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Abstract – A missing angle-dependent prefactor in the wave functions for half-integer magnetic
flux obtained in Aharonov Y. and Bohm D., Phys. Rev., 115 (1959) 485 is supplied, without
which the result is not single-valued. No physical conclusions of the paper are affected.
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In their celebrated 1959 paper [1], Aharonov and Bohm
(hereafter AB) considered the motion of an electron of
mass m and charge −e in the field of an infinitely
long solenoid of vanishing radius, and governed by the
(Coulomb gauge) Hamiltonian

H =
1

2m

(
−i�∇ +

eΦ
2πr

θ̂

)2

, (1)

where (r, θ) denote plane-polar coordinates, and Φ is
the magnetic flux linked with the solenoid. The axis of
the solenoid defines the z-axis. Exploiting the transla-
tional symmetry of the problem, AB factor out the mo-
tion along the z-direction, obtaining a complete set of
(transverse) eigenfunctions Fα(kr, θ) of H with eigenvalue
E = �

2k2/(2m). Here,

Fα(r, θ) =
∞∑

n=−∞
(−i)|n+α|J|n+α|(r)einθ , (2)

where Jν(·) is Bessel’s function of the first kind and

α = −eΦ/(2π�)

is the nondimensionalized magnetic flux. The propa-
gator for this problem, i.e., the matrix element of the
time-evolution operator

〈
r′∣∣ exp(−itH/�)

∣∣r〉, is directly
expressible in terms of Fα:

K
(
r, r′; t

)
=

1
2πiτ

exp
[

i

2τ

(
r2 + r′2)] Fα

(
rr′

τ
, θ − θ′

)
,

(3)
where τ = �t/m ([2], eq. (7)). Therefore, it is useful to
evaluate (2) in closed form, say, for special values of α.
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In [1] p. 490, AB noticed that (2) can be summed ex-
plicitly for integer and half-integer α’s. In the latter case
they present without derivation the result ([1], eq. (23))

Fn+1/2(r, θ) =

√
i

2
e−iθ/2−ir cos θ

∫ √
r(1+cos θ)

0

dz eiz2
,

(4)
which may be related to the error function erf(·). However,
this expression is not single-valued, as

Fn+1/2(r, θ + 2π) �= Fn+1/2(r, θ).

Thus (4) cannot be a special case of (2) (which is single-
valued regardless of α). Furthermore, the right-hand
side of (4) does not depend on n, the integer part of α.
This seems suspicious since H depends on Φ (which is
n-dependent via the definition of α), while its eigenfunc-
tion (4) appears to be independent of n.

We note that the effect predicted by AB rests on the re-
quirement that their wave function be single-valued. The
single-valuedness (or lack thereof) of wave functions in
the AB problem, especially when Φ is time-varying, is ex-
tensively discussed in the literature, see, e.g., [3–6] and
references therein.

In what follows, we evaluate the infinite series (2) for
half-integer α’s via Laplace transforms, obtaining a result
that mainly differs from (4) by a θ-dependent prefactor,
viz., sgn

(
cos(θ/2)

)
e−inθ. This missing factor correctly re-

stores the single-valuedness of AB’s result as well as its
anticipated n-dependence.

First, let n �→ n − �α� in (2), where �α� denotes the
greatest integer ≤ α, to obtain

Fα(r, θ) = e−i�α�θ
∞∑

n=−∞
(−i)|n+{α}|J|n+{α}|(r)einθ . (5)
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Here, {α} = α − �α� is the fractional part of α
(0 ≤ {α} < 1 for any α).

For {α} = 0, i.e., integer α, (5) can be evaluated in
closed form. For this, note that J−n(r) = (−1)nJn(r), and

(−i)|n| = (−i)n

{
1, n ≥ 0,

(−1)n, n < 0,

for any integer n. Thus, invoking the Jacobi-Anger expan-
sion ([7], sect. 8.511.4), we obtain

Fα(r, θ) = e−i�α�θ
∞∑

n=−∞
inJn(r)ein(θ−π) = e−i(�α�θ+r cos θ),

(6)

in agreement with AB after identifying r cos θ = x, see [1],
p. 490.

