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Abstract 

Under the concept of "Industry 4.0", production processes will be pushed to be increasingly interconnected, 
information based on a real time basis and, necessarily, much more efficient. In this context, capacity optimization 
goes beyond the traditional aim of capacity maximization, contributing also for organization’s profitability and value. 
Indeed, lean management and continuous improvement approaches suggest capacity optimization instead of 
maximization. The study of capacity optimization and costing models is an important research topic that deserves 
contributions from both the practical and theoretical perspectives. This paper presents and discusses a mathematical 
model for capacity management based on different costing models (ABC and TDABC). A generic model has been 
developed and it was used to analyze idle capacity and to design strategies towards the maximization of organization’s 
value. The trade-off capacity maximization vs operational efficiency is highlighted and it is shown that capacity 
optimization might hide operational inefficiency.  
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the Manufacturing Engineering Society International Conference 
2017. 
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1. Introduction 

The cost of idle capacity is a fundamental information for companies and their management of extreme importance 
in modern production systems. In general, it is defined as unused capacity or production potential and can be measured 
in several ways: tons of production, available hours of manufacturing, etc. The management of the idle capacity 
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aHeinz Nixdorf Institute, Control Engineering and Mechatronics Group, Universität Paderborn, Fürstenallee 11, 33104 Paderborn, Germany
bHeinz Nixdorf Institute, Intelligent Systems Group, Universität Paderborn, Warburger Straße 100, 33098 Paderborn, Germany

Abstract

The effective control design of a dynamical system traditionally relies on a high level of system understanding, usually expressed
in terms of an exact physical model. In contrast to this, reinforcement learning adopts a data-driven approach and constructs an
optimal control strategy by interacting with the underlying system. To keep the wear of real-world systems as low as possible, the
learning process should be short. In our research, we used the state-of-the-art reinforcement learning method PILCO to design a
feedback control strategy for the swing-up of the double pendulum on a cart with remarkably few test iterations at the test bench.
PILCO stands for “probabilistic inference for learning control” and requires only few expert knowledge for learning. To achieve
the swing-up of a double pendulum on a cart to its upper unstable equilibrium position, we introduce additional state restrictions
to PILCO, so that the limited cart distance can be taken into account. Thanks to these measures, we were able to learn the swing
up at the real test bench for the first time and in only 27 learning iterations.
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1. Introduction

In contrast to the established paradigm of model-based control design, which requires a general understanding
of the physical behavior of a technical system, reinforcement Learning (RL) algorithms [7] seek to learn an opti-
mal control strategy through interaction with the system. Thus, RL is essentially data-driven and requires little prior
knowledge. As such, it can be seen as a promising alternative that we are investigating for reasonably complementing
more classical approaches in the field of control. In this paper, we demonstrate the potential of RL by learning the
control of the double pendulum on a cart—for the first time also showing the swing-up on the real test bench.
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Our approach is based on the PILCO (Probabilistic Inference for Learning Control) algorithm [2], which is able to
deal with continuous state and action spaces in a very data-efficient manner, and which requires rather few interactions
on the test bench. It belongs to the class of model-based RL methods and uses a Gaussian process (GP) as a non-
parametric approximation of the system. This type of model-based learning is able to extract valuable information
very efficiently. Since PILCO adopts a probabilistic approach, it is able to suitably represent uncertain or unknown
system behavior prevailing at the beginning of the learning process.

The double pendulum on a cart is an underactuated system with deterministic chaotic behavior. For the swing-up
and the stabilization of the pendulum from the lower to the unstable upper equilibrium position, the two-degree-of-
freedom method is a standard approach, and optimal swing-up trajectories can be determined, e. g. by optimal control
[10], [4]. To make the problem amenable to RL, we have extended PILCO to include state constraints, so that, for
example, the travel restriction of the linear motor on the test bench is reliably adhered to. Thanks to these extensions
of the learning process, we were able to learn the swing-up of the double pendulum into the upper equilibrium position
with only 27 learning iterations on the test bench. To the best of our knowledge, this is the first practical implementa-
tion of this maneuver through learning methods, and clearly demonstrates the efficiency of our implementation.

In the next section, we give an introduction to PILCO and describe our extensions in more detail. Then, the double
pendulum on a cart and the application of PILCO to this practical example are discussed in Section 3. The results of
the practical implementation and a corresponding analysis are presented in Section 4, followed by a conclusion and
an outlook on future work in Section 5.

