Supplementary material to ’Preselection Bandits”

A. Proofs of Theorems 4.1 and 4.2

For the proofs of Theorem 4.1 and Theorem 4.2 we need
the following result on the Kullback-Leibler divergence
of categorical probability distributions, which is Lemma
3 in Chen & Wang (2018). Throughout the proofs we let
v € (0, 00) be some arbitrary degree of preciseness.

Lemma A.1. Let P ~ Cat(p1,...,pm), i.e. P(i) = p;

fori =1 ,moand Y i p; = 1, as well as Q ~
Cat(q, . . .,qm) such that ¢; = p; + ¢; and |g;| < 1 for
anyi=1,...,m. Then,

KL(P, Q) <) =*.

i=1 *

Moreover, we will need the following auxiliary result for all
lower bound results.

Lemma A.2. For any § € (0,1) and any v € (0,00) it

holds that
1—(1—6)Y" >min{1,1/~}6.

Proof. First, consider the case y € (0, 1]. Then the assertion

follows immediately as the left-hand side of the inequality

is monotonically decreasing with - and for v = 1 the in-
equality is valid.

Next, let us consider the case v € (1, 00). The assertion is
equivalent to showing that f(z) = 1 — xd — (1 — §)® is
non-negative for 2z € (0, 1). The first and second derivatives
are respectively

f(@) = —6 — log(1 — 8)(1 - §)°,
J(x) = ~log(1 — 6)2(1 - )",

By straightforward computations it can be shown that f has

log( ————
a global maximum on (0, 1) at @4, = % and f
is strictly increasing on (0, 4. ) and strictly decreasing on
(Tmaz,1). As lirrb f(z) = lim1 f(z) = 0, we can conclude
T— T—

the lemma. 0

Proof of Theorem 4.1. We will use a similar proof tech-
nique as in Chen & Wang (2018). Let ¢ be some ar-
bitrary algorithm suggesting the [-sized subsets (prese-
lections) (Sf)tgm C A;. For aset S € A; we write

0s = (0s(1),...,0s(n)) to denote the score parameter
of the PL-model with components given by

95(1) = {17_ .

where € € (0,1/2) is some hardness parameter specified
below. Note that for any S € A, the score parameter 0 is an
element of the parameter space ©. For sake of convenience,
we will write Pg and Eg to express the law and expectation
associated with the parameter g, i.e., Pg = Pg_. Recall
the decomposition in (5) such that we have 05(i) = vg(i)”
for some suitable vg(4)’s respectively and we define vg in
the same spirit as 0g.

First, for any S, S € A; with S # S it holds that

i €S,
i ¢S,

U(S;Us,’y) —U(S’SUS/V)
(4)
— (-1 +1—-¢e)
= l—e
_ (1—e)(1—(1—¢)7) (A-D
l—e¢

min{l,1/v}e

ST

where we used for the last step 1 —¢ > 1/2and [ —¢ < [ as
well as Lemma A.2. For i € [n] let N;(t) = S0, Liiesey
denote the number of times an arm 7 is part of a preselec-
tion till time instance ¢ suggested by some algorithm ¢. In
particular, write N; = N;(T), then (A.1) implies

T
Es > U(S,0s) - U(SY,0s)
=1 (A.2)
> mm{l 1/7}5 ZE N,
¢S

We can bound the expected regret from below as follows
sup EoR(T")
0co

> sup EsR(T)

Seh;
T
=sup E U(s,o S7.0
Se}; sz; s) — U(SY, 0s)
2 Z ESZ U(S,0s) — U(SF,05s)

SEAL t=1
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\ \/

Z Z mm{l 1/7}5 EgN,

l S€EA igS
T— i > 3 EsN:),
l(l

~ min{l,1/v}e (
2 Sehy ieS

where we used for the last inequality (A.2) and for the
last equality that 71 = 7" | EgN; = >, o EsN; +
Zigs EsN;. Now, using Formulas (5) — (7) in Chen &
Wang (2018) and Holder’s resp. Jensen’s inequality as in
Section 3.4 of Chen & Wang (2018) one obtains

supEgR(T)
0cO
S min{1,1/y}eT
- 2
2 KL(Ps, Pg:;
(2o s |3 B Pruw
3 srer 2(n -1+ 1)

€S’

The Kullback-Leibler divergence in the latter display can be
dealt with by the following lemma which is proved below.

Lemma A.3. Foreach S’ € A;_1 and i € S’ the following
bound is true

22 62 ES/Ni

KL(Ps/,Psupiy < i

With Lemma A.3 we have that for any S’ € A;_;

/ 2
< 11¢ T’
n

since ) .. Es/N; < Ti. Thus,
min(C'\/n/1,1/2) for some appropriate small constant
C > 0, independent of T, n and [, we obtain the asser-
tion. O

Z KL(Ps/, Psrugiy
2 o i+ )

choosing ¢ =

Proof of Lemma A.3. Let S e A; be arbitrary. Then
Pg:(:|S) denotes the (categorical) probability distribution
on the set S parameterized by fg-, i.e.,

0s:(5)
2 kes 0sr(k)’

0, else.

A jes,
Ps: (j15) =

If i ¢ S then KL(Ps (|S),Psrugiy (-|S) = 0, as both dis-
tributions coincide in this case. Thus, we have the following
bound
KL(Ps, Psrugiy
<KL(Ps/(-S, i € ), Psiyiy (1S, i€ S) (A3)
X ]ES’ Nia

asi € S happens Eg' V; times in expectation. We proceed
by bounding the Kullback-Leibler-divergence on the right-
hand side of (A.3). Define J. = |[SN S|, and J_ =

1SN (S")8]. Since S € A, it holds that J,. + J_ = I. With
this, the categorical probabilities for j € .S are given by
& & 05 (j)
=Py S, €S)=— ’
pj = Po(jlS, 1€ 8) = 777

. 05/ ()
G =Pyuwlls 1€ 5 = T gy

For j = i it holds that (;—4;)?/q; < 8¢*/i*. We show this
exemplary for the case, where 7 = 7 and j € Sns,
while the case j = i and j ¢ SN S, can be dealt with
similarly. It holds that J. + (1 —¢)J_ = [ — eJ_ and
Jr+14+(1—-¢e)(J-—1)=1+¢e(1—J_),so that

J_][l+e(1—Jo)]

Pi—4 = [l—¢

and with this

Cq:)2 2 2
(pj — 4)) _ € <8i

g (- ) l+e—Jo)] — B

as the terms inside the squared brackets are respectively
greater than [/2, since ¢ € (0,1/2) and |J4|,|J_| < I. If
j =i, then (»;—4;)%/q; < 20°/i, Indeed, we have

(-l =)
b = e i+ e —a)]

so that

2
(pj—qp)® _ (- l—-e(l=J )" _ 20

G [l—ePlite-a) L

since (1 —1—¢(Jy —J-) ? < 212 4 22212 < 5%/2. Note
that |p; — ¢;| < 1 for each case, so that by using Lemma
A.1 and | > 2 we obtain for Equation (A.3) that

KL(Ps, Psrugiy

(1—1)82  20g? 22¢2
< ' N - < Eo N -
< EgrNi - ( o ) <EsN; =
which completes the proof. O

Proof of Theorem 4.2 (i). Let ¢ be some arbitrary algo-
rithm suggesting the subsets (S7)icr) C Ajfuy. In the
following we define two problem instances characterized by
score parameters 6(1), #(2) ¢ © such that

inf {Ef,, (R(T) +Ef, (R(T) } 2 CVT,  (a4)
where the infimum is taken over all terminating algorithms ¢
for the flexible Pre-bandit problem and C' > 0 is a constant
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similar to C' as in the assertion. The proof will be then
complete due to

inf supEf (R(T))
¥ 0co

inf B, (R(T) +E,

6(2) (R(T)

Thus, we proceed by showing (A.4).

