A List of Symbols

The following table contains a list of symbols that are frequently used in the main paper as well as in
the following supplementary material.

Basics
1{} indicator function
N set of natural numbers (without 0), i.e., N = {1,2,3,...}
R set of real numbers
D observation domain (categorical or numerical)
A = [n] set of arms
n number of arms
k maximal possible subset size
B budget for the learner
O« all subsets of A of size < k: {Q C A|2<|Q| <k}
Q< (i) all subsets in Q< which contain arm i: {Q € Q< |7 € Q}
O all subsets of A of size k : {Q C A||Q| =k}
O (4) all subsets of A of size k which contain arm i : {Q € O— | i € Q}
0 (t) observed feedback vector by querying @ for the ¢-th time
Modelling related
s relevant statistic for the decision making process
sijo(t) statistics for arm ¢ € () derived by the observed feedback at the ¢-th usage of query set
sq(t) vector of statistics for all arms in the query set Q after its ¢-th usage: (s;q)icq (%)
Silo limit of the statistics for arm 4 in query set Q: lim; o0 850 (¢
i best arm or generalized Condorcet winner: VQ) € Q<j with ¢* € @ it holds that
Si=1q > Sj|q forany j € Q\{:"}
sB(t) Borda score of arm ¢ at time ¢: Zqeo_, () silQ(t)/|Q_ (i)
SE limit Borda score of arm ¢: lim;_ 0 s° (t)
iB generalized Borda winner: i} € arg max;e 4 S°
no(t) number of times query set () was used until time ¢
Yilq(t) point-wise smallest non-increasing function bounding the difference |s;|q (t) — S;) | (rate
of convergence)
Fo(t) maximal ;g (t) over all i € Q
~(¢) maximal yq (¢) overall Q € Q<
qf‘é (a) quasi-inverse of ;g : min{t € N | v;0(t) < a}
"yél(t) minimal ;) (t) overall i € Q
7 1(t) minimal g (t) over all Q € Q<
34 (t) rate of convergence of the Borda score for arm i: m 2oco_,) Yile(t)
Fig (1) max{%i(t),¥;(t)}.
Ajlg gap of the limit statistic of arm ¢ € () to the limit statistic of the generalized Condorcet

winner: |S;-g — Sjjgl forany Q € Q< (i) N Q<p (i)
Swya, Ao I-thorder statistic of {S;jo}icq forl € {1,2,...,]|Q|} and its gap Ao = Sixjo —

Swie
Algorithm related
Fi function from [£] to [k] specifying the nature of the arm elimination strategy
R, R* number of rounds of the learning algorithm (A)
P,, PA number of partitions of the learning algorithm (A) in round r
A, j-th partition in round r
A (i%) the partition in round r containing ™ (emptyset otherwise)
by budget used in round r for a partition
7% sufficient budget for learning algorithm A to return ¢* (or i3 if A is ROUNDROBIN)
ROUNDROBIN  the naive algorithm introduced in Section
CSE the generic combinatorial successive elimination algorithm (Algorithm )
CSWS the combinatorial successive winner stays algorithm resulting by using f(x) = 1 in CSE
CSR the combinatorial successive rejects algorithm resulting by using f(z) = x — 1 in CSE
CSH the combinatorial successive halving algorithm resulting by using f(x) = [x/2] in CSE
SH the successive halving algorithm for pure exploration settings in standard multi-armed
bandits (cf. [23])
GBW Generalized Borda winner
GCW Generalized Condorcet winner
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B Proofs for Section

In this section, we prove the general lower bounds on the necessary budget for identifying the
generalized Condorcet winner (GCW), the generalized Borda winner (GBW) or the generalized
Copeland winner (GCopeW). For this purpose, let us first fix some further notation. If Alg is a
possibly probabilistic algorithm and s is fixed, we write Alg(s) for the output of Alg executed on
the instance s. We restrict ourselves only to algorithms whose output is solely determined by the
sequence of observations it has received as well as the corresponding statistics. Moreover, for
Q € Oy, we write By (Alg,s) € NU {co} for the number of times Alg queries Q when started
on instance s. Note that Alg(s) as well as Bg(Alg, s) and B(Alg,s) = > 5co_, Bo(Alg,s) are

random variables, because they depend on the innate randomness of Alg.

Given s, let us write GCW(s), GBW(s) and GCopeW(s) for the set of all GCWs, GBWs and
GCopeWs of s, respectively. In case |[GCW(s)| = 1, |GBW(s)| = 1 resp. |GCopeW (s)| = 1, with
a slight abuse of notation, we may denote by GCW (s), GBW(s) resp. GCopeW (s) simply the only
GCW, GBW resp. GCopeW of s. Recall that the GCW, the GBWs and the GCopeWs of s only
depend on the limits S = (S;|0)Qeo~,,icq With Sjjo = lim; _; o i) (1)

Definition B.1. Let Alg be a (possibly probabilistic) sequential algorithm.
(i) Alg solves Pacew (S,~) if P(Alg(s) € GCW(s)) = 1 for any s in &(S,~).
(ii) Alg solves Popw (S,) if P(Alg(s) € GBW(s)) = 1 for any s in &(S, 7).
(iii) Alg solves Pacopew (S, ) if P(Alg(s) € GCopeW(s)) = 1 for any s in &(8S, ).

B.1 Proof of Theorem 3.1)(i): Lower Bound for GCW Identification

The proof of (i) in Theorem [3.1]is prepared with the next lemma.
Lemma B.2. Ler Alg be a deterministic solution to Pacw (S, ~) and s,s’ € &(8S, ).

(i) If Alg(s) # Alg(s’), then
3Q € Q«r,i € Q, t € {1,...,min{Bq(Alg,s), Bq(Alg,s')}} : siq(t) # si (1)

(ii) If s and s’ coincide on {t < B’} and on oc Q<y, in the sense that
VQ € Q<i, Vi€ Q,Vt < B' : s5;0(t) = SQ‘Q(t) (1)

and ~
VQ e Q,Vie Q,VteN : 50(t) = s;‘Q(t), (2)

then Alg(s) # Alg(s') implies
3Q € Q< \ Q : min{Bg(Alg,s), Bo(Alg,s')} > B'.

Proof. (i) To prove the contraposition, suppose that
VQ € Q<,i € Q, t € {1,...,min{Bq(Alg,s), Bo(Alg,s')}} : si0(t) = so(t)
3)
holds.

Claim 1: By (Alg,s) = Bg(Alg,s’) forany Q € Q<.

Proof: Assume this was not the case. Let () € Q< be the first set, for which Alg exceeds
its budget on one of s, s’ but does not reach it on the other instance, and suppose w.l.0.g.
Bg(Alg,s) > Bg(Alg,s’). Since Alg has observed until this point exactly the same
feedback on s as on s’, this is a contradiction as Alg is deterministic. |
Combining Claim 1 and (3) yields that Alg observes on s exactly the same feedback as on
s’ until its termination. Since Alg is deterministic, this implies Alg(s) = Alg(s’).

(i) If Alg(s) # Alg(s’), then (i) together with () yields
ElQ € ka \ @7Z € Qvt < mln{BQ(Alg7S)7 BQ(Alga S/)} : SZ|Q(t) # S/L|Q(t)7
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and thus (I)) implies
3Q € Q< \ Q : min{Bg(Alg,s), Bo(Alg,s')} > B'.
O

Lemma[B.2]is the main ingredient for the proof of Theorem 3.1} as we first analyze the lower bound
for deterministic algorithms and then apply Yao’s minimax principle [S1] to infer the lower bound for
any randomized algorithm.

Proof of Theorem[3.1|(i). We split the proof into two parts.
Part 1: The statement holds in case Alg is a deterministic algorithm.

Abbreviate B’ := mingeo., minjeq 7;%5 (M)'

Fix a family {7q}qeco., of per-
mutations 7g : @ ~ @ such that S;, 1) = S(1)|@ holds for any @ € Q<(1), and define

s = (8i1Q(t))Qeg<,. icq.ten Via

SwietSyenie /
e _2UQDIL - ift < B
SﬂQ(i) = { 2 ’

Sra@IQ; ift > B
Regarding our assumption on S, GCW(s) = 1 holds by construction. For t < B’ <
%Tcl) (M), which implies ;o (t) > M, we have due to S(1)jo > Sijg >

S(q)q the inequality

Swie + Sienie _ ¢

|sijq(t) = limy s oo 5510 ()| = ‘2 z‘Q’
Swie +Sqenie Swie +Suenie
< max {S(l)IQ - 5 , 5 —Sganie
_ Swie —Sqenie
2
< 7ile(t)

for any i € (). This shows s € &(S, 7).

For any [ € {2,...,n} define an instance s’

for any () € Q< with [ ¢ () and

S +S .
@l . (\Q\)IQ’ ift < B/,

= (8}10(t) @e0oy icq ten such that ', () = s ()

s L
32|Q(t) — S(l)|Q, ?ft > B/ andz. l
Siq> if ¢ > B’ and i = argmax;c5j|q
54 (t), else,

forall @ € Q<x(l),7 € Q and t € N. According to its definition, we have GCW(s!) = I, and
similarly as above one may check s' € &(S,~).

