber
is isomorphic to A, we get a Gysin long exact sequence of H (B Spin7)-modules in motivic
cohomology

.= HP39"*(BSping) — HPI(BSpiny) — HP1(BGs) — HP~4"*(BSpin7) — --- .

Hence, in order to be able to describe H(BG;) we need only to understand where 1 is
sent under the morphism HP—84-4(p Spin7) — HP1(BSpin7). Recall that from Theorem
8.3 we have that H (B Spiny) = Hlua, ue, u7, vg].

Note that there is a commutative diagram

BSL, —2 > BSL> x BSLy —> BSL4

gi ;1 1;

BSping —— BSping —— BSping

where all the vertical maps are induced by the sporadic isomorphisms SLy, = Spins, SLy x
SLy = Sping and SLy = Spine. Recall that H(BSL,) = Hlca, ..., c,] where ¢; is the
Chern class in bidegree (i)[2i] (see [14, Proposition 3.2.7] which works in the same way for
BSL,). Then, we get a commutative diagram of motivic cohomology rings

Hlcl <2 HIc/, ") <—— Hlca. c3. c4]

Hlv4] <—— Hlug, v4] <—— Hlug, ue, vg]

where the first vertical arrow identifies ¢ with vy4, the last vertical arrow identifies ¢;
with u4 and c3 with ug, ¢’ and ¢” are sent both to ¢ and ¢4 maps to ¢’c”. Now, note
that H(BSping) — H(BSping) factors through H(BSpins) = H[u4, vg]. Since n*
H(BSping) — H(BSpins) is nontrivial, the class w defined just before Proposition 8.4 in
the proof of Theorem 8.3 is equal to 1 and, so, by Lemma 8.7 we know that X, = u4. Hence,
vg maps to vi + ugqvy. Moreover, since c is identified with v4 and both ¢’ and ¢” map to
¢, the second vertical arrow identifies ¢’ and ¢” with v4 and v4 + u4. It follows that ¢’c” is
identified with UZ + u4v4. Therefore, cy4 is identified with vg since they are the only classes
in their degrees that restrict to the same element.
Moreover, we can notice that there is a cartesian square of simplicial schemes given by

BSL3; —— BSL4 = BSping

| |

BG, ——— BSpinj.

Recall that H(BSL3) = Hlcz,c3]l, H(BSLy) = Hlca, c3,cq] and H(BSping) =
Hluy, ug, vg] with the identifications ¢y = ug4, ¢c3 = ug and ¢4 = vg discussed above. Hence,
by Corollary 4.4 we easily deduce that the morphism H?~%9=4(BSpiny) — HP-9(BSpin7)
sends 1 to an element which maps to ¢4 via the morphism H (BSpin7) — H(BSL4). There-
fore, HI’_S"I_4(BSpin7) — HP-9(BSpin7) can only be multiplication by vg + {a}u7, from
which it immediately follows that H(BG2) = H[ua, ug, u7], which is what we aimed to
prove. O
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10 Relations among subtle classes for Spin,-torsors

In this section we deduce, just from the triviality of u; in the motivic cohomology of BSpin,,
some very simple relations among subtle classes in the motivic cohomology of the Cech
simplicial scheme associated to a Spin,-torsor. This provides information about the kernel
invariant (see [14, 2.7.1]) of quadratic forms from / 3,

We start by recalling that there exists a map from Spin,-torsors over the point to n-
dimensional quadratic forms from 73 which is surjective and has trivial kernel, where I is the
fundamental ideal in the Witt ring. Moreover, we have the following commutative diagram

C(X,) — BSpin, —— BSO,

N

Spec(k) —— By, Spin, — B; SO,

for any n-dimensional ¢ € I3 and all above-diagonal classes in H (BSpin,) coming from
the étale classifying space trivialise in H(C (X)), since the above-diagonal cohomology of

a point is zero. Here c (Xy) is the Cech simplicial scheme associated to the torsor X, =
Iso{q <> qn}. Inparticular Chern classes ¢; (q) = gimod2y, (q)2 are zero, as these are coming
from the étale space (see [14] just before Thorem 3.1.1).

From previous remarks we obtain the following proposition, which provides us with
relations among subtle characteristic classes for quadratic forms from /3.

Proposition 10.1 For any n-dimensional g € I3, the following relations hold in H(é(Xq))

2J

Z“zj_h(Q)uzj+1+h(Q) =0
h=0

for any j satisfying 2/ +1 < n.

Proof We will actually prove that

2J

0i01(@) =Y uzj (@t 144(q)
h=0

and the result will follow by recalling that u2(g) = 0. For j = 0 and j = 1, by Wu formula
(Proposition 5.7), we have respectively 01(q) = u3(g) and 62(q) = u2(q)uz(q) + us(q),
which provide our induction basis. Suppose the statement holds for 6;(g) with j > 2, then
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by Cartan formula and Proposition 5.7 we have that

271
0i+1() = Sq70,(q) = Sq* > tr1_4(@ttrj14144(9)
h=0
2/l
i—1
= Z @2y (@*Sq* T T ugi (@)
h=0

— ;
g mod2 g 2 =h=ly @ttt (@) + Sq ugi 1 (@)
2/
i—1 -1
= Y i @Sg” Tuniay (@ + S¢F T g (@eai-1414(@))
h=0
2J 2J
) i (@14 (@) = Y tai (@t 4145(q)-
h=0 h=0

In other words, we obtain that
2711
Ui 1(q) = Z upi—1_p (@uni-14144(q)
h=0
for any j satisfying 2/ + 1 < n.
In [14], Smirnov and Vishik highlighted the deep relation between subtle Stiefel-Whitney

classes and the J-invariant of quadrics defined in [17]. More precisely, they proved the
following result.