It remains to consider {α} > 0 only, for which

Fα(r, θ)
(5)
= e−i�α�θ

[ ∞∑
n=0

(−i)n+{α}Jn+{α}(r)einθ

+
−1∑

n=−∞
(−i)−n−{α}J−n−{α}(r)einθ

]

(letting n �→ −1 − n in the second sum)

= e−i�α�θ
[
(−i){α}f{α}

(
r, θ

)
+ e−iθ(−i)1−{α}f1−{α}

(
r, −θ

)]
, (7)

where we have introduced the function

fε(r, θ) =
∞∑

n=0

(−i)nJn+ε(r)einθ . (8)

Consider its Laplace transform with respect to r, given by

L[
fε(r, θ)

]
=

(
s +

√
1 + s2

)1−ε

√
1 + s2

(
s +

√
1 + s2 + ieiθ

) , (9)

Re[s] > 0. It follows from exploiting the linearity of the
Laplace transform, the identity ([7], sect. 17.13.103)

L[
Jν(r)

]
=

(
s +

√
1 + s2

)−ν

√
1 + s2

, ν > −1, Re[s] > 0, (10)

and finally the geometric series formula
∑

n≥0 zn = (1 −
z)−1 for |z| < 1. For half-integer flux, �α� = n and
{α} = 1/2, the Laplace transform of (7) reads

L[
Fn+1/2(r, θ)

]
=

√−i e−inθL[
f1/2(r, θ)

]
+

√−i e−i(n+1)θL[
f1/2(r, −θ)

]
(9)
=

√−i e−inθ

√
s +

√
1 + s2

√
1 + s2

×
[ (

1 + e−iθ
)(

s +
√

1 + s2 + i
)

(
s +

√
1 + s2 + ieiθ

)(
s +

√
1 + s2 + ie−iθ

)
]

. (11)

Following careful simplifications, this reduces to

L[
Fn+1/2(r, θ)

]
=

1
2
√−i e−inθ

(
1 + e−iθ

)
× s +

√
1 + s2 + i√

1 + s2
√

s +
√

1 + s2
· 1
s + i cos θ

.

(12)

Now, in order to invert the Laplace transform, note that

L−1

[
1

s + i cos θ

]
= e−ir cos θ (13)

(see [7], sect. 17.13.7) and

L−1

[
s +

√
1 + s2 + i√

1 + s2
√

s +
√

1 + s2

]
= L−1

[√
s +

√
1 + s2

√
1 + s2

]

+ i L−1

[
1√

1 + s2
√

s +
√

1 + s2

]
=

√
2
πr

eir, (14)

given

L−1

[(
s +

√
1 + s2

)±1/2

√
1 + s2

]
(10)
= J∓1/2(r) =

√
2
πr

cos
sin(r).

(15)

Applying the Laplace-convolution (or Faltung) theorem,

L−1[f(s)g(s)] = L−1[f(s)] ∗ L−1[g(s)],

to (12), we are thus led to

Fn+1/2(r, θ) =
e−inθ

√
2πi

(
1 + e−iθ

) ∫ r

0

dr′
√

r′ eir′
e−i(r−r′) cos θ.

(16)
Observe that (16) vanishes at θ = π due to the factor in
parenthesis. But for θ �= π, it follows that 1 + cos θ > 0,
hence substituting z =

√
r′(1 + cos θ) in the above inte-

gral yields

Fn+1/2(r, θ) =

√
2
πi

1 + e−iθ

√
1 + cos θ

e−inθ−ir cos θ

×
∫ √

r(1+cos θ)

0

dz eiz2
. (17)

To complete the calculation, note that

1 + e−iθ = 2e−iθ/2 cos(θ/2),

and
√

1 + cos θ =
√

2 | cos(θ/2)|, which together imply the
final result:

Fn+1/2(r, θ) =
2√
πi

sgn
(

cos
θ

2

)
e−i(n+1/2)θ−ir cos θ

×
∫ √

r(1+cos θ)

0

dz eiz2
, (18)
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where sgn(·) is the signum function. Clearly, (18) is a
near duplicate of (4), modulo θ-dependent factors that
had hitherto escaped notice. These insure that (18) is
single-valued, unlike the function defined by (4).

In any case, we emphasize that none of AB’s physical
conclusions rely on (4), and are therefore unaffected.
This brief comment is meant in no way to deni-
grate AB’s discovery, whose significance can hardly be
overemphasised.

∗ ∗ ∗

The author is grateful to J. M. Wilkes for valuable
editorial inputs.

Data availability statement : No new data were created
or analysed in this study.
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