Since Alg solves Pacw (S, ), it satisfies Alg(s) = 1 # 2 = Alg(s?). Regarding that s and s?
coincide on {¢t < B’} andon {Q € Q< |1 & Qor2 ¢ Q} in the sense of (I) and (), Lemma
(ii) assures the existence of some @1 € Q<j with 1 € @, and ¢, = 2 € (@ such that
Bg, (Alg,s) > min{BQl(Alg,s),BQI(Alg,s'il)} > B'. Let Iy := [n] \ Q1 and fix an arbitrary
io € Fy. Then, Alg(s) = 1 # iy = Alg(s") and since s and s’ coincide on {t < B’} and
{Q € Q< ]ia & Q}, Lemma (ii) yields the existence of some Q2 € Q<y With iy € Q2
such that Bg, (Alg,s) > min{Bg, (Alg,s), Bg,(Alg,s2)} > B’. From iy € Fy = [n] \ Q; and
i € Q2 we infer (1 # Q2. With this, we define Fy = F; \ Q2 = [n] \ (@1 U Q2).

Inductively, whenever F; # (), we may select an element ¢;,1 € F; and infer from Lemrna
(i), due to Alg(s) = 1 # i;41 = Alg(s"+!) and the similarity of s and s"+ on {t < B’}
and {Q € Q<iliiy1 & Q}, the existence of a set Q41 € Q<j, with 4,41 € Q41 such that
Bg,,,(Alg,s) > B’, and define Fi1 = F; \ Quy1. Then, ;1 € Fy = [n]\ (Q1U---U Q)
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and 4,41 € Q41 assure Q41 € {Q1,...,Q;}. This procedure terminates at the smallest I’ such
that F;y = (), and Q1,...,Qy are distinct. Regarding that |F; 1| — |F}| < |Qi] < k for all
le{l,...,I'! =1}, we have I’ > [7]. Consequently,
v n
B(Alg,s) > ; Bo,(Alg.s) > | 7| B
holds, which shows the claim for deterministic algorithms with regard to the definition of B’.

Part 2: The statement holds for arbitrary Alg.

Let 2 be the set of all deterministic algorithmg’|and s be the instance from the first part. Write dg
for the probability distribution on {s}, which assigns s probability one, i.e., the Dirac measure on s.
Note that for any randomized algorithm Alg there exists a probability distribution P on [ such that
Alg ~ P. By applying Yao’s minimax principle [S1]] and using part one we conclude

E[B(Alg,s)] = Eaig~p[B(Alg',s)] > infaigen Esins, [B(Alg,s)]
. n
= infaigen B(Alg,s) > | 7| B,

where B’ is as in part one. O

Remark B.3. (i) The above proof reveals even a stronger version of Theorem[3.1|(i). Indeed,
in the proof we explicitly construct n distinct instances s' = s,...,s" € &(S,~) with
GCW(s!) = [ for all | € [n], and in fact show: Any (possibly random) algorithm Alg,
which is able to correctly identify the best arm for any s’ € {s1,...,s,} (i.e., Alg does not
necessarily have to solve Pcow (S, 7)) fulfills

n S S
E[B(Alg,s)] > {ﬂ Qi mino b (UIQQUQDIQ)

(ii) Condition (iii) in the definition ofG(S ) assures that the term S(1)|q resp. (o) in
our lower bound from Theorem |3.1| coincides with 5(1 )@ Tesp- S (QnlQ’ when SZ‘Q =

lim; -, oo 551 (t) for s € &(8S, 7).
B.2 Proof of Theorem [3.1](ii): Lower Bound for GBW Identification

Recall that GBW (s) is the set of elements i € [n], for which the limits ;) = lim; _, o 5 () have
the highest Borda score

o5 _ 2@ea( Sile _ Loco i JiQ
' Q= (4)] (h21)

We call S = (5;g)geo-,.icq homogeneous if (S(1)o, - - -, 5(q|)@) does not depend on Q. Thus,
if S is homogeneous, we may simply write S;) for S(;y| for any Q € Q.

The next two lemmata serves as a preparation for the proof of (ii) and (iii) in Theorem 3.1}
Lemma B.4. Forany W C Q_j, we have ZJ 119=k(J) N W] = E[W|.

Proof of Lemma|B.4} Let W C Q_j, be fixed. For any Q = {i1,...,i } € Q_; N'W we have that
Q € Q_y(it) N W for any | € [k], whereas Q & Q—(j) N W for any J € [n]\ {1, .., i} Hence,

> 1o nwl=k|U_ (@) nw)| = k| (U_, @) W] = kW

O

Lemma B.5. For any W C Oy and W = Qi \ W with |W'| < 2;4"%]“( ) there exists
€ [n] \ {1} with [ Q1 () N W[ > [Q=x(1) N W'|.

At any time ¢ € N, a deterministic algorithm Alg € 2 may either make a query Q € Q<y or terminate
with a decision X € {1,...,n}. Thus, 2 is a countable set.
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Proof of Lemma([B3] For j € [n]\ {1} abbreviate a; := |Q—x(j) N W| — |Q=x(1) N W'|. Due to
wi= () - w1
(1) 0 3) =)
k n)k+n—-2\k

(n>k09-509

k

e (G e a()
- (172) e

By using Lemma|[B.4]and the fact that (W N Q—x(1)) U (W' N Q—(1)) = Q—(1) is a disjoint
union, we obtain

S a= 2 195 W= (= DI () N W
=3 19k W] = 1Qok(1) AW = Qi) W] = (0 = 2)| Q) N WV
KW 10240 (1 2)@us() W

2k|W|—( > (n—2)W/|

i (120w () ) -

Consequently, there exists j € [n] \ {1} with a; > 0. O

we have

Proof of Theorem[3.1|(ii). Similarly as in the proof of Theorem [3.1] (i), we proceed in two steps.
Part 1: The statement holds in case Alg is deterministic.

Abbreviate B’ :== 5! (M) and fix a family of permutations (7q)qeo., With S1yq =
Sroyo for all Q € ng(l). Exactly as in the proof of Theorem (i), we define s =
(si1Q(t)) Qe @<y icq.ten Via

SwietSuenie : /
ialt) = {S 2 s
7Q()|Q> ez b

In the proof of Theorem-(l) we have already verified s € &(S, ). Forany j € {2,...,m} and
Qe Q=(1)N Q k(j) we have Sy > S|, and using that |Q— (i) \ Q=x(j")| is the same for
every distinct ¢/, j € [n] we thus have

ZQEQ:k(l) SllQ = ZQGQ k(l)ﬂQ ( Sl|Q + S(l) |Q ( ) \ Q:k(J)‘

. . |O_ —r(1
> 2 acamstpnans 1@+ 5w 1 1Q=1()\ @=1(1)

> Sio.
ZQGQ:MJ') 9@
As |Q_r(1)] = |Q=k(j)|, this shows GBW(s) =
In the following, we will show that

W' :={Q € Q—}. : Alg started on s queries () at least B’ times}

contains at least (L +1n/") (%) elements. For this, let us assume on the contrary [W'| < %/”%k ()
and write W = Q_; \ W. Lemma|[B.5|allows us to fix a j € [n] \ {1} with |[Q—x(j) " W] >
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|Q=k (1) N W[ Now, define 8" = (s],5(t))Qea.,, icq ten Via s/5() = s, q(-) for any Q €
(Qer \ (Q=k(1) U Q=i())) UW and]

sio(t), ift<B'or{l,j} ZQ,

S(l), ifi=j€Qandt > B,

S(|Q|), ifi=1leQandt > B,

S0, ift > B',i = argmin,cq Syjgand 1 € Q Z j,
Sjqs ift > B',i = argmax; oSy gandj € Q F 1,
SilQ otherwise,

s;‘Q(t) =

for Q € (Q—x (1)U Q—_x(j)) N W. Similarly as for s, we see s’ € &(S,~). The corresponding limit
values SQ‘Q = lim; , s;|Q(t) fulfill

VQ € Qo () NW: Sf o = Sq) and VQ € O (j) N W : Sjip = S),
and trivially also S(|q)) < S&Q < S forany Q € Q—,i € Q). Therefore, by choice of j, the

corresponding Borda scores (S)¥ for s’ fulfill

n—1 nB _ -
(k - 1> (51 = ZQEQ:k(l) Sie = ZQEQ:k(l)mW' S+ ZQGQ:k(l)ﬂW Suap
=[Q=k(1) NW'[- S1y +|Q=k(1) " W| - 5(q))
< Q=k() "W - Sy + |Q=k () N W'| - S(ja

~1
< o= (" "B
- ZQegzkm Sile (k — 1) (57

where we have used that |Q— (1) NW'|+|Q—, (1) W] = |Q=k(1)| = |Q=r(H)NW'| +]Q=k(5)N
W|. This show 1 ¢ GBW(s'). But since s.|.(-) = s/, (-) holds on {t < B’} as well as on W', Alg
observes for s until termination exactly the same feedback as for s’. Consequently, it outputs for
both instances the same decision. Since GBW(s) = 1 ¢ GBW(s'), it makes on at least one of the
instances a mistake, which contradicts the correctness of Alg.

