IDENTIFYING COPELAND WINNERS IN DUELING BANDITS WITH INDIFFERENCES
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TL:DR

Extension of Copeland winner identification in dueling bandits for indifference feedback with novel lower bounds and a worst-case nearly optimal learning algorithm

DUELING BANDITS WITH INDIFFERENCES

Setting

e Given: Different arms (options) aq,...,a, <= 1,...,n<= A
e Action at time ¢: Choose a pair of arms i; € A and j; € A\ {4/}
e Observation at time ¢:

either ¢; > 7, i.e., arm 4, is strictly preferred over arm j;

or 7 < Js, 1.e., arm j; is strictly preferred over arm 2,

or iy = j;, 1.e., neither 4; is strictly preferred over j; nor the opposite (indifference
between iy and ji)

e Stochastic feedback assumption: Each possible explicit observations is deter-

mined by one of the following matrices P~, P=, P~ € [0, 1]™*" :
P =Pl >=j) PS =Pl <j) P =P6G=j)

~» A problem instance is characterized by P = (P, P, P <))z'<j

1,77 7 1,70
Goal

(i) Finding a Copeland winner (COWI), i.e., an element of
C(P)={i e A|CP(P,i) = max; CP(P,j)},

CP(P, i) = Z#il[[P:pmax{R}P 12 Z#Zlup >max{P;, P31

is the Copeland score of arm ¢ € A
(ii) Conducting as few as possible duels (low sample complexity)

where

Formal Goal: For a given error bound § € (0, 1) design algorithm A which
E[r*(P)] is small
P(i ¢ C(P)) <6

such that
such that

o uses 7(P) duels in total
o returns i € A

for any problem instance P.
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LEARNING ALGORITHM

POCOWISTA

Idea of POtential COpeland WInner STays Algorithm (POCOWISTA):
1. Duel arm 7; having highest potentially Copeland score
with arm j; having highest current Copeland score
2. Conduct duel via efficient PPR-1V1 routine [2] to find mode of (P, P, Pwt)

Uyt / Zta]t’
Algorithm POCOWISTA
1: Input: Set of arms A, error prob. é € (0,1)
2: Initialization: e < 1 and for each 1 € A set
D{t) « {i} (set of already compared arms)
CI CP(i) « 0
CP(i) « n - 1§

Algorithm SCORES-UPDATE

Input: Arms i, j, ternary decision k € {1,2,3}
if k=1 then
CP(i) + CP(i) + 1
else if k = 2 then - -
CP(i) + CP(i) + /2, CP(j) + CP(j) + /2
o N P
CP(j) + CP(j) +1
end if
D(i) + D(i) U {3}, D(j) « D(j) U {i}
CP(i) + n— |D(i)| + CP()
CP(j) ¢ n - |D(j)| + CP(j)

(current Copeland score)
(potential Copeland score)
3. while #i s.t. (P{]:"(P(J)V_}'E.A\{} do
4: i, = argmax;c 4 C CP(i ]

5:  Je = ArgMAax;c A\ p(,) CP(j)
6: k+ PPR-1V1(ic,jc,6/(3))
7:  SCORES-UPDATE(i., je, k)
8: e—e+1
9: end while o
0: return argmax;,. 4 CP(i)

el e O e B
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TRA-POCOWISTA

What if the problem instance P is transitive?
Definition. P is transitive if for each distinct ¢, 7, k € A holds:
1. Transitivity of strict preference.

If P/, > max(P, P;) and P> max(P, P &), then P7 > max(P, Pry).

0,77 % 0]
2. 1P- tran81t1\f1ty
If P, > max(P, P;) and P7. > max(P7, Pfk), then P, > max(P3, Pﬁ;)
3. PI- tran81t1\f1ty
If P7 > max (P P;)and PJ ., > max (Pfk, Pﬁ,) then P/, > max (Pfk, fﬁ)

0,5
4. Tran81t1V1ty of indifference.

If P > max(P;, P) and Pfk > max (P, P7), then Pf,; > max(P, Piy).