The observation at ¢ under the PL. model assumption for
the algorithm ¢ for an instance with score parameter 6 is a
random sample of Pg¢ g = Pg», where

—b% e SY,

29
jesf 0;

Pge o(i) =
0, else.

(AS)

The probability distribution with respect to ¢ and 6 is de-
noted by P = Py and the corresponding expectation by
E; = Eg. The regret of ¢ for a PL model with parameter ¢
over the time horizon 7" is

Ef (R(T)
T
= ;EZD (U(S™) - U(sy) (A.6)
= (U(S*) = U(S) EF (Ns(T)),
SEAfun

where Ng(t) = S0, l{s¢—gy denotes the number of
times the subset S € Ay, was suggested by ¢ till time
t € [T)]. Note that we suppressed here the dependency of
S* on 6 in the notation for sake of brevity.

Next, define
9(1) = 1)1 _Eaemin;“-yemin )
(A7)
0(2) = 1- €, 170mina RS emln )

where ¢ € (0,1 — 0,,,5,) is a hardness parameter of the
instances, which will be specified below. Note that both
score parameters are elements of © and only differ in two
of the n components. It is easy to see that for any S €
Ap\{1} and S" € Ay, \{2} one has that

U({1},6M) = U(S,6M) > min{1,1/7} ,

A8
U{2},0®) —U(S,0?) > min{1,1/~}e. A9

Indeed, recall the decomposition of 8 in (5) and obtain

U130~ (s, 60 > 1 - A= T
=1-(1—¢)7

> min{1,1/v}e.

The inequality U({2},0®)) —U(S",0®)) > min{1,1/7} ¢
can be shown similarly. Clearly, the optimal subset to sug-
gest for the problem instance characterized by 6(") is {1},
while {2} is optimal for the other scenario associated with
6(2). Suggesting other subsets respectively results in an at
least linear regret in the hardness parameter €. By means of
representation (A.6) and (A.8) it follows that for i = 1, 2

g (R(T)
min{l,1/v}eT

5 .
The inequalities are intuitive: if the optimal set {1} for the
parameter (1) is suggested at most T'/2 times, then one
obtains a regret of at least ¢ for the suggested sets in the
remaining cases, which occur at least 7'/2 times. Similarly,
if the suboptimal set {1} for the problem instance with (%)
is suggested at least 7'/2 times, then one obtains a regret of
at least ¢ in all these timesteps. The latter display implies

EZ (RT) +Eg, (R(T)

min{1,1/y}eT
> P

> P?

v (N (T) < T/2

(Ngy(T) <T/2

+ Pg@) (N{l}(T) >T/2
> min{l,1/~}eT exp
2
where we used in the last line a version of Pinkser’s inequal-
ity, see Theorem 14.2 in Lattimore & Szepesvdri (2020).
We proceed by analyzing the Kullback-Leibler distance
in the latter display by means of Lemma A.1 and the fol-
lowing decomposition of the Kullback-Leibler divergence
for the family of probability distributions (P} )gce which
can be shown analogously to Lemma 15.1 in Lattimore &
Szepesviri (2020).

Lemma A4. Let 0,0 € O, then

Z E¢(Ns(T)) KL(Ps,9, Ps,or -
SEAfu”

— KL(P%,), Py ©

KL (P, PY, =

Note that by definition of the score parameters in (A.7)
it holds that KL(PSﬂ(l),PS)e(z) = 0 for any subset
S € Ay, which does not contain {1} and {2}, as both
distributions are the same for such subsets. For the remain-
ing subsets S’, which are of order O(2"~2) many, Lemma
A.lyields KL(Pg g1, Pss g < 20, % (cf. the proof

of Lemma A.3). We distinguish two cases in the following.
Case I:' T > 2" — 1.

As ZSGAfu” Ey(Ns(T)) = T for any § € O it is true
that Eg(Ng(T)) < T/2n—1 for each S € Ay, by the pi-
geonhole principle. Thus, by means of Lemma A.4 obtain
KL(Pya), Py < CTe?, where C' > 0 is some constant
independent of n and T'. Hence,

Ef, (R(T) +Efu (R(T)
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> mln{1,21/7} el exp — OTe?

Case2: T <2™ —1.

In this case, note that there are at least 2” — 1 — 7" many
zero summands in ZSGAM[ Eg¢(Ng(T)) as the sum equals
T'. Therefore, similar to the case before olgtain by means
of Lemma A.4 that KL(Pe(l),Pg(Q) < CTe? for some

constant C' > 0 independent of n and T'. Consequently,

Efo) (R(T) + Efe) (R(T)

> In1n{1,21/’y} el exp - OTe?
By choosing in both cases ¢ = min(C \/1/T, 1 — Opnin)
for some appropriate constant C' > 0 we obtain the assertion

with some constants C, C’ > 0 which are independent of
T,l and n. O

Proof of Theorem 4.2 (ii). For the gap-dependent lower
bound we will make use of the following result, which
is Lemma 1 in Kaufmann et al. (2016).

Lemma A.5. Let v and v' be two MAB models with n
arms and v; resp. v, denotes the reward distribution for
arm i € [n] respectively. Let A; denote the arm played
at round t and Ry be the corresponding observed reward.
Moreover, let Fy = 0(A1, R, ..., A, Ry) be the sigma
algebra generated by the observations till time instance t.
Suppose that v; and v} are mutually absolutely continuous
foreach i € [n], then it holds that

> ENi(T)KL (v, v

1€[n]

Z d(Eu (5)’ EV’ (5))

for any Fp-measurable random variable €. Here, d(x,y) =
J;log(fﬂ/y) (1 — 2)log(0-2)/(1—y)) and N;(t) =
ZS 1 Lie—; is the number of times an algorithm ¢ plays
arm 1 till time instance t.

In the following, we will adapt the proof of Theorem 3 in
(Saha & Gopalan, 2019b) to our case, which boils down to
incorporating our (different) notion of regret into their proof.