2. Probabilistic Inference for Learning Control: PILCO and Its Extension

In this section, we briefly recall the PILCO framework [2] and extend it by state-space constraints.

2.1. Problem formulation

We consider a discrete dynamical system of the form xt+1 = f (xt, ut) + wt, t ∈ N0, with x0 ∼ N(µ0,Σ0) defines
the normal distribution of the initial state and white stationary Gaussian (iid) noise wt ∼ N(0,Σw), states xt ∈ Rn and
controls ut ∈ Rp. The transition dynamics f is assumed to be unknown (and can not or should not be determined on
the basis of physical laws). Our objective is to find a deterministic control policy π with u = π(x; θ) that transfers the
dynamical system to an equilibrium state and minimizes the extended expected long-term cost

J(θ) =
T∑

t=0

E
[
c(xt)
] − λ√var[c(xt)], J(θ) ∈ R (1)

for T time steps, where E is the expected value operator, c(xt) the immediate cost of being in state xt at time step t (cf.
Section 2.3). The control policy π is characterized by parameters that are summarized in the vector θ ∈ RNc .

The structure of our objective function in (1) is motivated by Bayesian optimization [9], especially the “optimism
in the face of uncertainty” principle as implemented by the upper confidence bound (UCB) method. Via the weighting
factor λ ≥ 0, we are able to balance exploration and exploitation, which is important to avoid local minima: the larger
λ, the stronger the exploration.

2.2. Gaussian process dynamics model and controller

Since we do not have access to the system dynamics f , a (posterior) distribution over plausible models of the
dynamics is required. PILCO uses Gaussian processes [8] to infer this posterior distribution from currently available
observations (xt,i, ut,i, xt+1,i), t = 0, . . . ,T−1, i = 1, . . . ,No, which are directly measured from the real system and might
be corrupted due to noise. The dynamic GP model is trained based on these observations (evidence maximization [3])
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and is used within the simulation to make one-step predictions

p(xt+1) = Φ[p(xt, ut)], p(xt, ut) = N
([
µxt

µut

]
,

[
Σxt Σxt ,ut

ΣT
xt ,ut
Σut

])
. (2)

Thereby Φ maps the joint distribution of p(xt, ut) to the distribution of the successor state p(xt+1), which is a
Gaussian approximation of the true distribution (moment matching [2]). For the GP model, the prior mean function is
set to zero, essentially corresponding to no prior knowledge about the underlying dynamics function, and the squared
exponential (SE) covariance function with additive noise is used. Due to this approach, we are able to perform long-
term predictions p(x1| θ), . . . , p(xT | θ) from the initial state distribution p(x0) by cascading one-step ahead predictions
via our learned dynamical GP model.

For the control policy ut = π(xt; θ) ∈ Rp, PILCO uses p deterministic GPs, where the variance of the posterior is
set to zero. Therefore, it uniquely maps the current state onto a specific input vector. The GP controller depends on
several parameters (pseudo inputs: M = [m1, . . . ,mNb ] ∈ Rn×Nb , corresponding pseudo targets li ∈ RNb and diagonal
weighting matrices Λ−1

i ∈ Rn×n, i = 1, . . . , p). This results in a dimension Nc = nNb + pNb + pn of the optimization
vector θ of the objective function (1). Thanks to an additional transformation of the input vector, it is also possible to
consider input constraints, such that |u| ≤ umax can be ensured.

2.3. Cost functions

The immediate cost function c(xt) in (1) can be built from different sub cost functions, such that c(xt) =
∑

i ci(xt).
The original version of PILCO considers only one particular cost function, namely a saturated quadratic function with

cq(xt) = 1 − exp
(
− 1

2 (xt − x∗)T W(xt − x∗)
)
∈ [0, 1], (3)

where x∗ is the desired goal state and W is an a priori defined weighting matrix. Using this single cost function, the
swing-up and balancing of a double pendulum on a cart with an infinitely long track in simulation could be realized
[1]. However, in order to apply PILCO to a real double pendulum on a cart, we have to take state space constraints into
account, such as a limited track length. For that reason we introduce another cost function, the double hinge function

ch(xi) = max
(
0, −a (xi − b1), a (xi − b2)

)
=



−a(xi − b1) for xi < b1

0 for b1 ≤ xi ≤ b2

a(xi − b2) for xi > b2

, ch(xi) ∈ [0,∞), (4)

which depends on a single state variable xi ∈ R and a > 0, b1 ≤ b2. Leaving the region of feasible states [b1, b2] results
in additional costs via (4). Using a penalty term in this context is motivated by the interior-point optimization method.
The parameter a determines how strict the constraints are.