Thus, [W'| > U=k (™) has 10 hold and we conclude

k+n—2
1 k n
Bg(Al > N"-B'>1-=-) ——— B’
Q( g,S)_|W‘ —( n>k+n_2<k>

B(Alg,s) > >

Qew’

Since 1 — % > 1/2 and k < n + 2 hold by assumption, we have in particular

k/n\__,/S1—S L/m—1\__4 (S —Suan n—1
BiAL.< > L (Sw—Sqap _ 1 1 (Sw =5 q .
( g’s)_4n<k)7 < 2 \k-1)7 2 ko

Part 2: The statement holds for arbitrary Alg.
Similarly as for the proof of (i) in Theorem 3.1} the proof follows by means of Yao’s minimax
principle. O

Remark B.6. (i) To compare the bounds for ROUNDROBIN in Theorem [C.1|with the lower
bound from Theorem@( ii) suppose in the following S to be homogeneous with S(1y > S(2)
and let vy be homogeneous in the sense that v;)o(t) = y(t) forall Q € Q—,i € Q,t € N
for some v : N — [0, 00). Moreover, let s be the instance from the proof of Theorem
(ii), and denote by S the family of limits S; o = lim; _, o 550 (t), @ € Q<k,i € Q. Let
us write 5(131)7 . S(Kfl) for the order statistics of{SiB}ie[n], ie., S(Bl) >0 > S@). Then,
ROUNDROBIN returns a GBW of s € &(S, ) if it is executed with a budget B at least

SB _SB
ZRR = (Z) By with By =7""! <(1)2(2)> '

“That is, for constructing s’, we proceed for Q € W as follows: If {1,j} C @, we exchange S1)q with
Sjig-If1 € Q Z j, we exchange Sy with (|- Andif j € Q Z 1, we exchange S} with S(1))¢.
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In comparison to this, the lower bound just shown reveals that any (possibly deterministic)
solution to Papw (S, ) fulfills

1 k n ) ——1(Sw —Sqan
> 1 — =1 ( )
E[B(Alg,s)] > <1 n> - <k> By with By =% ( 5

Consequently, the optimality-gap between the upper and lower bound is of the order
1 k
BBy (1—- =) ———.
L ( n) k+n—2

(ii) In the proof of Theorem (ii), where we showed that |W'| > %(2) leads to
a contradiction, we have constructed an instance s' € &(S,~) with GBW(s) = 1 &
GBW(s') such that Alg observes on s the same feedback as on s'. To finish the proof,
we have only used that Alg is correct for s and for s', but we did not require correctness
of Alg on any instance s” € &(S,v) \ {s,s'}. The construction of s’ therein dependeds
on the behaviour of Alg only by means of the choices of VW and j in the proof, i.e., we

have the dependence s' = s'(W, j). Recall that for constructing s’ we used that |W| =

|Q—k| — W' > (}) - (Z_ln/:gk (1), so that for j € [n] \ {1}, the set

{s’(w,j) W C 0y with W] > (Z) - m(Z) and j € [n] \ {1}}

of possible choices for s’ has at most

N0 e (1)

k+n—2
elements, say s, ..., s’. Thus, the formulation of the theorem may be strengthened in the
following way:
If S is homogeneous and =y fixed, then there exist N + 1 instances s, s}, ..., s with the

following property: Whenever a (possibly probabilistic) sequential testing algorithm Alg
correctly identifies the GBW for any of these N + 1 instances, then

E[B(A,s)] > (1 - i) /H% (Z)Vl <S<1>—25(IQI>> .

B.3  Proof of Theorem [3.1] (iii): Lower Bound for GCopeW Identification

Recall that GCopeW (s) is the set of elements i € [n], for which the limits Sjjq = lim; _, o 5/ (%)
have the highest Copeland score

o _ 2qeanm HSie = Smiel _ Xgco o M0 = Swie}
' | Q=1 (4)| ((y)

Proof of Theorem [3.1)(iii). Similarly as in the proofs (i) and (ii) Theorem [3.1] we proceed in two
steps.
Part 1: The statement holds in case Alg is deterministic.

. . . 1 (S-S
Abbreviate B’ = mingeg_, mineq 7i|é (w
(TQ)Qeo~, With Sy = Sry1)@ for all @ € Q<x(1). Exactly as in the proofs of the lower
bounds for GCW and GBW identification, we define s = (s;)¢ (%)) Qe 0, .icq.ten Via

) and fix a family of permutations

SwietSyaenie /
SilQ(t) — ) s ?ft < B,
SWQU)lQ? ift > B’

In the proof of the lower bound of GCW identification we have already verified s € &(S, «y). For any
J€{2,...,m}and Q € Q_r(1)NQ—x(j) we have Sy > S5}, and using that [Q—(i')\ Q= (j")|
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is the same for every distinct ¢’, 5/ € [n] we thus have

> 1{Siue =Swie}

QeQ—i(1)

= > 1{S11o =Sy} + > 1{S110 = S}
QEQ=—r(1)NQ=x(j) QEQ—1(1\Q=x(4)

QEQ=k(1)NQ=k(5)

> > 1{Sj10 = St} + |Qek(j) \ Qui(1)]
QEQ_(1)NQ=x(j)

> > 1{Sjj0 = Sy} + > 1{Sj10 = Sa)e}
QEQ_,(1NQ=k(J) QREQ_k(1)\Q=x(1)

= ) S0 =S}
QEQ_«(4)

As |Q_;(1)] = |Q=k(j)|, this shows GCopeW(s) = 1.

Similarly as in the proof of (ii), we will show indirectly that

W' :={Q € Q—y : Alg started on s queries Q at least B’ times}

(1-1/n)k
k+n—2

%(2) and write W = Q_; \ W. Lemma allows us to fix a j € [n] \ {1} with
|Q=k(7) NW[ > |Q=x(1) N W'|. Now, define 8" = (s}, (t))Qeo,.icq,ten analogously as in the
proof of (ii), i.e., via s’ 5 () = s.o(") forany Q € (Q<x \ (Q=k(1) U Q=1 (j))) UW' and

contains at least

(%) elements. For this purpose, let us assume on the contrary [W'| <

si(t), ift<Bor{l,j} ZQ,
S(l)|Q7 ifi=j7€Qandt> B,

S , ifi=1leQandt> B,
sng(t) — ) raenie

S0, ift > B',i = argmin, o Syigand 1 € Q % j,
Sjqs ift > B',i = argmax; oSy gandj € Q Z 1,
Silo otherwise,

for Q € (Q=x(1) U Q—x(j)) N W. Similarly as for s, we see s’ € &(S,~). The corresponding limit
values SQ‘Q = lim; _ oo s;|Q(t) fulfill

VQ € Q:k(l) NnNW : Si\Q = S(|Q|)|Q and VQ € Q:k(]) NW . SJ/'|Q = S(l)‘Q,
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and trivially also S(jg)jo < S&Q < Sy forany Q € Q—y, i € Q. Therefore, by choice of j, the
corresponding Copeland scores (S')§ for s’ fulfill

n—1 c
<k - 1) (591 = ZQeg=k<1> HS1e = Suie!)

= D> USie=Suett Y. USie=Sue!
QEQ:k(l)ﬂW’ QEQ:k(l)ﬂW

= > YSye=Swiert+ Y. HStanie =Swie}
QEQ—_r(1)NW’ QEQ—(1)NW

=Q=r(1) NW'|

<|Q=k(j) N W|

= Y {Sue="Swe}
Qi (F)NW

Y USjo =Syl
Q—r(5)NW

Y. USje=Suet+ D HSjo=5Sue!
Qi (j)NW Q=i (5)NW’

Y. UHSjo=5e}

QeQ—_k(j)

(3210

where we used that S(1)q = () - This shows 1 ¢ GCopeW(s’). But since s.|.(-) = s/, (-) holds

on {t < B’} as well as on W', Alg observes for s until termination exactly the same feedback as
for s’. Consequently, it outputs for both instances the same decision. Since GCopeW(s) = 1 ¢
GCopeW (s'), it makes on at least one of the instances a mistake, which contradicts the correctness
of Alg.