To make use of Lemma A.5 we embed the flexible Pre-
Bandit problem into a classical MAB problem by consider-
ing each subset S € A, as an arm. Moreover, we define
the score parameters

oM =(1,1—A,...,1-A),
0 = (1,1 -A,...,1-Al+e1-A,...,1-A,
1=2,...,n,

(A9)

where A € (0,1 — 0,,,) and € > 0 and the i-th component
of 0 is1+¢e.Forf € ©®and S € Ay let Ps g denote
the categorical distribution as in (A.5). Using Lemma A.5
with vs = Pgya and vy = Pg g for i = 1 for any
S € Ay as the reward distributions of the arms and the
Fr-measurable random variable £ = N3 (T)/T, one has
that

Y Egw[Ns(

SEAfun
E Eym [NS(T
SEAfuu

> d(Eg [Ny (D7), Egeiy [Neiy (T)/1]).

(1 —x)log(Y/(1—y)) —

T)} KL (PS,Q(I) 9 PS79<i)

| KL(vs.vy  (A10)

Now, since d(x,y) >
that

log(2) derive

A(Eqgcn [Ny ()1, Egeo [V (D7)

Egu) [N{i}} T

log —log(2).

1—
T - ]Eg(i) [N{7}]

- T

As we assume that ¢ is a no-regret algorithm, we have
that E9(1) [N{i}] = O(Ta) and T — ]Ee(i) [N{i}] =
Eg [ZSGAM”,S#Q N3] = o(T<) for some a € (0, 1].
Hence, by dividing the latter display by log(7") and by con-
sidering T' — oo one obtains

d(Eg) [Nty (D)1, Egiy [N1ir (T)/1])

i
70 log(T)

. - T log(2)
> lim —— 1—o(T%%) 1 -
2 Jm e TTOTT) loe T o)

> (1-a).

Hence, dividing (A.10) by log(T") and considering the limit
case obtain

Z Epw [Ns(T

SGAf 1

) KL(Pg g1y, Pg gci

T~>oo log } ( 5,001, 75 9(3)
> (1-—a).

(A.11)

The Kullback-Leibler divergence in (A.11) can be bounded
by the following lemma, which first statement can be shown
by following the lines of display (2) in Saha & Gopalan
(2019b), while the second statement is straightforward from
the choice of the score parameters in (A.9).

Lemma A.6. For each i = 1 it holds that

(A +¢)?
(1-A)S|1+¢e)

Moreover, if i ¢ S orif |S| =1, then

KL(Pg g, Ps gy <

KL(PSﬁ(l),PS’g(i) =0.
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Using Lemma A.6 we can derive from (A.11) by multiplying
with (1=2)?/(A+¢) that

. 1 ]E@(l)[NS(T)](l 7A)(A+€)
Tlggo log(T sg&%\m, [S](1+¢)
€S
(1-A4)°
Z Byey 17

Summing over i € {2,...,
in the latter display leads to

n} and taking the limit e — 0

(1-A)A
Eg) [Ns(T)] ~—gr—
T%oo log Zz; SeAg\{ . S|
(1-A)
2—Fx m-1)1-a)
(A.12)

Next, we bound the cumulative regret in (9) for any algo-
rithm ¢ for the flexible Pre-Bandit problem from below.
For this purpose recall the decomposition in (5) and denote

the ith component of (1) by 9(1 and let v (9(1 ).
Hence, we get

- U(S/)

Siese (01 7
1€5¢ )

1
t=1 ZiESZ’ (Uz( )

T
= Ee(l) Z Z lsf:S

t=1 S€Afun
Z?:Q 1ieS (U’L(
22‘;1 1LES( (1) 7

1) 7( 1 _ (1))

2 min{l,1/1)

x Ega) Z D g SZ Lies (1 - A)A

t=1 S€Afun
= min{1,1/v}
1-A)A
XZ > Eo le“’ =5 1265( |S)
=2 SE€EAf.11
= min{1,1/v}
g 1—-A)A
x> > Eeu(Ns[T)) (|S|)

i=2 SEM s, i€S

where we used Lemma A.2 for the inequality together with
Yo Lies (vgl) 7 < |S|. With this obtain from (A.12) that

if  is a no-regret algorithm, then
lim Eeu) (R(T)

T—o00 lOg(T)
S min{1,1/7} - (1 — a)(1 — A)?
A

(n—1),

which concludes the proof as A corresponds to
min;g g« ez — 0; for 6 = M and (1 — a)(1 — A)?
is some constant independent of 7" and n. O

B. Proof of Theorem 5.1

We start by introducing the notation for the rest of the proof
and recalling the main terms of the TRCB algorithm. There-
after we give an outline of the proof, before deriving the
details.

B.1. Notation and relevant terms

Throughout (S;):=1,... r denotes the suggested subsets (the
preselections) of the TRCB algorithm at each time instance
respectively and (i;);=1, .. 7 the corresponding decisions of
the selector, i.e., iy € S;. Furthermore, let v € (0, 00) be
some arbitrary degree of preciseness. Next, we clarify the
notation as well as recall the main terms emerging in the
TRCB algorithm. We define

t—1
Dosm1 Lia=i, {igres.y, t>1,

B.13
0, p—q1, B

wi j(t) :=

to denote the number of times ¢ has been picked by the
selector till time instance ¢, when ¢ and j were both part of
the preselection, while w; ;(t) := w; ;(t) + w; ;(t) is the
number of times either ¢ or j was picked till time instance ¢,
when both were part of the preselection. The relative scores
in (4) are estimated in time instance ¢ by

wi,;(t) —
w; () L, wjvi(t) =0,

O rmiin, else,

0, (t) = i,j € [n].
(B.14)

The arm with the most picks till time instance ¢ is

J = J(t) = arg max #{w; ;(t) > w;;(t) | j =i}

(B.15)

Note that in the following we will suppress its dependency
on the time instance ¢ in the notation. The (tAhresholded)
random value inside the confidence region of O; ;(t) is

OMZI‘l}CB( ) - amin (Oi,J + Cshm’nk 61 (t) V emzn 3
for i = J and OFF°B(t) = 1 for i = J, where

Bi(t) ~ Unif[—c; s (1), ci,s ()],
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3/2
Ci,J (t) = 392410g7£lt/)7
min wi’J(t)
and Csprink € (0,1/2) is some finite constant. Note that
the (3;’s are mutually independent. Recall the definition of
regret for any time instance ¢ € [T'] in (9). Due to (10) we
will consider the following scaled regret per time

7(t) == U(S*;04,7) — U(S;;07,7) = vy r(Sy).

(B.16)
Finally, let F; denote the o-algebra generated by
S1,41,...,5¢—-1,4;—1 in time instance ¢, with F; being the

trivial o-algebra. Note that J(t) as well as w; ;(t) resp. ¢; s
are JF;-measurable for any ¢ € [T].