2.4. PILCO algorithm

Algorithm 1 summarizes the PILCO framework, which is a data-efficient reinforcement learning method for com-
plex control tasks. Lines 1 and 2 describe the initialization phase, where the controller parameters are set randomly and
a random control sequence is applied to the system. During this first interaction with the system, measurements are
taken in parallel. After that, PILCO alternates between learning the system dynamics based on the currently avaible
measurement data (line 4) and optimizing the controller parameters with regard to the current learned model (line 5).
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In order to minimize the objective function (1) PILCO uses gradient-based optimizers, such as BFGS (Broyden-
Fletcher-Goldfarb-Shanno [6]), which highly benefit from the fact that the gradient of the long term costs ∇J(θ) =
[∂J(θ)/∂θ1, . . . , ∂J(θ)/∂θNc ]

T can be determined analytically (see [2] for details). Note that the controller optimization
phase does not need any interaction with the real system, but is solely based on the learnt dynamical GP model. After
the optimization, the current optimal control strategy is applied to the system, whereby additional measurement data
is generated (line 6). If the control task was not fulfilled in the current iteration, the new data is added to the existing
dataset and the dynamical GP model is re-trained on the basis of this enlarged dataset. The goal is to achieve a fast
convergence of the GP model to the real system dynamics based on as few data as possible.

Algorithm 1: PILCO

1 Select random controller parameter θ
2 Apply a random control sequence to the system and collect first measurement data
3 repeat
4 Learn the system dynamics f by means of GP Φ based on the existing measurement data
5 Determine the optimal control policy u = π(xt; θ∗) for the currently learnt model by minimizing J(θ)
6 Apply the control strategy π(xt; θ∗) to the system and collect further measurement data, which are added to

the existing measurement data
7 until Control task fulfilled

3. Experimental Setup

In this section, we present the modeling and experimental setup of the double pendulum on a cart. The physical
model is used to test the learning algorithm in an adequate simulation environment. Furthermore, we describe the
parameter settings according to the modeled GPs and cost functions.

3.1. Modeling and experimental setup of the double pendulum on a cart

To illustrate the presented approach, we apply it to a double pendulum on a cart test bench. A picture of our test
bench is shown on the left side of Fig. 1. The system under consideration constitutes a serial double pendulum pivoted
on a high-performance linear motor. The linear motor has a maximal travel of ±0.6 m, a maximal permitted velocity
of 6 m/s, and a maximal permitted acceleration of 100 m/s2. We use the abstract scheme on the right side of Fig. 1
to represent the essential dynamics of the system. The sketched model has three degrees of freedom: two angles
between the pendulums and the vertical axis, denoted by ϕ1 and ϕ2, and the position of the cart denoted by y. We use
the Lagrange formalism to derive the differential equations. This derivation and the explicit mechanical parameters
corresponding to the test bench can be found in [10]. A partial feedback linearization makes it possible to reduce the
system dynamics of the pendulum. The new input is the acceleration of the motor u = ÿ and its realization is ensured
by an underlaying fast velocity controller. The simplified physical model of the double pendulum on a cart is used
to test the learning method based on simulation before applying it to the real system. The simulation study showed
promising results, so that we were confident that the learning process will also succeed on the real system.

Fig. 1. Test bench of the double pendulum on a cart (left) and the representative physical model (right).
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3.2. Parameter settings

The application of PILCO to the double pendulum on a cart test bench requires the specification of the parameters
in the cost functions listed in Table 1. To this end, we leverage our expert knowledge about the underlying control
task. According to Section 2, we build the immediate cost function c(x) from different sub cost functions c1, . . . , c6.
In total, the cost function is composed of two saturated quadratic (c1, c2) and four double hinge (c3, . . . , c6) cost
functions, depending on the states ϕ1, ϕ2, y, ẏ, ϕ̇1, ϕ̇2 and additional quantities sin(ϕ1), cos(ϕ1), sin(ϕ2), cos(ϕ2), where
the angles of the pendulum are mapped to the cartesian coordinates. Hence the goal of the maneuver can be described
by cos(ϕ1) = cos(ϕ2) = 1, which has the advantage of taking the ambiguity of the upper equilibrium position into
account. We used two squared quadratic cost function, where the latter, c2 has high entries of the weighting matrix to
ensure that the gradient of (1) does not vanish during the optimization. The parameters of the hinge functions are set so
as to enforce a gap to the actual state constraints, e. g. ymax = 0.6 m > b2,3 = 0.5 m. To facilitate the learning process,
the input constraint is set to |u| ≤ 30 m/s2, so that the control input is appropriately limited for the optimization.
Another adjustment is made with regard to the prediction time T . We start with T0 = 3 s and increase the prediction
time after each trial by 25% if the actual immediate costs are below 0.25 for the last 0.5 s (see Fig. 2, red bar). This
approach helps the controller to learn the swing-up maneuver first, and to stabilize the system in the upper equilibrium
point afterward. We implicitly assume that the controller can stabilize the pendulum for an infinitely long period of
time once it achieved a stabilization for 6 s.