Thus, |[W'| > (21171/31« (%) has to hold and we conclude

IN

1 k n
P 2 3, Baliss) 2 W18 2 (1- 1) 5 (1)

Since 1 — % > 1/2 and k < n + 2 hold by assumption, we have in particular

k (n : —1 (S — Syanie
B(Al > v A=l (2 T P(RDIQ
(Alg,s) > <k:> Qc0s, ie@ i@ ( 2

1/n—1 1 (Swie — Suenie n—1
= — . D Q .
4<k— 1) leélik?élcrzlmc?( 2 BNV

Part 2: The statement holds for arbitrary Alg.
Similarly as for the proofs of the lower bound of (i) and (ii) of this theorem, the proof follows by
means of Yao’s minimax principle. O

C Generalized Borda Winner Identification

Let ROUNDROBIN be the algorithm, which enumerates all possible subsets of the fixed subset size k,
chooses each subset in a round-robin fashion and returns the arm with the highest empirical Borda
score sP after the available budget is exhausted. It is a straightforward baseline method, which
we analyze theoretically in terms of the sufficient and necessary budget to return a generalized
Borda winner (GBW) 3. For this purpose, let 4;(t) = m Y0ca_, (i) ilQ(t) and FX(t) =

max {3 (1), 4 (1)}.
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Theorem C.1. ROUNDROBIN returns iy if it is executed with a budget B > zrr, where

n R
o () s ) (572)

The latter bound is tight in a worst-case scenario, as the following result shows (cf. Sec. [D.T]for the
proofs).

Theorem C.2. For any asymptotical Borda scores S¥. ... SB, there exists a corresponding instance
s such that if B < zrr then ROUNDROBIN will not return i3;.

Thus, ROUNDROBIN is already nearly-optimal (up to a factor O(n/k)) with respect to worst-case
scenarios due to Theorem [3.1] (see Rem. [B.6|for a more detailed discussion.).

D Proofs of Section d

B

()

In this section we provide the detailed proofs of Section We assume throughout that is a natural

number, i.e., the budget is a multiple of (g )

D.1 Proof of Theorems and

Proof of Theorem After relabeling the arms in round r we may assume w.l.o.g. i; = 1. We will
prove the theorem by contradiction and therefore assume

B

k

= 5P <B> < max s? <B> =55 <B>
G @) R

1 B 1 B

=S -5 <4, (("2)) o <(%>

o SF 5 <. qm (8)
k

where 4;(t) = m 20co_r (i) YilQ(t) and 477 (t) = max{%;(t),7;(t)}. With this, however,

we can derive
B B
~max) —1 S _S n
= ZRR = (Wl,p ) (1 5 p) <k> > B,

which contradicts the assumption we make on the budget B. Thus, it holds that the returned arm is
p=1 O

Proof of Theorem|[C.2] Let 3(t) be an arbitrary, monotonically decreasing function of ¢ with
limy_,oo B(t) = 0. We define for all j € A with j # i the empirical Borda scores to be
sP(t) = SF + B(t) and s (t) = SE — f(t), where (SP)ey are arbitrary real values such
that S% is the unique maximum for some ¢ € [n]. We can again assume after relabeling all arms

24



that w.l.o.g. that i3 = 1 and argmaxj:zwnSf = 2. Note that 4;(¢t) = S(¢) for all ¢ € A. In light
of these considerations, ROUNDROBIN returns 1 as the best arm if and only if

B E max s2 E @B—Al E max SB 44, E
g ((z)) ” ((@) e ((z)) T ((z))
&SP -4 <(%> > S5 + 4o <(%>
N B N B B _ B
=M ((Z)) + Y2 ((Z)) < ST — 55

B
&2 AN () < 8B _ g5

n ~max) —1 SB — SB
< B> (k) (315%) (122) :
Thus, the necessary budget is zr g in this case concluding the claim. O

D.2 Proofs of Theorem 4.1 and

Proof of Theorem[-1} For the sake of convenience, let us abbreviate [R] := {1,..., R} and A,; :=
A, ; in the following. By possibly relabeling the arms and query sets queried by the algorithm, we
can assume w.l.o.g. i* = 1 and A,.(1) = A, for all » € [R] in the following. In particular, we have
S UAm = S(l)| A, forallr [R]. We prove the correctness of the algorithm indirectly. Thus, we start
by assuming that the best arm is not contained in the last partition (i.e., the remaining active arm):

Appr # {1}
SIrelRl:1¢ A1 ANLEA,

=3 e (R SD Ysin, (5r) = 511, ()} > (1A )
1€A

=3r € [R: Y W{Sua, — Sian < St — S11a (0r) = Sija, + Sija, (00)} > F(Ar])
i€

=3r e [R]: Y 1{Sa, — Sian < 1S1an — st 0n) +1Sia,, — sija,, (0]} > F(1An])
1€EA

=3re[R]: Y HSia, — Sijan < 294, (00)} > f(An])
1€A

=dr e [R} : Sl\Arl — S(f(Ar1)+1)|AT1 < 294, (br)
:>3T © [R} : \‘ J = br S f_ylgy‘ll < HAn (f(A71)+1)IAr1)

P.R 9
S -8
=3re€[R]: B<P.R %&}1 ( 1A (f2(|A,.1\)+1)‘AT1 ﬂ
T
=B < RmaXTE[R] P, ’V’YA}I ( 1A (fQ(\AT1|)+1)|AT1 >-‘ _ . (f’ R, {PT}ISTSR) |

which contradicts the assumption we make on the budget B. Thus, it holds that the remaining active
arminround R+ 1is¢* = 1. O

Remark D.1. Using the definition of 3o (t) and 5(t) we can derive the following more coarser
bounds on the sufficient budget:

Sija, — S , .
21 (f, Ry {Pbi<ren) = Rmax,c g P %1 ( 1A (f(A,1|)+1)|A,1ﬂ ’

2

S0 — S
z9 (f, R, {PT}ISTSR) =R (maXre[R] Pr) maXQngk ’77_1 ( e (g(Q)+1)|Q>—‘ .
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Proof of Theoremd.2] After relabeling, we may suppose w.l.o.g. i* = 1. Let  : N — (0, 00) be an
arbitrary strictly decreasing function with 3(¢t) — 0ast¢ — oo and

{SlQ - SjlQ

5 iQGng,jGQ}Qﬂ(N)-

Then, 3 is invertible on 3(N) and its inverse function 37! : 3(N) — N trivially fulfills ~!(a) =
min{t € N : 8(t) < a} for all @ € S(N). Define for any Q € Q< and ¢ € @ the family of
statistics by means of

sio(t) = Sijq — B(t), ifi=argmax;c,9 0,
Q- Sijg +6(t), otherwise,

and note that 7 (t) = §(t) forall Q € Q< and t € N. Writing b, = L R?’TJ we obtain due to the
choice of (3 that

S —S
B < Rmax,cin P ( 1/Am (f2<|Ar1\)+1)|Ar1>

S -5
=3r € [R]: B < RP,min {t EN: () < 2HAn <f2(‘A”'>“)'A” }

Stiar = S A D+DIAM } _ g (51\1%\,«1 - S(f(\mum)mrl)
2 o 2

=3r € [R] : 28 (br) > Sijan = S(5(1am D118 = S1jan (0r) + B(0r) = (S(4(a 1 +1)180 (0r) — B(b1))

=3r € [R] : s1ja,, (br) < S(r(1ap])+1)]Ap (br)

=3Ire[R]:1¢ A1

=1 g AR+1,

=3r € [R] :br<min{t€N CB(t) <

This shows that z (f, R, {P- }1<r<r) is the necessary budget for returning the best arm ¢* in this
scenario. O

D.3  Proof of Corollary[4.3]

For sake of convenience, we provide the entire pseudo-code of CSWS in Algorithm 3] which results
by using f(z) = x — 1 as well as P°SWS and RSWS as defined in Section in Algorithm

Proof of Corollary[d.3|(CSWS case). Suppose B > 0 to be arbitrary but fixed. First, note that
there are at most [log, (n)] rounds within the first while-loop and at most 1 in the second, so that
we have at most [log,(n)] + 1 many rounds in total. The total number of partitions in round
r € {1,...,[log,(n)] + 1} is at most [7%]|. Abbreviating R := R®WS and P, := P5WS

for the moment, the budget allocated to a partition in round r is by definition b, = L%J =
B .
{ 2 *(I'IOg,C(n)'Hl)J . Hence, the total budget used by CSWS is
[log, (n)]+1 [logy (n)]+1 n B
#{partitions in round r} - b, = — — <B
2 2 el T s =D

Thus, the stated correctness of CSWS follows directly from Theorem &1}
O

For sake of convenience, we provide the entire pseudo-code of CSR in Algorithm ] which results by
using f(z) = 1 as well as PYSR and ROS® as defined in Section[4.1]in Algorithm i}

Proof of Corollary[.3|(CSR case). Suppose B > 0 to be arbitrary but fixed. First, note that there

are at most {logl_ 1 (%)—‘ rounds within the first while-loop and at most k£ — 1 in the second, so that

we have at most [loglf 1 (%)—‘ + k — 1 many rounds in total. The total number of partitions in round
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Algorithm 3 Combinatorial Successive Winner Stays (CSWS)
Input: set of arms [n], subset size k < n, sampling budget B

ege 1o PN ‘_ B
Initialization: For each r € {1,..., [log,(n)] + 1} let b, := { [%1'(Flogk(n)1+l)J LA« [n],
r+1

1: while |A,| > k do

% J= (2]

3 Ar1,Ava, ... Ar g < Partition(Ar, k)

4:  if |A, j| < k then

5: R—A g, J—J-1

6: else

7 R+ 0

8 endif

9: Ar+1 — @
10:  for j € [J] do
11: Play the set A, ; for b, times
12: Forall i € A, ;, update s;ja,. ; (br)
13: Let w € argmax; s;a,. ; (br)
14: AT+1 < Ar+1 @] {’LU}
15:  end for

16: Ar+1 — Ar+1 UR

17: r—r+1

18: end while

19: AT+1 < @

20: while [A,| > 1do

21:  Play the set A, for b, times
22:  Foralli € A, update s;5, (br)
23:  Letw € argmax; s;a,. (br)
24: Ar_,_l — Ar+1 U {w}

25 r<+«r+1

26: end while

Output: The remaining item in A,

n(l—%)"’il

redl,..., [logl_% (%)] + k — 1} is at most [#—‘ The budget allocated to a partition in
round r (i.e., b,.) is by definition given by

B

A o ]+

Consequently, the total budget used by CSR is
’Vlogl_ 1 (%)—‘ +k—1

3

b, = | B/(ROSFPCSR) | =

o=

#{partitions in round r} - b,

r=1

[logli%(%)—‘ +Ek—1

_ {n(l = i)“lw 1 B
r=1 k [W_Tw-‘ ([logl_% (%ﬂ +k— 1)
<B.