B.2. Outline of the proof

We introduce in the following the core lemmas to prove
the main result, which will be gradually verified in the next
subsection. For ¢t € [T'] define

Ay ={JieSusr:

|OTRCB( t) — Oi, 1] > cig(t)}

(B.17)

Thus, A; is the event on which the estimates for the relative
scores for arms in the chosen preselection and the optimal
preselection with respect to the currently most winning arm
J are not close enough to their actual relative score, where
the length of the confidence region ¢; ;(¢) determines how
closeness is to be understood in this case.

As a consequence, one wishes that the probability that A;
happens is sufficiently small. The following lemma estab-
lishes this requirement.

Lemma B.1. It holds that

log(t)
t b

Eg(l{At} |]:t =0

where the constant in the O-term is independent of Tl and
n. In particular, for any i € S; U S™,

]Ea {E9(|OTRCB( ) - Oi,J| lAg |]:f :|

32 log(113/2
<Eg ¢ s(t) :E‘){ W}

Next, we investigate the deviation between the scaled regret
per time (cf. (B.16)) and its empirical counterpart. For this
purpose, note that

#(t) = U(5";0.,7) = U(S1;0,7)
< U(5%504,7) = U(S*; 07 9)

= (B.18)
+ 6(515;0}‘1:{0]377) _G(StaOJa’Y) 5

since U(S*; OTRCB) _ U(Sy; OTRCBY < (), by the defi-
nition of S; in line 11 of the TRCB a}gorithm. Here, we
abbreviated OTRCE = (OTRCE . OTRCE)

The following lemma gives a bound on the ratio between
the two terms in squared brackets on the right-hand side of
the latter display.

Lemma B.2. Conditioned on F; there exist constants
C1,Cs > 0 depending if at all on 0,,,;,, and =y (but indepen-
dent of T, 1 and n) such that on A? it holds with probability

at least 1 — 7 that

U(S*;04,7) — U(S*; OTRCB ) -
ﬁ(Sta OgRCBfY) - fj(sh OJa ’Y) B

(3+7)

Moreover, C5 is of the form const Hmm

with probability at least 1 — %

. In particular,

Eg (F(t)lAE’ | Tt
< (Co + 1)Eg(|U(S;; OTRB) — T(Sy; 0,)| Lyg | e

The next pillar of the proof is to transfer the high concen-
tration of OTRCB around O to a high concentration of the
corresponding utilities U by exploiting its Lipschitz smooth-
ness.

Lemma B.3. Foranyt € [T

05507, ) (540,
1 1
S maX{eSrZ’Ln )/(’Y)’ G'Emn’Y)/(’Y)} Z |O;I1I]{CB(t) — Oz J|.
v : ’ |
1€Sy

Finally, an upper bound on the expected length of the con-
fidence regions over time (that is basically (w;, ;(t))~'/2)
has to be verified.

Lemma B.4. The following statement is valid,

STE( > e <4VTn

teT i€St

Conclusion: Proof of Theorem 5.1 Given these core
lemmas, we are now in the position to verify Theorem 5.1.

Letf € © and T € N with T' > n, then since (S;) < 7(t),
for any ¢ € [T'], we have

T
Z |]:t)7

where we used the tower property of the conditional ex-
pected value. Note that # < 1/6,,;, such that by applying
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Lemma B.2, Lemma B.1 and then Lemma B.3, one can
derive that

Eo[R(T)]

M=

B (E(F(t)14,1F) +Ee Y (E

1€ES}

AG ‘ft)

o~
Il
i

hE

Eo (E(7(t)14,|F:) + Co Z \%

1
+CiBe () E(|OFFR () — Ol 1y | F)

~
I

i€ESt
T
log(t
<G Z Oi( )
t=1
+012E9 D E(IOFFE ) = 01| 140 | F2)
1ES}
L log(
< (Cy Z g + Cs ZE@ Z \/log(l- t)/w1 J@)
t=1 €St

where C; > 0, for i € {0, 1, 2,3}, are constants depending
if at all only on #,,;, and -y, but are independent of T
and n. Next, since 3°,_, t71/2 < 2y/T and log(l - t) <
2log(T), due to I < n < T, we can further estimate the
right-hand side of the latter display to obtain

Eg[R(T)] < C4\/T log(T)
T
log(T Z Z 1/wz s
< Cy\/T log(T) + cﬁwog

where we used Lemma B.4 for the second last inequality.

Here, the constants Cy, C5, Cg > 0 are as before depending

(if at all) on 6,,,;,, and -y, but are independent of T, [ and n.

In particular, we have Cj is of the form const - 6, ! while
Cj is of the form
maX{Q('ynl)/(v),9,(,11”7)/(7)} g2+

const -

mzn

v

This concludes the proof.

B.3. Proofs of the core lemmas in Subsection B.2

We start with the proof of Lemma B.1. For this we need
the following result, which is Lemma 1 in Saha & Gopalan
(2019a).

Lemma B.5. It holds that for any r € N,i,j € [n] and
€ > 0 that
wi_j(t) . 01

P
wm»(t) 0; +9j

> €, El,](t) =r

’U}i’j(t) _ 62
wi;(t) 0+ 0,
< 2exp(—2r £?).

<P

>e, W (t) >

Proof of Lemma B.1. Define the function ¢(x) = x=1 —1,
then note that qb(“’J lgg = 0, (t) and ¢(9ii{9j =0,
Further, by the mean value theorem there exists for any pair

J z 8 and 9 such that

of arms (¢, j) some Z; ; between =

wj,i(t) 0,
Wi, ; (t) 0; + Hj
s N Wy l(t) 0]'
¢ (Z'LJ) wzJ (t) 01' _|_ 0]
1 w;(t)

Z7; Wi (t) 0; +0;

Oi ()= 055 =¢

—¢

Note that
Z;; > min(wii(/w; (1), 93/0,+6,)
> min(wii()/w, ;(t), Omin/2)
and in particular if j = J then
Z;,g > min(1/2, 0nin/2) = Ominf2,

as w; ;j < 2wy, by definition of J and 6,,,;,, < 1. Let us
write E; j(t) = OqJ(t) —0;,; for sake of brevity, then we
get with the deviation above for ¢ > 0 forany ¢t € [2,T|NN
that

P {E; () >¢/a. 0}
t—1 ) 2
< Z P EJJ (t) _ 9J > emzn €
o w; g (t)  0i+0; — 4w, 4(t)
N {wi)J(t) = 7“}
t—1 ] 2
_ Z]P g-],i (t) _ 0-7 > gmzn €
= wi g (t) 0+ 0, 4r
N{w@; ;(t) =r}
94 22
<2At—Dexp — o

where Lemma B.5 was used in the last step. Setting

£ = /8 1log(lt*/?)/g4 . in the last display, we obtain in com-
bination with the law of total expectation that conditioned
on JF; that

min

P(A,
< Z / (2¢;,.7()) "
ieS,us= Y [—ci,a(t).ci,u (1)
xP {E; j(t) > ¢is(t) = Conrinky} dy
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> P Eiyt)>