Table 1. Parameters for the double pendulum on a cart experiment

sub cost function dependent on parametrization

c1 (saturated quadratic) y sin(ϕ1) cos(ϕ1) sin(ϕ2) cos(ϕ2) W1 = 0.75−2CT C, x∗1 = [0, 0, 1, 0, 1]
c2 (saturated quadratic) y sin(ϕ1) cos(ϕ1) sin(ϕ2) cos(ϕ2) W2 = 9W1, x∗2 = x∗1
c3 (double hinge) y a3 = 10, b1,3 = −0.5, b2,3 = 0.5
c4 (double hinge) ẏ a4 = 1, b1,4 = −3.5, b2,4 = 3.5
c5 (double hinge) ϕ1 a5 = 1, b1,5 = −8π, b2,5 = 8π
c6 (double hinge) ϕ2 a6 = 1, b1,6 = −8π, b2,6 = 8π

time discretization ∆t : 0.05s number of controller basis functions Nb : 200 exploration factor λ : 0.1 C =
[
1 −0.5 0 −0.5 0
0 0 0.5 0 0.5

]

4. Experimental Validation and Analysis of Results

We applied PILCO with the parameter settings and adjustments described above to a real double pendulum on a
cart. This section is dedicated to the presentation and analysis of the results obtained from this experiment. Fig. 2
shows the state and cost trajectories of the 10th and 27th (last) learning iteration.

The first iterations are characterized by a high uncertainty (standard deviation) regarding the predictions. This is
due to the initial inaccuracy of the dynamic GP model, and leads to a violation of the state restrictions in the first
few iterations. After some more interaction with the system, a fundamental avoidance strategy is developed by the
controller. In the 10th iteration, the target (upper equilibrium) state is approached for the first time at 1.8 s. This is
an essential step in the learning process, because till then the target state had to be extrapolated on the basis of the
existing data, which mainly contain observations around the lower equilibrium state. After the 10th iteration, the found
swing-up trajectory is maintained and refined. Moreover, the prediction horizon is gradually increased to 6 s, so that
the stabilization of the upper equilibrium state is learned as well. Fig. 2 (right) shows the final result after the last
learning step. The remaining uncertainty between 1.8 s and 3.8 s of the cart’s position prediction can be explained by
the transition from swing-up to balancing, as the highly accelerated masses have to be adequately slowed down.

Overall, we needed 27 iterations, which is close to the 23 iterations reported in [1], where PILCO was applied to
a simulation model of the double pendulum on a cart. The main differences are as follows: (i) We applied PILCO to
a real test bench; (ii) our system input is the cart acceleration and not the actuator force acting on the cart; (iii) the
maximum cart displacement of the final trajectory in [1] amounts to 1.4 m and in our experiment to 0.4 m, since the
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Fig. 2. Application of PILCO to the double pendulum on a cart test bench. Presentation of the 10. and 27. iteration of the learning process.

cart limitation is taken into account during the learning process. A video of the experimental validation is available at
https://www.youtube.com/watch?v=N-yrQu9zuOI.

5. Conslusion and Future Work

We were able to demonstrate the swing-up of the double pendulum into the upper unstable rest position at the test
bench within a few learning iterations by modifying and applying the PILCO algorithm. In the future, we intend to
explore Deep-PILCO [5] to investigate whether the better scaling properties of Bayesian neural networks are also
advantageous for the comparatively high dimensional state vector of the double pendulum on a cart. Moreover, we
want to elaborate on the advantages of combining data-driven methods such as PILCO with established model-based
approaches of control theory in situations where at least partial knowledge about the technical system is available.
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