Theorem 10.2 Let g be an n-dimensional quadratic form, p = q, for evenn, and p = q L
(det+(q)), for odd n. Then,

u2j+1(p) € (w1 (PO <l <j)=jeJ(@.
Proof See [14, Corollary 3.2.22]. ]

From the previous theorem and from Proposition 10.1 we immediately deduce the fol-
lowing well known corollary.

Corollary 10.3 For any n-dimensional g € I3, 2=\ € J(q) for any j satisfying 2/ +1 < n.

11 The Chern subring of Ch(B;,Spin,)

In this last section we obtain from the structure of H(BSpin,) some information about
the subring generated by Chern classes (coming from the representation given by the map
Spin, — S0O,) of the Chow ring Ch(By;;Spin,). This is a generalization to more general
fields of a result by Yagita (see [21, Corollary 5.2]).

First, recall from [3, Section 1] and [14, Theorem 3.1.1] that in H(BsSO,) there are
Stiefel-Whitney classes, which we denote by w;, in bidegree (i)[i] that are mapped to
rl@+D/21,; by the homomorphism H (B, SO,) — H(BSO,).
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Lemma 11.1 The homomorphism H (Bg SO,) — H(Bg Spin,) maps wy to 0.
Proof 1t immediately follows from [3, Theorem 1.14]. ]

Note, however, that ¢, is not always mapped to 0 in H (B Spin,) as the computations
of Ch(Bg Spin7) in [4] and of Ch(Bg, Sping) in [9] show. This implies that ¢, is non zero
in Ch(Bg Spiny) for all n > 7 just by looking at the homomorphisms Ch(By, Spin,) —
Ch(Bg; Spiny,—1) thatsend ¢; to ¢c; foralli <n — 1.

In the following lemma we report some formulas holding in H(BSO,) involving the
action of the Milnor operations Q; on u;. These formulas have formally identical analogues
in topology and we present a proof just for completeness.

Before proceeding recall from [7, Corollary 4] that in our case (p = 0) the Milnor
operations can be defined (as in topology) inductively by:

Qo0 =Sq";
0i =S¢ Qi1+ Qi-15q” .
Lemma11.2 In H(BSO,) for any i > 1 we have that:

(1) 6; = Qi—1uz;
(2) Sq'0;41 =02

Proof We proceed by induction. For (1), we know that 6; = Sqluz = Qoux by definition.
Now, suppose 6; = Q;_1u», then

Qiuz = Sq* Qi_1uz + Qi—15¢% uz = S¢% 6; = 0,41

since fori = 1 one has that Q9 Sq%us = Sq' (u2) = O while fori > 1 the triviality of Sg s
follows from Wu formula.
For 2), we just need to prove that Q;u3 = Sq' Qiunr = 91.2 fori > 1.1f i = 1, then

Qiuz = quSq]u3 + SqlSq2u3 = Sq3u3 = u% = 912.
Suppose Q;_ju3 = 91271. Therefore, by Cartan formula
Qiuz = Sq* Qi-1us + Q;-15¢% s = S¢% 02 ) = (S¢” ' 6:_1)? = 07
since for i > 2 we have that qu[ u3 = 0 by Wu formula, which completes the proof. O
Remark 11.3 Note that the element r@iz lives in the Chern subring (see [10, Section 5])
Chern(Bg S0;,) = Chern(BSO,) =7 /2[c2, ..., cnl

of H(BSO,) for any i > 1. Moreover, by Lemma 11.1 and since w3 maps to tuy via

the homomorphism H (B SO,) — H(BSO,), we deduce that r9i2 = 18¢'0;4 =
Sq'Sq? --- Sq' Wy vanishes in Chern(Bg,Spiny) forall i > 1.
Proposition 11.4 There exists a ring isomorphism
Chern(Bg Sping) =7 /2[ca, ..., cnl/Tn
where the ideal T, satisfies the following chain of inclusions
(@07 . 0 —1) S Tn S0 (k)
andt: 7 /2[ca,...,cn] = H(BSO,) is the inclusion of the Chern subring of H(BSOy,).
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Proof The ideal Z, is just the kernel of the epimorphism Z/2[co,...,cn] —
Chern(Bg, Spiny). Then, the first inclusion of the chain is justified by Remark 11.3.

The second inclusion follows from the fact that the epimorphism Z /2[c3, ..., c,] —
Chern(BSpiny,) factors through Chern(Bg Spin,) and by Theorem 8.3. O

One can easily see that passing to the radicals in the chain of inclusions above gives

Jao 8 ) S VT € S8 w6, )

which implies that, modulo nilpotent elements, there exists the following composition of
epimorphisms

Z20ca, . .., cn]/\/('[912, e 702 1) = Chern(BgSpiny)rea

— Z /2, . eal) 63, 767 76 ).

As we have already mentioned, the previous result is analogous to [21, Corollary 5.2]
(which is stated over complex numbers) but it is valid more generally without further restric-
tion on the base field (provided that p = 0). This suggests that studying Nisnevich classifying
spaces could also be useful for the understanding of the Chow ring of étale classifying spaces
over more general fields where one usually lacks topological insights.
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