Therefore, the statement follows from Theorem [4.1]

O

For sake of convenience, we provide the entire pseudo-code of CSH in Algorithm [5] which results by
using f(z) = [2/2] as well as PC5" and R as defined in Sectionin Algorithm|1}

Proof of Corollary[d.3](CSH case). Suppose B > 0 to be arbitrary but fixed. First, note that there
are at most [log,(n)| rounds within the first while-loop and at most [log, (k)] in the second, so that
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Algorithm 4 Combinatorial Successive Reject (CSR)

Input: set of arms [n], subset size k < n, sampling budget B

Initialization: For each r € {0,..., [log; 1 ()71} let b, ==

1
n

)]

3=

n(l—L1yr—1
[ oy

A [n],r«1

1: while |A,| > k do
n(1—L1)yr—1

2 J=[rRh

3 Ar1,Ara, ..o Ar g < Partition(Ay, k)
4:  if |Ar j| < k then

5 R+—A.;,J+—J—-1

6: else

7: R+ 0

8: endif

9 Aryq — A,
10:  forj € [J] do
11 Play the set A,. ; for b, times
12 Foralli € A, ;, update s;a, ; (br)
13: Letw € argmin, s, ;(br)
14: AT+1 = AT+1\{U)}
15: end for

16: Arj1 A1 UR

17: r—r+1

18: end while

19: AT+1 < Ar

20: while [A;| > 1do

21:  Play the set A, for b, times
22:  Foralli € A, update s; 4, (br)
23:  Letw € argmin; s;a,.(br)
24: Ar+1 = Ar+1\{’w}

25: r—r+1

26: end while

Output: The remaining item in A,

we have at most [log,(n)] + [log, (k)] many rounds in total. The total number of partitions in round

r=1,...,[logy(n)] + [log, (k)] is at most [ 52 | . The budget allocated to a partition in round 7
is
[ — LB/(RCSHPCSH)J _ B )
' |57 | - ([loga ()] + [logy (k) 1)

In particular, the total budget used by CSH is

[logy(n)1+[logs (k)]
Z #{partitions in round r} - b,

r=1
[logy(n)1+[log, (k)1

Bk
=2 i | Uywﬂogmﬂ n [logz(k)DJ
< B.

Once again, Theorem [4.1] allows us to conclude the proof. [

E Proofs of Section 3

E.1 Stochastic Numerical Feedback: Proof of Corollary 5.1]
A rich class of statistics can be obtained by applying a linear functional U(F) = [ r(z)dF(z),

where F' is a cumulative distribution function and r : R — R some measurable function, on the
empirical distribution function [49], i.e., for any x € R and any multiset of (reward) observations O
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Algorithm 5 Combinatorial Successive Halving (CSH)

Input: set of arms [n], subset size k < n, sampling budget B

Initialization: For each r € {0, ..., [log,(n)] + [log,(k)]} let b, == b

Bk
or=T | ([loga (n)[+[log2 (K)1) |°
A<+ [n,r«1

1: while |[A,| > k do

2T = Ty

3 Av1,Ara, ... Ar ;< Partition(Ay, k)
4:  if |A, ;| < k then

5: R+ A, JJ+—J—-1

6: else

7 R+ 0

8: end if

9: forj € [J]do
10: Play the set A, ; for b, times
11: Forall i € A, ;, update s;ja, ; (br)
12: Define 5 < Median({s;a, ; (br)}iea, ;)
13: Ar+1 < {Z S Ar]|51|A g ( 7«) < §}
14: end for

15: Ar+1 — Ar+1 UR

16: r+r+1

17: end while

18: A, < A, U {k — |A,| random elements from [n]\A, }
19: while |A,| > 1 do

20:  Play the set A, for b, times

21:  Foralli € A,, update s;5, (br)

22:  Define 5 <— Median({s;|4, (b-)}ica,.)
23: Ar+1 — {’L €A, ‘S'L‘A'y (b ) < 5}

24: r+r+1

25: end while

Output: The remaining item in A,

5(0,z) = ﬁ >oco Hz <o}

This leads to the statistics

sifo(t) = U(3(050(1), ..., 0yt ZT 0iQ(s

s=1

which converge to Sl|Q = Ex~u, o [r(X)] by the law of large numbers, provided these expected
values exist. In this section we show the following result which generalizes Corollary [5.1]for statistics
of the above kind.

Corollary E.1. Let f, R and {P,},¢[r) be as in Theorem and suppose that r(0;q(t)) are
o-sub-Gaussian and such that their means S;|q := Ex~y, ,[7(X)] satisfy (A2). Then, there is a
function

C(6,e,k,R,0) € O (0% In (kR/sIn (kRo/=s)))

with the following property: If i* is the GCW and supge g _, (i+) Ar1on+1)Q < & then Algorithm
used with a budget B larger than C(0,¢,k, R, 0) - Rméxre[R] P, returns ©* with probability at
east 1 — §.

Note that we immediately obtain the proof for Corollary [5.1] as a special case of Corollary [E.T|by
using the the identity function r(z) = z.

The following two lemmata serve as a preparation for the proof of Corollary [E.I] The proof of
Lemma [E.2]is an adaptation of the proof of Lemma 3 in [24]).

Lemma E.2. Ler X1, Xo,... ~ X be iid real-valued random variables and r : R — R such that
r(X) is o%-sub-Gaussian. For any € € (0,1) and & € (0,log(1 + €)/e) one has with probability at
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(1+e€)
least 1 — (Qje) (bg(i“)) foranyt > 1

t

r(Xi) =t Exaalr(X)] < (14 ﬁ)\/%?(l + e)tlog (w>

d

i=1

Moreover, the same concentration inequality holds for — (22:1 r(X;) —t-Exox [T(X)]) as well.

Proof. We denote in the following 9 (x) = \/202x10g (%) and R, = S0_, 7(X;) —t -

Ex~x[r(X)] and define a sequence of integers (uy) as up = 1 and ug1 = [(1 + €)ug]. The
maximal Azuma-Hoeffding Inequality states that for any martingale difference sequence S1, So, . . .
with each element being o2-sub-Gaussian, it holds that for any o > 0, n > 1:

o2
P (max;crp S; —So > a) <exp | ——=7— | -
S ) < 2zj_1o,$>

In the following let Fo = {0, Q} be the trivial o-algebra and for k € {1,...,n} let F, =
o(X1,...,X}) be the o-algebra generated by the observations X1, . .., Xi. Then

E[Ri+1]|F] = Elr(Xet1) — Exox[r(X)] + Re| F]
= E[r(Xe4+1)|Ft] — Exox[r(X)] + E[R¢|F]
— R

which shows the martingale property of R;. Note, that Ry = 0 and Ryy; — Ry = r(X¢41) —
Ex~x[r(X)], which is according to the assumption o?-sub-Gaussian and has zero mean, for any
t € N. Thus, we can apply the maximal Azuma-Hoeffding inequality for R, Ro, ..., R:.

Step 1.

In the first step of the proof we derive a bound for the probability of a lower bound of R,,, for
k > 1. For this we use the union bound, the maximal Azuma-Hoeffding inequality, the fact that
ug, > (1 + €)*, a sum-integral comparison and some simple transformations and obtain

P(3k >1 : Ry, > V1+ep(u))
<SP (Ruy > VT ebn)
k=1

exp (- e>w<uk>2>

2uy,02

exp (_(1 + o) log (logg“’“)»

o (01 g (HE£10))

bg((iiﬁ))yue) i (llc)(we)

5 (14e€)
log((1 + 6)))

M

>
Il
—

M

>
Il
—

o

=
Il

M

el
Il

Il
/N 7 N N

IN



B (bg((f +e>>)(m) (1 * [‘1 (;Hw)
(1+)
B (10g(<f+e>)> (1 * 1) |
Step 2.