1€SUS*

<A4l(t—1)exp (= Imins/s = O(V1oe®)/ Vi),

(1 - Cshrink) ci,.](t)

where we used that thresholding of the relative scores only
makes the probability of the event smaller for the first in-
equality and in the second last step that, firstly, Cspring <
1/2 in combination with 1/2¢; ;(t) = ¢/\/a@:,,(t) and sec-
ondly, that |S; U S*| < 2l. The constant in the O-term is
independent of [, T and n. This concludes the lemma. [

1+

Proof of Lemma B.2. Let us write S5(0) =3 _;.¢. O, ]
and S7(0) = >, c g+ O;, 7. In the same spirit define S5 0),
Sy (O) SQ(O), S1(0), St(O) and St (O), where O is short

for OTR . Then,
_ - ATRCE 55(0) _ S3(0)
U(S*;0,,7) —U(S*,07%",y)  51(0) ~ 5:(0)
U(Si; OFB,7) = U(S1;04.7) Q) _ 550)

5t(0)  Si(0)
83(0)[57(0)— 51(0)]
St (O)S*( )
+ 55(0)[51(0)*5{(0")] ’
51(0)S1(0)

[53(0)-53(0)]
“Sroy T
[55(0)~5(0)]
S1(0)

(B.19)

It holds that

1
i

0 < 2

9mm/l <

< Yb,minl,

N
Q

)
(O
)57 (0)

< 1/0m1,n

~—

[\ER

3+
« S l/gnL L;Yzl7

1

n
S

1
i

i/l < (S

Hence, all of the latter terms can be bounded from below
resp. above by C'j /1 for some suitable constants C; which
depend if at all on 6,,,;,. Following the lines of proof of
Lemma B.1, it can be shown that there exists a constant
C1 > 0 (depending on 6,,;, and ) such that the ratios of
the terms in the squared brackets in (B. 19) are bounded by
some constant C5 > 0 on the event A , with probability
at least 1 — 7 Hence, the whole term in (B.19) can be

omin/l <

O)
Q> RO

)
(O) 1/93+~
sy = Tt

bounded with probability at least 1 — 7 by some constant
C3 > 0 which if at all depends only on 6,,,;,,. This yields the
first part of the lemma. The second part is just a consequence
of the first part together with (B.18). O

Proof of Lemma B.3. Define the function ¢(x1,...,2;) =
AV x; € [A,B]for0 < A <

i=1"q

/ ,lL-=1LIJi fOI‘iCl,...,

B. Then, we have that fori =1,...,1

(147)/
_ Xty
O (22 %5)? ’

It can be easily checked that

1
8¢(m1,...,xl) HT’yxZ/v Zj T —

1—
Op(x1,...,x1) B 4<1,
sup su ——— < L )
ipm fB Ox; =) a5
i€[A,B] S > 1.

Without loss of generality assume that S; = {1,...,l},
then by setting z; = Ol sandy; = OTRCB( ) and noting
that ¢(z1,...,2;) = (S’t,OJ) aswell as ¢(y1,...,uy) =
U(Sy; OTRCB) 'we obtain with the mean value theorem that

6(St7 OA}‘RCBa 7) - 6(‘9157 OJ7 ’7)
<C ) [0TFP () - 0;,
i€S
-1 11—~y
by choosing C' = max{0min /v, %min /7, }, since Oy <
Proof of Lemma B.4. Since ,_,t~'/2 < 2v/T one
has Zg;g)):l U@, < 2y/w;  (T). Due to

> icn EWi,s(T) < T it follows by Jensen’s inequality
T
that Zt:]_ E ZiESt Wy, J(t) - \/ﬂ D

C. Proof of Theorem 5.2

We start by introducing the notation for the rest of the proof
and recalling the main terms of the CBR algorithm. There-
after we give an outline of the proof, before deriving the
technical details.

We break the proof down into two core lemmas, for which
we first clarify the notation. We assume that without loss
of generality |S*| = 1, i.e., there is only one best arm, as
this makes the learning problem only more difficult. Indeed,
having several arms with the same highest score extends the
opportunities to identify one of these highest score arms. To
ease the notation we denote the score of the highest scored
arm with 6,,,,., which is 1 by definition of © and its index
by imaz~

C.1. Notation and relevant terms

We define the estimate for the pairwise winning probability
qi,; (cf. (3)) by

wi,; () :
EeoETRoMECEA LS

0, i =7,

. . 1=
Gij = Gij(t) = ’
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where w; ; are as in (B.13) and with the convention that
z/o = 0. With J(¢) = J we again denote the arm (within
the active set) with the most picks till time instance ¢ as in
(B.15). With A; = 0,5, — 0; we define the gap between the
score of the ¢th arm and the overall best arm. The lengths of
the confidence intervals are

21 3/2 .o . .
%a 1, € [n]aZZ]7

0, i =],
thereby implicitly setting w;;(¢) = oo for any i € [n].

C.2. Outline of the proof
We define the following events

By ={3i € [n]|]G:,s(t) — qi,s| > ci,u (1)},
Rt = {J(t) = imax}a Et = {|St‘ > 1}'

Here, B; is the event where an arm exists whose pair-
wise probability estimate for winning against .J is not close
enough to its actual parameter, where closeness is under-
stood by means of the confidence length ¢; ;(t). R; is the
event when the most winning arm .J is not the overall best
arm and E} is the event, where the offered subset at time in-
stance t is not a singleton. All these events are "bad” events
and we will show that their probability of occurrence is
sufficiently small.

We have the following key lemmas to prove the main result.
Lemma C.1. There exist constants C1,Cs,C3 > 0 inde-
pendent of T and n and depending if at all on the parameter
space O, such that

T
ZP(Bt) <C; and
t=1
T

S P(R,NBY) < Cylog(T) > é + Csn.
t=1 i€[n\{imaz}
Lemma C.2. There exist constants C, Cy > 0 independent
of T and n and depending if at all on the parameter space
O, such that

d 1
S PBINRINE) < Cylog(T) Y Az +Con.
t=1 i€\ {imaz} g

Lemma C.3. On the event RC it holds that
(v=1)/(v) 9(1 v)/(‘v)}

max{a min > U min

7n(Slf) = Al

v i€[n]\S*

Putting all together.
(9), we obtain

T
= ZET(St)

Recalling the cumulative regret in

T T
<N P(B)+> P(R.NBY)
t=1 t=1

T
+ Z E T(St)lB?mRE
t=1

[M]=

T
<> P(B)+ > P(R:NB})
t=1

~
Il
-

T
+ ZET(St)lB?ﬁREﬂEt
t=1

T
+ Z Er(S:)158nR80 58
t=1

(v=1)/(v) 0 (1- W)/(v)}
min ? min 10g( )

v

< ContC, max{6

i€m\{imac}
where we used Lemma C.1 and Lemma C.2 to derive the
constants Cy, C7 > 0, which are both independent of 7" and
n, while Lemma C.3 introduced the factor accompanying
(. Furthermore, we used that on R? N EE we have that S}
equals {4, } = S* and thus r(S;) = 0.