= Updates can be made more efficient

Algorithm TRANSITIVE-SCORE-UPDATE
1: Input: Arms 1, j, k € {1,2,3}
2: if k=1 then_
3 CP(i) « CP()+ W() UIG) +
W(i) «W(EHUW(G)UIQG)U {J}
D(i) ¢ D@E) UW () U I() U {5}
L(j) « L(j) U L(i) U I(i) U {3}
D(j3) + D(j)U L(i) u I(i) U {i}
: else if k = 2 then
CP(i) « CP(i) + W ()| + 1/201 + |1(G)))
(’PU){ cP (j) + W ()| + 1/2(1 + |[1(i)])
W) «WHE)UW(5),W(5) « W(i)
L(t) « L(i) U L(j), L(j) «+ L(i)
1(i) « 1(5) UI(5) U {3}, 1(5) « 1(i) UI(5) U {i}
D(i) + D(i) U D(4), D(3) + D(3)
5: else
. Same as for k = 1 with 7 and j reversed
- end if
: Same steps as line 10 and 11 in SCORE-UPDATE

Algorithm TRA-POCOWISTA

1: Input: Set of arms A, error prob. § € (0,1)
& Imtmlmatum e + 1 and for each i € A
) {z}CP «0,CP(i)+n—1

W(:] «— 0 (set of defeated arms)
I(i) + @ (set of indifferent arms)
L(i) « 0 (set of superior arms)

3: Whll{' Bi s.t. CT I’(s} > CP(j)Vj € A\ {i} do

: i, = argmax;. 4 CP P(t}

Je = ArgmMax,e A\ p(i, J,l.”i' (7)
k « PPR-1v1(i¢,Je,0/n)
TRANSITIVE-SCORE-UPDATE(%, e, k)
ei—e+1

. end while L

: return argmax,. 4 CP(i)

THEORETICAL RESULTS

Lower bounds

Informal Version: For P with min;; |PZ<? — P1<3)| > A the lower bounds are
Q(n*/azln1/s),

where P<7 ]>, PS ]>, P(? are the order statistics of P, P— and P

A 1 1

where C(P) =

{i*} and in the case with indiﬁerences

1 2
D;(P) = max{KL!), KL}}}
1)
]7
(

KLY  KL(P, P P (PR P P
KL} = KL((PJy, Pii Pik), (Pri Piis P),
(1))
Cj= (Z]lﬂ)ﬂea\;% 3 D) M) L+ () (P Y Ly
U(5) = {60 € {0,.. ., [T} x {0,..., [LG)[} |7+ 20 > 2d; + 1}

for any P with min;, min{ P/, P] w Pt > 0.

;k))a

Formal Version: If A correctly identifies the COWI with confidence 1 — 4, then

Upper bounds

Informal Version: Worst-case sample complexities have the order

POCOWISTA TRA-POCOWISTA" SAVAGE** 3] PBR CCSO™ [1]

2

1“( NG Aw) A2 1“(5 Alw) A2 1n(5

/3 A”) ln(

“If P is transitive
**1f there are no indifferences

Formal Version: For any P = ((P> P, P))i<;j, such that there exists no pair

NI E
i,j € Awith i # j and P = P7, = 1/3, it holds

(i) for A :== POCOWISTA that
P(is € C(P) and 74(P) < ¢(P,8)) > 1§,
where t(P,8) < =, to((P75, Py P3), %))

3,7 7 5,37

__ary g, (_v2erw
to((p17p2>p3)a 5) — (pa)—re)? = (\/g(pu)p(z)))’

Pa) = Pe) =
(ii) for A := TRA-POCOWISTA if P transitive that

IP’(‘ZA € C(P) and 7%(P) < #{(P,d)) > 1 -,
-S> to((P7., P, P=.),%n), tyis as in (1) and E < n.

Zea]e Zea]e Ze:]e

where (P, §)

p(3) 18 the order statistic of py, pa, p3, ¢; = 194.07, and ¢, = 79.86.

(1)