Next, we bound the probability that the difference between some R and R; exceeds a lower bound for
some s = ug, k € Nand s <t < wuy4;. Note that R, — R, and R;_,, have the same distribution,
such that we obtain

P(3te{ue+1,...,ups1 — 1} : Ry — Ry, > Ve(upsr))
=P (3t € [ups1 —ur — 1] : Ry > Ver(ups1))
e (upy1)? )

< _
= ©XP ( 202(uk+1 — Up — 1)

— exp <_ €Ukt log <log(uk+1))>
Uk+1 — Uk — 1 1)
€Uk+1 log(ug+1)
< — 1
eXp( (1+e)uk+1—uk—10g< ) ))
1
- <Uk+1 log ( Og(uk+1)>>
Uk )

o (0 o (0212

: (<k+ 1>1f>g<1+e>>1+6’

where we used once again the maximal Azuma-Hoeffding inequality and that ug1 > (1 + €)ug
as well as that UZ—;“ > 1+ e. For all possible £k € N we get with the union bound and a similar

sum-integral comparison as above

P(3keN, 3t e {up+1,...,ups1 — 1} © Ry — Ry > Veh(ugsr))

= g:l ((k+1)160g(1+6))1+6

k=2

oo 6 1+6
... \eetrea
= Ji=t (klog(1+6)>

b eq
- <log(1 + e)) €
Step 3.

Finally, by combining Step 1 and 2 we can infer that for any k > Oand ¢ € {ur + 1,...,up41 — 1}
it holds

I
@

R: =R — Ry, + Ry,
< Ve(upsr) + V1 + e(ur)
<Ve((1+e)t) + V1 + epp(t)
< (1+Veu((1+ e),

1+e€
with probability at least 1 — % (ﬁ) leading to the first claim of the lemma.

Step 4.
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Note that R; = t-Exx[r(X)] = YI_, r(X;) is a martingale difference sequence with R, — R; =
—R; + Ryy1 = Exox[r(X)] — r(X441), which is according to the assumption o-2-sub-Gaussian

and has zero mean, for any ¢ € N. Thus, repeating Step 1-3 for R1,R,,..., R, shows the second
claim of the lemma. U

Lemma E.3. Let X1, X5, ... ~ X be iid real-valued random variables and r : R — R such that
r(X) is 0?-sub-Gaussian. For any v € (0,1) we have

<3te 1+F\/302t1 (W)><

Proof. Lety € (0,1) be fixed and e := 1/2. Then, 7' := (1%)2/3 In(3/2) fulfills

94 ¢ (ln(’}/)) 1+e . ((7/10)2/3)3/2 _ V/Q

t

Z ) —t-Exx[r(X

€ 1+¢

and moreover 7/ < (1/10)*/3In(3/2) < ¢! In(3/2). Consequently, LemmalE.2]yields with

5 (1) = <1+@¢202<1+5>ﬂn (niCeany _ 1+r¢3am ()

273 n(3/2)

that
(Elt eN: Z ) —t-Exox[r(X)] > Ev(t)> < /2.
as well as

P(HtEN (zt:’l’ ; —t ]EX~X[ (X)]) >éw(t)> §7/2

Thus, we obtain

<v/2+7/2=x

We are now ready to prove Corollary [E-1]

Proof of Corollary[EZ]] Recall the definition of ¢ (¢) from the proof of Lemma[E.3|and let

0-2 2/ n
o (t) = i 2(1+/1/2) \/3 <10 o (Bt/2)>

72/31n(3/2)

for any v € (0,1), t € N. For any fixed v, ¢, : N — (0,00),¢ — ¢,(t) is strictly monotonically
decreasing with lim, _, o, ¢, (¢) = 0. Contraposition of (1) in [24] states

1 /2I((1+¢)/(cw)) 1 (In((1+e)t)
ln( ):>c>tln(

t>

) Vi >1,e €(0,1),¢>0,w < 1.
c w w
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o this with o — 22 nE/2) o? _
For any @ > 0 and v € (0, 1), using this with w T2/ C ERVSY YT ande = 1/2
(e
reveals

c;l(oc) =min{t e N : ¢, (t) < a}

o L (102 In(3E/2) o
= min {t eN: 7 1 ( v2/31n(3/2) ) = 12(1 + m>202 } .

Thus, we have ¢ > %1 (M) and we know, that this statement is true if ¢ >
%1 (21n 1+5)/ Cw))) In particular also for the smallest such ¢, for which holds ¢t <
Hl (w)—‘ + 1. It follows

72/31n(3/2) v2/31n(3/2) o2
which is of the order O(c2a~2Inln(a~to)Iny~1).

) < {12(1—1—;/21/72)202 1n< 2103 (18 102/3(1 4 /1/2)%0 >ﬂ ‘L

Now, suppose maxqeg_, (i) A(r(Q)+1))@ < € and that Algor1thm|I|1s started with a budget B
larger than

cg/l(kR) (¢/2) - Rmax,¢[g) Pr.

Recall that 7(t) = [siq(t) = Silql. silQ(t) = § Xu—y 7(0iq(s)) and S = Exy, o [r(X)].
With this, we obtain for any possible sequence of partitions (E,.),c(r € (Q<k)™ with P(A,(i*) =
E,.Vr € [R]) > 0 that

P(3t € N7 € [R],i € B yim, () > csjem (8)| A:(%) = B, Vr € [R))
< Z 3 P (3t €N:yp,( )>05/(kR>(t)‘AT(z‘*):ETVTE[R])

R]i€E,

R]i€E, t’ 1

P

re[R]i€E,

-y yw <3t EN: |5 32 10, (1)) = By, M(0]| 2 cs/am (8] 4,7 = B Vi € [R])

HeN; !Z r(0i5, (E)) =t Exmryyp, [F(0)| > cs/em) (1) | A7)

t/'=1

Z Z]P’(HteN ’Z 045, (t') = t - Exoony [

(X)]] > Cs/kr) (t) )Ar(i*) =E.Vre [R])
[R] i€ By t'=1

=E.Vre [R])

where we used Lemma [E.3|for the second last inequality. Using the law of total probability for all
possible sequences of partitions (E,),c[r], We see that the event

E={3teNre[Rl,ie€ A () Y. (t) = c5/m) (1)}
occurs with probability

P(€)

= > P(eNrelRLicE () 2 can(t) | A7) = B vr € [R])
(Er)relR)
x P(A,(i*) = E, Vr € [R])

<5Z (i*) = E, Vr € [R]) = 6.

On £° we have ﬁAr(i*)(t) < cs/(kr)(t) forall t € N,r € [R] and thus in particular 7&:( )(a) >
cg/l(kR) () for any a € (0, 00). Since maxgeo_, (i) Ar(Qn+1)Q < & Theoremthus lets us
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conclude

A i i*
P (Alg. I returns i*) > P (B > Rmax,¢[g] Prigrl(i*) ( (FUA( )2‘)+1)‘A7‘( )>)

> P ({B > Rmax,cin P73 .) (€/2) ) N €°)
({B > Rmax,c[p) Pr Cé/(kR) (6/2)} ﬂfc)
_pE) 215,

where the equality holds due to the assumption on B. Consequently, we can conclude the proof by
defining

0(57 €, k7 R) = C(S_/l(kR) (5/2)

’748 1+ \/7 n( 10kR)2/3 I (72. (10/€R)2/3(1—|— M)202>>" .

52/31n(3/2) 52/3¢21n(3/2)
ol ().

E.2 Stochastic Preference Winner Feedback: Proof of Corollary[5.2]

The following two lemmata serve as a preparation for the proof of Corollary [5.2] But first let us
introduce the (k — 1)-simplex

k
Se={ w017+ X} m=1aviip 20},

Lemma E.4 (Dvoretzky-Kiefer-Wolfowitz inequality for categorical random variables). Let { X} }ien
be a sequence of iid random variables X; ~ Cat(p) for some p € Sy. Fort € N let p* be the

corresponding empirical distribution after the t observations X1, . .., Xy, i.e., pt = % Zi:l lix.—y
Soralli € [k]. Then, we have for any ¢ > 0 and t € N the estimate

B(|[p —pll,, >2) <4t

Proof. Confer [19,35] as well as Theorem 11.6 in [29]. Moreover, note that the cumulative dis-
tribution functions F resp. F* of X; ~ Cat(p) resp. p' fulfill p; = F(j) — F(j — 1) and
ph = F'(j) — F'(j — 1) and thus

105 = sl SIF'G) = FG)| + |F*(G = 1) = F( = 1)].
for each j € [k]. O

Lemma E.5. Forevery 8 € [1,¢/2], ¢1,ca > 0 the number
T = ﬁ In ©° +1Inln [3
C1 01 c

Proof. This is Lemma 18 in [20]. O

fulfills c1x > In(cax?).