C.3. Proofs of the core lemmas in Subsection C.2

Proof of Lemma C.1. Using Lemma B.5 one obtains

P(B:)
t—1
<D P(lGia(t) J(t), wigt) =7
i€[n] r=1
t—1
< 2nZexp(—4log(nt3/2)) < 2/i.
r=1

By summing over ¢ till 7T, we get Zthl 25 <
2370 1/# = w%/3, which yields the first claim.

For the second claim, let A; denote the set of active arms at
time instance ¢, i.e.,

Gi,7(s)(8) + ¢ y(s)(8) — 1/2
2CZ,J(:?)( )

A= i€n] o > 0,

Vs € [t]

It holds that conditioned on BE we have that i,,,, € As
almost surely. Indeed,
P({imas ¢ Ar} N BY)

Ji t i g(t)—1/2
by i) F iy (D) =1/

=P Gippoors(t) + i s (t) < 1/2, BS

<0, BY
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<P Gi,0(t) <1/2) =0,

where we used that o(z) < 0 iff z < 0 and for the last
inequality that G;, . ;(t)+¢;,... 7(t) > q;,... 7(t) on BE,
while g;,,..s(t) > 1/2 holds by definition of 4,45

Next, consider the counting process Mtz imas Wiiraw —
Wi, oni for some i € Ay\{iymq,} and define for sake
of brevity the event S = {{i,imas} € Ss}. Note that
M, can be written as

t—1

My =3 Limitngiy ~ Ntiaminas S
s=1

It holds that the event {{%, {;,qs } € S5} has a strictly posi-
tive probability for any arm ¢ € A;\{imaq.} and any s € [t],
as otherwise the arm would not be active anymore. Condi-
tioned on some set S we have that

]P)({ZS = Z} - P({Zs = imam}

01‘ emaz Al
= — S -,
Yjes 0i Yjes, 0T H

where H' = Zie[n] ;. Thus, we can find a constant C' > 0,
which depends only on © such that for each s € [t]

P({is =i} NS: —P({is =imax} NSE < —A;C.

Therefore, ]EMZ’“"’“m < —(t—1)CA,; and by Lemma C.5
it follows that

P(Wi i 0w = Wipnanii)
— P(Mtiyimaw Z O) S ]P)(Mtifimaz Z _2(t _ 1) CAZ)
C2A2(t—-1)

<exp (- 3

The event R; is contained in the event that there exists an
active arm ¢ such that the winning count of ¢,,,, against ¢
is smaller than the winning count of ¢ against 4,4, that is
M;"™e= > (). Hence, using the union bound in combination
with the latter display we obtain

T

> P(R, N BY)

t=1

T
C?A2(t—1)
YT (- MY
t=1i4ic[n]\{imaz}

"8 log(T)/CZ A72‘|

2 AN2(4
- ¥ S eXp(_%ﬁl)
i€\ {imaz} t=1
T 2 A2

t>[8 log(T)/c2a?]

8 log(T 1
< % Z 2 +2nT exp(—log(T)),
i€\ {imac}

from which we can conclude the lemma. O

Proof of Lemma C.2. For any ¢ = ,;,4, We have that

t—1
E(W,i,,,., (t) = Zp(is € {i,imas}, {1, imax} € Ss).
s=1

Now, similar as in the proof of Lemma C.1 before, we can
find a constant C' > 0 which depends if at all on © such
that P(is € {7, imaz}» 1% tmaz} € Ss) > OpinC for any
active arm ¢ and each s € [t]. With this, we obtain that
E(w@; 4,,,,(t)) > (t — 1)0,;nC. Using Lemma C.6 with
Wi ;... as the counting process one can derive that there
exists a constant C' > 0 depending on © such that

— _ 2
P Wi, (t) < % < exp (= U2

(C.20)

Next, write for short 6; ;... = Giipnon (t)+Cisinna (£) —1/2
and note that

P(B N RE N E)

= P(3i = imas : {i €5}, BSN RY)

< >
i€\ {imas}

< > Pé,. 20BnER
i€[n]\{imas}

D>

ie[n]\{imaz}

Z’Z‘VTLQI

]P) __ “tmaz
7 2Ci i (1)

>0, BSN RS

P 26, (t) > 1/2 = Giip,,

1 t3/2
= Z P Wi imaw (t) < (1§2Og(n))2
ie[n]\{i7naz} Q7’77f7na;z
201og(T
T B w0

1/2 —q;; 27
€[]\ {imas} ( / Qz,zmam)

where we used that J(t) = imqee on RS for the first in-
equality, o(z) < 0iff 2 < 0 for the second inequality, for
the third inequality that §; ;... (£) — Ciivrow () < Qiivnas ()
on BE, while the last inequality is due to log(nt3/2) <
5/2log(T), as max{n,t} < T. One can find constants
C; € [1/4,1/2] such that 1/2 — ¢; ;. = C;A,;. Indeed,
note that 1/2 — q; ;... = 2i/(2(6;+6ma.)) and it holds that

A A; A;

A e S i

4 = 2(0; + Omaz) — 2

Hence, with these considerations one obtains

T
> P(Bf N RPN Ey)

t=1
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_ 201log(T)
< Z Z P Wi, (1) < TCZAZ

t=1lic[n]\{imax} v
Z 401og(T)
- CC?A2
ie[”]\{imaw} v g
T
_ 201og(T)
+ Z Z ]P wmmaw( ) < 02A2

i€ imax} ¢=[ 40108(T)
i€[n]\{imax} t=T cchlﬂ

Now, the summation over ¢ on the right-hand side of the last
display is such that 2010s(T)/c2A2? < (t=1)C/2. Thus, we can
use (C.20) to further estimate the last display by

T
S P(Bf N RPN Ey)

t=1

401og(T) 1 Gy

i€n\{imax} °
for some constants C, Cy > 0. From the latter display we

can conclude the lemma. O

Proof of Lemma C.3. Note that

r(Sp) = U(S™) = U(S)

. Ziest (Vmax — v;)v;]

- Yies, Vi
_ Ziestw}n/lyw - 91'1/7)91‘
a Zz‘esf, 0; .

On the event RE’ it holds that 7,4, € S, so that

Zel Zemaw =1

1€S:

With this, and the fact that 6; < 6,,,,. = 1, we can infer
that

= 0= Y i

1€St i€[n]\S*

Considering the function f(z) = x'/7 defined for z €
[01min, Omaz] the assertion follows easily by the mean-value
theorem as in the proof of Lemma B.3. O

C.4. Technical results

In this subsection we collect the technical auxiliary results
needed for the proofs of the core lemmas. These technical
results could also be of independent interest.

The next two lemmas were of major importance for the
proof of Lemma C.1.

Lemma C4. Let M, = ZZ:I Zs, where (Zg)s=1, .. are

random variables with values in {—1,0, 1}, such that Fy is

the canonical filtration generated by {Z,,...,Zs_1} and
Zsy1 is conditionally independent of Zsyo, ..., Z; given
Fs. We have that for any z > 0
2
P(M; — E(M;) > z) < exp ( - % .
Proof of Lemma C.4. The function f(z1,...,2:) = 21 +

... + 2 is Lipschitz-continuous with Lipschitz constant
L =2if —1 < z; <1 for each 7. It is a well-known result
that the sequence of random variables (X;);=1,. . with
X: = E[f(Z1,...,2,)|F:] is a martingale (the so-called
Doob martingale) with bounded differences | X; 11 — X;| <
2L = 4 (cf. Lemma 11 in Kocsis et al. (2006)). Consider
the martingale difference sequence XZ— = X, —EX,; =
X; — EM,; and note that X, = X, — EX, = M; — EM,
and X, = 0 by setting Fy, = {2,Q}. Thus, the Azuma-
Hoeffding inequality implies for any z > 0 that
P(M; — E(M;) > z) = P(X; — Xo > 2)

< exp(—2°/(81)).
O

Lemma C.5. Consider the setting of Lemma C.4 and as-
sume that there exists Ay such that E(M;) < A;/2. Then,

A?
P(Mt Z Af) S exp ( —

32t
Proof of Lemma C.5.
P(M; > Ay) =P(My; > E
< P(My > E(M;) + Ay/2)
< exp(—A7/(321)),

where we used Lemma C.4 in the last step. O

For the proof of Lemma C.2 we use the following variant of
Lemma 13 in Kocsis et al. (2006).

Lemma C.6. Let N; = 22:1 Zs, where (Zg)s=1,... 1 are
random variables with values in {0, 1}, such that F is the
canonical filtration generated by {Z1, ..., Zs_1} and Z 41
is conditionally independent of Zs 2, ..., Z; given Fg. If
EN; > 2y, for some A then

P(N, < Ay) <exp (—A%/2¢ .

Proof of Lemma C.6. By using EN; > 2A,, we have
P(N; < Ay) =P(V; <EN, + Ay — ENy)
<P(N; <EN, — Ay)
< exp ( — Aot

where we used Lemma 12 of Kocsis et al. (2006) for the last
inequality. O
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D. Optimal subsets for restricted Pre-Bandits
and an efficient algorithm for utility
maximization

In this section, we show that the best arm is always element
of the optimal preselection for the restricted Pre-Bandit case.
Following this, we present a sophisticated algorithm (Algo-
rithm 3) to avoid highly computational costs for determining
the maximizing set in line 11 of Algorithm 1.

The following lemma, which can be verified by simple tech-
niques of curve sketching, is the foundation for Algorithm
3 and the proof of Lemma D.2.

Lemma D.1. Let 0 < a < b be real values, (01,...,0,) €
[a,b]™ and S C [n] be a nonempty subset. Further, define
Iy i [a,b] = RT by
oy + ZiGS 01_1-"-7

07+ 3 s 00

The following statements are valid.

fv(e) = f7(9§ S) =

(i) For = ies0""/ ._, 07 we have that f,(0) =
)

(ii) f, has a unique global minimum in 6, which is the
(unique) real-valued solution of the following equation
inx

(1 +’Y)(ZU1’-Y I,VZUZH'Y =0.
€S €S

It holds that f., is strictly decreasing in [a,0] and
strictly increasing in [0, b]. Moreover, 0 < 0.

Lemma D.2. Let § € © be such that |arg max 6;| = 1
i€[n]
and let J = arg max 0;. Then, for any | € N, one has
i€[n]

J € 5%, where each S* is a maximizing subset as in (7) for
A = A,. Furthermore, if |arg max 0;| > 1 then U({J}) >
i€[n
U({J} U {i}) for any i € [n], with an equality if and only

if 0; = 0 5. The same holds true for U.

Proof of Lemma D.2. We prove the first assertion by con-
tradiction. Hence, suppose that J ¢ S*. Let J € S* be
such that 0 7 < 6 and define S = S*\{J} U {J}. Thus, by
assumption it should hold that

1+ 1+
05 T+ ZiES*\{J} 0; " D ics 93“

U(s*) = _
07+ Lies\7y 07 Dies 07
1 1
> Zies’ 91'1+7 _ 9J+7 + ZieS*\{j} 0; -
Diest] 07+ > ies\(y 07
=U(S).

In terms of Lemma D.1 this means that f. (6 7, S*\{J}) >

£,(05,8*\{J}), but this is a contradiction due to (i) and
14

i€S*\{J} 01
. i 07
B ies*\{J} Y
[0, 6]. The second claim follows immediately by the strict
monotonic behavior of f., and the claims for U can be shown

similarly. O

(ii) of Lemma D.1, as 8, > 0 = and 0 €

Algorithm 3 Utility-maximization

input n many paramters 64, . ..
v, preselection size [
1: initialization: 7 < Sort(61,...,60,,) {determine per-
mutation which sorts the scores in decreasing order}

, 0, preciseness parameter

2: S« arg g[n?)x 0-(;) {select all high-score items}
1€T([n

3: if |S| > then

4:  return: randomly selected [ elements of .S

5: else

6: A<« [n]\[|S]] { set of active arms }

7:  repeat

8: O esO™) g0

9: Anext — arg min {‘0 - f')’(e‘l'(i); S)‘}

1€{min A,max A}

{fy asin Lemma D.1, break ties arbitrarily }

10 S SUT(Anext)

11: A<+ A\Apent

12:  until |S| ==

13:  return: S

14: end if

Let 6 ;) denote the i-th order statistic for (61,...,6,),i.e.,

Oy <Oy <... <0,

then Lemma D.1 implies that f,(v; {0} <
fw(e(n);{e(n)} for any v € [0,0(,)] and the small-
est decrease of fy(;{0,)} over the discrete set
{0ys -+, 0(n—1)} is either for 6,1y or for ;).

With this, Algorithm 3 successively builds a set S which
will maximize the expected utility in (6) for a given score
parameter 6 = (61,...,0,). First, the scores are sorted in
order to find the arms with the highest scores, as by Lemma
D.2 these are always element of the maximizing subset. If
more than (I — 1) elements have the same highest score, a
randomly chosen [-sized set of these is returned, since the
expected utility among all possible [-sized subsets of these
is the same by Lemma D.1 or Lemma D.2.

Otherwise, an active index set A is initialized containing
all indices for which it is not decided yet, if they are part
of the maximizing set .S eventually. As by Lemma D.2 the
expected utility decreases from that point on by enlarging
the set .S, the algorithm determines the arm with the small-
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Figure 1. Mean cumulative regret for 1000 runs of randomly gen-
erated restricted PB instances for (n,l) = (20,4) (left) and
(n,1) = (30,5) (right).

est decrease for the expected utility, where ties are broken
arbitrary by two possible candidates.