Proof of Corollary[5.2] Fort € Nand~y € (0, 1) define

o (t) = \/4ln(2772t2 /(37)

t
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and note that, for any fixed v, the function ¢, : N — (0,00),t — ¢,(t) is strictly monotonically
decreasing with lim; _, o, ¢4 (t) = 0. For any o > 0, v € (0, 1), we obtain via Lemma [E.5| with the

choices B =1, ¢; = %2 and ¢ = /2/(3v)m the estimate
¢ (@) =min {t € N : 4In(27°t*/(37)) < ta®}

7 - min{t eN: (\/Wm) < 8t}

< {82 <ln (8 2/(237)7”3) +Inln (8 2/(237)7r>>—‘ + 1

Now, suppose maxgeg., (i) A(f(@)+1)@ < € and that Algorithm E| is started with a budget B
larger than

cé_/lR(a/Q) - Rmax,¢[p) P,

Recall that in this preference-based setting we use as the statistic the empirical mean of the (winner)
observations we obtained for arm ¢ after querying @) (with ¢ € Q) for ¢ many times. In particular, we

set
wzl@ Z
Z\Q(t) " =1 1|Q

where oi|Q(t’ ) = 1 if arm i is the preferred (or Wlnmng) arm among the arms in @, if Q) is queried
for the ¢'-th time, and 0 otherwise. Thus, w;|(t) is the total number of times arm 4 has won in
the query set () after ¢ queries. Moreover, v;o(t) = [s;q(t) — Siql, where S; o = p;jo and
0;g(t") ~ Cat(pq). With this, we obtain for any ¢ € N and any possible sequence of partitions
(Er)reir) € (Q<i)® with P(A,(i*) = E, Vr € [R]) > 0 that

(EI?" € [R] : vip, (t) > cs/n(t ’A =B Vre [R])

(v t) > cs/n(t) ‘Ari :ETVTE[RD

( ;ow > \/W A (i*) = E.Vr € [R])

TE[R

— 7T2t2 )
where we used Lemma[E-4]in the last inequality. Using the law of total probability for all possible
sequences of partitions (E).).c[r], we see that the event

€:={3teNreR: 7y (1) = comlt)}
occurs with probability
)<Y S P(IrelB A5 () 2 cmlt) | A7) = Bovr € [R))
teN (B, e
x P(A,(i*) = E, Vr € [R])
64
< — ) = <o.
< ZteN mreD D P(A,(i*) = E.Vr € [R]) < 6
On £° we have 7, (;+)(t) < ¢5/r(t) forallt € N,r € [R] and thus in particular 7&3(2.*)(01) >
cg/lR(a) for any a € (0,00). Since maxqgeg., (i-) A¢r(Q)+1)j@ < € Theoremd.1f thus lets us
conclude

A i* i*
P (Alg. 1 returns i*) > PP (B > Rmax,¢[g] PT* P < (F (1A ( )2‘)+1)‘A7'( )>)

>P ({B > Rmax,cin P73 0) (€/2) ) N1 €°)

>P ({B > Rmax,¢[g PTCE/R (6/2)} N EC)
=PE%) =21-4,
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where the equality holds due to the assumption on B. Consequently, the statement holds with

C(d,e,k,R) = cg/lR(E/Q)

. FQ <1n (3%/2%(35)77@) ol <32,/2§2/(35)7r>>w o

g2

“o(dn (i)
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F Comparisons of the Algorithms

In the following we summarize the theoretical results obtained for our proposed algorithms in a
concise way. First of all, we give an overview of the individual key quantities of each algorithm in
Table where we assume w.l.0.g. that (Z) is a divisor of B in ROUNDROBIN to make the assignments
of R, P, and f(s) for ROUNDROBIN well-defined. The maximal number of different query sets is
derived in Section[El

Table 2: Comparison of the maximal number of rounds, the maximal number of partitions per
round, the amount of retained arms from each partition and the maximal number of query sets for
ROUNDROBIN and our proposed algorithms CSWS, CSR and CSH.

Alg. R P, f(z) max #query_sets
ROUNDROBIN 1 () T n
’ PO 1/ Nogg (n)]+1
CSWS Mog,(n)] + 1 [2] 21 ROSWS 4y (%)
. og. 1 (1 _
csR flogr ()] +k=1 [0 o1 RO (1o (- DI
csH [loga(n)] + Moga(b)] [2] o [3]  HOSH 4 32 (1 1/oemat1+osati)

Using Remark [D.T|we can derive the following sufficient budgets of the algorithms summarized in
the following table, where 7(Q)) € Q be the L%j + 1- th best arm with respect to (S| )icq-

Table 3: Comparison of the sufficient budget for ROUNDROBIN and our proposed algorithms CSWS,
CSR and CSH.

Algorithm Sufficient budget

-1 (SE -s?
ROUNDROBIN () max;e A (&mﬂ;‘) £

s
ZB,

CSWS ’V%—l ([logk(n)] + 1) . maXQgggk;i*QQ maxieQ\{q;*} ’7’771 <M)—‘
CSR (Lkl—l ([logl_% (%)-‘ + k- 1) ‘MAXQe Qi eQ MiNieQ\ {ix) ["y_l (M)—‘
CsH (] (Tlogy(n)] + [logy(k)]) - maxqeouireq [771 (2o g=222 |

In Section[F2|we compare these quantities for the special case, in which the gaps A;jo = Si+1g — S5
are all equal to some A > 0, while in Section [F.3| we derive the sufficient budgets resulting from
Corollaries [5.1] and [5.2] for the reward setting and preference-based setting, respectively, to return
the best arm with high probability in the stochastic setting. Note that if ;) (t) = v(t) and S(9)0 =
R S(|Q|)|Q are fulfilled for all ) € O<y,7 € Q and t € N, then the lower bound in Theorem
(i) matches the above upper bound for CSWS up to a factor C' = [log,(n)] + 1.

F.1 Maximal Number of Different Query Sets

The maximal number of required query sets for each algorithm is Zle P,. Note that this is a
geometric series and thus the partial sum can easily be computed for each of our proposed algorithms.
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CSWS By using the specified valued of R and P, for CSWS, we obtain that the number of different
query set is at most

ROSWS [logy (n)]+1 n
CSWS _ n
DI AUCE D DI I
r=1 r=1

[log, (n)]+1 n
< |l 1 —
<foge(ml+1+ >

r=1

[logy (n)]+1 N

= [logp()]+1+n-|{ > <k) -1
r=0

1 — 1/kMosr(n)]+2
—flogk(nﬂ-i-l-i—n-( =1k —1)

1 —1/kMogr(m)]+1
—flogk(nﬂ-i-l-i—n-( p— ),

where we used for the inequality that [z] < z + 1 for any = € R.

CSR For CSR we get as an upper bound on the number of different query sets:

RCSR Mog, 1 ()1+k—1 n(1- l)rfl
PCSE _ k
IEE D S
r=1 r=1
[log, 1 (+)1+k~-1 —
<_1 <1)_+k 1+ 1k(z:) n(l-3) '
< |logi—y { - - ——_kl
A\ n ot k
) ) [logl_%(%)]Jrka
1 1\"
= log1i<n) k=14 > (1—k>
r=0
1— (1 . l) [log, 1 (%)-H*kfl
I (1) tk-142 ’
= Og _ 1 —_ — —_
T k 1-01-%)
r 7 Mog, 1 (%)1+k-1
1 1 1 n
— 1og1_;<n) -I-k—l—i—n(l—(l—k) * )

CSH Similarly, we can obtain for CSH the following maximum number of different query sets:

ROSH Moga(n) ] +loga ()]
POSH _ [ W
; r ; or—1f

[logy(n)14[log, (k)]

< [logs(n)] + [logy (k)] + i

r=1
n [log, (n)]+[log, (k)] —1 1 T
= [log,(n)] + [loga (k)] + + >

r=0

2

= logy(n)] + Mlogy (k)] + 2 (1 — 1/2Meeatrl +owa(b1)

These upper bounds on the maximum number of different query sets are summarized in Table[2] Note
that ROUNDROBIN by design queries the possible query sets of Q_j in a round-robin fashion, so
that the number of different query sets is indeed |Q—x| = (7).
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F.2 Comparison of Sufficient Budgets

In order to compare the derived sufficient budgets of the different algorithms (see Table [3), we
consider in the following the setting where the generalized Condorcet winner coincides with the
generalized Borda winner. In addition we assume that the limit statistic S;|, for each arm i € A
has always the same difference to the limit of the optimal arm S;-|q if i* € (). More precisely, for

each arms ¢ € A and each query set ) € Q< we have Ao = A for some fixed A > 0. In this
way, the y-dependent term present in the sufficient budget for each algorithm is simply ["y’l (%ﬂ .
As a consequence, we can neglect this term as it has no influence on the differences in the desired
budgets for the various algorithms and the remaining term based on the product of the number of
rounds, i.e. R, and the number of partitions in round 1, i.e. P, is driving the (rough) sufficient budget
bounds (see Table |Z|) However, the number of partitions in round 1 is the same for all algorithms, so
that we can neglect this term as well. With a slight abuse of denotation, we refer to this remainder
term simply as the sufficient budget in the following. With these considerations, it is easy to see that
ROUNDROBIN requires the highest sufficient budget even for moderate sizes of n if k is sufficiently
lower than n. To get an impression how the sufficient budget behaves for the more sophisticated
algorithms based on the successive elimination strategy, we plot these in Figure[2]as curves depending
on the number of arms n for different subset sizes k. Note, that in contrast to CSWS and CSH, the
sufficient budget of CSR is higher for bigger subset sizes k, since only a smaller proportion of all
arms is discarded after each round. In the case £ = 2 the number of rounds are all the same, so that
consequently the sufficient budget is the same for all three algorithms.

k=2 k=3
500 500
—a— (SWS
400 CSR 400
] -a— (5H
oh
3 300 300
g
T 200 200
5
(]
100 100
0= T T T T T 0= T T T T T
o 20 30 50 75 100 0 20 30 50 75 100
k=86 k=10
600 600
500 500
L
S 400 400
=
[==]
= 300 300
[T}
=]
E 200 200
=3
(T3]
100 100
0- - b -
o 20 30 50 75 100 1 20 30 50 75 100
#Farms #Farms

Figure 2: Comparison of required budget for our proposed algorithms for different values of the
number of arms n and the subset size k.
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F.3 Applications to Stochastic Settings

In Table [ the sufficient budgets for our proposed algorithms in the stochastic setting with reward
feedback and preference-based feedback are listed. Note, that these results are simply derived by
applying Corollary [5.1]and resp. Corollary [5.2] with the specific instantiations of R and P, for our
algorithms (see Tables [2] and [3).

Table 4: Comparison of the sufficient budgets for our proposed algorithms CSWS, CSR and CSH in
the reward and preference-based setting.

Alg. Budget in reward setting

WS in (SIS ) (g, o]+ 1) 7

CSR % k@ogl*%g%)%kq) In kqloglie(j)%kl)) (logay )]+ =1) [3]

CSH 4 n (ADomatl oss) i (Efosa()foss 1)) oy ()] + [logs(h)]) [7]

€

Alg. Budget in preference-based setting
csWS & n (LalIIE) - (flog, (n)] +1) [£]
1og17%(%) +hk—1
(W) : ([logk% (%)W tk- 1> %]

CSH eil In ( ﬁogz(nﬂgjlogz(kﬂ ) . (ﬂogg(nﬂ + ﬂogz(kﬂ) (%]

CSR Lln
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G Further Experiments

In the following, we present some further experiments comparing our proposed algorithms with each
other on synthetic data including a detailed description of the data generation and the experiment
setting.

G.1 Synthetic Data

For each Q € Q<. with @ = {41, ..., } we consider the case where the observation vector o is
a random sample from a multivariate Gaussian distribution with mean pg = (Ki,|Q; - - - » iy, Q)"
and a diagonal covariance matrix diag(c;, |, - - - , 0y, Q||Q). Here, ji;,)q are values in [0, 1] for
ij # i* and 0 in [0.05,0.2] (all randomly sampled). For any @ with i* € Q we set
Hix|Q = MaXjeQ,ji Ujj@ + € for some € > 0, which ensures (A2) to hold for the expected
values. In our experiments we always use a value of € = 0.1. In the following we vary the values of
n € {50,100}, k € {2,4,6,8,10} and B € {50, 100, 200, 300, 500}.

We consider a reward setting and use the empirical mean as the statistic (see Section[5). We do not
force the generalized Borda winner to be the same as the generalized Condorcet winner, but they
naturally coincidence in most of the runs by sampling the observation vector as defined above.

n=50,k=2 n=50,k=4 n=50k=6 n=50.k=8 n=50 k=10
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Figure 3: Success rates of our proposed algorithms for varying n, k£ and budget B in the reward
setting.

The success rates of our proposed algorithms for identifying ¢* given a budget B are shown in Figure
B} It is visible, that in particular for the challenging scenario, where the budget B and the subset size
k are small and the number of arms n is large, both CSH and CSR perform well. Especially CSH has
overall a solid performance.

Reward setting. In contrast to the experiments with reward feedback shown in the main paper,
we try in the following experiments to force the generalized Borda winner to be different from
the generalized Condorcet winner. For this purpose, we fix one random arm ij; € [n]\{i*} as the
prospective generalized Borda winner and set its expected value to p;x|@ = maX;eq,j#iy i@ + 2€
forany Q € Q< with ij; € @ and i* ¢ Q. Thus, 7} is likely the generalized Borda winner and is
different from the generalized Condorcet winner. Since our goal is to find the generalized Condorcet
winner ¢*, ROUNDROBIN will probably fail most of the times in finding ¢*. This is due to the fact
that ROUNDROBIN focuses on identifying i, i.e., the the generalized Borda winner, which, however,
does not coincidence with the generalized Condorcet winner ¢*.

This suspicion is confirmed by the results of the experiments shown in Figure [] illustrating the
empirical success rates for finding the generalized Condorcet winner in the setting described above.
Except for some cases where the subset size & is relatively large in comparison to the total number of
arms, such that the generalized Condorcet winner is already contained in most of the seen subsets
and hence is automatically also the generalized Borda winner, ROUNDROBIN performs poorly in
finding the generalized Condorcet winner and is always outperformed by the algorithms based on the
combinatorial successive elimination strategy in Section [&.1]

Preference-based setting with different GCW and GBW. In the preference-based setting we
ignore the explicit numerical values of the observation vector and only use the information which
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Figure 4: Success rates of our proposed algorithms for varying n, k and budget B in the reward
setting with different generalized Condorcet winner and generalized Borda winner.
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Figure 5: Success rates of our proposed algorithms for varying n, k and budget B in the preference-
based setting with different generalized Condorcet winner and generalized Borda winner.

arm was (not) the winner, i.e., which had (not) the highest observation value in the query set used
, formally s; () = 1 22:1 1{04,1(s) = maxi—i,, i,y 0ijq(s)}. Additionally, we fix one arm
ip € [n]\{i"} and set ji;x )@ = maxjeq,jziy 15| + 2¢ forany Q with iy € @ and i* ¢ Q. In this
way, i is the generalized Borda winner and different from ¢*.

The success rates of our proposed algorithms for identifying ¢* in this setting are shown in Figure 3]
As expected our methods outperform ROUNDROBIN in all scenarios.

Preference-based setting. We now investigate the case, in which we do not force the generalized
Borda winner and the generalized Condorcet winner to be different, thus they will naturally coinci-
dence in most of the cases. This is achieved by considering the problem configuration as in the reward
setting specified in Section [6] and ignoring the explicit numerical values (as in the preference-setting
above).

The resulting success rates for finding the generalized Condorcet winner illustrated in Figure [6|are
similar to the results in the reward setting for matching generalized Condorcet winner and generalized
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Borda winner. This means that, in particular, when the budget is small, the number of arms is
large and the subset size is small, the algorithms following the combinatorial successive elimination
strategy outperform ROUNDROBIN. Note that this setting is arguably the most relevant setup for
practical applications. Moreover, Figure [f] illustrates the natural effect one would expect for the
number of arms n on success rates, namely that success rates decrease with a larger number of arms.

B=50.k=2 B=50.k=4 B=50.k=6 B=50.k=8 B=50k=10
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Figure 6: Success rates of our proposed algorithms for varying n, k and budget B in the preference-
based setting with (mostly) matching generalized Condorcet winner and generalized Borda winner.

43



G.2 Statistics beyond the Arithmetic Mean

We consider in the following the reward setting, where each observation is random sampled from the
following distribution
H1lQ 711Q
og(t) ~ N : : :
HiQllQ g1Qlle
for y;¢ is sampled randomly from [0, 1] and o from [0.05, 0.2] for each arm i € Q.

Median An alternative to the arithmetic mean would be to measure the quality of the arms by the
median of the seen observations. In particular, when the observations are prone to outliers, the median
provides a more robust statistic: s;/(t) = MEDIAN(0; (1), ..., 0;(t)) for each arm i € Q. The
results for this setting are illustrated in Figure[7}
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Figure 7: Success rates of our proposed algorithms for varying n, k£ and budget B in the rewards
setting with (mostly) matching generalized Condorcet winner and generalized Borda winner and
using the median as the statistic.

Power-Mean Another possibility is to use the so called power-mean, which is a compromise
between the maximum and the arithmetic mean for a (multi)set of observations. Since the arithmetic
mean is known to underestimate the true quality of an arm, while the maximum overestimates it,
the power mean is often a good compromise, as it lies between the two. It is defined by s;/¢(t) =

1/q
3 Sy Oi‘Q(t/)q) for each arm ¢ € () and a fixed ¢ € N. We use in the following ¢ = 2. The
results for this setting are illustrated in Figure 8]
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Figure 8: Success rates of our proposed algorithms for varying n, k and budget B in the rewards
setting with (mostly) matching generalized Condorcet winner and generalized Borda winner and
using the power mean as the statistic.
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