Since the expected utility of the currently set S is identical
to f(0;.5) only the arms with the smallest resp. highest
score parameter in A have to be checked by the implication
after Lemma D.2. It can be shown that the algorithm has
worst complexity of O(In log(n)) if an efficient sorting
algorithm is used in the initial step.

E. Further experiments for the Pre-Bandit
problem

In this section, we provide further experiments on synthetic
data for the two variants of the Pre-Bandit problem.

Restricted Pre-Bandit problem (larger number of arms)
First, we present two additional scenarios of the simulation
study in Section 6 for the restricted Pre-Bandit problem
with larger numbers of arms n and different preselection
sizes [. In particular, we investigate the performance of the
following algorithms, which were also analyzed in Section
6, for the restricted Pre-Bandit problem:

e TRCB: The TRCB algorithm in Algorithm 1 with
Cshrink = 7-107% and 0,,,;,, = 0.02 (here as a param-
eter of the algorithm).

e UCB-Oracle: UCB-type algorithm of Agrawal et al.
(2016) with knowledge of the best arm in advance and
revenues are set to be the estimated score parameters
(in short r = é).

e UCB-Sampling: UCB-type algorithm of Agrawal et al.
(2016) without knowledge of the best arm in advance
(sampled with MNL probability among the three best)
andr = 0.

e TS-Oracle: The Thompson sampling algorithm of
Agrawal et al. (2017) (Algorithm 1) with knowledge
of the best arm in advance and r = 6.

o
o P »
o | — TRCB P — TRCB s
¥ | — ucCB-Oracle P — UCB-Oracle y
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Figure 2. Mean cumulative regret for 1000 runs of randomly gen-
erated restricted PB instances for (n,l) = (10,3) (left) and
(n,1) = (20,4) (right) and v = 1/20.

e TS-Sampling: The Thompson sampling algorithm of
Agrawal et al. (2017) (Algorithm 1) without knowl-
edge of the best arm in advance (sampled with MNL
probability among the three best) and r = 0.

e TS-Oracle-Corr: Correlated Thompson sampling al-
gorithm of Agrawal et al. (2017) (Algorithm 2) with
knowledge of the best arm in advance and r = 6.

The left picture in Figure 1 provides the findings for the case
n = 20 and [ = 4, while the right picture illustrates our
results for n = 30 and [ = 5. Both scenarios are considered
for the time horizons T € {i - 2000}>_, and the score
parameters are drawn randomly from the n-simplex without
any restrictions on 6,,,;, and with v = 1.

Table 1. Empirical standard deviations of the cumulative regret for
the different time horizon steps for the scenarios (n,1) = (20,4)
and (n,1) = (30,5).

(n,1) = (20,4)
T 2000 4000 6000 8000 10000
TRCB 2147 3293 43.73 57.51 66.36
UCB-Oracle 4390 79.27 119.19 16542 202.54
UCB-Sampling | 9831 18752 280.59 370.10 47920
TS-Oracle 7.74 10.01 11.37 13.42 14.06
TS-Sampling 86.11 161.01 235.16 329.54 429.52
TS-Oracle-Corr | 21.84 43.65 63.73 87.99 111.97
(n,1) = (30,5)
TRCB 2054 3481 4084 5491  58.88
UCB-Oracle 3445 65.40 102.52 143.31 172.84
UCB-Sampling | 75.21 150.24 225.29 311.10 385.72
TS-Oracle 6.91 9.48 11.17 1343 1391
TS-Sampling | 53.66 10135 17586 246.12 284.47
TS-Oracle-Corr | 18.01 38.74 55.92 80.59 97.91

The findings are similarly as for the case n = 10 and [ = 3,
that is only the Thompson Sampling algorithm with knowl-
edge of the best arm apriori (TS-Oracle) outperforms TRCB,
while the other algorithms are outperformed by TRCB. Fur-
thermore, we report the empirical standard deviations of the
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Figure 3. Mean cumulative regret for 1000 runs of randomly gen-
erated restricted PB instances for (n,l) = (10,3) (left) and
(n,1) = (20,4) (right) and v = 20.

considered algorithms for each time horizon in both scenar-
ios in Table 1. Only TS-Oracle has a throughout smaller
standard deviation than TRCB, while all the others have
variations of a higher magnitude than TRCB.

Restricted Pre-Bandit problem (Varying degree of pre-
ciseness) Next, we consider two additional scenarios, in
which we initially set v = 1/20 such that the most pre-
ferred subsets consists throughout of the top-I arms and
The results for v = 1/20 are depicted in Figure 2 for the
cases (n,l) = (10,3) and (n,l) = (20,4) for the algo-
rithms described above. Note that TS-Oracle-Corr could
not be compared as it sampled negative values for the score
parameters, which lead to numerical issues regarding the
evaluation of the utility function. Again the findings are
in line with the observations we have made in the simula-
tions before, i.e., only TS-Oracle is able to outperform our
algorithm TRCB due to its advantage of knowing the best
arm. In particular, this demonstrates that our algorithm per-
forms well for scenarios where top-/ subsets are the desired
outcome for a user.

In addition, we consider the case v = 20 such that the most
preferred subsets are basically all subsets which contain the
arm with the highest score (cf. Example 2 in the main paper).
Figure 3 illustrates the results for the cases (n,[) = (10, 3)
and (n,l) = (20,4), where we do not included the algo-
rithms which have prior knowledge of the best arm, as these
naturally have throughout a regret of zero. This experi-
ment indicates that the considered DAS algorithms depend
too much on the assumption that the no-choice option corre-
sponds to the highest scored arm as also remarked in Section
6.

Flexible Pre-Bandit problem In addition to the simula-
tions in Section 6, we investigate the empirical regret growth
over time for larger numbers of arms n for our CBR algo-
rithm for the flexible Pre-Bandit problem. We consider two
variants of the CBR-algorithm:

— CBR(n=60)
| — CBR(n=120)
—— CBR(n=240)
—— CBR-As(n=60)
CBR-As(n=120)
—— CBR-As(n=240)

Regret
500 1000 1500 2000 2500
P

T T T T T
2000 4000 6000 8000 10000

Figure 4. Mean cumulative regret of the variants of the CBR al-
gorithm for 500 runs of randomly generated flexible Pre-Bandit
instances for n € {60, 120, 240}.

e CBR: The CBR algorithm with
o(x) = (1A x)l 00y ().

e CBR-As: The CBR algorithm with

o(z) = L arctan % +1andp=2.

Figure 4 illustrates the results of our simulations for both
CBR algorithm variants over 500 repetitions, respectively,
with n € {60,120, 240}, over the time horizons T' € {3 -
2000}?_, and the score parameters were drawn randomly

from the unit interval and with v = 1.

It is clearly visible that CBR-As outperforms CBR due to
the more sophisticated choice of the S-curved function o.
Thus, it is reasonable to believe that the performance of CBR
can be significantly improved by an appropriate choice of
o. Note that the Double Thompson Sampling considered
in Section 6 was not competitive in these scenarios and is
therefore omitted.
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